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Abstract: This study investigates a variant of the vehicle routing problem (VRP) for customized on-demand
bus service platforms. In this problem, the platform plans customized bus routes upon receiving a batch of
orders released by passengers and informs the passengers of the planned pick-up and drop-off locations. The
related decision process takes into account some passenger-side time window-related requirements, walking
limits, the availability and capacities of various types of buses. A mixed-integer linear programming model of
this new VRP variant with floating targets (passengers) is formulated. To solve the model efficiently, a solution
method is developed that combines the branch-and-bound and column generation algorithms and includes
embedded acceleration techniques such as the multi-labeling algorithm. Experiments based on real data from
Dalian, China are conducted to validate the effectiveness of the proposed model and efficiency of the algorithm;
the small-scale experimental results demonstrate our algorithm can obtain optimal results in majority of
instances. Additionally, sensitivity analysis is conducted and model extensions are investigated to provide
customized bus service platform operators with potentially useful managerial insights; for example, a platform
need not establish as many candidate stops as possible, a wide range of walking distance may not bring early
arrival at destinations for customers, more mini-buses should be deployed than large buses in our real-world
case. Moreover, the rolling horizon based context and zoning strategies are also investigated by extending our
proposed methodology.

Keywords: Bus transportation; vehicle routing; customized bus service; pick-up and drop-off locations;

column generation; multi-labeling algorithm.

1. Introduction

According to the Ministry of Transport of the People’s Republic of China, the car ownership was up to 297
million in 2021 (Guan et al. 2022). In addition, the rapid urbanization has led to an increase in the average
number of daily passenger trips; the number of daily trips per capita in private cars in Beijing reached 3.33 on
weekdays (BTDRC 2020). The large number of cars and daily trips have caused serious traffic congestion and
accelerated energy consumption (Xia et al. 2022). In recent years, a new demand-driven user-oriented

customized bus service has emerged as a novel component of municipal public transportation services in China



since its launch in Qingdao in August 2013 (Wang et al. 2019). Such services provide customized and efficient
transit services to groups of commuters with similar travel demands with respect to their origins or destinations.
In addition to user convenience, these services also reduce the use of private cars, which provides benefits such
as reducing carbon emissions and alleviating traffic congestion in metropolitan areas. Different from the well-
known ride sharing mode that improves the urban transportation efficiency by increasing the private cars’
occupancy rates, the mode of customized bus service reduces the usage of the private cars, and is benefit for
reducing the transportation’s carbon emissions (Agatz et al. 2012).

As the name suggests, a customized bus service system designs the routes of buses to serve a batch of
passenger groups according to the information submitted about those passengers’ origins and destinations.
Each scheduled bus route is customized for a batch of passengers and executed only once. The schedules are
designed automatically by an intelligent module as part of a customized bus service platform, rather than
manually. Specifically, the platform should contain a decision model to make timely decisions about routes
according to the input information provided by passengers in real time, and then deliver the output information
to passengers to enable them to board the scheduled buses on time. The design of such a decision model is an
important issue in the operation of a flexible, timely, and demand-responsive customized bus service.

This study aims to develop a mathematical model and an efficient algorithm for designing customized bus
routes according to information submitted by passengers on the locations of their origins and destinations, as
well as time-related information such as the earliest times passengers can depart from their origins and the
latest times they can arrive at their destinations. Unlike dial-a-ride services, a customized bus service does not
provide door-to-door service; instead, passengers must walk from their origins to pick-up points and to their
destinations from drop-off points. In reality, these pick-up and drop-off points are usually routine bus stops, as
these are convenient for the implementation of a customized bus service in a realistic transportation network.
The mathematical model also decides the bus routes and locations of the pick-up and drop-off points. For each
pick-up point, the bus’s arrival time should be carefully decided so that the passengers assigned to the point
can walk from their origins and arrive at the point before the bus’s arrival time. In the model, this decision is
related to the passengers’ submitted times of departure from their origins. The decisions behind this problem
are complex and intertwining; in addition, the input data for the model are more comprehensive than those
used in related models in the literature. The model introduced in this paper is embedded in a customized bus
service platform and is solved for each batch of passengers in an iterative manner. Specifically, the platform
collects demand information from a batch of passengers and delivers this to the model as input data.
Subsequently, the model produces the following outputs: the bus route, the pick-up and drop-off points for
groups of passengers with similar origins or destinations, and the bus’s arrival times at these points, which
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should accommodate not only the passengers’ ability to walk to the points from their origins but also their
arrival at the destinations no later than the required time.

Using mathematical programming methodology, a mixed integer linear programming (MILP) model is
designed to solve in a timely manner the above-described complex decision problem in the setting of a demand-
responsive customized bus service platform. As mentioned at the beginning of this paper, the model must be
solved separately for each batch of passengers and the solution algorithm must be computationally efficient to
ensure its applicability in real-world settings. Therefore, this study proposes a novel solution method in which
the branch-and-bound (BB) and column generation (CG) algorithms are combined in a nested manner. In
addition, a multi-label setting algorithm is designed and embedded in the CG algorithm to further accelerate
the solution. The results of numerical experiments show that the BB-CG nested solution method can solve the
model much faster than commercial solver (CPLEX), while producing a solution with a tiny optimality gap.
Through a series of sensitivity analyses, this study also yields managerial insights. Finally, we demonstrate
our proposed methodology in a case study based on real data from Dalian, China.

The remainder of this paper is organized as follows. Relevant studies on customized bus services are
reviewed in Section 2. The background of the problem is described in Section 3. An MILP model to address
the problem is formulated in Section 4. The proposed BB-CG nested algorithm is elaborated in Section 5. The
results of the numerical experiments are reported in Section 6. A real case study is presented in Section 7. The

conclusions are outlined in Section 8.

2. Related works

Customized bus services, an emerging mode of public transportation, have attracted attention from both
academics and practitioners, leading to the recent publication of many papers on this topic. The literature in
this field largely describes the use of mathematical programming methodology, with the exception of some
game-theory-based studies (Li et al. 2021, Liu et al. 2021). In this section, representative studies are reviewed
in terms of the following three aspects: analysis of the routing of customized bus services, special features of
proposed methods for solving the problem, and special features considered in related models.

Routing optimization, customer assignment and time scheduling are the common themes among operations
research-related studies on customized service systems including the bus systems, and are also the focus of the
current study (Matin-Moghaddam and Sefair, 2021). To solve a customized bus service network design
problem from a spatial-temporal network perspective, Tong et al. (2017) use a multi-commodity network flow
model as the basis to establish an integrated bus routing and timetable planning optimization model. Tong and

colleagues implement a novel hybrid algorithm based on Lagrangian decomposition and a space—time prism



and perform experiments based on real-world large-scale cases to validate their methodology. Gambella et al.
(2018) propose a mixed-integer second order cone programing model as well as an exact algorithm based on
the branch-and-price for a vehicle routing problem (VRP) with nonstationary (floating) pick-up locations of
the targets. Fielbaum et al. (2021) investigate an on-demand ridesharing optimization problem by considering
the pick-up and drop-off walking locations; some heuristics are proposed to solve the problem. The above two
problems are similar with this study to some extent; however, more constraints and more realistic factors are
considered in this study than the above two studies. Chen et al. (2021) also use a spatial-temporal network as
the basis for an integrated optimization method that can make decisions about bus stop deployment, route
design, and timetable design optimization. They further propose the passenger inconvenience index to measure
service quality, which they optimize in the model accompanied with another objective on the used bus stops.
Lyu et al. (2019) formulate mathematical models that optimize bus stops, routes, timetables, and the probability
that passengers will choose customized bus services; specifically, they design a heuristic framework containing
a grid-density-based clustering method, a bus stop deployment algorithm, and a routing and timetabling
algorithm based on dynamic programming. Guo et al. (2021) design a tabu search- and variable neighborhood
search-based algorithm to solve an integrated model involving bus routing, path choice, and passenger
assignment, and conduct experiments to investigate the effects of the time window and traffic congestion and
the benefits of path flexibility. Guan et al. (2022) implement a genetic algorithm for solving a customized bus
routing problem considering passengers with multi-trip requests and pickup/delivery-time-window constraints,
which are verified in the application of the 2022 Beijing Winter Olympic Games. Xue et al. (2022) design an
improved adaptive large neighborhood search algorithm for solving the heterogeneous customized bus service
planning problem containing multiple pickup and delivery candidate locations. Shu and Li (2022) design an
ant colony optimization (ACO)-based algorithm for the joint planning of bus lines and stations in a demand-
responsive customized bus system and conduct simulations to validate its effectiveness. Although our study
also focuses on bus routing, we concentrate on a different problem than other studies in the literature: we
consider passengers’ detailed travel process (travel duration, start/end time) before boarding or disembarking.
In addition, all bus routing decisions in our problem are in response to customers’ demands in real-time rather
than prediction information. To suit this new context, we explicitly formulate and solve an MILP model.
Customized bus systems face some very complex decision problems, and accordingly solution methods are
often designed with multiple objectives, stages, phases (Pasha et al. 2022). Asghari et al. (2022a) design an
ACO-based algorithm for solving a the multi-objective customized bus routing problem so as to investigate
the social and environmental implications of incorporating carpooling in a customized bus service platform.
Chen et al. (2021) investigate a customized bus route design problem and build a bi-objective (operating cost
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and passenger profit), multi-trip, multi-pickup and delivery optimization model with time windows; they
further propose a two-stage meta-heuristic method to derive a pareto solution to the problem. Ma et al. (2021)
propose a three-stage, hybrid non-dominated sorting genetic algorithm-II (NSGA-II) that both uses bi-
objective programming and considers uncertainties to address customized bus route optimization under
uncertain conditions. They also build a model using a robust optimization methodology, with the objectives of
minimizing passengers’ travel times and carbon emissions from buses. From a hierarchical decision-making
perspective, Huang et al. (2020) propose a two-phase model for optimizing a demand-responsive customized
bus network in an interactive manner between a customized bus operator and passengers. In this model,
insertion and BB-based algorithms are designed to address the dynamic phase and static phase, respectively,
and passengers’ travel behavior is measured using a discrete choice model. Huang et al. (2020) also adopt a
two-phase framework to realize real-time route decisions on a customized bus service platform. Using data
from the Sioux Falls network, a computational study is performed to validate that real-time decisions on route
optimization can be made in less than 0.4 seconds. Yu and Shen (2020) also propose a two-phase approach for
solving a scheduling problem in an integrated car-and-ride sharing system. The BB-CG solution method
proposed in our study also adopts two methodologies, namely, BB and CG; however, these are set in a nested
rather than a two-phase framework. Thus, our BB-CG nested algorithm may also contribute to the research on
algorithmic approaches to customized bus systems.

The relevant literature also considers special features such as uncertainty and zoning strategies (Kim et al.
2019; Wang and Wu 2021). Dou et al. (2021) considering uncertain factors and propose an MILP model for
an integrated design problem under the condition of uncertain travel demand; their proposed methodology can
help service operators to make decisions about customized bus routes, timetabling, and bus deployment. In
that study, a branch-and-price based algorithm and a CG-based heuristic are implemented to solve small-scale
and large-scale instances, respectively. To handle uncertain demand environments, Lee et al. (2021a) propose
and develop a zone-based flexible bus service that considers the uncertainties of passenger volume and origin—
destination requirements; they further propose a two-stage stochastic programing model and gradient-based
solution method to minimize the costs of regular service operations and expected ad hoc services. The same
research team further considers the elastic feature of demands in this flexible service (Lee et al. 2021b). Lee
et al. (2021b) also consider in detail the different types of stochasticity with respect to demand, detour time,
and demand elasticity with respect to flexible bus service price and quality, and design a gradient-based greedy
search algorithm to design flexible bus routing plans while optimizing the associated reliability measures.
Gong et al. (2021) consider passenger transfer in a customized bus system to further reduce the operational
cost of the system; they design a particle swarm optimization algorithm to solve the problem with large-scale
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instances. The methodologies proposed in these three studies by Lee et al. and Gong et al. are validated by
experiments using real data from Chengdu, China. As mentioned earlier, in this work we use real data from
Dalian, China to perform our case study and validate our model and algorithm.

Our study is notably different from the published work summarized in this section. By comparing with the
related literature, the contributions of this study may include the following two aspects. First, this paper
investigates a pickup and delivery VRP with floating customers and time-related constraints, and defines this
VRP variant in the context of a customized bus service system. Some factors are newly considered in this
study; for example, this study considers the selection of the pick-up and drop-off locations for each order, the
passengers’ walking time from their origins to the pick-up locations (or from the drop-off locations to their
destinations), and so on. Second, this paper implements a novel BB-CG nested algorithm with an embedded
acceleration technique (i.e., a multi-labelling algorithm) to solve this new VRP variant rapidly. The proposed

model and algorithm thus contribute to the literature on customized bus services.

3. Problem Background

Suppose that a platform provides a customized bus service to customers. Customers can submit orders for
transportation on the platform. Each order contains the following information: the quantity of passengers who
wish to take the ordered journey, the journey’s origin and destination, the earliest time when the passengers
could depart from the origin, and the latest time when the passengers should arrive at the destination. Using
this information, the platform schedules customized bus routes and informs each customer about the locations
of their pick-up and drop-off stops and the times when they should arrive at their pick-up stops.

The customized bus service uses routine bus stops as the pick-up and drop-off stops; accordingly, customers
may need to walk from their origins to their assigned pick-up stops, and from their assigned drop-off stops to
their destinations. For each customer order, a maximum walking distance is specified to improve passenger
satisfaction; that is, the pick-up and drop-off stops assigned to the order’s passengers should ensure that the
total walking distance does not exceed the maximum limit.

Figure 1 shows an example in which two scheduled bus routes serve six orders. Twenty routine bus stops

are candidates for selection as the pick-up or drop-off stops for these orders.
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Figure 1: An example of two customized bus routes serving six customer orders

The objective of the platform is to decide the routes of some buses to minimize the number and total travel
time (or distance) of the used buses. In this decision-making process, appropriate pick-up and drop-off stops
should be assigned to each customer order to ensure that the total walking distance does not exceed the set
limits. In addition, the departure time from the origin and arrival time at the destination for each order should
be within the corresponding time window. Before describing the development of an MILP model in Section 4,
the assumptions are clarified as follows.

(1) The bus travel time between any pair of two locations is known as deterministic parameters. The traffic
congestion as well as uncertain travel time is not considered.

(2) Passenger walking time between any pair of two locations is known as deterministic parameters.

(3) The pick-ups and drop-offs of customer orders are among the set of routing bus stops in an area rather

than any locations in the area.

4. Model formulation

The known parameters and decision variables are defined formally according to the problem description in
the previous section. A mathematical model is then formulated to select and sequence the candidate bus stops
as pick-up and drop-off stops so that the customers’ required departure and arrival times are satisfied. Some

nonlinear parts of the model are also linearized to formulate an MILP model.
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4.1 Notations

The parameters and decision variables used in the MILP model are defined in this subsection. For the ease
of understanding, we use the Roman letters and the Greek letters to denote the parameters and the variables,
respectively.
Indices and sets:

K set of vehicles, indexed by k.

S set of vehicle types, indexed by s.

P set of pick-ups of customer orders, indexed by .

D set of drop-offs of customer orders, D = {|P| + 1, |P| + 2, ...,2|P|}, indexed by r.

R set of pick-ups and drop-offs of customer orders, R = P U D, indexed by r.

N set of candidate stops for being a pick-up or a drop-off, indexed by i, j.

N set of stops and the start depot “0” and the end depot “n + 1”; N = N U {0} U {n + 1}.
Parameters:

qr quantity of passengers in order 7 € P, and qy4|p| = —qy.

Qs capacity of vehicle of type s, s € S.

N number of vehicles with type s, s € S.

Sk type of vehicle k, k € K.

er earliest time when order 7’s passengers could depart from their origins, r € P.

L, latest time when order 7’s passengers should arrive at their destinations, r € D.
tg,/ j  vehicle’s travel time between node i and node j.
tilv'ﬁo walking time for passengers in order r from their origin to stop i, r € P.

i~ walking time for passengers in order r from stop i to their destination, r € P.

TV  maximum walking time for passengers in customer order 7, r € P.

fixed cost for vehicle of type s.
¢/ unit variable cost of vehicle of type s with respect to its traveling time.

Decision variables:
aj,  binary, equals one if vehicle k accepts at least one order, otherwise zero.
Bij binary, equals one if vehicle k visits stop j immediately after stop i, otherwise zero.
{irk binary, equals one if vehicle k usesstop i as a pick-up or drop-off for order r, and zero otherwise.
Aix  vehicle k’s arrival time at stop i.

Mir  vehicle k’s departure time at stop i.



&L walking time from order r’s origin location to pick-up stop, r € P.
&d walking time from drop-off stop to order r’s destination location, r € P.
Qk,; integer, number of passengers on vehicle k after visiting stop i.
4.2 Mathematical model
Based on the above defined parameters, sets and decision variables, a mathematical programming model is

formulated to minimize the total cost of operating the customized bus routes for serving a set of customers.

Minimize Ykek Ch, A + Tiek €4 Diew Xjen tijBijk (1)
s.t.
Ykek ien Sirg =1 vVr €R (2)
YienSirk = Xien Sir+|PLk VkEeEK,r€P (3)
YjenBojk =i Vk €K 4)
2ieN Bin+1k =k Vk €K (5)
Yjenvioy B ik = Zjenum+13Bijk ViEN k€K (6)
2rerSirk = Xjenun+1y Bijk VieN,keK (7
YrerSirk <M Xjenume1y Bijk ViEN k€K (®)
Bijx < a Vi,jEN,keK 9)
Bijse + Bk < 1 vi,je N keEK (10)
i+t S A+ M =By ) Vi,jEN, k€K (11)
Yrek Lien Cirge tirl = &2 vr epP (12)
Ykek Dien Sir+1plk tinl = &F vr €P (13)
E+EE<TY vrePpP (14)
2ien A kSir+iplk = 2ien HikSirk VreP,k €K (15)
Yien HikSir = €r + &7 VreP k€K (16)
Yien Aiilirie < br = & ip) vreD,k ek 17)
Qk,j = Qi,i + Xrepup @S — M1 — Bij k) VieNU{0}jeNU{n+1}keK (18)
Qk,i < Qs, Vie N keK (19)
@, € {0,1} vk € K (20)
Bijx € {0,1} Vi,j e N,k€K (21)
{irx €{0,1} VieN, reRk€EK (22)
Aig =0 VieN,keK (23)



E.&6120 Vr €P (24)

Qri =0 vie N,k €K. (25)

Objective (1) minimizes the total cost of using vehicles and their travel costs. Constraints (2) guarantee that
each pick-up or drop-off is related to one vehicle’s visit at a stop. Constraints (3) ensure that the pick-up and
the drop-off of a customer should be visited by the same vehicle. Constraints (4) and (5) guarantee that each
vehicle must depart from the depot if it is used and return to the depot. Constraints (6) are flow conservation
constraints. Constraints (7) and (8) link two variables B; ;) and {;; . Constraints (9) and (10) link two
variables related to the usage of a vehicle and visiting sequence of the vehicle. Constraints (11) are travel time
conservation constraints for vehicles. Constrains (12) and (13) calculate the required walking time from an
origin location to a pick-up stop and from a drop-off stop to a destination location, respectively. Constrains
(14) guarantee the walking time for the passengers in order r is no greater than their limits T;V. Constraints
(15) ensure the precedence relationship between a vehicle’s arrival time at an order’s pick-up stop and the
arrival time at the order’s drop-off stop. Constrains (16) and (17) ensure that the pick-up time for the passengers
in order r is no earlier than their earliest arrival at the pick-up stop, and the drop-off time is no later than their
latest departure from the drop-off stop. Constraints (18) and (19) guarantee that the number of passengers on
a vehicle between any two consecutive stops should be no greater than the capacity of the vehicle. Constraints
(20) and (21) define decision variables.
4.3 Linearization for the model

The above model contains some nonlinear parts, which could be linearized before using some solvers to
solve it (Asghari et al. 2022b). More specifically, Constraints (15)—(17) are nonlinear because of containing
product of two variables such as 4, ;{; ;. Thus, we define a nonnegative variable 8, ) to denote the time
when the order 7’s pick-up or drop-off is visited by vehicle k. 6, equals A;; if {;,, equals one. Two
more constraints are defined as follows:

Ork + M — (i i) =ik VieN,reRkeK (26)

Ork =M1 —{irp) < Uik Vie N,r e Rk eK. (27)

Then Constraints (15)—(17) are replaced by the following constraints:

Orsipiic = Or e vreP, k€K (28)
Ork=e +& VreP,keK (29)
Ork < L — &% p) vr €D,k €K (30)
0 =0 vr € Rk € K. (31)

Eventually, the linearized model is: (1)—(14); (18)—(31).
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5. BB-CG nested algorithm

To solve the proposed MILP model in large-scale instances, we design a novel solution method based on
the BB and CG algorithms. These algorithms are nested in the proposed solution method. The framework of
the solution method is elaborated in Section 5.1, and details of the embedded BB and CG algorithms are
presented in Sections 5.2 and 5.3, respectively.

5.1 Algorithmic framework

This section provides an overview of the proposed BB-CG nested algorithm. A nested framework is adopted
in the algorithm design mainly because the problem studied in this paper can be decomposed into two
interrelated subproblems: an assignment problem (AP), wherein candidate stops (i.e., routine bus stops) are
assigned to customer orders as the pick-up and drop-off stops, and a pick-up and delivery problem with time
windows (PDPTW). The AP and PDPTW correspond to the group of Constraints (2) and (3) and the group of
Constraints (4)—(19), respectively.

In the algorithmic framework, the decision-making processes of the AP and PDPTW can be regarded as
outer and inner loops, respectively, such that the decisions made in the outer loop are the input parameters in
the inner loop. Specifically, we define a binary parameter Z;,. as a bridge to connect the AP and the PDPTW;
here, Z;, equals 1 if order r uses stop i as its pick-up or drop-off and 0 otherwise. The AP decides the
pick-up and drop-off stops for each order, after which the value of } ek {;,x is determined. The value of
Z;, is set as the value of Y ek (i k. and Z;, acts as a parameter in the PDPTW. Given the value of Z; .,
the optimal bus route can be derived by solving the PDPTW.

The aforementioned BB and CG algorithms are used to solve the AP and PDPTW, respectively. When using
the BB to solve the AP, we propose two rules to reduce the number of nodes to be explored during branching
and thus reduce the overall solution time. When using the CG to solve the PDPTW, we implement a multi-
labelling algorithm to solve the CG’s pricing problem (PP) and thus accelerate the solving process. In the next
two subsections, we elaborate the BB and the CG-based algorithms designed to solve the AP and PDPTW,
respectively. Last, it should be noted that the proposed BB-CG nested algorithm is a heuristic and thus differs
from the branch-and-price algorithm, which is exact. According to our preliminary tests, The traditional
branch-and-price algorithm may not be very efficient in solving our problem, especially in some large-scale
instances. Thus we design this BB-CG nested algorithm to solving the problem with large-scale instances
during a reasonable time.

5.2 BB algorithm for solving the AP
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A pair comprising a pick-up stop and drop-off stop for an order is defined as a PD-pair. Let A, be the set
of all possible PD-pairs for order r; each element in A, is denoted by a,., which represents one PD-pair for
order r; a, € A,. For each order r € P, we choose one a, from A, and construct an assignment plan
(a1, ay, ..., a|p|), which is a solution to the AP. This plan represents an assignment of PD-pairs for all of the

orders. Given an assignment plan (a4, a,, ..., a|p|), we solve the PDPTW using the CG algorithm. The

number of all possible assignment plans is ]_[lizlllcflil, which implies that we need to solve the PDPTW for

F:’|1|d4i| times using the CG algorithm.

Before introducing the algorithm of solving the AP, a formal definition of the AP is given as follows for the
purpose of expressing the relationship between the nested two subproblems (i.e., the AP and the PDPTW).

Suppose 9, is the binary decision variable in the AP; it equals one if PD-pair a, € A, for order r is

selected, and zero otherwise. The AP is: Minimize f ({19dr} ), subjectto ¥z eq,Us, =1 for 7€

TER,ArEA;

R . Here f ({ﬁar} ) is the objective value for the assignment plan (a,,a,,...,app), ie.,

TER,ArEA;

{ﬁar}rER e the objective value is actually the PDPTW’s objective. The constraints “Y.; ¢4, 9, = 1, for

r € R” ensure each order is assigned with one plan.

To improve the efficiency of solving the AP, we design a tailored BB algorithm, which is elaborated as
follows.

In the BB process, the elements in U,ep A, (i.c., PD-pairs) are regarded as nodes. First, two rules are
proposed to reduce the number of nodes by removing infeasible PD-pairs.

Rule 1: Eliminate PD-pairs that violate Constraint (14) to ensure that the walking time of passengers in order
r does not exceed the maximum walking time T,V.

Rule 2: Eliminate PD-pairs that violate the case wherein the sum of the earliest time to reach the pick-up
stop i plus the time needed to travel to the drop-off stop j should be no later than the latest departure time
from drop-off stop j (i.e., e, + ti’wio + tg,/j <l - t}f';D .

After removing nodes according to the above rules, the set A, is updated for all orders and the branching
procedure is executed. For each node, we define an order waiting list A, which includes all of the orders that
are not served when the node is explored. The branching rules and node selection strategy of the BB algorithm
are introduced as follows.

Branching rule: We select the order r with the fewest PD-pairs from the current order waiting list A of

the parent node. We branch the parent node into |A,| child nodes, each of which is a PD-pair a, in the
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updated set A,. We then assign the order waiting list A of the parent node individually to each child node,
and remove the order r from the list A of each child node (i.e., a, € A,).

Node selection strategy: If the current BB node is not pruned, the depth-first-search rule is used. The order
to which the next exploring node is related has the fewest PD pairs in the current order waiting list A of the
parent node.

The procedure of the BB for solving the AP is summarized as follows.

Step 1: Initialize an assignment plan (a4, d,, ..., a|p;) and use it to obtain the values of Z;,,Vi € N,r €

P.Invoke the CG algorithm to solve the PDPTW with all |P| orders; in the PDPTW model, {Zi'r}vieN rep

are the parameters. The solved objective value is set as the upper bound (UB), which represents the incumbent
best objective value. Define Z;, as the incumbent best feasible solution for the AP, Z;,. « Z; ... Initialize the
root node (the initial parent node) and the node list as null.

Step 2: Execute branching from the current parent node. Let the obtained child nodes join the node list, then
select and remove the last node from this list as the next parent node. For the next parent node, execute the
following procedures. (i) If |A| = |P|/2, do not invoke the CG algorithm to solve the PDPTW for the parent
node, and set the node’s objective values as zero directly, Obj « 0. (ii) Otherwise, determine the assignment
plan (a,,a,,..) and the values of Z;,. Invoke the CG algorithm to solve the PDPTW with the orders
contained in the set P\A. Obj equals the solved objective value.

Step 3: (i) If Obj < UB and A # @, go to Step 2. (ii) If Obj < UB and A = @, update UB « 0bj(Z;,)
and Z;, < Z;,, and go to Step 4. (iii) If Obj = UB, prune this node and go to Step 4.

Step 4: If the node list is empty, terminate the whole algorithm; otherwise, select and remove the last node
from the node list as the parent node. Invoke the CG algorithm to solve the PDPTW with the orders in the set
P\A. Obj equals the solved objective value. Go to Step 3.

A judgement condition “|A| = |P|/2” is included in Step 2 because the Obj of a node is likely to be less
than UB when the number of orders is small. We invoke the CG algorithm to solve the PDPTW model only
when the level of the node being explored is larger than |P|/2, i.e., half of the total orders, at which point
pruning can be executed. The above judgement condition can accelerate the solution of the AP.

5.3 CG algorithm for solving the PDPTW
For each node during the branching process of solving the AP, the CG algorithm may be invoked to solve a

PDPTW, which is constructed on the basis of Z;,. As aforementioned, the values of Z;, are obtained

according to one solution of the AP. The PDPTW model is difficult to solve, especially in the context of some
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large-scale instances. As the CG algorithm is widely used to solve large-scale MILP models, this study adopts
this approach to solve the PDPTW.

The usual practices used to implement the CG algorithm, the set partitioning model, the PP, the tailored
algorithm used to solve the PP, and the strategies for obtaining integer solutions, are elaborated in subsections
5.3.1-5.3.4, respectively. The whole CG procedure is summarized in subsection 5.3.5.

5.3.1 A set-partitioning model

In this section, we reformulate the problem as a master problem (MP) model using Dantzig—Wolfe
decomposition (Dantzig and Wolfe, 1960). We define Py as the set of all feasible routes for a vehicle of type
s, s €S. A binary variable x,_is defined for each route ps € F, k € K. When route p; is chosen for
vehicle type s, x,_ equals one, and zero otherwise. A binary parameter ¥, is used to denote whether
customer order 7 is served by route pg. The cost of a vehicle associated with route pg is denoted by G, .

Using these definitions, the set-partitioning model is formulated as follows.

[MP] Minimize Y.k Yip,ePi CopXoy (32)
s.t.

Dkek LipsePs VrpsXps = 1 Vr € P\A (33)

Ypeep, Xp, < Ng VseS (34)

xp, € {0,1} Vs € S,ps € Ps. (3%5)

Objective (32) minimizes the total costs of the routes selected in the solution. Constraints (33) guarantee
that each customer order is served once by a vehicle route. Constraints (34) state that vehicles of type s are
assigned with at most Ny route. Constraints (35) define the domain of the decision variables.

The above formulation cannot be solved directly due to the huge number of variables corresponding to the
set of all the feasible routes. Hence, in practice a CG procedure solves the linear programming (LP) relaxation
of a restricted master problem (LR-RMP), which is based on subsets Py € P, for all vehicle types s € S. The

LR-RMP model is defined as follows.

[LR-RMP] Minimize Y ¢cs ZPsEfPs' Cp Xp, (36)
S.t.

Yses Lipse! YrpsXps = 1 vr € P\A (37)

Zpseysr Xp, < Ng Vs€eS (38)

Xp, =0 Vs € S,ps € P. (39)

Let ,- and @, be the dual variables associated with constraints (37) and (38), respectively. Following the

scheme of a CG procedure, the optimal dual variables 7,- and @, are used to construct the PP for generating
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new routes at each iteration of the algorithm. The CG procedure terminates whenever no negative reduced cost
columns or routes are generated, and the resulting LR-RMP solution corresponds to the optimal solution of the
LP-relaxation of the set-partitioning based formulation. Otherwise, the columns identified by solving problem
PP are added to problem LR-RMP, and a new iteration is executed. To ensure the existence of an initial feasible
LR-RMP solution, an initial solution generation method is shown in the Appendix A.

5.3.2 Pricing problem (PP)

The PP aims to generate columns (i.e., routes) with negative reduced costs. These columns are then added
to the LR-MRP. Due to its special feature, the PP can be decomposed into |S| independent pricing
subproblems, each of which corresponds to one vehicle of type s € S. The pricing subproblem for a vehicle
of type s is denoted by PP, and is defined as follows.

Decision variables in PP;:

a binary, equals one if vehicle of type s accepts at least one customer order, zero otherwise.

Bij  binary, equals one if vehicle of type s visits stop j immediately after stop i, zero otherwise.

A arrival time at stop { for a vehicle of type s.

Ui departure time at stop i for a vehicle of type s.

&L walking time from order r’s origin location to a pick-up stop.

4 walking time from a drop-off stop to the order r’s destination location.
Q; integer, number of passengers on vehicle of type s after visiting stop i.

Mathematic model:

[PPy] Minimize oy, = Cp, — Xrep\aTr Lien Zir — Ps (40)
S.t.
YjenBo,j =@ (41)
YienBin+1 =« (42)
Yjenviy Bji = Ljenum+13 Bij VieEN (43)
2reR\(AUr+1Pyren) Zir = Djenuin+1} Bij VieN (44)
2reR\(AUr+1Pyren) Zir =< M Xjenumn+1) Bij VieN (45)
Bij<a VieN,vjeN (46)
Bij+ B <1 vie N,vj €N, (47)
o + t§; = —M(1—By;) ViEN (48)
pi+t; <A+ MQA =B ) VieN,jeEN (49)
Antt S i+t + M(L = Bing1) ViEN (50)
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YienZir tiy’ =7 vr € P\A (1)
Yien Zirsip tirl = &7 vr € P\A (52)
L+ EE<TY Vr € P\A (53)
0, +MA—Z) =X Vi € N,7 € R\(AU {r + |P|}yren) (54)
0 —MA—Zi;) < w Vi€ N,r € R\(AU{r + |P[}yren) (55)
Or4ip| = Oy vr € P\A (56)
0, > e, + &2 vr € P\A (57)
O <l — &' pp) vr € D\{r + IP|}yrea (58)
Qj = Qi + Xrerup 4rZjr — M1 — Bij) vieNU{0},jeENU{n+1} (59)
Q; < Q VieN (60)
Cpy = Ci@ + C Yien Xjen ti;Bij (61)
a €{0,1} (62)
B:; € {0,1} VieN,jeEN (63)
;=0 vie N (64)
88 >0 vr € P\A (65)
Q=0 vieN (66)
6,=>0 vr € R\(AU {r + |P|}vren)- (67)

Objective (40) minimizes the reduced cost. Constraint groups (41)—(53), (54)—(58), (59)—(60) correspond to
Constraint groups (4)—(14), (26)—(30), (18)—(19), respectively. Constraints (61) is the calculation of the cost
of a column, which is the sum of vehicle’s fixed cost and its travel cost. Constraints (62)—(67) define the
decision variables.

5.3.3 Multi-labelling algorithm for solving PP

The PP can be defined using a graph G = (R*, A), with the node set R* = P\NAU {r + |P|}y,ep\a U
{0,2|P| + 1} and arc set A = {(r,r")|r,v' € R*:r #r',r # 2|P| + 1,7’ # 0}. A multi-labelling algorithm
is designed to solve the PPs. The multi-labelling algorithm first generates partial routes and then extends them
to complete routes. In this algorithm, time and bus capacity are the crucial resources, such that the algorithm
only extends labels whose used time and capacity resources satisfy the time window and bus capacity limits,
respectively.

Specifically, this algorithm uses a label to represent a partial route that departs from the depot and ends at
an order’s pick-up or drop-off stop, indexed by r. The label is denoted by (g,, t,, Sy, P, D;, 6,-); here, g,

is the number of passengers that the vehicle carries after visiting node r; t, is the arrival time at node 7; S,
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is the set of nodes included in the current partial route; P, is the subset of S, containing all of the pick-up
nodes that have been visited; D, is the subset of P, containing all of the pick-up nodes that have been visited
but whose associated drop-off nodes have not been visited; and &, is the reduced cost of the route. The
calculation of &, is based on the dual variables (1, and ¢s) obtained from the LR-RMP and is elaborated
later. A label (g;,t,, Sy, Pr,D,,8,) with r = 0and S, # @ represents a route in graph G.

The extension starts from the initial label (g, tg, S, Pg, Dy, 8p), where go =0, t; =0, Sqg =0, Py =
@, Dy = @, and 8y = (cf — ¢@,)/2. During the extension process, a label that ends at node r becomes a new
label that ends at another node 7' € R™, i.e., the arc (r,7") € A. This extension may generate multiple new
labels. To reduce the number of newly generated labels (i.e., routes), we eliminate in advance some infeasible
arcs in graph G = (R, A) that violate Constraint (56) and the time windows. Specifically, the arcs (r,7"),
ie, r=0,r"€D, reD,r € P,or r € P, = 2|P| + 1, violate Constraints (56); the arcs (r,1"),i.e., r €
P,r" €D and e, + XienZ;r tl-,”;O + XijenZir L t}fj >l — Xjen Zjri+|p| ti_V';?, violate the time windows.
After eliminating these infeasible arcs, the arc set A is updated. Then, a partial route can be extended by
linking its ending node 7 to another node 7' via an arc (r,7) €A, and a new label
(g trr, Sy, Py, Dy, 8;) s generated. The detailed formulas for updating the parameters in the new label are

listed as follows.

Gr1 = Gr T Qrs (68)
trl = max{err + ZiEN Zj,rr t]!fliro: tr + Zi,jeN Zi,ij,rl tKj (69)
S, =S, ur,ifr'¢s, (70)
_(P,ur’, ifr' € P\Aandr' & P,
Fr _{IPT , if r' & P\A (71)
D, U , ifr € P\Aandr' ¢ D,
D,, =<{ D,\{r' — |P]}, ifr'— |P| € P\Aand ' — |P| € D, (72)
D, , otherwise
{6r + Xijen ZigZipi tl; — /2 , ifr" € R*\{0,2|P| + 1} 73)
" S+ ZijenZinZ tl + (cf —oi)/2, ifr' = 2|P| + 1

The extension stops when no new labels can be generated. In each iteration of the extension, some
inequalities are used to judge the feasibility of a node to which a label’s ending node is extended. These
inequalities are addressed in the following proposition.

Proposition 1: Given a label (g, t,,S,, P,,,D,,8,) andanarc (r,r") with ' & S,, we can derive t,, =
max{e, + Yien Zjr t}’_';,o,tr +YijenZir Ly t}_/j}. Extending the label’s ending node r to node r' is

feasible if and only if the following constraints are satisfied.

9r + qr = Qs (74)
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tr) < by — Xjen Zjreip| tigr vr' € D, (75)
trr + Xjnen Zipi Zny tn < Lot = Ynen Zp it p| t;‘f,/ﬁ' vr' € D,,. (76)
Proof: See Appendix B. m

The above proposition can help to judge the feasibility of numerous possible extensions and thus accelerate
the solution of the PP. The following elimination of dominated routes is another tactic used to accelerate the
solution of the PP.

Proposition 2: Given two labels, L' = (g1, tL, S, P, DL, 61 and L? = (g2, t2, %, P2, D2, 57%), both end
at the same node r. If (i) g} < g2, (ii) t} < t2, (iii) P: = P2, (iv) D 2 D?, and (v) 6} < 62, label L!
dominates label L2.

Proof: See Appendix C. m

Any complete route that is extended from a dominated label cannot exist in an optimal solution. According
to Proposition 2, we can identify the dominated labels and eliminate them from the set of labels, which can
accelerate the solution of the PP;.

The steps of the multi-labelling algorithm for solving the PP are summarized as follows.

Step 0: Let T be the set of all labels that have not been extended and @, be the set of all labels that end
at node r. Define an initial label (g, tg, Sg, Pg, Dy, p) and add itto T.

Step 1: Select and remove a label L,,;, with the smallest reduced cost from [, and set 7,,;, as the ending
node of label L,y,,.

Step 2: For each extended arc (7y,in, Tex:) in the updated arc set A, if node r,,; does not satisfy
Constraints (76)—(78) as proposed by Proposition 1, return to the beginning of Step 2 and find the next arc
(Tmins Text) € A; otherwise, extend L,,;, to 7.y and generate a new label L,,;. Next, execute the following
procedures. (i) If Lgy; is dominated by a label in @, , return to the beginning of Step 2 and find the next
arc (Tmin, Text) € A. (ii) Otherwise, add Leye to T' and @, ., and remove the labels dominated by label

Leyy from I' and @

Text®

Step 3: if I' = @, terminate the whole algorithm, and add all labels (i.e., routes) with negative reduced costs
in @;p|41 to RMP. Otherwise, go to Step 1.

The above algorithm is used to generate complete routes with negative reduced costs. Note that in the
remainder of this paper, route refers to the complete route. This algorithm can be solved much faster than
CPLEX. In addition, CPLEX often cannot be used solve large-scale instances, whereas the above-described
algorithm can solve them quickly.

5.3.4 Strategies for obtaining a feasible integer solution
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The CG procedure described above only solves the linear relaxation of the set-partitioning model and does
not guarantee that feasible integer solutions are obtained. Therefore, we propose some strategies for route
selection so as to obtain near-optimal integer solutions. The routes are chosen from the subset of feasible routes
maintained in the RMP. This subsection proposes three strategies to select a route from the column pool.

Strategy 1: Select the route corresponding to the largest fractional value of the decision variables. If there
are two routes with the same fractional value, select the one with a lower route cost.

Strategy 2: Select the route corresponding to the lowest route cost. If there are two routes with the same
route cost, select the one with the larger fractional value of the decision variables.

Strategy 3: Select the route corresponding to the lowest reduced cost. If there are two routes with the same
reduced cost, select the one with a lower route cost.

5.3.5 Framework of CG-based heuristic

This subsection describes the proposed CG-based heuristic used to obtain near-optimal integer solutions.
The heuristic framework contains an outer procedure and an inner procedure. The outer procedure is the
selection heuristic used to obtain an integer solution. The inner procedure is the CG procedure proposed in
Section 5.3.1. Before elaborating the heuristic framework, we define two resources limited in the RMP and
initially set their values: Vehicle; = Ng, Vs € S (vehicle resource), and Order, = 1,Vr € R (order
resources). These two resources correspond to the right-hand sides of Constraints (37) and (38), respectively,
and are set as the input parameters for the right-hand sides of the constraints in the algorithm. The detailed
framework of our algorithm is as follows:

Step 0: Initialize the set ) as empty for the final solution routes. Pass the initial resources (i.e., Vehicleg; =
N, Order;,. = 1) to the right-hand sides of the constraints in the RMP.

Step 1: Invoke the CG procedure (Steps 1.1-1.4). An LP solution is obtained when the procedure ends. If
the LP solution is an integer solution, the algorithm is terminated.

Step 1.1: Generate the initial set of feasible routes with the algorithm described in Appendix A. Input
the initial routes to the RMP formulated in Section 5.3.1.

Step 1.2: Solve the RMP using an LP solver (e.g., CPLEX) and obtain the dual vectors (7,,¢;).

Step 1.3: Pass the dual vectors to the PP defined in Section 5.3.2. Delete the node for which the order
resource (i.e.,0rder, ) equals 0 from the node set Rt in graph G. Use the multi-labelling algorithm described
in Section 5.3.3 to find routes with negative reduced costs for each vehicle of type s with Vehicle, > 0.

Step 1.4: Add the routes with negative reduced costs to the RMP. If all routes have a nonnegative reduced

cost, stop the CG procedure; otherwise, go to Step 1.2.
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Step 2: Select one route P, from the column pool based on the strategies proposed in Section 5.3.4, and
pass it to the set (). Update the two resources based on the selected route. For example, if the selected route
Ps occupies order 1, then set Vehicle; = Vehicle; — 1, Order,, = 0. After the update, pass the current two
resources to the right-hand sides of the constraints in the RMP.

Step 3: Repeat Step 1 and Step 2 until Order;,. = 0,Vr € R. At the end of the algorithm, an integer solution

for the problem can be derived from the set ().

6 Computational experiments

We conduct computational experiments to validate the efficiency of the proposed BB-CG nested algorithm.
The experiments mainly contain three parts. In the first part, we tune the configuration of the BB-CG nested
algorithm; i.e., we seek the best combination of components embedded in the algorithm. The components are
related to two types of options used in the algorithm: the option of strategies to solve the CG PP (the CPLEX
or multi-labeling algorithm), and the option of three strategies for obtaining feasible solutions to the CG
algorithm. In the second part, we validate the quality of the solution yielded by our BB-CG nested algorithm
under the best algorithmic configuration (i.e., the best combination of embedded elements). In the third part,
we use the validated algorithm to solve several series of problem instances under different parameter settings
to derive managerial implications. In this study, we use four instance groups (ISGs) to conduct the three-part
computational experiments. The scales of the ISGs are shown in Table 1. The walking speeds of customers
range from 4 to 5 km/h (Montufar et al. 2007), and the number of customers in each order ranges between 5
and 10. The experiments consider three types of bus: mini-bus, medium bus, and large bus. The vehicle
capacity, fixed cost, and unit variable cost of each type of bus are tabulated in Table 2 (Dou et al. 2021). The
BB-CG nested algorithm is coded in C# and run on a PC equipped with two Xeon E5-2643 V4 CPUs (12 cores)
with a 3.4 GHz and 256 GB of RAM.

Table 1: Scales of instance groups in experiments

Group ID Bus quantity (|K|) Order quantity (|P|) Stop quantity (|(N|) Num. of var. Num. of cons.

ISG 1 3 6 20 1x10° 5x10°
ISG 2 4 8 25 3x10° 1x10*
ISG 3 6 15 40 1x10* 3x10*
ISG 4 8 20 50 2x10* 8x10*

Notes: Num. of var. and Num. of cons. denote approximate number of variables and constraints contained in the model.

Table 2: Parameters on different types of buses

Vehicle type Capacity Fixed cost Unit variable cost
Mini-bus 15 10 1.5
Medium bus 40 20 2.0
Large bus 60 30 2.5
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6.1. Investigation of embedded components in the algorithm

In the proposed method, the components needed to obtain a feasible solution and solve the PP are essential.
As we propose three strategies for obtaining a feasible solution, this subsection first investigates which of these
strategies is best. In addition, we propose a multi-labeling algorithm for solving the PP, which can also be
solved directly by the CPLEX and thus compare the ability of both algorithms to solve the pricing problem.

Table 3. Comparison of three strategies for obtaining feasible integer solution
Strategy 1 Strategy 2 Strategy 3
Ob;. Gap Time(s) Ob;. Gap Time(s) Ob;. Gap Time(s)
427.80  0.00% 2.01  427.80  0.00% 1.68  427.80  0.00% 2.31
457.48 1.20% 35.19  504.55 11.61% 36.94 452.06  0.00% 36.83
ISG1 44926  0.00% 936 48141  7.16% 10.12  449.28  0.00% 10.23
591.00  4.61% 27.64 591.00 4.61% 28.58  564.94  0.00% 23.55
591.64  5.53% 193  591.64 5.53% 2.02  560.62  0.00% 1.91
676.70  2.23% 834 66956 1.15% 8.48 66196  0.00% 8.07
672.45  0.00% 240 69259  2.99% 235 67245  0.00% 242
ISG2 663.32  0.14% 335 665.09 0.41% 352 66236  0.00% 3.41
539.40  1.32% 28.14  633.60 19.02% 24.55 53235  0.00% 25.31
1027.47  10.52% 278  929.66  0.00% 249 93573  0.65% 2.70
Average 2.56% 5.25% 0.07%

Notes: “Obj.” is the objective value of the solution obtained by using one of the three strategies in the BB-CG nested
algorithm. “Gap” is the gap between the minimum of the solutions obtained by using three different strategies and the
solution obtained by using the corresponding strategy. “Time(s)” is the solution time (in seconds).

Instances

We also conduct extensive numerical experiments to compare the performance of the proposed algorithm
when using three strategies to obtain feasible solutions. The small-scale instance groups ISG1 and ISG2 are
used in this experiment. The results in Table 3 show that the choice of strategy has almost no influence on the
algorithm solution time but has a considerable influence on the solution quality, which is reflected by the
relative gap values (i.e., three columns of Gap values). The results in Table 3 also show that Strategy 3
outperforms Strategies 1 and 2 with respect to solution quality, as Strategy 3 achieves the lowest relative gap
value (0.07% on average). Therefore, Strategy 3 is chosen to obtain feasible integer solutions in subsequent
experiments. The three strategies in the comparison adopt different criteria in column selection for in the CG’s
last stage of constructing feasible solution. Strategy 3 adopts the column’s reduced cost as the primal criterion;

while Strategy 1 and Strategy 2 adopt the solved value of variable x,_in LR-RMP and the column’s cost as

the primal criteria in the CG’s last stage, respectively. The best performance achieved by Strategy 3 may imply
that the reduced cost of columns is the most suitable criterion for constructing feasible solution in the problem
studied in this paper.

Table 4. Comparison of multi-labeling algorithm and the CPLEX in solving the pricing problem
Solving PP by CPLEX Solving PP by multi-labeling Algorithm
Ob;. Time(s) Ob;. Time(s)
ISG1 530.79 945.61 530.79 0.36 0.04%
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541.62 80.11 541.62 0.77 0.97%

758.94 1355.35 758.94 0.26 0.02%

755.04 755.53 755.04 0.26 0.03%

413.34 1395.62 413.33 3.08 0.22%

412.46 1295.32 412.46 2.06 0.16%

507.29 138.69 507.29 0.22 0.16%

ISG2 723.46 30.91 723.46 0.27 0.87%
741.37 252.03 741.37 0.50 0.20%

645.88 50.00 645.88 0.37 0.75%

Average 0.34%

Notes: “Time ratio” is the computational time of solving the pricing problem (PP) by multi-labeling algorithm divided by
the computational time by CPLEX.

Next, we can use the CPLEX to solve the PP directly or use the multi-labeling algorithm, which is proposed
in Section 5.3.3. We conduct experiments to compare the above two ways with respect to the objective value
and the solution time. The results are listed in Table 4. From the columns labeled Obj., we can see that both
approaches yield the same objective values for each instance. However, the multi-labeling algorithm yields a
much shorter computation time than the CPLEX. The average value in the column labeled Time ratio is 0.34%,
which validates the proposal and use of the multi-labeling algorithm to solve the PP embedded in our BB-CG
nested algorithm.

6.2. Investigating the solution quality of the BB-CG nested algorithm

After determining the configuration of the BB-CG nested algorithm, we investigate the quality of the
solutions provided by the algorithm. The quality of these solutions is investigated through comparison with
the optimal results obtained by the CPLEX and by a rival heuristic, i.e., the large neighborhood search
algorithm (LNS). Details of the LNS algorithm are elaborated in Appendix D.

Table 5: Performance evaluation in small-scale problem instances

Instances CPLEX BB-CG LNS Gap
Obj¢ tc Objp tp Obj, Ly gap; gap;
537.60  446.55 537.60 0.85 597.46 0.64 0.00% 11.13%
807.95 522.29 820.85 0.86 898.83 0.48 1.60% 11.25%
ISG1 408.20 116.29 408.21 1.50 458.84 0.57 0.00% 12.40%
749.47 477.09 749.47 0.77 876.93 0.38 0.00% 17.01%
537.60 889.34 537.60 1.20 598.18 0.93 0.00% 11.27%
Average 0.32% 12.61%
662.00 3600.00 662.00 54.96 749.18 1.95 0.00% 13.17%
662.72 3600.00 662.72 10.73 759.54 0.69 0.00% 14.61%
ISG2 523.90 3600.00 523.90 14.69 676.21 0.58 0.00% 29.07%
1123.29 3600.00 970.73 1.99 1108.57 1.31 -13.58% -1.52%
674.52  3600.00 618.03 5.37 734.03 1.11 -8.37% 9.63%
Average -4.39% 12.99%

Notes:(1) obj., objp and obj, denote the objective value obtained by CPLEX, the proposed BB-CG nested algorithm
and LNS algorithm (elaborated in Appendix D), respectively. (2) t;, tg, and t; denote the solution time of the CPLEX,
the BB-CG nested algorithm and LNS algorithm, respectively. (3) gap, = (objg — objc)/objc , gap, =
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(obj, — obj:)/obj.. (4) InISG 2, the CPLEX cannot solve the model within one hours of computing time, and we report
the upper bound values computed by CPLEX within the imposed time limit (i.e., 3600 seconds).

Table 5 illustrates the comparisons between the CPLEX, the proposed BB-CG nested algorithm, and the
LNS algorithm. Although the CPLEX can find the optimal solution to the ISG1 within a reasonable time, the
BB-CG nested algorithm and LNS algorithm can solve the problem within 2 seconds. The average optimality
gaps of the solutions yielded by the BB-CG nested algorithm and the LNS algorithm are about 0.32% and
12.61%, respectively. For ISG2, the CPLEX cannot solve the model within 1 hour of computing time.
Therefore, we record the upper bound values returned by the CPLEX when the computation time reaches 1
hour, and all of these values are greater than or equal to the objective values obtained by our algorithm within
1 minute. However, most of the solutions yielded by the CPLEX are smaller than the objective values yielded
by the LNS algorithm within a very short duration (i.e., 10 seconds). The above results validate the advantages
of our proposed BB-CG nested algorithm with respect to the optimality gap and solution time. In addition, our
BB-CG nested algorithm outperforms the well-known LNS algorithm, as demonstrated by a significant gap
between the objective values obtained by the two algorithms.

To further evaluate the effectiveness of the proposed BB-CG nested algorithm, we conduct large-scale
experiments on the basis of ISG3 and ISG4. As the CPLEX cannot solve problems involving large-scale
instances, these experiments mainly compare the BB-CG nested algorithm and the LNS algorithm, and the
results are listed in Table 6.

Table 6: Performance evaluation in large-scale problem instances

BB-CG LNS Gap
Instances . .
Objg tp Obj, tL gap
1258.61 52.23 1408.86 3.97 11.94%
978.60 155.78 1111.92 13.16 13.62%
ISG3 930.30 116.98 1024.65 16.10 10.14%
1058.11 27.40 1137.47 8.21 7.50%
1076.87 9.91 1275.19 0.25 18.42%
1327.64 130.45 1766.36 26.71 33.05%
1379.66 249.05 1516.93 26.90 9.95%
ISG4 1447.08 181.44 1710.09 7.11 18.18%
1593.61 149.62 1781.72 4.63 11.80%
1241.37 297.40 1326.77 24.79 6.88%
Average 14.15%

Notes: gap = (Obj, — Objg)/0bjp.
The comparison reveals that the proposed algorithm achieves significant cost savings relative to the LNS
algorithm. When using the large-scale instances, as illustrated in Table 6, the average gap between the two

algorithms is about 14.15%. Although the solution time of the LNS algorithm is shorter than that of the BB-
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CG nested algorithm, these large-scale instances could be solved by the proposed BB-CG nested algorithm

within 5 minutes, which is acceptable for a real-world application.

6.3 Deriving managerial insights from sensitivity analyses

We next conduct four series of sensitivity analyses to investigate the influence of important parameters on
the final performance of the proposed algorithm and thus derive potentially useful managerial insights.

The first series of experiments involves sensitivity analysis of the ratio of the number of candidate stops
(i.e., |N|) to the number of orders (i.e., |R|). The experiments are based on ISG2, ISG3, and ISG4. The results
in Figure 2 show that as the ratio of |N| to |R| increases, the objective value decreases gradually to a certain
value. This may occur because as the ratio of |N| to |R| increases, the flexibility of bus scheduling also
increases; thus, the total cost decreases. However, this decreasing trend is not infinite. There exists a certain
value of the ratio of |N| to |R| (e.g., 4 in Figure 2); when the ratio is larger than this value, the reduction in
the total cost becomes insignificant. This result demonstrates the importance of determining a reasonable ratio

of [N| to |R|.Itis not always a good choice to involve as many candidate stops in the system as possible.
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Figure 2: Sensitivity analysis of the influence of the ratio of number of candidate stops to number of orders

The second series of sensitivity analyses addresses the passengers’ maximum walking distance in customer
orders (i.e., T,), which ranges between 1000 and 2250 meters in the experiments. The results are shown in
Figure 3. In Figure 3, the y-axis represents the total arrival time of all orders, rather than the objective value of
the original model; because the influence of the maximum walking distance on the objective value is intuitive,
the latter analysis may be meaningless. Therefore, we analyze the influence of the maximum walking distance
on the total arrival time of all orders, which actually reflects the utility for customers (passengers). The results
in Figure 3 suggest a significant relationship between these two passenger-related factors. For example, a long
walking distance may not reduce a passenger’s time to arrival at a destination because the bus stops selected
by the customized bus service platform may require passengers to walk for relatively long distances, thus

delaying arrival at their destinations.
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Figure 3: Sensitivity analysis of the influence of passengers’ maximum walking distance

The third series of sensitivity analyses addresses the time window length in an order. Because the time
window length (i.e., . — e,-) varies among customers, we use the unified parameter h to reflect the degree
of the time window length, i.e., h = (I, — e,)/T,°?; here, T,°P is the normal door-to-door travel time for an
order r.In Figure 4, the x-axis of each graph represents the coefficient h of the time window. Figure 4 shows
that as the coefficient of the time window increases, the objective value decreases, and the magnitude of this
decreasing trend also decreases. The results indicate the importance of setting an appropriate coefficient of the
time window. The larger the coefficient of the time window, the lower the total cost and the lower the level of
passenger satisfaction. The platform should choose an appropriate coefficient to achieve a balance between

passenger satisfaction and travel cost.
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Figure 4: Sensitivity analysis of the influence of the time window length in an order
The fourth series of sensitivity analyses addresses the ratio of the three types of vehicles, namely, the mini-
bus, medium bus, and large bus, which have respective capacities of 15, 40, and 60 passengers. The three types
of vehicles also have different fixed and variable costs. The results are shown in Figure 5, in which the x-axis
on each graph denotes the ratios of the three types of vehicles. Figure 5 demonstrates that the objective value
generally decreases as the proportion of large buses decreases or that of mini-buses increases. Although the
above trend does not strictly exit, the results may be instructive. For example, decision-makers for customized

bus services may wish to invest more on mini-buses than on large buses in real-world settings.

25



1350 1740

1300 1563 1680 ISG4
2 1250 " 1620
[y = 1560
o 1200 S
g o 1500
S 1150 =
% 2 1440
o 1100 8_' 1380

1050 1320

1000 1260

1:34 224 314 143 242 341 413 422 431 1:34 224 314 143 242 341 413 422 431
The ratio of the three types of vehicles The ratio of the three types of vehicles

Figure 5: Sensitivity analysis of the influence of the ratio of three types of vehicles

7. Application to a real case

In this section, we validate the effectiveness of the BB-CG nested algorithm in solving large-scale real-
world instances using real data from Dalian, a major city in northeast China with an area of about 12,574 km?
and a population exceeding 6.69 million. We use a dataset containing real-world orders in days, with an
average of about 2,200 orders per day. Figure 6 shows a representative instance of the orders in a single day,
together with a heat map of the historical demand density. These orders mainly span a planning horizon from
6:00 to 19:00 (i.e., 13 hours). Our BB-CG nested algorithm cannot solve an instance with more than 2,000
orders, and the orders in this dataset do not arrive at the customized bus service platform at one time but rather
arrive randomly along the planning horizon. Therefore, we need to handle the arriving orders by batch. In other
words, we solve the model for each batch of orders in a rolling horizon manner. In this real case study, the
batch size is 20 orders, which accumulate over an average period of about 7 minutes [i.e., 7~ (13 X 60) =+

(2200 = 20)]. Therefore, we need to solve the model for a batch of 20 orders and then execute the plan for
the batch; after about 7 minutes, we must solve the model again for another batch of 20 orders and execute the
plan and then repeat this process of solution and execution plan. This approach suggests that in our real case
study, we need to solve for 110 batches (i.e., 110 = 2200 =+ 20). The solution time for one batch should be
within 7 minutes; otherwise, the proposed model and algorithm cannot be applied in this realistic context.

When applying our proposed methodology to this rolling horizon-based real case, we also must extend the
original model to consider the ongoing executed plan when making the new plan. Specifically, when we plan
the customized bus routes for one batch of orders, some of the customized buses scheduled for previous batches
could also be used to serve customers in the current batch. Although a new batch of orders accumulates every
7 minutes, the duration to fulfil a batch of orders (calculated from the time when the first bus departs from its
start point to the time when the last bus arrives at its end point) is much longer than 7 minutes. Details of this

model extension are elaborated in Appendix E due to space limitations.
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Figure 6: Demonstration of a real-world case in Dalian, China

Experiments are conducted to address the following three aspects. The first is a comparison of the BB-CG
nested algorithm and LNS algorithm when applied to the real case of Dalian. As mentioned, we need to solve
the model for 110 batches. The middle panel in Figure 6 demonstrates the locations of 20 orders in one batch,
the locations of 17 candidate bus stops, and the three routes determined as a solution for the batch. The right
panel in Figure 6 shows the results of a comparison between two solution methods for 25 batches of orders
corresponding to the morning rush period, demonstrating that the BB-CG nested algorithm outperforms the
LNS algorithm for all batches. We conduct 10 series of experiments using data from 10 days. Table 7 records
the average objective value and average solution time across the 110 batches as computed by the model in
each series of experiments. Each value (Objg, Obj,, tg, t;) in Table 7 is the average value of the
corresponding values from the 110 batches. The results of our experiments covering 10 days validate that our
BB-CG nested algorithm outperforms the LNS algorithm; the average gap value is about 8.97%. All of the
instances can be solved by our BB-CG nested algorithm within 7 minutes, which also implies the applicability
of our algorithm in a real-world context. The LNS also has merit in terms of its solution time, although its
solution quality is inferior to that of our BB-CG nested algorithm. The LNS algorithm may also be useful for
some extremely large-scale applications (elaborated in Appendix D).

Table 7: Comparison between the BB-CG nested algorithm and LNS algorithm on real-world instances

Instances BB-CG LNS Gap

number Objg tg Obj, t gap(%)
1 1059.71 93.75 1232.44 0.56 16.30
2 1699.38 123.73 1824.36 18.03 7.35
3 1491.59 94.61 1612.28 4.92 8.09
4 1401.17 79.50 1535.77 3.25 9.61
5 1612.22 29.45 1803.48 2.76 11.86
6 1601.29 29.52 1700.52 27.90 6.20
7 1729.81 61.19 1823.36 9.69 541
8 1666.06 27.19 1770.15 3.05 6.25
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9 1480.28 41.85 1612.26 8.06 8.92

10 1506.80 47.27 1647.93 6.79 9.37

Average 8.97
Notes: gap = (Obj, — Objg)/0bjg

We conduct the second series of experiments to investigate the benefit of considering scheduled routes in
the previous batch. As mentioned, we conduct the first series of experiments using an extended model to adapt
to the context of a rolling horizon. However, our original, unchanged model can also be applied directly to the
batches in the planning horizon; specifically, we can regard the 110 batches as 110 independent cases, implying
that buses that are scheduled in previous batches and remain in use are not available for the order assignment
of the batch that is being scheduled. We then can compare the extended and original models in the context of
a rolling horizon and use the gap between them to reflect the benefit of considering routes scheduled in the
previous batch. Table 9 presents the average values of the objectives in batches, which were calculated using
either the extended model or the original model. The results in Table 9 validate the advantage of considering
the routes scheduled in the previous batch: this brings a benefit of 22.98% in the average objective value per
batch.

Table 8: Evaluating the benefit of considering scheduled routes in the previous batch

Original model Extend model Gap
Instances number i .
Objo to Objg tg gap(%)

1 1781.66 154.16 1407.28 27.39 21.01

2 1680.94 145.31 1335.64 24.54 20.54

3 1743.33 79.63 1400.00 43.14 19.69

4 1617.35 69.91 1243.82 36.29 23.09

5 1729.67 45.61 1435.59 14.18 17.00

6 1770.39 12.57 1435.66 6.33 18.91

7 1901.11 114.41 1433.61 87.51 24.59

8 1797.65 57.58 1132.11 38.27 37.02

9 1959.86 53.01 1402.96 28.09 28.42

10 1687.43 115.98 1358.53 84.81 19.49

Average 22.98

Notes:(1) Obj, and obj; denote the objective value for solving the original model and the expanded model using the
BB-CG nest algorithm, respectively. (2) t, and t; denote the time for solving the original model and the expanded
model using the BB-CG nest algorithm, respectively. (3) gap = (0Obj, — Objg)/0bj,.

We conduct a third series of experiments to investigate the benefit of the zoning strategy, which is a common
approach used to apply a model/algorithm to a larger context. The map shown in the left part of Figure 6
depicts just a central district of Dalian. If we apply our model to a wider territory, for example the entire city,
the zoning strategy should be adopted. We note that zone planning is a strategic-level decision, whereas this
study focuses on a real-time operational level decision; accordingly, the zones have been determined when
making decisions in this study. If each order’s origin and destination are located in the same zone, the orders

could be allocated to zones according to the locations of their origins (or destinations); this would allow our
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proposed model to be solved for each zone independently. However, if there exists an order whose origin and
destination are located in two zones, as shown in Figure 7, we would need to establish a rule to classify that

order into a zone so that our proposed model could be applied to solve the routes in each zone.

Zone 1 Zone 2

depot

<> order’s origin
4 order’s destination

— bus route 1

C’ bus route 2 /

Figure 7: Example of an order whose origin and destination are located in two zones

Three intuitive rules can be adopted to identify the belongingness of the orders whose origins and
destinations are located in different zones.

Rule 1: Each order is assigned to a zone according to its origin.

Rule 2: Each order is assigned to a zone according to its destination.

Rule 3: Each order is assigned to a zone according to the length of the bus route. For the example shown in
Figure 7, if the length of bus route 2 is less than that of bus route 1, the order is assigned to Zone 2.

We then divide the municipal area of Dalian into four zones and experimentally compare the three zoning
strategy rules. These comparative experiments are performed using two groups of five instances each; the
percentage of orders that cross multiple zones is 20% in one group and 30% in the other group. Figure 9
illustrates the comparative results, which show that Rule 1 is the best of the three rules, while Rule 2 is the
worst. We present the following possible reason and examples for these findings. Under Rule 1, a bus in a
given zone serves orders whose origins are in that zone; the bus can also pick up passengers under other orders
on the way to the order’s origin. Under Rule 2 or Rule 3, a bus in Zone 1 serves an order whose origin is in
Zone 2; the bus probably cannot pick up other passengers under other orders while traveling from Zone 1 to
Zone 2 because the travel distance is relatively long and the start times of the time windows for the orders in
the batch are usually similar to each other. Another finding from Table 7 is that the objective values in the
instance group with 20% cross-zone orders are relatively smaller than those in the group with 30% cross-zone
orders. This finding implies that as the proportion of cross-zone orders increases, the cost incurred by the whole
customized bus service may also increase.

Table 9: Comparison of different rules of zoning strategy

Instances Rule 1 Rule 2 Rule 3 Gap
Percentage of - p 0bjy 0bj, Objs gap; gap, gaps
cross-zone orders
20% 1 2361.09 2436.01 2324.54 1.57% 4.80% 0.00%
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2 2346.32 2716.63 2332.14 0.61% 16.49% 0.00%
3 2350.99 2686.93 2419.81 0.00% 14.29% 2.93%
4 2322.27 2663.24 2383.32 0.00% 14.68% 2.63%
5 2394.82 2726.59 2397.63 0.00% 13.85% 0.12%
1 2684.79 3312.24 2826.42 0.00% 23.37% 5.28%
2 2650.73 3053.83 2639.45 0.43% 15.70% 0.00%
30% 3 2370.71 2778.02 2552.41 0.00% 17.18% 7.66%
4 2646.42 3030.03 2655.24 0.00% 14.50% 0.33%
5 2496.82 2780.20 2686.71 0.00% 11.35% 7.61%
Ave. 0.26% 14.62% 2.66%

Notes: Obj;, Obj,,and Obj; denote the sum of objective values of all zones according to rules 1, 2, and 3, respectively.
Define Objyin = min{0Obj;, Obj,, Obj3}, and gap; = (Obj; — Objiin)/Objpmin, gap, = (0bj, — Objinin)/Objmin,
gaps = (ObjS - Objmin)/Objmiw

8. Conclusions

This paper investigates a VRP variant for a customized bus service. Given a set of orders containing
passengers’ origins, destinations, and time windows, the routes of buses to serve these orders and the pick-up
and drop-off locations for each order are decided to minimize the total costs of bus usage and the travel routes.
The methodology proposed in this study can pave the way for developing more intelligent software for
customized bus service platforms. The main contributions of the study are as follows.

From a modeling perspective, the proposed MILP model considers a comprehensive panel of factors
affecting customized bus services. For example, it considers decisions on the pick-up and drop-off locations
for each order, which contains information about the number of passengers and the earliest (latest) time when
they can depart from their origin (should arrive at their destination). The walking times of passengers from
their origins to the pick-up locations (or from the drop-off locations to their destinations) and the passenger
capacities of different bus types are also taken into account. The proposed model thus can be regarded as a
new VRP variant that considers floating targets. Our model may contribute to the VRP literature in terms of
increasing the consideration of coordination issues between customers and vehicles.

From an application perspective, we propose a novel solution method with an embedded acceleration
technique (i.e., a multi-labelling algorithm) to solve our model rapidly. Accordingly, our proposed
methodology is applicable in a real-world context. The proposed BB-CG nested solution method can be used
to solve much larger-scale instances than the CPLEX solver, in a much shorter time. Our real data-based
experiments demonstrate the applicability of our methodology to Dalian, where the customized bus service
receives more than 2,000 orders per day, in the scenario of batch-based rolling horizon decision-making. We
additionally provide managerial insights to support decisions on, for example, the appropriate number of

candidate stops and the numbers of different types of buses. We further investigate extensions of our model to
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account for aspects such as zoning strategy to determine whether our methodology is applicable in more
generic contexts.

This study also has some limitations. Although the optimality gaps are zero for the majority of the instances
tested in our experiments, the proposed BB-CG nested algorithm is a heuristic and thus differs from the exact
branch-and-price algorithm; the optimality loss in our algorithm lies in the stage of obtaining feasible solutions
within the CG. Besides the limitation on the heuristic, this study does not consider uncertain demands; and
some realistic factors may not be considered in the current model. Future studies could be conducted according
to the following directions.

® We can explore the development of an exact algorithm to solve the problem considered herein.

® Stochastic models can be developed to make decisions for a current batch while simultaneously

considering the uncertain demand in the next batch.

® Multi-objective model could be formulated to consider both the traditional objective and some

environment related objectives (Dulebenets 2022).

All of these directions for future studies could provide interesting information about this problem.
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