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This paper studies the numerical approximation of the density of the stochastic heat equation driven by
space-time white noise via the accelerated exponential Euler scheme. The existence and smoothness of
the density of the numerical solution are proved by means of the Malliavin calculus. Based on a priori
estimates of the numerical solution, we present a test function-independent weak convergence analysis,
which is crucial to show the convergence of the density. The convergence order of the density in uniform
convergence topology is shown to be exactly 1/2 in nonlinear drift case and nearly 1 in affine drift case.
As far as we know, this is the first result on the existence and convergence of density of the numerical
solution to the stochastic partial differential equation.
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1. Introduction

In this paper, we consider the numerical approximation of the density of the stochastic heat equation driven by
space-time white noise:

∂tu(t,x) = ∂xxu(t,x)+b(u(t,x))+σẆ (t,x), (t,x) ∈ (0,T ]× [0,1] (1.1)

with a deterministic initial value u(0,x) = u0(x), x ∈ [0,1] and Neumann boundary conditions ∂xu(t,0) =
∂xu(t,1) = 0, t ∈ [0,T ]. Here, T > 0 is a fixed number, σ > 0 is the noise intensity and {W (t,x);(t,x) ∈
[0,T ]× [0,1]} is a Brownian sheet defined on some complete probability space (Ω ,F ,P). Notice that all the
results in the paper also hold for the case σ < 0, due to the symmetry of the Brownian sheet. Eq. (1.1) arises
in many physical problems, and characterizes the evolution of a scalar field in a space-time-dependent random
medium. The choice of the white noise as random potential corresponds to considering those regimes with very
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rapid variations, the type of turbulent flows (see Bertini & Cancrini (1995)). The density function of the solution
u(t,x) for any (t,x) ∈ (0,T ]× [0,1] characterizes all relevant probabilistic information, whose existence, regu-
larity and strictly positivity under suitable assumptions have been well studied (e.g. Bally & Pardoux (1998);
Mueller & Nualart (2008); Nualart & Quer-Sardanyons (2009)).

In the research on numerical approximations of stochastic partial differential equations (SPDEs), the exist-
ing works mainly focus on the strong convergence analysis (e.g. Gyöngy (1998, 1999); Yan (2005); Jentzen &
Kloeden (2009); Cox & van Neerven (2010); Jentzen et al. (2011)) and weak convergence analysis (e.g. De-
bussche (2011); Andersson & Larsson (2016); Bréhier & Debussche (2018); Cui et al. (2021); Hong & Wang
(2019); Cui & Hong (2019); Bréhier (2020)) of numerical schemes. It is of interest to study further the density
function of the numerical solution which is highly related to the convergence analysis of a numerical scheme
and may provide an appropriate approximation of the density of the original equation (see e.g. Bally & Talay
(1996); Cui et al. (2019) for the case of stochastic ordinary differential equations). However, to the best of our
knowledge, there are few results concerning the density function of the numerical solution for SPDEs. It is
natural to ask:

Problem 1. Does the density of the numerical solution exist, and further is it smooth?

Problem 2. If so, how to estimate the error between the density of the numerical solution and that of the
exact solution in uniform convergence topology?

Aiming to solve the above problems, we study the accelerated exponential Euler (AEE) scheme of Eq. (1.1).
Introducing a uniform partition of [0,T ] with the temporal stepsize δ = T/N, N ∈N0 :=N−{0}, the numerical
solution Uδ ,i+1(x) of the AEE scheme is given by

Uδ ,i+1(x) =
∫ 1

0
Gδ (x,y)U

δ ,i(y)dy+
∫ ti+1

ti

∫ 1

0
Gti+1−s(x,y)b(Uδ ,i(y))dyds

+
∫ ti+1

ti

∫ 1

0
Gti+1−s(x,y)σW (ds,dy),

(1.2)

for any i ∈ {0,1, . . . ,N − 1}, and Uδ ,0(x) = u0(x), x ∈ [0,1], where ti = iδ and Gt(x,y) is the Green function
associated with Neumann boundary conditions (see (2.3) for its expression). The strong convergence order of
the AEE scheme in L2(Ω ;L2(0,1)) has been investigated in Jentzen & Kloeden (2009); Wang & Qi (2015). It
is shown in Jentzen & Kloeden (2009) that the order is nearly 1 if the drift coefficient b is linear and in Wang
& Qi (2015) that the order is nearly 1/2 under less restrictive assumptions on b. The main contributions of this
work are to prove the existence, smoothness of the density of the numerical solution Uδ ,N(x) and to derive its
convergence order.

First, we establish the non-degeneracy of the numerical solution, and prove the existence and smoothness
of the corresponding density by means of Malliavin calculus. The major obstacle of this non-degeneracy lies
in the estimates of the negative moments of the determinant of the corresponding Malliavin covariance matrix,
which is overcome by proving a discrete comparison principle. To obtain the convergence order of density of
the numerical solution, we use a test function-independent weak convergence result in the sense that

|E[ f (Uδ ,N(x))− f (u(T,x))]|⩽Cδ
µ

holds for some C independent of f ∈ Ψ (see (3.3) for the definition of Ψ ). One key ingredient for this test
function-independent weak convergence analysis is the application of the Malliavin integration by parts for-
mula (see Lemma 3.5). Another issue is that the moments of the Gateaux derivatives, as well as the Malliavin
derivatives, of both u(T,x) and Uδ ,N(x) are dominated by the multiples of the Green function associated to Neu-
mann boundary conditions, instead of being bounded by a constant in the case of stochastic ordinary differential
equations (see e.g. Bally & Talay (1996)). Based on the technical estimates on the Green function, we obtain
the weak convergence order µ = 1/2, which removes the infinitesimal factor in the weak convergence order of
the numerical scheme (see e.g. Debussche & Printems (2009)).
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Combining the existence of a smooth density of the numerical solution and the test function-independent
weak convergence analysis, we deduce that there exists C > 0 such that for any x ∈ [0,1],

∥qδ
N,x −qT,x∥L∞(R) ⩽Cδ

1
2 ,

where qδ
N,x and qT,x are the densities of Uδ ,N(x) and u(T,x), respectively. When b is affine, the above con-

vergence order 1/2 of density in uniform convergence topology can be improved to 1− ε for arbitrarily small
ε > 0, which coincides with the strong convergence order 1− ε in Jentzen & Kloeden (2009). As far as we
know, this is the first result on the convergence of density for numerical approximations to that of SPDEs. By
further taking into account the uniform boundedness of qδ

N,x in L1(R), it is concluded that qδ
N,x converges to qT,x

in L1(R), as δ tends to 0. This implies that the distribution of Uδ ,N(x) converges to the distribution of u(T,x)
in total variation distance.

The paper is structured as follows. In Section 2, some notations and useful properties of the Green function
and some elements of Malliavin calculus are introduced briefly. We present the main results and approach on the
existence, smoothness, and convergence rate of the density of the numerical solution associated with the AEE
scheme in Section 3. In Sections 4 and 5, some technique estimates concerning the regularity of the numerical
solution are obtained. Finally, Section 6 is devoted to the proof of Proposition 3.3, based on which, the main
result on the convergence order of the density follows.

2. Preliminaries

Notation: For any x,y ∈ R, we denote x∧ y = min{x,y} and x∨ y = max{x,y}. Denote by E the Banach space
C([0,1]) endowed with the norm ∥h∥E = supx∈[0,1] |h(x)|. For v∈E, we set (Gt ∗v)(x) :=

∫ 1
0 Gt(x,y)v(y)dy, ∀ t >

0,x ∈ [0,1]. Let Ck
b be the set of all k times continuously differentiable functions with bounded derivatives from

R to R, and C∞
b :=

⋂
k⩾1 Ck

b. For f ∈ Ck
b, denote | f |i := supx∈R | f (i)(x)|, i ∈ {1, . . . ,k}. Hereafter, we use C to

denote a generic positive constant that may change from one place to another and depend on several parameters
but never on the stepsize δ .

In the sequel, without pointing it out explicitly, all equations hold almost surely (a.s.) or almost everywhere
(a.e.). For 0 ⩽ t ⩽ T , let Ft be the σ -field generated by {W (s,x);(s,x) ∈ [0, t]× [0,1]} and the P-null sets. For
0 ⩽ s ⩽ t ⩽ T, x ∈ [0,1] and v : Ω → E being Fs-measurable, we denote by ϕx

t (s,v) (resp. Φx
t (s,v)) the exact

flow of Eq. (1.1) (resp. numerical flow of the scheme (1.2)) at (t,x) starting from v at time s. More precisely,

ϕ
x
t (s,v) = (Gt−s ∗ v)(x)+

∫ t

s

∫ 1

0
Gt−r(x,z)b(ϕz

r (s,v))dzdr+
∫ t

s

∫ 1

0
Gt−r(x,z)σW (dr,dz), (2.1)

and

Φ
x
t (s,v) = (Gt−s ∗ v)(x)+

∫ t

s

∫ 1

0
Gt−r(x,z)b(Φ z

⌊r⌋(s,v))dzdr+
∫ t

s

∫ 1

0
Gt−r(x,z)σW (dr,dz) (2.2)

with ⌊r⌋= tk, if tk < r ⩽ tk+1, k ∈ {0, . . . ,N −1}.
In this section, we will also introduce several useful properties of the Green function, as well as some

notations in the Malliavin calculus.

2.1 Properties of Green function

Recall the explicit expression of the Green function associated with Neumann boundary conditions

Gt(x,y) =
1√
4πt

+∞

∑
n=−∞

(
e−

(x−y−2n)2
4t + e−

(x+y−2n)2
4t

)
. (2.3)

For any x,y ∈ [0,1], the following properties will be used frequently (see (Bally & Pardoux, 1998, Appendix)):

(1) Gt(x,y)> 0 and (Gt ∗1)(x)≡ 1, ∀ t > 0. (2.4)
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(2) ⟨Gt(x, ·),Gs(·,y)⟩L2(0,1) = Gs+t(x,y), ∀ s, t > 0. (2.5)

(3) For some K := K(T )> 0, Pt(x,y)/K ⩽ Gt(x,y)⩽ KPt(x,y), ∀ t ∈ (0,T ]. (2.6)

Here, Pt(x,y) = (4πt)−
1
2 exp

(
− (x−y)2

4t

)
is the heat kernel on R, and property (2.5) is the semigroup property

of G. For any x,y ∈ R, it is obvious that P2
t (x,y) = (8πt)−

1
2 Pt/2(x,y) and Ps(x,y) ⩽

√
t/sPt(x,y) provided

0 < s ⩽ t. The explicit formula of Gt(x,y) is complicated, whose estimations could be converted into those of
Pt(x,y) thanks to (2.6). For instance, there exists C =C(T )> 0 such that for any x, y ∈ [0,1], 0 < s ⩽ t ⩽ T ,

G2
t (x,y)⩽Ct−

1
2 Gt/2(x,y), Gs(x,y)⩽C

√
t/sGt(x,y). (2.7)

In particular, there is some C(T )> 0 such that∫ t

s

∫ 1

0
G2

r (x,y)dydr ⩽C(t − s)
1
2 , ∀ 0 ⩽ s < t ⩽ T. (2.8)

The following lemma gives the regularity in time of G.

Lemma 2.1 For any ν ∈ (1/3,1), there is C =C(T,ν) such that for any 0 < s < t ⩽ T ,

max
(∫ 1

0
|Gt(x,y)−Gs(x,y)|dx,

∫ 1

0
|Gt(x,y)−Gs(x,y)|dy

)
⩽Cs−ν(t − s)ν .

Proof. Similar to (Walsh, 1986, Corollary 3.4), the series expansion in (2.3) shows that Gt(x,y) = Pt(x,y)+
Ht(x,y) with Ht(x,y) ∈C∞([0,T ]× (0,1)2). From (Mishura et al., 2021, Corollary 2.2), we have

max
(∫

R
|Pt(x,y)−Ps(x,y)|dx,

∫
R
|Pt(x,y)−Ps(x,y)|dy

)
⩽C(ν)s−ν(t − s)ν ,

for any ν ∈ (1/3,1). Finally, the proof is completed by the facts that Ht(x,y) ∈ C∞([0,T ]× (0,1)2) and
|Gt(x,y)−Gs(x,y)|⩽ |Pt(x,y)−Ps(x,y)|+ |Ht(x,y)−Hs(x,y)|. □

2.2 Malliavin calculus

Now we turn to a brief introduction of the Malliavin calculus (see e.g. Nualart (2006)). In the context of the
Malliavin calculus, the isonormal Gaussian family {W (h),h ∈ H} corresponding to H := L2([0,T ]× [0,1]) is
given by the Wiener integral W (h) =

∫ T
0
∫ 1

0 h(s,y)W (ds,dy). We denote by S the class of smooth real-valued
random variables of the form

X = g(W (h1), . . . ,W (hn)), (2.9)

where g ∈ C∞
p (Rn), hi ∈H, i = 1, . . . ,n, n ⩾ 1. Here, C∞

p (Rn) is the space of all real-valued smooth functions on
Rn whose partial derivatives have at most polynomial growths. The Malliavin derivative of X ∈ S of the form
(2.9) is an H-valued random variable given by DX = ∑

n
i=1 ∂ig(W (h1), . . . ,W (hn))hi, which is also a random

field DX = {Dθ ,ξ X ,(θ ,ξ ) ∈ [0,T ]× [0,1]} with Dθ ,ξ X = ∑
n
i=1 ∂ig(W (h1), . . . ,W (hn))hi(θ ,ξ ). Here, Dθ ,ξ X is

defined for a.e. (θ ,ξ ,ω) ∈ [0,T ]× [0,1]×Ω . For any p ⩾ 1, we denote the domain of D in Lp(Ω) by D1,p,

meaning that D1,p is the closure of S with respect to the norm ∥X∥1,p =
(
E
[
|X |p +∥DX∥p

H
]) 1

p .

We define the iteration of the operator D in such a way that for X ∈ S , the iterated derivative DkX is a
random variable with values in H

⊗
k. More precisely, for k ∈ N0, DkX = {Dr1,θ1 · · ·Drk,θk X ,(ri,θi) ∈ [0,T ]×

[0,1]} is a measurable function on the product space ([0,T ]× [0,1])k ×Ω . Then for p ⩾ 1 and k ∈ N, denote
Dk,p the completion of S with respect to the norm

∥X∥k,p =
(
E
[
|X |p +

k

∑
j=1

∥D jX∥p
H
⊗

j

]) 1
p
. (2.10)

In particular, for p ⩾ 1, we simply write ∥X∥p as an abbreviation for ∥X∥0,p. Define L∞−(Ω) :=
⋂

p⩾1 Lp(Ω),

Dk,∞ :=
⋂

p⩾1Dk,p, D∞ :=
⋂

k⩾1Dk,∞ to be topological projective limits. The following proposition is a Hölder
inequality for the ∥ · ∥k,p norms, which implies that D∞ is closed under multiplication.
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Proposition 2.2 (Nualart, 2006, Proposition 1.5.6) Let X ∈ Dk,p, H ∈ Dk,q for k ∈ N, 1 < p < q < ∞, and let r
be such that 1/p+1/q = 1/r. Then, XH ∈ Dk,r and

∥XH∥k,r ⩽C(p,q,k)∥X∥k,p∥H∥k,q.

Consider the adjoint operator D∗ of D. If an H-valued random variable φ ∈L2(Ω ,H) satisfies |E[⟨φ ,DX⟩H]|⩽
C(φ)∥X∥L2(Ω), ∀ X ∈ D1,2, then φ ∈ Dom(D∗) and D∗(φ) ∈ L2(Ω) is characterized by

E[⟨φ ,DX⟩H] = E[XD∗(φ)], ∀ X ∈ D1,2. (2.11)

In the particular case that φ ∈ H is deterministic, it holds that φ ∈ Dom(D∗) and D∗φ =W (φ) (Nualart, 2006,
Proposition 1.3.11). For a real-valued random variable X ∈D1,2, we denote by ΓX := ⟨DX ,DX⟩H = ∥DX∥2

H the
Malliavin covariance matrix of X .

Proposition 2.3 (Nualart, 2006, Theorem 2.1.4) Let X be a non-degenerate real-valued random variable, i.e.,
X ∈ D∞, ΓX is invertible almost surely (a.s.), and Γ

−1
X ∈ L∞−(Ω). Then X possesses a smooth density.

3. Main results and approach

As is shown in Bally & Pardoux (1998), for any x ∈ [0,1], u(T,x) admits a smooth density, and we refer
interested readers to Sanz-Solé (2008); Cui & Hong (2020) and references therein for the study of densities
of other SPDEs. However, as far as we know, there exists few result on the density of the numerical solution
of the SPDE. In this section, we present our main results and approach on the existence, smoothness, and the
convergence rate of the density of the numerical solution associated with the AEE scheme.

3.1 Main results

Our first main result is about the existence and smoothness of the density of the numerical solution Uδ ,N(x).

Theorem 3.1 Assume that b ∈ C∞
b , σ > 0. Then for every x ∈ [0,1], Uδ ,N(x) admits a smooth density qδ

N,x.

Based on Proposition 2.3, the proof of Theorem 3.1 boils down to showing the non-degeneracy of Uδ ,N(x).
The major obstacle of this non-degeneracy lies in the estimates of the negative moments of the determinant of
the corresponding Malliavin covariance matrix, which is overcome by proving a discrete comparison principle.
See Proposition 4.3 and Lemma 4.5 for the proofs that Uδ ,N(x) ∈ D∞ and Γ

−1
Uδ ,N(x)

∈ L∞−(Ω), respectively.
The second main result of this paper is the convergence rate of the density of the numerical solution associ-

ated with the AEE scheme (1.2) for Eq. (1.1) in uniform convergence topology.

Theorem 3.2 Assume that b ∈ C∞
b and σ > 0. Then for any x ∈ [0,1],

∥qδ
N,x −qT,x∥L∞(R) ⩽C(T,σ ,∥u0∥E)δ

1
2 .

In addition, if b is affine, then for any µ ∈ ( 1
2 ,1) and x ∈ [0,1],

∥qδ
N,x −qT,x∥L∞(R) ⩽C(T,σ ,∥u0∥E ,µ)δ

µ .

Recall that the total variation distance of probability measures µ̃1 and µ̃2 on a σ -algebra Π is defined by
dTV (µ̃1, µ̃2) = 2sup{|µ̃1(A)− µ̃2(A)| : A ∈ Π}. Because u(T,x) and Uδ ,N(x) have smooth densities qT,x and
qδ

N,x, respectively, it is readily to verify that the set A = {z ∈ R : qT,x(z) > qδ
N,x(z)} attains the supremum of

sup{|P(u(T,x) ∈ A)−P(Uδ ,N(x) ∈ A)| : A ∈ B(R)}, which leads to

dTV (u(T,x)◦P−1,Uδ ,N(x)◦P−1) =
∫
R
|qδ

N,x(z)−qT,x(z)|dz.

Theorem 3.2, together with Scheffé lemma (Serfling, 1980, Chapter 1.5, Theorem C), also indicates that∫
R
|qδ

N,x(z)−qT,x(z)|dz → 0, as δ → 0.

Hence, the distribution of Uδ ,N(x) converges to the distribution of u(T,x) in total variation distance.
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3.2 Main approach of the proof of Theorem 3.2

Our strategy is as follows. The existence and smoothness of densities of both the exact solution u(T,x) and the
numerical solution Uδ ,N(x) implies

qδ
N,x(z) = lim

n→∞

∫
R

gn−1(y− z)qδ
N,x(y)dy = lim

n→∞
E[gn−1(Uδ ,N(x)− z)], (3.1)

qT,x(z) = lim
n→∞

∫
R

gn−1(y− z)qT,x(y)dy = lim
n→∞

E[gn−1(u(T,x)− z)], (3.2)

where gζ (y− z) = (2πζ )−
1
2 exp(− |y−z|2

2ζ
). It follows from (3.1) and (3.2) that for every z ∈ R and x ∈ [0,1],

|qδ
N,x(z)−qT,x(z)|= lim

n→∞

∣∣E[gn−1(Uδ ,N(x)− z)]−E [gn−1(u(T,x)− z)]
∣∣.

In order to estimate the error between qδ
N,x(z) and qT,x(z), we notice that {gn−1(·− z)}n⩾1,z∈R belongs to

Ψ := { f : R→ R| f ∈ C∞
p (R), ∃ F : R→ R such that 0 ⩽ F ⩽ 1 and F ′ = f}. (3.3)

Then we consider the test function space Ψ and establish the following test function-independent weak con-
vergence result of the AEE scheme (1.2), which yields that the error between qδ

N,x and qT,x possesses the same
convergence order.

Proposition 3.3 Let b ∈ C∞
b and σ > 0. Then for any x ∈ [0,1] and f ∈Ψ ,∣∣E[ f (Uδ ,N(x))]−E

[
f (u(T,x))

]∣∣⩽C(T,σ ,∥u0∥E)δ
1
2 . (3.4)

In addition, if b is affine, then for any µ ∈ ( 1
2 ,1), x ∈ [0,1] and f ∈Ψ ,∣∣E[ f (Uδ ,N(x))]−E [ f (u(T,x))]

∣∣⩽C(T,σ ,∥u0∥E ,µ)δ
µ . (3.5)

Here, the constants C in (3.4) and (3.5) are independent of the test function f and the variable x.

Remark 3.4 In the study of convergence of densities of numerical methods, one usually needs to transform
the convergence of densities into weak convergence or strong convergence of numerical methods. In the present
work, our methods mainly based on the above test function-independent weak convergence result. We would
like to mention that following the strategy used in Bally & Caramellino (2014), the estimate of qδ

N,x −qT,x can
be also converted to that of ∥u(T,x)−Uδ ,N(x)∥3,p.

The proof of Proposition 3.3 relies on the weak error decomposition and an integration by parts formula.
We first give a decomposition for the weak error E[ f (u(T,x))]−E[ f (Uδ ,N(x))]. Notice that by (2.2),

Φ
y
ti−1

(0,u0) =(Gti−1 ∗u0)(y)+
∫ ti−1

0

∫ 1

0
Gti−1−θ (y,ξ )b(Φ

ξ

⌊θ⌋(0,u0))dξ dθ

+
∫ ti−1

0

∫ 1

0
Gti−1−θ (y,ξ )σW (dθ ,dξ ), i ∈ {1, . . . ,N}, (3.6)

and by (2.1), for r > ti−1,

ϕ
y
r (ti−1,Φti−1(0,u0)) = (Gr−ti−1 ∗Φti−1(0,u0))(y)

+
∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )b(ϕ

ξ

θ
(ti−1,Φti−1(0,u0)))dξ dθ +

∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )σW (dθ ,dξ )

=(Gr ∗u0)(y)+
∫ ti−1

0

∫ 1

0
Gr−θ (y,ξ )b(Φ

ξ

⌊θ⌋(0,u0))dξ dθ +
∫ ti−1

0

∫ 1

0
Gr−θ (y,ξ )σW (dθ ,dξ )

+
∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )b(ϕ

ξ

θ
(ti−1,Φti−1(0,u0)))dξ dθ +

∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )σW (dθ ,dξ ), (3.7)
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where in the last step we have used (2.5) and (3.6). Then the one-step error between Eq. (1.1) and the AEE
scheme (1.2) is divided into

ϕti(ti−1,Φti−1(0,u0))−Φti(ti−1,Φti−1(0,u0))

=
∫ ti

ti−1

∫ 1

0
Gti−r(·,y){b(ϕy

r (ti−1,Φti−1(0,u0)))−b(Φy
ti−1

(0,u0))}dydr

=
∫ 1

0

∫ ti

ti−1

∫ 1

0
Gti−r(·,y)b′(Zβ

i (r,y))
(
ϕ

y
r (ti−1,Φti−1(0,u0))−Φ

y
ti−1

(0,u0)
)

dydrdβ

=
∫ 1

0

∫ ti

ti−1

∫ 1

0
Gti−r(·,y)b′(Zβ

i (r,y))
∫ 1

0
{Gr(y,ξ )−Gti−1(y,ξ )}u0(ξ )dξ︸ ︷︷ ︸

=:E i
initial u(r,y)

dydrdβ

+
∫ 1

0

∫ ti

ti−1

∫ 1

0
Gti−r(·,y)b′(Zβ

i (r,y))
∫ ti−1

0

∫ 1

0
{Gr−θ (y,ξ )−Gti−1−θ (y,ξ )}b(Φξ

⌊θ⌋(0,u0))dξ dθ︸ ︷︷ ︸
=:E i

initial b(r,y)

dydrdβ

+
∫ 1

0

∫ ti

ti−1

∫ 1

0
Gti−r(·,y)b′(Zβ

i (r,y))
∫ ti−1

0

∫ 1

0
{Gr−θ (y,ξ )−Gti−1−θ (y,ξ )}σW (dθ ,dξ )︸ ︷︷ ︸

=:E i
initial σ

(r,y)

dydrdβ

+
∫ 1

0

∫ ti

ti−1

∫ 1

0
Gti−r(·,y)b′(Zβ

i (r,y))
∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )b(ϕ

ξ

θ
(ti−1,Φti−1(0,u0)))dξ dθ︸ ︷︷ ︸

=:E i
b(r,y)

dydrdβ

+
∫ 1

0

∫ ti

ti−1

∫ 1

0
Gti−r(·,y)b′(Zβ

i (r,y))
∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )σW (dθ ,dξ )︸ ︷︷ ︸

=:E i
σ (r,y)

dydrdβ , (3.8)

where Zβ

i (r,y) := βϕ
y
r (ti−1,Φti−1(0,u0))+(1−β )Φy

ti−1
(0,u0). In the third identity of (3.8), we have used (3.7)

and (3.6) to deal with ϕ
y
r (ti−1,Φti−1(0,u0)) and Φ

y
ti−1

(0,u0), respectively. Introduce

Y τ
i (y) := (1− τ)Φy

ti(ti−1,Φti−1(0,u0))+ τϕ
y
ti(ti−1,Φti−1(0,u0)), τ ∈ [0,1], (3.9)

which is the convex combination of the numerical and exact flows at (ti,y) starting from Φti−1(0,u0) at time ti−1.
Then we have the following telescoping sum

E [ f (u(T,x))]−E[ f (Uδ ,N(x))] = E [ f (ϕx
T (0,u0))]−E [ f (Φx

T (0,u0))]

=
N

∑
i=1

{
E
[

f (ϕx
T (ti−1,Φti−1(0,u0)))

]
−E [ f (ϕx

T (ti,Φti(0,u0)))]
}

=
N

∑
i=1

E
[
E
[

f (ϕx
T (ti,ϕti(ti−1,Φti−1(0,u0))))− f (ϕx

T (ti,Φti(ti−1,Φti−1(0,u0))))
]
|Fti

]
=

N

∑
i=1

E
[
E [ f (ϕx

T (ti,ηi))− f (ϕx
T (ti,ζi))] |ηi=ϕti (ti−1,Φti−1 (0,u0)),ζi=Φti (ti−1,Φti−1 (0,u0))

]
, (3.10)

where f ∈Ψ . The Gateaux derivative of ϕx
t (s, ·) at v ∈ E in the direction h ∈ E is defined by

Dh
ϕ

x
t (s,v) :=

d
dε

ϕ
x
t (s,v+ εh)

∣∣
ε=0 = lim

ε→0

ϕx
t (s,v+ εh)−ϕx

t (s,v)
ε

.

Besides, the map v 7→ ϕx
t (s,v) is called Fréchet differentiable at v ∈ E (see e.g. (Kesavan, 2020, Chapter 1)) if

lim
ε→0

|ϕx
t (s,v+h)−ϕx

t (s,v)−⟨Dϕx
t (s,v),h⟩|

∥h∥E
= 0.
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It is known that if the Fréchet derivative exists, then Dhϕx
t (s,v) = ⟨Dϕx

t (s,v),h⟩.
Based on (2.1) and the boundedness of b′, one could verify that for each h ∈ E, the map ε 7→ ϕx

t (s,v+ εh)
is a.s. continuous and satisfies

sup
x∈[0,1]

∣∣∣∣ϕx
t (s,v+ εh)−ϕx

t (s,v)
ε

−Dh
ϕ

x
t (s,v)

∣∣∣∣⩽ ε|b|2
e2(t−s)|b|1

4|b|1
|h|2E , (3.11)

where the Gateaux derivative Dhϕx
t (s,v) satisfies that for 0 ⩽ s < t ⩽ T,

Dh
ϕ

x
t (s,v) =(Gt−s ∗h)(x)+

∫ t

s

∫ 1

0
Gt−r(x,z)b′(ϕz

r (s,v))D
h
ϕ

z
r (s,v)dzdr, a.s.

The estimate (3.11) implies that for each bounded set B ⊂ E, one has

lim
ε→0

ϕx
t (s,v+ εh)−ϕx

t (s,v)
ε

−Dh
ϕ

x
t (s,v) = 0,

uniformly with respect to h ∈ B, which, along with (Marinelli & Scarpa, 2020, Lemma 2.1), indicates that
v 7→ ϕx

t (s,v) is Fréchet differentiable. Hence, we also have that for 0 ⩽ s < t ⩽ T,

⟨Dϕ
x
t (s,v),h⟩=(Gt−s ∗h)(x)+

∫ t

s

∫ 1

0
Gt−r(x,z)b′(ϕz

r (s,v))⟨Dϕ
z
r (s,v),h⟩dzdr, a.s. (3.12)

By the mean value theorem for Gateaux derivative and the chain rule for Fréchet derivative (Behmardi & Nayeri,
2008, Lemma 4.5), we have that for ηi,ζi ∈ E,

E [ f (ϕx
T (ti,ηi))− f (ϕx

T (ti,ζi))] =
∫ 1

0
E
[

f ′(ϕx
T (ti,τηi +(1− τ)ζi))⟨Dϕ

x
T (ti,τηi +(1− τ)ζi),ηi −ζi⟩

]
dτ.

Hence, it follows from (3.10) and the definition of Y τ
i , and (3.8) that

E [ f (u(T,x))]−E[ f (Uδ ,N(x))]

=
N

∑
i=1

∫ 1

0
E
[
E
[

f ′(ϕx
T (ti,Y

τ
i ))
〈
Dϕ

x
T (ti,Y

τ
i ),ϕti(ti−1,Φti−1(0,u0))−Φti(ti−1,Φti−1(0,u0))

〉]
|Fti

]
dτ

=
N

∑
i=1

∫ 1

0
E
[

f ′(ϕx
T (ti,Y

τ
i ))
〈
Dϕ

x
T (ti,Y

τ
i ),ϕti(ti−1,Φti−1(0,u0))−Φti(ti−1,Φti−1(0,u0))

〉]
dτ

=
N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
E
[

f ′(ϕx
T (ti,Y

τ
i ))⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))E
i(r,y)

]
dydrdβdτ, (3.13)

where E i(r,y) := E i
initial u(r,y) + E i

initial b(r,y) + E i
initial σ

(r,y) + E i
b(r,y) + E i

σ (r,y). The error decomposition
(3.13) is standard. However, due to the requirement that the constants C in Proposition 3.3 are independent of
f ∈Ψ , the classical estimates that f ′(ϕx

T (ti,Y
τ
i )) is bounded by | f |1 is not applicable to our case. Motivated

by the work of Bally & Talay (1996), where the authors study the convergence rate of the density of the law of
a small perturbation of the Euler–Maruyama method, the test function-independent estimates of terms on the
right side of (3.13) will depend on the non-degeneracy of ϕx

T (ti,Y
τ
i ), since it is the prerequisite of the following

Malliavin integration by parts formula.

Lemma 3.5 Let α ∈ N, b ∈ C∞
b and σ > 0. If G1 ∈ D∞ and f ∈Ψ , then for any i ∈ {1, . . . ,N}, x ∈ [0,1] and

τ ∈ [0,1], there exists Hα+1(ϕ
x
T (ti,Y

τ
i ),G1) ∈ D∞ such that

E[ f (α)(ϕx
T (ti,Y

τ
i ))G1] = E [F(ϕx

T (ti,Y
τ
i ))Hα+1(ϕ

x
T (ti,Y

τ
i ),G1)] . (3.14)

Moreover, there exists some constant C =C(α,T,σ ,∥u0∥E) such that

|E[ f (α)(ϕx
T (ti,Y

τ
i ))G1]|⩽C∥G1∥α+1,2.

Here, f (α)(ϕx
T (ti,Y

τ
i )) denotes the composition of the α-th derivative f (α) of f and the random variable ϕx

T (ti,Y
τ
i ).

The proof of Lemma 3.5 relies on the non-degeneracy of ϕx
T (ti,Y

τ
i ), and is postponed to Section 4.
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4. Technical estimates

In this section, we study the non-degeneracy property of {ϕx
T (ti,Y

τ
i )}{x∈[0,1], i∈{1,...,N},τ∈[0,1]}, which implies the

non-degeneracy of Uδ ,N(x) since Uδ ,N(x) = ϕx
T (tN ,Y

τ
N ) with τ = 0.

4.1 Malliavin–Sobolev norm of ϕx
t (ti,Y

τ
i )

In order to estimate the Malliavin–Sobolev norm ∥ · ∥k,p of ϕx
t (ti,Y

τ
i ), we need the following lemma.

Lemma 4.1 Let ψ ∈ Ck
b and X ∈ Dk,∞ for some k ∈ N0. Then ψ(X) ∈ Dk,∞. Moreover, for any integer

1 ⩽ α ⩽ k and p ⩾ 1,

∥Dα(ψ(X))∥Lp(Ω ,H⊗α ) ⩽C(∥Dα X∥Lp(Ω ,H⊗α )+∥X∥α
α−1,pα +1)

holds for some C > 0 depending on α, p and |ψ|i, 1 ⩽ i ⩽ α . As a consequence,

∥ψ(X)∥α,p ⩽C∥X∥α,p +C(∥X∥α
α−1,pα +∥ψ(X)∥p +1).

Proof. By (Sanz-Solé, 2005, (3.20)), for any integer 1 ⩽ α ⩽ k,

Dα(ψ(X)) =
α

∑
ℓ=1

∑
Pℓ

cℓψ(ℓ)(X)
ℓ

∏
i=1

D|Ii|X ,

where Pℓ is the set of partitions of {1, . . . ,α} consisting of ℓ disjoint sets I1, . . . , Iℓ, ℓ= 1, . . . ,α , |Ii| denotes the
cardinal of the set Ii, and cℓ are positive constants. By ψ ∈ C∞

b , we obtain

∥Dα(ψ(X))∥Lp(Ω ,H⊗α ) ⩽C∥Dα X∥Lp(Ω ,H⊗α )+C
α

∑
ℓ=2

∑
Pℓ

∥
ℓ

∏
i=1

D|Ii|X∥Lp(Ω ,H⊗α ).

For the case of 2 ⩽ ℓ⩽ α , it holds that |Ii|⩽ α −1 for i ∈ {1, . . . , ℓ}, and

∥
ℓ

∏
i=1

D|Ii|X∥Lp(Ω ,H⊗α ) ⩽
ℓ

∏
i=1

∥D|Ii|X∥Lpℓ(Ω ,H⊗|Ii |) ⩽
ℓ

∏
i=1

∥X∥α−1,pℓ ⩽ ∥X∥α
α−1,pα +1,

which proves the first assertion. By further taking (2.10) into account, we obtain

∥ψ(X)∥α,p ⩽C∥ψ(X)∥p +C
α

∑
j=1

∥D j(ψ(X))∥Lp(Ω ,H⊗ j) ⩽C∥ψ(X)∥p +C(∥X∥α
α−1,pα +1+∥X∥α,p).

The proof is completed. □

Lemma 4.2 Let c0,c1 > 0 and gs(t,x)⩾ 0 satisfy that for all 0 < s < t ⩽ T and x ∈ [0,1],

gs(t,x)⩽ c0 + c1

∫ t

s

∫ 1

0
Gt−r1(x,z1)gs(r1,z1)dz1dr1,

Then gs(t,x)⩽ c0ec1T for all 0 < s < t ⩽ T and x ∈ [0,1].

Proof. Taking supremum over x ∈ [0,1] and using (2.4), we obtain that for 0 < s < t ⩽ T ,

sup
x∈[0,1]

gs(t,x)⩽ c0 + c1 sup
x∈[0,1]

∫ t

s

∫ 1

0
Gt−r1(x,z1)dz1 sup

z1∈[0,1]
gs(r1,z1)dr1 ⩽ c0 + c1

∫ t

s
sup

z1∈[0,1]
gs(r1,z1)dr1.

Therefore, it follows from the Gronwall inequality that supx∈[0,1] gs(t,x)⩽ c0ec1(t−s) ⩽ c0ec1T . □
Based on Lemmas 4.1 and 4.2, we are ready to show that the Malliavin–Sobolev norms of ϕx

t (ti,Y
τ
i ) are

uniformly bounded by some constant. In the sequel, the generic constant may depend on the supremum norm
of derivatives of b.
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Proposition 4.3 Assume that b ∈ C∞
b . Then for any k ∈ N, p ⩾ 1, there exists C = C(k, p,T,σ ,∥u0∥E) such

that for any τ ∈ [0,1] and i ∈ {1, . . . ,N},

∥Φ
y
ti(0,u0)∥k,p +∥ϕ

y
t (ti−1,Φti−1(0,u0))∥k,p ⩽C, ∀ y ∈ [0,1], t ∈ (ti−1,T ]. (4.1)

∥ϕ
x
t (ti,Y

τ
i )∥k,p ⩽C, ∀ t ∈ [ti,T ], x ∈ [0,1]. (4.2)

Proof. In this proof, we denote by HM the property that (4.1) and (4.2) hold for all p ∈ [1,∞) and k = M. The
proof is based on an induction argument on M.

We first prove H0. Let i ∈ {1, . . . ,N} be arbitrarily fixed. The Burkholder inequality and (2.8) give that∥∥∥∥∫ ti

0

∫ 1

0
Gti−r(y,z)σW (dr,dz)

∥∥∥∥
p
⩽C(p,σ)

(∫ ti

0

∫ 1

0
G2

ti−r(y,z)dzdr
) 1

2

⩽C(p,T,σ), ∀ p ⩾ 1.

Therefore, by (3.6), (2.4), the assumption u0 ∈ E and the linear growth of b, for any i = 1, . . . ,N,

sup
y∈[0,1]

∥Φ
y
ti(0,u0)∥p ⩽∥u0∥E + sup

y∈[0,1]

∥∥∥∥∫ ti

0

∫ 1

0
Gti−r(y,z)σW (dr,dz)

∥∥∥∥
p

+C|b|1
i−1

∑
j=0

∫ t j+1

t j

sup
y∈[0,1]

∫ 1

0
Gti−r(y,z)

(
sup

z∈[0,1]
∥Φ

z
t j
(0,u0)∥p +1

)
dzdr

⩽C(T, p,∥u0∥E ,σ , |b|1)+C|b|1
i−1

∑
j=0

δ sup
z∈[0,1]

∥Φ
z
t j
(0,u0)∥p.

Utilizing the discrete Gronwall lemma produces

sup
y∈[0,1]

∥Φ
y
ti(0,u0)∥p ⩽C, ∀ i = 1, . . . ,N. (4.3)

Similarly, it follows from the first identity in (3.7), the linear growth of b, the Burkholder and Minkowski
inequalities that

∥ϕ
y
t (ti−1,Φti−1(0,u0))∥p ⩽

∫ 1

0
Gt−ti−1(y,z)∥Φ

z
ti−1

(0,u0)∥pdz+C(p,σ)

(∫ t

ti−1

∫ 1

0
G2

t−r(y,z)dzdr
) 1

2

+C|b|1
∫ t

ti−1

∫ 1

0
Gt−r(y,z)(1+∥ϕ

z
r (ti−1,Φti−1(0,u0))∥p)dzdr,

⩽C(p,σ , |b|1,T )+C|b|1
∫ t

ti−1

∫ 1

0
Gt−r(y,z)∥ϕ

z
r (ti−1,Φti−1(0,u0))∥pdzdr,

where the second inequality holds due to (4.3), (2.4), and (2.8). By Lemma 4.2, we obtain that for t ∈ (ti−1,T ],

sup
y∈[0,1]

∥ϕ
y
t (ti−1,Φti−1(0,u0))∥p ⩽C, ∀ i = 1, . . . ,N, (4.4)

which together with (4.3) implies that (4.1) holds for k = 0. Similar to the proof of (4.4), it can be shown that
(4.2) holds for k = 0 as well. Thus, we have proved H0.

Now we assume HM−1 and aim to show HM , M ⩾ 1. Notice that for X ∈ DM,p,

∥X∥p
M,p = ∥X∥p

M−1,p +∥DMX∥p
Lp(Ω ,H⊗M)

. (4.5)

By (3.6), the Minkowski inequality, Lemma 4.1 and HM−1, for p ⩾ 1,

∥DM
Φ

y
ti(0,u0)∥Lp(Ω ,H⊗M) ⩽

i−1

∑
j=0

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)∥DMb(Φ z

t j
(0,u0))∥Lp(Ω ,H⊗M)dzdr
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+
∥∥∥DM

∫ ti

0

∫ 1

0
Gti−r(y,z)σW (dr,dz)

∥∥∥
Lp(Ω ,H⊗M)

·1{M=1}

⩽C+C
i−1

∑
j=0

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)∥DM

Φ
z
t j
(0,u0)∥Lp(Ω ,H⊗M)dzdr, (4.6)

since DM ∫ ti
0
∫ 1

0 Gti−r(y,z)σW (dr,dz) vanishes for all M ⩾ 2, where 1{M=1} = 1 if M = 1, otherwise 1{M=1} = 0.
In the second step of (4.6), we have used the fact that Dθ ,ξ

∫ ti
0
∫ 1

0 Gti−r(y,z)σW (dr,dz) = Gti−θ (y,ξ )σ for θ ∈
(0, ti),ξ ∈ (0,1), and Dθ ,ξ

∫ ti
0
∫ 1

0 Gti−r(y,z)σW (dr,dz) = 0 for θ ∈ (ti,T ),ξ ∈ (0,1), and then by (2.8),

∥∥∥D
∫ ti

0

∫ 1

0
Gti−r(y,z)σW (dr,dz)

∥∥∥
Lp(Ω ,H)

⩽ σ

(∫ ti

0

∫ 1

0
G2

ti−θ (y,ξ )dξ dθ

) 1
2

⩽C(p,σ ,T ). (4.7)

By taking supremum over y ∈ [0,1] and applying the discrete Gronwall lemma, we obtain

sup
y∈[0,1]

∥DM
Φ

y
ti(0,u0)∥Lp(Ω ,H⊗M) ⩽C, ∀ i ∈ {1, . . . ,N}. (4.8)

In the same way, by (4.8) and (2.1), we also have

∥DM
ϕ

y
t (ti−1,Φti−1(0,u0))∥Lp(Ω ,H⊗M) ⩽C+

∫ 1

0
Gt−ti−1(y,z)∥DM

Φ
z
ti−1

(0,u0)∥Lp(Ω ,H⊗M)dz

+C
∫ t

ti−1

∫ 1

0
Gt−r(y,z)∥DM

ϕ
z
r (ti−1,Φti−1(0,u0))∥Lp(Ω ,H⊗M)dzdr

⩽C+C
∫ t

ti−1

∫ 1

0
Gt−r(y,z)∥DM

ϕ
z
r (ti−1,Φti−1(0,u0))∥Lp(Ω ,H⊗M)dzdr,

which together with Lemma 4.2 produces

sup
y∈[0,1]

∥DM
ϕ

y
t (ti−1,Φti−1(0,u0))∥Lp(Ω ,H⊗M) ⩽C, ∀ t ∈ [ti−1,T ], i ∈ {1, . . . ,N}. (4.9)

This along with (4.5), (4.8) and HM−1 completes the proof of (4.1) for k = M.
Moreover, (4.8), (4.9) and (3.9) also imply that for any τ ∈ [0,1],

sup
y∈[0,1]

∥DMY τ
i (y)∥Lp(Ω ,H⊗M) ⩽ sup

y∈[0,1]

(
∥DM

Φ
y
ti(0,u0)∥Lp(Ω ,H⊗M)+∥DM

ϕ
y
t (ti−1,Φti−1(0,u0))∥Lp(Ω ,H⊗M)

)
⩽C.

Since DM ∫ t
ti

∫ 1
0 Gt−s(x,y)σW (ds,dy) vanishes for all M ⩾ 2, by (2.1), it holds for p ⩾ 1 that

∥DM
ϕ

x
t (ti,Y

τ
i )∥Lp(Ω ,H⊗M) ⩽

∫ 1

0
Gt−ti(x,y)∥DMY τ

i (y)∥Lp(Ω ,H⊗M)dy

+
∥∥∥DM

∫ t

ti

∫ 1

0
Gt−s(x,y)σW (ds,dy)

∥∥∥
Lp(Ω ,H⊗M)

·1{M=1}+
∫ t

ti

∫ 1

0
Gt−s(x,y)∥DMb(ϕy

s (ti,Y
τ
i ))∥Lp(Ω ,H⊗M)dyds,

where the second term on the right side is estimated similarly as in (4.7), and is bounded by C(p,σ)(t − ti)
1
4 ⩽

C(p,σ ,T ), due to (2.8). Using Lemma 4.1 and HM−1 yields

∥DMb(ϕy
s (ti,Y

τ
i ))∥Lp(Ω ,H⊗M) ⩽C∥DM

ϕ
y
s (ti,Y

τ
i )∥Lp(Ω ,H⊗M)+C,

from which we get

∥DM
ϕ

x
t (ti,Y

τ
i )∥Lp(Ω ,H⊗M) ⩽C+C

∫ t

ti

∫ 1

0
Gt−s(x,y)∥DM

ϕ
y
s (ti,Y

τ
i )∥Lp(Ω ,H⊗M)dyds.

This gives us that supx∈[0,1] ∥DMϕx
t (ti,Y

τ
i )∥Lp(Ω ,H⊗M) ⩽C, thanks to Lemma 4.2. Then this estimate, (4.5) and

HM−1 implies (4.2) for k = M. The proof is completed. □
The following corollary is a consequence of Proposition 4.3 and Lemma 4.1.
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Corollary 4.4 Assume that b ∈ C∞
b . Then for any k ∈ N, p ⩾ 1, there exists C =C(k, p,T,σ ,∥u0∥E) such that

for any τ, β ∈ [0,1] and i ∈ {1, . . . ,N},

(i) sup
θ1∈(ti,T ],z∈[0,1]

(
∥b′(ϕz

θ1
(ti,Y τ

i ))∥k,p +∥b′′(ϕz
θ1
(ti,Y τ

i ))∥k,p

)
⩽C,

(ii) sup
r∈(ti−1,ti],y∈[0,1]

(
∥b′(Zβ

i (r,y))∥k,p +∥b′′(Zβ

i (r,y))∥k,p

)
⩽C,

(iii) sup
θ∈(0,ti−1],ξ∈[0,1]

∥b(Φξ

⌊θ⌋(0,u0))∥k,p + sup
θ∈(ti−1,ti],ξ∈[0,1]

∥b(ϕξ

θ
(ti−1,Φti−1(0,u0)))∥k,p ⩽C.

Proof. Based on Proposition 4.3, we have that for any k ∈ N, p ⩾ 1,

∥ϕ
z
θ1
(ti,Y τ

i )∥k,p +∥Φ
ξ

⌊θ⌋(0,u0)∥k,p +∥ϕ
ξ

θ
(ti−1,Φti−1(0,u0))∥k,p ⩽C(k, p,T,σ ,∥u0∥E).

Besides, by Zβ

i (r,y)= βϕ
y
r (ti−1,Φti−1(0,u0))+(1−β )Φy

ti−1
(0,u0), we also have ∥Zβ

i (r,y)∥k,p ⩽C(k, p,T,σ ,∥u0∥E).
Notice that b′,b′′, as well as their derivatives of any order, are bounded. Hence, applying Lemma 4.1 with ψ = b′

(or ψ = b′′), and X = ϕ
z
θ1
(ti,Y τ

i ) yields (i). Similarly, (ii) follows from Lemma 4.1 with X = Zβ

i (r,y) and ψ = b′

(or ψ = b′′). Finally, by Lemma 4.1 with X = Φ
ξ

⌊θ⌋(0,u0) and ψ = b, we arrive at

∥b(Φξ

⌊θ⌋(0,u0))∥k,p ⩽C∥Φ
ξ

⌊θ⌋(0,u0)∥k,p +C(∥Φ
ξ

⌊θ⌋(0,u0)∥k
k−1,pk +∥b(Φξ

⌊θ⌋(0,u0))∥p +1)

⩽C∥Φ
ξ

⌊θ⌋(0,u0)∥k,p +C(∥Φ
ξ

⌊θ⌋(0,u0)∥k
k−1,pk +∥Φ

ξ

⌊θ⌋(0,u0)∥p +1)⩽C,

since b is of linear growth. Analogous arguments also give ∥b(ϕξ

θ
(ti−1,Φti−1(0,u0)))∥k,p ⩽ C. The proof is

completed. □

4.2 Negative moments estimates

We first show the negative moments estimates for the numerical solution Uδ ,N(x), which together with Propo-
sition 4.3 proves Theorem 3.1.

Lemma 4.5 Assume that b ∈ C1
b and σ > 0. Denote Mi(θ ,y) :=

∫ 1
0 Dθ ,ξ Φ

y
ti(0,u0)dξ . Then for each i ∈

{1, . . . ,N},

Mi(θ ,y)⩾
1
2

σ , y ∈ [0,1], θ ∈ (tk, tk+1) with 0∨ (i−1−
log 3

2
|b|1δ

)⩽ k ⩽ i−1. (4.10)

In particular, (ΓUδ ,N(x))
−1 ∈ L∞−(Ω).

Proof. We first give an iteration formula for the Malliavin derivative for the numerical solution Φ
y
ti(0,u0). More

precisely, by (3.6), for θ ∈ (tk, tk+1) with 0 ⩽ k ⩽ i−1, y,ξ ∈ [0,1], and i ∈ {1, . . . ,N},

Dθ ,ξ Φ
y
ti(0,u0) =

i−1

∑
j=k+1

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)b′(Φ z

t j
(0,u0))Dθ ,ξ Φ

z
t j
(0,u0)dzdr+Gti−θ (y,ξ )σ , (4.11)

where we have used Dθ ,ξ Φ
y
t j(0,u0) = 0 if θ > t j. Then by (2.4), for θ ∈ (tk, tk+1) with 0 ⩽ k ⩽ i−1, y ∈ [0,1],

and i ∈ {1, . . . ,N}, Mi(θ ,y) satisfies the following recursive relation

Mi(θ ,y) =
i−1

∑
j=k+1

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)b′(Φ z

t j
(0,u0))M j(θ ,z)dzdr+σ . (4.12)
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To get a lower bound for Mi(θ ,y), we prove a discrete comparison principle. Define a two-parameter non-
negative sequence {Ak

i }0⩽k<i⩽N by for any i ∈ {1, . . . ,N}, Ai−1
i = σ and for any 0 ⩽ k ⩽ i−2,

Ak
i =

i−1

∑
j=k+1

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)|b|1Ak

jdzdr+σ =
i−1

∑
j=k+1

|b|1δAk
j +σ . (4.13)

By (4.13), if i1 − k1 = i2 − k2, then Ak1
i1
= Ak2

i2
=: Ai1−k1 . Rearranging (4.13), we derive that

Ai−k = |b|1δAi−1−k +
i−2

∑
j=k+1

|b|1δA j−k +σ = |b|1δAi−1−k +Ai−1−k = (1+ |b|1δ )i−k−1
σ .

We claim that

|Mi(θ ,y)|⩽ Ak
i , ∀ θ ∈ (tk, tk+1), 0 ⩽ k ⩽ i−1, y ∈ [0,1]. (4.14)

Indeed, we can prove (4.14) by an induction argument on i− k. For i− k = 1, from (4.12), one has Mi(θ ,y) =
Ai−1

i = σ , ∀ y ∈ [0,1], θ ∈ (ti−1, ti) and i ∈ {1, . . . ,N}. Assume by induction that (4.14) holds for all integer i,k
satisfying 1 ⩽ i− k ⩽ i− k′− 1 (k′ ⩽ i− 2). Now we show (4.14) for i− k = i− k′. Indeed, by the induction
assumption |M j(θ ,z)|⩽ Ak′

j for k′+1 ⩽ j ⩽ i−1, (4.12), and (4.13),

|Mi(θ ,y)|⩽
i−1

∑
j=k′+1

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)|b′(Φ z

t j
(0,u0))||M j(θ ,z)|dzdr+σ

⩽
i−1

∑
j=k′+1

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)|b|1Ak′

j dzdr+σ = Ak′
i

for θ ∈ (tk′ , tk′+1), which implies (4.14) for i− k = i− k′. Thus we obtain (4.14).
By (4.12), (4.14) and (2.4), we deduce that if |b|1 > 0, then

Mi(θ ,y)⩾ σ −|b|1δ (Ak
i−1 +Ak

i−2 + · · ·+Ak
k+1) =

(
2− (1+ |b|1δ )i−k−1

)
σ ⩾

1
2

σ ,

provided 0 ⩽ i− k− 1 ⩽ (log 3
2 )/(log(1+ |b|1δ )). By the relationship 0 < log(1+ x) ⩽ x, ∀ x > 0, we obtain

(4.10). Obviously, if |b|1 = 0, i.e., b′ ≡ 0, (4.10) is valid as well. Hence we have obtained the lower bound 1
2 σ

of Mi(θ ,y) when θ belongs to the interval (tki
0
, ti), where ki

0 = 0∨ [i− Kb
δ
] with Kb := log 3

2
|b|1

> 0 and [·] being the

floor function. Since ti − tki
0
= min{ti, ti − δ [i− Kb

δ
]} ⩾ ti ∧Kb, the length of the interval (tki

0
, ti) is not smaller

than ti ∧Kb, which is sufficient to derive a uniform lower bound independent of δ for ΓUδ ,N(x). More precisely,
by the Cauchy–Schwarz inequality and (4.10), we obtain

ΓUδ ,N(x) =Γ
Φ

y
tN
(0,u0)

:=
∫ T

0

∫ 1

0
|Dθ ,ξ Φ

x
tN (0,u0)|2dξ dθ ⩾

∫ T

0

(∫ 1

0
Dθ ,ξ Φ

x
tN (0,u0)dξ

)2

dθ

=
∫ T

0
|MN(θ ,x)|2dθ ⩾

∫ tN

tkN
0

|MN(θ ,x)|2dθ ⩾
σ2

4
(T ∧Kb).

This shows (ΓUδ ,N(x))
−1 ∈ L∞−(Ω), and the proof is completed. □

We consider in Proposition 4.7 the uniform positive lower bound, independent of the sample ω and stepsize
δ > 0, of the Malliavin covariance matrix {Γϕx

T (ti,Y
τ
i )
}x∈[0,1], i∈{1,...,N},τ∈[0,1]. We need a comparison theorem for

stochastic heat equation with Neumann boundary conditions, whose proof is omitted since it is similar to the
case of Dirichlet boundary conditions (see (Mueller & Nualart, 2008, Lemma 4)).
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Lemma 4.6 Let ui(t,x): i = 1,2 be two solutions of

∂ui

∂ t
=

∂ 2ui

∂x2 +Biui +Hui
∂ 2W
∂ t∂x

, ui(0,x) = u(i)0 (x)

with Neumann boundary conditions, where Bi(t,x), i = 1,2 and H(t,x) are bounded and adapted processes, and
u(i)0 (x), i = 1,2, are nonnegative continuous functions not identically zero. Also assume that B1(t,x)⩽ B2(t,x),

u(1)0 (x)⩽ u(2)0 (x) hold with probability one for all t ⩾ 0, x ∈ [0,1]. Then with probability 1,

u1(t,x)⩽ u2(t,x), ∀ t ⩾ 0, x ∈ [0,1]. (4.15)

If in Lemma 4.6, the assumptions of the initial conditions are replaced by u(1)0 (x) ⩽ u(2)0 (x) and u(i)0 (x),
i = 1,2, are nonpositive continuous functions not identically zero, then by applying Lemma 4.6 to −u1 and −u2
yields that −u2(t,x)⩽−u1(t,x), which also gives (4.15).

Proposition 4.7 Assume that b∈C1
b and σ > 0. Then the Malliavin covariance matrix {Γϕx

T (ti,Y
τ
i )
}x∈[0,1], i∈{1,...,N},τ∈[0,1]

satisfies Γϕx
T (ti,Y

τ
i )

⩾ c, for some c = c(T, |b|1,σ)> 0 independent of δ , x, i and τ .

Proof. By the Cauchy–Schwarz inequality, we infer that

Γϕx
T (ti,Y

τ
i )

:=
∫ T

0

∫ 1

0
|Dθ ,ξ ϕ

x
T (ti,Y

τ
i )|2dξ dθ ⩾

∫ T

0

(∫ 1

0
Dθ ,ξ ϕ

x
T (ti,Y

τ
i )dξ

)2

dθ , (4.16)

for i ∈ {1, . . . ,N}. Denote X i
θ
(t,x) :=

∫ 1
0 Dθ ,ξ ϕx

t (ti,Y
τ
i )dξ , where we drop its explicit dependence upon τ for

simplicity. By (2.1) and the chain rule (see e.g. (Nualart, 2006, Proposition 1.5.1)), we have

X i
θ (t,x) = σ1(ti,t](θ)+

∫ 1

0
Gt−ti(x,y)

∫ 1

0
Dθ ,ξY τ

i (y)dξ dy+
∫ t

ti

∫ 1

0
Gt−r(x,y)b′(ϕy

r (ti,Y
τ
i ))X

i
θ (r,y)dydr. (4.17)

Next we estimate X i
θ
(t,x) in the following two cases, i.e., θ > ti and θ < ti.

Case 1: Let θ ∈ (ti,T ]. Notice that θ > ti implies Dθ ,ξY τ
i (y) = 0 since Y τ

i defined in (3.9) is Fti -measurable.
Then it follows from (4.17) that

∂tX i
θ (t,x) = ∂xxX i

θ (t,x)+b′(ϕx
t (ti,Y

τ
i ))X

i
θ (t,x), θ < t ⩽ T

with the initial condition X i
θ
(θ ,x) = σ , ∀ x ∈ [0,1]. By Lemma 4.6 (with B1 ≡−|b|1, B2(t,x) = b′(ϕx

t (ti,Y
τ
i )),

H ≡ 0), we obtain
X i

θ (T,x)⩾ e−|b|1(T−θ)
σ . (4.18)

Case 2: Let θ ∈ (0, ti). Notice that θ < ti implies 1(ti,t](θ) = 0. By (3.9) and (4.17), it is sufficient to
estimate

∫ 1
0 Dθ ,ξY τ

i (y)dξ in terms of the estimates of
∫ 1

0 Dθ ,ξ Φ
y
ti(0,u0)dξ and

∫ 1
0 Dθ ,ξ ϕ

y
ti(ti−1,Φti−1(0,u0))dξ .

By (2.1), for θ < ti,∫ 1

0
Dθ ,ξ ϕ

y
ti(ti−1,Φti−1(0,u0))dξ = σ1(ti−1,ti)(θ)+

∫ 1

0
Gδ (y,z)

∫ 1

0
Dθ ,ξ Φ

z
ti−1

(0,u0)dξ dz

+
∫ ti

ti−1

∫ 1

0
Gti−r(y,z)b′(ϕz

r (ti−1,Φti−1(0,u0)))
∫ 1

0
Dθ ,ξ ϕ

z
r (ti−1,Φti−1(0,u0))dξ dzdr.

If θ ∈ (ti−1, ti), then Dθ ,ξ Φ
z
ti−1

(0,u0) = 0 and thus similar to (4.18), applying Lemma 4.6 (with B1 ≡ −|b|1,
B2(t,x) = b′(ϕx

t (ti−1,Φti−1(0,u0))), H ≡ 0) will lead to∫ 1

0
Dθ ,ξ ϕ

y
ti(ti−1,Φti−1(0,u0))dξ ⩾ e−|b|1(ti−θ)

σ ⩾ e−|b|1δ
σ ,

which along with (3.9), Dθ ,ξ Φ
y
ti(0,u0) = σGti−θ (y,ξ ), θ ∈ (ti−1, ti), and (2.4), implies for all τ,y ∈ [0,1],∫ 1

0
Dθ ,ξY τ

i (y)dξ ⩾ (1− τ)σ + τe−|b|1δ
σ ⩾ e−|b|1δ

σ , ∀ θ ∈ (ti−1, ti). (4.19)
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Denote Kb := log 3
2

|b|1
. Due to (4.10), we have∫ 1

0
Dθ ,ξ Φ

z
ti−1

(0,u0)dξ ⩾
1
2

σ , ∀ z ∈ [0,1], θ ∈ (tk, tk+1), 0∨ (i−2− Kb

δ
)⩽ k ⩽ i−2,

which, together with (2.4) and Lemma 4.6 (with B2(t,x) = b′(ϕx
t (ti−1,Φti−1(0,u0))), B1 ≡ −|b|1, H ≡ 0) indi-

cates∫ 1

0
Dθ ,ξ ϕ

y
ti(ti−1,Φti−1(0,u0))dξ ⩾

1
2

e−|b|1δ
σ , ∀ y ∈ [0,1], θ ∈ (tk, tk+1), 0∨ (i−2− Kb

δ
)⩽ k ⩽ i−2.

Therefore, (4.10) and (3.9) indicate for all τ,y ∈ [0,1],∫ 1

0
Dθ ,ξY τ

i (y)dξ ⩾ (1−τ)
1
2

σ +
τ

2
e−|b|1δ

σ ⩾
1
2

e−|b|1δ
σ , θ ∈ (tk, tk+1), 0∨(i−1− Kb

δ
)⩽ k ⩽ i−2. (4.20)

Combining (4.19) and (4.20), we conclude∫ 1

0
Dθ ,ξY τ

i (y)dξ ⩾
1
2

e−|b|1δ
σ , θ ∈ (tk, tk+1), 0∨ (i−1− Kb

δ
)⩽ k ⩽ i−1. (4.21)

Now we turn to (4.17) and estimate X i
θ
(T,x). Taking into account (4.21) and applying Lemma 4.6 (with

B2(t,x) = b′(ϕx
t (ti,Y

τ
i )), B1 ≡−|b|1 and H ≡ 0) yield

X i
θ (T,x)⩾

∫ 1

0
GT−ti(x,y)e

−|b|1(T−ti)
∫ 1

0
Dθ ,ξY τ

i (y)dξ dy ⩾
1
2

e−|b|1(T−ti−1)σ , (4.22)

for any τ,x ∈ [0,1] and θ ∈ (tk, tk+1) with 0∨ (i−1−Kb/δ )⩽ k ⩽ i−1.
So far, we have dominated X i

θ
(T,x) from below when θ > ti in Case 1 and when θ ∈ (tk, tk+1) with 0∨ (i−

1−Kb/δ )⩽ k ⩽ i−1 in Case 2, based on which, we now give a lower bound of Γϕx
T (ti,Y

τ
i )

as follows. By (4.16)
and (4.18),

Γϕx
T (ti,Y

τ
i )

⩾
∫ T

0

∣∣X i
θ (T,x)

∣∣2 dθ ⩾
i−1

∑
k=0

∫ tk+1

tk

∣∣X i
θ (T,x)

∣∣2 dθ +
∫ T

ti
e−2|b|1(T−θ)

σ
2dθ .

For 0 ⩽ i ⩽ N
2 ,

Γϕx
T (ti,Y

τ
i )

⩾
∫ T

T
2

e−2|b|1(T−θ)
σ

2dθ =
1− e−|b|1T

2|b|1
σ

2 =: c1.

For N
2 < i ⩽ N, utilizing (4.22) yields

Γϕx
T (ti,Y

τ
i )

⩾ ∑
0∨(i−1−Kb/δ )⩽k⩽i−1

∫ tk+1

tk

∣∣X i
θ (T,x)

∣∣2 dθ ⩾
i−1

∑
k=0∨[i−Kb

δ
]

∫ tk+1

tk

∣∣X i
θ (T,x)

∣∣2 dθ

⩾
σ2

4
e−|b|1T

δ min
{

i,
Kb

δ

}
⩾

σ2

8
e−|b|1T (T ∧Kb) =: c2,

where we have used i−1− Kb
δ
< [i−1− Kb

δ
]+1 = [i− Kb

δ
] ⩽ i− Kb

δ
. Finally, we finish the proof by choosing

c = c1 ∧ c2. □
Based on Propositions 4.3 and 4.7, we now give the proof of Lemma 3.5.
Proof of Lemma 3.5: Since f ∈Ψ , there exists F such that F ′ = f and 0 ⩽ F ⩽ 1. Invoking Propositions

4.3 and 4.7, it follows from (Nualart, 2006, formula (2.32) or Proposition 2.1.4) that for any α ∈N, k ⩾ 1, there
exists Hα+1(ϕ

x
T (ti,Y

τ
i ),G1) ∈ D∞ satisfying (3.14), and furthermore, for p > p1 ⩾ 1, there exist constants η , γ

and integers n,m such that

∥Hα+1(ϕ
x
T (ti,Y

τ
i ),G1)∥p1 ⩽C(p1, p)∥Γ

−1
ϕx

T (ti,Y
τ
i )
∥m

η∥ϕ
x
T (ti,Y

τ
i )∥n

α+1,γ∥G1∥α+1,p.

Hence, by taking p = 2, p1 = 1 and using Propositions 4.3 and 4.7, we complete the proof.
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5. Regularity estimates for derivatives

In this section, we present the estimates of the moments of the Gateaux derivative and the Malliavin derivative
of ϕx

t (ti,Y
τ
i ) in Lemmas 5.3 and 5.4, respectively, which will be used in the proof of Proposition 3.3. As we

will see, the p-th moments of the derivatives of ϕx
t (ti,Y

τ
i ) are dominated by the Green function, instead of being

bounded by a constant in the case of stochastic ordinary differential equations. This is one main difference in
the weak convergence analysis between SPDEs and stochastic ordinary differential equations.

Lemma 5.1 Let M ⩾ 1, X ,H ∈ DM,∞ and g ∈C∞
b . Then for any q ⩾ 1,

∥DM{g′(X)H}∥Lq(Ω ;H⊗M) ⩽ |g|1∥DMH∥Lq(Ω ;H⊗M)+C∥g′(X)∥M,2q∥H∥M−1,2q.

Proof. By Leibnitz’s rule (Nualart, 2006, Proposition 1.5.6 or Exercise 1.2.13) and Hölder’s inequality,

∥DM{g′(X)H}∥Lq(Ω ,H⊗M) ⩽ |g|1∥DMH∥Lq(Ω ,H⊗M)+
M−1

∑
j=0

(
M
j

)
∥DM− jg′(X)∥L2q(Ω ,H⊗(M− j))∥D jH∥L2q(Ω ,H⊗ j).

Noticing that for j ∈ {0,1, . . . ,M−1},

∥DM− jg′(X)∥L2q(Ω ,H⊗(M− j))∥D jH∥L2q(Ω ,H⊗ j) ⩽ ∥g′(X)∥M− j,2q∥H∥ j,2q ⩽ ∥g′(X)∥M,2q∥H∥M−1,2q.

Putting these two estimates together finishes the proof. □
The following two-parameter Gronwall lemma is essential in the moment estimates for derivatives of ϕx

t (ti,Y
τ
i ).

Lemma 5.2 Let gs,y(t,x)⩾ 0 satisfy that for all 0 < s < t ⩽ T and x,y ∈ [0,1],

gs,y(t,x)⩽ cGt−s(x,y)+ c
∫ t

s

∫ 1

0
Gt−r1(x,z1)gs,y(r1,z1)dz1dr1,

where c > 0 is a constant. Then for some C =C(T,c), it holds that gs,y(t,x)⩽CGt−s(x,y).

Proof. Taking the supremum over x ∈ [0,1], and using (2.4) and Gt−s(x,y)⩽ KPt−s(x,y)⩽ C√
t−s , we have

sup
x∈[0,1]

gs,y(t,x)⩽
C√
t − s

+ c
∫ t

s
sup

z1∈[0,1]
gs,y(r1,z1)dr1, ∀ y ∈ [0,1],

which, together with the Gronwall inequality, implies that for some C =C(T ),

sup
x∈[0,1]

gs,y(t,x)⩽
C√
t − s

+
∫ t

s

C√
r− s

cexp
(∫ t

r
cdu
)

dr

⩽
C√
t − s

+2cecTC
√

T , ∀ y ∈ [0,1]. (5.1)

By an iteration procedure and (2.5), we have

gs,y(t,x)⩽ cGt−s(x,y)+ c2
∫ t

s

∫ 1

0
Gt−r1(x,z1)Gr1−s(z1,y)dz1dr1 + · · ·

+ cn+1
∫ t

s

∫ 1

0

∫ r1

s

∫ 1

0
· · ·
∫ rn−1

s

∫ 1

0
Gt−r1(x,z1)Gr1−r2(z1,z2) · · ·Grn−1−rn(zn−1,zn)Grn−s(zn,y)dzndrn · · ·dz2dr2dz1dr1

+ cn+1
∫ t

s

∫ 1

0

∫ r1

s

∫ 1

0
· · ·
∫ rn

s

∫ 1

0
Gt−r1(x,z1)Gr1−r2(z1,z2) · · ·Grn−rn+1(zn,zn+1)gs,y(rn+1,zn+1)dzn+1drn+1 · · ·dz2dr2dz1dr1

⩽

(
c+ c2(t − s)+ · · ·+ cn+1 (t − s)n

n!

)
Gt−s(x,y)+ cn+1 (t − s)n

n!

∫ t

s

∫ 1

0
Gt−rn+1(x,zn+1)gs,y(rn+1,zn+1)dzn+1drn+1,

where the first term on the right-hand side is bounded by cecT Gt−s(x,y), and due to (5.1) and (2.4), the second
term is dominated by

cn+1 (t − s)n

n!
C(T )

(∫ t

s

1√
rn+1 − s

drn+1 +1
)
,

which tends to 0 as n → ∞. The proof is completed. □
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Lemma 5.3 Assume that b ∈ C∞
b . Then for any k ∈ N and p ⩾ 1, there exists C =C(k, p,T,σ) such that

∥⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥k,p ⩽CGt−r (x,y) (5.2)

holds for every r ∈ [ti−1, ti), ti ⩽ t ⩽ T, i ∈ {1, . . . ,N} and τ,x, y ∈ [0,1].

Proof. In this proof, we denote by KM the property that (5.2) holds for k = M and all p ⩾ 1. The proof is
completed by an induction argument on M. First, by (2.5) and (3.12), we obtain

⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩= Gt−r (x,y)

+
∫ t

ti

∫ 1

0
Gt−θ1(x,z)b

′(ϕz
θ1
(ti,Y τ

i ))⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩dzdθ1.
(5.3)

Utilizing (5.3), the Minkowski inequality and the boundedness of b′ gives that for p ⩾ 1,

∥⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥p ⩽ Gt−r (x,y)+ |b|1

∫ t

ti

∫ 1

0
Gt−θ1(x,z)∥⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥pdzdθ1

⩽ Gt−r(x,y)+ |b|1
∫ t

r

∫ 1

0
Gt−θ1(x,z)∥⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥pdzdθ1.

A direct application of Lemma 5.2 completes the proof of K0.
Assume KM−1, and we proceed to prove KM . By Lemma 5.1 with q = p, g = b, X = ϕ

z
θ1
(ti,Y τ

i ) and
H = ⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩, we get that for ti < θ1 < t,

∥DM{b′(ϕz
θ1
(ti,Y τ

i ))⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩}∥Lp(Ω ;H⊗M)

⩽|b|1∥DM⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lp(Ω ;H⊗M)+C∥b′(ϕz
θ1
(ti,Y τ

i ))∥M,2p∥⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥M−1,2p

⩽|b|1∥DM⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lp(Ω ;H⊗M)+CGθ1−r(z,y), (5.4)

thanks to Corollary 4.4 and KM−1. By taking M-th (M ⩾ 1) Malliavin derivatives on both sides of (5.3), and
using (2.5) and (5.4), we have

∥DM⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥Lp(Ω ,H⊗M) ⩽C

∫ t

ti

∫ 1

0
Gt−θ1(x,z)Gθ1−r(z,y)dzdθ1

+ |b|1
∫ t

ti

∫ 1

0
Gt−θ1(x,z)∥DM⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lp(Ω ,H⊗M)dzdθ1

⩽C(t − ti)Gt−r(x,y)+ |b|1
∫ t

r

∫ 1

0
Gt−θ1(x,z)∥DM⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lp(Ω ,H⊗M)dzdθ1.

Consequently, it follows from Lemma 5.2 that ∥DM⟨Dϕx
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥Lp(Ω ,H⊗M) ⩽ CGt−r(x,y), which,

together with KM−1 and (4.5), yields KM . The proof is completed. □
Now we are in a position to estimate moments of the Malliavin derivative DΦ

y
ti(0,u0) = {Dθ ,ξ Φ

y
ti(0,u0),θ ∈

[0, ti)× [0,1]} of the numerical solution Uδ ,i(x) = Φx
ti(0,u0). Compared with the result in Proposition 4.3 where

the Malliavin–Sobolev norms of Φ
y
ti(0,u0) are uniformly bounded by constants, Lemma 5.4 states that the

Malliavin–Sobolev norms of Dθ ,ξ Φ
y
ti(0,u0) are bounded by multiples of the Green function Gti−θ (y,ξ ).

Lemma 5.4 Assume that b ∈ C∞
b . Then for any k ∈ N, p ⩾ 1, there exists C =C(k, p,T,σ) such that for every

θ ∈ (0, ti),y,ξ ∈ [0,1], and i ∈ {1, . . . ,N},

∥Dθ ,ξ Φ
y
ti(0,u0)∥k,p ⩽CGti−θ (y,ξ ).

Proof. In this proof, we denote by BM, j the property that ∥Dθ ,ξ Φ
y
t j(0,u0)∥k,p ⩽CGt j−θ (y,ξ ) holds for k = M

and all p ⩾ 1, ξ , y ∈ [0,1], θ ∈ (0, t j−1), and by BM the property that BM, j holds for all j ∈ {2, . . . ,N}. Since
for θ ∈ (ti−1, ti), i ∈ {1, . . . ,N}, Dθ ,ξ Φ

y
ti(0,u0) = σGti−θ (y,ξ ), it suffices to prove BM for M ∈ N.
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Step 1: We show B0, i.e., B0,i holds for i ∈ {2, . . . ,N}.
In fact, if i = 2, then for any θ ∈ (0, t1), ξ ∈ [0,1],

Dθ ,ξ Φ
y
t2(0,u0) = σGt2−θ (y,ξ )+

∫ t2

t1

∫ 1

0
Gt2−r(y,z)b′(Φ z

t1(0,u0))Dθ ,ξ Φ
z
t1(0,u0)dzdr, (5.5)

which along with the fact that for any θ ∈ (0, t1), ξ ∈ [0,1], Dθ ,ξ Φ
y
t1(0,u0) = σGt1−θ (y,ξ ) implies

∥Dθ ,ξ Φ
y
t2(0,u0)∥p ⩽CGt2−θ (y,ξ )+ |b|1σ

∫ t2

t1

∫ 1

0
Gt2−r(y,z)Gt1−θ (z,ξ )dzdr.

By (2.5) and (2.7),∫ t2

t1

∫ 1

0
Gt2−r(y,z)Gt1−θ (z,ξ )dzdr =

∫ t2

t1
Gt2−r+t1−θ (y,ξ )dr ⩽C(T )

∫ t2

t1

√
t2 −θ

t2 − r+ t1 −θ
Gt2−θ (y,ξ )dr

⩽C(T )
(√

t2 −θ −
√

t1 −θ

)√
t2 −θGt2−θ (y,ξ )

⩽C(T )Gt2−θ (y,ξ ), (5.6)

which implies B0,2.
To show B0,i for general i ∈ {3, . . . ,N}, we assume by induction that B0, j holds for all 2 ⩽ j ⩽ i−1, and

aim to prove B0,i. For θ ∈ (0, ti−1), we have θ ∈ (tk−1, tk] for some k ∈ {1, . . . , i− 1}. Then by (4.11), the
induction assumption B0, j with 2 ⩽ j ⩽ i−1, as well as the semigroup property (2.5),

∥Dθ ,ξ Φ
y
ti(0,u0)∥p ⩽|b|1

i−1

∑
j=k

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)∥Dθ ,ξ Φ

z
t j
(0,u0)∥pdzdr+Gti−θ (y,ξ )σ

⩽C
i−1

∑
j=k

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)Gt j−θ (z,ξ )dzdr+Gti−θ (y,ξ )σ

⩽C
i−1

∑
j=k

∫ t j+1

t j

Gti−r+t j−θ (y,ξ )dr+Gti−θ (y,ξ )σ .

Since ∑
i−1
j=k
∫ t j+1

t j

√
ti−θ

ti−r+t j−θ
dr = 2δ ∑

i−1
j=k

√
ti−θ√

ti−θ+
√

ti−1−θ
⩽ 2T, it follows from (2.7) that

i−1

∑
j=k

∫ t j+1

t j

Gti−r+t j−θ (y,ξ )dr ⩽C
i−1

∑
j=k

∫ t j+1

t j

√
ti −θ

ti − r+ t j −θ
drGti−θ (y,ξ )⩽CGti−θ (y,ξ ), (5.7)

which completes the proof of B0,i.
Step 2: We assume by induction BM−1 (M ⩾ 1), and proceed to show BM .
It suffices to show BM,i for all i∈{2, . . . ,N}. Actually, for i= 2 and θ ∈ (0, t1), by taking the M-th Malliavin

derivative on both sides of (5.5),

∥DMDθ ,ξ Φ
y
t2(0,u0)∥Lp(Ω ,H⊗M) ⩽

∫ t2

t1

∫ 1

0
Gt2−r(y,z)∥DM{b′(Φ z

t1(0,u0))Dθ ,ξ Φ
z
t1(0,u0)}∥Lp(Ω ,H⊗M)dzdr.

By Lemma 5.1 with q = p, g = b, X = Φ
z
tl (0,u0), and H = Dθ ,ξ Φ

z
tl (0,u0), we also have for l ∈ {1, . . . ,N},

∥DM{b′(Φ z
tl (0,u0))Dθ ,ξ Φ

z
tl (0,u0)}∥Lp(Ω ,H⊗M)

⩽|b|1∥DMDθ ,ξ Φ
z
tl (0,u0)∥Lp(Ω ,H⊗M)+C∥b′(Φ z

tl (0,u0))∥M,2p∥Dθ ,ξ Φ
z
tl (0,u0)∥M−1,2p.

By (4.1) and Lemma 4.1, it holds that ∥b′(Φ z
tl (0,u0))∥M,2p ⩽C, which in combination with BM−1 gives

∥DM{b′(Φ z
tl (0,u0))Dθ ,ξ Φ

z
tl (0,u0)}∥Lp(Ω ,H⊗M) ⩽ |b|1∥DMDθ ,ξ Φ

z
tl (0,u0)∥Lp(Ω ,H⊗M)+CGtl−θ (z,ξ ). (5.8)
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Using (5.8) with l = 1, as well as the fact that DDθ ,ξ Φ
z
t1(0,u0) vanishes, leads to

∥DM{b′(Φ z
t1(0,u0))Dθ ,ξ Φ

z
t1(0,u0)}∥Lp(Ω ,H⊗M) ⩽CGt1−θ (z,ξ ).

Combining the above arguments together, we conclude

∥DMDθ ,ξ Φ
y
t2(0,u0)∥Lp(Ω ,H⊗M) ⩽C

∫ t2

t1

∫ 1

0
Gt2−r(y,z)Gt1−θ (z,ξ )dzdr ⩽C(T )Gt2−θ (y,ξ ),

where the last inequality follows from (5.6). This along with BM−1 proves BM,2.
To show BM,i for general i ∈ {3, . . . ,N}, we assume by induction that BM, j holds for j ∈ {2, . . . , i−1}. For

θ ∈ (0, ti−1), we have θ ∈ (tk−1, tk] for some k ∈ {1, . . . , i− 1}. Taking the M-th Malliavin derivative on both
sides of (4.11) and using (5.8), we obtain

∥DMDθ ,ξ Φ
y
ti(0,u0)∥Lp(Ω ,H⊗M) ⩽

i−1

∑
j=k

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)∥DM{b′(Φ z

t j
(0,u0))Dθ ,ξ Φ

z
t j
(0,u0)}∥Lp(Ω ,H⊗M)dzdr

⩽
i−1

∑
j=k

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)|b|1∥DMDθ ,ξ Φ

z
t j
(0,u0)∥Lp(Ω ,H⊗M)dzdr+C

i−1

∑
j=k

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)Gt j−θ (z,ξ )dzdr.

Using the assumption that BM, j holds for j ∈ {2, . . . , i−1} and (5.7), we conclude

∥DMDθ ,ξ Φ
y
ti(0,u0)∥Lp(Ω ,H⊗M) ⩽C

i−1

∑
j=k

∫ t j+1

t j

∫ 1

0
Gti−r(y,z)Gt j−θ (z,ξ )dzdr ⩽CGti−θ (y,ξ ),

which together with BM−1 indicates BM,i.
Combining Step 1 and Step 2, we complete the proof.

□
The following Lemma considers the bounds for the Malliavin derivative of the exact flow of Eq. (1.1).

Lemma 5.5 Assume that b ∈ C∞
b . Given i ∈ {0,1, . . . ,N − 1}, let Xi : Ω × [0,1]→ R satisfy that Xi(z) is Fti

measurable for any z ∈ [0,1]. If for all k ∈ N and p ⩾ 1,

∥ϕ
y
t (ti,Xi)∥k,p ⩽C(k, p,T ), ∀ t ∈ [ti,T ], y ∈ [0,1], (5.9)

and
∥Dθ ,ξ Xi(z)∥k,p ⩽C(k, p,T )Gti−θ (z,ξ ), ∀ θ ∈ (0, ti), z, ξ ∈ [0,1], (5.10)

then there is some constant C =C(k, p,T ) such that for any k ∈ N and p ⩾ 1,

∥Dθ ,ξ ϕ
y
t (ti,Xi)∥k,p ⩽C(k, p,T )Gt−θ (y,ξ ), ∀ t ∈ (ti,T ], θ ∈ (0, ti), y, ξ ∈ [0,1]. (5.11)

Proof. In this proof, we denote by GM the property that (5.11) holds for all p ⩾ 1, t ∈ (ti,T ], θ ∈ (0, ti),
y, ξ ∈ [0,1] and k = M. We first prove G0. Notice that for θ ∈ (0, ti),

Dθ ,ξ ϕ
y
t (ti,Xi) =

∫ 1

0
Gt−ti(y,z)Dθ ,ξ Xi(z)dz+

∫ t

ti

∫ 1

0
Gt−r(y,z)b′(ϕz

r (ti,Xi))Dθ ,ξ ϕ
z
r (ti,Xi)dzdr. (5.12)

Using the Minkowski inequality, (5.10), (2.5) and the boundedness of b′, we have

∥Dθ ,ξ ϕ
y
t (ti,Xi)∥p ⩽CGt−θ (y,ξ )+ |b|1

∫ t

ti

∫ 1

0
Gt−r(y,z)∥Dθ ,ξ ϕ

z
r (ti,Xi)∥pdzdr

⩽CGt−θ (y,ξ )+ |b|1
∫ t

θ

∫ 1

0
Gt−r(y,z)∥Dθ ,ξ ϕ

z
r (ti,Xi)∥pdzdr.

Then G0 follows from Lemma 5.2.
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Now we assume GM−1 and proceed to show GM . Taking the M-th Malliavin derivative on both sides of
(5.12), we have

∥DMDθ ,ξ ϕ
y
t (ti,Xi)∥Lp(Ω ,H⊗M) ⩽

∫ 1

0
Gt−ti(y,z)∥DMDθ ,ξ Xi(z)∥Lp(Ω ,H⊗M)dz

+
∫ t

ti

∫ 1

0
Gt−r(y,z)∥DM{b′(ϕz

r (ti,Xi))Dθ ,ξ ϕ
z
r (ti,Xi)}∥Lp(Ω ,H⊗M)dzdr. (5.13)

By Lemma 4.1 and (5.9), ∥b′(ϕz
r (ti,Xi))∥M,2p ⩽ C(M, p,T ) for r ∈ (ti, t] and z ∈ [0,1]. By Lemma 5.1 with

g = b, X = ϕz
r (ti,Xi), and H = Dθ ,ξ ϕz

r (ti,Xi),

∥DM{b′(ϕz
r (ti,Xi))Dθ ,ξ ϕ

z
r (ti,Xi)}∥Lp(Ω ,H⊗M)

⩽ |b|1∥DMDθ ,ξ ϕ
z
r (ti,Xi)∥Lp(Ω ,H⊗M)+C∥b′(ϕz

r (ti,Xi))∥M,2p∥Dθ ,ξ ϕ
z
r (ti,Xi)∥M−1,2p

⩽ |b|1∥DMDθ ,ξ ϕ
z
r (ti,Xi)∥Lp(Ω ,H⊗M)+CGr−θ (z,ξ ), (5.14)

where we have used GM−1 in the last line. Inserting (5.10) and (5.14) into (5.13), and using (2.5), we arrive at

∥DMDθ ,ξ ϕ
y
t (ti,Xi)∥Lp(Ω ,H⊗M) ⩽

∫ 1

0
Gt−ti(y,z)Gti−θ (z,ξ )dz+C

∫ t

ti

∫ 1

0
Gt−r(y,z)Gr−θ (z,ξ )dzdr

+
∫ t

ti

∫ 1

0
Gt−r(y,z)|b|1∥DMDθ ,ξ ϕ

z
r (ti,Xi)∥Lp(Ω ,H⊗M)dzdr

⩽CGt−θ (y,ξ )+C
∫ t

θ

∫ 1

0
Gt−r(y,z)∥DMDθ ,ξ ϕ

z
r (ti,Xi)∥Lp(Ω ,H⊗M)dzdr.

Finally, by Lemma 5.2, we obtain GM , which completes the proof. □

Lemma 5.6 Assume that b ∈ C∞
b . Then for any k ∈ N and p ⩾ 1, there exists C = C(k, p,T,σ) such that for

every θ1 ∈ (ti−1,r), r ∈ (ti−1, ti], β ,y,ξ ∈ [0,1], and i ∈ {2, . . . ,N},

∥Dθ1,ξ Zβ

i (r,y)∥k,p ⩽CGr−θ1(y,ξ ). (5.15)

Proof. By the definition of Zβ

i (r,y), we have that for θ1 ∈ (ti−1,r)⊂ (ti−1, ti],

Dθ1,ξ Zβ

i (r,y) = βDθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0))+(1−β )Dθ1,ξ Φ

y
ti−1

(0,u0) = βDθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0)),

since θ1 > ti−1 implies Dθ1,ξ Φ
y
ti−1

(0,u0) = 0. Therefore, (5.15) is equivalent to

∥Dθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0))∥k,p ⩽CGr−θ1(y,ξ ). (5.16)

Note that for θ1 ∈ (ti−1,r)

Dθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0)) = σGr−θ1(y,ξ )

+
∫ r

θ1

∫ 1

0
Gr−r1(y,z1)b′(ϕz1

r1
(ti−1,Φti−1(0,u0)))Dθ1,ξ ϕ

z1
r1
(ti−1,Φti−1(0,u0))dz1dr1. (5.17)

Taking ∥ · ∥p-norm on both sides of (5.17), we obtain for p ⩾ 1,

∥Dθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0))∥p ⩽CGr−θ1(y,ξ )+ |b|1

∫ r

θ1

∫ 1

0
Gr−r1(y,z1)∥Dθ1,ξ ϕ

z1
r1
(ti−1,Φti−1(0,u0))∥pdz1dr1,

which implies ∥Dθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0))∥p ⩽CGr−θ1(y,ξ ), thanks to Lemma 5.2.

Assume by induction that (5.16) holds for any θ1 ∈ (ti−1,r), p ⩾ 1 and k = M −1 (M ⩾ 1), and we aim to
prove (5.16) with k = M. Taking the M-th Malliavin derivative on both sides of (5.17), we obtain

∥DMDθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0))∥Lp(Ω ;H⊗M)
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⩽
∫ r

θ1

∫ 1

0
Gr−r1(y,z1)∥DM{b′(ϕz1

r1
(ti−1,Φti−1(0,u0)))Dθ1,ξ ϕ

z1
r1
(ti−1,Φti−1(0,u0))}∥Lp(Ω ;H⊗M)dz1dr1

⩽|b|1
∫ r

θ1

∫ 1

0
Gr−r1(y,z1)∥DMDθ1,ξ ϕ

z1
r1
(ti−1,Φti−1(0,u0))∥Lp(Ω ;H⊗M)dz1dr1

+C
∫ r

θ1

∫ 1

0
Gr−r1(y,z1)∥b′(ϕz1

r1
(ti−1,Φti−1(0,u0)))∥M,2p∥Dθ1,ξ ϕ

z1
r1
(ti−1,Φti−1(0,u0))∥M−1,2pdz1dr1,

where in the second inequality, we have used Lemma 5.1 with g = b, X = ϕ
z1
r1 (ti−1,Φti−1(0,u0)) and H =

Dθ1,ξ ϕ
z1
r1 (ti−1,Φti−1(0,u0)). Using the induction assumption, we have ∥Dθ1,ξ ϕ

z1
r1 (ti−1,Φti−1(0,u0))∥M−1,2p ⩽

CGr1−θ1(z,ξ ). Using Lemma 4.1 and Proposition 4.3, we also have ∥b′(ϕz1
r1 (ti−1,Φti−1(0,u0)))∥M,2p ⩽ C.

Therefore,

∥DMDθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0))∥Lp(Ω ;H⊗M)

⩽|b|1
∫ r

θ1

∫ 1

0
Gr−r1(y,z1)∥DMDθ1,ξ ϕ

z1
r1
(ti−1,Φti−1(0,u0))∥Lp(Ω ;H⊗M)dz1dr1 +C

∫ r

θ1

∫ 1

0
Gr−r1(y,z1)Gr1−θ1(z1,ξ )dz1dr1

⩽|b|1
∫ r

θ1

∫ 1

0
Gr−r1(y,z1)∥DMDθ1,ξ ϕ

z1
r1
(ti−1,Φti−1(0,u0))∥Lp(Ω ;H⊗M)dz1dr1 +CGr−θ1(y,ξ ),

thanks to (2.5). Applying Lemma 5.2 leads to ∥DMDθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0))∥Lp(Ω ;H⊗M) ⩽CGr−θ1(y,ξ ). This

together with the induction assumption finishes the proof of (5.16).
□

Corollary 5.7 Assume that b ∈ C∞
b . Then for any k ∈ N and p ⩾ 1, there exists C =C(k, p,T,σ) such that for

every θ ∈ (0, ti−1), θ1 ∈ (0,r), r ∈ (ti−1, ti], β ,τ,y,ξ ∈ [0,1], s ∈ (ti−1,T ], t ∈ (ti,T ] and i ∈ {2, . . . ,N},

∥Dθ ,ξ ϕ
y
s (ti−1,Φti−1(0,u0))∥k,p ⩽CGs−θ (y,ξ ), (5.18)

∥Dθ ,ξ ϕ
y
t (ti,Y

τ
i )∥k,p ⩽CGt−θ (y,ξ ), (5.19)

∥Dθ1,ξ Zβ

i (r,y)∥k,p ⩽CGr−θ1(y,ξ ). (5.20)

Proof. (i) Let Xi−1 := Φti−1(0,u0) for i ∈ {2, . . . ,N}. Then (5.9) and (5.10) follow from (4.1) and Lemma 5.4,
respectively. This allows us to apply Lemma 5.5 to get (5.18).
(ii) Let Xi :=Y τ

i for i ∈ {1, . . . ,N−1}. Then (4.2) implies (5.9). Recall that by (3.9), Y τ
i (y) = τΦ

y
ti(0,u0)+(1−

τ)ϕy
ti(ti−1,Φti−1(0,u0)). Hence, (5.18) and Lemma 5.4 imply (5.10). Using Lemma 5.5 yields (5.19).

(iii) By the definition of Zβ

i (r,y), Dθ1,ξ Zβ

i (r,y) = βDθ1,ξ ϕ
y
r (ti−1,Φti−1(0,u0)) + (1− β )Dθ1,ξ Φ

y
ti−1

(0,u0). If
θ1 ∈ (0, ti−1), then (5.20) follows from (5.18) and Lemma 5.4. If θ1 ∈ (ti−1,r), then (5.20) follows from Lemma
5.6. The proof is completed. □

Lemma 5.8 Assume that b ∈ C∞
b . Then for any k ∈ N and p ⩾ 1, there exists C =C(k, p,T,σ) such that

∥Dθ ,ξ ⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥k,p ⩽CGt−θ (x,ξ ) (5.21)

holds for every θ ∈ (0, ti−1), r ∈ [ti−1, ti), ti < t ⩽ T , i ∈ {1, . . . ,N} and τ,x,y,ξ ∈ [0,1].

Proof. Denote by HM the property that (5.21) holds for k = M and all p ⩾ 1, θ ∈ (0, ti−1), r ∈ [ti−1, ti),
ti < t ⩽ T , i ∈ {1, . . . ,N} and τ,x,y,ξ ∈ [0,1].

We first prove H0. Taking the Malliavin derivative Dθ ,ξ on both sides of (5.3) gives

Dθ ,ξ ⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩

=
∫ t

ti

∫ 1

0
Gt−θ1(x,z)b

′′(ϕz
θ1
(ti,Y τ

i ))Dθ ,ξ ϕ
z
θ1
(ti,Y τ

i )⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩dzdθ1

+
∫ t

ti

∫ 1

0
Gt−θ1(x,z)b

′(ϕz
θ1
(ti,Y τ

i ))Dθ ,ξ ⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩dzdθ1. (5.22)
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By Proposition 2.2, Corollary 4.4, Lemma 5.3, and (5.19), we have for q ⩾ 1 and k ∈ N,

∥b′′(ϕz
θ1
(ti,Y τ

i ))Dθ ,ξ ϕ
z
θ1
(ti,Y τ

i )⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥k,q

⩽C∥b′′(ϕz
θ1
(ti,Y τ

i ))∥k,3q∥Dθ ,ξ ϕ
z
θ1
(ti,Y τ

i )∥k,3q∥⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥k,3q

⩽C(k,q)Gθ1−θ (z,ξ )Gθ1−r(z,y). (5.23)

Notice that by (2.6), Gθ1−r(z,y)⩽C(T ) 1√
θ1−r for θ1 > r, which along with (2.5) implies for ti−1 < r < ti < t,

∫ t

ti

∫ 1

0
Gt−θ1(x,z)Gθ1−θ (z,ξ )Gθ1−r(z,y)dzdθ1 ⩽C

∫ t

ti
Gt−θ (x,ξ )

1√
θ1 − r

dθ1 ⩽ 2C
√

t − rGt−θ (x,ξ ). (5.24)

Therefore, we have

∥Dθ ,ξ ⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥p ⩽CGt−θ (x,ξ )+C

∫ t

ti

∫ 1

0
Gt−θ1(x,z)∥Dθ ,ξ ⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥pdzdθ1

⩽CGt−θ (x,ξ )+C
∫ t

θ

∫ 1

0
Gt−θ1(x,z)∥Dθ ,ξ ⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥pdzdθ1,

which together with Lemma 5.2 implies H0.
Now we assume by induction HM−1 and aim to prove HM . Taking the Malliavin derivative DM on both

sides of (5.22) gives

DMDθ ,ξ ⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩

=
∫ t

ti

∫ 1

0
Gt−θ1(x,z)D

M{b′′(ϕz
θ1
(ti,Y τ

i ))Dθ ,ξ ϕ
z
θ1
(ti,Y τ

i )⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩}dzdθ1

+
∫ t

ti

∫ 1

0
Gt−θ1(x,z)D

M{b′(ϕz
θ1
(ti,Y τ

i ))Dθ ,ξ ⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩}dzdθ1.

It follows from Lemma 5.1 with g = b, X = ϕ
z
θ1
(ti,Y τ

i ), and H = Dθ ,ξ ⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩ and the first
inequality of Corollary 4.4, and the induction assumption HM−1 that

∥DM{b′(ϕz
θ1
(ti,Y τ

i ))Dθ ,ξ ⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩}∥Lq(Ω ,H⊗M)

⩽|b|1∥DMDθ ,ξ ⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lq(Ω ,H⊗M)+C∥Dθ ,ξ ⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥M−1,2q

⩽|b|1∥DMDθ ,ξ ⟨Dϕ
z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lq(Ω ,H⊗M)+CGθ1−θ (z,ξ ).

This, in combination with (5.23) and (5.24), indicates

∥DMDθ ,ξ ⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥Lq(Ω ,H⊗M) ⩽C

∫ t

ti

∫ 1

0
Gt−θ1(x,z)Gθ1−θ (z,ξ )dzdθ1 +CGt−θ (x,ξ )

+C
∫ t

ti

∫ 1

0
Gt−θ1(x,z)∥DMDθ ,ξ ⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lq(Ω ,H⊗M)dzdθ1.

Further, taking into account (2.5) and θ < ti, we arrive at

∥DMDθ ,ξ ⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥Lq(Ω ,H⊗M)

⩽CGt−θ (x,ξ )+C
∫ t

θ

∫ 1

0
Gt−θ1(x,z)∥DMDθ ,ξ ⟨Dϕ

z
θ1
(ti,Y τ

i ),Gti−r(·,y)⟩∥Lq(Ω ,H⊗M)dzdθ1.

Hence, it follows from Lemma 5.2 that

∥DMDθ ,ξ ⟨Dϕ
x
t (ti,Y

τ
i ),Gti−r(·,y)⟩∥Lq(Ω ,H⊗M) ⩽CGt−θ (x,ξ ),

which together with (4.5) and the induction assumption HM−1 completes the proof of HM . □
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6. Proof of Proposition 3.3

In this section, we give the proof of Proposition 3.3. We begin with (3.13) and proceed to estimate

E [ f (u(T,x))]−E[ f (Uδ ,N(x))]

=
N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
E
[

f ′(ϕx
T (ti,Y

τ
i ))⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))E
i(r,y)

]
dydrdβdτ,

where E i := E i
initial u +E i

initial b +E i
initial σ

+E i
b +E i

σ is given in (3.8).
For i ∈ {1, . . . ,N} and ⋆ ∈ {initial u, initial b, initial σ ,b,σ}, denote

R i
⋆(r,y) := E

[
f ′(ϕx

T (ti,Y
τ
i ))⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))E
i
⋆(r,y)

]
. (6.1)

Hence, it follows that

E [ f (u(T,x))]−E[ f (Uδ ,N(x))]

=
N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
[R i

initial u(r,y)+R i
initial b(r,y)+R i

initial σ (r,y)+R i
b(r,y)+R i

σ (r,y)]dydrdβdτ

= : Iinitial u +Iinitial b +Iinitial σ +Ib +Iσ ,

where

I⋆ =
N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
R i

⋆(r,y)dydrdβdτ, (6.2)

for each ⋆ ∈ {initial u, initial b, initial σ ,b,σ}. Here, we drop the explicit dependence of I j upon τ,β ,x, and
note that the constants C throughout this proof are independent of τ, β ∈ [0,1] and x ∈ [0,1].

For fixed 0 ⩽ r < ti ⩽ T and y ∈ [0,1], we have Gti−r(·,y) ∈ E. For each i ∈ {1, . . . ,N}, if Qi(r,y) ∈ D∞ for
every (r,y) ∈ [ti−1, ti]× [0,1], then it follows from Lemma 3.5 that for α ∈ {1,2} and g = b (or g = b′),

|E[ f (α)(ϕx
T (ti,Y

τ
i ))⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩g′(Zβ

i (r,y))Qi(r,y)]|

⩽C∥⟨Dϕ
x
T (ti,Y

τ
i ),Gti−r(·,y)⟩g′(Zβ

i (r,y))Qi(r,y)∥α+1,2

⩽C∥⟨Dϕ
x
T (ti,Y

τ
i ),Gti−r(·,y)⟩∥α+1,4∥g′(Zβ

i (r,y))Qi(r,y)∥α+1,4

⩽CGT−r(x,y)∥g′(Zβ

i (r,y))Qi(r,y)∥α+1,4 ⩽CGT−r(x,y)∥Qi(r,y)∥α+1,8, (6.3)

thanks to Proposition 2.2, Lemma 5.3 and Corollary 4.4.
(a) Estimate of Iinitial u. By (6.3) (with Qi = E i

initial u, α = 1, and g = b) and (6.1), for any ν ∈ ( 1
3 ,1),

|R i
initial u(r,y)|⩽CGT−r(x,y)

∫ 1

0
|Gr(y,ξ )−Gti−1(y,ξ )||u0(ξ )|dξ

⩽C∥u0∥EGT−r(x,y)(r− ti−1)
ν(ti−1)

−ν , ∀ i ∈ {2, . . . ,N},

due to Lemma 2.1. For i = 1, by (2.4),

|R1
initial u(r,y)|⩽CGT−r(x,y)

∣∣∣∣∫ 1

0
Gr(y,ξ )u0(ξ )dξ −u0(y)

∣∣∣∣dξ ⩽C∥u0∥EGT−r(x,y).

Therefore, by (6.2), it holds for ν ∈ ( 1
3 ,1) that

|Iinitial u|⩽
N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i

initial u(r,y)|dydrdβdτ
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⩽C
∫ t1

t0

∫ 1

0
GT−r(x,y)dydr+

N

∑
i=2

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i

initial u(r,y)|dydrdβdτ

⩽Cδ +C
N

∑
i=2

∫ 1

0
GT−r(x,y)dy

∫ ti

ti−1

(r− ti−1)
ν(ti−1)

−ν dr ⩽Cδ +Cδ
ν

∫ T

0

1
rν

dr ⩽C(ν ,T )δ ν .

(b) Estimate of Iinitial b. By (6.3) (with Qi = E i
initial b, α = 1 and g = b), (6.1) and Proposition 2.2,

|R i
initial b(r,y)|⩽CGT−r(x,y)

∥∥∥∥∫ ti−1

0

∫ 1

0
{Gr−θ (y,ξ )−Gti−1−θ (y,ξ )}b

(
Φ

ξ

⌊θ⌋(0,u0)
)

dξ dθ

∥∥∥∥
2,8

⩽CGT−r(x,y)
∫ ti−1

0

∫ 1

0
|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|∥b(Φξ

⌊θ⌋(0,u0))∥2,8dξ dθ .

By further taking into account Corollary 4.4 and Lemma 2.1, we arrive at

|R i
initial b(r,y)|⩽CGT−r(x,y)

∫ ti−1

0

∫ 1

0
|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθ

⩽C(ν)GT−r(x,y)
∫ ti−1

0
(r− ti−1)

ν(ti−1 −θ)−ν dθ

for ν ∈ (1/3,1). Hence, in view of (6.1), it holds that

|Iinitial b|⩽C(ν)
N

∑
i=1

∫ ti

ti−1

∫ 1

0
GT−r(x,y)dy

∫ ti−1

0
(r− ti−1)

ν(ti−1 −θ)−ν dθdr

⩽C(ν)δ ν
N

∑
i=1

∫ ti

ti−1

∫ ti−1

0
(ti−1 −θ)−ν dθdr ⩽C(ν ,T )δ ν .

(c) Estimate of Iinitial σ . By the Malliavin integration by parts formula (2.11) and the chain rule (see e.g.
(Nualart, 2006, Proposition 1.5.1)), we obtain

R i
initial σ (r,y)

=
∫ ti−1

0

∫ 1

0
E
[

f ′′(ϕx
T (ti,Y

τ
i ))Dθ ,ξ ϕ

x
T (ti,Y

τ
i )⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))
]
{Gr−θ (y,ξ )−Gti−1−θ (y,ξ )}σdξ dθ

+
∫ ti−1

0

∫ 1

0
E
[

f ′(ϕx
T (ti,Y

τ
i ))Dθ ,ξ ⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))
]
{Gr−θ (y,ξ )−Gti−1−θ (y,ξ )}σdξ dθ

+
∫ ti−1

0

∫ 1

0
E
[

f ′(ϕx
T (ti,Y

τ
i ))⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′′(Zβ

i (r,y))Dθ ,ξ Zβ

i (r,y)
]
{Gr−θ (y,ξ )−Gti−1−θ (y,ξ )}σdξ dθ

=: R i,1
initial σ

(r,y)+R i,2
initial σ

(r,y)+R i,3
initial σ

(r,y).

(c1) Estimate of R i,1
initial σ

(r,y): We apply (6.3) with g = b, α = 2, Qi(r,y) = Dθ ,ξ ϕx
T (ti,Y

τ
i ) to obtain

|E
[

f ′′(ϕx
T (ti,Y

τ
i ))Dθ ,ξ ϕ

x
T (ti,Y

τ
i )⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))
]
|

⩽CGT−r(x,y)∥Dθ ,ξ ϕ
x
T (ti,Y

τ
i )∥3,8 ⩽CGT−r(x,y)GT−θ (x,ξ ), (6.4)

where we have also used (5.19) in the last step. By Lemma 2.1 and

Gs(x,y)⩽ KPs(x,y)⩽Cs−
1
2 , s ∈ (0,T ], (6.5)

we obtain for ν ∈ ( 1
3 ,1),

N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i,1

initial σ
(r,y)|dydrdβdτ
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⩽C
N

∑
i=1

∫ ti

ti−1

∫ 1

0

∫ ti−1

0

∫ 1

0
GT−r(x,y)GT−θ (x,ξ )|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθdydr

⩽C
N

∑
i=1

∫ ti

ti−1

∫ 1

0

∫ ti−1

0
(T − r)−

1
2 GT−θ (x,ξ )

∫ 1

0
|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dydθdξ dr

⩽Cδ
ν

N

∑
i=1

∫ ti

ti−1

∫ ti−1

0
(T − r)−

1
2 (ti−1 −θ)−ν dθdr ⩽Cδ

ν
N

∑
i=1

∫ ti

ti−1

(T − r)−
1
2 dr

∫ ti−1

0
(ti−1 −θ)−ν dθ ⩽Cδ

ν .

(c2) Estimate of R i,2
initial σ

(r,y): We use Lemma 3.5, Proposition 2.2, Corollary 4.4 and Lemma 5.8 to get

|E
[

f ′(ϕx
T (ti,Y

τ
i ))Dθ ,ξ ⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))
]
|

⩽C∥Dθ ,ξ ⟨Dϕ
x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))∥2,2

⩽C∥Dθ ,ξ ⟨Dϕ
x
T (ti,Y

τ
i ),Gti−r(·,y)⟩∥2,4∥b′(Zβ

i (r,y))∥2,4

⩽C∥Dθ ,ξ ⟨Dϕ
x
T (ti,Y

τ
i ),Gti−r(·,y)⟩∥2,4 ⩽CGT−θ (x,ξ ). (6.6)

Thus, it follows from the definition of R i,2
initial σ

(r,y) and (6.6) that

|R i,2
initial σ

(r,y)|⩽C
∫ ti−1

0

∫ 1

0
GT−θ (x,ξ )|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθ .

Using Lemma 2.1, we have for ν ∈ ( 1
3 ,1),∫ ti

ti−1

∫ 1

0

∫ ti−1

0

∫ 1

0
GT−θ (x,ξ )|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθdydr

⩽
∫ ti

ti−1

∫ ti−1

0

∫ 1

0
CGT−θ (x,ξ )(r− ti−1)

ν(ti−1 −θ)−ν dξ dθdr

⩽Cδ
ν

∫ ti

ti−1

∫ ti−1

0
(ti−1 −θ)−ν dθdr ⩽Cδ

1+ν ,

which shows

N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i,2

initial σ
(r,y)|dydrdβdτ ⩽Cδ

ν .

(c3) Estimate of R i,3
initial σ

(r,y): Notice that by (6.5), Gr−θ (y,ξ ) ⩽ C(r−θ)−
1
2 . By (6.3) (with Qi(r,y) =

Dθ ,ξ Zβ

i (r,y), α = 1, and g = b′) and (5.20),∣∣E[ f ′(ϕx
T (ti,Y

τ
i ))⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′′(Zβ

i (r,y))Dθ ,ξ Zβ

i (r,y)
]∣∣

⩽CGT−r(x,y)Gr−θ (y,ξ )⩽C(r−θ)−
1
2 GT−r(x,y). (6.7)

Hence, it follows that

|R i,3
initial σ

(r,y)|⩽
∫ ti−1

0

∫ 1

0
CGT−r(x,y)(r−θ)−

1
2 |Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθ ,

which yields

N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i,3

initial σ
(r,y)|dydrdβdτ
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⩽
N

∑
i=1

∫ ti

ti−1

∫ 1

0
CGT−r(x,y)

∫ ti−1

0
(r−θ)−

1
2

∫ 1

0
|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθdydr. (6.8)

Applying Lemma 2.1 with ν ∈ ( 1
2 ,1) yields

N

∑
i=1

∫ ti

ti−1

∫ 1

0
CGT−r(x,y)

∫ ti−2

0
(r−θ)−

1
2

∫ 1

0
|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθdydr

⩽
N

∑
i=1

∫ ti

ti−1

C
∫ ti−2

0
(r−θ)−

1
2 (r− ti−1)

ν(ti−1 −θ)−ν dθdr

⩽Cδ
ν

N

∑
i=1

∫ ti

ti−1

∫ ti−2

0
(r−θ)−

1
2 (ti−1 −θ)−ν dθdr ⩽Cδ

1
2 , (6.9)

since ∫ ti

ti−1

∫ ti−2

0
(r−θ)−

1
2 (ti−1 −θ)−ν dθdr =

∫ ti−2

0

∫ ti

ti−1

(r−θ)−
1
2 dr(ti−1 −θ)−ν dθ

=
∫ ti−2

0

2δ

(ti −θ)
1
2 +(ti−1 −θ)

1
2
(ti−1 −θ)−ν dθ ⩽ δ

∫ ti−2

0
(ti−1 −θ)−ν− 1

2 dθ ⩽Cδ
−ν+ 3

2 .

Besides, (2.4) implies
∫ 1

0 |Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ ⩽ 2, and thus

N

∑
i=1

∫ ti

ti−1

∫ 1

0
CGT−r(x,y)

∫ ti−1

ti−2

(r−θ)−
1
2

∫ 1

0
|Gr−θ (y,ξ )−Gti−1−θ (y,ξ )|dξ dθdydr

⩽C
N

∑
i=1

∫ ti

ti−1

∫ 1

0

∫ ti−1

ti−2

GT−r(x,y)(r−θ)−
1
2 dθdydr ⩽C

N

∑
i=1

∫ ti

ti−1

∫ ti−1

ti−2

(r− ti−1)
− 1

2 dθdr ⩽Cδ
1
2 . (6.10)

Combining (6.8), (6.9) and (6.10), we obtain

N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i,3

initial σ
(r,y)|dydrdβdτ ⩽Cδ

1
2 .

(d) Estimate of Ib. By (6.3) (with Qi = E i
b, α = 1 and g = b), (6.1), Corollary 4.4, the Minkowski

inequality, and (2.4),

|R i
b(r,y)|⩽CGT−r(x,y)

∥∥∥∥∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )b

(
ϕ

ξ

θ
(ti−1,Φti−1(0,u0))

)
dξ dθ

∥∥∥∥
2,8

⩽CGT−r(x,y)
∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )

∥∥∥b(ϕξ

θ
(ti−1,Φti−1(0,u0)))

∥∥∥
2,8

dξ dθ

⩽CGT−r(x,y)
∫ r

ti−1

∫ 1

0
Gr−θ (y,ξ )dξ dθ ⩽CGT−r(x,y)(r− ti−1).

It follows from (6.2) that

Ib ⩽C
N

∑
i=1

∫ ti

ti−1

∫ 1

0
GT−r(x,y)(r− ti−1)dydr ⩽Cδ .

(e) Estimate of Iσ . We apply the Malliavin integration by parts formula (2.11) to get

R i
σ (r,y) = σ

∫ r

ti−1

∫ 1

0
E
[

f ′′(ϕx
T (ti,Y

τ
i ))Dθ ,ξ ϕ

x
T (ti,Y

τ
i )⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))
]
Gr−θ (y,ξ )dξ dθ
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+σ

∫ r

ti−1

∫ 1

0
E
[

f ′(ϕx
T (ti,Y

τ
i ))Dθ ,ξ ⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′(Zβ

i (r,y))
]
Gr−θ (y,ξ )dξ dθ

+σ

∫ r

ti−1

∫ 1

0
E
[

f ′(ϕx
T (ti,Y

τ
i ))⟨Dϕ

x
T (ti,Y

τ
i ),Gti−r(·,y)⟩b′′(Zβ

i (r,y))Dθ ,ξ Zβ

i (r,y)
]
Gr−θ (y,ξ )dξ dθ

=: R i,1
σ (r,y)+R i,2

σ (r,y)+R i,3
σ (r,y).

(e1) Estimate of R i,1
σ (r,y): Using (6.4), we get

|R i,1
σ (r,y)|⩽C

∫ r

ti−1

∫ 1

0
GT−r(x,y)Gr−θ (y,ξ )GT−θ (x,ξ )dξ dθ .

Therefore, (2.5) and (2.8) give

N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i,1

σ (r,y)|dydrdβdτ ⩽C
N

∑
i=1

∫ ti

ti−1

∫ 1

0

∫ r

ti−1

∫ 1

0
GT−r(x,y)Gr−θ (y,ξ )GT−θ (x,ξ )dξ dθdydr

⩽C
N

∑
i=1

∫ ti

ti−1

∫ ti

ti−1

∫ 1

0
G2

T−θ (x,ξ )dξ dθdr ⩽Cδ

N

∑
i=1

∫ ti

ti−1

∫ 1

0
G2

T−θ (x,ξ )dξ dθ ⩽Cδ .

(e2) Estimate of R i,2
σ (r,y): By the definition of R i,2

σ (r,y) and (6.6), we have

|R i,2
σ (r,y)|⩽C

∫ r

ti−1

∫ 1

0
GT−θ (x,ξ )Gr−θ (y,ξ )dξ dθ .

In view of (2.5),∫ ti

ti−1

∫ 1

0

∫ r

ti−1

∫ 1

0
GT−θ (x,ξ )Gr−θ (y,ξ )dξ dθdydr =

∫ ti

ti−1

∫ r

ti−1

∫ 1

0
GT−θ (x,ξ )dξ

∫ 1

0
Gr−θ (y,ξ )dydθdr ⩽Cδ

2,

from which we deduce that

N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i,2

σ (r,y)|dydrdβdτ ⩽Cδ .

(e3) Estimate of R i,3
σ (r,y): Due to (6.7) and the definition of R i,3

σ (r,y),

|R i,3
σ (r,y)|⩽

∫ r

ti−1

∫ 1

0
CGT−r(x,y)(r−θ)−

1
2 Gr−θ (y,ξ )dξ dθ

⩽CGT−r(x,y)
∫ r

ti−1

(r−θ)−
1
2

∫ 1

0
Gr−θ (y,ξ )dξ dθ ⩽CGT−r(x,y)

∫ r

ti−1

(r−θ)−
1
2 dθ .

Therefore, it holds that

N

∑
i=1

∫ 1

0

∫ 1

0

∫ ti

ti−1

∫ 1

0
|R i,3

σ (r,y)|dydrdβdτ ⩽C
N

∑
i=1

∫ ti

ti−1

∫ 1

0
GT−r(x,y)

∫ r

ti−1

(r−θ)−
1
2 dθdydr

⩽C
N

∑
i=1

∫ ti

ti−1

∫ r

ti−1

(r−θ)−
1
2 dθdr ⩽Cδ

1
2 .

Gathering all above estimates, we complete the proof of (3.4).
If b(u) = b1u+ c is an affine function, then b′′(Zβ

i (r,y))≡ 0. Therefore R i,3
σ (r,y) = R i,3

initial σ
(r,y) = 0, i =

1, . . . ,N. In this case, by combining the estimates (a)-(e), we have, instead of (3.4), that (3.5) holds for every
µ ∈ ( 1

2 ,1). The proof is completed.
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