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Abstract10

This paper investigates the two-echelon capacitated vehicle routing problem with grouping con-

straints and simultaneous pickup and delivery (2E-VRPGS), which is a new variant of the classical

two-echelon capacitated vehicle routing problem (2E-VRP). In the 2E-VRPGS, customers from the

same administrative region are served by vehicles from the same satellite so as to ensure service

consistency, with pickup and delivery being performed simultaneously in the second echelon. To

solve this problem to optimality, we formulate it as a path-based model and develop a tailored

branch-and-cut-and-price algorithm, which can also exactly solve two closely related variants of

2E-VRPGS in the literature: the 2E-VRP with grouping constraints (2E-VRPG), and the 2E-VRP

with simultaneous pickup and delivery (2E-VRPS). In particular, a novel dominance rule in the

labeling algorithm, together with several customized valid inequalities, has been put forward to

effectively accelerate the solution method by exploiting the problem characteristics. To evaluate

the efficacy of the proposed algorithm on the problems 2E-VRPG, 2E-VRPS, and 2E-VRPGS,

extensive numerical experiments have been conducted on three types of benchmark instances.

Computational results on the 2E-VRPGS show that our dominance rule can significantly reduce

the number of generated labels and all families of valid inequalities have a great impact on strength-

ening the path-based model. The algorithm is found to be highly competitive when compared with

the existing exact algorithm for the 2E-VRPG and some new findings and managerial insights are

derived from sensitivity analysis.
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1. Introduction13

In logistics management, the vehicle routing problem (VRP) and many other variants have been14

studied extensively in the literature over the past few decades since it was proposed by Dantzig15

and Ramser (1959). Given a set of customers with delivery demands and a fleet of homogeneous16

(capacitated) vehicles, the VRP aims to determine a set of routes for vehicles with the minimal17

traveling cost to serve the customers, such that each customer is to be visited by a single vehicle18

and capacity constraints of vehicles are respected (Toth and Vigo, 2014). However, these shipment19

activities often cause traffic congestion and negative environmental impacts such as air pollution20

and noise. Hence, many cities have deployed the environmentally-friendly policies that prevent21

large-capacity trucks from entering into urban areas (Franceschetti et al., 2017). To comply with22

such legal restrictions, an increasing number of logistics companies have opted for an emerging two-23

echelon transportation system in which different types of vehicles are used on different echelons.24

Motivated by this, Crainic et al. (2009) proposed a well-known two-echelon capacitated vehicle25

routing problem (2E-VRP), and this problem has been widely investigated ever since. The 2E-26

VRP calls for a set of minimal-cost routes for two types of vehicles in different echelons, where27

the cargo is delivered from a depot to the satellites by large-capacity vehicles in the first echelon,28

and then transferred from the satellites to customers using small-capacity vehicles in the second29

echelon (Crainic et al., 2009; Cuda et al., 2015).30

In many practices, customers usually have both demands of pickup and delivery, and vehicles31

are not only required to deliver cargos to customers but also to pick up other cargos from the32

customers. Taking beverage shipment for example, the suppliers regularly provide their bottled33

beverages to a large number of customers every day (restaurants, hotels, school canteens, etc.), and34

bring back the empty bottles generated on the previous day, either for reuse or for recycling. Since35

the separation of pickup and delivery will not only cause inconvenience to customers but also hinder36

the cost savings and efficiency gains achieved by synergizing the pickup and delivery operations,37

the simultaneous pickup and delivery by vehicles have received much attention from industry and38

academia in various transportation systems (e.g., Fazi et al., 2020; Hu et al., 2015). This kind39

of operation considers delivery and pickup activities at the same time by the same vehicles and40

all delivered cargos are originated from the depot and all pickup cargos are transported back to41

the depot. Likewise, the activities of simultaneous pickup and delivery should conform to the42

legal restrictions in many cities, which arouses a new two-echelon transportation system with43

simultaneous pickup and delivery. Although such a transportation system is practically relevant,44

so far no one has ever investigated it except for Belgin et al. (2018) and Zhou et al. (2022). The45

former introduced a 2E-VRP with simultaneous pickup and delivery (2E-VRPS) where vehicles are46
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allowed to pick up and deliver cargos at the same time in both echelons. The latter proposed an47

alternative transportation mode in a two-echelon system where pickups and deliveries are separated48

in the first echelon but combined in the second echelon.49

With the continuous growth of economy and the substantial increase of demands of customers,50

for some logistics companies the capacities of satellites for temporarily storing cargos in a two-51

echelon transportation system can no longer meet the current requirements. To adapt to the52

large volume of demand, the original structure of two-echelon system needs to be reorganized by53

establishing large-capacity satellites to replace a mass of small-capacity satellites (Liu et al., 2018).54

Moreover, the reorganization can also considerably reduce the management cost incurred by the55

large number of existing small-capacity satellites. To ensure service consistency, the operators56

of new satellites had better manage their original customers, resulting in customers from the57

same small-capacity satellite or the same administrative region being assigned to the same new58

large-capacity satellite. This business-level operation will bring a new kind of constraints into the59

2E-VRP, referred to as the grouping constraints, that is, customers in the same group are served60

by the same satellite. Motivated by this, Liu et al. (2018) proposed the 2E-VRP with grouping61

constraints (2E-VRPG). In addition, maintaining service quality throughout has been emphasized62

in the studies of consistent vehicle routing problems (conVRPs). In the conVRPs, each customer63

can be served by the same driver (vehicle, path) at approximately the same time over multiple64

days (e.g., Groër et al., 2009; Yao et al., 2021). The grouping constraints coincide with the concept65

of conVRP, but the detailed contents are distinct.66

To the best of our knowledge, the existing literature has not jointly considered the above two67

realistic features – simultaneous pickup and delivery and grouping constraints – in the two-echelon68

transportation system. To close the gap, we address in the paper a variant called the 2E-VRP69

with grouping constraints and simultaneous pickup and delivery (2E-VRPGS). In this problem, the70

pickups and deliveries are separated in the first echelon, whereas they are performed simultaneously71

in the second echelon. Without loss of generality, the proposed model and solution method can72

be extended to handle the general case with simultaneous pickup and delivery in both echelons73

(see Sections 2.2 and 5.3). More importantly, we further analyse the influence of various system74

parameters on the new transportation system, and provide some managerial insights and useful75

suggestions for logistics companies.76

1.1. Literature review77

As the 2E-VRPGS has never appeared in the literature, in this section we will first review78

two types of relevant classical problems: the vehicle routing problem with simultaneous pickup79

and delivery (VRPSPD) and the 2E-VRP. In addition, the two most related problems of the 2E-80
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VRPGS, i.e., 2E-VRPS and 2E-VRPG, will also be discussed.81

The literature on optimization problems with simultaneous pickup and delivery has increased82

substantially over the past decade. However, most papers essentially studied single-echelon trans-83

portation systems, referred to as the VRPSPD. The VRPSPD was first introduced by Min (1989)84

for solving a book distribution and collection problem at a library and has since evolved into a rich85

and active research field. Compared with the classical VRP, this kind of problems is more difficult86

to handle, because the simultaneous distribution and collection highly complicate the cargo flows.87

Many heuristic methods have been proposed to solve it or its variants, including a hybrid heuristic88

algorithm developed by Wang et al. (2013), an adaptive large neighborhood search proposed by89

Qu and Bard (2013), an adaptive local search algorithm developed by Avci and Topaloglu (2015),90

and a greedy clustering method put forward by Nadizadeh and Kafash (2019). A few attempts for91

exact methods have also been made, such as the branch-and-cut algorithm proposed by Subrama-92

nian et al. (2011) and the branch-and-cut-and-price algorithms put forward by Subramanian et al.93

(2013) and Qu and Bard (2015). We refer the interested readers to the review paper by Koç et al.94

(2020) for more algorithms and variants of the VRPSPD.95

Our problem can be treated as an extension of the classical optimization problems on two-96

echelon transportation systems, 2E-VRP, which considers simultaneous pickup and delivery and97

grouping constraints together. The literature on the 2E-VRP started with an integrated short-98

term scheduling problem in a two-tiered distribution system in city logistics (Crainic et al., 2009).99

Compared with the classical VRP, the interaction and interdependence between the two levels make100

the 2E-VRP more complex and challenging. Therefore, most of the existing studies on the 2E-101

VRP sought heuristic methods to address the problem. For example, to solve the classical 2E-VRP,102

Perboli et al. (2011), Kergosien et al. (2013), Zeng et al. (2014), and Breunig et al. (2016) have103

proposed some high-efficiency heuristics. Apart from heuristic approaches, some exact methods for104

the 2E-VRP were also investigated. To solve the classical 2E-VRP to optimality, Gonzalez-Feliu105

(2008) introduced a set covering formulation and developed a column generation based approach,106

Perboli and Tadei (2010) and Perboli et al. (2011) came up with the branch-and-cut algorithms107

with some specific families of valid inequalities. Baldacci et al. (2013) put forward a tailor-made108

exact method with several bounding procedures. Santos et al. (2013), Santos et al. (2015), and109

Marques et al. (2020) introduced the branch-and-price algorithms, where the set of all first-echelon110

routes was known. The latter two algorithms are essentially branch-and-cut-and-price algorithms111

as they used some valid inequalities to enhance lower bounds.112

There are also many studies for variants of 2E-VRP that consider a variety of features such113

as the synchronization of time, the special natures of satellites, the uses of specific vehicles, the114

demands of pickup and delivery, and time windows. For example, Li et al. (2016) investigated the115
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time-constrained 2E-VRP in a synchronous linehaul-delivery systems and put forward a Clarke and116

Wright savings heuristic to solve it. Li et al. (2018) later introduced the 2E-VRP with real-time117

transshipment capacity and designed a two-stage heuristic for it. Subsequently, by introducing118

electric vehicles and unmanned aerial vehicles, Breunig et al. (2019) and Li et al. (2020a) pro-119

posed the electric 2E-VRP and the 2E-VRP with time windows and mobile satellites, respectively,120

and both of them developed the large neighborhood search heuristics for the problems. As afore-121

mentioned, Belgin et al. (2018) first investigated the 2E-VRPS where the activities of pickup and122

delivery simultaneously happen in both echelons by a hybrid heuristic based on variable neighbor-123

hood descent and local search. Besides, Zhou et al. (2022) addressed a different variant with time124

windows where the activities of simultaneous pickup and delivery were only allowed in the second125

echelon by a variable neighborhood tabu search. As for the exact algorithms for the variants of126

2E-VRP, Jepsen et al. (2013) and Liu et al. (2018) proposed the symmetric version of 2E-VRP127

and the 2E-VRPG, respectively. To solve the problems to optimality, they both came up with the128

branch-and-cut algorithms with several customized families of inequalities based on arc-flow-based129

models. Most recently, the 2E-VRP with time windows was studied by Dellaert et al. (2019) and130

Mhamedi et al. (2022). They proposed a branch-and-price-based algorithm and a branch-and-cut-131

and-price algorithm to optimally solve it, respectively. Computational results showed that the later132

has the greater advantage. In addition, Marques et al. (2022) studied the variant of the 2E-VRP133

with precedence constraints for unloading and loading freight at satellites. In this variant allows134

for storage and consolidation of freight at satellites. Routes at the second echelon connecting135

satellites and customers may consist of multiple trips and visit several satellites. They proposed a136

branch-and-cut-and-price algorithm to solve efficiently the problem.137

Table 1. The summary of exact methods and heuristics for the 2E-VRP variants

Reference
Limited number Handling costs

Time windows
Simultaneous pickup Grouping Algorithm

of vehicles at satellites and delivery constraints Exact Heuristic

Jepsen et al. (2013) X X BC
Santos et al. (2013) X X BP
Baldacci et al. (2013) X X EM
Santos et al. (2015) X X BCP
Li et al. (2016) X X X X
Li et al. (2018) X X
Belgin et al. (2018) 1st+2nd X
Liu et al. (2018) X X X BC
Dellaert et al. (2019) X BPB
Breunig et al. (2019) X X
Li et al. (2020a) X X X
Marques et al. (2020) X X BCP
Mhamedi et al. (2022) X BCP
Zhou et al. (2022) X X 2nd X
Marques et al. (2022) X BCP
This paper X X 2nd and 1st+2nd X BCP

? BC: branch-and-cut algorithm; BPB: branch-and-price-based algorithm; BCP: branch-and-cut-and-price algorithm; EM:
tailor-made exact method.

Table 1 summarizes the above mentioned exact methods and heuristics for the 2E-VRP variants.138

5



In the Table 1, we classify the literature by the following assumptions: (i) whether the number139

of vehicles is limited; (ii) whether the handling cost for cargo transshipment at satellites should140

be paid; (iii) whether the time windows are considered; (iv) which echelon allows the activities of141

simultaneous pickup and delivery; (v) whether the grouping constraints are considered; and (vi)142

which algorithm is used. As mentioned before, the 2E-VRPS and 2E-VRPG are two problems143

closely related to the 2E-VRPGS. We can see from Table 1 that only Belgin et al. (2018) and144

Zhou et al. (2022) investigated the 2E-VRPS. Due to the complex nature of the problem, they all145

focused on heuristics and up to now no one has studied any exact methods for the 2E-VRPGS.146

Besides this, although very relevant in practice, so far no one other than Liu et al. (2018) has147

ever considered the grouping constraints in the two-echelon transportation system. Regrettably,148

the study of Liu et al. (2018) ignored the simultaneous pickup and delivery requests of customers,149

which are commonly seen in real-world logistics transportation systems.150

1.2. Objective and contributions151

Based on the real-world transport scenario, this study introduces a new and practical variant of152

the 2E-VRP combining grouping constraints and simultaneous pickup and delivery (2E-VRPGS).153

To ensure the original level of service after satellite reorganization, customers from the same original154

administrative region will be served by the second-echelon vehicles from the same satellite. The155

objective of the problem is to minimize the total operating cost by determining the optimal vehicle156

routes for both of the two echelons and the assignment of customer groups to the satellites without157

violating the capacity constraints (of vehicles and satellites). The contributions are summarized158

as follows:159

� This paper is the first to consider both the grouping constraints and simultaneous pickup and160

delivery in the 2E-VRP. The problem is formulated into a tight path-based model, which is161

also capable of formulating the 2E-VRPG and 2E-VRPS after minor modifications.162

� To solve the 2E-VRPGS to optimality, an exact branch-and-cut-and-price (BCP) algorithm163

is developed. Specifically, a novel dominance rule in the labeling algorithm is proposed164

to remove more non-potential labels than the standard one. Furthermore, several families165

of customized valid inequalities extended from the classical ones in the literature are put166

forward. The computational results show that both the proposed dominance rule and valid167

inequalities have a positive impact on the algorithm.168

� The proposed algorithm is able to solve the two most closely related variants of 2E-VRPGS169

in the literature, i.e., the 2E-VRPS and 2E-VRPG. To the best of our knowledge, this paper170

is the first to provide an exact algorithm for the 2E-VRPS even though it has already been171

investigated in the literature. Besides this, the numerical experiments have demonstrated that172
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the proposed algorithm is highly competitive compared with the existing exact algorithm on173

the 2E-VRPG.174

� A comprehensive system analysis is conducted on some sensitive factors of the new trans-175

portation system. Finally, we provide some interesting findings and meaningful suggestions176

for logistics companies.177

The remainder of this paper is organized as follows. In Section 2, we provide a problem178

description and a path-based model for the 2E-VRPGS. The ways to formulate the problems 2E-179

VRPG and 2E-VRPS based on the proposed model are also discussed. Section 3 develops a column180

generation with a novel dominance rule to solve the LP-relaxation of the path-based model, and181

then Section 4 comes up with four families of valid inequalities to strengthen it. Section 5 designs182

a BCP algorithm to address the path-based model, and adjustments to the proposed algorithm183

for solving the problems 2E-VRPG and 2E-VRPS are also described. In Section 6, numerical184

experiments on three types of instances are conducted to evaluate the effectiveness of the algorithm,185

and the performance of dominance rule, the performances of valid inequalities, and the impacts of186

system parameters are systematically analysed. Finally, Section 7 concludes the paper with main187

findings and a brief discussion of future research directions.188

2. Problem description and mathematical formulation189

The 2E-VRPGS is defined on a directed graph G = (V,A), where V and A are node set and190

arc set, respectively. Node set V consists of a depot V0 := {0}, a set of satellites VS , and a set of191

customers VC , i.e., V = V0 ∪ VS ∪ VC . Each satellite s ∈ VS has a capacity Qs and a handling cost192

hs for every unit of freight. Each customer i ∈ VC has a delivery demand di and a pickup demand193

pi. In addition, customer set VC is made up by l disjoint groups such that VC = C1 ∪ C2 ∪ ... ∪ Cl194

and Ci ∩ Cj = ∅ for ∀i 6= j. Customers in the same group should be served by vehicles from195

the same satellite. The index set of customer groups is denoted by L, namely L = {1, 2, ..., l}.196

Arc set A consists of two types: the first-echelon arcs connecting the depot and the satellites,197

grouped in set A1 =
{

(i, j) | i, j ∈ V0 ∪ VS , i 6= j
}

, and the second-echelon arcs between satellites198

and customers, grouped in set A2 =
{

(i, j) | i, j ∈ VS ∪ VC , i 6= j
}
\
{

(i, j) | i, j ∈ VS , i 6= j
}

.199

Each arc (i, j) ∈ A = A1 ∪ A2 is associated with a traveling cost denoted by cij . As for the200

vehicles, a homogeneous vehicle fleet will be utilized in each echelon, but the capacities of vehicles201

for the first and the second echelons, denoted by Q1 and Q2, respectively, can be different. The202

number of available vehicles in each echelon is also limited. Let Kd
1 and Kp

1 be the set of available203

first-echelon vehicles for distribution and collection, respectively, K2 be the set of available second-204

echelon vehicles, and Ts be the set of available second-echelon vehicles departing from each satellite205

s ∈ VS . The first-echelon vehicles fall into two classes: (i) one class of vehicles are used to deliver206
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Figure 1. An example for 2E-VRPGS

the cargo from the depot to the satellites, the routes they use being called distribution routes; (ii)207

the other class of vehicles are employed to pick up the cargo from satellites to depot, these routes208

being called collection routes.209

The 2E-VRPGS aims to determine a set of routes, including the first-echelon distribution routes,210

the first-echelon collection routes, and the second-echelon routes. The objective is to minimize the211

total operating cost, including the traveling cost and the handling cost at satellites, under the212

following assumptions:213

� Each satellite can be visited more than once in the first echelon, whereas each customer is214

visited exactly once in the second echelon;215

� Each first-echelon vehicle is assigned to at most one distribution route or at most one collec-216

tion route;217

� Each first-echelon route starts from and ends at the depot;218

� Each second-echelon route starts from and ends at the same satellite;219

� The capacities of the first- and second-echelon vehicles cannot be violated;220

� The total pickup load and delivery load assigned to a satellite cannot exceed its capacity;221

Figure 1 illustrates an instance of 2E-VRPGS with three satellites and five groups of customers222

enclosed by ellipses. A tuple next to each customer contains the values of its delivery demand223

and pickup demand in turn (this also applies to the later tuples in Figures 2 and 3). The loads of224

vehicles when traversing the arcs are represented by the numbers beside the arrows. In Figure 1,225

there are two first-echelon distribution routes (dotted arrows), two first-echelon collection routes,226

and five second-echelon routes (solid arrows).227
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2.1. Path-based (PB) model228

This subsection introduces a path-based model in which the first- and second-echelon routes229

are decomposed in the same manner as the formulation for the classical 2E-VRP in Baldacci230

et al. (2013). The set of first-echelon routes is defined as Φ = Φ1 ∪ Φ2, where Φ1 is the set231

of distribution routes and Φ2 is the set of collection routes. Let ΦS be the set of routes in Φ232

visiting at least one satellite in S, where S ⊆ VS is a subset of satellites. Let Φ1
S and Φ2

S be the233

sets of distribution and collection routes in ΦS , respectively, i.e., ΦS = Φ1
S ∪ Φ2

S . Let Sφ be the234

set of satellites visited by a first-echelon route φ ∈ Φ. The cost of a first-echelon route φ ∈ Φ235

is denoted by cφ =
∑

(i,j)∈A1
β1
ijφcij , where β1

ijφ is the number of times the arc (i, j) ∈ A1 is236

traversed by the first-echelon route φ ∈ Φ. All the first-echelon distribution and collection routes237

are exhaustively enumerated, which is plausible when the number of satellites is not large. For each238

non-empty subset S ⊆ VS , a first-echelon collection route and a first-echelon distribution route can239

be constructed by solving a traveling salesman problem on the set S ∪ {0}. Therefore, a total of240

2|VS |−1 first-echelon distribution (collection) routes will be generated. Let R =
⋃
s∈VS Rs be the set241

of feasible second-echelon routes, where Rs is the set of feasible second-echelon routes departing242

from satellite s ∈ VS . For each second-echelon route r ∈ R, let αir denote the number of times243

the customer i is visited by route r. The cost of a second-echelon route r ∈ R is represented by244

cr =
∑

(i,j)∈A2
β2
ijrcij , where β2

ijr is the number of times the arc (i, j) ∈ A2 is traversed by the245

second-echelon route r ∈ R.246

To formulate the 2E-VRPGS upon the first- and second-echelon routes, the following decision247

variables are used:248

� xφ: a binary variable indicating whether (xφ = 1) or not (xφ = 0) a first-echelon route φ ∈ Φ249

is selected;250

� θr: a binary variable indicating whether (θr = 1) or not (θr = 0) a second-echelon route251

r ∈ R is selected;252

� wsφ: the amount of cargo distributed to satellite s ∈ Sφ from the depot by route φ ∈ Φ1;253

� gsφ: the amount of cargo collected from satellite s ∈ Sφ to the depot by route φ ∈ Φ2;254

� zks: a binary variable indicating whether (zks = 1) or not (zks = 0) a group Ck, k ∈ L is255

assigned to satellite s ∈ VS .256

With the aforementioned notation, the PB model for 2E-VRPGS is presented as follows:

min
∑
φ∈Φ

cφxφ +
∑
r∈R

crθr +
∑
φ∈Φ1

∑
s∈Sφ

hsw
s
φ +

∑
φ∈Φ2

∑
s∈Sφ

hsg
s
φ (1)

s.t.
∑
φ∈Φ1

xφ ≤ |Kd
1 | (2)
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∑
φ∈Φ2

xφ ≤ |Kp
1 | (3)

∑
s∈Sφ

wsφ ≤ Q1xφ,∀φ ∈ Φ1 (4)

∑
s∈Sφ

gsφ ≤ Q1xφ, ∀φ ∈ Φ2 (5)

∑
φ∈Φ1

{s}

wsφ ≤ Qs,∀s ∈ VS (6)

∑
φ∈Φ2

{s}

gsφ ≤ Qs, ∀s ∈ VS (7)

∑
r∈R

θr ≤ |K2| (8)

∑
r∈Rs

θr ≤ |Ts|,∀s ∈ VS (9)

∑
r∈Rs

∑
i∈VC

diαirθr ≤
∑

φ∈Φ1
{s}

wsφ,∀s ∈ VS (10)

∑
r∈Rs

∑
i∈VC

piαirθr ≤
∑

φ∈Φ2
{s}

gsφ,∀s ∈ VS (11)

∑
r∈Rs

αirθr ≥ zks,∀i ∈ Ck, k ∈ L, s ∈ VS (12)

∑
s∈VS

zks = 1, ∀k ∈ L (13)

xφ ∈ N,∀φ ∈ Φ (14)

θr ∈ {0, 1},∀r ∈ R (15)

wsφ ≥ 0,∀φ ∈ Φ1, s ∈ Sφ (16)

gsφ ≥ 0, ∀φ ∈ Φ2, s ∈ Sφ (17)

zks ∈ {0, 1}, ∀k ∈ L, s ∈ VS (18)

The objective function (1) minimizes the sum of the total travel cost induced by the first-257

and second-echelon routes and the total handling cost at satellites. Constraints (2)-(3) ensure258

that the numbers of the first-echelon distribution and collection routes do not exceed the pre-259

specified limits. Constraints (4)-(7) are the capacity constraints of each first-echelon vehicle and260

each satellite. Constraints (8)-(9) impose the fleet size limitations for the second echelon and each261

satellite. Constraints (10) guarantee that the total amount of distribution to customers from a262

satellite does not exceed the amount received by this satellite. Constraints (11) ensure that the total263

amount of collection from customers to a satellite does not exceed the amount shipped out from264

this satellite. Constraints (12)-(13) are the grouping constraints and also ensure that each customer265
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is visited exactly once. Constraints (14)-(18) describe the feasible domains of decision variables.266

Since all the pickup and delivery demands of customers must be served, any feasible solution should267

have at least
⌈∑

i∈VC di/Q1

⌉
and

⌈∑
i∈VC pi/Q1

⌉
first-echelon distribution and collection routes,268

respectively, and at least
⌈

max
{∑

i∈VC di,
∑

i∈VC pi
}
/Q2

⌉
second-echelon routes. The following269

three inequalities are valid to strengthen the PB model: (i)
∑

φ∈Φ1 xφ ≥
⌈∑

i∈VC di/Q1

⌉
; (ii)270 ∑

φ∈Φ2 xφ ≥
⌈∑

i∈VC pi/Q1

⌉
; and (iii)

∑
r∈R θr ≥

⌈
max

{∑
i∈VC di,

∑
i∈VC pi

}
/Q2

⌉
. In addition,271

a satellite must be visited by at least one second-echelon vehicle if some groups are assigned to272

it. Hence, a set of valid inequalities is also obtained to enhance the model: zks ≤
∑

φ∈Φ1
{s}
xφ +273 ∑

φ∈Φ2
{s}
xφ, ∀k ∈ L, s ∈ S.274

2.2. Models for 2E-VRPG and 2E-VRPS275

This subsection discusses how to modify the proposed PB model to formulate two related276

variants, i.e., 2E-VRPG and 2E-VRPS.277

Compared with 2E-VRPGS, the 2E-VRPG overlooks the pickup requests of customers. With-278

out constraints (3), (5), (7), (11), (17), and the last term of the objective function (1), the PB279

model is capable of formulating the 2E-VRPG. As aforementioned, the 2E-VRPS allows simulta-280

neous pickup and delivery in both the first and second echelons but lacks the grouping constraints.281

The following steps can be done to formulate the 2E-VRPS based on the PB model:282

(i) Construct |VC | groups such that each group corresponds to a customer;283

(ii) Remove the set Kp
1 and Φ2; redefine Kd

1 and Φ1 as the sets of the first-echelon vehicles and284

routes for simultaneous pickup and delivery, respectively, and gsφ as the amount of cargo collected285

from satellite s by route φ ∈ Φ1;286

(iii) Replace the set Φ2 by Φ1 in the constraints (5), (7), (11), (17), and the last term of the287

objective function (1); remove constraints (3);288

(iv) Add the constraints
∑

s′∈Saφ(s)w
s′
φ +gsφ+

∑
s′∈Sbφ(s) g

s′
φ ≤ Q1xφ,∀s ∈ Sφ, φ ∈ Φ1, where Saφ(s)289

and Sbφ(s) are the sets of satellites visited by route φ ∈ Φ1 after and before visiting the satellite290

s ∈ Sφ, respectively.291

Recently, Liu et al. (2018) and Belgin et al. (2018) have also proposed arc-flow-based (AFB)292

models based on the vehicle flows on the arcs for the problems 2E-VRPG and 2E-VRPS, respec-293

tively. Unlike the AFB models, the PB model has a high-quality lower bound obtained by its294

LP-relaxation, but a huge number of second-echelon routes that are difficult to be explicitly for-295

mulated. Therefore, both the PB model and its LP-relaxation cannot be directly solved by the296

MIP solver. However, they can be handled by the well-developed BCP algorithm in Section 5 and297

the well-designed column generation approach in Section 3, respectively.298

To make it easier for the reader to understand the problems and models, we report all the299
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notation introduced above in Appendix A.300

3. Column generation301

This section develops a column generation to solve the LP-relaxation (referred to as the linear302

master problem, LMP) of the PB model. For an overview of column generation, we refer the reader303

to Desaulniers et al. (2006). Column generation is an iterative procedure where a restricted linear304

master problem (RLMP) and a pricing problem are solved alternately. The RLMP is obtainned305

from the LMP by replacing the set Rs by the small-sized subset R̄s ⊆ Rs for each satellite s ∈ VS .306

The pricing problem formulated by the solution to the dual problem of the RLMP is to identify307

the columns (second-echelon routes) that have negative reduced costs. If the set R̄ =
⋃
s∈VS R̄s308

satisfies the property that none of the columns in R\R̄ has negative reduced cost, the optimal309

solution to the RLMP will also be optimal for the LMP. The column generation iteration will stop310

if no columns with negative reduced cost are found, which implies that the optimal solution to the311

LMP is obtained. Otherwise, we will add one or more such columns (at most 50 columns in our312

implementation) into the RLMP and start the next column generation iteration.313

3.1. Pricing problem314

Let (ρ, τ ,µ) be a solution to the dual problem of the LMP, where ρ0 ≤ 0, ρs ≤ 0 (s ∈ VS),315

τds ≤ 0 (s ∈ VS), and τps ≤ 0 (s ∈ VS), and µis ≥ 0 (i ∈ VC , s ∈ VS) are the dual values of316

constraints (8), (9), (10), (11), and (12), respectively. Let Λis be the contribution to the reduced317

cost if customer i is allocated to a satellite s ∈ VS , which is calculated by Λis = diτ
d
s + piτ

p
s + µis.318

The pricing problem to determine a feasible second-echelon route with the minimum reduced cost319

will thus be formulated as follows:320

min
s∈VS ,r∈Rs

c̄r =
∑

(i,j)∈A2

β2
ijrcij −

∑
i∈VC

αirΛis − ρ0 − ρs (19)

where the second-echelon routes in Rs are elementary and feasible in terms of vehicle capacity. It321

is a variant of the elementary shortest path problem with resource constraints (ESPPRC), which322

is konwn to be NP-hard (Dror, 1994). The ESPPRC arising in the column generation approach is323

typically solved using a dynamic programming technique called a labeling algorithm. The partial324

paths are first built along the forward direction and backward direction and are then connected325

together to obtain the complete routes. The existing partial paths are extended to construct326

other new paths following certain extending conditions and updating functions. To accelerate the327

algorithm, the non-potential partial paths identified by several sufficient rules can be abandoned328

during the search. In the rest of Section 3, the components mentioned above in the labeling329

algorithm will be described in detail.330
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3.2. Forward labeling331

Each forward partial path is represented by a forward label `f coded as
[
η(`f ), c̄(`f ), s(`f ), σ(`f ),332

π(`f ), N(`f ), V (`f )
]

with the following elements:333

� η(`f ): the last vertex visited by the partial path;334

� c̄(`f ): the cumulative reduced cost of the partial path;335

� s(`f ): the satellite from which the partial path starts;336

� σ(`f ): the amount of cargo that the second-echelon vehicle can deliver after visiting η(`f );337

� π(`f ): the amount of cargo that the second-echelon vehicle can collect after visiting η(`f );338

� N(`f ): the set of customers that have already been visited along the partial path;339

� V (`f ): the set of reachable customers that the partial path can visit afterward (a customer340

is reachable if it has not yet been visited and the vehicle capacity constraints will still be341

respected when the label extends to it).342

The forward labeling procedure starts with a set of initial labels at satellites, that is,
{

[s,−ρ0−

ρs, s,Q2, Q2,∅, VC ]
}
s∈VS

. Given a label `
′
f =

[
η(`
′
f ), c̄(`

′
f ), s(`

′
f ), σ(`

′
f ), π(`

′
f ), N(`

′
f ), V (`

′
f )
]

start-

ing from a satellite s = s(`
′
f ) and ending at a vertex i = η(`

′
f ), its extension along an arc (i, j) to

the vertex j ∈ V (`
′
f ) is feasible only if the following extending conditions are satisfied: σ(`

′
f ) ≥ dj

and π(`
′
f ) ≥ pj . That is, a label `

′
f can be extended to a vertex j when it has not been visited

before and the remaining vehicle capacity is enough to deal with delivery demand dj and pickup

demand pj . If the extension is feasible, then a new label `f will be created by the following updating

functions:

η(`f ) = j (20)

c̄(`f ) = c̄(`
′
f ) + cij − Λjs (21)

s(`f ) = s(`
′
f ) (22)

σ(`f ) = min
{
σ(`

′
f )− dj , π(`

′
f )− pj

}
(23)

π(`f ) = π(`
′
f )− pj (24)

N(`f ) = N(`
′
f ) ∪ {j} (25)

V (`f ) = V (`
′
f )
∖(
{j} ∪

{
k ∈ V (`

′
f )|σ(`f ) < dk

}
∪
{
k ∈ V (`

′
f )|π(`f ) < pk

})
(26)

Figure 2 illustrates the updates of resources σ and π when Q2 = 12. Suppose that a path343

(0, 1, 2) is going to extend to customer 3. For ease of presentation, let σ′i and π′i be the amount of344

cargo that the vehicle can deliver and collect after vertex i, respectively, and let f ′i be the load of345

the vehicle after vertex i. We have346

f ′0 = d1 + d2 = 6; f ′1 = f ′0 − d1 + p1 = 8; f ′2 = f ′1 − d2 + p2 = 7;347
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Figure 2. The updates of resources σ and π

σ′2 = Q2 −max
{
f ′0, f

′
1, f
′
2

}
= 4 π′2 = Q2 − f ′2 = 5;348

After the extension to customer 3, let fi, σi, and πi be the new parameters having the same349

meanings as f ′i , σ
′
i, and π′i, respectively. We have350

f0 = f ′0 + d3 = 10; f1 = f ′1 + d3 = 12; f2 = f ′2 + d3 = 11; f3 = f2 − d3 + p3 = f ′2 + p3 = 12;351

σ3 = Q2 −max
{
f0, f1, f2, f3

}
352

= Q2 −max
{
f ′0 + d3, f

′
1 + d3, f

′
2 + d3, f

′
2 + p3

}
353

= min
{
Q2 −max

{
f ′0, f

′
1, f
′
2

}
− d3, (Q2 − f ′2)− p3

}
354

= min
{
σ′2 − d3, π

′
2 − p3

}
355

= 0356

π3 = Q2 − f3 = Q2 − f ′2 − p3 = π′2 − p3 = 0;357

Therefore, we have σ3 = min{σ′2 − d3, π
′
2 − p3} and π3 = π′2 − p3, which correspond to the358

updating functions (23) and (24), respectively.359

In terms of updating functions, all possible extensions will be performed and stored as labels.360

The algorithm in principle enumerates all feasible routes by starting with the initial labels, which361

can be computationally expensive. However, many dominated labels are capable of being removed362

during the search. Let `1f and `2f denote the two labels with η(`1f ) = η(`2f ); and let q1
f and q2

f be363

their corresponding forward partial paths, respectively. Given a forward partial path qf , let P(qf )364

be the set of all the backward partial paths that can be used to complete it. Let qf ⊕ qb represent365

the complete path obtained by joining the forward partial path qf and the backward partial path366

qb ∈ P(qf ), and c̄(qf ⊕ qb) be its reduced cost. Label `1f dominates label `2f if the following two367

standard conditions hold: (i) all the backward partial paths that are feasible to complete path368

q1
f can also be used to complete q2

f , i.e., qb ∈ P(q1
f ), ∀qb ∈ P(q2

f ); and (ii) the reduced cost369

of q1
f ⊕ qb is less than or equal to that of q2

f ⊕ qb, i.e., c̄(q1
f ⊕ qb) ≤ c̄(q2

f ⊕ qb),∀qb ∈ P(q2
f ).370

If s(`1f ) 6= s(`2f ), any backward partial path in P(q2
f ) cannot be used to complete the partial371

path q1
f . Therefore, according to the standard conditions, any two labels with different satellites372

are forbidden from mutually dominating according to the standard conditions. We discover the373

following less-restrictive dominance rule that enables the algorithm to compare labels originating374

from different satellites, and its proof is given in Appendix B.375
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Dominance 1. Let `1f and `2f denote the two labels with η(`1f ) = η(`2f ) = i such that

V (`1f ) ⊇ V (`2f ) (27)

c̄(`1f ) + max
k∈V (`2f )

{
cks1 − cks2

}
≤ c̄(`2f ) +

∑
k∈V (`2f )

min
{

0,Λks2 − Λks1
}

(28)

σ(`1f ) ≥ σ(`2f ) (29)

π(`1f ) ≥ π(`2f ) (30)

where s1 = s(`1f ) and s2 = s(`2f ) for the sake of presentation, then label `1f dominates label `2f .376

3.3. Backward labeling377

The backward labeling procedure follows the opposite direction and generates labels from

the destination satellite. Similar to the forward labeling, each backward label `b is coded as[
η(`b), c̄(`b), s(`b), σ(`b), π(`b), N(`b), V (`b)

]
. The meanings of elements are the same as that of the

forward labels. The backward labeling procedure starts with a set of initial labels
{

[s, 0, s,Q2, Q2,∅,

VC ]
}
s∈VS

. A backward label `
′
b starting from s = s(`

′
b) and ending at vertex i = η(`

′
b) can be ex-

tended along an arc (j, i) to create a new label `b if the same extending conditions as with the

forward case are met. The elements in label `b are updated by

η(`b) = j (31)

c̄(`b) = c̄(`
′
b) + cji − Λjs (32)

s(`b) = s(`
′
b) (33)

σ(`b) = σ(`
′
b)− dj (34)

π(`b) = min
{
σ(`

′
b)− dj , π(`

′
b)− pj

}
(35)

N(`b) = N(`
′
b) ∪ {j} (36)

V (`b) = V (`
′
b)
∖(
{j} ∪

{
k ∈ V (`

′
b)|σ(`b) < dk

}
∪
{
k ∈ V (`

′
b)|π(`b) < pk

})
(37)

Since the forward and backward labeling procedures are symmetrical, the dominance test in378

the backward labeling procedure is conducted in a similar way to that of the forward one, based379

on the following rule:380

Dominance 2. Let `1b and `2b be the two labels with η(`1b) = η(`2b) = i such that

V (`1b) ⊇ V (`2b) (38)

c̄(`1b) + max
k∈V (`2b)

{
cs1k − cs2k

}
≤ c̄(`2b) +

∑
k∈V (`2b)

min
{

0,Λks2 − Λks1
}

(39)
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σ(`1b) ≥ σ(`2b) (40)

π(`1b) ≥ π(`2b) (41)

where s1 = s(`1b) and s2 = s(`2b) for the sake of presentation, then the label `1b dominates label `2b .381

3.4. Label joining382

In our implementation, a new resource λ(`) is defined to represent the number of customers383

that label ` has visited, i.e., λ(`) = |N(`)|. An upper bound on the number of customers vis-384

ited by a feasible route can be computed by solving a two-constraint knapsack problem
{
λ̄ =385

max
∑

i∈VC ei|
∑

i∈VC diei ≤ Q2,
∑

i∈VC piei ≤ Q2, ei ∈ {0, 1},∀i ∈ VC
}

. Instead of solving this386

problem to optimality, we seek for a high-quality bound by separately solving two knapsack prob-387

lems that consider only one capacity constraint, and taking the minimum of the two optimal values.388

As the profit from each customer is identical, these two problems can be solved by a polynomial-389

time algorithm as in Balas and Zemel (1980). The forward and backward label extensions will be390

terminated when λ(`f ) ≥
⌈
λ̄/2
⌉

and λ(`b) ≥
⌈
λ̄/2
⌉
.391

A forward label `f ending at vertex i and a backward label `b ending at vertex j can be392

joined together to form a complete feasible second-echelon route r if the following conditions hold:393

s(`f ) = s(`b), V (`f ) ⊇ N(`b), V (`b) ⊇ N(`f ), σ(`f ) + σ(`b) ≥ Q2, π(`f ) + π(`b) ≥ Q2. The last394

two conditions impose that both the amounts of consumed resources σ and π cannot exceed the395

vehicle capacity Q2, i.e.,
(
Q2−σ(`f )

)
+
(
Q2−σ(`f )

)
≤ Q2 and

(
Q2−π(`f )

)
+
(
Q2−π(`f )

)
≤ Q2.396

Eventually, the cost of the resulting route will be calculated by c̄(`f ) + c̄(`b) + cij .397

4. Improving the lower bounds by valid inequalities398

This section proposes four families of valid inequalities to lift the lower bounds provided by399

the LMP based on four aspects: vehicle capacity, satellite capacity, grouping constraints, and400

simultaneous pickup and delivery. The proposed valid inequalities are separated and added into401

the LMP using an iterative procedure called the cutting-plane approach, where column generation402

and the procedure of identifying valid inequalities are iteratively called in turn until no violated403

inequality can be found. At each cutting-plane iteration, after the LMP is solved by column404

generation, all families of valid inequalities will be separated in the order of presentation. In the405

rest of this section, we describe these families of valid inequalities and their separation approaches406

in detail, followed by how to incorporate them into column generation.407

4.1. k-path inequalities on customers408

A family of well-known k-path inequalities was introduced by Kohl et al. (1999) for the vehi-409

cle routing problem with time windows, which generalizes the capacity inequalities proposed by410
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Laporte and Nobert (1983). Each of them imposes a minimum number of vehicles leaving from a411

subset of customers. Let A+(N) =
{

(i, j) ∈ A2 | i ∈ N, j ∈ (VS ∪ VC)\N
}

denote the set of arcs412

leaving from the customer set N ⊆ VC . The k-path inequalities (KPIs) are represented as follows:413

∑
(i,j)∈A+(N)

∑
r∈R

β2
ijrθr ≥ Γ(N), ∀N ⊆ VC (42)

where Γ(N) is the minimum number of vehicles leaving from the customer set N ⊆ VC . Both414

the vehicle capacity and time windows were considered by Kohl et al. (1999) to obtain the value415

of Γ(N). For the 2E-VRPGS, a value of Γ(N) can be calculated by combining vehicle capacity416

and grouping constraints. Let ΓC(N) and ΓG(N) be the minimum numbers of vehicles required417

to serve all customers in the set N ⊆ VC when considering the vehicle capacity and the grouping418

constraints, respectively. Then we have Γ(N) = max
{

ΓC(N),ΓG(N)
}

.419

First of all, ΓC(N) is set to
⌈

max
{∑

i∈N di,
∑

i∈N pi
}
/Q2

⌉
. Let L(N) be the index set of

groups having at least one customer in customer set N ⊆ VC . Then ΓG(N) can be set to the

minimum number of satellites required to serve the customers in
⋃
k∈L(N)Ck. To be more specific,

we create a virtual item for each group Ck, k ∈ L(N) and treat satellites as bins. The bin related

with the satellite s ∈ VS has two independent capacities, which are set to be Qs. The item related

with the group Ck, k ∈ L(N) has two resource requirements that are equal to delivery demand∑
i∈Ck di and pickup demand

∑
i∈Ck pi, respectively. To determine the minimum number of bins

to pack all the items, the following problem is formulated:

ΓG(N) = min
∑
s∈VS

es (43)

s.t.
∑

k∈L(N)

∑
i∈Ck

dizks ≤ Qses,∀s ∈ VS (44)

∑
k∈L(N)

∑
i∈Ck

pizks ≤ Qses, ∀s ∈ VS (45)

∑
s∈VS

zks = 1,∀k ∈ L(N) (46)

zks ∈ {0, 1},∀k ∈ L(N), s ∈ VS (47)

es ∈ {0, 1},∀s ∈ VS (48)

which is a special two-dimensional case of the vector bin packing with heterogeneous bins intro-420

duced by Gabay and Zaourar (2016). Even if the numbers of satellites and groups are small in421

practical applications, the problem needs to be solved many times within the BCP algorithm.422

Therefore, we only employ the MIP solver to optimally solve the problem within the first $423
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times at each cutting-plane iteration, and we set ΓG(N) to 2 at other times when the inequality424

max
{∑

k∈L(N)

∑
i∈Ck di,

∑
k∈L(N)

∑
i∈Ck pi

}
> maxs∈VS min

{
Qs, |Ts|Q2

}
holds.425

To separate the KPIs, we take advantage of in turn the extended shrinking heuristic and route-426

based heuristic used by Li et al. (2020b). We refer the reader to it for more details. Only when427

the extended shrinking heuristic fails to identify any violated KPIs will the route-based one be428

conducted.429

4.2. Rounded capacity inequalities on satellites430

Rounded capacity inequalities on satellites (CISs) have been proposed by Liu et al. (2018) and

can be generalized by considering simultaneous pickup and delivery. Given a subset of satellites

S ⊆ VS , let D(S) denote the minimum amount of cargo to be delivered to satellites in S, and

let P (S) represent the minimum amount of cargo to be collected from satellites in S. We have

D(S) =
∑

i∈VC di −
∑

s∈VS\S min
{
Qs, |Ts|Q2

}
and P (S) =

∑
i∈VC pi −

∑
s∈VS\S min

{
Qs, |Ts|Q2

}
.

As a result, the rounded capacity inequalities on satellites are given by

∑
(i,j)∈A+(S)

∑
φ∈Φ1

β1
ijφxφ ≥

⌈
D(S)

Q1

⌉
,∀S ⊆ VS (49)

∑
(i,j)∈A+(S)

∑
φ∈Φ2

β1
ijφxφ ≥

⌈
P (S)

Q1

⌉
,∀S ⊆ VS (50)

where A+(S) = {(i, j) ∈ A1 | i ∈ S, j ∈ (VS ∪ {0})\S} denotes the set of arcs leaving from the431

satellite set S ⊆ VS . On account of the small number of groups and satellites, these inequalities432

are identified by a simple full enumeration.433

4.3. Two-dimensional extended cover inequalities434

The extended cover inequalities have been developed by Nauss and Robert (2003) for the clas-435

sical knapsack problem. They defined a cover as a set of items with the total resource requirement436

exceeding the knapsack capacity. Moreover, a cover is minimal if it will no longer be a cover when437

one of the items in it is removed. In the 2E-VRPGS, treated as items, the customer groups have438

two kinds of resource requirements corresponding to the delivery and pickup demands, respectively.439

Hence, we generalize the classical extended cover inequalities to a family of two-dimensional ones440

(TDECIs). A group-index subset L′ ⊆ L is a two-dimensional cover for the satellite s ∈ Vs if441

max
{∑
k∈L′

∑
i∈Ck

di,
∑
k∈L′

∑
i∈Ck

pi

}
≥ min

{
Qs, |Ts|Q2

}
(51)
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Furthermore, a two-dimensional cover L′ is minimal if the following conditions are satisfied:442

max
{ ∑
k′∈L′\{k}

∑
i∈Ck′

di,
∑

k′∈L′\{k}

∑
i∈Ck′

pi

}
< min

{
Qs, |Ts|Q2

}
,∀k ∈ L′ (52)

The two-dimensional minimal cover inequality for the minimal cover L′ and satellite s is given by443

∑
k∈L′

zks ≤ |L′| − 1 (53)

Let ET1(L′) and ET2(L′) denote two extended covers of the minimal cover L′ defined as

ET1(L′) =


∅, if

∑
k∈L′

∑
i∈Ck

di ≤ min
{
Qs, |Ts|Q2

}
{
k ∈ L\L′

∣∣ ∑
i∈Ck

di ≥
∑
i∈Ck′

di,∀k′ ∈ L′
}
, otherwise

(54)

ET2(L′) =


∅, if

∑
k∈L′

∑
i∈Ck

pi ≤ min
{
Qs, |Ts|Q2

}
{
k ∈ L\L′

∣∣ ∑
i∈Ck

pi ≥
∑
i∈Ck′

pi,∀k′ ∈ L′
}
, otherwise

(55)

Then, we have the following lifted two-dimensional extended cover inequality:444

∑
k∈ET (L′)

zks ≤ |L′| − 1 (56)

where ET (L′) := L′ ∪ ET1(L′) ∪ ET2(L′).445

The heuristic approach introduced by Kaparis and Letchford (2010) will be used to identify the446

violated inequalities (56), in which the covers and minimal covers are tested by inequalities (51)447

and (52), respectively.448

4.4. Homogeneous simultaneous pickup-delivery (partial) multistar inequalities449

Multistar and partial multistar inequalities were first proposed by Araque et al. (1990) for the450

capacitated vehicle routing problem with unit demand. Later, Letchford et al. (2002) generalized451

them to the capacitated vehicle routing problem with general demand. Here, we further extend452

them to a family of customized valid inequalities for the 2E-VRPGS, referred to as the homogeneous453

simultaneous pickup-delivery multistar and partial multistar inequalities (PDMIs and PDPMIs).454

A partial multistar is a subgraph of G with three non-empty sets of vertices: a set of nuclei

MN ⊆ VC , a set of satellites MS ⊆ VC\MN , and a set of connectors MC ⊆ MN . Note that the

‘satellites’ in the context of PDMIs and PDPMIs are different from the physical satellites in the

problem description. A multistar can be treated as a special partial multistar with MC = MN . In

other words, a PDMI is essentially a special case of a PDPMI. In what follows, we elaborate on
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the PDPMIs only. Let ul and ur be two coefficients depending on MN , MS , and MC ; then the

PDPMIs are given by

ul
∑

(i,j)∈E(MC :MS)

∑
r∈R

(β2
ijr + β2

jir)θr +
∑

(i,j)∈E(MN )

∑
r∈R

β2
ijrθr ≤ ur,

∀MN ( VC ,MS ⊆ VC\MN ,MC ⊆MN (57)

where E(MN ) =
{

(i, j) ∈ A2 | i ∈ MN , j ∈ MN , i 6= j
}

is the set of arcs with both end-vertices455

in MN , and E(MC : MS) =
{

(i, j) ∈ A2 | i ∈ MC , j ∈ MS

}
represents the set of arcs from456

MC to MS . The sets MN , MS and MC can be generated by a greedy heuristic provided by457

Letchford et al. (2002). The mathematical expressions of classical partial multistar inequalities458

and PDPMIs are identical, but they have different sets of valid parameter pairs (ul, ur). Given459

the sets MN , MS , and MC , Letchford et al. (2002) have designed an effective polygon procedure460

to separate the valid parameter pairs (ul, ur) for the classical partial multistar inequalities. Here,461

we further extend this procedure for PDPMIs based on simultaneous pickup and delivery. Let γ =462 ∑
(i,j)∈E(MC :MS)

∑
r∈R(β2

ijr + β2
jir)θr and δ =

∑
(i,j)∈E(MN )

∑
r∈R β

2
ijrθr be two auxiliary variables.463

The polygon procedure consists of the following three steps:464

(i) Compute an upper bound UBγ on variable γ by Lemma 1;465

(ii) Given each value of γ in
{

0, 1, ..., UBγ
}

, compute the upper bound UBδ(γ) on variable δ466

by Lemmas 2-4;467

(iii) In the (γ, δ)-space, construct a polygon bounded by γ axe, δ axe, and the set of coordinates468 {
(γ, UBδ(γ))

}
γ∈{0,1,...,UBγ}. The slope a and intercept b of each boundary line of this polygon lead469

to a valid pair (ul, ur) where ul = −a and ur = b.470

The above lemmas are presented as follows, and their proofs can be found in Appendix B.471

Lemma 1. For any feasible solution to 2E-VPRGS, an upper bound for variable γ can be calculated472

by473

UBγ = min

{
2|MC |, 2|MS |, |MC |+ |MS | −

⌈
max

{ ∑
i∈MC∪MS

di,
∑

i∈MC∪MS

pi

}
/Q2

⌉}
(58)

Lemma 2. For any feasible solution to 2E-VPRGS, we have474

δ ≤ |MN | −
⌈γ

2

⌉
(59)

Lemma 3. Let {v1, ..., v|MS |} and {v′1, ..., v′|MS |} be two ordered lists for vertices in MS sorted475

by non-decreasing delivery demand and pickup demand, respectively; then the following inequality476
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holds:477

δ ≤



|MN | −
⌈

max
{ ∑
i∈MN

di,
∑

i∈MN

pi

}/
Q2

⌉
, if γ = 0

|MN | −
⌈

max
{ ∑
i∈MN

di +
γ∑
j=1

dvj ,
∑

i∈MN

pi +
γ∑
j=1

pv′j

}/
Q2

⌉
, if 1 ≤ γ ≤ |MS |

|MN ∪MS | −
⌈

max
{ ∑
i∈MN∪MS

di,
∑

i∈MN∪MS

pi

}/
Q2

⌉
, if γ > |MS |

(60)

Lemma 4. Let {v1, ..., v|MS |} and {v′1, ..., v′|MS |} be two ordered lists for vertices in MS sorted by478

non-decreasing delivery demand and pickup demand, respectively. Analogously, let {o1, ..., o|MC |}479

and {o′1, ..., o′|MC |} be two ordered lists for vertices in MC sorted by non-decreasing delivery demand480

and pickup demand, respectively. The following inequality is valid if |MC | ≤ γ ≤ 2|MC |:481

δ ≤ |MN | − γ + |MC |

−
⌈

max
{ ∑
i∈MN\MC

di +
2|MC |−γ∑
j=1

(dvj + doj ),
∑

i∈MN\MC

pi +
2|MC |−γ∑
j=1

(pv′j + po′j )
}/
Q2

⌉
(61)

(0,2)
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Figure 3. A fractional solution violating PDPMI
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Figure 4. An example of a polyhedron

In terms of these lemmas, for each value of γ in {0, 1, ..., UBγ}, the corresponding upper bound482

of δ, i.e., UBδ(γ), is given by min
{
UB1

δ (γ), UB2
δ (γ), UB3

δ (γ)
}

where UB1
δ (γ), UB2

δ (γ), and UB3
δ (γ)483

are the right-hand-side values of inequalities (59), (60), and (61), respectively. Figure 3 shows a484

fractional solution for an instance with Q2 = 4 and a partial multistar with the sets MN , MS , and485

MC enclosed by ellipses. The solid and dotted arrows indicate the arc variables with values of 1 and486

0.5, respectively, and the arcs incident on the vertices outside of this multistar have been omitted.487

According to Lemma 1, we have UBγ = 2. For each value γ ∈ {0, 1, 2}, we can sequentially calculate488

UBδ(γ) = {1, 1, 0} based on Lemmas 2-4. Then, the set of coordinates {(0, 1), (1, 1), (2, 0)}, γ axe,489

and δ axe constitute a planar polygon illustrated in Figure 4, which has two boundary lines δ = 1490
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and γ + δ = 2. As a result, there are two PDPMIs found, i.e.,
∑

(i,j)∈E(MN )

∑
r∈R β

2
ijrθr ≤ 1491

and
∑

(i,j)∈E(MC :MS)

∑
r∈R(β2

ijr + β2
jir)θr +

∑
(i,j)∈E(MN )

∑
r∈R β

2
ijrθr ≤ 2, that are violated by the492

fractional solution in Figure 3.493

4.5. Incorporating valid inequalities in column generation494

The CISs (49)-(50) and TDECIs (56) will not affect the labeling algorithm, whereas the KPIs495

(42) and PDPMIs (57) will influence the contributions of arcs to the reduced cost. Let IKP496

and IPM denote the sets of identified KPIs and PDPMIs, respectively, and
{
ξ1
t : t ∈ IKP

}
and497 {

ξ2
t : t ∈ IPM

}
be the optimal values of the dual variables associated with them. The contribution498

of arc (i, j) ∈ A2 to the reduced cost should be updated by c′ij = cij−
∑

t∈IKP ϕ
t
ijξ

1
t −
∑

t∈IPM ϕtijξ
2
t ,499

where ϕtij denotes the integer coefficient of a variable yij =
∑

r∈R β
2
ijrθr associated with arc (i, j)500

in an inequality t ∈ IKP ∪ IPM . The cost cij of each arc (i, j) ∈ A2 is replaced by c′ij in pricing501

problem (19). Since KPIs and PDPMIs do not influence the structure of the pricing problem, the502

column generation can still work.503

5. Branch-and-cut-and-price algorithm504

The BCP algorithm is one of the effective solution approaches for many large-scale integer505

programming problems (e.g., Arslan et al., 2021). In our BCP algorithm, the initial set of second-506

echelon routes are constructed by a two-phase primal heuristic. Over the course of the branch-507

and-bound (B&B) framework, the LMP of each B&B node is optimally solved by the column508

generation in Section 3, and its optimal value is treated as a lower bound. For each node that509

cannot be pruned, the four families of valid inequalities in Section 4 are dynamically identified510

and added into the LMP to improve the lower bound. Furthermore, all valid inequalities that511

have been separated will be retained in the subsequent B&B nodes. To initialize the RLMP at512

the root node, a set of initial second-echelon routes are generated by a two-phase primal heuristic513

(detailed in Appendix C). In rest of this section, we describe two techniques for accelerating the514

labeling algorithm and four branching rules to guide the exploration of the B&B tree, followed by515

the adjustments to the BCP algorithm for solving the problems 2E-VRPG and 2E-VRPS.516

5.1. Accelerating Techniques517

This subsection presents two helpful techniques for enhancing the performance of the algorithm.518

5.1.1. Heuristic column generator by tabu search519

Solving the pricing problem by a labeling algorithm in every iteration could be computationally520

expensive. Actually, many promising routes with negative reduced costs can be easily found by521

a heuristic algorithm. Therefore, we will first seek potential routes using a tabu search. If the522
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heuristic fails to do so, to ensure the exactness of the overall method, the labeling algorithm will523

then be involved. Specifically, let N(r) and N̄(r) denote the sets of visited customers and unvisited524

customers for a second-echelon route r ∈ R, respectively. The following three operators will be525

implemented in the tabu search: (i) Insertion: Insert an unvisited customer from N̄(r) into route526

r; (ii) Removal : Remove a visited customer from N(r) out of route r; and (iii) Swap: Replace a527

visited customer in N(r) with an unvisited customer in N̄(r). A neighbor solution can be derived528

from a given solution using one of the above operators. The heuristic finds the best neighbor529

solution of the current solution at each iteration and replaces the current solution with the best530

neighbor. To avoid cycling, a tabu list is also defined to record the arcs removed in the latest531

iterations. These arcs are simply forbidden from being inserted over 10 iterations.532

5.1.2. Ng-route relaxation533

This paper takes advantage of an iterative approach provided by Martinelli et al. (2014) to534

accelerate the labeling algorithm. For each customer i ∈ VC , an ng-set denoted by Bi is a set of535

the closest customers to customer i in terms of the distance. It is obvious that each customer i536

belongs to its own ng-set, i.e., i ∈ Bi. Given a path q = (v1, v2, ..., vm), we call it an ng-cycle537

if v1 = vm and vm ∈
⋂
k=1,...,m−1Bvk . A route is an ng-route if it does not contain any ng-538

cycles. Ng-route relaxation is to relax the pricing problem by allowing the labeling algorithm to539

search for ng-routes that are essentially non-elementary. With the increase of the size of ng-sets,540

a better lower bound will be found, but more time is needed to solve the pricing problem. If541

Bi := {i}, i ∈ VC , the pricing problem is equivalent to a non-elementary shortest path problem542

with resource constraints (SPPRC), while if Bi = VC , the pricing problem is equivalent to the543

ESPPRC described in Subsection 3.1. For the algorithmic implementation, we will first initialize a544

small ng-set for each customer and call the labeling algorithm to seek an optimal ng-route. If the545

optimal ng-route does not contain any ng-cycles, it is proved to be elementary, and the iteration546

stops. Otherwise, we will enlarge the ng-set of each customer to forbid more ng-cycles and the547

labeling algorithm is invoked again. This process will be repeated until an optimal elementary548

route can be found. To incorporate ng-route relaxation, when extending the forward label `′f to a549

new forward label `f along arc (i, j), the component V (`f ) will be updated to be550

V (`f ) =
(
V (`′f ) ∪ B̄j

)∖(
{j} ∪ {k ∈ V (`′f )|σ(`′f ) < dk} ∪ {k ∈ V (`′f )|π(`′f ) < pk}

)
(62)

where B̄j = VC\Bj . Similarly, when extending the backward label `′b to a new backward label `b551

along arc (j, i), the component V (`b) will be updated to be552

V (`b) =
(
V (`′b

)
∪ B̄j)

∖(
{j} ∪ {k ∈ V (`′f )|σ(`′b) < dk} ∪ {k ∈ V (`′f )|π(`′b) < pk}

)
(63)
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5.2. Branching rules553

Let {x̂φ : φ ∈ Φ}, {θ̂r : r ∈ R}, {ŵsφ : φ ∈ Φ1, s ∈ VS}, {ĝsφ : φ ∈ Φ2, s ∈ VS}, and554

{ẑks : s ∈ VS , k ∈ L} denote the solution to the strengthened LMP after the last iteration of the555

cutting procedure. A B&B node will be branched into two new nodes if at least one of the values556

in {x̂φ : φ ∈ Φ1 ∪ Φ2}, {θ̂r : r ∈ R}, and {ẑks : s ∈ VS , k ∈ L} is fractional. In what follows, we557

introduce four branching rules in the order of their execution. A new branching rule can be used558

only if the preceding branching rules fail.559

� The first branching rule concerns the values of ẑks,∀s ∈ VS , k ∈ L. Specifically, given the560

solution, if no values of ẑks are fractional, this branching rule fails; otherwise, we look for561

a satellite s∗ and a customer group Ck∗ such that ẑk∗s∗ is closest to 0.5. We then impose562

two branches: (i) zk∗s∗ ≤ bẑk∗s∗c and (ii) zk∗s∗ ≥ dẑk∗s∗e. For the former branch, vehicles563

departing from satellite s∗ are forbidden from visiting any customer in group Ck∗ , while the564

later branch forces all the customers in group Ck∗ to be visited by vehicles from satellite s∗.565

� The second branching rule concerns the values of x̂φ,∀φ ∈ Φ. Similar to the previous rule,566

for a given solution, if no values of x̂φ are fractional, this branching rule fails; otherwise, we567

seek for a first-echelon route φ∗ ∈ Φ such that x̂φ∗ is closest to 0.5. We impose xφ∗ ≤ bx̂φ∗c568

on one branch and xφ∗ ≥ dx̂φ∗e on the other branch.569

� The third branching rule concerns the values of n̂s =
∑

r∈Rs θ̂r, ∀s ∈ VS , i.e., the total570

number of vehicles used from satellite s in the second echelon. Analogously, if no values of571

n̂s are fractional, this branching rule fails; otherwise, we find a satellite s∗ ∈ VS such that572

the fractional part of n̂s∗ is closest to 0.5. We impose
∑

r∈Rs∗ θr ≤ bn̂s∗c on one branch and573 ∑
r∈Rs∗ θr ≥ dn̂s∗e on the other branch.574

� The fourth branching rule concerns the values of vehicle flows on arcs in A2. Specifically,575

given a solution to the LMP, we will calculate the total number of vehicles traversing each arc576

(i, j) ∈ A2, i.e., ŷij =
∑

r∈R β
2
ijrθ̂r. We search for an arc (i∗, j∗) ∈ A2 in the second echelon577

such that ŷi∗j∗+ŷj∗i∗ is closest to 0.5, and impose two branches: (i) yi∗j∗+yj∗i∗ ≤ bŷi∗j∗+ŷj∗i∗c578

and (ii) yi∗j∗ + yj∗i∗ ≥ dŷi∗j∗ + ŷj∗i∗e. For the former branch, the arc (i∗, j∗) will be removed579

from the graph when solving the pricing problem, while the later branch removes all the arcs580

in {(i∗, j) ∈ A2 | j 6= j∗} from the graph.581

5.3. Adjustments for 2E-VRPG and 2E-VRPS582

In the BCP algorithm, the first-echelon routes are explicit in the PB model, whereas the583

second-echelon routes require being dynamically generated. Neither of the modifications of the584

PB model for the 2E-VRPG and 2E-VRPS influences the structure of the pricing problem in the585

second echelon (see Subsection 2.2); therefore the BCP algorithm is still applicable. For the 2E-586
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VRPG, the modifications in the second echelon are: (i) all the pickup demands are set to zero587

(pi = 0,∀i ∈ VC), and (ii) the constraints (11) are removed. All the components such as labeling588

algorithm, all families of valid inequalities, and the branch rules can be kept intact, except that589

the dual variables associated with constraints (11) are set to zero, i.e., τpi = 0,∀i ∈ VC . As for590

the 2E-VRPS, all the changes are made in the first echelon except for the elimination of grouping591

constraints. Therefore, the set Φ2 will not be applicable and should be replaced by Φ1 in the592

inequalities (50), and the inequalities (56) are removed from the BCP algorithm.593

6. Numerical experiments594

Numerical experiments have been carried out to demonstrate the effectiveness of the proposed595

algorithm. The algorithm is coded in Java, using Eclipse SDK version 4.2.0 calling ILOG CPLEX596

12.6.3 on a personal computer with an Intel i7-9750HF 2.60Ghz CPU, 32GB RAM, and Windows597

10 operating system. All the computing times reported are expressed in seconds. A limit of 7200598

seconds has been imposed on each run. When separating k-path inequalities on customers, we set599

parameter $ = 10 over all of the experiments.600

6.1. Benchmark instances601

For the numerical experiments, we consider three types of test instances denoted by ITA, ITB,602

and ITC . The instance ITA, ITB, and ITC are used for the three problems, i.e., 2E-VRPG,603

2E-VRPS, and 2E-VRPGS, respectively.604

The instances ITA are taken from Liu et al. (2018) and are generated as follows. Two subtypes605

of instances are considered in ITA, i.e., scattered instances and clustered instances. The customers606

in scattered instances have scattered geographical locations, while the ones in clustered instances607

have clustered geographical locations. Both scattered and clustered instances are divided into four608

classes based on the number of satellites, ranging from 2 to 5. Five randomly-generated instances609

will be included in each class of instances. For ease of differentiation, each instance is named as610

<s/c>-< |VS | − 1 >-<a/b/c/d/e> where ‘s’ or ‘c’ in the first entry denotes the scattered and611

clustered instances, and ‘a’, ‘b’, ‘c’, ‘d’ or ‘e’ in the last entry indicates each of the five instances612

in the same class.613

For each instance, the number of customers and the number of disjoint groups are set to be614

10 times and 2 times the number of satellites, respectively, i.e., |VC | = 10|VS | and l = 2|VS |. The615

delivery demand of each customer is randomly generated from the interval [1,7]. The capacities616

of vehicles and the fleet sizes in the first echelon and second echelon are set as follows: Q1 = 30,617

Q2 = 15, |Kd
1 | = |K

p
1 | =

⌈1.5|VC |Davg
Q1

⌉
, and |K2| =

⌈1.5|VC |Davg
Q2

⌉
, where Davg is the average delivery618

demand of all customers. For each satellite s ∈ VS , the number of available second-echelon vehicles619
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|Ts| and the satellite capacity Qs are set to be
⌈ |K2|
|VS |
⌉

and
⌈1.2|Vc|Davg

|VS |
⌉
, respectively. The unit620

handling cost hs for each satellite s ∈ VS is randomly generated from [1, 2]. As for the layout of621

facilities and customers, a 100 km by 100 km grid with a centrally-located depot is considered,622

i.e., at (50,50). The locations of satellites depend on the number of satellites in the following623

ways: (i) if |VS | = 2, the locations of the two satellites are set to (25, 50) and (75, 50), respectively;624

(ii) if |VS | = 3, the locations of the three satellites are set to (50, 25), (25, 75), and (75, 75),625

respectively; (iii) if |VS | = 4, the locations of the four satellites are set to (25, 25), (25, 75), (75, 25),626

and (75, 75), respectively; and (iv) if |VS | = 5, the locations of the five satellites are set to (25, 25),627

(25, 75), (50, 50), (75, 25), and (75, 75), respectively. For the scattered instances, the locations of all628

customers are uniformly generated in the square, while for the clustered instances, the locations of629

every 10 customers are uniformly generated within ([-15, 15],[-15, 15]) with respect to the location630

of each satellite. Given the location information, the square will be further equally divided into m631

sub-areas by a horizontal line in the center and (|VS | − 1) uniformly-distributed vertical lines. The632

customers in the same sub-area are assigned to the same group.633

To test the algorithm on larger-scale instances, we expand instances ITA up to 10 satellites and634

100 customers by using above method except that locations of satellites are randomly generated.635

Both scattered and clustered instances will be increased to 9 classes based on the number of satel-636

lites, ranging from 2 to 10. Each class still has five instances and is named as <S/C><1/2/. . . /9>,637

where ‘S’ and ‘C’ are used to indicate scattered and clustered instances and the integer values 1-9638

represent the parameter (|VS |−1). For example, class S1 contains five scattered instances with two639

satellites, i.e., s-1-a, s-1-b, s-1-c, s-1-d, and s-1-e. The instances ITC are derived from type ITA640

by randomly generating pickup demands of customers from interval [1, 3], whereas the instances641

ITB are generated from instances ITC by removing the customer groups. Therefore, a total of 270642

instances are used.643

6.2. Results on the 2E-VRPG, 2E-VRPS, and 2E-VRPGS644

This subsection summarizes the results obtained by the BCP algorithm on the problems 2E-645

VRPG, 2E-VRPS, and 2E-VRPGS. The instance-level results are reported in Appendix D. Figure646

5 depicts an overview of the percentages of the number of instances that are optimally solved by647

the BCP algorithm for a specific number of customers (horizontal axis).648

Figure 5 shows that the 2E-VRPG is much easier for the proposed BCP algorithm than the 2E-649

VRPS and 2E-VRPGS as more instances are solved to optimality for 2E-VRPG. More specifically,650

the BCP algorithm has solved to optimality 48/90, 25/90, and 29/90 instances in total for the651

problems 2E-VRPG, 2E-VRPS, and 2E-VRPGS to optimality, respectively. This can also be seen652

from the scale of the problem solved, compared with the 2E-VRPS and 2E-VRPGS, larger-scale653
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Figure 5. Percentages of the instances solved to optimality on the three problems

Table 2. Summary of lower and upper bounds of BCP algorithm on three problems

2E-VRPG 2E-VRPS 2E-VRPGS

Class %gap ub opt topt %gap ub opt topt %gap ub opt topt

S1 4.4 1026.1 5 1.8 2.2 975.7 5 5.7 5.8 1199.1 5 3.3
S2 10.0 1335.5 5 24.9 6.8 1264.1 5 3546.6 12.2 1578.4 5 229.0
S3 8.1 1645.5 5 1034.9 17.6 1837.2 2 4764.1 13.0 2098.3 3 3221.8
S4 13.0 1863.5 2 6110.1 20.8 2046.9 0 - 22.9 2495.5 0 -
S5 14.1 3116.8 2 5817.4 14.5 2865.2 0 - 13.4 3434.4 0 -
S6 4.8 3966.1 2 4527.5 8.2 4053.6 0 - 7.7 4659.9 0 -
S7 3.9 5185.6 1 1233.8 8.1 5354.1 0 - 8.9 5686.6 0 -
S8 4.7 6063.7 0 - 6.4 6224.7 0 - 8.3 6783.6 0 -
S9 5.1 6670.6 0 - 6.3 7230.3 0 - 9.8 8582.4 0 -

avg 7.6 3430.4 - - 10.1 3539.1 - - 11.3 4057.6 - -

C1 2.2 541.6 5 2.4 1.6 589.1 5 3.5 1.5 689.9 5 4.2
C2 10.5 862.8 5 38.5 8.0 884.9 5 353.0 12.6 1102.3 5 402.2
C3 11.3 1411.7 5 566.2 11.2 1397.3 3 1056.3 12.3 1793.2 4 3599.5
C4 10.6 1239.6 4 2224.8 18.8 1441.3 0 - 18.6 1736.3 0 -
C5 16.2 2322 3 4944.1 17.2 2366.8 0 - 13.5 2680.9 2 5770.6
C6 15.2 3680.7 1 1438.9 7.8 3461.3 1 4321.5 9.8 3857.7 0 -
C7 5.6 3818.6 2 4721.2 7.4 4538.1 0 - 8.1 4767.0 0 -
C8 6.1 4699.8 1 6757.6 6.1 5245.2 0 - 8.5 5728.5 0 -
C9 7.1 5871.8 0 - 7.5 6594.3 0 - 10.1 6732.9 0 -
avg 9.4 2716.5 - - 9.5 2946.5 - - 10.6 3232.1 - -
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instances on the 2E-VRPG were solved to optimality by the BCP algorithm. The BCP algorithm654

has optimally solved the instances with up to 90 customers for the 2E-VRPG, while no any instance655

with more than 70 customers can be solved to optimality for the 2E-VRPS and 2E-VRPGS.656

Table 2 reports the lower and upper bounds computed by the BCP algorithm for the three657

problems. The table summarizes the following average results for each problem and each class of658

instances: the final upper bound computed within the time limit (‘ub’), the percentage gap between659

the final upper bound and the lower bound computed at the root node (‘%gap’), the number of660

instances solved to optimality (opt), and the computing time to obtain the optimal solution (‘topt’).661

In the row ‘avg’ the table also reports the average percentage gap between upper bound and lower662

bound over all scattered and clustered instances. Table 2 shows that the BCP algorithm computes663

the tightest lower bounds and the highest-quality upper bounds (evaluated by percentage gaps)664

on average for the problem 2E-VRPG (see row ‘avg’). The average gaps obtained are 7.6% and665

9.4% for the scattered and clustered instances, respectively. Looking at class S1, S2, C1, and C2 in666

which all the instances can be solved to optimality for the three problems, the BCP algorithm takes667

the shortest average times to optimally deal with them for the 2E-VRPG (see column ‘topt’). All668

in all, the comprehensive comparisons show that the BCP algorithm works best on the 2E-VRPG.669

Comparing instance-level results in Appendix D, we can see that the optimal value of each instance670

for the 2E-VRPGS is generally larger than that for the 2E-VRPS. This is because the 2E-VRPS671

admits simultaneous pickup and delivery in both echelons and ignores grouping constraints, which672

are necessary for the 2E-VRPGS.673

6.3. Comparison with the existing algorithm674

To evaluate the effectiveness of the BCP algorithm, this subsection makes a comparison with675

the algorithm proposed in Liu et al. (2018) for the 2E-VRPG. The results of Liu et al. (2018) were676

calculated on a PC equipped with a Dell personal computer with an Intel i7-4790 3.60 Ghz CPU,677

which has a similar performance to the machine used for our experiments. A time limit of 7200678

seconds for each run was also imposed in their experiments. In the following, we denote by L18679

the algorithm of Liu et al. (2018).680

The comparison between the results in Liu et al. (2018) and the results in Tables C1 and C2681

shows that all instances solved to optimality by the L18 algorithm can also be optimally solved by682

the BCP algorithm. It is worth mentioning that the BCP algorithm discovered better solutions on683

some instances being claimed to be optimally solved by Liu et al. (2018). Table 3 summarizes the684

exact results obtained by the L18 algorithm and BCP algorithm for eight classes of instances on the685

2E-VRPG. For each algorithm, the table reports the number of instances solved to optimality (‘opt’,686

for the L18 algorithm the actual numbers solved to optimality are summarized in parentheses) and687
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Table 3. Summary of the exact results between the L18 and BCP algorithms

L18 BCP

Class ns ng nc opt topt opt topt

S1 2 4 20 5(5) 3.6 5 1.8
S2 3 6 30 5(5) 596.3 5 24.9
S3 4 8 40 4(1) 1683.6 5 631.2
S4 5 10 50 0(0) - 2 -

C1 2 4 20 5(5) 4.2 5 2.4
C2 3 6 30 5(5) 916.2 5 38.5
C3 4 8 40 5(4) 656.0 5 310.1
C4 5 10 50 3(1) 6461.6 4 2574.8

the average computing times over the instances actually solved to optimality by the L18 algorithm688

(‘topt’). Figure 6 provides an overview of the percentages of the number of instances that are689

optimally solved by L18 algorithm and BCP algorithm for instances with a different number of690

customers (horizontal axis).
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Figure 6. Percentages of instances solved to optimality by the L18 and BCP algorithms

691

The table shows that 17 (11) scattered instances and 19 (15) clustered instances are solved692

by the BCP (L18) algorithm within the time limit. The L18 algorithm fails to optimally solve693

any scattered instance with five satellites and 50 customers, while our BCP algorithm solves both694

the scattered and clustered instances to optimality with up to five satellites and 50 customers.695

Compared with L18 algorithm, for each class of instances the BCP algorithm solves the same696

instances to optimality within significantly less computing time on average and thus it is more697

competitive (see column ‘topt’). Figure 6 clearly shows that the BCP algorithm is capable of698

solving larger-sized instances than the L18 algorithm. In particular, the BCP algorithm solves all699
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the instances with 40 customers and 60% of instances with 50 customers to optimality, while the700

L18 algorithm only optimally solves 50% of instances with 40 customers and 10% of instances with701

50 customers.702

Table 4. Summary of the lower and upper bounds obtained by L18 and BCP algorithms

L18 BCP

Class lbrc ub tub node lbrc ub tub node

S1 945.2 1026.1 3.6 400 980.9 1026.1 1.8 31
S2 1151.5 1335.5 596.3 8,479 1202.0 1335.5 24.9 85
S3 1420.1 1671.7 2786.9 12,695 1511.7 1645.5 982.9 2,679
S4 1504.2 1848.3 7200.0 8,337 1621.6 1863.5 6764.0 7,188

C1 523.2 541.6 4.2 858 529.5 541.6 2.4 39
C2 736.8 862.8 916.2 7,328 772.3 862.8 38.5 87
C3 1157.9 1422.9 1079.1 4,001 1251.5 1411.7 566.2 285
C4 1050.6 1255.0 5027.0 10,926 1107.8 1239.6 3219.8 6,317

Table 4 summarizes the lower and upper bounds obtained by the L18 and BCP algorithms for703

eight classes of instances. For each algorithm and each class of instances, the table reports the704

following average results: the final lower bounds at the root node (‘lbrc’), the final upper bounds705

obtained within the time limit (‘ub’), the total computing times for obtaining the upper bounds706

(‘tub’), and the total number of B&B nodes generated. Compared with the L18 algorithm, the BCP707

algorithm obtained higher-quality lower bounds and enumerated fewer B&B nodes on average. This708

is within our prior expectation, since the PB model in this paper is tighter than the AFB model709

proposed in Liu et al. (2018). For each class of instances, on average the BCP algorithm attains710

the better upper bounds within much less computing time than the L18 algorithm (see columns711

‘ub’ and ‘tub’).712

In summary, the BCP algorithm in this paper is considerably more efficient than the L18713

algorithm on the problem 2E-VRPG.714

6.4. Algorithm analysis715

This subsection evaluates the performances of proposed valid inequalities and dominance rule.716

Table 5 summarizes the performance of valid inequalities on eight classes of instances. We computed717

the following average results of solving LP-relaxation of PB model over different classes of instances:718

the lower bound obtained after adding all cuts (‘ALL’), the lower bound without adding any cut719

(‘NO’), and the lower bounds after adding all cuts except for one family of the following valid720

inequalities: k-path inequalities on customers (‘KPIs’), rounded capacity inequalities on satellites721

(‘CISs’), two-dimensional extended cover inequalities (‘TDECIs’), and homogeneous simultaneous722

pickup-delivery partial multistar inequalities (‘PDPMIs’). Besides, we also report the average lower723
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bounds (‘avg’) and the average percentage reductions with respect to the lower bounds after adding724

all cuts (‘%gap’) over all scattered and clustered instances.725

Table 5. Summary of the performance of valid inequalities

Class NO KPIs CISs TDECIs PDPMIs ALL

S1 1019.0 1096.1 1096.2 1084.7 1116.8 1130.1
S2 1300.6 1360.5 1379.4 1344.6 1373.0 1385.0
S3 1702.5 1797.9 1800.7 1770.0 1796.5 1826.3
S4 1818.1 1886.3 1920.0 1868.7 1912.7 1923.5

avg 1460.1 1535.2 1549.1 1517.0 1549.8 1566.2
%gap -6.8 -2.0 -1.1 -3.1 -1.1 -

C1 639.9 660.6 659.6 679.6 671.5 679.6
C2 936.0 945.5 962.7 956.3 958.8 963.3
C3 1417.4 1546.4 1566.7 1454.0 1545.8 1572.9
C4 1302.2 1382.1 1389.9 1362.3 1381.6 1414.2
avg 1073.9 1133.6 1144.7 1113.0 1139.4 1157.5

%gap -7.2 -2.1 -1.1 -3.8 -1.6 -

As can be seen from the average results in Table 5, all the families of valid inequalities have726

a positive impact on the lower bounds and their synthesis lifts lower bound by 6.8% and 7.2% on727

average for scattered and clustered instances, respectively. Specifically, the TDECIs, followed by728

KPIs, offer the most significant improvement on both scattered and clustered instances. If this729

family of inequalities is missing, the lower bound will reduce by approximately 3.1% and 3.8% on730

average for scattered and clustered instances, respectively. Although the CISs and PDPMIs have731

smaller impacts than the other two families, the lower bound will reduce by more than 1% on732

average if either of them is missing for both scattered and clustered instances.733

For assessing the proposed dominance rule, we use column generation called CGV (CGNV) to734

solve LP-relaxation of PB model without adding any cut, in which the proposed dominance is ver-735

ified (or not verified) between labels from different satellites. Table 6 summarizes the performance736

of alternative column generations with different dominance rules on eight classes of instances. For737

each column generation, we computed the following average results over the different classes of738

instances: the time spent in solving LP-relaxation (‘tr’), the number of forward labels generated739

(‘fw’), and the number of backward labels generated (‘bw’). Finally, the average results (‘avg’)740

over all scattered and clustered instances are also reported. Columns ‘fw’ and ‘bw’ show that741

over the scattered and clustered instances the number of labels generated by CGV is greatly less742

than that of CGNV. Furthermore, column ‘tr’ shows that the CGV is faster than the CGNV on743

both scattered (4.5 vs. 9.8 on average) and clustered instances (4.4 vs. 9.3 on average), which744

indicates that the dominance being verified between labels from different satellites can effectively745

accelerate the algorithm. This is because that the stronger dominance rule will contribute to a746
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Table 6. Summary of the performance of alternative column generations

CGV CGNV

Class tr fw bw tr fw bw

S1 0.2 2,451 1,258 0.3 3,996 2,302
S2 0.5 14,977 5,217 0.9 32,210 18,720
S3 1.1 49,919 12,468 2.5 126,346 69,100
S4 2.8 113,335 28,353 6.1 378,826 218,276

avg 4.5 180,683 47,297 9.8 541,378 308,398

C1 0.2 2,857 1,077 0.3 7,639 5,117
C2 0.5 13,449 3,991 1.1 42,484 25,313
C3 1.0 35,985 8,312 2.1 99,648 63,047
C4 2.7 91,428 16,823 5.8 322,798 237,323
avg 4.4 143,719 30,204 9.3 472,569 330,801

smaller number of generated labels and thus improve computational efficiency.747

6.5. Sensitivity analysis748

The PB model aims at minimizing the total operating cost, including traveling costs of vehicles749

and handling costs at satellites. As described in Section 1, grouping constraints will bring many750

management benefits to the new system but will also largely influence the routing plans and751

incur additional operating cost. As PB model treats grouping constraints as hard constraints,752

benefits of grouping constraints on system have to be considered implicitly. This subsection analyses753

the negative impact of grouping constraints on operating cost, which is sensitive to customer754

distribution pattern, number of selected groups, and satellite capacity.755

Considering a specific instance, we analyse the change of routes and cost in the solution under756

different scenarios featured by the number of groups and satellite capacity < l̄, Q̄s >, where l̄ and757

Q̄s represent the number of selected groups and specified satellite capacity, respectively. Under758

each scenario < l̄, Q̄s >, we randomly choose l̄ groups from the original groups of the instance and759

relax the grouping constraints on the other groups.760

Considering s-1-b and c-1-b with different customer distribution patterns as example, we first761

analyse 5 scenarios with l̄ = 0, 1, 2, 3, 4 and Q̄s = 48. Figure 7 shows the variations of operating762

costs with the increase of l̄. It can be seen that with the increase of l̄, the operating cost becomes763

higher. This is because the increased grouping constraints will make some more cost-effective764

routes infeasible in terms of grouping constraints. To illustrate the difference of the operating costs765

under different numbers of groups, Figures 8 and 9 present the detailed routing plans of the optimal766

solutions under two scenarios < 0, 48 > and < 4, 48 > in instance s-1-b. From these figures, we can767

see that customers in the routing plan of the scenario < 0, 48 > are always served by vehicles from768

the satellites nearby, while customers in the routing plan of the scenario < 4, 48 > may have to be769
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served by vehicles from the satellites far from them due to the four grouping constraints added,770

resulting in long vehicle routes and high traveling cost.771

It is interesting to find that the increment rate of the operating cost on instance s-1-b is much772

larger than that of instance c-1-b. For example, as l̄ rises from 0 to 4, the operating cost of c-1-773

b goes up by 4 (increment percentage is 0.6%), whereas that of instance s-1-b increases by 85.8774

(increment percentage is 8.2%). This can be explained by the fact that, for instance c-1-b most775

customers in the same group uniformly managed by an old satellite have already clustered beside776

the newly-established satellites. Hence, the increase of l̄ has a small impact on instance c-1-b. The777

result suggests that logistics companies had better establish satellites near the clustered centers of778

customers as far as possible, so as to control the operating cost incurred by grouping management779

when expanding the transportation business.
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Figure 10. Variations of operating costs of s-1-b and c-1-b with the increase of Q̄s

780

Furthermore, we also analyse 19 scenarios with l̄ = 3 and Q̄s = 36, 37, 38, . . . , 54. The variations781

of operating costs against Q̄s are visualized in Figure 10. It can be seen that the operating cost782

keeps decreasing with the increase of Q̄s, when Q̄s is not larger than 48 and 42 for scattered and783

clustered instance, respectively. This is within our expectation as large capacitated satellites allow784

us to allocate customers to the most cost-saving satellites. Since there are no feasible solution to785

s-1-b under the scenarios with Q̄s = 36, . . . , 44, the curve doesn’t depict the results in that range.786

In addition, both the operating costs for s-1-b and c-1-b are stabilized to a certain value when the787

satellite capacity exceeds a critical point, i.e., 48 for s-1-b and 42 for c-1-b. This implies that the788

capacities of satellites will no longer be a binding constraint that restricts the optimal customer789

assignment to satellites and vehicle routes. As a matter of fact, larger satellite capacity will induce790

a higher establishment cost of satellites for logistics companies. The logistics companies are not791

suggested to blindly increase the satellite capacity aiming for operating cost reduction, especially792

when it has reached a critical value.793
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7. Conclusions794

This study is the first one to introduce a new variant of the two-echelon vehicle routing problem795

considering both the grouping constraints and simultaneous pickup and delivery (2E-VRPGS).796

More specifically, customers are divided into different groups based on administrative areas, and797

customers from the same group can only be served by second-echelon vehicles from the same798

satellite. The objective is to minimize the total operating cost by determining the assignment of799

customer groups to satellites and the optimal routes of vehicles in the two echelons.800

In this paper, a path-based (PB) model is proposed to formulate the 2E-VRPGS. Modifications801

are also presented to model the 2E-VRPG and the 2E-VRPS introduced by other researchers. To802

solve the three problems to optimality, a branch-and-cut-and-price (BCP) algorithm is developed,803

where both a novel dominance rule in the labeling algorithm and several families of valid inequalities804

are proposed. To the best of our knowledge, this paper is the first attempt at developing an exact805

algorithm to solve both the 2E-VRPS and 2EVRPGS.806

A number of numerical experiments are conducted on three types of instances. This paper807

reports the final results of the experiments for the problems 2E-VRPG, 2E-VRPS, and 2E-VRPGS,808

and analyzes the performance of the algorithm for solving them. Subsequently, the impacts of809

proposed valid inequalities and dominance rule on BCP algorithm are systematically evaluated.810

Computational results show that all the valid inequalities have positive effects on strengthening811

the PB model and our dominance rule can significantly reduce the number of generated labels.812

Comparisons between our algorithm and the branch-and-cut algorithm in Liu et al. (2018) illustrate813

that our algorithm is more effective than the existing algorithm. Some new findings and managerial814

insights are provided by conducting sensitivity analysis on some sensitive factors.815

The proposed exact algorithm can only solve small- and medium-sized instances in a reasonable816

computing time. Further work could focus on the development of effective and efficient meta-817

heuristic algorithms that can solve large-sized instances of the proposed problem. In addition, it818

makes great sense to study some extensions of this problem in the future that are derived from819

relaxing some existing restrictive assumptions or adding some practical constraints. For example,820

we can consider that an unlimited fleet of vehicles are used, multiple types of vehicles are employed,821

and time windows of customers. Last but not least, extending the models and solution method822

to many other similar transportation and logistics systems, such as the emerging two-level crowd-823

shipping services, would be a promising direction for future research.824
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Kergosien, Y., Lenté, C., Billaut, J.-C., and Perrin, S. (2013). Metaheuristic algorithms for solving two interconnected878

vehicle routing problems in a hospital complex. Computers & Operations Research, 40(10):2508–2518.879
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A. Notation939

Table A1. Notation for the definition of the 2E-VRPGS

Notation Descriptions

0 depot

VC set of customers

VS set of satellites

V set of vertices defined as {0} ∪ VC ∪ VS
Qs capacity of the satellite s ∈ VS
hs unit handling cost at the satellite s ∈ VS
di(pi) delivery (pickup) demand of the customer i ∈ VC
l number of customer groups

L index set of customer groups

A1 set of the 1st-echelon arcs

A2 set of the 2nd-echelon arcs

A set of arcs defined as A = A1 ∪A2

cij traveling cost of arc (i, j) ∈ A
Q1(Q2) capacity of the 1st-echelon (2nd-echelon) vehicles

Kd
1 (Kp

1 ) set of the available 1st-echelon vehicles for distribustion (collection)

K2 set of the available 2nd-echelon vehicles

Ts set of the available vehicles departing from satellite s ∈ VS
G directed graph defined as G = (V,A)

Φ set of the 1st-echelon routes

Φ1 set of the 1st-echelon distribution routes

Φ2 set of the 1st-echelon collection routes

ΦS set of 1st-echelon routes in Φ visiting at least one satellite in S ⊆ VS
Φ1
S set of 1st-echelon distribution routes in ΦS

Φ2
S set of 1st-echelon collection routes in ΦS

SΦ set of satellites visited by a 1st-echelon route φ ∈ Φ

cφ cost of the 1st-echelon route φ ∈ Φ

β1
ijφ number of times that arc (i, j) ∈ A1 is traversed by the 1st-echelon route φ ∈ Φ

R set of the 2nd-echelon routes

Rs set of the 2nd-echelon routes departing from satellite s ∈ VS
αir number of times that customer i ∈ VC is visited by the 2nd-echelon route r ∈ R
cr cost of the 2nd-echelon route r ∈ R
β2ijr number of times that arc (i, j) ∈ A2 is traversed by the 2nd-echelon route r ∈ R
Saφ(s) set of satellites visited by the 1st-echelon route φ ∈ Φ after visiting the satellite s ∈ VS
Sbφ(s) set of satellites visited by the 1st-echelon route φ ∈ Φ before visiting the satellite s ∈ VS

xφ binary variable indicating whether the 1st-echelon route φ ∈ Φ is selected

θr binary variable indicating whether the 2nd-echelon route r ∈ R is selected

wsφ decision variable indicating the amount distributed to satellite s by route φ ∈ Φ1

gsφ decision variable indicating the amount collected from satellite s by route φ ∈ Φ2

zks binary variable indicating whether the group Ck, k ∈ L are assigned to satellite s ∈ Vs
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B. Proofs940

B.1. Proof of Dominance 1941

Let q1
f and q2

f represent the forward partial paths for the labels `1f and `2f , respectively. Given942

a forward (backward) partial path q = (v1, . . . , v|q|) where |q| is the number of vertices visited and943

vt is the tth vertex, let ft(q) be the load of vehicle after (before) visiting the vertex vt, and let944

π(q), σ(q), and N(q) have the same meanings as the resources π, σ, and N in the label definition,945

respectively.946

In Dominance 1, we have η(`1f ) = η(`2f ) = i, s(`1f ) = s1, and s(`2f ) = s2. Given a backward947

partial path q2
b ∈P(q2

f ), let j and h be the first and last customers in path q2
b , respectively. A new948

backward partial path q1
b can be constructed from q2

b by replacing its satellite s2 by s1. Therefore,949

we have π(q1
b ) = π(q2

b ), σ(q1
b ) = σ(q2

b ), and N(q1
b ) = N(q2

b ).950

Firstly, we prove that q1
b ∈P(q1

f ). Because q2
b ∈P(q2

f ), we have951

f|q2b |
(q2
b ) +

|q2f |
max
t=1

{
ft(q

2
f )
}
≤ Q2 (64)

952

f|q2f |
(q2
f ) +

|q2b |
max
t=1

{
ft(q

2
b )
}
≤ Q2 (65)

where f|q2b |
(q2
b ) is actually the amount of cargo that should be delivered to the customers in q2

b and953

f|q2f |
(q2
f ) is actually the amount of cargo that should be collected from the customers in q2

f . We954

have955

π(`2f ) = π(q2
f ) = Q2 − f|q2f |(q

2
f ), σ(`2f ) = σ(q2

f ) = Q2 −
|q2f |

max
t=1

{
ft(q

2
f )
}

956

π(q2
b ) = Q2 −

|q2b |
max
t=1

{
ft(q

2
b )
}
, σ(q2

b ) = Q2 − f|q2b |(q
2
b )

Combining the above equalities and inequalities (64)-(65), we can obtain the following conditions957

of the relationship q2
b ∈P(q2

f ):958

N(q2
b ) ⊆ V (`2f ), π(`2f ) + π(q2

b ) ≥ Q2, σ(`2f ) + σ(q2
b ) ≥ Q2

In terms of conditions (27),(29), and (30), we also have959

N(q1
b ) ⊆ V (`1f ), π(`1f ) + π(q1

b ) ≥ Q2, σ(`1f ) + σ(q1
b ) ≥ Q2

and therefore q1
b ∈P(q1

f ).960

Next, we prove that c̄(q2
f ⊕ q2

b ) is not less than c̄(q1
f ⊕ q1

b ). The difference between c̄(q1
f ⊕ q1

b )

and c̄(q2
f ⊕ q2

b ) is calculated by

c̄(q2
f ⊕ q2

b )− c̄(q1
f ⊕ q1

b )

= c̄(`2f ) + cij + c̄(q2
b )−

(
c̄(`1f ) + cij + c̄(q1

b )
)

= c̄(`2f )− c̄(`1f ) + c̄(q2
b )− c̄(q1

b )
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= c̄(`2f )− c̄(`1f ) +
∑

k∈N(q2b )

(
Λks2 − Λks1

)
+ chs2 − chs1

≥ max
k∈V (`2f )

{
cks1 − cks2

}
−

∑
k∈V (`2f )

min
{

0,Λks2 − Λks1
}

+
∑

k∈N(q2b )

(
Λks2 − Λks1

)
+ chs2 − chs1

≥ max
k∈V (`2f )

{
cks1 − cks2

}
+

∑
k∈N(q2b )

(
Λks2 − Λks1 −min

{
0,Λks2 − Λks1

})
+ chs2 − chs1

≥ max
k∈V (`2f )

{
cks1 − cks2

}
+ chs2 − chs1

≥ 0

and the first symbol “≥” holds according to inequality (28).961

B.2. Proof of Lemma 1962

Firstly,
∑

(i,j)∈E(MC :MS)

∑
r∈R(β2

ijr + β2
jir)θr ≤ min

{
2|MC |, 2|MS |

}
is obviously valid. More-963

over, the inequality
∑

(i,j)∈A+(MC∪MS)

∑
r∈R β

2
ijrθr ≤

⌈
max

{∑
i∈MC∪MS

di,
∑

i∈MC∪MS
pi
}
/Q2

⌉
964

holds according to inequalities (42). Then we have
∑

(i,j)∈E(MC∪MS)

∑
r∈R β

2
ijrθr ≤ |MC |+ |MS |−965 ⌈

max
{∑

i∈MC∪MS
di,
∑

i∈MC∪MS
pi
}
/Q2

⌉
since each customer should be visited exactly once by966

vehicles. As
∑

(i,j)∈E(MC :MS)

∑
r∈R(β2

ijr + β2
jir)θr ≤

∑
(i,j)∈E(MC∪MS)

∑
r∈R β

2
ijrθr holds, we have967

γ =
∑

(i,j)∈E(MC :MS)

∑
r∈R

(β2
ijr + β2

jir)θr

≤ min
{

2|MC |, 2|MS |, |MC |+ |MS | −
⌈

max
{ ∑
i∈MC∪MS

di,
∑

i∈MC∪MS

pi

}
/Q2

⌉} .

and therefore Lemma 1 holds.968

B.3. Proof of Lemma 2969

The inequality
∑

(i,j)∈A+(MN )∪A−(MN )

∑
r∈R β

2
ijrθr ≥

∑
(i,j)∈E(MC :MS)

∑
r∈R(β2

ijr + β2
jir)θr = γ970

obviously holds, where A−(MN ) =
{

(i, j) | (i, j) ∈ A2, i ∈ (VS ∪ VC)\MN , j ∈MN

}
represents the971

set of arcs entering into MN . Note that
∑

(i,j)∈A+(MN )

∑
r∈R β

2
ijrθr =

∑
(i,j)∈A−(MN )

∑
r∈R β

2
ijrθr.972

As a result,
∑

(i,j)∈A+(MN )

∑
r∈R β

2
ijrθr ≥ dγ/2e and then δ =

∑
(i,j)∈E(MN )

∑
r∈R β

2
ijrθr ≤ |MN | −973

dγ/2e since each customer should be served exactly once.974

B.4. Proof of Lemma 3975

If γ = 0 or γ > |MS |, the corresponding two inequalities can be easily deduced by two k-976

path inequalities defined on sets MN and (MN ∪ MS), respectively (see Subsection 4.1). We977

mainly prove the second case, i.e., 1 ≤ γ ≤ |MS |. Let H1 and H2 be two subsets of MS in978

which each customer has a monodirectional and bidirectional link with MC , respectively, i.e.,979
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He =
{
k ∈ MS |

∑
(i,j)∈E(MC :{k})

∑
r∈R(β2

ijr + β2
jir)θr = e

}
for e ∈ {1, 2}. The equality γ =980 ∑

(i,j)∈E(MC :MS)

∑
r∈R(β2

ijr + β2
jir)θr = |H1|+ 2|H2| obviously holds. We then obtain981

∑
(i,j)∈E(MN )

∑
r∈R

β2
ijrθr =

∑
(i,j)∈E(MN )∪H1∪H2

∑
r∈R

β2
ijrθr − |H1| − 2|H2|

≤ |MN ∪H1 ∪H2| −
⌈ ∑
i∈MN∪H1∪H2

di/Q2

⌉
− |H1| − 2|H2|,

= |MN | −
⌈ ∑
i∈MN∪H1∪H2

di/Q2

⌉
− |H2|,

≤ |MN | −
⌈ ∑
i∈MN∪{v1,...,v|H1|+2|H2|}

di/Q2

⌉
,

≤ |MN | −
⌈ ∑
i∈MN∪{v1,...,vγ}

di/Q2

⌉
,

= |MN | −
⌈( ∑

i∈MN

di +
γ∑
j=1

dvj

)
/Q2

⌉

.

982 ∑
(i,j)∈E(MN )

∑
r∈R

β2
ijrθr =

∑
(i,j)∈E(MN )∪H1∪H2

∑
r∈R

β2
ijrθr − |H1| − 2|H2|

≤ |MN ∪H1 ∪H2| −
⌈ ∑
i∈MN∪H1∪H2

pi/Q2

⌉
− |H1| − 2|H2|,

= |MN | −
⌈ ∑
i∈MN∪H1∪H2

pi/Q2

⌉
− |H2|,

≤ |MN | −
⌈ ∑
i∈MN∪{v′1,...,v′|H1|+2|H2|

}
pi/Q2

⌉
,

≤ |MN | −
⌈ ∑
i∈MN∪{v′1,...,v′γ}

pi/Q2

⌉
,

= |MN | −
⌈( ∑

i∈MN

pi +
γ∑
j=1

pv′j

)
/Q2

⌉

.

Therefore, we have δ =
∑

(i,j)∈E(MN )

∑
r∈R β

2
ijrθr ≤ |MN |−

⌈
max{

∑
i∈MN

di+
∑γ

j=1 dvj ,
∑

i∈MN
pi+983 ∑γ

j=1 pv′j}/Q2

⌉
.984

B.5. Proof of Lemma 4985

We divide inequalities (61) into the following two parts:

δ ≤ |MN | − γ + |MC | −
⌈( ∑

i∈MN\MC

di +

2|MC |−γ∑
j=1

dvj +

2|MC |−γ∑
j=1

doj

)
/Q2

⌉
(66)

δ ≤ |MN | − γ + |MC | −
⌈( ∑

i∈MN\MC

pi +

2|MC |−γ∑
j=1

pv′j +

2|MC |−γ∑
j=1

po′j

)
/Q2

⌉
(67)

We firstly give the proof for the first part (66). Note that |MC | ≤ γ ≤ 2|MC |, hence there

are at least γ − |MC | customers in MC with a bidirectional link with MS . Let F =
{
k ∈

MC |
∑

(i,j)∈E({k}:MS)

∑
r∈R(β2

ijr + β2
jir)θr = 2

}
and F ′ ⊆ F be the one of subset of F such that

|F ′| = γ−|MC |. Define two new subsets M ′C = MC\F ′, M ′N = MN\F ′, and a new value γ′ = |M ′C |.
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In terms of capacity inequality on M ′N , we have:

∑
(i,j)∈E(M ′N )

β2
ijrθr ≤ |M ′N | −

⌈ ∑
i∈M ′N

di/Q2

⌉
≤ |M ′N | −

⌈( ∑
i∈M ′N

di +
γ′∑
j=1

dvj

)
/Q2

⌉
= |M ′N | − γ′ + |M ′C |

−
⌈( ∑

i∈M ′N\M
′
C

di +
2|M ′C |−γ

′∑
j=1

dvj +
2|M ′C |−γ

′∑
j=1

doj

)
/Q2

⌉
(68)

If γ = |MC |, we then have F ′ = ∅, M ′C = MC , M ′N = MN and γ = γ′, the inequality (68)986

becomes inequality (66), hence inequality (66) is valid.987

If γ > |MC |, we then obtain F ′ 6= ∅. Starting with the inequality (68) on M ′N = MN\F ′,988

we move the customers from F ′ into M ′N and M ′C one by one and prove the validity of the new989

resulting inequality (68). Let k be one of the customers in F ′, the new form of inequality (68) can990

be obtained by setting M ′N := M ′N ∪ {k} and M ′C := M ′C ∪ {k}. Subsequently, the value of γ′ will991

go up by 2, while the components |M ′N | − γ′ + |M ′C |, 2|M ′C | − γ′, M ′N\M ′C and
∑2|M ′C |−γ

′

j=1 dvj will992

not change. Note that the sum of delivery demands
∑2|M ′C |−γ

′

j=1 doj may decrease. Therefore, the993

new inequality is still valid after adding customer k into M ′N and M ′C . Eventually, we can repeat994

this procedure until M ′N = MN , M ′C = MC , and γ′ = γ. As a result, the first part (66) holds. The995

second part (67) can also be proved by the same procedure as the first part. As a result, Lemma996

4 holds.997

C. Two-phase primal heuristic998

The pseudo-code of two-phase primal heuristic to generate a set of initial second-echelon routes999 ⋃
s∈VS R̄s is outlined in Algorithm 1.1000

In the first phase, the customer groups will be assigned to satellites subject to the satellite-1001

capacity constraints. We create a center point for each group with the coordinate being the1002

average values of geographical coordinates of all customers in it. The profit for assigning a group1003

to a satellite is set to the opposite value of the distance from the center point to the satellite.1004

We reformulate the bin packing problem (43)-(48) for the customer set VC but with a different1005

objective function to determine a set of maximum-profit packing patterns, which will be solved by1006

a MIP solver as it needs to be addressed only once in the primal heuristic (Line 1, Algorithm 1).1007

By solving the problem, we confirm the assignment of customers to satellites (Line 5, Algorithm1008

1). The second phase is to generate the second-echelon routes by a greedy insertion heuristic. At1009

the beginning, a total of |Ts| empty routes for each satellite s ∈ VS are created. Subsequently,1010

the heuristic iteratively inserts the unvisited customer with the largest comprehensive demand1011
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Algorithm 1 Two-phase primal heuristic

1: Build and solve the previously mentioned bin packing problem by a MIP solver such as CPLEX;
2: Let U be the set of unvisited customers, R̄s be the set of routes starting from and ending at

satellite s, and ŝi be the satellite to which the customer i is assigned;
3: Initialize the set of unvisited customers: U ← VC ;
4: For each satellite s ∈ VS , R̄s ← |Ts| empty routes without visiting any customers;
5: Initialize ŝi,∀i ∈ VC according to the optimal solution to the bin packing problem;
6: while U 6= ∅ do
7: Select a customer i ∈ U with the largest comprehensive demand;
8: Initialize minimum insertion cost ĉmin ← +∞;
9: for all r ∈ R̄ŝi do

10: for all insertion positions in route r do
11: if the position p̂ is feasible for inserting customer i then
12: Calculate the incremental cost ĉ after insertion;
13: if ĉ < ĉmin then
14: ĉmin ← ĉ, r∗ ← r, p̂∗ ← p̂;
15: end if
16: end if
17: end for
18: end for
19: Insert customer i into position p̂∗ of route r∗ and remove i from U ;
20: end while
21: Remove the empty routes from

⋃
s∈VS R̄s;

22: return
⋃
s∈VS R̄s.

(the sum of delivery and pickup demand) into the best position of the best route in terms of the1012

increasing cost. The insertion is checked feasible if the second-echelon vehicle capacity Q2 is not1013

violated (Line 11, Algorithm 1). If no customer can be inserted into the any non-empty route, an1014

empty one will be used. The insertion process will stop once all customers are inserted and the1015

resulting non-empty routes are then used as the initial second-echelon routes.1016

D. Instance-level results1017

Tables C1-C6 report in turn the instance-level results for the problems 2E-VRPG, 2E-VRPS1018

and 2E-VRPGS. In these tables, the following results at the root node are provided: the lower1019

bounds obtained without adding any valid inequalities (‘lbr’), the computing time for obtaining1020

the lower bounds in column ‘lbr’ (‘tr’), the lower bounds obtained after adding all families of valid1021

inequalities (‘lbrc’), the computing time for obtaining the lower bounds in column ‘lbrc’ (‘trc’), and1022

the number of valid inequalities identified at the root node (‘cutr’). In addition, the following results1023

over the whole algorithm are given: the total computing times (‘t’), the best upper bounds within1024

time limit (‘ub’), the total number of B&B nodes enumerated (‘node’), and the total number of1025

valid inequalities identified (‘cut’). The entries in column ‘ub’ will be bolded if the corresponding1026

instances were solved to optimality. Besides this, six entries in column ‘Name’ are also bolded1027
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because the proposed BCP algorithm figured out better solutions to the corresponding instances,1028

which have been claimed to be solved to optimality by Liu et al. (2018).1029

Table C1. Solutions to the 2E-VRPG on scattered instances

Name ns ng nc lbr tr lbrc trc cutr t ub node cut

s-1-a 2 4 20 872.4 0.0 1004.4 0.1 32 0.5 1029.8 9 48
s-1-b 2 4 20 891.2 0.0 945.2 0.1 37 1.2 988.0 30 79
s-1-c 2 4 20 897.4 0.1 973.7 0.2 26 1.1 1024.6 19 72
s-1-d 2 4 20 876.8 0.1 1021.2 0.3 42 4.6 1068.7 87 109
s-1-e 2 4 20 825.3 0.1 960.2 0.3 30 1.4 1019.3 12 63
s-2-a 3 6 30 1221.4 0.1 1261.0 0.6 44 21.5 1522.4 56 174
s-2-b 3 6 30 1145.9 0.2 1253.5 0.7 48 32.3 1402.0 129 440
s-2-c 3 6 30 1096.9 0.3 1171.9 1.1 53 22.5 1240.8 57 196
s-2-d 3 6 30 1129.4 0.2 1248.8 1.1 47 33.3 1368.9 159 401
s-2-e 3 6 30 942.6 0.2 1075.0 1.3 55 15.1 1143.2 23 143
s-3-a 4 8 40 1480.1 0.4 1701.1 2.0 74 103.7 1881.0 236 473
s-3-b 4 8 40 1483.7 0.3 1675.1 1.7 69 3752.5 1868.9 12,459 2,426
s-3-c 4 8 40 1292.9 0.7 1342.7 4.4 62 542.3 1455.4 265 850
s-3-d 4 8 40 1263.0 0.5 1355.4 2.5 64 631.2 1448.2 350 953
s-3-e 4 8 40 1362.0 0.8 1484.2 3.2 73 144.8 1573.9 85 286
s-4-a 5 10 50 1410.8 1.7 1595.9 6.4 76 6884.8 1785.7 2,869 314
s-4-b 5 10 50 1449.5 1.6 1517.9 11.4 70 7200.0 1776.2 8,994 443
s-4-c 5 10 50 1530.3 1.1 1595.5 8.8 73 7200.0 1806.7 14,702 780
s-4-d 5 10 50 1688.9 1.5 1761.3 4.3 65 5335.4 1948.4 1,317 506
s-4-e 5 10 50 1496.7 1.6 1637.2 5.9 67 7200.0 2000.6 8,056 399
s-5-a 6 12 60 2220.0 3.5 2267.4 33.3 95 7200.0 2860.9 6456 261
s-5-b 6 12 60 3072.4 1.9 3123.9 22.5 76 7200.0 3661.0 2716 163
s-5-c 6 12 60 2496.1 2.0 2556.2 11.7 86 6289.4 2716.6 4147 2309
s-5-d 6 12 60 2787.5 1.0 2818.4 8.3 67 7200.0 3521.8 5552 1577
s-5-e 6 12 60 2564.9 0.7 2618.8 7.6 90 5345.4 2823.5 6027 294
s-6-a 7 14 70 3561.0 1.4 3615.6 15.1 57 4224.0 3846.0 1190 433
s-6-b 7 14 70 3729.3 0.7 3792.6 4.0 52 7200.0 3955.9 3941 517
s-6-c 7 14 70 3573.9 0.4 3635.0 7.0 58 4831.0 3752.2 1806 758
s-6-d 7 14 70 4002.3 0.8 4067.9 15.1 53 7200.0 4342.2 573 363
s-6-e 7 14 70 3656.0 0.8 3776.0 11.0 33 7200.0 3934.3 994 474
s-7-a 8 16 80 5788.5 0.6 5799.5 2.7 44 7200.0 6088.1 5753 694
s-7-b 8 16 80 4826.4 1.0 4844.7 5.4 71 7200.0 5141.9 4602 1112
s-7-c 8 16 80 4542.9 0.5 4567.9 3.8 67 1233.8 4620.9 663 457
s-7-d 8 16 80 4574.7 1.0 4593.0 3.4 55 7200.0 4712.7 3542 927
s-7-e 8 16 80 5090.3 0.9 5107.7 3.0 66 7200.0 5364.6 10072 2316
s-8-a 9 18 90 4920.3 6.7 4957.1 24.8 51 7200.0 5272.1 514 567
s-8-b 9 18 90 5226.3 1.6 5242.4 3.2 74 7200.0 5483.9 4075 1078
s-8-c 9 18 90 6710.2 0.9 6739.9 9.4 54 7200.0 6964.3 1695 678
s-8-d 9 18 90 6333.1 0.8 6395.2 8.2 51 7200.0 6699.3 2796 1236
s-8-e 9 18 90 5564.0 0.6 5566.5 1.1 42 7200.0 5899.1 11216 2110
s-9-a 10 20 100 6143.3 0.9 6216.2 3.3 44 7200.0 6626.7 4003 1068
s-9-b 10 20 100 5372.5 1.0 5396.0 3.1 46 7200.0 5785.7 2136 679
s-9-c 10 20 100 5878.2 3.3 5878.2 3.3 59 7200.0 6075.2 2190 578
s-9-d 10 20 100 6978.0 1.7 7003.6 6.4 49 7200.0 7405.0 3028 836
s-9-e 10 20 100 7159.4 0.6 7163.4 1.0 52 7200.0 7460.3 9284 1592
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Table C2. Solutions to the 2E-VRPG on clustered instances

Name ns ng nc lbr tr lbrc trc cutr t ub node cut

c-1-a 2 4 20 509 0.1 588.9 0.5 34 1.0 588.9 10 34
c-1-b 2 4 20 463.4 0.1 486.8 0.3 16 1.4 536.8 18 32
c-1-c 2 4 20 603 0.0 625.2 0.3 28 0.5 625.7 3 35
c-1-d 2 4 20 392.7 0.1 402.4 0.2 12 0.5 411.4 3 12
c-1-e 2 4 20 480 0.1 544.4 0.3 25 8.6 545.4 161 53
c-2-a 3 6 30 761.3 0.2 803.1 0.9 29 21.6 935.1 99 177
c-2-b 3 6 30 730.4 0.3 752.6 1.2 34 14.8 827.0 30 93
c-2-c 3 6 30 711.5 0.2 748.3 1.3 35 110.2 856.7 213 313
c-2-d 3 6 30 784.3 0.2 804.9 1.4 49 43.9 932.8 93 142
c-2-e 3 6 30 736.6 0.3 752.5 0.9 27 2.0 762.5 2 27
c-3-a 4 8 40 960 1.1 978.9 4.1 44 68.4 1049.4 87 50

c-3-b 4 8 40 1036.8 0.6 1082.1 6.1 60 1590.5 1182.1 446 1,073
c-3-c 4 8 40 1119 0.6 1235.7 4.2 64 831.2 1385.6 296 326
c-3-d 4 8 40 1116.2 0.5 1357.8 2.5 67 318.5 1653.7 555 2,066
c-3-e 4 8 40 1250.7 0.4 1602.9 2.1 68 22.4 1787.6 43 423

c-4-a 5 10 50 888.5 1.9 923.8 14.6 74 1404.0 996.6 580 559
c-4-b 5 10 50 1010.6 0.8 1071.6 9.4 79 2574.8 1244.1 1,215 572
c-4-c 5 10 50 1024.8 1.1 1140.1 6.6 59 4426.7 1278.6 8,372 8,518

c-4-d 5 10 50 1202.1 1.1 1481.0 4.1 78 493.6 1666.8 18,646 4,422
c-4-e 5 10 50 878.9 2.1 922.3 16.8 59 7200.0 1012.1 2,771 317
c-5-a 6 12 60 1869.7 3.8 1901.4 33.0 57 6531.7 2144.7 6888 983
c-5-b 6 12 60 1552.9 3.5 1577.6 25.8 66 5762.7 1730.6 5065 3490
c-5-c 6 12 60 1592.4 2.6 1611.8 20.6 53 7200.0 2181.4 834 3904
c-5-d 6 12 60 2292.3 2.2 2310.5 17.5 40 2538.0 2389.8 208 299
c-5-e 6 12 60 2160.0 1.3 2213.0 18.4 100 7200.0 3163.3 2279 3117
c-6-a 7 14 70 3268.2 0.8 3307.1 6.3 39 7200.0 3872.3 1225 1015
c-6-b 7 14 70 2188.3 0.5 2218.0 10.4 61 7200.0 3142.1 2531 781
c-6-c 7 14 70 3619.8 0.6 3672.5 3.2 57 7200.0 3965.1 4582 1126
c-6-d 7 14 70 3302.5 0.8 3368.3 18.3 60 7200.0 4622.4 451 644
c-6-e 7 14 70 2622.5 3.3 2678.8 66.6 115 1438.9 2801.4 70 193
c-7-a 8 16 80 3763.6 0.4 3784.0 19.3 63 7200.0 4114.2 1488 1969
c-7-b 8 16 80 2828.9 1.4 2842.4 10.8 41 7200.0 3017.0 353 846
c-7-c 8 16 80 3599.3 2.6 3623.5 20.4 72 7200.0 3878.9 2176 274
c-7-d 8 16 80 2630.2 1.5 2669.4 13.7 46 5974.8 2848.8 5437 3149
c-7-e 8 16 80 5000.6 0.9 5096.8 17.6 52 3467.5 5234.0 738 804
c-8-a 9 18 90 4685.4 6.4 4701.1 50.3 58 7200.0 5113.4 1781 1124
c-8-b 9 18 90 3727.6 1.7 3765.1 15.9 27 7200.0 4091.0 3133 2104
c-8-c 9 18 90 4230.0 1.3 4315.7 13.5 42 7200.0 4612.0 1249 1252
c-8-d 9 18 90 4683.8 0.6 4711.8 11.8 47 6757.6 4868.5 5648 3564
c-8-e 9 18 90 4462.9 0.9 4565.7 16.0 67 7200.0 4814.2 1610 1231
c-9-a 10 20 100 4829.9 4.0 4883.7 30.9 78 7200.0 5297.6 2278 2369
c-9-b 10 20 100 5205.8 0.9 5213.2 2.7 67 7200.0 5381.0 7166 4214
c-9-c 10 20 100 5591.0 1.3 5647.4 20.3 64 7200.0 6540.7 666 711
c-9-d 10 20 100 5339.1 5.4 5420.6 44.9 54 7200.0 5720.1 1734 1054
c-9-e 10 20 100 6086.6 8.6 6121.4 135.4 58 7200.0 6419.4 370 365
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Table C3. Solutions to the 2E-VRPS on scattered instances

Name ns ng nc lbr tr lbrc trc cutr t ub node cut

s-1-a 2 4 20 871.8 0.0 963.2 0.2 39 1.9 971.9 26 76
s-1-b 2 4 20 901.3 0.1 935.3 0.2 32 2.5 949.6 53 63
s-1-c 2 4 20 865.9 0.1 950.3 0.2 32 2.2 974.5 31 113
s-1-d 2 4 20 901.0 0.1 995.0 0.3 32 15.6 1021.4 306 246
s-1-e 2 4 20 866.5 0.0 927.3 0.3 43 6.4 961.2 106 192
s-2-a 3 6 30 1186.7 0.1 1225.7 0.6 54 3363.1 1288.4 626 6,921
s-2-b 3 6 30 1181.5 0.1 1227.7 0.6 42 58.5 1270.3 513 1,918
s-2-c 3 6 30 1160.8 0.2 1191.2 0.6 28 1765.0 1267.9 1,023 3,207
s-2-d 3 6 30 1113.7 0.2 1175.2 1.0 65 5885.2 1333.5 4,625 9,559
s-2-e 3 6 30 1013.4 0.2 1068.3 0.9 86 6661.1 1160.6 4,320 6,378
s-3-a 4 8 40 1536.3 0.3 1673.7 1.2 69 5324.7 1875.4 2,468 6,343
s-3-b 4 8 40 1583.1 0.4 1641.3 1.5 73 7200.0 2022.9 12,466 4,536
s-3-c 4 8 40 1363.2 0.3 1408.2 1.4 53 7200.0 1801.4 14,666 13,208
s-3-d 4 8 40 1347.0 0.4 1376.8 1.9 36 7200.0 1743.8 9,358 2,023
s-3-e 4 8 40 1443.4 0.3 1468.7 1.6 68 4203.5 1742.3 3,844 6,665
s-4-a 5 10 50 1484.9 0.6 1543.4 3.1 89 7200.0 1896.7 6,433 11,607
s-4-b 5 10 50 1509.0 0.6 1553.1 3.1 74 7200.0 1989.6 4,927 13,540
s-4-c 5 10 50 1593.9 0.5 1637.7 2.8 84 7200.0 2007.3 1,093 8,201
s-4-d 5 10 50 1729.2 0.5 1765.9 1.6 65 7200.0 2231.7 1,386 6,843
s-4-e 5 10 50 1536.0 0.5 1601.1 2.2 66 7200.0 2109.3 11,179 12,953
s-5-a 6 12 60 2444.7 1.1 2475.7 10.7 75 7200.0 2899.5 1974 3697
s-5-b 6 12 60 2626.6 0.6 2663.7 7.3 74 7200.0 3151.5 9243 2097
s-5-c 6 12 60 2325.5 0.7 2375.7 30.2 158 7200.0 2793.1 4779 320
s-5-d 6 12 60 2443.0 0.4 2480.1 3.3 64 7200.0 3034.7 4818 4719
s-5-e 6 12 60 2198.6 0.3 2248.2 4.8 131 7200.0 2447.0 4216 2799
s-6-a 7 14 70 3128.5 0.8 3171.5 7.1 85 7200.0 3405.7 4699 816
s-6-b 7 14 70 3564.2 0.5 3614.3 9.4 105 7200.0 4010.7 1174 287
s-6-c 7 14 70 4023.1 0.4 4074.5 4.0 76 7200.0 4483.5 6890 461
s-6-d 7 14 70 3869.2 0.6 3897.1 3.3 50 7200.0 4309.3 7796 2346
s-6-e 7 14 70 3819.8 1.0 3854.8 4.4 59 7200.0 4058.7 3710 14005
s-7-a 8 16 80 4545.3 0.8 4576.1 5.1 72 7200.0 5332.2 4862 285
s-7-b 8 16 80 5119.2 0.6 5161.6 6.3 42 7200.0 5518.1 2588 4719
s-7-c 8 16 80 5063.4 0.4 5093.5 3.0 29 7200.0 5439.8 7910 893
s-7-d 8 16 80 4723.6 0.5 4743.9 2.7 54 7200.0 5115.7 5174 3954
s-7-e 8 16 80 4973.8 0.8 5015.6 6.8 76 7200.0 5364.7 1885 705
s-8-a 9 18 90 5241.1 1.2 5271.7 4.2 39 7200.0 5853.1 3077 2146
s-8-b 9 18 90 5343.6 0.8 5380.6 5.0 49 7200.0 5926.2 2860 1194
s-8-c 9 18 90 6645.4 0.4 6678.4 2.6 24 7200.0 6958.0 8213 269
s-8-d 9 18 90 6231.9 0.3 6269.5 2.8 38 7200.0 6502.3 4994 5643
s-8-e 9 18 90 5485.9 0.5 5523.0 3.6 75 7200.0 5884.1 3723 474
s-9-a 10 20 100 6981.0 0.4 7018.0 2.2 25 7200.0 7381.1 6132 416
s-9-b 10 20 100 5723.6 0.8 5760.4 4.5 52 7200.0 6052.2 1947 1143
s-9-c 10 20 100 6313.7 1.3 6335.2 7.7 45 7200.0 6995.4 1343 232
s-9-d 10 20 100 7110.1 0.7 7129.2 3.9 46 7200.0 7640.0 5454 253
s-9-e 10 20 100 7613.3 0.5 7649.1 4.2 45 7200.0 8082.7 5283 2152
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Table C4. Solutions to the 2E-VRPS on clustered instances

Name ns ng nc lbr tr lbrc trc cutr t ub node cut

c-1-a 2 4 20 565.4 0.1 644.9 0.3 33 1.0 644.9 11 36
c-1-b 2 4 20 517.4 0.1 540.4 0.2 25 8.8 586.4 154 352
c-1-c 2 4 20 654.2 0.0 676.4 0.2 28 0.5 676.9 3 36
c-1-d 2 4 20 437.7 0.1 447.2 0.2 9 0.5 447.2 3 9
c-1-e 2 4 20 524.9 0.1 589.5 0.2 27 6.8 590.2 169 55
c-2-a 3 6 30 806.3 0.1 818.8 0.4 19 112.3 918.5 804 4,017
c-2-b 3 6 30 760.2 0.2 794.6 0.8 44 50.0 798.4 361 162
c-2-c 3 6 30 782.9 0.2 815.8 0.6 44 775.1 905.8 4,658 1,534
c-2-d 3 6 30 856.1 0.1 876.0 0.7 49 808.9 979.6 5,775 1,745
c-2-e 3 6 30 743.4 0.3 766.3 0.7 20 18.8 822.0 150 527
c-3-a 4 8 40 1068.1 0.3 1085.0 0.9 36 20.2 1135.5 94 105
c-3-b 4 8 40 1138.2 0.3 1180.1 1.4 63 2509.2 1255.5 3,364 3,021
c-3-c 4 8 40 1222.7 0.2 1265.1 0.8 36 7200.0 1498.4 10,592 10,623
c-3-d 4 8 40 1212.8 0.2 1240.5 0.8 51 7200.0 1600.1 1,715 3,954
c-3-e 4 8 40 1370.5 0.2 1429.9 0.8 47 639.4 1496.8 3,208 7,708
c-4-a 5 10 50 1014.2 0.6 1048.3 7.2 82 7200.0 1174.0 1,095 12,126
c-4-b 5 10 50 1130.3 0.5 1178.5 2.5 83 7200.0 1446.7 8,417 2,895
c-4-c 5 10 50 1150.3 0.4 1178.0 1.8 52 7200.0 1717.2 11,499 2,259
c-4-d 5 10 50 1296.3 0.5 1427.1 1.7 68 7200.0 1576.6 2,467 11,743
c-4-e 5 10 50 973.8 0.7 1020.0 3.0 74 7200.0 1291.8 7,960 13,085
c-5-a 6 12 60 2022.4 0.7 2061.3 7.1 76 7200.0 2477.0 4838 777
c-5-b 6 12 60 2181.5 0.8 2206.1 4.1 41 7200.0 2641.8 4568 9183
c-5-c 6 12 60 1681.3 0.7 1701.3 4.1 78 7200.0 2078.2 5586 3140
c-5-d 6 12 60 2147.0 0.5 2169.6 3.9 57 7200.0 2513.2 3590 8200
c-5-e 6 12 60 1637.6 0.6 1660.3 4.4 76 7200.0 2123.9 3477 1579
c-6-a 7 14 70 2974.6 0.4 2993.5 2.3 61 7200.0 3386.0 6352 4271
c-6-b 7 14 70 2686.8 0.5 2708.9 9.6 112 7200.0 3004.3 1446 296
c-6-c 7 14 70 3112.9 0.3 3125.5 2.1 31 7200.0 3289.3 13589 8031
c-6-d 7 14 70 3403.6 0.3 3416.4 1.8 37 4321.5 3558.8 8325 24803
c-6-e 7 14 70 3665.7 0.7 3705.0 5.4 75 7200.0 4068.3 4162 2625
c-7-a 8 16 80 5081.4 0.5 5107.0 2.4 28 7200.0 5506.0 7393 4281
c-7-b 8 16 80 4184.5 0.5 4204.9 1.2 25 7200.0 4436.6 9767 5857
c-7-c 8 16 80 3666.1 0.3 3692.8 2.8 50 7200.0 4094.5 7685 5191
c-7-d 8 16 80 3547.5 0.6 3554.4 2.2 34 7200.0 3704.2 10910 2282
c-7-e 8 16 80 4427.5 0.4 4460.9 2.5 41 7200.0 4949.0 9155 522
c-8-a 9 18 90 4333.9 1.3 4365.5 8.8 60 7200.0 4630.4 3871 452
c-8-b 9 18 90 4759.8 0.8 4782.8 2.5 52 7200.0 5218.0 5670 7211
c-8-c 9 18 90 5578.9 0.5 5600.8 3.1 44 7200.0 5967.4 6524 1479
c-8-d 9 18 90 5249.9 0.4 5266.4 1.9 65 7200.0 5607.7 10227 1276
c-8-e 9 18 90 4575.9 0.4 4600.4 3.0 41 7200.0 4802.3 7648 3727
c-9-a 10 20 100 4380.9 0.8 4397.0 6.3 68 7200.0 5037.2 2335 208
c-9-b 10 20 100 6024.2 0.9 6035.7 3.1 78 7200.0 6525.2 7231 5249
c-9-c 10 20 100 6422.2 0.5 6450.6 3.4 43 7200.0 6765.7 5985 1274
c-9-d 10 20 100 6963.6 1.0 6987.3 9.9 57 7200.0 7430.9 4561 2491
c-9-e 10 20 100 6621.2 0.7 6632.5 3.8 30 7200.0 7212.7 5204 1114
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Table C5. Solutions to the 2E-VRPGS on scattered instances

Name ns ng nc lbr tr lbrc trc cutr t ub node cut

s-1-a 2 4 20 1018.8 0.2 1151.3 0.6 42 2.3 1176.2 15 54
s-1-b 2 4 20 1039.6 0.1 1095.6 0.4 41 4.3 1135.4 45 76
s-1-c 2 4 20 1037.5 0.1 1115.5 0.4 33 3.0 1164.6 29 83
s-1-d 2 4 20 1021.7 0.2 1165.0 0.5 30 3.3 1340.9 27 86
s-1-e 2 4 20 977.2 0.2 1123.1 0.6 37 3.8 1178.4 19 91
s-2-a 3 6 30 1407.7 0.5 1450.6 1.3 39 110.9 1737.5 197 282
s-2-b 3 6 30 1337.4 0.3 1448.8 1.0 48 109.0 1638.2 444 461
s-2-c 3 6 30 1297.0 0.5 1374.7 2.7 44 278.2 1503.7 340 666
s-2-d 3 6 30 1324.2 0.4 1375.4 1.7 59 493.5 1630.0 1,457 832
s-2-e 3 6 30 1136.9 0.6 1275.6 3.5 54 153.6 1382.4 98 134
s-3-a 4 8 40 1801.9 0.8 2021.6 4.2 75 1460.0 2273.2 2,027 1,130
s-3-b 4 8 40 1815.8 0.9 2003.7 4.3 69 7200.0 2269.5 15,624 3,910
s-3-c 4 8 40 1625.0 1.2 1671.3 7.1 57 7200.0 2097.1 10,345 1,771
s-3-d 4 8 40 1587.0 1.4 1628.4 11.7 61 5524.6 1887.9 8,549 2,139
s-3-e 4 8 40 1683.0 1.1 1806.6 4.7 64 2680.9 1964.0 845 1,570
s-4-a 5 10 50 1705.3 3.5 1887.8 13.9 76 7200.0 2996.0 1,590 394
s-4-b 5 10 50 1752.4 4.1 1820.0 33.6 99 7200.0 2282.4 1,244 368
s-4-c 5 10 50 1826.0 1.8 1889.9 14.2 68 7200.0 2346.7 3,985 398
s-4-d 5 10 50 2012.1 1.4 2087.1 7.8 73 7200.0 2382.2 4,877 664
s-4-e 5 10 50 1794.7 3.0 1932.5 11.8 63 7200.0 2470.1 8,534 479
s-5-a 6 12 60 2866.7 5.7 2934.4 101.6 96 7200.0 3751.8 1856 423
s-5-b 6 12 60 3424.8 1.3 3465.6 18.1 68 7200.0 3949.5 1881 331
s-5-c 6 12 60 2570.5 4.5 2624.8 26.7 62 7200.0 2810.2 5209 637
s-5-d 6 12 60 3218.4 2.3 3249.9 11.5 50 7200.0 3792.5 2316 1659
s-5-e 6 12 60 2531.1 1.4 2598.0 10.9 79 7200.0 2867.8 4754 160
s-6-a 7 14 70 3906.4 0.9 3933.6 5.0 10 7200.0 4287.5 1952 210
s-6-b 7 14 70 3528.2 1.2 3615.5 16.0 52 7200.0 3911.5 975 566
s-6-c 7 14 70 4906.6 0.6 4958.0 6.2 41 7200.0 5331.5 3697 964
s-6-d 7 14 70 4220.3 1.6 4301.2 22.8 61 7200.0 4788.1 737 478
s-6-e 7 14 70 4634.7 0.8 4689.0 28.9 47 7200.0 4981.0 308 267
s-7-a 8 16 80 5660.2 1.2 5668.7 2.2 61 7200.0 6152.6 3343 566
s-7-b 8 16 80 4137.0 2.1 4168.6 20.0 37 7200.0 4678.9 1598 652
s-7-c 8 16 80 5889.9 0.5 5928.3 2.8 31 7200.0 6337.6 3789 811
s-7-d 8 16 80 4665.9 1.1 4713.2 14.7 29 7200.0 5207.0 1600 359
s-7-e 8 16 80 5352.3 1.9 5427.1 18.8 45 7200.0 6057.1 695 68
s-8-a 9 18 90 5456.2 5.4 5457.6 8.1 52 7200.0 5912.8 1142 1002
s-8-b 9 18 90 6526.0 2.9 6585.6 47.8 41 7200.0 7460.5 560 546
s-8-c 9 18 90 6774.1 1.3 6796.3 7.2 29 7200.0 7414.2 949 629
s-8-d 9 18 90 6281.1 2.2 6341.4 8.8 41 7200.0 6847.8 1043 711
s-8-e 9 18 90 5913.5 1.1 5918.0 1.9 31 7200.0 6282.7 3845 1101
s-9-a 10 20 100 7465.2 1.4 7493.4 2.6 25 7200.0 8232.5 3153 545
s-9-b 10 20 100 6403.3 2.0 6460.2 10.3 25 7200.0 7321.0 686 234
s-9-c 10 20 100 7811.9 4.7 7811.9 4.7 31 7200.0 8424.8 1525 865
s-9-d 10 20 100 8469.8 1.7 8486.1 7.9 53 7200.0 9591.7 1189 613
s-9-e 10 20 100 8461.9 1.2 8466.6 1.7 72 7200.0 9342.0 3998 752
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Table C6. Solutions to the 2E-VRPGS on clustered instances

Name ns ng nc lbr tr lbrc trc cutr t ub node cut

c-1-a 2 4 20 665.4 0.2 744.9 0.8 33 3.1 744.9 21 33
c-1-b 2 4 20 617.4 0.3 640.4 0.6 18 3.0 690.4 20 42
c-1-c 2 4 20 754.2 0.1 776.4 0.6 36 1.2 776.9 6 40
c-1-d 2 4 20 537.7 0.3 547.2 0.6 10 1.4 547.2 7 10
c-1-e 2 4 20 624.9 0.3 688.9 0.7 22 12.2 690.2 131 62
c-2-a 3 6 30 948.0 0.4 993.0 1.9 43 223.5 1167.0 560 464
c-2-b 3 6 30 926.7 0.6 949.9 2.4 39 171.4 1066.4 170 155
c-2-c 3 6 30 904.2 0.5 939.2 2.3 40 976.3 1091.4 613 633
c-2-d 3 6 30 977.5 0.4 998.0 2.0 46 590.6 1169.6 505 540
c-2-e 3 6 30 923.6 0.5 936.3 1.4 22 49.1 1017.0 55 38
c-3-a 4 8 40 1278.1 1.5 1295.5 8.3 38 1095.4 1415.5 641 328
c-3-b 4 8 40 1348.2 1.0 1392.4 10.3 62 7200.0 1652.4 1,996 1,550
c-3-c 4 8 40 1439.7 1.0 1553.9 7.9 61 6832.4 1725.8 2,787 1,486
c-3-d 4 8 40 1436.5 0.9 1676.9 5.2 66 2454.7 2002.4 6,494 2,904
c-3-e 4 8 40 1584.3 0.4 1945.7 2.5 78 415.1 2169.9 743 922
c-4-a 5 10 50 1187.8 4.4 1227.2 33.1 77 7200.0 1433.8 1,874 186
c-4-b 5 10 50 1321.7 0.9 1388.9 14.2 92 7200.0 2001.6 4,581 359
c-4-c 5 10 50 1331.1 2.3 1450.6 13.5 59 7200.0 1769.6 11,170 2,239
c-4-d 5 10 50 1508.7 1.4 1782.6 6.3 77 7200.0 2059.3 8,150 750
c-4-e 5 10 50 1161.9 4.7 1221.5 32.1 70 7200.0 1417.1 6,560 466
c-5-a 6 12 60 2287.5 3.3 2318.4 42.2 92 7200.0 3242.5 7076 5162
c-5-b 6 12 60 2537.0 5.4 2567.0 63.9 78 7200.0 2801.4 3927 357
c-5-c 6 12 60 1922.6 3.2 1941.6 23.3 87 5437.8 2044.4 3217 867
c-5-d 6 12 60 2840.4 1.8 2856.3 11.6 29 7200.0 3259.0 942 1530
c-5-e 6 12 60 1867.4 1.4 1908.1 22.6 91 6103.4 2057.0 6155 2942
c-6-a 7 14 70 3911.8 0.6 3983.3 15.3 71 7200.0 4279.7 1247 496
c-6-b 7 14 70 3075.7 1.5 3123.1 13.3 48 7200.0 3467.8 3299 1467
c-6-c 7 14 70 4136.8 0.5 4211.6 6.1 59 7200.0 4530.6 2209 674
c-6-d 7 14 70 3196.8 3.2 3260.4 34.5 65 7200.0 3742.7 17819 168
c-6-e 7 14 70 2796.8 3.2 2810.6 35.3 68 7200.0 3267.8 1309 839
c-7-a 8 16 80 5544.0 0.9 5626.0 28.5 70 7200.0 5952.7 618 506
c-7-b 8 16 80 3359.3 2.0 3370.5 29.4 40 7200.0 3772.6 184 362
c-7-c 8 16 80 3521.2 3.2 3556.3 34.9 67 7200.0 3950.0 1970 108
c-7-d 8 16 80 3589.7 3.3 3651.8 37.5 70 7200.0 3923.2 3307 215
c-7-e 8 16 80 5472.4 0.7 5707.1 23.5 70 7200.0 6236.5 1192 274
c-8-a 9 18 90 4426.4 4.4 4477.8 84.7 40 7200.0 4930.3 112 144
c-8-b 9 18 90 4748.8 4.8 4829.1 35.5 35 7200.0 5142.1 4727 1067
c-8-c 9 18 90 5880.5 1.7 5895.9 26.3 44 7200.0 6376.6 3922 897
c-8-d 9 18 90 6153.0 0.7 6263.5 17.0 42 7200.0 6983.2 2723 742
c-8-e 9 18 90 4726.0 1.4 4745.0 14.6 38 7200.0 5210.4 1916 674
c-9-a 10 20 100 4989.6 4.6 5052.8 64.2 72 7200.0 5785.7 899 589
c-9-b 10 20 100 5735.9 1.2 5782.7 8.6 52 7200.0 6496.6 2324 713
c-9-c 10 20 100 6342.2 1.1 6381.2 17.0 42 7200.0 6912.9 4964 1152
c-9-d 10 20 100 6791.9 5.2 6874.6 79.5 57 7200.0 7609.3 1190 570
c-9-e 10 20 100 6104.3 2.5 6156.8 52.0 53 7200.0 6860.0 185 232
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