—+

-

This is the Pre-Published Version.

This is a pre-copyedited, author-produced version of an article accepted for publication in IMA Journal of Numerical Analysis following peer review. The
version of record Chen, C., Cui, J., Hong, J., & Sheng, D. (2023). Accelerated exponential Euler scheme for stochastic heat equation: convergence rate of the
density. IMA Journal of Numerical Analysis, 43(2), 1181-1220 is available online at: https://doi.org/10.1093/imanum/drac011.

Accelerated Exponential Euler Scheme for Stochastic Heat Equation:
Convergence Rate of Densities

CHUCHU CHENT

Academy of Mathematics and Systems Science, Chinese Academy of Sciences,
School of Mathematical Sciences, University of Chinese Academy of Sciences,
100049 Beijing, China

JiaNBO CuUIE
Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom,
Kowloon, Hong Kong
AND

JIALIN HONGS§, DERUI SHENG{

Academy of Mathematics and Systems Science, Chinese Academy of Sciences,
School of Mathematical Sciences, University of Chinese Academy of Sciences,
100049 Beijing, China

[Received on 30 May 2023]

This paper studies the numerical approximation of the density of the stochastic heat equation driven by
space-time white noise via the accelerated exponential Euler scheme. The existence and smoothness of
the density of the numerical solution are proved by means of the Malliavin calculus. Based on a priori
estimates of the numerical solution, we present a test function-independent weak convergence analysis,
which is crucial to show the convergence of the density. The convergence order of the density in uniform
convergence topology is shown to be exactly 1/2 in nonlinear drift case and nearly 1 in affine drift case.
As far as we know, this is the first result on the existence and convergence of density of the numerical
solution to the stochastic partial differential equation.
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1. Introduction

In this paper, we consider the numerical approximation of the density of the stochastic heat equation driven by
space-time white noise:

Ju(t,x) = dpeu(t,x) + b(u(t,x)) + oW(t,x), (t,x) € (0,7] x [0,1] (1.1)

with a deterministic initial value u(0,x) = up(x), x € [0,1] and Neumann boundary conditions du(z,0) =
ou(t,1) =0, t € [0,T]. Here, T > 0 is a fixed number, o > 0 is the noise intensity and {W(z,x); (¢,x) €
[0,T] x [0,1]} is a Brownian sheet defined on some complete probability space (£2,.%,P). Notice that all the
results in the paper also hold for the case o < 0, due to the symmetry of the Brownian sheet. Eq. (1.1) arises
in many physical problems, and characterizes the evolution of a scalar field in a space-time-dependent random
medium. The choice of the white noise as random potential corresponds to considering those regimes with very
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rapid variations, the type of turbulent flows (see Bertini & Cancrini (1995)). The density function of the solution
u(t,x) for any (¢,x) € (0,T] x [0,1] characterizes all relevant probabilistic information, whose existence, regu-
larity and strictly positivity under suitable assumptions have been well studied (e.g. Bally & Pardoux (1998);
Mueller & Nualart (2008); Nualart & Quer-Sardanyons (2009)).

In the research on numerical approximations of stochastic partial differential equations (SPDEs), the exist-
ing works mainly focus on the strong convergence analysis (e.g. Gyongy (1998, 1999); Yan (2005); Jentzen &
Kloeden (2009); Cox & van Neerven (2010); Jentzen et al. (2011)) and weak convergence analysis (e.g. De-
bussche (2011); Andersson & Larsson (2016); Bréhier & Debussche (2018); Cui et al. (2021); Hong & Wang
(2019); Cui & Hong (2019); Bréhier (2020)) of numerical schemes. It is of interest to study further the density
function of the numerical solution which is highly related to the convergence analysis of a numerical scheme
and may provide an appropriate approximation of the density of the original equation (see e.g. Bally & Talay
(1996); Cui et al. (2019) for the case of stochastic ordinary differential equations). However, to the best of our
knowledge, there are few results concerning the density function of the numerical solution for SPDEs. It is
natural to ask:

Problem 1. Does the density of the numerical solution exist, and further is it smooth?

Problem 2. If so, how to estimate the error between the density of the numerical solution and that of the
exact solution in uniform convergence topology?

Aiming to solve the above problems, we study the accelerated exponential Euler (AEE) scheme of Eq. (1.1).
Introducing a uniform partition of [0, 7] with the temporal stepsize 6 =T /N, N € No := N — {0}, the numerical
solution U%*1(x) of the AEE scheme is given by

8.+l ! 8. it (1 8.
U W) = [ Gae Uiy [ [ G )b U () avds
0 ti 0 (12)

tiv1 1
+/ A Gti+1—s(xay)GW(ds7dy)7
4

for any i € {0,1,...,N — 1}, and U%°(x) = up(x), x € [0, 1], where #; = i§ and G;(x,y) is the Green function
associated with Neumann boundary conditions (see (2.3) for its expression). The strong convergence order of
the AEE scheme in L?(2;L*(0,1)) has been investigated in Jentzen & Kloeden (2009); Wang & Qi (2015). It
is shown in Jentzen & Kloeden (2009) that the order is nearly 1 if the drift coefficient b is linear and in Wang
& Qi (2015) that the order is nearly 1/2 under less restrictive assumptions on b. The main contributions of this
work are to prove the existence, smoothness of the density of the numerical solution U%" (x) and to derive its
convergence order.

First, we establish the non-degeneracy of the numerical solution, and prove the existence and smoothness
of the corresponding density by means of Malliavin calculus. The major obstacle of this non-degeneracy lies
in the estimates of the negative moments of the determinant of the corresponding Malliavin covariance matrix,
which is overcome by proving a discrete comparison principle. To obtain the convergence order of density of
the numerical solution, we use a test function-independent weak convergence result in the sense that

E[f(UN (x) = f(u(T,x))]| < C&*

holds for some C independent of f € ¥ (see (3.3) for the definition of ¥). One key ingredient for this test
function-independent weak convergence analysis is the application of the Malliavin integration by parts for-
mula (see Lemma 3.5). Another issue is that the moments of the Gateaux derivatives, as well as the Malliavin
derivatives, of both u(7T,x) and U 3N (x) are dominated by the multiples of the Green function associated to Neu-
mann boundary conditions, instead of being bounded by a constant in the case of stochastic ordinary differential
equations (see e.g. Bally & Talay (1996)). Based on the technical estimates on the Green function, we obtain
the weak convergence order t = 1/2, which removes the infinitesimal factor in the weak convergence order of
the numerical scheme (see e.g. Debussche & Printems (2009)).
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Combining the existence of a smooth density of the numerical solution and the test function-independent
weak convergence analysis, we deduce that there exists C > 0 such that for any x € [0, 1],

S 1
N« — qrxll=r) < C82,

where ql‘?,.x and g7, are the densities of U 0N (x) and u(T,x), respectively. When b is affine, the above con-
vergence order 1/2 of density in uniform convergence topology can be improved to 1 — & for arbitrarily small
€ > 0, which coincides with the strong convergence order 1 — € in Jentzen & Kloeden (2009). As far as we
know, this is the first result on the convergence of density for numerical approximations to that of SPDEs. By
further taking into account the uniform boundedness of qfhx in L' (R), it is concluded that ql‘?,‘ . converges to g7 x
in L'(R), as & tends to 0. This implies that the distribution of U%" (x) converges to the distribution of u(T,x)
in total variation distance.

The paper is structured as follows. In Section 2, some notations and useful properties of the Green function
and some elements of Malliavin calculus are introduced briefly. We present the main results and approach on the
existence, smoothness, and convergence rate of the density of the numerical solution associated with the AEE
scheme in Section 3. In Sections 4 and 5, some technique estimates concerning the regularity of the numerical
solution are obtained. Finally, Section 6 is devoted to the proof of Proposition 3.3, based on which, the main
result on the convergence order of the density follows.

2. Preliminaries

Notation: For any x,y € R, we denote x Ay = min{x,y} and xVy = max{x,y}. Denote by E the Banach space
C([0,1]) endowed with the norm ||4[|g = sup,[o 1] [A(x)[. Forv € E, we set (G, *v)(x) := Jo Gi(x,y)v(y)dy, V1 >
0,x€[0,1]. Let C’g be the set of all k times continuously differentiable functions with bounded derivatives from
R to R, and C} := = C¥. For f € Ck, denote |f]; := sup,cp | ) (x)|, i € {1,...,k}. Hereafter, we use C to
denote a generic positive constant that may change from one place to another and depend on several parameters
but never on the stepsize 6.

In the sequel, without pointing it out explicitly, all equations hold almost surely (a.s.) or almost everywhere
(a.e.). For 0 <t < T, let % be the o-field generated by {W (s,x); (s,x) € [0,7] x [0, 1]} and the P-null sets. For
0<s<t<T,x€[0,1] and v: Q — E being .#s-measurable, we denote by ¢;(s,v) (resp. @7 (s,v)) the exact
flow of Eq. (1.1) (resp. numerical flow of the scheme (1.2)) at (z,x) starting from v at time s. More precisely,

ot ol t rl
(ptx(s,v)z(Gt_s*v)(x)+/S /0 Gy (x,2)b(9%(s,v))dzdr + / /0 Grr(x,2)oW(drds), (2.1

and

t ol t rl
& (s,v) = (Gr_s %) (x) + / /0 Gy (x,2)b (7 (5,v))dzdr + / /O G (x,2)oW(drd)  (2.2)
with |r| =4, iftp <r <1,k €{0,...,N—1}.

In this section, we will also introduce several useful properties of the Green function, as well as some
notations in the Malliavin calculus.

2.1 Properties of Green function

Recall the explicit expression of the Green function associated with Neumann boundary conditions

1 = (a—y—2n)? (rty—2n)?
Gi(x,y) = NZTT Z (e_ £ +e” = > . 2.3)
Nn—=—o0

For any x,y € [0, 1], the following properties will be used frequently (see (Bally & Pardoux, 1998, Appendix)):

(1) Gi(x,y)>0 and (Gx1)(x)=1, Vir>0. (2.4)
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2 (Gi(x,7), G5 () 12(0,1) = Gt (x,y), ¥V 5,0>0. (2.5)
3) For some K :=K(T) >0, P(x,y)/K < Gi(x,y) < KP(x,y), Vre(0,T]. (2.6)

Here, P (x,y) = (4m)*% exp ( (x = i ) is the heat kernel on R, and property (2.5) is the semigroup property

of G. For any x,y € R, it is obvious that P?(x,y) = (87t)~ 2P,/2(x y) and Py(x,y) < +/t/sP;(x,y) provided
0 < s < t. The explicit formula of G;(x,y) is complicated, whose estimations could be converted into those of
P;(x,y) thanks to (2.6). For instance, there exists C = C(T') > 0 such that for any x,y € [0,1], 0 < s <7 < T,

G2(x,)) SCI 3G n(xy),  Gy(x,y) < CV/i/sGi(x,y). @7

In particular, there is some C(7T') > 0 such that

//G (x,y)dydr < C(t—s)7 VOo<s<t<T. (2.8)

The following lemma gives the regularity in time of G.

Lemma 2.1 Forany v € (1/3,1), there is C = C(T, V) such that forany 0 <s <t < T,

max (/01 |G, (x,y) —Gs(x,y)|dx,/01 |G, (x,y) —Gs(x,y)|dy> <CsV(t—ys).

Proof.  Similar to (Walsh, 1986, Corollary 3.4), the series expansion in (2.3) shows that G;(x,y) = P(x,y) +
H,(x,y) with H,(x,y) € C*(]0,T] x (0,1)?). From (Mishura et al., 2021, Corollary 2.2), we have

max </R [P (x,y) —Ps(x,y)\dx,/R|Pt(x,y) —Ps(x,y)|dy> <CWV)sV(t—s),

for any v € (1/3,1). Finally, the proof is completed by the facts that H,(x,y) € C*([0,T] x (0,1)?) and
|Gl(x7y) _Gs(xvy)| < |Pl('xay) _Ps(xay)| + |Hf(xay) _Hs(xay)|' [

2.2 Malliavin calculus

Now we turn to a brief introduction of the Malliavin calculus (see e.g. Nualart (2006)). In the context of the
Malliavin calculus, the isonormal Gaussian family {W (h),h € H} corresponding to H := L?([0,T] x [0, 1]) is
given by the Wiener integral W (h) = fOT fol h(s,y)W(ds,dy). We denote by . the class of smooth real-valued
random variables of the form

X:g(W(h1>7"'7W(hn))a (2.9
where g € CJ(R"), iy € H, i=1,...,n,n > 1. Here, C};(IR") is the space of all real-valued smooth functions on
R" whose partial derivatives have at most polynomial growths. The Malliavin derivative of X € . of the form
(2.9) is an H-valued random variable given by DX =Y* , dig(W (h1),...,W (h,))h;, which is also a random
field DX = {Dg ¢X,(6,8) € [0,T] x [0,1]} with Dg ¢ X =Y dig(W (h1),..., W (hy))hi(68,E). Here, Dg ¢X is
defined for a.e. (8,&, @) € [0,7] x [0,1] x Q. For any p > 1, we denote the domain of D in L?(Q) by D',
meaning that D'7 is the closure of . with respect to the norm [|X ||, , = (E [|X|7 + || DX || ])”

We define the iteration of the operator D in such a way that for X € .7, the iterated derivative D¥X is a
random variable with values in H®*. More precisely, for k € Ny, D¥X = {Dy, 0, DrA 0, X, (ri,6;) € [0,T] x
[0,1]} is a measurable function on the product space ([0,7] x [0,1])F x 2. Then for p > 1 and k € N, denote
D*P the completion of . with respect to the norm

1

Xl = (E [|X|P+):||DJX||H®,}) . 2.10)

In particular, for p > 1, we simply write ||X ||, as an abbreviation for ||X|[o . Define L=~ () := 5 L’ (L),

Db =N p>1 DhP, D> = Ni>1 D% to be topological projective limits. The following proposition is a Holder
inequality for the _p norms, which implies that D™ is closed under multiplication.
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Proposition 2.2 (Nualart, 2006, Proposition 1.5.6) Let X € D*?, H ¢ D*4 fork € N, 1 < p < g < o0, and let r
be such that 1/p+1/g=1/r. Then, XH € D*" and

IXH|[.r < C(pq, )X lkpl Hll1.q-

Consider the adjoint operator D* of D. If an H-valued random variable ¢ € L?(Q,H) satisfies |E[(¢, DX )g]| <
C(O)IX][12(0), VX € D2, then ¢ € Dom(D*) and D*(¢) € L*(£2) is characterized by

E[(¢9,DX)u] = EXD"(¢)], VX eD" 2.11)

In the particular case that ¢ € H is deterministic, it holds that ¢ € Dom(D*) and D*¢ = W (¢) (Nualart, 2006,
Proposition 1.3.11). For a real-valued random variable X € D'2, we denote by Iy := (DX,DX )y = || DX|?; the
Malliavin covariance matrix of X.

Proposition 2.3 (Nualart, 2006, Theorem 2.1.4) Let X be a non-degenerate real-valued random variable, i.e.,
X € D%, I'y is invertible almost surely (a.s.), and 1;{1 € L=~ (). Then X possesses a smooth density.

3. Main results and approach

As is shown in Bally & Pardoux (1998), for any x € [0,1], u(T,x) admits a smooth density, and we refer
interested readers to Sanz-Solé (2008); Cui & Hong (2020) and references therein for the study of densities
of other SPDEs. However, as far as we know, there exists few result on the density of the numerical solution
of the SPDE. In this section, we present our main results and approach on the existence, smoothness, and the
convergence rate of the density of the numerical solution associated with the AEE scheme.

3.1 Main results
Our first main result is about the existence and smoothness of the density of the numerical solution U%" (x).

Theorem 3.1 Assume that b € C5, 6 > 0. Then for every x € [0, 1], U%" (x) admits a smooth density q]‘?,ﬁx.

Based on Proposition 2.3, the proof of Theorem 3.1 boils down to showing the non-degeneracy of U3V (x).
The major obstacle of this non-degeneracy lies in the estimates of the negative moments of the determinant of
the corresponding Malliavin covariance matrix, which is overcome by proving a discrete comparison principle.

See Proposition 4.3 and Lemma 4.5 for the proofs that U%V (x) eD*and I U}}N ) € L~ (Q), respectively.

The second main result of this paper is the convergence rate of the density of the numerical solution associ-
ated with the AEE scheme (1.2) for Eq. (1.1) in uniform convergence topology.

Theorem 3.2 Assume that b € C;’ and 6 > 0. Then for any x € [0, 1],
1
19, = a72ll1=2) < C(T, 0, Juo | )87
In addition, if b is affine, then for any p € (1,1) and x € [0, 1],

Hqg,x - qTW”L”’(R) < C(Tv o, HMOHEH"L)S#'

Recall that the total variation distance of probability measures fi; and [i; on a o-algebra I is defined by
dry (fu, fia) = 2sup{|ft; (A) — fi2(A)| : A € IT}. Because u(T,x) and U%" (x) have smooth densities gr, and
q,’?,lx, respectively, it is readily to verify that the set A = {z € R: g7.(z) > q,‘z,’x(z)} attains the supremum of
sup{|P(u(T,x) € A) —P(U%N(x) € A)| : A € B(R)}, which leads to

dry ((Tx) 0B~ U)o P~ ) = [ 1ah(2) —ar.(2) .

Theorem 3.2, together with Scheffé lemma (Serfling, 1980, Chapter 1.5, Theorem C), also indicates that
/ |¢I1(2/.x(2) —qrx(z)|[dz— 0, asd—0.
JR

Hence, the distribution of U9 (x) converges to the distribution of u(7,x) in total variation distance.
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3.2 Main approach of the proof of Theorem 3.2

Our strategy is as follows. The existence and smoothness of densities of both the exact solution u(7,x) and the
numerical solution U (x) implies

@@ = lim [ g,-1(y=2)af,(y)dy = lim Elg, (0" (1) ~2)] (3.1)
qr(z) = lim /R 8n1 (Y —2)qrx(y)dy = lim Elg,, 1 (u(T’,x) — 2)], 32

where g¢(y —z) = (ZEC)’% exp(—%). It follows from (3.1) and (3.2) that for every z € R and x € [0, 1],
43.4(2) ~ q7.4(2)] = lim [Elg, (U3 (2) ~2)] ~ E[g, 1 (u(T.x) ~ 2)]|.
In order to estimate the error between q,‘z,7x(z) and g7 .(z), we notice that {g,1 (- —z) },>1,,cr belongs to

Y:={f:R—=R|feC;(R), IF:R—Rsuchthat 0 < F <1and F' = f}. (3.3)

Then we consider the test function space ¥ and establish the following test function-independent weak con-
vergence result of the AEE scheme (1.2), which yields that the error between ql‘z,‘x and g7, possesses the same
convergence order.

Proposition 3.3 Let b € C; and ¢ > 0. Then for any x € [0,1] and f € P,

1

[E[f (UM ()] =B [f(u(T,%))]| <C(T,0,||uo||£)87 (3.4
In addition, if b is affine, then for any p € (1,1), x € [0,1] and f € ¥,

[E[f(U%N (x))] - E[f(u(T,x))] | < C(T, 0, |luo|, ) 5. 3.5
Here, the constants C in (3.4) and (3.5) are independent of the test function f and the variable x.

Remark 3.4 In the study of convergence of densities of numerical methods, one usually needs to transform
the convergence of densities into weak convergence or strong convergence of numerical methods. In the present
work, our methods mainly based on the above test function-independent weak convergence result. We would
like to mention that following the strategy used in Bally & Caramellino (2014), the estimate of q]‘?hx —qrx can

be also converted to that of [|u(T,x) — U (x)||3..

The proof of Proposition 3.3 relies on the weak error decomposition and an integration by parts formula.
We first give a decomposition for the weak error E[f (u(T,x))] — E[f(U%¥(x))]. Notice that by (2.2),

@] 0.00) =Gy ru))+ [ [ G0 by (0.00))a00

ti—1 1
[ [ G etr oW (@, dE), i€ {1, N}, (3.6)
and by (2.1), for r > t;_1,
(PZ(ti la¢t, 1(0 "‘0)) = (Gr*f‘ l*¢li 1(0 "‘0))()’)

[ GmauE0toi .0, uo)aza0+ [ 6, oW (0,08

JIi-q

~Grru) )+ [ /0 Gr o E)b(®fyy (0,u0))aga0+ [ [ 'G,_o(r.£)oW (40, dE)
[ [ 6o eei e, Ouaios [ 6 0 0ow@0.0), 6



AEE SCHEME FOR STOCHASTIC HEAT EQUATION 7 of 29

where in the last step we have used (2.5) and (3.6). Then the one-step error between Eq. (1.1) and the AEE
scheme (1.2) is divided into

(Pt, tl 17¢I, 1(0 MO)) ¢l,(tl 17¢[ ](0 MO))

_j /ch Wb ti-1, i, (0,10))) — (D], (0,u0)) }dydr
- / / / Goor (o (2P (19)) (@111, By, (0,10)) — B (0,u0)) dydrd
- / / / Gy (- (2P (1) / (G (0.€) = Gy, (0:&) Yo (&)dE dydrdB

::Et[mttal u (ry>

+//,”/ G r () (2] (1) / /{Gr 0(1.€) = G0 (3 &) b(Py, (0,u0))dEdO dydrdB

=E a1 ()
ti—1
[ [ mtom @ e [ 16 00:8) -G o0 8)1oW(d0,08)avarap
i—1
)

S
S [ Gt @) [ [ GaE005 1.0, (0.00))E00D0rap
. Jti_q i1

=} (1)

+/ /tf’l/ Gyr (9B (2P (ry) /t 1/ G,_o(y,E)oW (d6,dE) dydrdB, (3.8)

=Eg(ry)

where Zl.ﬁ(r,y) =By (ti1, Py, (0,u0)) + (1 — B)P;_, (0,up). In the third identity of (3.8), we have used (3.7)
and (3.6) to deal with @7 (t;_1, ®,,_, (0,u0)) and @, _, (0,up), respectively. Introduce

YF(y) i= (1= 1) D, (ti1, Py, (0,u0)) + 75 (ti-1, Py, (O,u0)), T €[0,1], (3.9)

which is the convex combination of the numerical and exact flows at (#;,y) starting from @, (0,uo) at time #;_;.
Then we have the following telescoping sum

E[f(u(T,x)] = E[f (U™ (x))] = E[f (95 (0,u0))] — E[f(PF(0,u0))]
N
Y {E [£(or (i1, @1, (0,u0)))] —E[f (@7 (1, P, (0,10)))] }

—_

ZE[ [ (pT th(pl,(tl 17(pf, 1(0 MO)))) —f((p%(ti,cb,i(ti,l,db,H(O,uo))))] |<%l]

—_

N
Z |:E [f (pT ti nl)) ((pi‘: (tl" gl))] |n,-:(p,l. (li,l,q)[[._l (0,%0)),&:(?;’.([,;1,‘i’,i_l (O,M0>):| ’ (310)
where f € ¥. The Gateaux derivative of @ (s,-) at v € E in the direction & € E is defined by

d . @O (s,v+€eh) — @ (s,v)
9 h Pp— _ ? i
2" (s,v) == i (pf(s,v+£h)|€:0 = gg% 1 . d )

Besides, the map v — @7 (s, v) is called Fréchet differentiable at v € E (see e.g. (Kesavan, 2020, Chapter 1)) if

lim |(pf(svv+h) _(Ptx(s’v) — <@(Ptx(s’v)7h>| —=0.
£—0 12|
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It is known that if the Fréchet derivative exists, then 2@ (s,v) = (2@ (s,v), h).
Based on (2.1) and the boundedness of &, one could verify that for each & € E, the map € — @ (s,v+ €h)
is a.s. continuous and satisfies

(Ptx(s7v+8h) — (th(S,V)
€

2(=5)[bly

— ohpnx
9 (Pt (S,V) 4|b|1

sup |h|%, (3.11)

x€[0,1]

< 8|b|2

where the Gateaux derivative 2" (s,v) satisfies that for 0 < s <7 < T,

t 1
.@h(p,x(s,v) :(G,,S*h)(x)Jr/ / Gt,r()c,z)b'((pf(s,v)).@h(pf(s,v)dzdr7 a.s.
s JO
The estimate (3.11) implies that for each bounded set B C E, one has

lim (Pt)c(svv+£h) — thx(s,V)
e—0 €

- @h(ptx(svv) =0,

uniformly with respect to & € B, which, along with (Marinelli & Scarpa, 2020, Lemma 2.1), indicates that
v @ (s,v) is Fréchet differentiable. Hence, we also have that for 0 < s < < T,

(D¢ (s,v),h) :(G,_s*h)(x)—l—/sr/01G,_,(x,z)b/((pf(s,v))(@gof(s,v),h)dzdr, a.s. (3.12)

By the mean value theorem for Gateaux derivative and the chain rule for Fréchet derivative (Behmardi & Nayeri,
2008, Lemma 4.5), we have that for n;,{; € E,

1
E[f(or(tim)) — f(or(1:,G))] = /0 E [f'(¢f (i, tni+ (1 = ) 5) (2 o7 (6, T+ (1 = 1) &), i — &) d.
Hence, it follows from (3.10) and the definition of ¥;*, and (3.8) that

Fu(T,0))] =E[f (U (x))]

/IE (PT 1, )) <@(PT([17 ) (Pt,(tl lv(pt, 1(0 MO)) 7¢li(ti*1’¢li—l(0’u0))>} |<%:] dr

E

Il
™M= =

Il
—_
S

/1 E (PT tl’YT)) <-@(pT(tlv ) @y, (tl la(pl, 1(0 uo)) - ¢fi(ti*17¢fi71 (0’ MO))>] dr

Il
™=

Il
-
S

Mz

=Y [ R ) (05 000.G ) B2 )5 e rarapar, G

1

where &(ry) == E! ... (rny)+EL i1 (rny) +Eb it o(1y) + Ej(r,y) + E5(r,y). The error decomposition
(3.13) is standard. However, due to the requirement that the constants C in Proposition 3.3 are independent of
f €W, the classical estimates that f'(¢y.(¢;,Y7)) is bounded by |f|; is not applicable to our case. Motivated
by the work of Bally & Talay (1996), where the authors study the convergence rate of the density of the law of
a small perturbation of the Euler—Maruyama method, the test function-independent estimates of terms on the
right side of (3.13) will depend on the non-degeneracy of ¢7.(7;,Y;"), since it is the prerequisite of the following
Malliavin integration by parts formula.

Lemma 3.5 Leta € N,h € C; and 6 > 0. If Gy € D* and f € W, then forany i € {1,...,N}, x € [0,1] and
7 € [0, 1], there exists Hy11(97(4,Y;"),G1) € D™ such that

E[f (¢} (6. Y7)G1] = E[F (97 (t,Y7)) Hor1 (971, Y7), G1 )] (G.14)

Moreover, there exists some constant C = C(a, T, o, ||uo||z) such that

B[ (07 (1, Y5) G < C[|Gi 12

Here, (¥ (@%(1;,Y[)) denotes the composition of the a-th derivative f(%) of f and the random variable @.(t;, Y7).

The proof of Lemma 3.5 relies on the non-degeneracy of @7 (#;,Y,*), and is postponed to Section 4.

_I_
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4. Technical estimates

In this section, we study the non-degeneracy property of {97 (4;,Y;") } xe[0,1),ie{1,....N}, ze[0,1]}» Which implies the
non-degeneracy of U%N (x) since U%N (x) = ¢} (ty, ¥¥) with T = 0.

4.1 Malliavin—Sobolev norm of ¢/ (t;,Y;")
In order to estimate the Malliavin—Sobolev norm || - || , of ¢ (#;,Y;7), we need the following lemma.

Lemma 4.1 Let y € Clg and X € DX for some k € Nyg. Then y(X) € Db, Moreover, for any integer
I<a<kandp>1,

ID*(W(X)|Lr (0 mee) < C(ID*X |1 (@ moa) + 1X]g—1 pe + 1)

holds for some C > 0 depending on a, p and |y|;, | <i< a. As a consequence,

(WX a,p < a.p +CUXNG—1 po + WX lp +1).
Proof. By (Sanz-Solé, 2005, (3.20)), for any integer 1 < o < k,
¢
D* Z Y v (x)[]D"'x,
=12, i=1

where & is the set of partitions of {1,..., o} consisting of £ disjoint sets I},...,Is, £ =1,..., o, |I;| denotes the
cardinal of the set I;, and ¢y are positive constants. By y € C;°, we obtain

o 4
ID*(w(X)) || 1r (@ mee) < ClID*X |10 meey +C Y Y|l HD‘Ii‘X||L1’(Q,H>§“)~
(=22, i=1

For the case of 2 < ¢ < «, it holds that |I;| < o« — 1 fori € {1,...,¢}, and

~

4 /4
ITTP X (2 proe) < TTND" Xl oty < TTIXNla-1.p0 < IXINGs o1,
i=1 =1 =1

which proves the first assertion. By further taking (2.10) into account, we obtain

o
Y X)llap < ClY X)), +C Y D (WX o0 mei) < CYE) [+ CUXNG- 1 poc + 1+ X lap)-
j=1

The proof is completed. g

Lemma 4.2 Let cg,c1 > 0 and g(¢,x) > 0 satisfy that forall 0 <s <t < T and x € [0, 1],

TS |
gs(t,x) <Co+01/ /0 Gi—r (x,21)8s(r1,21)dz1dry,
JSs

Then g(t,x) < coe!” forall 0 < s <t < T and x € [0, 1].

Proof. Taking supremum over x € [0, 1] and using (2.4), we obtain that for 0 < s <7 < T,

t
sup gs(t,x) <co+cy sup // Gi—r (x,21)dz1 sup gs(r1,z1)dr < Co+01/ sup gg(r1,z1)dry.
x€[0,1] x€[0,1] z1€[0,1] S z1€[0,1]

Therefore, it follows from the Gronwall inequality that sup,¢(o 1] gs(f,%) < coe”! (=) < coect T, O

Based on Lemmas 4.1 and 4.2, we are ready to show that the Malliavin—Sobolev norms of ¢;(#;,Y;") are
uniformly bounded by some constant. In the sequel, the generic constant may depend on the supremum norm
of derivatives of b.
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Proposition 4.3 Assume that b € C;. Then for any k € N, p > 1, there exists C = C(k, p,T, 0, ||uo|£) such
that for any 7 € [0,1] and i € {1,...,N},

197,(0,0) p + |97 (=1, P, (0,u0)) le,p <€, Vy €[0,1], 1 € (£i-1,T]. 4.1
H(ptx([ivyir)Hk,p < Cv Vie [tivT]v X e [Oa 1} 4.2)

Proof. In this proof, we denote by ), the property that (4.1) and (4.2) hold for all p € [1,0) and k = M. The

proof is based on an induction argument on M.
We first prove 4. Leti € {1,...,N} be arbitrarily fixed. The Burkholder inequality and (2.8) give that

ti 1
H / / Gi—r(y,2)oW(drdz)
0 JoO p

Therefore, by (3.6), (2.4), the assumption uy € E and the linear growth of b, foranyi=1,... N,

1
1 1 2
<C(p,6)</0/0GZ_r(y7Z)dzdr) <C(p,T,0), VYp=1.

sup [|®;(0,u0)]|, <lluol|lz + sup

/ / Giyr(y,2) oW (dr, d2)

y€[0,1] ye[0.1] P
i— tjt1 .
+ClBly Z / sup [ Gy-r2) ( sup 19 (0.0l + 1) dedr
j ti yel0,1]/0 z€0,1
<C(T,p, |[uolle, 0, b1 )+CIbI1Z5 sup ||D7(0,u0) |-
j=0 z€[0,1]
Utilizing the discrete Gronwall lemma produces
sup || @} (0,up)||, <C, Vi=1,...,N. (4.3)

y€[0,1]

Similarly, it follows from the first identity in (3.7), the linear growth of b, the Burkholder and Minkowski
inequalities that

107 61,9, Ol < [ 6oy e, Ol o) ([ [ 620 dzdr)
i—1
ol [ [ G )1+ 1012, 0,000z
ti1
t 1
<C(p50a‘b|laT)+C‘b|11 A thr(yaZ)H(pf(ti—la(pt,;l(Oauo))HPdZdra
i—1

where the second inequality holds due to (4.3), (2.4), and (2.8). By Lemma 4.2, we obtain that for t € (t;,_;,T],

sup (|7 (ti-1, Py, (0,u0))|l, <C, Yi=1,...,N, (4.4)
y€[0,1]

which together with (4.3) implies that (4.1) holds for kK = 0. Similar to the proof of (4.4), it can be shown that
(4.2) holds for k = 0 as well. Thus, we have proved J&).
Now we assume %, and aim to show .4, M > 1. Notice that for X € DM,

||X||g4p HXHM lp+HDMX||Lp _QHG9M) (45)

By (3.6), the Minkowski inequality, Lemma 4.1 and 3,1, for p > 1

: =
DY 0,10) o < X, [ [ G D 5(5 0,01 o e
j=071)
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1, 1 1
+ HD /0 /O Gt,-fr(%z)GW(dr,dz)HLP(Q’HW) Ty=ny
il ot gl
<c+cY / /0 Gy (0. IDM B (0,10) o @ oy dzdr, (46)
j=0"1j

since DM [ fol Gy;—r(y,2)0W (dr,dz) vanishes for all M > 2, where 1y, = 1 if M = 1, otherwise 1,y =0.
In the second step of (4.6), we have used the fact that Dy ¢ o 3 Gr.—r(y,2) oW (dr, dz) = Gi—o(y,&)o for 6 €
(0,4;),& € (0,1), and Dy ¢ [y fy Gy—r(v,2)0W (dr,dz) = 0 for 8 € (;,T),& € (0,1), and then by (2.8),

1
1; 1 1; 1 2
- < ; < : :
lo[" [ . oW dnd)| 6(/0 / G,ig(y,é)d§d9> Cp,o,T).  (47)

By taking supremum over y € [0, 1] and applying the discrete Gronwall lemma, we obtain

s1[10p” IDM @, (0,u0) | (g memy <C, Vie{l,...,N}. (4.8)
ye(o,

In the same way, by (4.8) and (2.1), we also have
1
IDY @7 (11, @y, (0,u0)) | (@ prom <C+/0 Grii, (2 IDY D] (0,u0) | 1 (2 oy
t ol
£ [ [ G 20" 9501, By (0,00) ey ddr
i1

t 1
<cic| /O G (3, 2)|DM @ (11, By, (0,0)) | paonr A
i1

which together with Lemma 4.2 produces

Sl[,lp] HDM(Pty(ti—hqsti,l(Oyuo))HLﬁ(Qﬂ@M) <C, Vte [t,'_l,T], i€ {],...,N}. “4.9)
y€|0,1

This along with (4.5), (4.8) and .74}, completes the proof of (4.1) for k = M.
Moreover, (4.8), (4.9) and (3.9) also imply that for any 7 € [0, 1],

sup DMV (3) g zsomy < sup (1D B](0,0) o agom) + 1DV @) (11, By, (0,0)) @50 ) < C.
ye[0,1] y€[0,1]

Since DM jtf jol G;—_s(x,y)oW (ds,dy) vanishes for all M > 2, by (2.1), it holds for p > 1 that
1
D0 0, o) < || Grea e IDET ) oy dy

t rl t ol
o [ [ Gestenowiasan) |, o Aoy [ ]G ) D93 1Y) s e s s,

(2,H=M)

=

where the second term on the right side is estimated similarly as in (4.7), and is bounded by C(p,o)(t — ;)% <
C(p,0,T), due to (2.8). Using Lemma 4.1 and 543, yields

IDYb(9 (11, Y7)) | (2 mromny < CIDY @3 (11, Y7) | (@ omy +C
from which we get
t
10051 Y ) up (g o) <C+C [ [ Gurs )| DM 03517 g o s,
This gives us that sup,cp ) HDM(pf(ti,YiT)HU(Q_HgM) < C, thanks to Lemma 4.2. Then this estimate, (4.5) and

Jy—1 implies (4.2) for k = M. The proof is completed. g
The following corollary is a consequence of Proposition 4.3 and Lemma 4.1.

_I_
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Corollary 4.4 Assume that b € C;;. Then for any k € N, p > 1, there exists C = C(k, p, T, 6, ||ug||£) such that
forany 7,8 €[0,1] and i € {1,...,N},

() sup_—(118'(95, (.Yl + 16 (95, (0. ¥ ) < C.
Gle(t,-,T],ze[O,l]

.. 1B 1 (7B

(i) sup (112 ()l + 18”2 () ) <€
re(ti—1 i), y€[0,1]

(i) sup [[b(@fy O.uo))lkp+  sup (b5 (1, B, (0,u0)))kp < C.
0e(0,4_1],€€[0,1] 0€(ti1,4],6€[0,1]

Proof. Based on Proposition 4.3, we have that forany ke N, p > 1,
o5, (11, Y ) lip + | QJ(O o) 1 + 119§ (11, 1., (0,u0)) 1 < Ck, p. T, 0, o )-

Besides, by ZP (r,y) = B} (-1, Py, (0,u0)) + (1—B)®;_, (0,up), we also have | Z° (1,y) k., < C(k, p, T, &, ||uo]£).
Notice that b’,b", as well as their derivatives of any order, are bounded. Hence, applying Lemma 4.1 with y = b’
(ory=0"),and X = @5, (11, Y;7) yields (). Similarly, (ii) follows from Lemma 4.1 with X = Ziﬁ (r,y)and y = b’

(or w = b"). Finally, by Lemma 4.1 with X = ¢ 0,up) and W = b, we arrive at
v y. by 6] v

15(@%,(0.10)) iy < Cl@ (0.10) i+ CUUIBEy (O.0) [E 1 e+ 11B(SE, (0.0))][+ 1)
< 110, (0,10) 1+ CUIB, (O0) [E- 1 i+ 105y, (0,10) [, + 1) < C.

since b is of linear growth. Analogous arguments also give ||b((p§ (tic1, 9D, (0,u0)))x,p < C. The proof is
completed. U

4.2  Negative moments estimates

We first show the negative moments estimates for the numerical solution U% (x), which together with Propo-
sition 4.3 proves Theorem 3.1.

Lemma 4.5 Assume that b € C} and 6 > 0. Denote M;(0,y) := fol D ¢ ®;(0,up)dE. Then for each i €

{1,....N},

log%

o, y€[0,1], 0 € (t,ty41) WithOV (i — 1 —
|b|1 0

)<k<i—1. (4.10)

| —

M;(0,y) >

In particular, (FU(S_N(X))71 €L (Q).

Proof. We first give an iteration formula for the Malliavin derivative for the numerical solution dﬁ,)lf (0,up). More
precisely, by (3.6), for 0 € (fy,tr41) With0 <k <i—1,y,£ €[0,1],and i € {1,...,N},

i1
Dg £ D} (0,up) = /f+ / Gyy—r(3,2)b' (®F(0,10))Dg £ BF,(0,u0)dzdr + Gy, (v, § )0, 4.11)
Jj=k+1 1j

where we have used Dy ¢ @tyj (0,up) = 01if 8 > t;. Then by (2.4), for 6 € (f,1+1) with0 <k <i—1,y€[0,1],
andi € {1,...,N}, M;(0,y) satisfies the following recursive relation

Ljv1
/]+ / Gi—r(»,2) <I>Z(O up))M;(6,z)dzdr+o. (4.12)
j=k+171
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To get a lower bound for M;(6,y), we prove a discrete comparison principle. Define a two-parameter non-
negative sequence {A*}o<i<y by forany i € {1,...,N}, Ai"! = ¢ and for any 0 < k <i—2,

i1 Ljt+1
A=Y /’ /G,, (3,2)|bliAkdzdr + & = Z b]164% + . @.13)
J=kH17 J=k+1

By (4.13),if i1 — k1 = ip — ko, thenA —A =: & _t,. Rearranging (4.13), we derive that

9]

i-2
A= b8+ Y, [bh8j k+0=bh8i i+ 1 k= (1+[b8) o
J=kt1
We claim that
IMi(6,y)| <AF, VOE (t,terr), 0<k<i—1,ye0,1]. (4.14)

Indeed, we can prove (4.14) by an induction argument on i — k. For i — k = 1, from (4.12), one has M;(0,y) =
Af_l =0,Vye|[0,1],0 € (ti_1,t;) and i € {1,...,N}. Assume by induction that (4.14) holds for all integer i,k
satisfying 1 <i—k <i—k —1 (K <i—2). Now we show (4.14) for i — k = i — k. Indeed, by the induction
assumption |M;(0,z)| gA’;/ fork +1<j<i—1,(4.12), and (4.13),

Ljt+1
M(8.)| < / [ G2 (50,00 50, )t + 0
J=k+1

Tj41 Y Y
/ / Gi—r(y,z )|b|]A dzdr4+0 =A;
j=k 4171

for 0 € (ty,fy11), which implies (4.14) for i —k = i — k’. Thus we obtain (4.14).
By (4.12), (4.14) and (2.4), we deduce that if |b|; > 0, then

Pk 1
Mi(8,y) > 0 = bl (AL, + ALy - +4k) = (2= (141 8) ) 0 > S,

\S}

provided 0 <i—k—1 < (log3)/(log(1 + |b|15)). By the relationship 0 < log(1 +x) < x, ¥ x > 0, we obtain
(4.10). Obviously, if |b|; =0, i.e., b’ =0, (4.10) is valid as well. Hence we have obtarned the lower bound 1 50
of M;(0,y) when 0 belongs to the interval (tké,t,-), where ki =0V [i — 7] with Kj, := Tbl ; > 0 and [-] being the
floor function. Since t; — hi = min{t;,t; — O[i — %]} > t; AKp, the length of the interval (tkf) ,¢;) is not smaller
than #; A Kj,, which is sufficient to derive a uniform lower bound independent of & for I;;5.x () More precisely,
by the Cauchy—Schwarz inequality and (4.10), we obtain

T 1 2
Tysao =Ty 0a0) / / Do ¢ B2, (0,u0)| d§d6>/ </ D(,é(p;;,(o,uo)dg) do

2 N 2 o’
=/ My(0.0)%00 > [ 1My(0,2)P40 > T (T AKy).
0 tkN 4
0
This shows <FU5=N<X))71 € L~ (), and the proof is completed. O

We consider in Proposition 4.7 the uniform positive lower bound, independent of the sample o and stepsize

stochastlc heat equation with Neumann boundary conditions whose proof is omitted since it is similar to the
case of Dirichlet boundary conditions (see (Mueller & Nualart, 2008, Lemma 4)).
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Lemma 4.6 Let u;(¢,x): i = 1,2 be two solutions of

du;  9%u; *w )
W a N2 +Bl I+Hula a ) ul(07x)_u0 ('x)

with Neumann boundary conditions, where B;(¢,x), i = 1,2 and H (¢,x) are bounded and adapted processes, and

u(()l) (x), i = 1,2, are nonnegative continuous functions not identically zero. Also assume that B (¢,x) < B»(#,x),
uél) (x) < ué2) (x) hold with probability one for all r > 0, x € [0, 1]. Then with probability 1,

up(t,x) <up(t,x), Vi=0,x€][0,1]. (4.15)

If in Lemma 4.6, the assumptions of the initial conditions are replaced by uf)l)(x) < uéz) (x) and u(()i) (%),

i = 1,2, are nonpositive continuous functions not identically zero, then by applying Lemma 4.6 to —u; and —u»
yields that —u(¢,x) < —u(¢,x), which also gives (4.15).

Proposition 4.7 Assume thatb € C}) and ¢ > 0. Then the Malliavin covariance matrix {Fq,;(ti’ylr)}xe (0,1],i€{1,...N}, 7€[0,1]
satisfies I'x (,, ye) 2 ¢, for some ¢ = ¢(T, |b|1,0) > 0 independent of &, x, i and 7.

Proof. By the Cauchy—Schwarz inequality, we infer that

T/ 1 2
ooty i= | [ Poseiriifazan> [ ( [ Dogorriaz) ao. (4.16)

fori € {1,...,N}. Denote X}(t,x) := fol Dy ¢ @ (1;,Y;")dE, where we drop its explicit dependence upon 7 for
simplicity. By (2.1) and the chain rule (see e.g. (Nualart, 2006, Proposition 1.5.1)), we have

, 1 1 t ol .
Xj(t.0) = 01,0(0)+ | Gioyey) [ Do g ()a6dy+ [ [ Girle)t (030 ¥7)) X (ry)avdr 417

Next we estimate Xé (t,x) in the following two cases, i.e., 0 >; and 0 < t.
Case 1: Let 6 € (1;, T]. Notice that 8 > ¢; implies Dg ¢ Y;*(y) = 0 since Y;* defined in (3.9) is .%;,-measurable.
Then it follows from (4.17) that

IXp(t,x) = X (1,%) + 6/ (¢ (1, Y7))Xp (1,x), 6 <t<T

with the initial condition X}(6,x) = 0,V x € [0,1]. By Lemma 4.6 (with B; = —|b|y, By (,x) = b’ (¢} (1;, Y1),
H = 0), we obtain '
X (T,x) > e P70 (4.18)

Case 2: Let 6 € (0,4;). Notice that 6 <1 implies 1(,,(8) = 0. By (3.9) and (4.17), it is sufficient to

estimate [, Dy £ Y (y)d§ in terms of the estimates of Jo Dy £ ®;,(0,u0)d§ and Ik Do @, (ti-1, Py, (0,u0))d§.
By (2.1), for 8 < #;,

1
/ Dg5([)1}.)([,',1,@@1.71(0,140))(15 :Gl ti,lt, +/ G5 Y2 / De.f; 0 uo)dédz
/ Gi,—r(y,2) b (@ (ti 1, Py, (0,u0)) / Dgé(p,(t, 1, P, (0,up))dEdzdr.
ti-1

If 6 € (t;1,), then Dg ¢ ®F (0,up) = 0 and thus similar to (4.18), applying Lemma 4.6 (with B; = —|b|;,
By (t,x) =b' (¢ (ti—1, P, ,(0,up))), H=0) will lead to

1
/ Do @) (ti 1, @, (0,u9))dE > e~ Ph(=0)g > (13 5
b, o
which along with (3.9), Dg ¢ ;(0,u0) = 6G;,_¢(y,§), 6 € (ti—1,1;), and (2.4), implies for all 7,y € [0, 1],

1
/ D eYF(0AE > (1-t)o+1e P06 > e P06, VO € (11,1). (4.19)
JO
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3
Denote Kj, := ]Tb‘("‘ 12 . Due to (4.10), we have

1 1 K,
/ Do ®;_,(0.u0)dE > 30, VzE[0,1], 0 € (i), OV (i—2— L) <k<i=2,
0 T
which, together with (2.4) and Lemma 4.6 (with By (¢,x) = b’ (¢} (ti-1,®;, ,(0,up))), Bi = —|b|1, H = 0) indi-
cates

K
/ D ¢ @, (ti-1, Py, (0, uo))d§> e PPe Wy e(0,1], 0 € (ftin1), OV(1—2—§)</<<1'—2-
Therefore, (4.10) and (3.9) indicate for all 7,y € [0, 1],
1 K,
/ Dy £ Y7 (y)dE > (1—7)2G+2e_|b|156> 5 e P 6 (), O\/(i—l—gb)gkgi—z. (4.20)

Combining (4.19) and (4.20), we conclude

1 1 K,
/ Do ¥ (g > 5¢ %0, 0 € (ttis), OV (i—1- ) Sk<i—1. @21
b O
Now we turn to (4.17) and estimate Xé(T,x). Taking into account (4.21) and applying Lemma 4.6 (with
By (t,x) =b' (9} (1;,Y)), By = —|b|; and H = 0) yield
X5 (T,x) / Gr_(x,y)e”1Ph(T=1) / Dy £ Y7 (y)dEdy > > 1 5 e PhT=lit) g, (4.22)

forany 7,x € [0,1] and 6 € (#,fi1) With OV (i—1-K,/8) <k <i— 1.

So far, we have dominated X (7', x) from below when 6 > #; in Case 1 and when 0 € (#;, ;1) with OV (i —
1 —K,/0) <k <i—11in Case 2, based on which, we now give a lower bound of Fqﬂ%(ti,Y,-T) as follows. By (4.16)
and (4.18),

Tox (7) = /\XeTX\dG Z/ |X9Tx|d9+/ o2 (T-0) 5249

T 1 — e7|b|1 T
| PR 2hT-0)6200 = —— 5% =
o7 (1:,Y7) /g e 2|b]; €1
For § <i <N, utilizing (4.22) yields
Tl 2 i1 et
Tys o) > y / X (Tx)[’de> Y 1X) (T, x)|*d6
OV (i—1-Kp/8)<k<i—1 " k=0v[i— 5] i

2 2
(0 . K o~ _
2—4 ethSmln{z,;} > <€ “"IT(T/\K;,) =0y,

where we have used i — 1 — % <[i-1- %} +1=[i— %] <i— %. Finally, we finish the proof by choosing
c=ciN\co. [l

Based on Propositions 4.3 and 4.7, we now give the proof of Lemma 3.5.

Proof of Lemma 3.5: Since f € W, there exists F such that F/ = f and 0 < F < 1. Invoking Propositions
4.3 and 4.7, it follows from (Nualart, 2006, formula (2.32) or Proposition 2.1.4) that for any @ € N, k > 1, there
exists Ho11(@7(1,Y;"),G1) € D™ satisfying (3.14), and furthermore, for p > p; > 1, there exist constants 1, ¥
and integers n,m such that

a1 (97 (1Y), Gl oy < Clp1s )Ty 5107 (1.0 [y Gl a1

Hence, by taking p = 2, p; = 1 and using Propositions 4.3 and 4.7, we complete the proof. O
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5. Regularity estimates for derivatives

In this section, we present the estimates of the moments of the Gateaux derivative and the Malliavin derivative
of @f(#;,Y;") in Lemmas 5.3 and 5.4, respectively, which will be used in the proof of Proposition 3.3. As we
will see, the p-th moments of the derivatives of ¢(#;,Y;F) are dominated by the Green function, instead of being
bounded by a constant in the case of stochastic ordinary differential equations. This is one main difference in
the weak convergence analysis between SPDEs and stochastic ordinary differential equations.

Lemma 5.1 LetM > 1,X,H € D¥* and g € Ci°. Then for any ¢ > 1,
IDM{g'(X)H }| za(@umem) < |81 DY HI| ogzzomy +ClI8" (X |Iar, 2] 1 H l1-1,24-
Proof. By Leibnitz’s rule (Nualart, 2006, Proposition 1.5.6 or Exercise 1.2.13) and Hélder’s inequality,
My 1 M S M i ! j
IDY (' (X)H} | (2 meomy < 1811 IDY H | Lo mromny + ) ( j ) IDY 78" (X)| 202 o010y D Hl| 20 o
j=0
Noticing that for j € {0,1,...,M — 1},
IDM 78" (X) | 24 e 01 1D H | 20 oy < 18 (X I 2| H

Putting these two estimates together finishes the proof. g
The following two-parameter Gronwall lemma is essential in the moment estimates for derivatives of ¢;*(;,Y;").

729 <118 (X) lar.2q 1 H [l31-1.24-

Lemma 5.2 Let g, (z,x) > 0 satisfy that forall 0 < s <t < T and x,y € [0,1],

t rl
80s(0:0) < cGrswy) +e [ [ Gin(vz)g (i zn)dzidn,
N

where ¢ > 0 is a constant. Then for some C = C(T, c), it holds that g ,(7,x) < CG;_4(x,y).

Proof. Taking the supremum over x € [0, 1], and using (2.4) and G;_4(x,y) < KP_(x,y) < \/%, we have

C t
sup gsy(t,x) < 7—|—c/ sup gsy(ri,z1)dri, Yyelo,1],
x€[0,1] w Vi—s 5 z1€[0,1] w

which, together with the Gronwall inequality, implies that for some C = C(T),

C tC !
sup gs.y(t,x) <—— +/ ———cexp </ cdu) dr
x€[0,1] ™ VIE—S s \V/r—s r

+2¢ceTCVT, Vyelo,1]. (5.1

<
-

3o

By an iteration procedure and (2.5), we have
ot prl
85 (1,%) < Gy (x,y) + ¢ / /0 Gi—r, (x,21)Gp —5(z1,y)dz1dr - -
JS
1 ! 1 r 1 Tn—1 1
+Cn+ / /0 / /0 / /() thrl (xvzl)Grlfrz(ZI;ZZ)"'Grn,lfr,,(znfl7Zn)Grnfs(Zn7y)danrn"'dZZerdZIdrl
N s s

t rl 1 rmorl
+1
+Cn / /0 / ~/O / /0 Glfr] (X,Zl)Gr] 7r2(Zlyz2)"'Grnfr,,+1 (Zn7Zn+l)gs,y(rn+l7Zn+l)dzn+1drn+l "'dZZerledrl
K K K

wig E—5)" aig E—8)" torl
< <C+Cz(t—s)—|—---+c +1(n|)> ths(xa)’)“"c +1%/ /0 Gf*”nﬂ(xazn—H)gs,y(rn—&-lazn—&-l)dZn+1drn+la
. . N

where the first term on the right-hand side is bounded by ce” G;—s(x,y), and due to (5.1) and (2.4), the second

term is dominated by
t n
Cn+1 ( S) C(T) <

! 1
—d 1
nl /; ﬁ’%l_s Tntl + ) )
which tends to 0 as n — oo. The proof is completed. g |
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Lemma 5.3 Assume that b € Cj;. Then for any k € N and p > 1, there exists C = C(k, p, T, &) such that

H<@(Ptx(ti7YiT)thi—r('7Y)>| k,p

holds for every r € [t;,_1,1;),t; <t < T,i€ {1,...,N}and 7,x,y € [0, 1].

< CGt—r (X,)’) (52)

Proof. In this proof, we denote by %), the property that (5.2) holds for k = M and all p > 1. The proof is
completed by an induction argument on M. First, by (2.5) and (3.12), we obtain

(20 (t,Y),Giir () = Gir (%)

(5.3)
4 [ G 6,005, 0095, (0,17, i)z
li

Utilizing (5.3), the Minkowski inequality and the boundedness of b’ gives that for p > 1,
(207655, Go 3 < G )+ 1 [ [ Gy (2205, 167G ) e

< Grr) 10 [ /0 Gio, (v, DD}, (11, Y7), Gy (-,3)) 208

A direct application of Lemma 5.2 completes the proof of J%.
Assume .y, and we proceed to prove Zy. By Lemma 5.1 with ¢ = p, g =b, X = ¢ (1,Y) and
= (295, (1:,Y;7), Gy—r(,y)), we get that for 1; < 6y <1,

IDY {5 (95, (1, Y)( 295, (1. Y7). Grer () H| o (2:mem)
<[ DY (205, (11,Y7), Grymr (- 9 o zonn) + CIB (95, (1, X)) I 20 (295, (11, Y7), Grymr (- 9)) 11129
g‘bh||DM<-@(P§1(tiinT%Gt,-fr(‘:)’»”LP(_Q;]HI‘X‘M)+CG91—V(Z7y)> (5.4)

thanks to Corollary 4.4 and #j;_;. By taking M-th (M > 1) Malliavin derivatives on both sides of (5.3), and
using (2.5) and (5.4), we have

029! 7). G Mon <€ [ [ Grmay 1o (z.3)dz00
!
ol [ [ G 5 DIDM 95, 677), Gy ) s e

t rl
<C=1)Gir () +1blr [ [ iy (v 21D (905, (1.7, G ) oy,

Consequently, it follows from Lemma 5.2 that |DM(2¢f(1;,Y."),G,,—(-,¥)) lLr(@memy < CGy—r(x,y), which,
together with J#j,_ and (4.5), yields .#js. The proof is completed. O
Now we are in a position to estimate moments of the Malliavin derivative DCDZ (0,up) = {De,é @f; (0,up),0 €
[0,£;) x [0,1]} of the numerical solution U3 (x) = @;(0,up). Compared with the result in Proposition 4.3 where
the Malliavin—Sobolev norms of dbf; (0,up) are uniformly bounded by constants, Lemma 5.4 states that the
Malliavin-Sobolev norms of Dg ¢ ®; (0, u0) are bounded by multiples of the Green function G;,_g(y,&).

Lemma 5.4 Assume that b € C;;. Then for any k € N, p > 1, there exists C = C(k, p, T, o) such that for every
0 € (0,1),y,§ €10,1], andze{l N},
1Dg £ ®;.(0,u0) [[x,p < CGy—o (1, ).

Proof. In this proof, we denote by %) ; the property that |[Dg ¢ P, (O uo)|[k.p < CGy;—(y,&) holds for k =M
andall p>1,&,y€(0,1], 0 € (0,;_1), and by By the property that P j holds for all j € {2,...,N}. Since
for 6 € (1i-1,4),i € {1,...,N}, Dg ¢ B, (0,up) = 6G;,_g(y,§), it suffices to prove By for M € N.
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Step 1: We show %y, i.e., B ; holds fori € {2,...,N}.
In fact, if i = 2, then for any 6 € (0,71), & € [0,1],

%) 1
DB,& (pt); (Oa MO) = GGtz—e(yv é) +/t ~/0 Glzfr(ya Z)b/((ptﬁ (Ovuo))DG,é (plzl (O,I,t())dzd}’, (5.5
1
which along with the fact that for any 6 € (0,11), & € [0,1], D ¢ B}, (0,u0) = 6G;, —g(y,&) implies

D0 @00}l < CCina(:8)+ 1610 [ [ G026 (2

By (2.5) and (2.7),

ty 5]
/ / Gtz —r y’ )th (Z 5 dzdr—/ G12 r+t — ()’7 / Gtz [°] y?
1 V1, — r+t

(T) (\/tz —0— /1 — ) Vi —0G, ()

gC(T)GtZ—G(yvé)v (56)

which implies .

To show A ; for general i € {3,...,N}, we assume by induction that Po,; holds forall 2 < j <i—1, and
aim to prove %y ;. For 6 € (0,#;_;), we have 0 € (f,_;,#] for some k € {1,...,i—1}. Then by (4.11), the
induction assumption %y ; with 2 < j <i— 1, as well as the semigroup property (2.5),

: =l
Do & ®;, (0,u0) |, <[b]1 Z/t /0 Gii—r(3.2) Do £ ®7.(0,u0)]| pdzdr + G, -6 (y.§ )0
sy

il ety 1
<CZ/ /0 Gi—r(1.2)G1;-0(2,8)dzdr + G, -6 (3, §) 0
Jj=k“1j

1j+1

Gt—r+tj-6 (».8)dr+G,_g(».8)o

=k’

Since ):’ i tt]’“ V7 Ht gdr =26 ):J i FV+ % S < 2T, it follows from (2.7) that

Lt Ll B
Y [ G enar<c Y / 4G, 0(n6) <CGyo(0E), )
=kt = —r+fj

which completes the proof of % ;.

Step 2: We assume by induction Zy—1 (M > 1), and proceed to show By.

It suffices to show Ay ; foralli € {2,...,N}. Actually, fori =2 and 6 € (0,1, ), by taking the M-th Malliavin
derivative on both sides of (5.5),

! "ty 1
DDy @ 0,0) oy < [ [ Garr (02 IDM B (95 (0.10) Do £ 85 (0s10) Hlus s
J1y
By Lemma 5.1 with g = p, g = b, X = ®7(0,up), and H = Dy ¢ D} (0,up), we also have for [ € {1,...,N},
| &

IDY {6 (@ (0,10)) Do £ P (0,10) | 1 (2 =)
<[bl1 DY Dg £ B} (0,u0) | o(2 premy + CI6' (P (0,10)) |25 1D £ B (0, 10) |11 25>

By (4.1) and Lemma 4.1, it holds that [|b'(®; (0,u0))||s.2p < C, which in combination with %), | gives

IDM {0 (D5 (0,u0))Dg & P (0,0) | o (2 saenry < [b1[1DY Do ¢ 5 (0, u0) | o (2 sromn) + CGry-p(2.8). (5.8)

_I_
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Using (5.8) with [ = 1, as well as the fact that DDg ¢ &f (0,uo) vanishes, leads to

IDM{b' (@, (0,10)) Do £ f; (0, u0) | 1o (2 promy < CGry—0(2,8).

Combining the above arguments together, we conclude

HDMDeé (O MO)HLP.QH?VM <C/ / Gtz —r y7 )Gt1 (Z é)dZdV<C( )Gtz (yvg)a

where the last inequality follows from (5.6). This along with %y_1 proves % ».

To show Ay ; for general i € {3,...,N}, we assume by induction that % ; holds for j € {2,...,i—1}. For
0 € (0,t;—1), we have 8 € (t;_1,1] for some k € {1,...,i — 1}. Taking the M-th Malliavin derivative on both
sides of (4.11) and using (5.8), we obtain

, il i gl
||DMD97§ @t)i(O,MO)”LP(Q,HXM) g Z[ /0 Gtifr(y,z)|\DM{b/(¢fj(0,u0))D97§¢fj(0, uo)}HLP(.Q,]HI@M)dZdr
J=k

l 1 t1+1 M t/+l
SE [ [ G 011V D 25 0,0 0 dzdr+cz / [} Gur(2206i, (2.8 )acar
j=kv"' 1

Using the assumption that %y ; holds for j € {2,...,i— 1} and (5.7), we conclude

Lj+1
10Dy, 0,10) 1 <cZ / " [ G296, oz azdr <Gy o(2:8),

which together with %y,_; indicates %y ;.
Combining Step 1 and Step 2, we complete the proof.
0
The following Lemma considers the bounds for the Malliavin derivative of the exact flow of Eq. (1.1).

Lemma 5.5 Assume that b € Cj;. Giveni € {0,1,...,N—1}, let X; : Q x [0, 1] — R satisfy that X;(z) is .%;,
measurable for any z € [0,1]. If forallk € Nand p > 1,

H(pty(tivxi)”k,l) < C(k,p,T), Vie [tl"T]v ye [Oa 1]7 (5'9)

and
||D9<§X( )”kng(k P )th.,g(Z,é), VGE(O,Z‘,'),Z,§E[O,1], (510)

then there is some constant C = C(k, p, T') such that for any k € Nand p > 1,

||D9,§(pty(th )Hkp C(k P, )the()@é); Vte (tiaT]a NS (Ovti)a y7§ € [07 1] (511)

Proof.  In this proof, we denote by %), the property that (5.11) holds for all p > 1, ¢ € (#;,T], 8 € (0,1),
¥, € €0,1] and k = M. We first prove %). Notice that for 8 € (0,),

Do£0!0.X) = [ G0 9Do Xzt [ [ Gooyl0, 2 (0300 XD 5081 X)tr. (512)
li
Using the Minkowski inequality, (5.10), (2.5) and the boundedness of b’, we have
't ol
1D6 507 (1) < CGr-a (&) + 1ol | [ Gy (12) 1D 50500 X0) i

t rl
<CG-o(0.8) +1bl1 [ [ Gir(3.2)]1Di £ 95100, |z

Then %, follows from Lemma 5.2.
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Now we assume %, and proceed to show ¥),. Taking the M-th Malliavin derivative on both sides of
(5.12), we have

1
”DMDG,é(Pty(tivxi)HLP(Q,H‘@M)g/o Gi—1,(%2)IDY Do £ Xi(2) || 1 (0 paomydz
t rl
+ [ [ Gir [P0 (9500 X)) Do 5 95100 X0) oo rom didr. (5.13)

By Lemma 4.1 and (5.9), ||'(9}(1i,Xi))||m2p < C(M,p,T) for r € (t;,¢] and z € [0,1]. By Lemma 5.1 with
g=>b,X = @i(t;,X;), and H = Dg ¢ 97 (1;,X;),

IDM{B' (97 (11, X:)) Do £ 9F (11, Xi) Yl 1o (0 oy
611 1D Do ¢ @F (11, Xi) | o (0 mom) + C 1B (9F (11, X0)) | 2,20 || Do, 0F (81 Xi) 1.2

<
< |[1[IDY Do & 9 (11, Xi) | o @ mom) + CGr-(2,6), (5.14)

where we have used ¢, in the last line. Inserting (5.10) and (5.14) into (5.13), and using (2.5), we arrive at
1 r ol
1Dy ! (. X [ ssom) < | Gii(3:2)Gs-0(c. 6z +C [ [ Gio(12)G,-o(z.E)dzdr
t ol I
[ [ G210 Do 5 95053, 1 o ddr

t prl
<CGt—9(yaé)+C/6/0 Gt—r()’vz)”DMDO.é(Prz(tiaXi)”LP(.Q,H@M)dZdr'

Finally, by Lemma 5.2, we obtain ¥, which completes the proof. O

Lemma 5.6 Assume that b € Cj;. Then for any k € N and p > 1, there exists C = C(k, p,T, o) such that for
every 0; € (ti_1,r), r € (ti—1,4], B,y,& €[0,1], and i € {2,...,N},

1D6, £2] (=) lkp < CGr—0, (). (5.15)
Proof. By the definition of Ziﬁ (r,y), we have that for 0; € (t;_1,r) C (t;i_1,4],
Dy, ¢} (r.y) = PDo, £ 9} (11, Dy, (0,u0)) + (1= B)Dg, £ P} (0,u0) = PDg, £ @} (ti—1, ;. , (0,u0)),
since 6y >t implies Dy, ¢ @thil (0,u0) = 0. Therefore, (5.15) is equivalent to

1Dg, & @7 (ti-1, Py, (0,10)) ||k < CGrp; (3,6)- (5.16)

Note that for 6; € (¢;_1,r)
Delg (P’%'(ch (ptiq (07 MO)) = GGr—Gl (ya é)

r 1
[ G (0208 (05 11 @1, (0.00) D, 951 11, (Os) )z, (5.17)
1

Taking || - || ,-norm on both sides of (5.17), we obtain for p > 1,

rorl
Dy @ (11,84 (0.0)) |5 < €G-, (&) + b1y [ [ Grry (120)11D, 05 (11,81, 0.0z,
1

which implies ||Dg, ¢ @7 (ti-1, Py, (0,u0)) ||, < CG,_g, (y,&), thanks to Lemma 5.2.
Assume by induction that (5.16) holds for any 0 € (¢;_1,r), p > land k=M — 1 (M > 1), and we aim to
prove (5.16) with k = M. Taking the M-th Malliavin derivative on both sides of (5.17), we obtain

IDY Do, £ 7 (111, By, (0 0)) | oo ey
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<[ Gron 2 DM 05 1. (0.0) Do, 05 01,2, 0.0 o rdn
<\b|1/9 /0 Grr, (%,21) DY Dy, £ @71 (ti-1, Py, (0,u0)) || 1oy dz1dry
1
ropl
€ [ [ G (1201805 (1,2, (0,00))) 121D, 95 (1, By O.t)) s -1 250200,
1

where in the second inequality, we have used Lemma 5.1 with g = b, X = @7 (t;_1,®;, ,(0,u9)) and H =
Dy, £ ;! (ti-1, P, (0,u0)). Using the induction assumption, we have [|Dg, ¢ @7 (ti-1, P, (0,u0))|m-1.2p <
CG,,_¢,(z,€). Using Lemma 4.1 and Proposition 4.3, we also have ||6'(¢7! (t;i-1, P, ,(0,u0)))||m2p < C.
Therefore,

||DMD91,.5 @ (ti-1, D, (07“0))||LP(Q;H®M)

rorl rorl
<Ibls [ [ Gren 02010 Do, 05 11, By, 0.t0)) sz daadn +C [ [ 6oy (5:20)Gry - (21, E)dzadr
1 1
rorl
<o [ [ 6oy (2010 Do, £ 97 -1, By (0.0) s dz1dr + G, (6.
1

thanks to (2.5). Applying Lemma 5.2 leads to HDMDQH,; @ (tim1, Dy, (0,u0)) HL]?(Q;HQQM) < CG,_g, (y,€). This
together with the induction assumption finishes the proof of (5.16).
0

Corollary 5.7 Assume that b € Cj;. Then for any k € N and p > 1, there exists C = C(k,p,T, o) such that for
every 6 € (0,¢_1), 01 € (0,r), r € (t, L4, BT, 3, & €10,1], s € (t;—1,T], t € (t;,T] and i € {2,...,N},

Do, @5 (ti-1, Py, (0,u0)) ||k, p < CGs—0(y, ), (5.18)
D@7 (1Y) lk.p < CGi_g(y,8), (5.19)
1Dg, £ 28 (ny)llkp < CGrg, (3,€). (5.20)

Proof. (i) Let X;_1 := @,_,(0,up) fori € {2,...,N}. Then (5.9) and (5.10) follow from (4.1) and Lemma 5.4,
respectively. This allows us to apply Lemma 5.5 to get (5.18).

(ii) Let X; :=Y;* fori € {1,...,N — 1}. Then (4.2) implies (5.9). Recall that by (3.9), Y] (y) = T‘I’?;(OM()) +(1-
T)(pg(t,-_l, @, (0,u0)). Hence, (5.18) and Lemma 5.4 imply (5.10). Using Lemma 5.5 yields (5.19).

(iii) By the definition of Z’ (r,y), Dy, ¢Z (r,y) = BDe, £ @ (ti-1, Py, (0,u0)) + (1 — B)Dg, ¢ P}, (0,u0). If
0 € (0,%;_1), then (5.20) follows from (5.18) and Lemma 5.4. If 6; € (t;,_;,), then (5.20) follows from Lemma
5.6. The proof is completed. U

Lemma 5.8 Assume that b € Cj;. Then for any k € N and p > I, there exists C = C(k, p, T, &) such that
||D9,§ <@(ptx(ti7yir)? th-fr(';y)> ||k,]7 g Cthe(xy 6) (521)

holds for every 0 € (0,,_1), r € [ti—1,8), ; <t < T,i€{l,...,N} and 7,x,y,& € [0,1].

Proof.  Denote by s, the property that (5.21) holds for k =M and all p > 1, 0 € (0,£;—1), r € [t;i—1,1,),
i<t<T,i€e{l,...,N}and 7,x,& € [0,1].
We first prove %‘6. Taking the Malliavin derivative Dg ¢ on both sides of (5.3) gives

Do e (79! (1Y), Gy (+,y))

= [ [ Gy (28”05, (.00 03, (YN (265, (01.77), Gy o))z

t rl
[ Gy 20 (9, (1Y) Do, (905, (15, 17). Gy ) dzdr. (5.22)
1 —I—
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By Proposition 2.2, Corollary 4.4, Lemma 5.3, and (5.19), we have forg > 1 and k € N,

6" (95, (1Y) Do £ 05, (11, Y, ) (P05, (1Y), Goy—r (-, 9)) kg
Cl16" (@5, (1:,Y7)) Ik 3411 Do & 95, (1Y) k39 {295, (1 Yi7), Goi—r (-, 9)) Ik 34
C(k.q)Ge,—6(2,5)Go,—r(2,).- (5.23)

Notice that by (2.6), Gg,—,(z,y) < C(T)

NN

ﬁ for 0; > r, which along with (2.5) implies fort;_; <r <¢; <t,

t rl t
/ /0 Gi_o, (x,2)Ge, 6 (2, &) Go, _r(2,y)dzd6 < C | Gr_g(x, &) 46y <2CVI—FG,_o(x,E). (5.24)
L4

1
t; \/9177’

Therefore, we have
D0 (95 077), G 9l <COr-ax.8)+C [ [ 6oy (12 1Do (905, (137G, )

<CG-o5,8)+C [[ [ Gr-a,(52)1D.£ (965, (1.17), Gy .3) e,
which together with Lemma 5.2 implies 4.
Now we assume by induction .74, and aim to prove .7#;. Taking the Malliavin derivative D on both
sides of (5.22) gives
DDy (297 (11,Y), Gyi—r (1))

:[ /() Gi-o, (X7Z>DM{b//((p§1 (tthT))DG@(pél (tiinT)<@q)§1 (ti’Yir)’Gti—r(Hy»}dZdel
t rl
+ [ ]Gy (5D (8 (95, (1Y) Do g (905, (1.7, Gy () dzd.

It follows from Lemma 5.1 with ¢ = b, X = ¢ (1;,Y), and H = Dg ¢ (295 (1;,Y;"), G,—(+,y)) and the first
inequality of Corollary 4.4, and the induction assumption 73, that

IDY {6 (95, (11,Y7))Do £ (205, (11, Y7), Gir (-, 9)) Hl a2 saom
<[bl DY Do (205, (1Y), Gy () | o mom)y + C 1D £ (295, (1, Y77), Gy (-, 3) 11124
<[b1|ID" Do £ (295, (11,Y7), Gy—r (- 9) | 14 romy + CGoy—0(2,€)-

This, in combination with (5.23) and (5.24), indicates
t 1
1DM D £ (Z0} (1,7, Gy () |z < € / / Gi—o, (x.2)Go, o (2,)dzd6) +CG,_g (x,£)

[ [ Gy (1D Dy (703, 15,1, G- 3) usodzdy.
Further, taking into account (2.5) and 6 < t;, we arrive at
IDY Do £ (27 (11, Y7), o= (- 3)) | o @ 11501
<CGr-o(8)+C [ [ G (521D Do g (905, (5.17), Gy 1) s v e
Hence, it follows from Lemma 5.2 that

IDY Do £ (297 (11, Y7), Gyt (- 7)) a2 omy < CGro(x,6),

which together with (4.5) and the induction assumption .#43,_; completes the proof of .73;. O
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6. Proof of Proposition 3.3

In this section, we give the proof of Proposition 3.3. We begin with (3.13) and proceed to estimate

IE[f( (7,%))] —E[f (U (x))]
/ / /tt' / f(or (6, Y1) (297 (11, X)), G- (7)’)>b/(ziﬁ(r,y))@m(r,y)}dydrdﬁdq

where éﬂl : Ellmttal 7] +Emltta/JJ +El}’ll[lal (o] +E/l1 +E(l)' is given in (38)

Fori € {1,...,N} and x € {initial_u,initial b, initial_c,b,c}, denote

BL(1y) =B |1 (@ (1) (D0 (1. ¥7), G () B (2 () EL ()| 6.1)
Hence, it follows that
ELf(u(r9) ~E[f(U*N ()]

1 . . . .
/ / / / mztwl u r Y +‘%;nitial,b(r’y) +%;nitial,6(r’y) +‘%Il7(r7y) —I—%’g(r,y)]dydrdﬁdr
i= l

ti

= Fnitialu + Finitial b+ Finitial .o + b + o,

where

N ol ol et pl
=Y [ [ [ [ #endrapar, 62)
i=1 0 JO Jt_;JO

for each * € {initial_u,initial_b,initial _c,b,c}. Here, we drop the explicit dependence of .#; upon 7, 8, x, and
note that the constants C throughout this proof are independent of 7, B € [0,1] and x € [0, 1].
Forfixed 0 <r<f; < T andy € [0,1], we have G;,_,(-,y) € E. Foreach i € {1,... N}, if Q;(r,y) € D™ for
every (r,y) € [fi—1,4] x [0, 1], then it follows from Lemma 3.5 that for o € {1,2} and g = b (or g = '),
B (5 (6, Y (D95 16,Y7), Gy () € (2 (1) Qi )|

< CIH2OF(1,Y7), G () &' (20 (1) Q1)) | a1 2

< CIH2PH1Y7), G r ) s 1.4l (ZF (153)) Qi1 )) 1.4

<CGr(x. )8 (Z (n9))Qi(ry) lar1.4 < CGr (6|0 (1Y) |t 1.8, (6.3)

thanks to Proposition 2.2, Lemma 5.3 and Corollary'4.4.

(a) Estimate of .7;,,;;;,; ,. By (6.3) (with Q; = E o =1,and g = b) and (6.1), for any v € (%, 1),

1
initial -u’

| lmtzalu ry)| CGr- l’xy / |G yag)_Gli—l(yaé)HuO(‘s)‘dg
§C||uo||EGT,r(x,y)(r—ti,])v(t,;l)fv, ViE{Z,...,N},

due to Lemma 2.1. For i = 1, by (2.4),

i 1) < CGr(63)| [ 6,0, E195 ~ ()] 08 < Cllle G- ().

Therefore, by (6.2), it holds for v € (3, 1) that

ti
|<ﬂml”“l ”| Z/ / / / “%mmul u\hyy |dydrdﬁd1‘-

i1
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tl
/ Gr_,(x,y dydr+2/ / / / | iiar o (1Y) |dydrdBdT

T 1
<c5+cz/ Grr(x,y)dy (r—ti,l)V(ti,])*Vdrgc5+c5V/0 Sl <C(v,T)8".

i1

(b) Estimate of .%,;,;,; . By (6.3) (with Q; = El."nitmu?, a =1and g =b), (6.1) and Proposition 2.2,

Fhsr) < €G-, | [ [(6i-00:8)~ i -a0 )00 (@, (0.0)) a0

2.8
<CGry(oy) [ /O G 0(.&) = Giy -0 (3 E)[[B(DFy (0,u0)) |2 sdEde.

By further taking into account Corollary 4.4 and Lemma 2.1, we arrive at

. ti1 1
|\ R iitial » (1Y) < CGr—r(x,Y) /0 /0 |Gr—6(3,8) — Gy, —0(y,6)[dEdO
1
<C(v)GT_,(x,y)/ Nr—ti1) (i1 — 0)¥d6
0

for v € (1/3,1). Hence, in view of (6.1), it holds that
1 ti—1
|=fmn‘lalb|<c Z/t / Gr_, ,Y)dY/ (rftt 1) (tl 179) Yd@dr
i—1

f ot
<C(v) / / "(ti1— 6)Vdodr < C(v,T)8".

i1

(c) Estimate of .%;,;,;,; . By the Malliavin integration by parts formula (2.11) and the chain rule (see e.g.
(Nualart, 2006, Proposition 1.5.1)), we obtain

lmtzal o y)

- /’” [ L 05 5 YD 505 0.0 705 15Y7), G o3 2D )Gy 0(0) — G (0 E)} 0000
[ B 0 0 7)D0 (9603 037,32 )Gy 0(18) G -o(0:6)}odza0
b [ B @90 017, 3 (2 )P 2 ()G 0(16) ~ Gy, o006} 0200

1
= ‘%llnmal 0‘( ) + <%>tnttzzll o (}" y) + ‘%mmal O'(r y)

(c1) Estimate of %"

initial - G(

[E[f"(9F(1:,Y7))Dg ¢ O3 (1, Y D@5 (1, Y7), Gy r () (ZF ()]
< CGr—r(%,y)||Dg £ 07 (11, Y;") 138 < CGT—r(x,y)Gr—p(x,), (6.4)

r,y): We apply (6.3) with g = b, o« =2, Q;(r,y) = Dg ¢ 97 (1;,Y") to obtain

where we have also used (5.19) in the last step. By Lemma 2.1 and
Gi(x.y) <KP(x,y) <Cs72, s€(0,T], (6.5)

we obtain for v € (3,1),

21/ / /t 1/ L@l'nzmlc (r,y)|dydrdBdz
i i
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Y[ [ 6 )G o816 50:8) -Gy ol8)aEa0anar

<cy. /// T 4Gro(8) [ 1Gr-00:8) -Gy -a(0,8)lara0aar
i=17"%-1

11

ti—
<cs'y / / Tt - 0)” Vd9dr<C5VZ/ —r)*%dr/ (ti-1—6)7"do < C8".
i=1"1i-1 fi1 0

(c2) Estimate of %2

iirial.c (1Y) We use Lemma 3.5, Proposition 2.2, Corollary 4.4 and Lemma 5.8 to get

[E[£(9F (11, Y7))Do £ (29311, ¥7), Gy (- 3))B (2P (7))

< ClIDg £ (P95 (1,7, Gyr ()W (22 (7)) |22

< ClDg £ {DPH 11, Y7), Gyr (9 2418 (2P (73)) 124

< ClIDo £ (P95 (1,7), Gyr(-,3)) 124 < CGr_o(x. £). 6.6)

Thus, it follows from the definition of 7

initial .o

(r,y) and (6.6) that

1i 1
B0 ) <C [ [ Groo(0.8)/Gr-0(:8) ~ Gy, -a(3: &)l Ed0.

Using Lemma 2.1, we have for v € (%, 1),

g 1 ptiog 1
L ] 6re81G,00.8) = Gy -0(0.8)ldEdbdyar
i—1 .
ti 1 "1
</ / 1/ CGr_o(x,&)(r—t;1)" (11 — 0) ¥ dEAOdr
ti—1
ti i
<C6V/ / N1 — 0)7Vdodr < 8",
ti—1

which shows

tl
/ / / / 202 (ry)|dydrdBdT < C8Y.
i=1 li-1
(03) Estimate of %'

i3 (rY): Notice that by (6.5), G,_g(y,&) < C(r—6)~2. By (6.3) (with Qi(r,y) =
Dgézi (r,y), 2 =1, and g = b’) and (5.20),

IE[f (@5 (1, Y)) (295 (1, Y7), Goyr (- )" (2P (19)) Do £ ZE ()] |
< CGr_r(%,y)Gr_g(»,&) < C(r— 6)77GT_,(x,y). (6.7

Hence, it follows that

i fior 1 _1
B < [ [ COrr(x3)(r=0) 4G, 0(3:8) Gy, -a()ldEde,

which yields

1
Z/ / / / |%lln?tlal o ”y |dydrdﬁd1-
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//\

/, / CGr-itey) [ -0 / Gr0(1€) ~ Gy, 0 (. £)|dEdBdydr
i—1
Applying Lemma 2.1 with v € (%, 1) yields
ti— 2
/, / CGr_y(x.) / (r—6 / Gr6(nE) ~ Gy, ,—0(y.&)|dEdBdydr
i—1
1 2 1
< / C/ }"— T2 F—l,;l)v(l‘ifl — 6)_vd9dl”
ti—q
1 1 2 1
csvz/ / F— )3 (1, — 6)Vd6dr < C8?,
ti

since

t; 1 2 tio [
/ / (r—0)" % (11 —0)" "dedr—/ / r—0) 3dr(si1 —0)"Vd8
i1 L1

i ti—2
7/ r(fi-1—6)7"d6 < 5/ (ti1—6)V"2d8 < C5V*3.
2 + f, 1— 6)7 0

Besides, (2.4) implies fol 1Gr—6(y,§) — Gy, ,—6(»,&)|dE <2, and thus

[ [ cGrten [r-0rt [[16006) -Gy, ol0.8)lda0000r
i—-1 i—-2

i1 1 ti—
/ Gr—(x,y)(r—0)" 2d9dydr<CZ/ / l (r—ti-1) 2d9dr<C52.
ti—1

ti2 ti1 /i

Combining (6.8), (6.9) and (6.10), we obtain

R A B |
y /O /0 /l /0 23 (ry)|dydrdBdr < C82.
i=1 i—1

6.8)

(6.9)

(6.10)

(d) Estimate of .#,. By (6.3) (with Q; = Eé, a =1 and g = b), (6.1), Corollary 4.4, the Minkowski

inequality, and (2.4),

% (1,)] < CGr_,(x,y) H/t1 /01 Gro(3,E)b (<pg (ti1, P, (0, ug))) dEde

2.8

1
<CGr(xy) [ [ Gror8) (05 (11, @, (00| a&ae

ti1

1
< CGr_r(x,y) / G,_9(y,£)dEAO < CGr—r(x,y)(r —ti—1).

L
It follows from (6.2) that

1

I <CZ/

i1

/ Gy (x,9)(r —t;_1)dydr < C8.

(e) Estimate of .7;. We apply the Malliavin integration by parts formula (2.11) to get

=0 [ [ RL 007D £ 03 070 (905 0 70), Gy () Z (1)) 603,650
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0 [ [ L0 1)D0 e (905 0770, Go ) 2 )]G €068

+o[ / E [ (@}, Y) (205 (1,Y7), oo (- 3))D" (ZF (r,3))Dg £ ZF (r.7)] Gro (v, € )dEdB
= B (1ry) + B (r.y) + %5 (1,y).

(e1) Estimate of #5' (r,y): Using (6.4), we get

@< [ [ Gr G o0.£)6ro(x 1aca0.

ti1

Therefore, (2.5) and (2.8) give
1 t 1
/ [ [t |dydrdﬁdr<cz [ 6 e16ma(0: 8161 o( £ aEaoarar
t; i i1
1
<C / /GT o(x dzgdedr<c52/ /G £)dEd6 < C8.
i1/t 1

fi—

(e2) Estimate of %’ﬁf(ny): By the definition of ,%’gz(r,y) and (6.6), we have

@2l <c [ [ 6r o), olng)atae.

i1

In view of (2.5),

1i 1 pr 1 r 1 1
[ [ ] [ orew&6,stopagaoanr= " [ [[6r w600 [ G, ol Eraraar<ce,
ti1J0 Jt_1J0 ti1 Jti-1 /0 J0

from which we deduce that

N 1 1 rt 1 ‘5
Y[ [ [ #eyaape<cs
=170 JO J5_; JO

(e3) Estimate of %5’ (r,y): Due to (6.7) and the definition of %25 (r, y),
@< [ [ CGre)r-0) 16, o0 €160
i—1
<CGr_ (xy) [ (r—0) 7} / Gr-0(1£)4500 < CGr,(x) [ (r—0) 4o,
t 0 t

i—1 i—1

Therefore, it holds that

N 1 1
Z/ / / / %5’ (r.y)|dydrdBdr < CZ/ / Gr—r(x,y / (r— 6)~2d6dydr
=170 JO Jt fio1 i

SC / r—60 2d6dr<C52

ti—1 Jti1

Gathering all above estimates, we complete the proof of (3.4).

If b(u) = byu+ c is an affine function, then »” (Zlﬁ (r,y)) = 0. Therefore 725 (r,y) = %:n?[lal o(hy)=0,i=
1,...,N. In this case, by combining the estimates (a)-(e), we have, instead of (3.4), that (3.5) holds for every
ue (%, 1). The proof is completed. O
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