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1 Introduction

In this paper, we consider the following real-valued controlled stochastic differential
equation (SDE):

t t
X,==x +/ b(s, Xs,us)ds +/ o(s, Xs,us)TdWs, te€]0,T] (1.1)
0 0
with the pointwise-in-time expected path constraint
E[f(t,X:)] >0, tel0,T]. (1.2)

The cost functional reads

J@Q;:E{ATMLX;ugdb+mX&ﬂ.

The study of Stochastic Maximum Principles (SMPs) is traced back to Bismut [!,
, 3], who introduced the notion of backward stochastic differential equations (BSDEs)
to formulate the adjoint process and the stochastic Riccati equation, and was subse-
quently developed by Kushner [1 1] and Haussmann [10]. Initially, SMPs concerned only
the stochastic systems where the control domain is convex or the diffusion coefficient
does not contain a control variable, and the proof only involves the first-order expan-
sion. Peng [12] established the SMP for the general stochastic optimal control problem
where the control domain does not need to be convex and the diffusion coefficient can
contain the control variable, where the second-order expansion and second-order back-
ward stochastic differential equation are introduced. An extensive account of progress
on SMPs is available in Yong and Zhou [11]. Recently, SMP found wide application in
probabilistic analysis of mean-field games, see [7].

Our optimal stochastic control is featured by the inclusion of the expected path
constraint. Our first aim is to establish a necessary condition (i.e., SMP) for this type
of stochastic control problem, where the adjoint equation is a mean-reflected BSDE
with the reflection being the consequence of the expected system path constraint. We
note that a similar SMP was already established by Frankowska et al. [15]; in contrast
to theirs, our compensated process p; is deterministic, which carries more information
on the optimal control. For related results on optimal control of ordinary differential
equations, see Dmitruk and Osmolovskii [3] and Bourdin [/]

While applying this SMP to a stochastic control problem, a new type of coupled
reflected forward-backward stochastic differential equation (FBSDE) appears:

(dX, = (A, X, — BIR;Y(B,Y, + D} Z,)) dt
+(Cy Xy — DR, Y (B,Y,; + D] Z,))T dW,,

dY, = —(Q,X, + AY, + C] Z,) dt + dy, + ZT dW,

E[X] > L, fOT (E[X:] — Ly) dps = 0,

| Xo==2, Yr=GXr, pr=0.
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This type of equation can be considered as an FBSDE counterpart of BSDEs with
mean reflection introduced by Briand et al. in [6] and further studied by [5]. We will
give a verification theorem and some well-solvability result concerning this new type
of FBSDE.

The paper is organized as follows. After introducing some notation in the next
subsection, we give the formulation of the problem in section 2. In section 3, we apply
Ekeland’s variational principle to deduce the stochastic maximum principle for the
stochastic control problem. In section 4, we introduce the reflected FBSDE and show
the verification theorem. The last two sections are devoted to the proof of uniqueness

(section 5) and of existence (section 6).

1.1 Notation

Let (Wy)octer = (W, -+, W/™)o<t< be an m-dimensional Brownian motion on a
probability space (2, F,P). Denote by {F;}icor] the augmented filtration generated
by (W;). Let Rt and R™, respectively, denote the sets of nonnegative and nonpositive
real numbers. We write x; = max{z, 0} and z_ = max{—=z, 0} for z € R, the set of
real numbers.

We often use vectors and matrices in this paper, where all vectors are column
vectors. For a vector or matrix M, denote by MT the transpose of M, and by |M| =
\/2_i; mi; the Frobenius norm.

We use the following notation.
e U: a given closed convex subset of R'.

o U[0,T]: the set of {F;}iepor-adapted functions u(-) : [0,7] x Q — U such that
E [fOT | |2 dt] < 00.

o L7([0, T); R¥): the set of {F;}iep,r-adapted processes f = (f!, -+, fFo<i<r
with E [foT £l dt} < .

o LF([0, T]; R¥): the set of essentially bounded {F; };(0,r-adapted R*-valued pro-

cesses on [0, T.

e L>=([0, T]; R¥): the set of essentially bounded deterministic measurable R*-

valued functions on [0, 7.

e Cx([0,T]; R*): the Banach space of all continuous {F; }epo,r-adapted R*-valued

processes f on [0,T] with a finite squared norm E [maxte[oﬂ | ft|2].
e M~([0,T]): the set of all nonpositive Radon measures on [0, 7.

e M™([0,T]): the set of all nonnegative Radon measures on [0, 7).



For € M*([0,T]) UM~([0,T]), we write

My = M([O’t]) - M([Ou T])

Then the map ¢ — p; is a cadlag function on [0, 7] with ugy = 0.

2 Problem formulation

Consider the following R-valued controlled SDE:
t t
X,==x +/ b(s, Xs,us)ds +/ o(s, Xs,us)TdWs, t€]0,T] (2.1)
0 0
with the pointwise-in-time expected path constraint

The cost functional reads
T
J(u) =E [/ 0(t, Xy, ug) dt + g(X7) | -
0

In the above, (b,0) : [0, T] X R XU xQ = RxR™ f:[0,T] xR =R, £:[0,T] xR x
UxQ—R,and g: R x Q — R.

Let us assume the following conditions:

(H1) The maps b, o, f, ¢, and g are measurable. They are all continuously differen-

tiable w.r.t. (z,v).

(H2) There exists a constant L > 0 such that

(|bx(t,x,v)| + |by(t, x,v)| + |oo(t, z,v)| + |ou(t, z,v)| < L,

|0 (t, z,0)| + [€y(t, z,0)| < L(1 + |x| + |v]),
|92 ()] + [ fo(t, 2)| < L(1 + |x]),

L16(2,0,0)[ + |o(£,0,0)[ + [€(2,0,0)| + [g(0)| + | f (£, 0)] < L,

for any (¢, z,v,w) € [0,T] x R x U x Q.

We call a control u € U[0,T] admissible if the SDE (2.1) admits a unique strong
solution X (-) such that the constraint (2.2) is satisfied. The set of all admissible
controls is denoted by U,q[0,T]. We study the following optimal stochastic control
problem

in  J(u). 2.3
el (u) (2.3)



3 Ekeland’s variational principle and stochastic max-
imum principle

We use Ekeland’s variational principle to study the optimization problem (2.3).
Before proceeding, we first present two technical lemmas. Denote by C([0,T7]; ) the
set of all continuous functions f : [0,7] — I with [ = R, R*. Set K := C([0,T]; R"),

and define the distance function
die(X) = inf | X =V, X €0, TR),

with || - || being the maximal norm in C(]0,7]; R).

Lemma 3.1. For any X € C([0,T];R), we have

Proof. First, since X, € K, we have

e(X) = fnf X =¥l < X = X oo = X}l = max X (1

It only remains to show the reverse inequality dx(X) > || X_||c- If [[X_|lcc = 0, then
this inequality holds trivially. Otherwise, there is t* € [0, T] such that

X(t) = min X(t) = — || X_|lw < 0.

te[0,7)
So we have

de(X) = inf | X (@) = Y(#)] = [X ()] = [ X-[loo-

YeK
U

The subdifferential of the function dx at X, denoted by ddx(X), is defined to be
the set of R-valued Radon measures K on [0, 7] such that

(K, f) = FOK(dt) < dg(X + f) —dx(X), VfeK
[0.7]

Lemma 3.2. For any X € C([0, T}];R), the set 0dg(X) is not empty and
D (X) € M (0,T])

with
supp ddg(X) C argmin X.

Furthermore, if X ¢ K, we have |K([0,T])| =1 for any K € ddg(X).



Proof. We now show Odk(X) is not empty. If dg(X) = 0, then trivially K = 0 €
Odg(X). Otherwise dx(X) = —X(t*) > 0 for some t* € [0,T]. Let —K be the Dirac
measure at t*. Then, by Lemma 3.1, for any h € K,
dg(X +h) —dg(X) = tn%énT(](X(t) + h(t))- + X (")
€10,

> max (—(X (1) + h(t)) + X (t) > —h(t") = (K. h).

Therefore, K € 0dg(X) and hence ddk(X) is not empty.
For any (K, h) € ddg(X) x K, by Lemma 3.1,

) <t SO ) (X)X ) = X e

al0 (6] al0 (6%

Hence, K is nonpositive.
If o is not a minimum point of X, then X has no minimum point on [ty — ¢, to + €]
for sufficiently small € > 0. For any h € C([0, T]; R) with supp h C (to —£/2,t0+¢/2),

we have that ¢y is not a minimum point of X + ah for sufficiently small o > 0, so
(X £ ah) oo = [[X_]|oc,

which by definition implies (K, h) = 0. Hence, supp ddg(X) C argmin X.
The last assertion is referred to in [13, Proposition 3.11, p. 146]. ]

Let us first recall Ekeland’s variational principle (see [9, Theorem 1.1]).

Lemma 3.3 (Ekeland’s variational principle). Let (V,d(-,-)) be a complete metric space
and F(-) : V. — R be a lower semi-continuous function, bounded from below. Suppose
there exist w € V and € > 0 such that

F(u) < inf F(v) +¢.

veV
Then, there exists u. € V' such that
(1) F(ue) < F(u),
(i1) d(u,u.) < /e, and
(iii) F(v)+ ed(v,u.) = F(ue) for allv e V.

We will work on the space U[0,7T]. To apply Ekeland’s variational principle, we
define a metric d such that (U[0,7T],d) is a complete metric space. For this, set

d(v,u) = (E [/OT lv(t) — u(t)|2dtD

Then (U[0,T],d(-,-)) forms a complete metric space.
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Let u* € Uyq[0,T] be an optimal control for problem (2.3). For ¢ > 0 and u €
U[0,T1], define the functional

[SIE

Jou) = (([J(u) T +€]+)2 n ( max (E[f(t,Xt“)])_)z)

te(0,7)

1
2

) (<[J(u)_J(u*>+5]+)2+d%<E[f(.,X.“)])) ,

where the second equation is due to Lemma 3.1. If J.(u®) = 0, then [J(u®) — J(u*) +
el = 0 and u® € U,q[0, T, contradicting the optimality of u* to problem (2.3). So we
have J.(u®) > 0.

Since

by Ekeland’s variational principle, Lemma 3.3, there is u® € U[0, T'| such that
(i) Je(u?) < Je(u"),
(ii) d(u*,u®) <+/e, and
(ili) Jo(v) + Ved(v,u®) = J.(uf) for all v € U0, T).
The last assertion reads

J.(u) = min (J.(v) + Ved(v,u)). (3.1)

veU[0,T]

Let us establish the necessary condition for the optimization problem (3.1). For
any v € U[0,T],0 < a < 1,and 0 < & < 1, define

us = av + (1 — a)u’.

Denote by X¢ and X the trajectories corresponding to the controls u® and u*,
respectively. By the Taylor expansion, we identify 6 X¢ and ¢.J(u®), which are indepen-
dent of «, such that for each fixed ¢,

X = X+ adX® + o(w)
and
([J(ue’a)—J(u*)+5]+>2 - ([J(uf)—J(u*)+e]+)2+2au(u€)—J(u*)+a]+w(u€>+o(a)
as a — 0. Then, by (3.1),

(S (u=))? = (Je(u?))?

@ ) ) T ) 2 VRl > =Cave, (3

where C' = d(v,u*) + 1 and the last inequality is due to
1
—d(u®*u®) = d(v,u®) < d(v,u*) + d(u*,u®) < d(v,u*) + e < dv,u*)+1=C.
a
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Therefore,

(o (u"))? = (Je(uf))?
o w1 L)) = CVE
Since (C([0,T];R), ||-||) is a separable Banach space, we know from [13] that there
exists an equivalent norm, denoted by || - ||o, such that the dual of (C([0, T];R), || - |lo)
is strictly convex. Any element p of (C'([0,T];R), || - |lo)* can still be identified with
a Radon measure on [0,7]. Since (C([0, T];R), || - ||o)* is strictly convex, ddg(X) is a
singleton for any X ¢ K. Furthermore, dx is Gateaux differentiable at any X ¢ K. As

C' does not depend on «, letting « | 0 in the last inequality, we obtain

[J(u®) — J(u*) + €| +0J (u®) + dx (E fo [fo(t, X7)0XE] Ke(dt) -
Je(us)

where K¢ € ddg(E[f(-, X7)]) € M~([0,T]). Define

oo M) =T bele

dg (E[f (-, X2)])K=([0,])
Je(uf) '

J-(uf)

By Lemma 3.2, |K<([0,T])| = L if E[f(-, X¢)] € K, and u* = 0, otherwise. Therefore,
we have
NP [ P = 1

Thus, there is a subsequence ¢, | 0 such that
A" = A>0 and g — p, xweakly in C*([0, T]; R).

Since K is obviously of finite-dimensional co-dimension in C([0,7];R), in view of

Lemma 3.2, we have

X0+ (i, )20, VfEK
By [13, Lemma 3.6, p. 142], we have that (A, u) # (0,0).

Set
0 (s) = ba(s, X, u), by () == bo(s, X3, ug),
by (s) = ba(s, X, ug), by(s) == bu(s, X3, u5),
0% (s) = 0, (5, X, 05), 0%(s) 1= s, XE, ),
0, (8) 7= oa(s, X, ), 7,(s) = ou(s, XJ,ug),
Co(s) = la(s, X5 u)), Co(s) = (s, XJ,ug),
ous 1= vy — U, duy = vy — uj.



Then

t t
0X; = / (05(s)0 X5 + b5(s)ous)ds + / (02(8)0XE + ol(s)dul)T dWs,
0 0
T
dJ(uw) =E [/ (65 (s)0 X5+ C5(s)ous) ds] + Elg.(X7)0 X7,
0

t t
0X; :/ (b (s)0 X2 + b (s)oul) ds —i—/ (02(8)0 XS + ou(s)oul)T dWs,
0 0

and

5J(u) = E { /O (¢ ()5X* + 5:(5)6u:)d5] + g (X3)6X3].

xor) + [ B X000 i > ~OVE
As C does not depend on &, lettil(r)lg el 0,
AOJ (u*) + /OTIE[fx(t, X)0X/[ ] duy = 0. (3.4)
Denote by (Y, Z) the unique solution of the BSDE

Y, = Mg.(X3)+ /T(b;(s)YS +05(8)TZs + A\i(s))ds (3.5)

T T
t t
We have the following stochastic maximum principle.

Theorem 3.4. Let u* € Uyal0,T] be an optimal control for problem (2.3). Then,
there is (A, u) € [0,1] x M™([0,T]) such that (i) (A, 1) # (0,0) and (ii) the following
mazimum condition is satisfied:

min {(Y;, 0,(8)(v — up)) +(Zi, 00(t) (v = u)) + M (E) (v —uz)} = 0, ae.t € [0,T],

where the pair (Y, Z) is the unique solution of BSDE (3.5).
Proof. By (3.4), we have

T T
O0<E [/ ACE(8)0X T + 05 (s)dut)ds + Mgy (XT)IXT + / fao(t, X)OX] d/Lt]
0 0

T T T
=E [/ M (s)outds — / 0X;dY, +Yro Xy — / (br(s)Ys + O';(S)TZS)(;X:CZS}
0 0 0

T T
IE[ / N (s)uds + / Y,(02(5)5X7 + b (s)6u7) ds
0 0
T T
—i—/ Z;(O';(S)(SX:+U:(S)5u:)d8—/ (b;(s)Y;jLa;(s)TZs)dX;ds]
0 0

T
= E[/ Ay (s)ous + Yby(s)ou; + Zga:(s)éu:ds} :
0

This implies the desired result. O



4 LQ stochastic control problem with expected path

constraints

We now study an LQ stochastic control problem with an expected path constraint.
The dynamic of the state process is governed by the SDE

dXt = (AtXt + BtTut)dt + (CtXt + DtUt)Tth. (41)

Here the state process X is one-dimensional and the control u € U|0, T'| is [-dimensional.
The coefficient matrices A, B, C', D are essentially bounded adapted processes of proper
sizes.

Let Uy,a[0, T be the set of all controls u € U[0, T such that the pair (u, X) solves
equation (4.1) with the initial value X (0) = z, and satisfies the expected path con-
straint

E[Xy > L, VYte|0,T]. (4.2)

Here, L is a given deterministic continuous function. Introduce the constrained problem

1 T
0

u€lU,4]0,T] 2
and denote by V(z) its optimal value.

Assumption 4.1. We have Q > 0,G > 0, and R > 81, uniformly in (t,w) for some
0> 0.

To guarantee that the admissible set U,4[0,7] is not empty, we put forth the

following assumption.

Assumption 4.2. There exist a control u* € U[0,T] and a constant € > 0 such that
(u®, X*), which solves equation (4.1) with X§ = z, satisfies E[X{| > L; + ¢ for all
t€10,77.

The last assumption holds true if L; < —e for all ¢ € [0, 7] and = > 0. In fact, it

suffices to choose u® = 0.

Remark 4.1. Suppose there is u® € U[0,T] such that (u®, X*) solves equation (4.1)
with X§ < x and satisfies E[X}] > Ly for all t € [0,T]. Then, Assumption 4.2 holds.
In fact, suppose (u®, X) solves equation (4.1) with Xo = x. Then, by the strict mono-
tonicity of the SDE (4.1) with respect to the initial value, we have E[X; — X > ¢ for
somee > 0. So E[X;] > Ly +¢ for allt € [0,T].

We assume that Assumptions 4.1 and 4.2 hold in the rest of the paper.
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4.1 Existence, uniqueness, and approximation of the optimal

control

Lemma 4.2. Let Assumptions 4.1 and 4.2 be satisfied. Then, Problem (4.3) has a

unique optimal control.

Proof. We first show that problem (4.3) has an optimal solution. In fact, from As-
sumption 4.2, we see that there is a minimizing sequence {v™,n = 1,2,---} in the
set Uyq[0, T). Tt suffices to prove that {v™,n = 1,2,---} is a Cauchy sequence in the
Banach space L%([0, T]; RY), since its limit still lies in Uyq[0, T]. We have

1 1
lim J(v") = V(z), o™F:= 5(1;” + %) € Uygl0, T), X™F = §(X” + XM,

n—oo

where X™ and X™* are the state processes under the admissible controls v and v™F,

respectively. Therefore, J(v™¥) > V(x), and the parallelogram rule holds:

18 [ 1Qu0x = Xt + 0 - by - o+ GO - by
= J(W") + J(F) = 2J(v"F) < J(™) + J(WF) — 2V (). (4.4)

Hence, we have
1
Z(SHU” — P < T + J(F) =2V (2) = 0, asn,k — oo,

and then {v",n =1,2,---} is a Cauchy sequence in the Banach space L%([0, T]; R).
Uniqueness of optimal control can be proved in a similar way via the parallelogram
rule. O

On the other hand, consider the following unconstrained problem for each n > 0:

min _J,(u) = 1IET {/T Qi X7 + uf Ryuy dt + GX%} + 1n /T (B[X,] — L,)_]*dt,
ueU[0,T] 2 0 2 Jo
(4.5)

where the state process X solves equation (4.1). Problem (4.5) is a stochastic linear-
convex optimal control problem, which admits a unique solution (see a similar proof
of Yong and Zhou [11, Theorem 5.2, page 68]).

Let V,,(x) be the optimal value function of (4.5). Then, for any control u €
Uaal0, T'], we have
In(u) = J(u), (4.6)

which leads to
V() < V(2). (47)

Lemma 4.3. Let (a",X) be the optimal pair of the unconstrained problem (4.5).

Then, u"™ converges strongly to the optimal control of the constrained problem (4.3).

11



Proof. We have
— _E {/ QuX)? + (W) Ryl dt + G(X7)?

n 2n /O (E[XT] — L)_J2dt < Jo(u®) = J(ue), (4.8)

where u® is given in Assumption 4.2. As R > d1;, it follows that the sequence u" is
bounded in L%(0, T; R'). Consequently, it has a subsequence (still denoted by @")
which weakly converges to some control 4> € L%(0, T; R!).

By Mazur’s theorem, there exist real numbers ¢, ; > 0 such that Z,@O €n = 1 for

0= eyt

k>0

every n, and the sequence

strongly converges to @. Let X" and X = denote, respectively, the trajectories un-
der the controls o and @*°. Then the sequence X?" converges to X . strongly in
Cx([0,T];R). In particular,

X7 =lm X =1lm Y e X, ", te0,7].

k>0

Dividing both sides of (4.8) by § and letting n go to oo, we deduce from the convexity
of the map = + (x_)? and Fatou’s lemma that

[T = 2 Pt < timind Y s [T - 1) P

k>0

2
< ] 1 — 9 — 1 ] — 4 =
< hrIngolf g>0 Emkn*](u ) 117£llloIolf nJ(u ) =0.

Since E[X ] and L. are continuous, we conclude E[X, ] > L, holds for all ¢ € [0, T].

This means (7, X ) is an admissible pair for the constrained problem (4.3), so
J(u™>) = V(x). (4.9)

The convexity of the map x — (z_)? and Fatou’s lemma also give

n—oo

> lim inf Z €n i {/ Q¢ (Y?Hﬂ)g dt + G(Y;Jrk)ﬂ
n—oo 0

k>0

nmsupEU QX2 dt + G(X )}

>E {/ QuX,)¥dt + G(X7) 1 : (4.10)

Thanks to the weak convergence of u™ to u™

liminfE[/OT(ut)TRt } U Q:(T°)T Rys® dt] (4.11)

n—oo
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The above estimates yield

nh_)rxolo Jn(u") = limsup E {/ QuX))* 4 (@) Ryl dt + G(X7,) ]
U QX a°)T Ryl dt + G(Y;O)Q}

V(z). (4.12)
But (4.7) gives
V(z) = Va(z) = Ju(a"),

so all the inequalities in (4.9)-(4.12) are equations. In particular, (>, X ) is the
optimal pair of the constrained problem (4.3) since (4.9) is an equation. By the weak
convergence and norm convergence (4.11), we conclude Rag" strongly converges to
R24™ in the space L%([0,T);R). As R > §1;, u™ strongly converges to 4 in the space
L%([0,T];R). Consequently, X strongly converges to X in the space L%([0,T];R).
As a byproduct of (4.12), we have

n—oo

lim n/T[(E[Y?] — Ly)_]2dt = 0. (4.13)

Finally, we note that as the optimal control is unique, the whole sequence %"
strongly converges to @™ in the space L%([0, T]; R). O

4.2 Verification theorem

In this section, we express the unique optimal control for problem (4.3) with the
solution of a reflected FBSDEs.
We say that (XY, Z, u) € L%([0, T]; R*)x M™*([0,T]) is a solution of the following
reflected FBSDEs
(dX, = (AX, — BIR;'(B,Y; + D] Z,)) dt
+(C X, — DR Y (B,Y; + D] Z,))T dW,,
dY; = —(Qi X, + Ath + C’TZt) dt + dp, + Z] AW, (4.14)
E[Xt] > Ly, fo Lt) dpy =0,
(Xo=2, Yr= GXT7 pr =0,

if it satisfies the above FBSDEs.

Theorem 4.4. Suppose that (X,Y,Z,Ti) is a solution of the reflected FBSDEs (4.14).
Then
U:=—-RYBY +D'Z)

is an optimal control for problem (4.3), and the optimal value is

1— 1 [T
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Proof. Note that (X,u) solves equation (4.1) with the initial value z. So, for any
u e I/lad[O, T],
J(u) — J(u)
1 1

1 . T . T
0 0

T T
=E[GXr(Xr — X71)] + JE/ QX (X, — X)) dt + IE:/ ) Ry(uy — ) dt
0 0
1 -y 1T — 1 (" _ _
+ §]E[G(XT — XT) ] -+ §E Qt(Xt — Xt) dt + §]E (Ut — Ut)TRt(Ut — 'th) dt.
0 0

> E[GXp( Xy — X7)]+E /T QX (X, — X)) dt + E /T Ry (uy — @) dt. (4.16)
Applying [t6’s formula, we hz:ve :
AdY (X — X1)) = —Qi X o(X; — X)) dt + (X; — Xy) di, + Y B (ug — ;) dt
+ Z}[D(uy — )] dt + (X; — X ) Z;dW,
+ Y [Ci(Xy — X;) + D(uy — ) |TdWs.

Integrating both sides and taking the expectation (also noting that the local martingale

is in fact a martingale (see Bismut [, Proposition I-1, p. 387])), we have

EGXr( Xy — X7)]+E / T[QtZ(Xt — X,)]dt

T T
_ / (E[X,] — B[X]) dfi, + E l / (BY,+ DI 7, us — Ht>dt] .
0 0
Thanks to u = —R™Y(BY + D7Z) and (4.16),
J(u) — J ()

> E[GXr(Xr — X7)]+E /OT[Qth(Xt — X)) dt +E VOT@% Uy — at>dt1

= [ @x) - dn - [ ©X - odm = [ @0~ L) d >0

where the last inequality is due to constraint (4.2) and @ € M™*([0,T7]).
Again, using It6’s formula, we have

AV X;) = —Q.X, dt + X, dni, + Y Blu, dt + Z! Dyu, dt
+ X Z]dW, + Y (C. X, + Dty)TdW,.

Note that the local martingale is in fact a martingale (see Bismut [I, Proposition I-1,

p. 387]). Therefore, integrating both sides yields

T T T
E[GX.] — Yoz = —E [ / Q. X, dt} + / E[X,]d7i, + E [ / (BTY, + D{Z,ﬂt>dt]
0 0 0

- _E [/OTQXf dt] + /OT L.di, — E [/OT<Rmt,ﬂt)dt] .

Thus, we proved the desired expression for the optimal value J(@). ]
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In the rest of the paper, we focus on solution of the reflected FBSDEs (4.14). The
main result is stated as follows.

Theorem 4.5. If A is deterministic, BTB is invertible, and (BTB)™! is bounded, then
the reflected FBSDEs (4.14) admit a unique solution.

Proof. This is an immediate consequence of Propositions 5.1 and 6.1 in the subsequent

sections. O

We prove the uniqueness and existence in the following two sections, respectively.

5 Uniqueness of the solution for the reflected FB-
SDEs (4.14)

Proposition 5.1. Let (X,Y,Z, 1) and ()/(\',}7, Z\,ﬁ) be two solutions for the reflected
FBSDEs (4.14). Then X = X and BY+D7Z = BY +D7Z. Furthermore, (X,Y, Z, ji) =
(X,Y,Z,70) if A is deterministic and E[BTB] > 0.

Proof. We denote by ()?, Y. Z, ) the difference of (XY, Z, 1) and ()/(\', Y.Z, ). Set
U:=—-R Y BY+D'Z), U:=-RYBY+D'Z), @:=u-1.
We now show the first assertion, that is, X =0and @ =0. By (4.14),

dX = (AX + B™0) dt + (CX + Du)TdW,, (5.1)
dY = —(QX + AY + CTZ) dt + djiy + Z]dW,.

Using [t0’s formula, we have
d(X,Y,) = BTaY dt + (CX + Du)Y dW,
— X(QX dt — dji, — ZTdW,) + Z] Dudt.

Integrating both sides and taking the expectation, since the local martingale is in fact

a martingale (see Bismut [I, Proposition I-1, p. 387]), we have the duality formula
T
E[GX7]+E / QX}dt
0
T T _
= E/ Xdjy —HE/ (BY + D77, w)dt
0 0
T T T
0 0 0

Hence,
. T N T
E[GX7]+E / QX2dt + E / (Ru, u)dt
. 0 . 0 N
_ / (B[X,] — Lo)dfi, — / (E[X)] - Lo)du: < 0.
0 0

15



Because G > 0, Q > 0, R > 01}, it follows that w = 0. Consequently, (5.1) reduces to
dX = AX dt+(CX)TdW,. Together with X, = 0, we infer that X = 0. This completes
the proof of the first assertion.

Now suppose A is deterministic. Let U, = eloArdr = (. Then U is deterministic
and dU = AUdt. By (5.1),

dUY) = —UCTZ dt + Udji, + UZTdW, = UZdW, + Udji,,

where Wt =W,— fot C,ds is a Brownian motion under some probability measure P~ P.
This means

t t
U,Y; —/ Usdps = UpYy +/ Us ZTdW
0 0
is a martingale under P. But the value of this martingale at t = T is
_ T _ T T
UrYr —/ Usdiis = UpGXp —/ Usdpis = —/ Usdyis,
0 0 0
a constant, so it is a constant martingale. Hence, Z=0 and, consequently,
- . t
Y, =U"! (UoYo +/ Usdﬁs) (5.2)
0
is a deterministic function. From @ = 0 and Z = 0, we get BY = 0. Thus
0 = E[B'BY] = E[B"B]Y.

If E[BTB] > 0, then Y = 0 and consequently by (5.2), i = 0. The second assertion is
thus proved. O

Remark 5.2. If the last condition in the above theorem does not hold, then the unique-
ness can fail. For instance, when A is deterministic and B = 0, we may get infinitely
many solutions (Y + (k — 1)37, ku) from a solution (Y, ) by setting k > 0 and

~ T s
}/t — —/ eft A""drd'us‘
t

6 Existence of the solution for the reflected FBS-
DEs (4.14)

Proposition 6.1. If BB is invertible and (BTB)™! is bounded. Then the reflected
FBSDEs (4.14) has a solution.

We use the penalization method to prove the existence. The proof is given in the

subsequent two subsections.
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6.1 Approximation
For any n € N, consider the following penalized FBSDEs:
(dX™ = (AX" — BTR-Y(BY" + DZ")) dt
+(CX" — DR™Y(BY™ + DT Z™))TdW,,
dY™ = —(QX" + AY" + C7Z") dt + n(E[X"] — L)_dt + (Z™)TdW;,
| X§ =z, Y} =GXF;

(6.1)

It is a Mckean—Vlasov FBSDESs, and is actually the Hamiltonian system of the optimal
control of Problem (4.5). We call (X", Y™ Z") € L%([0, T]; R?) a solution to the
FBSDEs (6.1) if it satisfies (6.1).

Lemma 6.2. The penalized FBSDEs (6.1) admit a unique solution.

Proof. Since the optimal control problem (4.5) has an optimal control 4, we have the
existence of FBSDEs (6.1) immediately from the stochastic maximum principle for
optimally controlled Mckean—Vlasov SDEs.

We now turn to the proof of uniqueness. We suppress the superscript n here
for simplicity. We denote by ()N( Y. Z ) the difference of two solutions (X,Y, Z) and
(X,Y,Z) to (6.1). Set

U:=—-RYBY +D'Z), u:=—-RYBY +D'Z), u:=u—1u.
Then, by (6.1),

dX = (AX + B™0) dt + (CX + Du)TdW,, (6.2)
dY = —[(QX + AY + CZ) — n((E[X] — L)_ — (B[X] — L)_)]|dt + Z]dW,.  (6.3)

Using [t0’s formula, we have

d(X,Y;) = BTaY dt + (CX + Da)Y dW,
— X(QX — n((E[X] — L)_ — (E[X] — L)_))dt — ZTdW,) + Z] Dudt.

Integrating both sides yields
T
E[GXZ] +E / QX}dt
T " N T
= / E[X](n(E[X] - L)- —n(E[X] — L)_)dt — E/ (Ruy, ug)dt.

0 0

Hence,
_ T T
E[GXZ] +IE/ QdetJrE/ (Ru, u)dt <0,
0 0

from which we deduce % = 0. We have X = 0 from X, = 0 and (6.2). This, in
particular, implies Y7 = GXp = 0. Together with (6.3), we have Y =0and Z = 0.
]
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Lemma 6.3. Suppose that (X™,Y" Z") is a solution of the penalized FBSDFEs (6.1).
Then
u" = —R Y (BY" + DTZ")

is the optimal control for the unconstrained problem (4.5). And the optimal value is
1 T
J(u") = 5Y7'w + g / (E[X"] — L) Lydt. (6.4)
0

Proof. The proof is similar to that of Theorem 4.4. We leave the details to the interested

readers. O

6.2 Convergence

We next show that the solutions of the penalized FBSDEs (6.1) have a limit, which
turns out to be a solution of the reflected FBSDEs (4.14). In the following arguments,
we choose a subsequence when necessary. Also, the constant M € Rt might vary from
line to line, but does not depend on n, k, or t.

Let (X™, Y™ Z™ u™) be given as in Lemma 6.3. Then u" is the optimal control
for the unconstrained problem (4.5). By section 4.1, we conclude that the sequence u™
strongly converges to 4™ in the space L%([0,T];R) and X™ converges to X strongly
in Cx([0,T);R), where (u>, X*°) is the optimal pair of the constrained problem (4.3).
Moreover,

0< J(u") < J(u) < J(u®) = J(u) < M, (6.5)

where u® is given in Assumption 4.2.
We now show that

p— /tT(E[Xg] _ L) ds, tel0,T]

is a uniformly bounded sequence in L*([0, T]; R) and Y7* is a uniformly bounded
sequence in R.

To this end, let 3 € [z, + 1] and (u?, X?%) evolve according to equation (4.1)
with Xg’a = f. By Assumption 4.2 and monotonicity of SDE, we have

E [Xf’“} > L, telo,T].
Applying Ito’s formula to X Y;", we get
d(XPey™) = Y(AXP 4 BTu®) dt + Y™ (CXP* + Du®)TdW,

— XPUQX™ + AY" + CTZM) dt + XPdu + XP(Z2™)TdW,
+ (CXP* + Du®)T Z"dt

= (—QXPeX" + (u)T(BY™ + DTZ™))dt + X *dul
+ (Y"CXPe 4 Y™ Du® + XP*Z™)TdW,

= (—QXP*X"™ — (u*)T Ru™)dt + X du?
+ (Y"CXPe 4+ Y Du® + XPeZmTaw,.
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Integrating on both sides, we have
T T
BYy = GXP X7+ / (QXPX™ + (u)TRu™) dt — / X dpy
0 0
T
— / (Y"CXP" 4 Y"Du® + X5 Z2")TdW,,
0

and the local martingale is in fact a martingale (see Bismut [I, Proposition I-1, p.
387]). By the elementary inequality | (a,b) | < 3]a|® + 1[b|* and (6.5), we have

T T
‘m?+/Im@ﬂw2<Emwﬁxm+/“M@w%wm+WW&WMt
0 0

<

~

B,a\2 1 g B,a\2 a\T a
BIGO]+5 [ BT + () Reufla

N | —

+
DO | —

BIG(XP] + 5 [ BIQUATY + ()R] d

< S(M + J(u) < M, (6.6)

| —

where M does not depend on f € [z, x + 1]. For the case of § = z, we have

T
2YP + / E[X|dpy| < M.
0

By (6.4) and (6.5),
T
0 <2y +/ Ldpg = 2J,(u™) < M.
0

Comparing the above two inequalities, we get

[ e | <

From Assumption 4.2 and the monotonicity of ", we see that " is a uniformly bounded
sequence in L*([0, T]; R). Consequently, choosing 0 # § € [z,z + 1] in (6.6), we see
that Y is a uniformly bounded sequence in R.
By (4.13), we have
T

lim (E[X}"] — Ly)—dpy = 0.

n—o0 0

Also trivially,

lA@MH—MMM—¢A®Mﬂ—m4MW%&Lﬁ—&

SO
T
lim |E[X}'] — L¢| duy = 0.

n—oo 0

19



As p™ is a uniformly bounded sequence, it has a x-weak limit u> € M™([0,T]). Hence,

T T
/ LX) — Lol du® = lim [ [E[X;] — Li| d
0 n—oo O

T T
< limsup / [E[X) — E[XP)| dyd + limsup / E[X?] — L] du
0 0

n—oo n—o0

< limsupmtax [E[X?] — E[X?]||ug] = 0,

n—oo

where the last equation is due to the fact that X™ converges to X°° strongly in
Cx([0, T]; R). Therefore,

/ C(BIXE) - Ldu = 0

From the strong convergence of X" — X and equality (4.13), we have

/OT((E[X;O] L)) 2dt = limin /OT((E[X[‘] L))t =0,

n—0o0

We conclude that E[X°] > L, for all £ € [0,T] by the continuity of E[X*] and L..
Applying the standard estimate for SDE to (6.1), we have

T
E {sup|Xt"|2+/ |u?|2dt1 <M,
t<T 0
t<T

T
E [sup|Xt” — XF|? —i—/ luy — uf|2dt] < M,
0

uniformly for n, & € N. We use these estimates for linear SDEs frequently in the
subsequent argument without claim.
We notee that

T
lim E {sup X" — XF? +/ luy — uf|2dt} =0.
0

n,k—00 t<T

By Hoélder’s inequality,

T 5
([ 1o = wpar)
0
T 5 T R
< lim sup <E [/ luy — uf]2dt]> <E {(%) _p]> =0, pe(1,2).
n,k—00 0

(/OTlu?—u,’fI?dtf] =0, pe(1,2). (6.7)

lim E [Sup | X7 — Xﬁ@ =0, pec(1,2). (6.8)

limsup E

n,k—oo

Thus,

lim E

n,k—00

Similarly, we have

n,k—o0 t<T
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Let U, = elo Ardr = () and W,=W, — fot Csds. Then U is positive and uniformly
bounded. By (6.1),

AUY™) = —UQX™dt + Udyy + U(Z")TdW,,

(6.9)
Y =GX};

Integrating yields
T o T T
/ UZ"Tdw, = UrGX} — Yy + / UQX"dt — / Udpy'.
0 0 0
Because Yy, ©"" and X™ are convergent and U is uniformly bounded, by (6.8), we have

lim E{

n,k—00

T p
/ U (Z" — ZFTdW, ] =0, pe(L,2).
0

]

T
/ U(Z — ZFYTdW,
0

By Doob’s martingale inequality,

t
/ US(Z.? - Zf)TdWs
0

limsup E {Sup

n,k—o00 t<T

p
< (L) lim E[
p— 1 n,k—o0

which gives

P
}:o, pe (L,2),

¢ P
lim E {sup / Ul(Z" — ZMTdW ] =0, pe(1,2).
n,k—)oo t<T 0

Applying the Burkholder-Davis—Gundy inequality, we conclude

T 5
</ U52|Z§—Zf|2ds> ]:0, pe(1,2).
0

In turn, by the boundedness of U and Hélder’s inequality,

T £
(/ |Z:—Z§|2ds)
0

Y" = —(B"B)"'BT(Ru" + D" Z"),

(/OTm“—}ngds)g] =0. (6.10)

Now, we fix one p € (1,2). Then there exists a unique (Y, Z*) € LL([0, T]; R) x

L%.([0, T]; R™) such that
T 5
(/ |z — Z§°]2ds) =0
0
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n,k—00

Iim E

n,k—00

= 0.

As

we also deduce

lim E

n,k—00

Iim E

n—oo




and

lim E

n—oo

T £
(/ M"—Yf\?ds) 0.
0

Let Y™ = Y™ — u". Thanks to (6.1) and pf =0,

dX" = (AX"™ + BTu") dt + (CX™ + Du™)TdW,
AY™ = —(QX" + AY™ + Ay + CTZ7) dt + (Z")TdW,,
Xy=x, Yp=GX}

By the standard estimate for BSDEs and the boundedness of the sequence u™,
T T T
E U 2 dt+/ s dt] < M(E [(GX3)?] +/ QX" + Au™)? dt) < M.
0 0 0
Since p™ is a bounded sequence, it immediately yields that

T T
EV A dt+/ 2z dt] <M.
0 0

Taking lower limits, it follows from Fatou’s lemma that

T T
EU [V, 2 dt+/ | Z2°)? dt] < 0.
0 0

So we conclude that (Y, Z*) € L%([0, T]; R) x L%([0, T]; R™).
Note that pf is bounded, we denote its limit (along a subsequence) by . Setting

t t
= Y Y (@ AV O i - [ (2T
0 0

T p/2
(/ !u?—ﬁt\zdt> ]=0, pe(1,2).
0

Let ¢ € L([0,7]) and ® = [ o(s)ds, then

we have

Iim E

n—oo

E /0 Tgo(t)mdt:ngﬂE [ /0 Tgo(t),u?dt} — —lmE [ /0 ' @(t)du?]

=l T@(t)duﬂ =] Tso(t)ué"’dt] .

Hence @ = p*°, and consequently (X, Y 7> 1) is a solution to (4.14).
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