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Abstract

In this paper, we consider optimal control of stochastic differential equations

subject to an expected path constraint. The stochastic maximum principle is

given for a general optimal stochastic control in terms of constrained FBSDEs.

In particular, the compensated process in our adjoint equation is deterministic,

which seems to be new in the literature. For the typical case of linear stochastic

systems and quadratic cost functionals (i.e., the so-called LQ optimal stochastic

control), a verification theorem is established, and the existence and uniqueness

of the constrained reflected FBSDEs are also given.

MSC2020 subject classifications: Primary 93E20, 60H30; secondary 60H10,

93E03.

Keywords: optimal stochastic control, stochastic maximum principle, expected

path constraint, reflected FBSDE.

∗Ying Hu is partially supported by Lebesgue Center of Mathematics “Investissements d’avenir”

program ANR-11-LABX-0020-01, by CAESARS-ANR-15-CE05-0024, and by MFG-ANR-16-CE40-

0015-01. Shanjian Tang is partially supported by the National Science Foundation of China (Nos.

11631004 and 12031009). Zuo Quan Xu is partially supported by NSFC (No.11971409), the Research

Grants Council of Hong Kong (GRF No.15202421), the PolyU-SDU Joint Research Center on Financial

Mathematics, the CAS AMSS-POLYU Joint Laboratory of Applied Mathematics, and the Hong Kong

Polytechnic University.
†Univ. Rennes, CNRS, IRMAR-UMR6625, F-35000, Rennes, France; School of Mathematical

Sciences, Fudan University, Shanghai 200433, China (E-mail: ying.hu@univ-rennes1.fr).
‡Department of Finance and Control Sciences, School of Mathematical Sciences, Fudan University,

Shanghai 200433, China (e-mail: sjtang@fudan.edu.cn).
§Department of Applied Mathematics, The Hong Kong Polytechnic University, Kowloon, Hong

Kong, China (e-mail: maxu@polyu.edu.hk).

1

This article has been published in a revised form in Probability, Uncertainty and Quantitative Risk https://www.aimsciences.org/puqr. This version 
is free to download for private research and study only. Not for redistribution, resale or use in derivative works. 

This is the Pre-Published Version.



1 Introduction

In this paper, we consider the following real-valued controlled stochastic differential

equation (SDE):

Xt = x+

∫ t

0

b(s,Xs, us) ds+

∫ t

0

σ(s,Xs, us)
ᵀ dWs, t ∈ [0, T ] (1.1)

with the pointwise-in-time expected path constraint

E[f(t,Xt)] > 0, t ∈ [0, T ]. (1.2)

The cost functional reads

J(u) := E
[∫ T

0

`(t,Xt, ut) dt+ g(XT )

]
.

The study of Stochastic Maximum Principles (SMPs) is traced back to Bismut [1,

2, 3], who introduced the notion of backward stochastic differential equations (BSDEs)

to formulate the adjoint process and the stochastic Riccati equation, and was subse-

quently developed by Kushner [11] and Haussmann [10]. Initially, SMPs concerned only

the stochastic systems where the control domain is convex or the diffusion coefficient

does not contain a control variable, and the proof only involves the first-order expan-

sion. Peng [12] established the SMP for the general stochastic optimal control problem

where the control domain does not need to be convex and the diffusion coefficient can

contain the control variable, where the second-order expansion and second-order back-

ward stochastic differential equation are introduced. An extensive account of progress

on SMPs is available in Yong and Zhou [14]. Recently, SMP found wide application in

probabilistic analysis of mean-field games, see [7].

Our optimal stochastic control is featured by the inclusion of the expected path

constraint. Our first aim is to establish a necessary condition (i.e., SMP) for this type

of stochastic control problem, where the adjoint equation is a mean-reflected BSDE

with the reflection being the consequence of the expected system path constraint. We

note that a similar SMP was already established by Frankowska et al. [15]; in contrast

to theirs, our compensated process µt is deterministic, which carries more information

on the optimal control. For related results on optimal control of ordinary differential

equations, see Dmitruk and Osmolovskii [8] and Bourdin [4]

While applying this SMP to a stochastic control problem, a new type of coupled

reflected forward-backward stochastic differential equation (FBSDE) appears:

dXt = (AtXt −Bᵀ
tR
−1
t (BtYt +Dᵀ

tZt)) dt

+(CtXt −DtR
−1
t (BtYt +Dᵀ

tZt))
ᵀ dWt,

dYt = −(QtXt + AtYt + Cᵀ
t Zt) dt+ dµt + Zᵀ

t dWt,

E[Xt] > Lt,
∫ T

0
(E[Xt]− Lt) dµt = 0,

X0 = x, YT = GXT , µT = 0.
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This type of equation can be considered as an FBSDE counterpart of BSDEs with

mean reflection introduced by Briand et al. in [6] and further studied by [5]. We will

give a verification theorem and some well-solvability result concerning this new type

of FBSDE.

The paper is organized as follows. After introducing some notation in the next

subsection, we give the formulation of the problem in section 2. In section 3, we apply

Ekeland’s variational principle to deduce the stochastic maximum principle for the

stochastic control problem. In section 4, we introduce the reflected FBSDE and show

the verification theorem. The last two sections are devoted to the proof of uniqueness

(section 5) and of existence (section 6).

1.1 Notation

Let (Wt)06t6T = (W 1
t , · · · ,Wm

t )06t6T be an m-dimensional Brownian motion on a

probability space (Ω,F ,P). Denote by {Ft}t∈[0,T ] the augmented filtration generated

by (Wt). Let R+ and R−, respectively, denote the sets of nonnegative and nonpositive

real numbers. We write x+ = max{x, 0} and x− = max{−x, 0} for x ∈ R, the set of

real numbers.

We often use vectors and matrices in this paper, where all vectors are column

vectors. For a vector or matrix M , denote by Mᵀ the transpose of M , and by |M | =√∑
i,jm

2
ij the Frobenius norm.

We use the following notation.

• U : a given closed convex subset of Rl.

• U [0, T ]: the set of {Ft}t∈[0,T ]-adapted functions u(·) : [0, T ] × Ω → U such that

E
[∫ T

0
|ut|2 dt

]
<∞.

• LpF([0, T ]; Rk): the set of {Ft}t∈[0,T ]-adapted processes f = (f 1
t , · · · , fkt )06t6T

with E
[∫ T

0
|ft|p dt

]
<∞.

• L∞F ([0, T ]; Rk): the set of essentially bounded {Ft}t∈[0,T ]-adapted Rk-valued pro-

cesses on [0, T ].

• L∞([0, T ]; Rk): the set of essentially bounded deterministic measurable Rk-

valued functions on [0, T ].

• CF([0, T ]; Rk): the Banach space of all continuous {Ft}t∈[0,T ]-adapted Rk-valued

processes f on [0, T ] with a finite squared norm E
[
maxt∈[0,T ] |ft|2

]
.

• M−([0, T ]): the set of all nonpositive Radon measures on [0, T ].

• M+([0, T ]): the set of all nonnegative Radon measures on [0, T ].
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For µ ∈M+([0, T ]) ∪M−([0, T ]), we write

µt = µ([0, t])− µ([0, T ]).

Then the map t 7→ µt is a càdlàg function on [0, T ] with µT = 0.

2 Problem formulation

Consider the following R-valued controlled SDE:

Xt = x+

∫ t

0

b(s,Xs, us) ds+

∫ t

0

σ(s,Xs, us)
ᵀ dWs, t ∈ [0, T ] (2.1)

with the pointwise-in-time expected path constraint

E[f(t,Xt)] > 0, t ∈ [0, T ]. (2.2)

The cost functional reads

J(u) := E
[∫ T

0

`(t,Xt, ut) dt+ g(XT )

]
.

In the above, (b, σ) : [0, T ]×R×U ×Ω→ R×Rm, f : [0, T ]×R→ R, ` : [0, T ]×R×
U × Ω→ R, and g : R× Ω→ R.

Let us assume the following conditions:

(H1) The maps b, σ, f , `, and g are measurable. They are all continuously differen-

tiable w.r.t. (x, v).

(H2) There exists a constant L > 0 such that
|bx(t, x, v)|+ |bv(t, x, v)|+ |σx(t, x, v)|+ |σv(t, x, v)| 6 L,

|`x(t, x, v)|+ |`v(t, x, v)| 6 L(1 + |x|+ |v|),

|gx(x)|+ |fx(t, x)| 6 L(1 + |x|),

|b(t, 0, 0)|+ |σ(t, 0, 0)|+ |`(t, 0, 0)|+ |g(0)|+ |f(t, 0)| 6 L,

for any (t, x, v, ω) ∈ [0, T ]× R× U × Ω.

We call a control u ∈ U [0, T ] admissible if the SDE (2.1) admits a unique strong

solution X(·) such that the constraint (2.2) is satisfied. The set of all admissible

controls is denoted by Uad[0, T ]. We study the following optimal stochastic control

problem

min
u∈Uad[0,T ]

J(u). (2.3)
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3 Ekeland’s variational principle and stochastic max-

imum principle

We use Ekeland’s variational principle to study the optimization problem (2.3).

Before proceeding, we first present two technical lemmas. Denote by C([0, T ]; I) the

set of all continuous functions f : [0, T ] → I with I = R,R+. Set K := C([0, T ];R+),

and define the distance function

dK(X) := inf
Y ∈K
‖X − Y ‖∞, X ∈ C([0, T ];R),

with ‖ · ‖∞ being the maximal norm in C([0, T ];R).

Lemma 3.1. For any X ∈ C([0, T ];R), we have

dK(X) = max
t∈[0,T ]

X−(t)

Proof. First, since X+ ∈ K, we have

dK(X) = inf
Y ∈K
‖X − Y ‖∞ 6 ‖X −X+‖∞ = ‖X−‖∞ = max

t∈[0,T ]
X−(t).

It only remains to show the reverse inequality dK(X) > ‖X−‖∞. If ‖X−‖∞ = 0, then

this inequality holds trivially. Otherwise, there is t∗ ∈ [0, T ] such that

X(t∗) = min
t∈[0,T ]

X(t) = −‖X−‖∞ < 0.

So we have

dK(X) > inf
Y ∈K
|X(t∗)− Y (t∗)| > |X(t∗)| = ‖X−‖∞.

The subdifferential of the function dK at X, denoted by ∂dK(X), is defined to be

the set of R-valued Radon measures K on [0, T ] such that

〈K, f〉 :=

∫
[0,T ]

f(t)K(dt) 6 dK(X + f)− dK(X), ∀f ∈ K.

Lemma 3.2. For any X ∈ C([0, T ];R), the set ∂dK(X) is not empty and

∂dK(X) ⊆M−([0, T ])

with

supp ∂dK(X) ⊆ argmin X.

Furthermore, if X 6∈ K, we have |K([0, T ])| = 1 for any K ∈ ∂dK(X).
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Proof. We now show ∂dK(X) is not empty. If dK(X) = 0, then trivially K ≡ 0 ∈
∂dK(X). Otherwise dK(X) = −X(t∗) > 0 for some t∗ ∈ [0, T ]. Let −K be the Dirac

measure at t∗. Then, by Lemma 3.1, for any h ∈ K,

dK(X + h)− dK(X) = max
t∈[0,T ]

(X(t) + h(t))− +X(t∗)

> max
t∈[0,T ]

(−(X(t) + h(t))) +X(t∗) > −h(t∗) = 〈K,h〉.

Therefore, K ∈ ∂dK(X) and hence ∂dK(X) is not empty.

For any (K,h) ∈ ∂dK(X)×K, by Lemma 3.1,

〈K,h〉 6 lim
α↓0

dK(X + αh)− dK(X)

α
= lim

α↓0

‖(X + αh)−‖∞ − ‖X−‖∞
α

6 0.

Hence, K is nonpositive.

If t0 is not a minimum point of X, then X has no minimum point on [t0−ε, t0 +ε]

for sufficiently small ε > 0. For any h ∈ C([0, T ];R) with supp h ⊂ (t0− ε/2, t0 + ε/2),

we have that t0 is not a minimum point of X ± αh for sufficiently small α > 0, so

‖(X ± αh)−‖∞ = ‖X−‖∞,

which by definition implies 〈K,h〉 = 0. Hence, supp ∂dK(X) ⊆ argmin X.

The last assertion is referred to in [13, Proposition 3.11, p. 146].

Let us first recall Ekeland’s variational principle (see [9, Theorem 1.1]).

Lemma 3.3 (Ekeland’s variational principle). Let (V, d(·, ·)) be a complete metric space

and F (·) : V → R be a lower semi-continuous function, bounded from below. Suppose

there exist u ∈ V and ε > 0 such that

F (u) 6 inf
v∈V

F (v) + ε.

Then, there exists uε ∈ V such that

(i) F (uε) 6 F (u),

(ii) d(u, uε) 6
√
ε, and

(iii) F (v) +
√
εd(v, uε) > F (uε) for all v ∈ V .

We will work on the space U [0, T ]. To apply Ekeland’s variational principle, we

define a metric d such that (U [0, T ], d) is a complete metric space. For this, set

d(v, u) =

(
E
[∫ T

0

|v(t)− u(t)|2dt
])1/2

.

Then (U [0, T ], d(·, ·)) forms a complete metric space.
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Let u∗ ∈ Uad[0, T ] be an optimal control for problem (2.3). For ε > 0 and u ∈
U [0, T ], define the functional

Jε(u) =

((
[J(u)− J(u∗) + ε]+

)2

+
(

max
t∈[0,T ]

(
E[f(t,Xu

t )]
)
−

)2
) 1

2

=

((
[J(u)− J(u∗) + ε]+

)2

+ d2
K

(
E[f(·, Xu

· )]
)) 1

2

,

where the second equation is due to Lemma 3.1. If Jε(u
ε) = 0, then [J(uε)− J(u∗) +

ε]+ = 0 and uε ∈ Uad[0, T ], contradicting the optimality of u∗ to problem (2.3). So we

have Jε(u
ε) > 0.

Since

Jε(u
∗) = ε 6 inf

u∈U [0,T ]
Jε(u) + ε,

by Ekeland’s variational principle, Lemma 3.3, there is uε ∈ U [0, T ] such that

(i) Jε(u
ε) 6 Jε(u

∗),

(ii) d(u∗, uε) 6
√
ε, and

(iii) Jε(v) +
√
εd(v, uε) > Jε(u

ε) for all v ∈ U [0, T ].

The last assertion reads

Jε(u
ε) = min

v∈U [0,T ]
(Jε(v) +

√
εd(v, uε)). (3.1)

Let us establish the necessary condition for the optimization problem (3.1). For

any v ∈ U [0, T ], 0 < α < 1, and 0 < ε < 1, define

uε,α = αv + (1− α)uε.

Denote by Xε and Xε,α the trajectories corresponding to the controls uε and uε,α,

respectively. By the Taylor expansion, we identify δXε and δJ(uε), which are indepen-

dent of α, such that for each fixed ε,

Xε,α = Xε + αδXε + o(α)

and(
[J(uε,α)−J(u∗)+ε]+

)2

=
(

[J(uε)−J(u∗)+ε]+

)2

+2α[J(uε)−J(u∗)+ε]+δJ(uε)+o(α)

as α→ 0. Then, by (3.1),

(Jε(u
ε,α))2 − (Jε(u

ε))2

Jε(uε,α) + Jε(uε)
= Jε(u

ε,α)− Jε(uε) > −
√
εd(uε,α, uε) > −Cα

√
ε, (3.2)

where C = d(v, u∗) + 1 and the last inequality is due to

1

α
d(uε,α, uε) = d(v, uε) 6 d(v, u∗) + d(u∗, uε) 6 d(v, u∗) +

√
ε 6 d(v, u∗) + 1 = C.
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Therefore,
(Jε(u

ε,α))2 − (Jε(u
ε))2

α (Jε(uε,α) + Jε(uε))
> −C

√
ε.

Since (C([0, T ];R), ‖·‖∞) is a separable Banach space, we know from [13] that there

exists an equivalent norm, denoted by ‖ · ‖0, such that the dual of (C([0, T ];R), ‖ · ‖0)

is strictly convex. Any element µ of (C([0, T ];R), ‖ · ‖0)∗ can still be identified with

a Radon measure on [0, T ]. Since (C([0, T ];R), ‖ · ‖0)∗ is strictly convex, ∂dK(X) is a

singleton for any X /∈ K. Furthermore, dK is Gâteaux differentiable at any X /∈ K. As

C does not depend on α, letting α ↓ 0 in the last inequality, we obtain

[J(uε)− J(u∗) + ε]+δJ(uε) + dK(E[f(·, Xε
· )])

∫ T
0
E[fx(t,X

ε
t )δX

ε
t ]K

ε(dt)

Jε(uε)
> −C

√
ε,

(3.3)

where Kε ∈ ∂dK(E[f(·, Xε
· )]) ⊆M−([0, T ]). Define

λε :=
[J(uε)− J(u∗) + ε]+

Jε(uε)
> 0, µεt := −dK(E[f(·, Xε

· )])K
ε([0, t])

Jε(uε)
.

By Lemma 3.2, |Kε([0, T ])| = 1 if E[f(·, Xε
· )] 6∈ K, and µε ≡ 0, otherwise. Therefore,

we have

|λε|2 + |µεT |2 = 1.

Thus, there is a subsequence εn ↓ 0 such that

λεn → λ > 0 and µεn → µ, ?-weakly in C∗([0, T ];R).

Since K is obviously of finite-dimensional co-dimension in C([0, T ];R), in view of

Lemma 3.2, we have

λε · 0 + 〈µε, f〉 > 0, ∀f ∈ K.

By [13, Lemma 3.6, p. 142], we have that (λ, µ) 6= (0, 0).

Set

bεx(s) := bx(s,X
ε
s , u

ε
s), bεv(s) := bv(s,X

ε
s , u

ε
s),

b∗x(s) := bx(s,X
∗
s , u

∗
s), b∗v(s) := bv(s,X

∗
s , u

∗
s),

σεx(s) := σx(s,X
ε
s , u

ε
s), σεv(s) := σv(s,X

ε
s , u

ε
s),

σ∗x(s) := σx(s,X
∗
s , u

∗
s), σ∗v(s) := σv(s,X

∗
s , u

∗
s),

`∗x(s) := `x(s,X
∗
s , u

∗
s), `∗v(s) := `v(s,X

∗
s , u

∗
s),

δuεs := vs − uεs, δu∗s := vs − u∗s.
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Then

δXε
t =

∫ t

0

(bεx(s)δX
ε
s + bεv(s)δu

ε
s) ds+

∫ t

0

(σεx(s)δX
ε
s + σεv(s)δu

ε
s)

ᵀ dWs,

δJ(uε) = E
[∫ T

0

(`εx(s)δX
ε
s + `εv(s)δu

ε
s) ds

]
+ E[gx(X

ε
T )δXε

T ],

δX∗t =

∫ t

0

(b∗x(s)δX
∗
s + b∗v(s)δu

∗
s) ds+

∫ t

0

(σ∗x(s)δX
∗
s + σ∗v(s)δu

∗
s)

ᵀ dWs,

and

δJ(u∗) = E
[∫ T

0

(`∗x(s)δX
∗
s + `∗v(s)δu

∗
s)ds

]
+ E[gx(X

∗
T )δX∗T ].

By (3.3),

λεδJ(uε) +

∫ T

0

E[fx(t,X
ε
t )δX

ε
t ] dµ

ε
t > −C

√
ε.

As C does not depend on ε, letting ε ↓ 0,

λδJ(u∗) +

∫ T

0

E[fx(t,X
∗
t )δX∗t ] dµt > 0. (3.4)

Denote by (Y, Z) the unique solution of the BSDE

Yt = λgx(X
∗
T ) +

∫ T

t

(b∗x(s)Ys + σ∗x(s)
ᵀZs + λ`∗x(s)) ds (3.5)

+

∫ T

t

fx(s,X
∗
s )dµs −

∫ T

t

Zᵀ
s dWs.

We have the following stochastic maximum principle.

Theorem 3.4. Let u∗ ∈ Uad[0, T ] be an optimal control for problem (2.3). Then,

there is (λ, µ) ∈ [0, 1] ×M+([0, T ]) such that (i) (λ, µ) 6= (0, 0) and (ii) the following

maximum condition is satisfied:

min
v∈U
{〈Yt, b∗v(t)(v − u∗t )〉+ 〈Zt, σv(t)(v − u∗t )〉+ λ`∗v(t)(v − u∗t )} = 0, a.e. t ∈ [0, T ],

where the pair (Y, Z) is the unique solution of BSDE (3.5).

Proof. By (3.4), we have

0 6 E
[∫ T

0

λ(`∗x(s)δX
∗
s + `∗v(s)δu

∗
s)ds+ λgx(X

∗
T )δX∗T +

∫ T

0

fx(t,X
∗
t )δX∗t dµt

]
= E

[∫ T

0

λ`∗v(s)δu
∗
sds−

∫ T

0

δX∗sdYs + YT δX
∗
T −

∫ T

0

(b∗x(s)Ys + σ∗x(s)
ᵀZs)δX

∗
sds

]
= E

[ ∫ T

0

λ`∗v(s)δu
∗
sds+

∫ T

0

Ys(b
∗
x(s)δX

∗
s + b∗v(s)δu

∗
s) ds

+

∫ T

0

Zᵀ
s (σ∗x(s)δX

∗
s + σ∗v(s)δu

∗
s) ds−

∫ T

0

(b∗x(s)Ys + σ∗x(s)
ᵀZs)δX

∗
sds

]
= E

[ ∫ T

0

λ`∗v(s)δu
∗
s + Ysb

∗
v(s)δu

∗
s + Zᵀ

sσ
∗
v(s)δu

∗
sds

]
.

This implies the desired result.
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4 LQ stochastic control problem with expected path

constraints

We now study an LQ stochastic control problem with an expected path constraint.

The dynamic of the state process is governed by the SDE

dXt = (AtXt +Bᵀ
t ut)dt+ (CtXt +Dtut)

ᵀdWt. (4.1)

Here the state processX is one-dimensional and the control u ∈ U [0, T ] is l-dimensional.

The coefficient matrices A, B, C, D are essentially bounded adapted processes of proper

sizes.

Let Uad[0, T ] be the set of all controls u ∈ U [0, T ] such that the pair (u,X) solves

equation (4.1) with the initial value X(0) = x, and satisfies the expected path con-

straint

E[Xt] > Lt, ∀ t ∈ [0, T ]. (4.2)

Here, L is a given deterministic continuous function. Introduce the constrained problem

min
u∈Uad[0,T ]

J(u) :=
1

2
E
[∫ T

0

(QtX
2
t + uᵀtRtut) dt+GX2

T

]
, (4.3)

and denote by V (x) its optimal value.

Assumption 4.1. We have Q > 0, G > 0, and R > δIl uniformly in (t, ω) for some

δ > 0.

To guarantee that the admissible set Uad[0, T ] is not empty, we put forth the

following assumption.

Assumption 4.2. There exist a control ua ∈ U [0, T ] and a constant ε > 0 such that

(ua, Xa), which solves equation (4.1) with Xa
0 = x, satisfies E [Xa

t ] > Lt + ε for all

t ∈ [0, T ].

The last assumption holds true if Lt < −ε for all t ∈ [0, T ] and x > 0. In fact, it

suffices to choose ua = 0.

Remark 4.1. Suppose there is ua ∈ U [0, T ] such that (ua, Xa) solves equation (4.1)

with Xa
0 < x and satisfies E [Xa

t ] > Lt for all t ∈ [0, T ]. Then, Assumption 4.2 holds.

In fact, suppose (ua, X) solves equation (4.1) with X0 = x. Then, by the strict mono-

tonicity of the SDE (4.1) with respect to the initial value, we have E[Xt −Xa
t ] > ε for

some ε > 0. So E [Xt] > Lt + ε for all t ∈ [0, T ].

We assume that Assumptions 4.1 and 4.2 hold in the rest of the paper.
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4.1 Existence, uniqueness, and approximation of the optimal

control

Lemma 4.2. Let Assumptions 4.1 and 4.2 be satisfied. Then, Problem (4.3) has a

unique optimal control.

Proof. We first show that problem (4.3) has an optimal solution. In fact, from As-

sumption 4.2, we see that there is a minimizing sequence {vn, n = 1, 2, · · · } in the

set Uad[0, T ]. It suffices to prove that {vn, n = 1, 2, · · · } is a Cauchy sequence in the

Banach space L2
F([0, T ]; Rl), since its limit still lies in Uad[0, T ]. We have

lim
n→∞

J(vn) = V (x), vn,k :=
1

2
(vn + vk) ∈ Uad[0, T ], Xn,k =

1

2
(Xn +Xk),

where Xn and Xn,k are the state processes under the admissible controls vn and vn,k,

respectively. Therefore, J(vn,k) > V (x), and the parallelogram rule holds:

1

4
E
[∫ T

0

[Qt(X
n
t −Xk

t )2 + (vnt − vkt )ᵀRt(v
n
t − vkt )] dt+G(Xn

T −Xk
T )2

]
= J(vn) + J(vk)− 2J(vn,k) 6 J(vn) + J(vk)− 2V (x). (4.4)

Hence, we have

1

4
δ‖vn − vk‖2 6 J(vn) + J(vk)− 2V (x)→ 0, as n, k →∞,

and then {vn, n = 1, 2, · · · } is a Cauchy sequence in the Banach space L2
F([0, T ]; Rl).

Uniqueness of optimal control can be proved in a similar way via the parallelogram

rule.

On the other hand, consider the following unconstrained problem for each n > 0:

min
u∈U [0,T ]

Jn(u) :=
1

2
E
[∫ T

0

QtX
2
t + uᵀtRtut dt+GX2

T

]
+

1

2
n

∫ T

0

[(E[Xt]− Lt)−]2 dt,

(4.5)

where the state process X solves equation (4.1). Problem (4.5) is a stochastic linear-

convex optimal control problem, which admits a unique solution (see a similar proof

of Yong and Zhou [14, Theorem 5.2, page 68]).

Let Vn(x) be the optimal value function of (4.5). Then, for any control u ∈
Uad[0, T ], we have

Jn(u) = J(u), (4.6)

which leads to

Vn(x) 6 V (x). (4.7)

Lemma 4.3. Let (ūn, X
n
) be the optimal pair of the unconstrained problem (4.5).

Then, ūn converges strongly to the optimal control of the constrained problem (4.3).
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Proof. We have

Jn(ūn) =
1

2
E
[∫ T

0

Qt(X
n

t )2 + (ūnt )ᵀRtū
n
t dt+G(X

n

T )2

]
+

1

2
n

∫ T

0

[(E[X
n

t ]− Lt)−]2dt 6 Jn(ua) = J(ua), (4.8)

where ua is given in Assumption 4.2. As R > δIl, it follows that the sequence ūn is

bounded in L2
F(0, T ; Rl). Consequently, it has a subsequence (still denoted by ūn)

which weakly converges to some control ū∞ ∈ L2
F(0, T ; Rl).

By Mazur’s theorem, there exist real numbers εn,k > 0 such that
∑

k>0 εn,k = 1 for

every n, and the sequence

v̄n =
∑
k>0

εn,kū
n+k

strongly converges to ū∞. Let X v̄n and X
∞

denote, respectively, the trajectories un-

der the controls v̄n and ū∞. Then the sequence X v̄n converges to X
∞

strongly in

CF([0, T ];R). In particular,

X
∞
t = lim

n
X v̄n

t = lim
n

∑
k>0

εn,kX
n+k

t , t ∈ [0, T ].

Dividing both sides of (4.8) by n
2

and letting n go to∞, we deduce from the convexity

of the map x 7→ (x−)2 and Fatou’s lemma that∫ T

0

[(E[X
∞
t ]− Lt)−]2dt 6 lim inf

n→∞

∑
k>0

εn,k

∫ T

0

[(E[X
n+k

t ]− Lt)−]2dt

6 lim inf
n→∞

∑
k>0

εn,k
2

n
J(ua) = lim inf

n→∞

2

n
J(ua) = 0.

Since E[X
∞
· ] and L· are continuous, we conclude E[X

∞
t ] > Lt holds for all t ∈ [0, T ].

This means (ū∞, X
∞

) is an admissible pair for the constrained problem (4.3), so

J(ū∞) > V (x). (4.9)

The convexity of the map x 7→ (x−)2 and Fatou’s lemma also give

lim sup
n→∞

E
[∫ T

0

Qt(X
n

t )2 dt+G(X
n

T )2

]
> lim inf

n→∞

∑
k>0

εn,kE
[∫ T

0

Qt(X
n+k

t )2 dt+G(X
n+k

T )2

]

>E
[∫ T

0

Qt(X
∞
t )2 dt+G(X

∞
T )2

]
. (4.10)

Thanks to the weak convergence of ūn to ū∞,

lim inf
n→∞

E
[∫ T

0

(ūnt )ᵀRtū
n
t dt

]
> E

[∫ T

0

Qt(ū
∞
t )ᵀRtū

∞
t dt

]
. (4.11)
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The above estimates yield

lim
n→∞

Jn(ūn) > lim sup
n→∞

E
[∫ T

0

Qt(X
n

t )2 + (ūnt )ᵀRtū
n
t dt+G(X

n

T )2

]
> E

[∫ T

0

Qt(X
∞
t )2 + (ū∞t )ᵀRtū

∞
t dt+G(X

∞
T )2

]
= J(ū∞) > V (x). (4.12)

But (4.7) gives

V (x) > Vn(x) = Jn(ūn),

so all the inequalities in (4.9)–(4.12) are equations. In particular, (ū∞, X
∞

) is the

optimal pair of the constrained problem (4.3) since (4.9) is an equation. By the weak

convergence and norm convergence (4.11), we conclude R
1
2 ūn strongly converges to

R
1
2 ū∞ in the space L2

F([0, T ];R). As R > δIl, ū
n strongly converges to ū∞ in the space

L2
F([0, T ];R). Consequently, X

n
strongly converges to X

∞
in the space L2

F([0, T ];R).

As a byproduct of (4.12), we have

lim
n→∞

n

∫ T

0

[(E[X
n

t ]− Lt)−]2dt = 0. (4.13)

Finally, we note that as the optimal control is unique, the whole sequence ūn

strongly converges to ū∞ in the space L2
F([0, T ];R).

4.2 Verification theorem

In this section, we express the unique optimal control for problem (4.3) with the

solution of a reflected FBSDEs.

We say that (X, Y, Z, µ) ∈ L2
F([0, T ]; R3)×M+([0, T ]) is a solution of the following

reflected FBSDEs

dXt = (AtXt −Bᵀ
tR
−1
t (BtYt +Dᵀ

tZt)) dt

+(CtXt −DtR
−1
t (BtYt +Dᵀ

tZt))
ᵀ dWt,

dYt = −(QtXt + AtYt + Cᵀ
t Zt) dt+ dµt + Zᵀ

t dWt,

E[Xt] > Lt,
∫ T

0
(E[Xt]− Lt) dµt = 0,

X0 = x, YT = GXT , µT = 0,

(4.14)

if it satisfies the above FBSDEs.

Theorem 4.4. Suppose that (X,Y , Z, µ) is a solution of the reflected FBSDEs (4.14).

Then

u := −R−1(BY +DᵀZ)

is an optimal control for problem (4.3), and the optimal value is

J(u) =
1

2
Y 0x+

1

2

∫ T

0

Lt dµt. (4.15)
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Proof. Note that (X, u) solves equation (4.1) with the initial value x. So, for any

u ∈ Uad[0, T ],

J(u)− J(u)

=
1

2
E[GX2

T −GX
2

T ] +
1

2
E
∫ T

0

[QtX
2
t −QtX

2

t ]dt+
1

2
E
∫ T

0

[uᵀtRtut − uᵀtRtut]dt

= E[GXT (XT −XT )] + E
∫ T

0

QtX t(Xt −X t) dt+ E
∫ T

0

uᵀtRt(ut − ut) dt

+
1

2
E[G(XT −XT )2] +

1

2
E
∫ T

0

Qt(Xt −X t)
2 dt+

1

2
E
∫ T

0

(ut − ut)ᵀRt(ut − ut) dt.

> E[GXT (XT −XT )] + E
∫ T

0

QtX t(Xt −X t) dt+ E
∫ T

0

uᵀtRt(ut − ut) dt. (4.16)

Applying Itô’s formula, we have

d(Y t(Xt −X t)) = −QtX t(Xt −X t) dt+ (Xt −X t) dµt + Y tB
ᵀ
t (ut − ut) dt

+ Z
ᵀ
t [D(ut − ut)] dt+ (Xt −X t)Z

ᵀ
t dWt

+ Y t[Ct(Xt −X t) +D(ut − ut)]ᵀdWt.

Integrating both sides and taking the expectation (also noting that the local martingale

is in fact a martingale (see Bismut [1, Proposition I-1, p. 387])), we have

E[GXT (XT −XT )] + E
∫ T

0

[QtX t(Xt −X t)] dt

=

∫ T

0

(E[Xt]− E[X t]) dµt + E

[∫ T

0

〈BtY t +Dᵀ
tZt, ut − ut〉dt

]
.

Thanks to u = −R−1(BY +DᵀZ) and (4.16),

J(u)− J(u)

> E[GXT (XT −XT )] + E
∫ T

0

[QtX t(Xt −X t)] dt+ E
[∫ T

0

〈Rtut, ut − ut〉dt
]

=

∫ T

0

(E[Xt]− Lt) dµt −
∫ T

0

(E[X t]− Lt) dµt =

∫ T

0

(E[Xt]− Lt) dµt > 0,

where the last inequality is due to constraint (4.2) and µ ∈M+([0, T ]).

Again, using Itô’s formula, we have

d(Y tX t) = −QtX
2

t dt+X t dµt + Y tB
ᵀ
t ut dt+ Z

ᵀ
tDtut dt

+X tZ
ᵀ
t dWt + Y t(CtX t +Dut)

ᵀdWt.

Note that the local martingale is in fact a martingale (see Bismut [1, Proposition I-1,

p. 387]). Therefore, integrating both sides yields

E[GX
2

T ]− Y 0x = −E
[∫ T

0

QtX
2

t dt

]
+

∫ T

0

E[X t] dµt + E
[∫ T

0

〈Bᵀ
t Y t +Dᵀ

tZt, ut〉dt
]

= −E
[∫ T

0

QtX
2

t dt

]
+

∫ T

0

Lt dµt − E
[∫ T

0

〈Rtut, ut〉dt
]
.

Thus, we proved the desired expression for the optimal value J(u).
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In the rest of the paper, we focus on solution of the reflected FBSDEs (4.14). The

main result is stated as follows.

Theorem 4.5. If A is deterministic, BᵀB is invertible, and (BᵀB)−1 is bounded, then

the reflected FBSDEs (4.14) admit a unique solution.

Proof. This is an immediate consequence of Propositions 5.1 and 6.1 in the subsequent

sections.

We prove the uniqueness and existence in the following two sections, respectively.

5 Uniqueness of the solution for the reflected FB-

SDEs (4.14)

Proposition 5.1. Let (X, Y, Z, µ) and (X̂, Ŷ , Ẑ, µ̂) be two solutions for the reflected

FBSDEs (4.14). Then X = X̂ and BY+DᵀZ = BŶ+DᵀẐ. Furthermore, (X, Y, Z, µ) =

(X̂, Ŷ , Ẑ, µ̂) if A is deterministic and E[BᵀB] > 0.

Proof. We denote by (X̃, Ỹ , Z̃, µ̃) the difference of (X, Y, Z, µ) and (X̂, Ŷ , Ẑ, µ̂). Set

u := −R−1(BY +DᵀZ), û := −R−1(BŶ +DᵀẐ), ũ := u− û.

We now show the first assertion, that is, X̃ = 0 and ũ = 0. By (4.14),

dX̃ = (AX̃ +Bᵀũ) dt+ (CX̃ +Dũ)ᵀdWt, (5.1)

dỸ = −(QX̃ + AỸ + CᵀZ̃) dt+ dµ̃t + Z̃ᵀ
t dWt.

Using Itô’s formula, we have

d(X̃tỸt) = BᵀũỸ dt+ (CX̃ +Dũ)ᵀỸ dWt

− X̃(QX̃ dt− dµ̃t − Z̃ᵀdWt) + Z̃ᵀ
tDũdt.

Integrating both sides and taking the expectation, since the local martingale is in fact

a martingale (see Bismut [1, Proposition I-1, p. 387]), we have the duality formula

E[GX̃2
T ] + E

∫ T

0

QX̃2
t dt

= E
∫ T

0

X̃dµ̃t + E
∫ T

0

〈BỸ +DᵀZ̃, ũ〉dt

=

∫ T

0

(E[Xt]− Lt)dµ̃t −
∫ T

0

(E[X̂t]− Lt)dµ̃t − E
∫ T

0

〈Rũt, ũt〉dt.

Hence,

E[GX̃2
T ] + E

∫ T

0

QX̃2
t dt+ E

∫ T

0

〈Rũ, ũ〉dt

= −
∫ T

0

(E[Xt]− Lt)dµ̂t −
∫ T

0

(E[X̂t]− Lt)dµt 6 0.
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Because G > 0, Q > 0, R > δIl, it follows that ũ = 0. Consequently, (5.1) reduces to

dX̃ = AX̃ dt+(CX̃)ᵀdWt. Together with X̃0 = 0, we infer that X̃ = 0. This completes

the proof of the first assertion.

Now suppose A is deterministic. Let Ut = e
∫ t
0 Ardr > 0. Then U is deterministic

and dU = AUdt. By (5.1),

d(UỸ ) = −UCᵀZ̃ dt+ Udµ̃t + UZ̃ᵀdWt = UZ̃ᵀdW̃t + Udµ̃t,

where W̃t = Wt−
∫ t

0
Csds is a Brownian motion under some probability measure P̃ ∼ P.

This means

UtỸt −
∫ t

0

Usdµ̃s = U0Ỹ0 +

∫ t

0

UsZ̃
ᵀ
s dW̃s

is a martingale under P̃. But the value of this martingale at t = T is

UT ỸT −
∫ T

0

Usdµ̃s = UTGX̃T −
∫ T

0

Usdµ̃s = −
∫ T

0

Usdµ̃s,

a constant, so it is a constant martingale. Hence, Z̃ = 0 and, consequently,

Ỹt = U−1
t

(
U0Ỹ0 +

∫ t

0

Usdµ̃s

)
(5.2)

is a deterministic function. From ũ = 0 and Z̃ = 0, we get BỸ = 0. Thus

0 = E[BᵀBỸ ] = E[BᵀB]Ỹ .

If E[BᵀB] > 0, then Ỹ = 0 and consequently by (5.2), µ̃ = 0. The second assertion is

thus proved.

Remark 5.2. If the last condition in the above theorem does not hold, then the unique-

ness can fail. For instance, when A is deterministic and B = 0, we may get infinitely

many solutions (Y + (k − 1)Ỹ , kµ) from a solution (Y, µ) by setting k > 0 and

Ỹt = −
∫ T

t

e
∫ s
t Ardrdµs.

6 Existence of the solution for the reflected FBS-

DEs (4.14)

Proposition 6.1. If BᵀB is invertible and (BᵀB)−1 is bounded. Then the reflected

FBSDEs (4.14) has a solution.

We use the penalization method to prove the existence. The proof is given in the

subsequent two subsections.
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6.1 Approximation

For any n ∈ N, consider the following penalized FBSDEs:
dXn = (AXn −BᵀR−1(BY n +DᵀZn)) dt

+(CXn −DR−1(BY n +DᵀZn))ᵀdWt,

dY n = −(QXn + AY n + CᵀZn) dt+ n(E[Xn]− L)−dt+ (Zn)ᵀdWt,

Xn
0 = x, Y n

T = GXn
T ;

(6.1)

It is a Mckean–Vlasov FBSDEs, and is actually the Hamiltonian system of the optimal

control of Problem (4.5). We call (Xn, Y n, Zn) ∈ L2
F([0, T ]; R3) a solution to the

FBSDEs (6.1) if it satisfies (6.1).

Lemma 6.2. The penalized FBSDEs (6.1) admit a unique solution.

Proof. Since the optimal control problem (4.5) has an optimal control ū, we have the

existence of FBSDEs (6.1) immediately from the stochastic maximum principle for

optimally controlled Mckean–Vlasov SDEs.

We now turn to the proof of uniqueness. We suppress the superscript n here

for simplicity. We denote by (X̃, Ỹ , Z̃) the difference of two solutions (X, Y, Z) and

(X̂, Ŷ , Ẑ) to (6.1). Set

u := −R−1(BY +DᵀZ), û := −R−1(BŶ +DᵀẐ), ũ := u− û.

Then, by (6.1),

dX̃ = (AX̃ +Bᵀũ) dt+ (CX̃ +Dũ)ᵀdWt, (6.2)

dỸ = −[(QX̃ + AỸ + CᵀZ̃)− n((E[X]− L)− − (E[X̂]− L)−)]dt+ Z̃ᵀ
t dWt. (6.3)

Using Itô’s formula, we have

d(X̃tỸt) = BᵀũỸ dt+ (CX̃ +Dũ)ᵀỸ dWt

− X̃(QX̃ − n((E[X]− L)− − (E[X̂]− L)−))dt− Z̃ᵀdWt) + Z̃ᵀ
tDũdt.

Integrating both sides yields

E[GX̃2
T ] + E

∫ T

0

QX̃2
t dt

=

∫ T

0

E[X̃](n(E[X]− L)− − n(E[X̂]− L)−)dt− E
∫ T

0

〈Rũt, ũt〉dt.

Hence,

E[GX̃2
T ] + E

∫ T

0

QX̃2
t dt+ E

∫ T

0

〈Rũ, ũ〉dt 6 0,

from which we deduce ũ = 0. We have X̃ = 0 from X̃0 = 0 and (6.2). This, in

particular, implies ỸT = GX̃T = 0. Together with (6.3), we have Ỹ = 0 and Z̃ = 0.
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Lemma 6.3. Suppose that (Xn, Y n, Zn) is a solution of the penalized FBSDEs (6.1).

Then

un := −R−1(BY n +DᵀZn)

is the optimal control for the unconstrained problem (4.5). And the optimal value is

Jn(un) =
1

2
Y n

0 x+
n

2

∫ T

0

(E[Xn
t ]− Lt)−Ltdt. (6.4)

Proof. The proof is similar to that of Theorem 4.4. We leave the details to the interested

readers.

6.2 Convergence

We next show that the solutions of the penalized FBSDEs (6.1) have a limit, which

turns out to be a solution of the reflected FBSDEs (4.14). In the following arguments,

we choose a subsequence when necessary. Also, the constant M ∈ R+ might vary from

line to line, but does not depend on n, k, or t.

Let (Xn, Y n, Zn, un) be given as in Lemma 6.3. Then un is the optimal control

for the unconstrained problem (4.5). By section 4.1, we conclude that the sequence un

strongly converges to u∞ in the space L2
F([0, T ];R) and Xn converges to X∞ strongly

in CF([0, T ];R), where (u∞, X∞) is the optimal pair of the constrained problem (4.3).

Moreover,

0 6 J(un) 6 Jn(un) 6 Jn(ua) = J(ua) 6M, (6.5)

where ua is given in Assumption 4.2.

We now show that

µnt := −n
∫ T

t

(E[Xn
s ]− Ls)−ds, t ∈ [0, T ]

is a uniformly bounded sequence in L∞([0, T ]; R) and Y n
0 is a uniformly bounded

sequence in R.

To this end, let β ∈ [x, x + 1] and (ua, Xβ,a) evolve according to equation (4.1)

with Xβ,a
0 = β. By Assumption 4.2 and monotonicity of SDE, we have

E
[
Xβ,a
t

]
> Lt, t ∈ [0, T ].

Applying Ito’s formula to Xβ,a
t Y n

t , we get

d(Xβ,aY n) = Y n(AXβ,a +Bᵀua) dt+ Y n(CXβ,a +Dua)ᵀdWt

−Xβ,a(QXn + AY n + CᵀZn) dt+Xβ,adµnt +Xβ,a(Zn)ᵀdWt,

+ (CXβ,a +Dua)ᵀZndt

= (−QXβ,aXn + (ua)ᵀ(BY n +DᵀZn))dt+Xβ,adµnt

+ (Y nCXβ,a + Y nDua +Xβ,aZn)ᵀdWt

= (−QXβ,aXn − (ua)ᵀRun)dt+Xβ,adµnt

+ (Y nCXβ,a + Y nDua +Xβ,aZn)ᵀdWt.
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Integrating on both sides, we have

βY n
0 = GXβ,a

T Xn
T +

∫ T

0

(QXβ,aXn + (ua)ᵀRun) dt−
∫ T

0

Xβ,adµnt

−
∫ T

0

(Y nCXβ,a + Y nDua +Xβ,aZn)ᵀdWt,

and the local martingale is in fact a martingale (see Bismut [1, Proposition I-1, p.

387]). By the elementary inequality | 〈a, b〉 | 6 1
2
|a|2 + 1

2
|b|2 and (6.5), we have∣∣∣∣βY n

0 +

∫ T

0

E[Xβ,a
t ]dµnt

∣∣∣∣ 6 E[G|Xβ,a
T Xn

T |] +

∫ T

0

E[Qt|Xβ,a
t Xn

t |+ (uat )
ᵀRtu

n
t ] dt

6
1

2
E[G(Xβ,a

T )2] +
1

2

∫ T

0

E[Qt(X
β,a
t )2 + (uat )

ᵀRtu
a
t ]dt

+
1

2
E[G(Xn

T )2] +
1

2

∫ T

0

E[Qt(X
n
t )2 + (unt )ᵀRtu

n
t ] dt

6
1

2
(M + J(un)) 6M, (6.6)

where M does not depend on β ∈ [x, x+ 1]. For the case of β = x, we have∣∣∣∣xY n
0 +

∫ T

0

E[Xa]dµnt

∣∣∣∣ 6M.

By (6.4) and (6.5),

0 6 xY n
0 +

∫ T

0

Ldµnt = 2Jn(un) 6M.

Comparing the above two inequalities, we get∣∣∣∣∫ T

0

(E[Xa]− L)dµnt

∣∣∣∣ 6M.

From Assumption 4.2 and the monotonicity of µn, we see that µn is a uniformly bounded

sequence in L∞([0, T ]; R). Consequently, choosing 0 6= β ∈ [x, x + 1] in (6.6), we see

that Y n
0 is a uniformly bounded sequence in R.

By (4.13), we have

lim
n→∞

∫ T

0

(E[Xn
t ]− Lt)−dµnt = 0.

Also trivially,∫ T

0

(E[Xn
t ]− Lt)+dµ

n
t = n

∫ T

0

(E[Xn
t ]− Lt)+(E[Xn

t ]− Lt)−dt = 0,

so

lim
n→∞

∫ T

0

|E[Xn
t ]− Lt| dµnt = 0.
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As µn is a uniformly bounded sequence, it has a ?-weak limit µ∞ ∈M+([0, T ]). Hence,∫ T

0

|E[X∞t ]− Lt| dµ∞t = lim
n→∞

∫ T

0

|E[X∞t ]− Lt| dµnt

6 lim sup
n→∞

∫ T

0

|E[X∞t ]− E[Xn
t ]| dµnt + lim sup

n→∞

∫ T

0

|E[Xn
t ]− Lt| dµnt

6 lim sup
n→∞

max
t
|E[X∞t ]− E[Xn

t ]||µn0 | = 0,

where the last equation is due to the fact that Xn converges to X∞ strongly in

CF([0, T ];R). Therefore, ∫ T

0

(E[X∞t ]− Lt)dµ∞t = 0.

From the strong convergence of Xn → X∞ and equality (4.13), we have∫ T

0

((E[X∞t ]− Lt)−)2dt = lim inf
n→∞

∫ T

0

((E[Xn
t ]− Lt)−)2dt = 0.

We conclude that E[X∞t ] > Lt for all t ∈ [0, T ] by the continuity of E[X∞· ] and L·.

Applying the standard estimate for SDE to (6.1), we have

E
[
sup
t6T
|Xn

t |2 +

∫ T

0

|unt |2dt
]
6M,

E
[
sup
t6T
|Xn

t −Xk
t |2 +

∫ T

0

|unt − ukt |2dt
]
6M,

uniformly for n, k ∈ N. We use these estimates for linear SDEs frequently in the

subsequent argument without claim.

We notee that

lim
n,k→∞

E
[
sup
t6T
|Xn

t −Xk
t |2 +

∫ T

0

|unt − ukt |2dt
]

= 0.

By Hölder’s inequality,

lim sup
n,k→∞

E

[(∫ T

0

|unt − ukt |2dt
) p

2

]

6 lim sup
n,k→∞

(
E
[∫ T

0

|unt − ukt |2dt
]) p

2
(
E
[(

dP
dP

) 2
2−p

]) 2−p
2

= 0, p ∈ (1, 2).

Thus,

lim
n,k→∞

E

[(∫ T

0

|unt − ukt |2dt
) p

2

]
= 0, p ∈ (1, 2). (6.7)

Similarly, we have

lim
n,k→∞

E
[
sup
t6T
|Xn

t −Xk
t |p
]

= 0, p ∈ (1, 2). (6.8)
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Let Ut = e
∫ t
0 Ardr > 0 and W t = Wt −

∫ t
0
Cs ds. Then U is positive and uniformly

bounded. By (6.1),d(UY n) = −UQXn dt+ Udµnt + U(Zn)ᵀdW t,

Y n
T = GXn

T ;
(6.9)

Integrating yields∫ T

0

U(Zn)ᵀdW t = UTGX
n
T − Y n

0 +

∫ T

0

UQXn dt−
∫ T

0

Udµnt .

Because Y n
0 , µn and Xn are convergent and U is uniformly bounded, by (6.8), we have

lim
n,k→∞

E
[∣∣∣∣∫ T

0

Ut(Z
n
t − Zk

t )ᵀdW t

∣∣∣∣p] = 0, p ∈ (1, 2).

By Doob’s martingale inequality,

lim sup
n,k→∞

E
[
sup
t6T

∣∣∣∣∫ t

0

Us(Z
n
s − Zk

s )ᵀdW s

∣∣∣∣p]
6

(
p

p− 1

)p
lim

n,k→∞
E
[∣∣∣∣∫ T

0

Ut(Z
n
t − Zk

t )ᵀdW t

∣∣∣∣p] = 0, p ∈ (1, 2),

which gives

lim
n,k→∞

E
[
sup
t6T

∣∣∣∣∫ t

0

Us(Z
n
s − Zk

s )ᵀdW s

∣∣∣∣p] = 0, p ∈ (1, 2).

Applying the Burkholder–Davis–Gundy inequality, we conclude

lim
n,k→∞

E

[(∫ T

0

U2
s |Zn

s − Zk
s |2 ds

) p
2

]
= 0, p ∈ (1, 2).

In turn, by the boundedness of U and Hölder’s inequality,

lim
n,k→∞

E

[(∫ T

0

|Zn
s − Zk

s |2 ds
) p

2

]
= 0.

As

Y n = −(BᵀB)−1Bᵀ(Run +DᵀZn),

we also deduce

lim
n,k→∞

E

[(∫ T

0

|Y n
s − Y k

s |2 ds
) p

2

]
= 0. (6.10)

Now, we fix one p ∈ (1, 2). Then there exists a unique (Y ∞, Z∞) ∈ LpF([0, T ]; R) ×
LpF([0, T ]; Rm) such that

lim
n→∞

E

[(∫ T

0

|Zn
s − Z∞s |2 ds

) p
2

]
= 0
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and

lim
n→∞

E

[(∫ T

0

|Y n
s − Y ∞s |2 ds

) p
2

]
= 0.

Let Ŷ n = Y n − µn. Thanks to (6.1) and µnT = 0,
dXn = (AXn +Bᵀun) dt+ (CXn +Dun)ᵀdWt,

dŶ n = −(QXn + AŶ n + Aµn + CᵀZn) dt+ (Zn)ᵀdWt,

Xn
0 = x, Ŷ n

T = GXn
T .

By the standard estimate for BSDEs and the boundedness of the sequence µn,

E
[∫ T

0

|Ŷ n
t |2 dt+

∫ T

0

|Zn
t |2 dt

]
6M

(
E
[
(GXn

T )2
]

+

∫ T

0

(QXn + Aµn)2 dt
)
6M.

Since µn is a bounded sequence, it immediately yields that

E
[∫ T

0

|Y n
t |2 dt+

∫ T

0

|Zn
t |2 dt

]
6M.

Taking lower limits, it follows from Fatou’s lemma that

E
[∫ T

0

|Y ∞t |2 dt+

∫ T

0

|Z∞t |2 dt
]
<∞.

So we conclude that (Y ∞, Z∞) ∈ L2
F([0, T ]; R)× L2

F([0, T ]; Rm).

Note that µn0 is bounded, we denote its limit (along a subsequence) by µ0. Setting

µt := Y ∞t − Y ∞0 +

∫ t

0

(QX∞s + AY ∞s + CᵀZ∞s )ds+ µ0 −
∫ t

0

(Z∞s )ᵀdWs,

we have

lim
n→∞

E

[(∫ T

0

|µnt − µt|2 dt
)p/2]

= 0, p ∈ (1, 2).

Let ϕ ∈ L∞F ([0, T ]) and Φ =
∫ t

0
ϕ(s)ds, then

E
∫ T

0

ϕ(t)µtdt = lim
n

E
[∫ T

0

ϕ(t)µnt dt

]
= − lim

n
E
[∫ T

0

Φ(t)dµnt

]
= −E

[∫ T

0

Φ(t)dµ∞t

]
= E

[∫ T

0

ϕ(t)µ∞t dt

]
.

Hence µ = µ∞, and consequently (X∞, Y ∞, Z∞, µ∞) is a solution to (4.14).
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