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Abstract In this paper, we study the stochastic Hamiltonian flow in Wasserstein manifold, the probability
density space equipped with L>-Wasserstein metric tensor, via the Wong—Zakai approximation. We begin
our investigation by showing that the stochastic Euler—Lagrange equation, regardless it is deduced from
either the variational principle or particle dynamics, can be interpreted as the stochastic kinetic Hamiltonian
flows in Wasserstein manifold. We further propose a novel variational formulation to derive more general
stochastic Wasserstein Hamiltonian flows, and demonstrate that this new formulation is applicable to various
systems including the stochastic Schrddinger equation, Schrodinger equation with random dispersion, and
Schrodinger bridge problem with common noise.
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1 Introduction

The density space equipped with L>-Wasserstein metric forms an infinite dimensional Riemannain man-
ifold, often called Wasserstein manifold or density manifold in literature (see e.g. [40]). It plays an im-
portant role in optimal transport theory [54]. Many well-known equations, such as Schrodinger equation,
Schrodinger bridge problem and Vlasov equation, can be written as Hamiltonian systems on the density
manifold. In this sense, they can be considered as members of the so-called Wasserstein Hamiltonian flows
([54,4,29,17,14,15,20]).
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The study of Wasserstein Hamiltonian flow can be traced back to Nelson’s mechanics ([47-49]), where
a probabilistic interpretation of the linear Schrodinger’s equation is given. The rigorous probabilistic con-
tents in Quantum Physics were understood as stochastic variation boundary problems for the probability
densities with given marginals (cf. [3,16]). The work of Bismut [7], which is closely related to the prin-
ciples of stochastic optimal transport theory, showed how the random perturbations affects the classical
optimization problem in the expectation sense for both Lagrangian and Hamiltonian formalism. Motivated
by the ideas of Schrodinger [51] and Bernstein [6], the connection between the Nelson’s approach and hy-
drodynamics on the Wasserstein space was first discovered by [45]. For more contents on the stochastic
optimal transport problem, we refer to [46]. By using Madelung transformation, it is known that a polar
representation reveals the Hamiltonian structure of classical Schrédinger equations. We refer to [36] for a
more comprehensive review on the geometric hydrodynamics and its relationship with the optimal trans-
port theory. Another framework of second-order differential geometry to derive stochastic Lagarangian and
Hamiltonian mechanics and to establish their related Hamilton—Jacobi-Bellman equations are presented in
[33]. Recently, it is shown in [15] that the kinetic Hamiltonian flows in density space are probability transi-
tion equations of classical Hamiltonian ordinary differential equations (ODESs). In other words, this reveals
that the density of a Hamiltonian flow in sample space is a Hamiltonian flow on density manifold.

In the existing works on Wasserstein Hamiltonian flows, random perturbations of common noise type
(see e.g. [21,22]) to the Lagrangian functional are not considered in the continuous space. Consequently,
the theory is neither directly applicable to the Wasserstein Hamiltonian flows subjected to random pertur-
bations, nor to the systems whose parameters are not given deterministically. The main goal of this article
is developing a theory to cover these scenarios in which the stochasticity is presented. More precisely, we
mainly focus on the stochastic perturbation of the Wasserstein Hamiltonian flow,

1)
dp, = E%(Ptast)dta

o)
ds; = —Tpt%(l)nst)dfv

with a Hamiltonian .7 on the density manifold and %, % being the variational derivatives, which is
proposed by only imposing randomness on the initial position in the phase space [15]. This is different
from the Hamiltonian flows considered in [4], where the authors construct the solutions of the ODEs in the
measure space of even dimensional phase variables equipped with the Wasserstein metric. More precisely,
the Hamiltonian functional in [4] is defined on the Wasserstein manifold ﬂg(de ), which contains densities
of joint distributions of both position and momentum variables, while the system in the current study is
mainly defined on the density manifold for the position variable only.

To study the stochastic variational principle on density manifold, we may confront several challenges.
First and the foremost, the Wasserstein Hamiltonian flow studied in [15] is induced based on the princi-
ple that the density of a Hamiltonian flow in sample space is a Wasserstein Hamiltonian flow in density
manifold. This principle may no long hold if the Hamiltonian flow in sample space is perturbed by ran-
dom noise. Second, the stochastic variational framework must be carefully designed in order to induce
stochastic dynamics that possess Hamiltonian structures on Wasserstein manifold. As indicated in [15,43],
the Christoffel symbol in Wasserstein space plays an important role in the typical kinetic Hamiltonian dy-
namics since it induces a certain velocity-momentum transformation that allows us to transfer between the
second order Euler—Lagrange equations and the Hamiltonian system in density manifold. However, for the
noise perturbed Wasserstein Hamiltonian flows, it is complicated and difficult to introduce such tools for
transforming the Euler-Lagrange equations into Hamiltonian dynamics in general.
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To overcome the difficulties, we begin our study by investigating the classical Lagrangian functional
perturbed by the Wong—Zakai approximation (see e.g. [52,57]) on the phase space, and show that its critical
point gives the stochastic Hamiltonian flow driven by the Wong—Zakai approximation. With the help of
the equivalence of the particle stochastic ODE system and the macro density formulation, in section 3 we
prove that the stochastic Hamiltonian flow driven by the Wong—Zakai approximation coincides with the
critical point of a stochastic variational principle (see e.g. [55]). In particular, Proposition 3.3 presents the
convergence result of the Wong—Zakai approximation to the stochastic Wasserstein Hamiltonian system in
Stratonovich sense. However, in general stochastic case, it is still hard to use the Christoffel symbols to
derive the stochastic Hamiltonian dynamics.

Furthermore, based on the cotangent bundles of density manifold, we propose a general variational prin-
ciple to derive a large class of stochastic Hamiltonian equations on density manifold via Wong—Zakai ap-
proximation, such as stochastic nonlinear Schrédinger equation (see, e.g., [5,26,38,53]), nonlinear Schrédinger
equation with white noise dispersion (see, e.g., [1,2]), and the mean-field game system with common noise
(see, e.g., [30,9,10]). We would like to mention that although the Wong—Zakai approximation of stochastic
differential equations has been studied for many years (see, e.g., [57,52,8,56]), few results are known for
the convergence on the density manifold. In this work, we also provide some new convergence results of
Wong—Zakai approximation for the continuity equation induced by stochastic Hamiltonian system and the
stochastic Schrodinger equation on density space under suitable assumptions.

Another main message that we would like to convey in this paper is that the stochastic Hamiltonian flow
on phase space, when viewed through the lens of conditional probability, induces the stochastic Wasserstein
Hamiltonian flow on density manifold, and it is hard to observe those stochastic Hamiltonian structures in
the density manifold without the help of conditional probability (see section 3).

The organization of this article is as follows. In section 2, we review the formulation and derivation
of Hamiltonian ordinary differential equations (ODEs), and use the Wong—Zakai approximation of the La-
grangian functional to connect the classic and stochastic variational principles on phase space. In section 3,
we study the macro behaviors of stochastic Hamiltonian ODE and its Wong—Zakai approximation, includ-
ing the stochastic Euler—Lagrange equation on density space, Vlasov equation, as well as the generalized
stochastic Wasserstein Hamiltonian flow. Several examples are demonstrated in section 4. Throughout this
paper, we denote C and c as positive constants which may differ from line to line.

2 Stochastic Hamiltonian ODEs

In this section, we briefly review the classical and stochastic Hamiltonian flows on a finite dimensional
Riemannian manifold.

The classical Hamiltonian flow on a smooth d-dimensional Riemannian manifold (.#,g) with g being
the metric tensor of ., is derived by the variational problem

T
I(xoxr) =  inf { / Lo(x,£)dt : x(0) = xo, x(T) = xr}.
(x(t))tE[O‘T] 0

Here the Lagrangian Ly is a functional (also called Lagrange action functional) defined on the tangent
bundle of ./ . Its critical point induces the Euler-Lagrange equation

d
77L0(x7x) = aLO(xvx)'



4 Jianbo Cui et al.

When Ly(x,%) = %xT g(x)x — f(x) with a smooth potential functional f on .#, the Euler-Lagrange equation
can be rewritten as a Hamiltonian system,

1

x=g(x)"'p, p= —Epdeg’l (x)p — dof(x)

Here T denotes the transpose, p = g(x)x and the Hamiltonian is

Ho(x.p) = 5778 Wp+ £ (2).

However, the Lagrange action functional Ly (x,x) may not be homogeneous or it can by impacted by random
perturbations in some problems, which is the reason to introduce stochastic Hamiltonian flows.

Let us start with the case that L(x, %) is composed by the deterministic Lagrange functional Ly (x,%) and
arandom perturbation 16 (x) 55 (t). Here &5 can be chosen as a piecewise continuous differentiable function
which obeys certain distribution law in a complete probability space (2,F,P) with a filtration {I; },>0, o(*)
is a potential function and 1) € R characterizes the noise intensity. In this paper, & is taken as a Wong-Zakai
approximation (see e.g. [57]) of the standard Brownian motion B(¢) such that Eg is a real function. When
8 — 0, &5(r) is convergent to B(r) in pathwise sense or strong sense [57]. For fixed @ € Q, since £5(7)
is a stochastic process on (Q,F,P) with piecewise continuous trajectory, the value of the action functional
i Lo(x,%) — no(x)&s(1)dt is finite for any given x(0) = xo,x(T) = xr.

Throughout this paper, we assume that the initial position xq of the particle system is a Fo-measurable
random variable with the density pg. Let [F;,# > 0 be the completion of the filtration generated by the stan-
dard Brownian motion. For convenience, we also suppose that x is independent of B(t),# > 0. To satisfies
the above assumptions, we let (Q,F,P) = (Q2p, {F;}i>0,Pp) x (£~2,I~F,H~D), where B(+) is the Brownian mo-
tion on 25 and xg is a random variable on Q independent of Q2p. Denote [E the expectation with respect to
(2,P) and E the conditional probability with respect to (2, P).

Newton’s law can be used to derive the Euler-Lagrange equation or the Hamiltonian system in the
stochastic case. In order to find out the critical point of [ Lo(x,x) — 10 (x)Es(r)dt, we calculate its Gateaux
derivative (see, e.g., [31]). Setx¢ (1) =x(¢) + €h(t), h(0) = h(T) = 0, the Newton’s law indicates the critical
point satisfies

do . 9 . 9 )12 ox)é
dr 2500 = ko) = Feloled) — 115 0 (W

which is equivalent to the integral equation

d ) d ) t 9 ) t 9
S L(0)50) = SLE0),50) = [ SLo(xds—n [ S o(dEs.

X

One can also introduce the Legendre transformation p = g(x)x,, and get

_ . 1 B .
i=g(0)"'p, p=—7p dig” ()P —def(x) ~nd:0(x)s. 2.1
Since it can be rewritten as
= 2 Ho(x,p) + - Hy (3, p) s, P = ——=Ho(x,p) — —-H (v, )¢
x_ap olxX,p ap 1\X,P)Ss, P= ax o\X,p ax 1\X,P)Gs,

where H| (x, p) = 6(x), the equations form a stochastic Hamiltonian system.

Remark 2.1 When 55 is a constant, the Hamilton’s principle gives a Hamiltonian system with a homoge-
nous perturbation. Otherwise, for a fixed ®, the Hamilton’s principle leads to a Hamiltonian system with
an inhomogenous perturbation.
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2.1 Wong—Zakai approximation in ./# = R?

In this part, we show that the limit of the Wong-Zakai approximation (2.1) is a stochastic Hamiltonain
system.

Lemma 2.1 Let .# =R and T > 0, g be the identity matrix 1x4. Assume that f,6 € 62 (M), Es is the
linear interpolation of B(t) with width & and that xy, po is Fo-apdated. Then (2.1) on [0, T] is convergent to

dx = p, dp = ~duf(x) ~ 10 (x) 0 dB(1), as., 22)
where o denotes the stochastic integral in the Stratonovich sense.

Proof The condition of o, f ensures the global existence of a unique strong solution for (2.1) and (2.2) by
using standard Picard iterations. Then one can follow the classical arguments (see e.g. [52]) to show that
the solution of (2.1) is convergent to that of (2.2) and that the right hand side of (2.1) is convergent to that
of (2.2).

The following lemma relaxes the classical conditions on the convergence of Wong—Zakai approximation
whose proof is presented in Appendix. We call that g is equivalent to [;.4 if g € € (R4;R?) is symmetric
satisfying Allywg = g(x) = Al w4 for some constant 0 < A < A. In the following, we will use the standard
notation for the matrix product, that is, g(x) - (v,z) = y' g(x)z and g(x) -y = g(x)y.

Lemma 2.2 Let # =R, T > 0, g be equivalent to 1;y4. Assume that f,c € ‘@”13(///) Es is the linear
interpolation of B(t) with the width 8, that xq, po are Fo-apdated and possess any finite g-moment, g € NT,
and that

Hy(x,p) = colp|+cilx], for large enough |x|, | p|

02|V ppHo(x, p) - (V6 (x), VoG (x)) |+ 1|V 5 Ho(x, p) - (p, V<0 (%)) (2.3)

+1[VppHo(x,p) - (Vxo (%), —%pdeg’l (X)p =V f ()| + 1|V puHo(x, p) - (Vxo,87' (x)p)|
+1|V,Ho(x, p) - Vir o (x)g ™" (x)p| < C1 +c1Ho(x, p).-

Then the solution of (2.1) on [0,T] is convergent in probability to the solution of
- 1 _
dx=g"'(x)p, dp=—3p dig” ! (x)p — duf (x) = N0 (x) 0dB(1). (24)

Denote the solution of (2.1) by (x%(-,x0,po), p° (-,x0, po)). According to Lemma 2.2, by studying the
equation of Wx 3(t,x0, po) and aipoxa (t,x0, po), one could obtain the following convergence result.

Corollary 2.1 Under the condition of Lemma 2.2, let f,06 € %If (). Then for any € > 0, it holds that

d
1‘ IED( t 9 t? )
P (50 = s o)

s P)
t - = > =0.
+ sup |7 (1,50, p0) = 3 x{t, 30, po)] > )

1€[0,7] &PO
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Remark 2.2 One may impose more additional conditions on the coefficients f, o to obtain the strong con-
vergence order % of the Wong—Zakai approximation, that is,

B[ sup [x(0) —x(r)|| + B[ sup (1)~ ()] < c85.
1€[0,T] 1€(0,7]

The convergence in probability yields that there exists a pathwise convergent subsequence. In this sense,
the limit equation of (2.1) is (2.4) on [0,T). When the growth condition (2.3) fails, one could also obtain
the convergence in probability of (x‘s, p5) before the stopping time TR \ TR, (see Appendix for the definition
of g and g, ). One could also choose different type of Wong—Zakai approximation of the Wiener process
and obtain similar results (see, e.g., [57]).

2.2 Wong—Zakai approximation on a differential manifold .#

Assume that .# C R¥ is a d-dimensional differential manifold of class %, & € N* Ueo without boundary.
Given a € *-diffeomorphism ¢ : W — V C .# from an open subset W of R? to an open set V of .#, the
inverse ¢ ' : V — W is called a chart or coordinate system on .7 . The coordinate components are denoted
by @, &, -, Py, d € N*. The tangent bundle of . is denoted by .7.# := {(x,y) e R xR¥|x € .4,y €
T(M)}. Moreover, dim Ty (.# ) = d. The canonical projection is denoted by 7 : .4 — A .

In the following, we start from the deterministic Hamiltonian system

X=p,
pzi xf(x>7

where the vector field (p, —d.f(x)) € )T A for all (x,p) € T .#. We show how the random force

can be added to the system so that (¥,p) € R¥ x RF is still tangent to 7.4 at (x,p). As a physical
interpretation, this tangent condition represents the constrain of the motion equations and is to ensure
that the physical motion is living in .7.# by the Kamke property of the maximal solutions (see e.g.
[28, Chapter 3]). Consider .# which is regularly defined as the zero level set of a ¥ map F from
R¥ to R*~?. Then we have that the tangent space to .# at x is T T4 = {p € RF|F'(x)p = 0}, and
T M = {(x,p) € R x R¥|F(x) = 0,F'(x)p = 0}. We can also obtain

T T M = {(x,p,%,p)|F(x) =0,F'(x)p=0,F (x)x =0,F"(x)(x,p) + F'(x)p = 0}
Therefore, if the added random force satisfies,
F'(x)p = —F"(x)(x,p) = y(x;p,X), x € To(A), (2.5)

we have (x,p) € T, ,)(T.#). Following [28], we denote a smooth mapping y from the vector bundle
{(x;u,v) € RF x (R¥ x R¥)|x € A ,u,v € Fp(M)} to R*~?. Given any vector z € R¥~?, denote by Az €
(Ker F'(x))* = (.4 )" the unique solution of F'(x)p = z. Hence, the solution of (2.5) satisfies

p=pu(x;p,x)+w,

where (x; p,x) = Ay(x; p,x) € (Z(A )= and w € T, (). We observe that to ensure (x, p) € T, ) (T A ),
it suffices to take u,w € Z,(.#) and define (%,p) = (u, L (x; p,u) +w). In Eq. (2.1) with the driving noise
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being —d, & (x)&s, using the above condition, we can verify that it satisfies that (x, p) € Top) (T A ). Sim-
ilarly, a second order differential equation with random force satisfies

%= u(x,x)+2(t,x,%),

where %, : T M > (x,%) — Z(t,x,x) € R is a tangent vector field on .#. A typical example is that
# = —aix + a(t,x) with the frictional force — o and applied random force a(t,x) = —d, & (x)Es(1). When
Z = 0, the above equation is inertial and is so-called geodesic equation on .#, which plays an important
role in the optimal transport theory (see e.g. [54,29,17,13]).

Lemma 2.3 Suppose that # is a d-dimensional compact smooth differential manifold. Let g =1, f, 0 be
smooth functions on M, Eg be the linear interpolation of B(t) with width 8, and that xo, py are Fo-adapted
and possess any finite g-moment, g € N*. Then (x®, p®) is convergent in probability to the solution (x, p) of
(2.4).

Proof The existence and uniqueness of (x, p) can be found in [32]. The global existence of (x%, p®) could
be also obtained by the fact that g = I, f and o are globally Lipschitz and that the growth condition
(2.3) holds. We only need to show the convergence of (x%,p?) in probability to (x,p). Since .7.# is
2d-dimensional manifold which could be embedding to R*, we can extend the vector field V (x,p) :=
(p, —dyf (x) — nd,(x)) to a vector field V(-,-) on R, And thus the equations of (x, p) and (x%, p®) can
be viewed as the equations on R, The global existence of (x, p) and (x®, p®), together with Lemma 2.2,
yield the convergence in probability of (x%, p9).

Remark 2.3 The above result relies on the particular structure of g =1 and the growth condition (2.3). If

this condition (2.3) fails, the explosion time e(x®, p®) of (x®, p®) may depend on 8. And the convergence

in probability may only hold before e(x,p) A gnf e(x%, p®). When applying different type of Wong—Zakai
>0

approximations, the different type of stochastic ODEs could be derived (see e.g. [34]).

To end this section, we give a special example of stochastic Hamiltonian flows which concentrates on a
submanifold with conserved quantities.

Example 2.1 Let .# =R?, g and g be metrics equivalent to I;,;. Define an action functional with random
perturbation in dual coordinates,

T T
— [ (i) = HoCeop))ar+ [ Hi(x.p)ags ),
JO 0

where Ho(x,p) = 1p "¢~ (x)p+ f(x), Hi(x,p) =n3p"g ' (x)p+no(x) with smooth potentials f and ©.
Then the critical points under the constrain x(0) = xq,x(7T) = xr satisfies the stochastic Hamiltonian flows

. OHo OH) , 5 5.
S —
X7 = ap (xap)+ ap ()C P )éSa
. JHy oH, .
s_ Y0, 6 &6y “YHLI, S5 6
P = ap (X P ) ap (.X' P )55

The solution (x%, p®) and its limit (x, p) lie on the manifold {Ho(x, p) = Ho(x0, po), H1 (x, p) = Hy (xo0, o)}
when the Hamiltonians satisfies that {Hoy, H; } = 0 with {-,-} being the Possion bracket. Similar to Lemma
2.2, it can be shown that (x%, p®) converges globally to (x, p) in probability if Hy or H satisfies the growth
condition (2.3).
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3 Stochastic Wasserstein Hamiltonian flow

In this section, we study the behaviors of the inhomogenous Hamiltonian system (2.1) and stochastic Hamil-
tonian system (2.4) on the density manifold. To illustrate the strategy, let us focus on the case that (.#,g)
equals (T?,T) or (R?,T). Given the filtered complete probability space (2,F, (FF,),;>0,P), recall that Es(z)
is the piecewisely linear Wong—Zakai approximation of a standard Brownian motion. For a fixed @ € Q,
we denote 70 := inf{r € (0,T]|x? is not a smooth diffeomorphism on .2}, p® = v(t,x%) is the vector field
depending on the position and time. Here we view the momentum p as the function v depending on both
time and space. Eq. (2.1) becomes

d
)

d .
Cv(t.1) = V6P 1Yo () Es(0).
Differentiating v(z,x% (xg)) before 7 leads to

Av(,65 (x0)) + V(1,68 (x0)) - L xd

ol = 01,38 (30)) + V(e (30)) (0,37 (x0)

= —Vf(x (x0)) =1V (x] (x0))&5(0).
Taking xo = (x3)~!(x), we obtain the following conservation law with random perturbation,

I (t,x) + V(t,x) - v(t,x) = =V f(x) =V (x)&5(1). 3.1)
Taking any test function ¥ in C*(.#), it holds that

CE W)= 5 [ v rx)dxzk/ﬂvw?(x)) V(052 (2))pox)dx
- / V() (1, 0)p, (x)dx

which implies that for wg € Qp, p; = x; #po, i.e., pr equals the distribution generated by the push-forward
map x;(-) on py, satisfies the continuity equation,

ap(t,x)+V-(p(t,x)v(t,x)) =0. (3.2)
Introducing the pseudo inverse (pr)T (see e.g. [15]) of the operator
Ap(-):==V-(pV()) 3.3)

for a positive density p, we denote S; = (pr,)'z'atpt. When there exists a potential S such that v = VS,
the conservation law with random influence (3.1) and the continuity equation (3.2) induce a Hamiltonian

system in density manifold before 7%,
1)
atPt = g%(l’t,st) =-V. (PtVSt), (3.4)
t
85, = — 2 Ho(p1, 1) — (1) Es (1) +C(1)
19t — 5Pt Ot 5Pt C1\Pt591 )66

) ) .
__ 2_ " 7 _
318 = 52 7 (p) = 5 nZ(p)Eslt) +CO).
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where C(t) is an arbitrary stochastic process on (Q2p,Pp) independent of the spatial position x and initial
velocity v(0,-) = VS(0,-). Here the dominated average energy is

H(p.5) = K(p.S)+ 7 (p) = [ JIVS@Pp@Wdx+ [ fwp(xdx

and the perturbed average energy is

Hi(p.S.)=nZ(p) =n | o(x)p(x)dx

Taking & — 0, the limit system becomes a stochastic Hamiltonian system,
15}
dp, = =76 (p:,S:)dt, (3.5
oS,

85, = = 5 (015 51 Hi(p1sS) G +CL),

where & is the limit process of s in the pathwise sense. We would like to remark that the solution of (3.5)
may be not [F;-measurable in general, for example when xj is not independent of B(z). We refer to [50,
section 3.3] for more discussions on the anticipating stochastic differential equations. We also would like
to remark that the Stratonovich integral is nature in the study of stochastic Hamiltonian system due to the
presence of the chain rule [21-23]. In our particular case, since &g(¢) is a piecewisely linear Wong-Zakai
approximation of B(¢) and xo is independent of B(z), the limit of (3.1), (3.2) is the following system in
Stratonovich sense,

dp;=—V- (p(t,x)v(t,x))dt, (3.6)
dv(t,x) + Vv(t,x) - v(t,x)dt = =V f(x)dt —mV o (x) odB;.

We would like to emphasize that the above analysis indicates a principle for deriving the stochastic Hamilto-
nian system on Wasserstein manifold: The conditional probability density of stochastic Hamiltonian flow in
phase space is a stochastic Hamiltonian flow in density manifold almost surely. In the following we always
assume that the initial distribution p (0, -) of xo and the initial velocity v(0,-) are smooth and bounded.

Proposition 3.1 Suppose that # is a d-dimensional compact smooth differential submanifold and T > 0.
Let g =1, v(0,-) be a smooth vector field, f,0c be smooth functions on M, &g be the linear interpolation
of B(t) with width 8, and that xy, py are Fy-adapted and possess any finite g-moment, q € N*t. Then there
exists a stopping time T such that there exists a subsequence of (p‘s7 vs) which converges in probability to
the solution (p,v) of (3.6) before 7.

Proof Applying Lemma 2.3, we have that (x®,v(z,x?)) is convergent to (x;,v(z, x,)) in [0, 7], a.s., up to

a subsequence. Define the stopping time T = inf{r € (0,T]|x; is not smooth diffeomorphism on .# }. For
convenience, let us take a subsequence such that for almost @ € Q, (x3,v(z,x%)) converges to (x;,v(t,x))
Jd 8

and %-x; (x0) convergences to a%oxl (x0). Before T(w), there exists & > 0 such that det(a%oxf '(x0)) > a.

The pathwise convergence of x implies that for any £ > 0 there exists & = §(&,®) > 0 such that when
6 < &, det(a%)(x,a)’l (x0)) > & — € > 0. Notice that the density function p®(r,y) of x% satisfies p®(z,y) =

|det(Vx? ()| (0,x2(y)). Since p(0,-) is smooth for any fixed @ and the pathwise convergence of x% holds,
it follows that p®(r,y) converges to the density function of x,, which is p(z,y) = | det(Vx; ()| (0, (y)).
Similarly, the pathwise convergence of v2(z,x%(y)) to v(t,x;(y)), together with invertibility of x® and x,,
implies the convergence of v%(,x) to v(z,x). Consequently, the solution of (p?,v%) is convergent to (p,v)

in pathwise sense up to a subsequence.
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3.1 Vlasov equation
We would like to present the connections and differences between the classic Vlasov equation and stochastic
Wasserstein Hamiltonian flow in this part. For simplicity, let us consider the case that ./Z = R?. We fix

® € Q, and consider (2.1). Taking differential on Eq[¢ (x?, p)] where ¢ is a sufficient smooth test function,
we get

d d d
B0 (. p7)] =Ea[Ved (7, p7) 37 + V0 (7, 7 ) =}

=EalV.0 (s, 07 )i + Vp(b(x,,p,)(—vxf(x?) —nVio(x)Es)].
Denoting the initial joint probability density function by Fy(x, p), it holds that

d 5 8
E/Rded(P(xt ,p7 ) Fo(x, p)dxdp

= [y (V002 P08 49,08 2 (Ve (67) = 190 (x)65) ) Fo (. p)dxdp
Thus the joint distribution on Q, F? = (x¢, p?)*F, satisfies

L. 00p) S )i

- /d d (Vx¢(x’p)p+VP¢(X7P)(_fo(X))Ft(x,p)dxdp
R4 xR

+Eq [Vp(p(xf7pt5)(_nvx6()€,6))55(t)}.

Notice that the solution process xl‘s is Iy, ,-measurable when ¢ € (tkstes1],te = kSt and [F; -measurable
when ¢ = t;, and x; is F;-measurable. By applying the chain rule, we have that for ¢ € (;,#3+1],

[ Eal¥,062.p8) (-nV.0(:)s(5)]ds
k=1 rtj .
=Y [ BalV,02,p0) (-nV.0 (D)5 ()]s
j=0"1j
+ [ EalV,0(2,p8) (Vo) 5(s)] ds

Y[ B, —B;,
=X |7 BalVp0 5 pf)(-nVio(af) g s

j=0"1j

k=1 iy .
+ X [ Ea[ (Va0 p)(-nVio(5)) - V008 ) (- Vuo()) =g Jas
Jj=0"1j

t B —B
[ Bl 008 %ot Pt s
k

t Btk+| _Bfk
+ [ Eal(Vpo (e p) (0o )) V0 ufp) (-mVao (X)) s s
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Then repeating similar arguments in the proof of Lemma 2.2, we have that
! .
| Ealv,0 (8. p0) (V.0 ()5 (1) ds
t .
= [ BalV,9(sd) 50,0 (-0 (ad) ) (1) ds

t 1 .
+/0 EEQ[(Apqu(X[?]éa,p[,]a(;)(—anc(x[‘s,]a(s))(—anc(xﬁ]65))(§5(t))2 ds
+o(8P),
where f3 € (0,1). Taking 8 — 0 yield that the second order Vlasov equation

dHy dH
alF(taxvp) = _Vx : (F(t7x7p)$) + VP ' (F(t,x,[])g)
1 JdH, JH;
—A,F(t (=, —=—).
+2 pp (vxap) (axv ax)
This implies that when we consider the joint distribution on £2, the density function satisfies the second order
Vlasov equation. However, when we consider the conditional probability on £ instead of 2, the conditional

joint probability of Wong—Zakai approximation satisfies the following first order Vlasov equation,

o JdHy

dH,
8 — V. .(FS 7 (FS
atF (t7xap)* Vx (F (taxvp) ap )+V17 (F (t7xap) ax)
JdH; .
+V, - (F(1,x,p) 5 1) Es.
Its limit equation becomes
dF (t,%,p) = —V, - (F(t,x,p)a;;(])dt 4V, (F(t,x,p)%)dl
JH
+Vp-(F(t,x,p)a—xl)odB,.

3.2 Stochastic Euler-Lagrange equation in density space
In this section, we consider the kinetic Wasserstein Hamiltonian flow with random perturbation, i.e., the
second order stochastic Euler-Lagrange equation from the Lagrange functional on density manifold. Let
M = (T41). The density space Z(.#) is defined by
P(M) = {pdvol y|p € C=(M),p > o,/ pdvol 4 = 1}.
M
Its interior of & () is denoted by &, (.#). The tangent space at p € P, (#) is defined by
Ty Po( M) = {K € %)“(//m/ kdvol 4 = 0}.
M

Define the quotient space of smooth functions .% (#) /R = {[P]|P € € (.#)}, where [®P] = {P +c|c €
R}. Then one could identify the element in .7 (.#') /R as the tangent vector in T &, (.# ) by using the map
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O:F(M)R— T P,(MH), Op = -V - (pVP). The boundaryless condition of .# and the property of
elliptical operator ensures that © is one to one and linear [15]. This implies that # (.# ) /R = T P, (M),

where I P, () is the cotangent space of F,(.# ). The L2-Wasserstein metric on density manifold
gw : Ip P (M) x Ty P (M) — Ris defined by

gw (K1, k) =/ <V¢1,V¢2>Pd\/01ﬂ=/ Ki(—4p) Kadvol 4,
Y o

where k| = Og, , K» = Og,, and (—A,,)T is the pseudo inverse operator of —A,. In the deterministic case, it
is known that the critical point of

Tooio 1y . /1/ 1
SWi(p".p )-—p{e;gf({ //){ ], zgw(atpt,&p,)dvolﬂdt}

satisfies the geodesic equation in cotangent bundle on density manifold (see e.g. [18]), that is,
opr=—-V-(pVP,),
1
(9,(15, = 7§|V¢[‘2 +Ct,

where @, = (—A,,,)Ta, pr, C; is independent of x € .. The above geodesic equation in primal coordinates
is the Euler-Lagrange equation,

1)

)
asz(l)z,azpz) = <—2Z(p:1,0p1) +GC,

op;

where .Z(p;,0ip;) = %gw(atptﬁtpt)-
Next, we consider the Lagrangian in density manifold with random perturbation,

1 .
Z(pr,0ipr) = §8W(atpt73tpt) —Z(pr) — Z(p1)&s (1),
and its variational problem I5(p®,pT) = i:)lf{fOT ZL(pr,0p,)dt|po = p°, pr = pT}. Recall that by (3.3), we
have that

Ap () = =V-(pV()), Agp, () = =V - (AP V().

Theorem 3.1 The Euler Lagrangian equation of the variational problem I5(p°, pT) satisfies
i+ T (91, 9 pr) = —gradw F (p:) — gradw £(p)&s, (3.7)

where grady 7 (p;) = =V - (szg%ty(l)t)), Ly (9:pr,9pr) = AB,pt(_API)Tatpt + %Apf|v(_Apx)+Pt|2- Fur-

thermore, Eq. (3.7) can be formulated as the following Hamiltonian system
ap+V-(p/VP,) =0, (3.8)

1 5 5 :
oD+ - |VP|* = ——F(p;) — —2% ,
t P 2| 1 5pr (pr) 5pr (pr)&s

where @, = (—Ap, ) 9;p; up to a spatially constant stochastic process shift.
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Proof Consider a smooth perturbation eh; satisfying [ , h;dvol , =0,t € [0,T] and hg = hy = 0. Applying
Taylor expansion with respect € and integration by parts, using 1o = A7 = 0 and the fact that .# is compact,
we get
T
/0 Z(p: + €hy, 0, p; + €y )dt
' Z(pr, 0, ! J Z(pr, 0, 0 J Z(pr, 0,
= , dt—l—e/ / —— , — 0= , -hedvol ydt +o(€).
/0 (Pr,91pr) A ‘//[(apt (01, 01pr) [&%pz (Pr,9ip1)) - Iy M (¢)

Similar to the proof of [15, Theorem 1], direct calculations lead to

1) .
==L (p1,01) = 9 ((—Ap,)" 9p1)

00,p;
= (—4p,) dup: — (*Apr)T(*Aa,p,)(*Apt)TatPtv
5 ) = — ViAo o2 - 2 ISTNY:
5o L pp) = =3 VI(AL)ap P = 52 (p) — 5 E(p)a 1)

which, together with the property [ , h;dvol , =0, yields (3.7) up to a spatially-constant stochastic process
shift by multiplying A, on both sides. By introducing the Legendre transformation @, = (—A,,)"dp;, we
obtain Eq. (3.8) from Eq. (3.7).

Note that the formulation Iy for d;p is called as the Christoffel symbol in density manifold [15]. The
dual coordinate @, = (—A),)"d,p; is obtained via the Legendre transformation, which is the key to derive
the kinetic Hamiltonian formulation. However, it is still hard to use the Christoffel symbol and Lagrangian
functional to derive general stochastic Wasserstein Hamiltonian systems.

Proposition 3.2 The Euler-Lagrange equation of the variational problem I1(p°,pT),

po.pr) = [ (haw(@pdip) ~ F(p)ai— [ Z(p1)oaBn
satisfies
9P + Ly (0,p1,0ip;) = —gradw F (p;) — gradw Z(p;) o dBy, (3.9
where p; is F;-measurable. Furthermore, Eq. (3.9) can be formulated as the following Hamiltonian system
op:+V-(p/VP) =0, (3.10)

I 0 8 5
A 5 VBI =~ (p) ~ 5 X(pr) odB,

where &, = (prt)Ta, p: up to a spatially constant stochastic process shift.

Proof Consider a smooth perturbation eh; satisfying [ , h;dvol , =0,t € [0,T] and hy = hr = 0. Denote
2o(pr,0ipr) = % gw(0ipr,dipr) — 7 (pr). Recall the equivalence of stochastic integrals between Itd sense
and Stratonovich sense (see e.g. [37]), i.e., for M(t) = [; X (s) odW (s), it holds that M(t) = [3 X (s)dW (s) +
2(M(-)),. Here X(s) is F,-measurable such that the quadratic variation process (M(-)) is well-defined for

s > 0. By our assumption that d;p; € ), & (.4 ), there exists some &, such that &, = (—Ap[)*atpl. This
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yields that [ £(p;) 0 dB(t) = [g Z(p:)dB(1) and that [ [ , 55-Z(p:) - udvol 4 0 dB(t) = [g [ 4 35 (pr)
hydvol_,dB(t) since their quadratic variation processes are 0. As a consequence, we have that

T T

/0 ng(z?tp,+eh,,8,p,+£ht)—ﬁ(p,+eht)dt—/0 X(p;+&h;)dB;
T T

:/0 fo(PtaatPt)dt‘i‘/o X (p;)dB;

T 5 6
—|—8/0 ////(57[),30(1)[’&”)[) - azm.iﬂo(pt,(?,pr)) -hydvol ydt

1Pt

T 0

Similar to the proof of Theorem 3.1, we obtain (3.9) and its equivalent Hamiltonian system (3.10).

3.3 Generalized stochastic Wasserstein—Hamiltonian flow

In the last section, we show that the density of a Hamiltonian ODE with random perturbation satisfies
the stochastic Wasserstein Hamiltonian flow. In this section, We derived the general stochastic Wasserstein
Hamiltonian flow via the random perturbation in the dual coordinates in density space. It provides a more

general framework that can derive a large class of stochastic Wasserstein Hamiltonian flows which can not
be obtained from the classic dynamics with perturbations.

Let .# = (T?,T). We introduce the following variational problem
I5(p".p") = inf{.7 (pr, ®)|Ap, B1 € Tp, Po(4),p(0) = p°,p(T) =p"} 3.1

whose action functional is given by the dual coordinates,

T T
y(Pta‘Dt):*/O <<P(t),atpl>+%(p,,d’t)dt+/o 4 (pr, Pr)dEs(t).

Here 7(pr, @) = [ 4 3|V O:*prdvol y + F (pr), 71 (pr, ®) =1 [ 4 3|V *prdvol 4 +nZ(pr), F and
X are smooth potential functions.

Theorem 3.2 The critical point of the variational problem I (pO, pT) satisfies the following Hamiltonian
system

ap+ V- (P V) +MV- (0, VP)Es =0, (3.12)

1 1 : 5 5 -
o, P, + §|V<1>z|2 +n5|V¢>f|2§s = —ymﬁ(pz) — nypti(pt)éa,

where (1+ E5(1)) P, = (—=Ap,) ' 0,p: up to a spatially constant stochastic process shift.
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Proof Consider the perturbations on p and . Following the arguments in the proof of Proposition 3.2, the
critical point satisfies that

S (pr+€p:, P +e6P;)
T

— S, ®y) — 8/0T<<P(t), 9 8p,)di — e/o (8B(1),0,p,)dt

T § 0
+8./0 ap, 0P P8P+ 5 S (i, P) S Pt

L) )
+8/0 TM%(Ph@t)apz+57q>t«%ﬁ(l)nq’t)5¢td§5(t)+0(8)
T

T
— S (. ;) + 8/0 (0,®(1), 8p,)di — e/o (8B(1),0,p,)dt

T 8 )
+8/() (= 2(p1, P1),0p1) + (= (1, Pr), 6Py )dt

5p( 5¢t
L) 0
e [ (5 AP @).8p) + (5 i (prs B). @) dEs (1) + ofe).
0 Spt 64’[

Taking € — 0, we obtain that

o) 6 .
P = 74Pt Pr) + 7 (pr, Pr)Es (1)

6@[ 5@[
AP = — O (b)) Es 1)
t 't 5pt017t SPtOt’téa

which leads to (3.12).

Similarly, consider the action functional

— T T
o) = = [ (@(0).0dpy) + Hi(p @i+ | Hi(pr,®) o dB,

over the [F,-adapted feasible set, we obtain the following result.

Theorem 3.3 The critical point of the variational problem I(p°, pT) defined by
1(p°,p") = inf{.7 (pr, ®)|p(0) = p°.p(T) = p"}

satisfies the following Hamiltonian system

AP+ V- (pVB)+ V- (p,VP,)0dB, =0, (3.13)

1 1 5 5
0P+ §|V¢t|2+n§|V¢tlzode = —5—,)1«?(;):) - nyptz(pf) odB;

up to a spatially constant stochastic process shift on ®;.
Next, we show that the continuity equation and the velocity equation generated by @,
AP+ V- (pv) +nV - (pvi)és =0, (3.14)

. ) o
v +Vv v, +nVy; - =-V—% —-n—VX
1Vt Ve v+ Vv -vEs 5pi (pr) n5p, (p)&s

is convergent to the corresponding system driven by the Brownian motion.
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Proposition 3.3 Assume that v(0,-),p(0,-) is Fo-measurable and smooth, % (p;) = [ , fpidvol 4 and
X(p1) = [ 4 opidvol 4 with f,0 € C;(///). Let p® v3 be the solution of (3.14), and p,v be the solution of

8lp,+V~(plv,)—FT]V-(ptv,)OdBt :07 (315)

) 1)
&,vt +VV; <V + T]VV, -V OdBt = —V—ﬁ(pt) — nV72(pt) OdBt.
op; op:

Then there exists a stopping time T > 0 such that for any 6 > 0,

lim P( sup [|Pz§ — Pelr=mry + |V? —Vilre(a)) > €) =0.
-0 t€[0,7)

Proof Since .4 is compact, f,0 € C;(/// ), similar to the proofs of Lemma 2.2 and Lemma 2.3, we can
obtain the global well-posedness of the particle ODE systems

dXt = V(I,Xt)dt + nV(I7X[) OdBt7
dV(t,X[) = _Vf(Xl)dt - TIVG(Xt) OdB[,

and

dxXp =0 (1.X2)di + (1. X%)dEs,
DA (1,X%) = =V f(X3)dt ~ V& (XP)dEs.

Following the arguments in the proof Proposition 3.1, we can obtain that there exists a stopping time 7 > 0
such that X; is a smooth diffeomorphism before 7. Notice that the density function p®(z,y) of X? satisfies
p2(t,y) = |det(VX2 (y))|p(0,X2(y)). Since p(0,-) is smooth for any fixed @ and the pathwise convergence
of X% holds, it follows that p®(r,y) converges to the density function of X, before 7, which is p(z,y) =
|det(VX; (y))|p(0,X,(y)). Similarly, the pathwise convergence of v®(r,X%(v)) to v(z,X,(y)), together with
invertibility of X, and X;, implies the convergence of v9 (¢, x) to v(t,x) before .

Remark 3.1 If one obtains the convergence of the Wong—Zakai approximations of the mean-field SODEs,

dX, = v(t,X;)dt +nv(t,X;) odB;,
o
dv(t, X)) = —V——<F(p(t,X;))dt —mV
V(, f) 5P(I,X1) (p(7 l‘)) n
then the convergence of (3.14) to (3.15) can be shown similarly before the stopping time T, that is, the first
time X; is not a smooth diffeomorphism on M or X; escapes M.

0
WZ(I,XJ OdBt,

4 Examples

In this section, we show that both the stochastic nonlinear Schrédinger (NLS) equation, which models the
propagation of nonlinear dispersive waves in random or inhomogenous media in quantum physics (see e.g.
[5,23,26,38,53]), and nonlinear Schrédinger equation with random dispersion, which describes the propa-
gation of a signal in an optical fibre with dispersion management (see e.g. [1,2]), are stochastic Wasserstein-
Hamiltonian flows. We also discuss that the mean-field game system with common noise (see e.g. [57,52,
56]) is a stochastic Wasserstein-Hamiltonian flow under suitable transformations.
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4.1 Stochastic NLS equation

The dimensionless stochastic NLS equation is given by
du = iAudt +iA f(|u]?)udt +iuc dW,, 4.1)

where W; is a Q-Wiener process on the Hilbert space L?(.#;R) and f is a real-valued continuous function.
Since the Q-Wiener process W has the Karhunen-Logve expansion W (¢,x) = ¥ ;en+ Q%ei(x) Bi(z) (see e.g.
[24]), where {e;};cy is an orthonormal basis of L?(.#;R), and {B;}icn is a sequence of linearly indepen-
dent Brownian motions on (Q,F, {F;};>0,P). We denote Ws(¢,x) = ¥;en+ Q%ei(x) B2 (1) as the piecewise
linear Wong—Zakai approximation (or other type Wong—Zakai approximation) of W and consider the ap-
proximated NLS equation of (4.1)

Sru(t,x) = iAgeu(t,x) +id f(|u(t,x)[*)u(t, x) +iu(t, x)Ws (1, x). 4.2)

We aim to prove that (4.2) is a stochastic Wasserstein Hamiltonian flow for any § > 0, and thus its limit
(4.1) is also a stochastic Wasserstein Hamiltonian flow. In the following, we assume that f is a real-value
function, W is smooth with respect to the space variable, and (4.2) possesses a mild solution or a strong
solution on [0, T].

Denote the L2-inner product by (u,v) = R [ , #vdvoly, where R is the real part of a complex number.
The variational problem on density manifold of (4.2) is

Is(p°,p") = inf{.7 (p;, ®)|Ap, Bs € Tp, Po(M),p(0) =p°,p(T) =p"} 4.3)

whose action functional is given by the dual coordinates,

F o) = [ (@@ apgas [ Ao eyt ¥ [ Ao @B )

ieNt

Here (01, %) = [ 4 |V, | p,dvol 4 + %I(P) + . F (1), H(pr, ) = —Zi(p) = — [ 4 Q%eipthOI(///,
F(p)= —% [ 4 J® f(s)dsdvol 4 with a smooth function f, and I(p) = [ , |Vlog(p)|>pdvol 4.

In the following, we show the relationship between the the variational problem (4.3) and nonlinear
Schrodinger equation with Wong—Zakai approximation (4.2) by using the Madelung transform [44].

Proposition 4.1 The critical point of the variational problem (4.3) satisfies the Madelung system of (4.2)
on the support of p;. Conversely, the Madelung transform of (4.2) satisfies the critical point of (4.3) on the

support of |u|.

Proof By studying the perturbation on the dual coordinates, the arguments in the proof of Theorem 3.2
yield that the critical point of (4.3) satisfies

atpt +2V' (ptv¢t) = O,

1) ) .
D+ |VD,|> = —1/4—I(p;) — — F (p;) — Ws.
) D, + [V, | / Sp; (pr) 5p; (pr) 5

iP(,x)

Define a complex valued function by (z,x) = \/p(t,x)e . One obtains the equation of u(z, x) satisfying

(4.2) on the support of p; by direct calculations.
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Conversely, using the Madelung transform of the solution /p(,x)eS¢*) = u(t,x) where p = |u|? for
(4.2). Then direct calculation leads to

Liostoreis, 1 OP
o3l g(P>+'S(§’7” +i9,5)

:ie%log(p)ﬁS(lvi+iVS)2+ie%log(p)+iS(lAi+iAS_1|Vi|2)
2 2 2'p
+ie? RIS (A f(p) + W)
_ 4 log(p)+is 1 Vl 2 2 E . Llog(p)+is lAi . _l E 2
=ie2 VS)*+i— -VS) +ie2 +iAS
G P = (V8P +i=E vs) G2 512 )
+ie? BN (Lf(p) + 9 W).
This implies that on the support or |u|, it holds that
aip =—2V-(pVS), (4.4)
148 .
= _|VS]?P— - — .
US==IVSI = 5 5, 1(P) + AF(p) +Ws

Based on the above result, taking spatial gradient on the potential S, we get the following system with
the conservation law

ap=-=V-(pv), 4.5)

ov=—-Vu-v— Vx% ;)I(p) +2AV, f(p) +2V,Ws,
where v(7,x) = 2VS(¢,x).

The following theorem indicates that the stochastic NLS equation is a stochastic Wasserstein Hamilto-
nian flow due to the convergence of the Wong—Zakai approximation. For convenience, let us assume that
M =T or R? and consider the case that W consists of a finite combinations of independent Brownian
motions, i.e., W(r,x) = Y, qi(x)Bi(t), with gx(x) € H" () "W = (.#) for some m € N and k € NT.
Here H" (.#),W*>(.#) are the standard Sobolev space.

Theorem 4.1 Let m € N and k € N, Suppose that the initial value of (4.2) and (4.1) ug € H" is Fy-
measurable and has any finite p-moment, p € N1, and that f is a real-valued continuous function satisfies

Ly = f 1Pl < Ly (Rl =il el [IvI] < R,
1 (Ll < Lp(RY(UA+ [l el < R,

where limg_,o, L (R) = oo. The Wong—Zakai approximation (4.2) is convergent almost surely to the stochas-
tic NLS equation (4.1) up to a subsequence.

Proof Since the driving noise is real-valued, the skew-symmetry of the NLS equation leads to the mass
conservation laws for both (4.2) and (4.1). By the local Lipschitz property of f(|-|?)(-), one can obtain the
existence of the unique mild solutions for both (4.2) and (4.1) in %([0,T],L?) by a standard argument in
[24]. In order to study the converge in L?, let us define an approximation sequence ugl € H!,R; — o of the
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initial value ug, which can be taken by using truncated Fourier series or spectral Galerkin method (see e.g.
[19]). The growth condition of f in H! and the uniform boundedness assumption of gy lead to

E[ sup [l 154 ] < C(T,R1,p) < B[ sup [} ™14 ] < C(T,R1,8,p) <o,
t€[0,T] t€[0,7]

where p > 1, limg, e C(T, R}, p) = o0, limg, .o C(T, R, 8, p) = co. Meanwhile, ufl ,uf'Rl are convergent to

up,ud, as.in €([0,T];L?) as R; — oo, respectively up to a subsequnce. The continuity estimate of uft ki 9,

[l (1) — 1 (5)|7] < C(T. Ry, )t =],

[l (1) = 12 )| ] < (T, Ry, 8, p) ([ = 517 +|8]7),

can be obtained due to the mass conservation law and the continuity of ¢!4’. However, to get the convergence
of (4.2), we need a priori estimate of ¥®1°® which is independent of . To this end, we study the enegry of

2
the Wong-Zakai approximation, H(u) = [ , 1|Vu|*dvol , — % Lu folul f(s)dsdvol 4, and obtain
t
H(u®(1)) = H(u®(0)) + / (Vii® (s),iu® (s) VAW (s)).
0
By taking expectation, we get that

E Les[lng ]H(u5 (r))}

[]s
<E[H((0)] +E[f€s;pﬂ\ [ (90 ([5)5). i (1]) VW (5))

sup | [ (Vi (5]3),i((5) 2 ([]5))VaW? (5)) |

refo,1] /s

[l
sup | [ (96 (5) = (sl (s)aw () |

sup | [ (V(u®(s) —u®([s]s)),u’ (S)dW‘s(S)>|}

|
|
+E{ sup | [/ <Vu5([s}a)7i(u5(8>—M‘s([S]s))VdWa(SDI}
|
Lg[o,T] s

:E[H(MS(O))} +Vi+Vo+V3+ Va4 Vs+ V.

Below we show the estimates of V; (i = 1,--- ,6). The Burkholder’s inequality and mass conservation law
lead to

v <[ [ (s) + CCluol))as]
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Applying the Burkholder and Minkowski inequalities, and the mass conservation law, we achieve that for
T =K§,
", 5 5
V< 14+E| sup | [ (il ([s]5),iu’ (Is]5) Vaw? ()
refo,r] ‘s

§1+IEI]E sup | [(Vu‘s(tk),iu‘s(lk)VdW(s»H

k=0 t€ltp k1) Yk

K-l Nt
<1+cy E[Z/ <Vu5(tk),iu‘s(tk)ti(x»Zdt]
k=0 “i=1"%

N
< L+ CYB[IV (W) (1) i -

N T
< 1+Clu(O) P Y gl [ B[I196 (115) 7] .
i=1
The definition of H leads to that there exists a constant C(||uo||) depending on ||uo|| such that

B[ sup | [ (Vi ([5)p),ie? ([s5)VaW? ()]
refo,1] /s

N
< 2C]uol* 1 .- /OTE[H<u5<[t15>>] di +C(luol)).

The mild form of u® (s) — u® ([s]s),
u® (s) — u® ([s]5)

= (4071 1y ((s]) + /[ BRSO 1)
S5
+ il 268 (N dwl (r),
[s]s
together with the mass conservation law and ||e!4" — I I 2@ 2y < Ct? (see, e.g., [24]), yields that
1
1 (s) = u® ([s]s) || < Cllu® ([s]s) |11 82 + Ly (Jluoll) (1 + [luo|) S (4.6)
+Cl[W([s]s +6) — W ([s]s)][l|uo]|-

By making use of (4.6) and the Burkholder’s inequality, we obtain

vi<c+E[ [ 1v(s)lPas))

K — 5 2
ol ] [ 196 (s)1-+ ol (10 PRI

W (isls +8) = W ([s) 1= ) ds|

< Clluol) 1+ B[ [ H (53))ds]).
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Similar arguments yield that

V< CE[ sup [V (slp) P IW ([l +8) - W([sls) |6~ s
ref0,7]/1]s

t s B 2 2

+CllaolE] swp [* 19 (ls) 11+ o) (120

ref0,1]7 [t]s

W (sl +8) =W ([sl) 1= ) ds|

< CoE| sp ]Huﬁ([s]a))} +C(JJuol))3.

The estimates of V5 and Vg are omitted here since they are very similar to those of V3 and V4. We conclude
that

Vi+Vo+V34+Vyi+4+Vs54 Vg

< s s H0)] +CB[ [ (16 ([0)ar] + Ul

Thus, we obtain ]E{ sup H(ul (t))} < C(T,Ry,||upl|) by using Gronwall’s inequality and taking & small
t€[0,T]
enough. Similarly, it holds that for any p > 1,

E| sup HP(u(0))] < C(T.Ry, uoll,p),
t€[0,T]

E[[laf19 (1) 19 ()| < C(T,Ry, p)(Je = 517 +[8]7).

Next, it suffices to prove the convergence of the Wong—Zakai approximation. To this end, we consider a
stopping time T = inf{z € [0, T]|||u®! (£)|| > R or ||u®®1([t]5)|| > R}. In the following, we omit the supindex
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R;. Applying the chain rule, we obtain that for t < 7,

|a(t) = u® (1)|* = [|u(0) *M5(0)|\2+2/Ot<if(|M(S)\2)M(S)*if(|M6(S)|2)M5(S)a u(s) —u®(s))ds
2 [ {uls) )~ 2 Y lauPu(s)d

+ /0 u(s) —u s,—zkglqk u(s

—|—2/1 (u(s) — u® (s),iu(s)dW (s) — iu® (s)dW; (s))

+ / |u(s)|?|qi|*dvolyds
0 =1

N
< [ 2L u0)Dlas) —u (5) s + / g (s
—2/ (s)dW (s) 2/ aW (s))
2 A 2
ds
< [ 2L, ) uts) (9] s+ / k;|qk|
=2 [ s ()W (5)) 2 / 3(5) — u [sl5))aW? s))
2 [ -2 [ u(s)dW (5))
_ /2Lf 1a(O)|) lu(s) — u® (5)[|°ds + 1Ty + 1D + 1T + 1114 + 1.

For the term I11,, the property of Wiener process, the mass conservation law, Holder’s and Young’s
inequality, as well as the property of the martingale, yield that

E[IIn) < -2 / i ([s)5)aw? (5))|
s 1
-2 E[<u<[s1s> iu® ([s5 )dw5<s>>] +cst
1 s s .
<cli+Gdt =2 [TR[(] iul]e)aw ()i (55)aw )|
2 ["E [ (xplia (e [5)) ~ i)W (7). (53w )
<af B[ ) (), (35)dw° (5)] +C1+ oo

s]s

Similar to /11>, we have that E[IT1;] < C(1 —|—CR)5%.
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For the terms /115 and I11s, by taking expectation and using the property |4’ —I|| P ) S Ct?, the
continuity estimate of # and the property of martingale, we arrive at

B 1113 < — [ 2 uts) (1151 (5) 4 115 )W 5)
s L8 5 5 }
= [ 28 [ (w((5)5). (% (5) =2 ([13))aW? ()] + C(1+ Co)5.
== [ 2 fluttari ([ wlsraw o)) awd ] e+t

[s]s

s s |
E[11is) < —2E| /O ( /[ i ([7)5)aW® (1), (5] )W (s)) ] +C(1 +Cr) 3%

15

Due to the independent increments of W and the property of conditional expectation, we obtain that

, /OMBE“ /[ iu([r]5))dW(r),iua([S]S)dW5(S)>}

sls
¥_1 Tit1
=2 Z E[/ Ut (W(S)_W(fk)) (tk)(W(thrl) W(tk))>571:|ds
k=0 Tk
s 4 .
_ 3 E T+l § — 1 " 7u5 l s
’ I;) {/rk 5 ;< (t),u° () || >}
s 5 N )
= | B[ (1a). X laxPu(lsls)) | ds

On the other hand, f[i]a E {(ua([s],;),zgvzl |q,-|2u([s]5)>} ds < C& due to the mass conservation law and as-
sumption on g;.
Combining the above estimates, we obtain that

E |ju(e) — u® ()]
< [ 2L (R Juts) ~u 6)IP] + 0+ Coyst + [ tE[<u5<s>,Zzl|qi|2u<s>>}ds
2[Rl /] s )W (7). (55w ()
1 t N
< [ 2L (lu0)DE uts) - u5<s>||2}+c<1+cze>67+ [ E[w ), Y laiPusn]as

_./0[]5 { Z|61z }

Applying the Gronwall’s inequality and the continuity estimate of u and u®, we get

E[u(r) —u® ()] < C(1 +Cr) exp(2Ly (||u(0) ) T) 87
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It follows that

P(lu(r) —u ()] > €)

< P (1)~ u(t) | > ) + P2 ()~ (1) > 5)
FP( (1) = a0 (0)| > £t < 7) P (1)~ a0 ()] > 51> 7).

3 3

Taking limit on § — 0, R,R| — oo, using the strong convergence estimate and Chebyshev’s inequality, we
obtain

tim P(u(r) (1) > )

< lim —C(1+ Cr)exp(2Ly (o ) T) 8
5—0E&E

+ lim P( sup [Ju(s)|| > R)+ lim P( sup |[u’([s]s)|| > R) = 0.
R—ee sef04] R—ee sef04]

Similarly, following the above arguments, we further obtain

lim B[ sup [lu(t) —u® (1)]*] =0,
=0 tef0,7]

which implies that

lim P( sup ||u(t) —u®(r)|| > €) =0.
=0 yef0,1]

Remark 4.1 Similar to the stochastic Wasserstein Hamiltonian flow induced by classical Stochastic ODEs,
one may expect the particle version of the stochastic nonlinear Schrodinger equation (4.1), that is,

dX[ = V(t,X[)7 (47)
16
dV(t,Xt) = 7VXt§$I(p(t,Xl)) +2lVth(p(t,X,)) +2VX’ OdW(l)

But we have not found a rigorous way to prove it. This will be studied in the future.

4.2 NLS equation with random dispersion
The dimensionless NLS equation with random dispersion is given by
1t
du:iAugm(?)dtJrilf(Mz)udt, (4.8)

where m is a real-valued centered stationary random process. Under ergodic assumptions on m, it is expected
that the limiting model when € — 0 is the following stochastic NLS equation with white noise dispersion

du = opiAucdB; +id f(|ul*)udt, (4.9)

where Gg =2 [y E[m(0)m(r)]dt (see e.g. [25]). For simplicity, we set 6y = 1 in (4.9) throughout this sub-
section.
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To see (4.9) as a stochastic Wasserstein Hamiltonian flow, let us use (4.8) instead of Wong—Zakai ap-
proximations. Assume that the real valued centered stationary process m(t) is continuous and such that

forany T > 0,1+ € fo;z m(s)ds converges in distribution to a standard real-valued Brownian motion B in
€ ([0,T]) (see e.g. [25]).
First, using Madelung transform u(z,x) = \/p (t,x)e*¥) gives

19,p

Liog(p)+is
2
e (2 )

+109;S)

s/1V 1A 1,V t
=ieb e (220w (32 ias— 1SR P)) L)

+ ie% ]0g(p)+iSlf(p)

/1, Vp Vp 1Ap 1t
Yog(p)+is (L YPv2 P _a2F _ L
—ie? (3¢ P (VS i VS (57 iAS | PR))om(5)
+ie2 2P £(p).
We obtain that
1 t
3tp =-2V. (pVS)Em(sz)a (4.10)

S = (-IVSP = 3 5o1(0)) gl 5) + A1),

which can be rewritten as

op ==V (pr)m( )
O = (~Vovv = Va3 S 1(p)) gl 25) + 24 (p).

Based on the above calculations, following the similar steps in the proof of Proposition 4.1, we conclude
the following result.

Proposition 4.2 The critical point of the variational problem
Ie(pO,pT) = int{. (p1, B) 85, By € Ty, Po(),p(0) = p°.p(T) = p")} @.11)

whose action functional is given by the dual coordinates,

T T T 1t
L, P) = —/0 (qb(t)78,p,>dt+/0 %(an’t)dt‘F/O %(anjt)gm(?)dﬁ
satisfies (4.10). Here 545(p;, ;) =—A [ 4 [¥ f(s)dsdvol 4 with a smooth function f, 5 (p;, ®;) = [ , |V®|*prdvol 4
+31(p), where 1(p) = [, |Vlog(p)[*pdvol 4.

It has been shown in [25] that the limit of (4.10) is the NLS equation with white noise dispersion.
Therefore, (4.10) is also a stochastic Wasserstein Hamiltonian flow on density manifold.
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Remark 4.2 The above system is also expected to have a particle version. By applying the push-forward
map in section 3 on £2, the particle version of (4.9) is expected to be

dX[ = V(t,X[) OdB[
10
dv(1.X,) = Vx5 5 1(p(0.)) 0B, + 225, f(p (1. X0).

We plan to study the well-poseness of the above mean-field stochastic ODEs in the future.

4.3 Schrodinger Bridge Problem (SBP) with common noise

In this part, we indicate that the critical point of the Schrodinger bridge problem (SBP) with common noise
may also be a stochastic Wasserstein Hamiltonian flow. The SBP with common noise is inspired by [9,
58] for the Schrodinger Bridge type problem in stochastic case, where the common noise is added into the
classical Schrodinger Bridge type problem [42,12]. This problem can be formulated as a stochastic control
problem on Wasserstein manifold:

min U / “u(x)Ppi (v, ) dx di (4.12)
{Vf}tE[OY R4
: . 8[)1( X, ) X _
Subject to: ot +V- (pl(x7 U))(Vt +A(x,t)W,(0)))) =Ap;. (4.13)
and p()('7(1.)) = Pa; pT('7w) = Pb- (4.14)

The continuity equation (4.13) can be viewed as an SDE on the Wasserstein manifold &2, (R¢), which reads
dX, = v(t,X,)dt +2dB(t) + A(t, X, )dW (¢).

Here B is the Brownian motion which corresponding to the diffusion effect in (4.13), and W is another
Brownian motion which is independent of B and is called the common noise.
In the following, we consider the Wong—Zakai approximation of (4.12), i.e,

{Vz}reor [/ /]Rd 2|Vz X)[*pi (x, ®) dx dt (4.15)

Subject to: % + V- (pi(x, 0) (v, + A(x,1)E5 (1)) = Ap.

and PO(‘»a)) = Pa» PT(‘»(D) = pba
and show that its critical point is a stochastic Wasserstein Hamiltonian flow.

Proposition 4.3 Assume that W is d-dimensional Brownian motion, £° is the piecewisely linear Wong—
Zakai approximation of W. Let A(-,t) € €1 (R?), pa, pp € Po(R?) be smooth. Then the critical point of
(4.15) satisfies

)

S d
7%(@, th) Z 5D

9,pr = 5D D

H(pr, ) (Es)i(t), (4.16)

) d 5
0P = 757% P, Pr) 267%0 P, D) (E5)i(t),
i=1 P
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where 75 (p, P) = %f/// |V®|2pdvol 4 — %I(p)7 Hi(p,P) = [ ,pAidy, Pdvol 4. Here Al denotes the i-th
column of the matrix A;.

Proof By using the Lagrangian multiplier method, the critical point satisfies
: 1
ap+V-(p(VS +A&5(1))) = EApta (4.17)
1 : 1
8,St+§\VS,|2+VS,-At§3(t) = =545 (4.18)

Applying the “Hopf-Cole” transform (see e.g. [41]) &, = S, — %log(p,), we obtain

9p: +V-(p/VP)+ V- (PrAzés (1)
1
K+ 5 \V<1>,|2+V<1> Ags(t) = ¢

which implies (4.16).

The above result also coincides with the generalized variational principle (3.11) with the action func-
tional

T T d T
Z(pr, ) :_/0 <¢'(t),(9[pt>dt+/0 %(pla(pl)dt+;/() H(pr, Pr)dEs (1),

whose critical point is the stochastic Hamiltonian system (4.16). From the proof of Proposition 4.3, (4.16)
is equivalent to the forward and backward system which contains the backward stochastic Hamilton-Jacobi
equation (4.18) and a forward stochastic Kolmogorov equation (4.17), and plays the role of characteristics
for the master equation [9]. The derivation of (4.16) may be extended to the mean-field game systems
with common noise in [9, 11] up to an It6-Wentzell correction term [39]. If the Wong—Zakai approximation
(4.15) is convergent to (4.12), then the critical point of (4.12) is expected to be a stochastic Wasserstein
Hamiltonian flow. This will be our future research.

5 Conclusions

In this paper, we study the stochastic Wasserstein Hamiltonian flows, including the stochastic Euler—Lagrange
equations and its Hamiltonian flows on density manifold. First, we show that the classical Hamiltonian mo-
tions with random perturbations and random initial data induce the stochastic Wasserstein Hamiltonian
flows via Wong—Zakai approximation with Lagrangian formalism. Then we propose a generalized vari-
ational principle to derive and investigate the generalized stochastic Wasserstein Hamiltonian flows, in-
cluding the stochastic nonlinear Schrodinger equation, Schrédinger equation with random dispersion and
stochastic Schrodinger bridge problem. The study provides rigorous mathematical justification for the prin-
ciple that the conditional probability density of stochastic Hamiltonian flow in sample space is stochastic
Hamiltonian flow on density manifold.
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A Appendix

Proof of Lemma 2.2

The local existence of (2.4) and (2.1) is ensured thanks to the local Lipschitz condition of f and ¢. To obtain a global solution, a
priori bound on Hy(x, p) is needed. Denote the solutions of (2.1) and (2.4) with same initial condition (xo, po) by (x2,p#),8 >0 and
x?, p?, respectively. Applying the chain rule to Hy ()cfs , p,’S ) for (2.4) and (2.1), we get that

Ho(ofpf) = Ho(xo.po)+ [ nV,Ho(a2.p0) - Vi0 ()€ 5)ds
T
Ho(xi, pr) = Ho(x0, po) + /0 NV pHo (x5, ps) - V0 (x;)dB,

1 T
5 |} Vool po) - (V0 (x). Vo ().

By applying growth condition (2.3) and taking expectation on the second equation, we derive that

Hos? ) < (Ho(ao.po) + i T)expl [l (s)]as),

n’ S
E [Ho(xi,po)| < (B [Ho(xo,p0)]| + T-CiT)exp( [ 1 L-ds)
: By, —B
The first inequality leads to Ho(x%, p) < oo since &g(s) = %7 if s € [tx,t41]. Furthermore, taking expectation on the first

inequality, applying Fernique’s theorem (see, e.g. [27]) for Gaussian variable and independent increments of B;, we get that
T
E[Ho(f,pP)] < C(T,m,e1) 215 )(E [Ho(xo, po)| +1),

where [w] is the integer part of the real number w. The second inequality yield that Hy(x;, p;) < e°,a.s, and the global existence of the
strong solution of (2.4). Similarly, for p > 2, we have that

t

B[H2,0%)] < cm.er,€1,p)2 B E[H (30, p0)| + 1),

E[H{ (4, p0)] < C(T, 0,0, p) (E[H (30, p0)] +1).
Furthermore, applying the above bounded moment estimate, we obtain that for s <t,

E[lx(r) = x(s) 7 +[p(t) = ()] < C(T,m.1,C1.c0.C1.poo, po)li sl

B[ 160 ) =3 (5)27 +[p(0) = p(s) 7] < C(T.me1,C1,0,C1 0, p0)215 =17

However, the above estimate of x% is too rough and exponentially depending on %. As a consequence, we can not expect any conver-

gence result. A delicate estimate of (x%, p%) is needed.
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Assume that # € [fg,fx+1], fr = k6. Then by using the expansion of (2.1), we have that

k=l ey
Hof ) = Ho(wo.po) = X, [ nV, o) V022 )
j=071j

!
= [ 1Vt p2) Va0 (2 ()
k
S 5 5 5
:HO()C07P0) - Z /t ﬂVpHo(xz,»,Pt,») 'ch(xtj)dgé(s)
Jj=0"1j
! 5 s 5
— [ Vol ) - Vo s ()
k

k—1 1j1 s . .

¥ L7 0 ortolad ) (o) %o )2 (rra o)
[ Voo, p2) - (9,0(:8). —3 (52 Tdig ™ (002 = Vs a2 ()
+ [V 2 p2) - Vo aD)g ™ (60 pdrs (o)

+ [ Vntoo,p) - (Va0 ) (5)o ™ o)pd ) ds

[0 [ VarHoled ) (Vo). ~nVeo ) s (r)drs )

+ /Z.X VppHO(xfaP?) : (de(xf?), _%(P?)degq (X;S)Prﬁ - fo(xf))drég(s)
+ [ VoHo(ed.p) Vo ()g™ (¥)pldrés (o
+ [ Voo, p) - (Va0 a5 (5)). 7 (0)pdr) ds

k—1
=:Ho(xo,po) + Y. I} +1} (t)
Jj=0

k—1
+ Y (B PP AP 0O+ P+ 1P () + R0,
j=0

Making use of the growth condition (2.3), we have that

T

1
P HIPH IR+ G + 0 + 20+ 12 () + 12 (1)

~
Il
~ ©

IA

(. ) k=1 14 ]
[ v et p) s Pods+ L [ (€ ertiled pd)IEs (9)]8ds
j=0"1j j=0"1j

+ [[€iratnld p)IEs ) Pads+ [ 1+ et p)IEs ()1 3ds

/ ; 't ;
= [ €+ eHo (2 p)iEs(5)8ds + [[(Cr-+erto(el p?) s s) |5
By using the Gronwall-Bellman inequality, we obtain that
o ; k=1
Ho(x,p?) < eXP(/O c1(185(s) 1 + 85 (5)1) 8ds) (Ho(x0, po) +CT +| Y I} + I (1)])-
. =
For simplicity, assume that T = K§. Denote [t]s =t = k8 if 1 € [t,1;41). The definition of &5(s) yields that s € [;,7j41]

(o5 +1&s(e)15 = | 2B 25 4 ) i)
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Define a stopping time g = inf{r € [0,T]| fo[t]a |€5|26ds > R}. The stopping time is well-defined since the quadratic variation
process of Brownian motion is bounded in [0, 7). Then taking 7 < 7 and using Holder’s inequality, then it holds that
5 6 EL( 2o £ S
Ho(x; 7Pt)§exp(/[]01(|é’a(3)| +[Gslds) exp(C(R+T))(Ho(xo, po) +CT +| }_ Ij + 1 (1)]) (A1)
! Jj=0

< exp( [ 1515 (5) P)s)exp(C(R+ 7)) Holso. )

1]
| VoG 0, Vio g, dB(s)

+ewp(CR+Texp( [ 13 E(0)Pds)

e CR+T)exp( [ (e1315(5)Pds) :

1
Ul

t .
/[, Voo Pl ) Va0 g s (5)ds

Similarly, one could obtain a analogous estimate of (A.1) with the integral over [fx_, %], where 1, k < K, g < Tg. By the Cauchy
inequality and taking expectation on both sides of (A.1), applying the Burkholder—Davis—Gundy inequality (see e.g, [35]) and using
the independent increments of Brownian motion, we get

5 &
E[Hg (xrk Py )l
Tk
1

<38[exp( [ (el (s) )] exp2C(R + 7)) 13 (x0 o)

+3expCR+T)Blexp( [ 3erlEsPasIE]| [ —n9po(ad ) Viotrg,)a)| ]

lk—1

+3exp2CR+T)E[exp( [ 3e11E5 () Ps)Blo) ~ Bl 1)
x ‘anHo(x,iil ,p,‘?H) ~Vx<r(x,k71)‘2]
< 3]E{exp(/r:i (361\53(5”2513)} exp(2C(R+T))E[H§(x07PO)]

11

(e +01H0(xﬂ]5 Py, ))ds

+3exp2C(R+ T)Elexp( [ 3erlés(o)Pas)E] [ 2

Tk—1

+3exp(2C(R+T)Eexpl [ 3e1lés()Pas)Bln) ~ Blt 1)

Tk—1

<E[(C1+et3 (], ph )],

Applying the Fernique theorem and choosing sufficient small § such that 12¢18 < 1, then we have that
Tk . 2
Elexp( [ 3 |E3(5)ds)] <.
St

E[exn( [ 3e1léa(s)ds)|Bo) ~ Blo )]

-1

< \/E[expg/rk " 6l B B(0) — Bl ] < 5.

The above estimation gives
E[H; (x5, pp,)] < 3exp(2C(R+T))CE[H (x0, po)]
-1
+6exp(2C(R+T))C /0 E[(CF+H3 (0, T, )] ds

+6exp(2C(R+T)CSE [c% +3H6S L pd )} .
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Then the Grownall’s inequality yield that

E[Hg (<], p))] < exp(6TCct exp(2C(R+T)))

X (3 exp(2C(R + T))CE[HE (xo, po)] + 6C3TCexp(2C(R + T)))
Combining the above estimates with (A.1) and the Burkholder—Davis—Gundy inequality, we conclude that

sup E[HZ (x%, pd)] < (exp(6TCc}exp(2C(R+T))) +C)
te[0,7R)

x (3 exp(2C(R+T))CE[HE (xo, po)] + 6C2TCexp(2C(R+ T)))

= CR.

Similarly, by choosing sufficient small §, we have that for # € [0, 7%),

E[Hf (], p?)] < Crp < oo.

As a consequence, by again using (A.1), we obtain that

IE{ sup H(’)’(x,‘s,p?)] < Crp < oo
te[0,7R)

Next we show the convergence in probability of the solution of (2.1) to that of (2.4). Introduce another stopping time g, :=

inf{t € [0,T]||x/| + |p¢| > Ry, \xﬁ]é |+ \p[‘j]é | > Ri}. Letr € [0,7g A Tg, ). By using the polynomial growth condition of f, o and the fact
that o is independent of p, we obtain that

W0 (o)
— 2 (0) = x(O)+ [ 2063 (5) ~x(s)g ™ (63 (5)p5) — g Kl

< [x°(0) —x(0)[? +/Otcg(l +1p)) (120 (s) = x(5)[* + P (s) — p(s)*)ds,
1P (1) = p(r)?

1

= [P 6) g™ 6P 6) +p(5) g™ 515 5) — p(s)ds
[ 2T W) 4 Ve 6)),0 5) — P

— [ 200 (5) — p(6). V.0 G ()5 5) — V0 (x(9)dB,)

<C [ RN 6P +p)) (1 5) = plo) + 2 (5) —x(5) s
¢y [+ PP (5) ) + e 5) —a(5) s

— [ 2005 (6) = p(5). V107 (55 5) — Va0 x(s))aB),
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where C, and Cy are constants depending on f and g. To deal with the last term, we split it as follows,

/0 202 (5) — p(s). V0 (42 (9))dEs s) — Va0 (x(5))dBy)

=2n /0[ (P ([sls) = p([s]5): V<0 (x° (5))dE5 (s) — ViO (x(s))dBs)

+21 /Ot<p3(5) = p(s) = P ([s]5) + P([s]5), V2o (x° (5))dEs (s) — Vo (x(s))dBy)

=2n /(:(PE([S]S) = p([s]s): Vs (x° ([s]5))d&s ([s]5) — Va0 (x([s]5))dBs)

+21 /(:(p‘s([S]a)—p([S]a%(VxG(X‘S(S)) ~ V.6 (x([s]5)))d&s (s) = (V20 (x(s)) — Vio (x([s]5)) )dBy)
+21n /(:(p‘s(S)*p(S)*P‘s([S]a)+P([S]s),fof(xa([S]s))dés(S) — Vo (x([s]s)dBs)

+21 ./Ot (P53 (s) = p(s) = PP (Is)s) + p[s]s), (Vxo (x5 (s) = Voo (x% ([s]5)))dEs (5)
— (Vxo(x(s) — Vio (x([s]5))dBs)
= I+ IP 1P + 1%

Taking expectation on /11, using the property of the discrete martingale, the a prior estimates for Ho (x;, p,) and Ho (xfs , pf ) and Holder’s
inequality, we have that

E[l'] =0,
B0 <2n [ B[ (55) ~ (). [ (Fu0u70)- (6 (60 ())drds (o)
,2n/ 6 ([s]s) — )/5 (VM’(X(’))-(g*'(x‘s(r)p‘s(r))drdBQ}

[sls
< C(R|)67.

Similar arguments lead to E[II*] < C(R 1)6%4 For the term II°, applying the continuity estimate of x; and xf, as well as independent
increments of the Brownian motion, we get

E[IP)
< C(R))8? +2n21EU0[t]8</[:] V.o (xd), )dEs (r) / V.0(x
(0 (62 ([5]3))dEs (5) — Voo (x([s]5)dBy)

sc<R1>6%+zn2E{/ Vo), )P 2 (B(155 + )~ B(1s5)as]

s s—|s
2 [ (Vo). Ve, 10 (Blsls +8) ~ B(sl) ]

]

o[ [ (Vo). Vaoay, ) 21O BEI) ) i)
ul s

+2n2E[ 7 9203,), oty ) B8O BE8) (1) )0

C(R)SY +21° / \V o(d),) ~ Va0, )| ]ds

< C(Ry) 5% +./0 (R1) [|xS — x| ]ds
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where C(R;) > 0 is monotone with R;. Combining the above estimates, we achieve that

E[x® (1) —x(1)[*] < /Ot Col(1+Cr, ) B[ (s) = x(s)P] + E[|p° (5) = p(s)*])ds
E(lp° () - p(1)]*] < /Ot(Cg +Cp)(1+Cr, ) (B[ () = x(5) 2] + E[|p° (5) — p(s) 2])ds + C(R1) 82
Then the Gronwall’s inequality implies that
E[x® (1) —x(t) 2] + E[|p? (1) — p(t) ] < exp(2(Cy +C)(1+ Cr, ) T)C(R1)52. (A2)
By making use of (A.2) and Chebshev’s inequality, we conclude that

B(? () = x(0)| + [P (1) — x(0)] > &)
<P (1) ()| +1p° () ()| Z €} 0 {r < T} N {1 < 7, )
P () =x(0) |+ [P () =x(0)| = €} " {t > %))
B (1) —x(0)| +1p° () —x()| 2 e} {1 <} {1 2 7, })
E[1d(0) ()P + 192 (1) ()]
g2

B[ f§1€5(s)P8ds]  E[lx(t)|+|p()] + 1 ()] + 1p° 1)
+ R + Ry

3(1)
2(1)

—X
—X

<2

2 c 1+cC
< 5 exp(2(Cy+Cp)(1+C TICRYS? + 2 +C ; R
1

Here, E[|x()| +|p(r)| + [x% (1) + |p? (£)[] < C(1+Cg) is ensured by E[ sup HZ(x?,p?)] < Cg. Taking limit on § — 0, R — oo, and
te[0,78)
R — oo leads to

lim P(]x° (1) —x(1)| + |p® (1) = p(t)| > £) = 0.
80
Similarly, one could utilize the properties of martingale and obtain the following estimate, for large enough g > 0,
E[[x® (t) = x(0)]1] +E[[p° (1) = p(1)|] < Cyexp(Cy(Cy +Cr) (14 Cr, )T)C(R)SE .
This implies that for large enough g > 4,

Elsup sup [x*(t) —x(t)|] +E[sup sup [p°(r)—p(r)|]
k<Ktelt—y.t] k<Ktelt—y 1]

K—1
< Y E[ sup () —x(@)]]+E[ sup [p°(t) = p(r)]]
k=0 t€[1.4] 1€ty 1]

< CyKexp(Cy(Co+Cr)(1+Cr, )T)C(R )83
< Cyexp(Cy(Cy+Cr)(1+Cr, ) T)C(R)83 2.

Combining the above estimate and applying the Chebshev’s inequality, we further obtain

lim P( sup |x5(r) —x(r)| + sup |p®(r) —p(t)| > €) =0.
=0 efo,7] t€(0,T]



34 Jianbo Cui et al.

2 Declarations

Ethical Approval: this is not applicable.

Authors’ contributions: Authors are listed in alphabetical order of the surnames and have equal contribu-
tions.

Competing interests: this work has no conflict of interest.

Funding: the research is partially supported by Georgia Tech Mathematics Application Portal (GT-MAP)
and by research grants NSF DMS-1830225, and ONR N00014-21-1-2891, the start-up funds P0039016
and internal grants (P0041274,P0045336) from Hong Kong Polytechnic University, the CAS AMSS-PolyU
Joint Laboratory of Applied Mathematics and the grant from the Research Grants Council of the Hong
Kong Special Administrative Region, China (PolyU25302822 for ECS project).

Availability of data and materials: this manuscript has no associated data.

References

G. P. Agrawal. Applications of Nonlinear Fiber Optics. Academic Press, San Diego, 2001.
. G. P. Agrawal. Nonlinear Fiber Optics, 3rd ed. Academic Press, San Diego, 2001.
3. S. Albeverio, K. Yasue, and J.-C. Zambrini. Euclidean quantum mechanics: analytical approach. Ann. Inst. H. Poincaré Phys.
Théor., 50(3):259-308, 1989.
4. L. Ambrosio and W. Gangbo. Hamiltonian ODEs in the Wasserstein space of probability measures. Comm. Pure Appl. Math.,
61(1):18-53, 2008.
5. O. Bang, P. L. Christiansen, F. If, K. @. Rasmussen, and Y. B. Gaididei. Temperature effects in a nonlinear model of monolayer
scheibe aggregates. Phys. Rev. E, 49:4627-4636, May 1994.
6. S. Bernstein. Sur les liaisons entre les grandeurs aléatoires. Verh. des intern. Math., 1932.
7. J.-M. Bismut. Mécanique aléatoire, volume 866 of Lecture Notes in Mathematics. Springer-Verlag, Berlin-New York, 1981. With
an English summary.
8. Z. Brzezniak and F. Flandoli. Almost sure approximation of Wong-Zakai type for stochastic partial differential equations.
Stochastic Process. Appl., 55(2):329-358, 1995.
9. P. Cardaliaguet, F. Delarue, J. M. Lasry, and P. L. Lions. The master equation and the convergence problem in mean field games,
volume 201 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 2019.
10. R. Carmona and F. Delarue. Probabilistic theory of mean field games with applications. II, volume 84 of Probability Theory and
Stochastic Modelling. Springer, Cham, 2018. Mean field games with common noise and master equations.
11. R. Carmona, F. Delarue, and D. Lacker. Mean field games with common noise. Ann. Probab., 44(6):3740-3803, 2016.
12. Y. Chen, T. T. Georgiou, and M. Pavon. On the relation between optimal transport and Schrodinger bridges: a stochastic control
viewpoint. J. Optim. Theory Appl., 169(2):671-691, 2016.
13. S. Chow, W. Huang, Y. Li, and H. Zhou. Fokker-Planck equations for a free energy functional or Markov process on a graph.
Arch. Ration. Mech. Anal., 203(3):969-1008, 2012.
14. S. Chow, W. Li, and H. Zhou. A discrete Schrodinger equation via optimal transport on graphs. J. Funct. Anal., 276(8):2440-2469,
2019.
15. S. Chow, W. Li, and H. Zhou. Wasserstein Hamiltonian flows. J. Differential Equations, 268(3):1205-1219, 2020.
16. K. L. Chung and J.-C. Zambrini. Introduction to random time and quantum randomness, volume 1 of Monographs of the
Portuguese Mathematical Society. World Scientific Publishing Co., Inc., River Edge, NJ, new edition, 2003.
17. C. Conforti and M. Pavon. Extremal flows on Wasserstein space. arXiv:1712.02257, 2017.
18. J. Cui, L. Dieci, and H. Zhou. Time discretizations of Wasserstein-Hamiltonian flows. Math. Comp., 91(335):1019-1075, 2022.
19. J. Cui, J. Hong, and Z. Liu. Strong convergence rate of finite difference approximations for stochastic cubic Schrodinger equations.
J. Differential Equations, 263(7):3687-3713, 2017.
20. J. Cui, S. Liu, and H. Zhou. What is a stochastic Hamiltonian process on finite graph? An optimal transport answer. J. Differential
Equations, 305:428-457, 2021.
21. J. Cui, S. Liu, and H. Zhou. Optimal control for stochastic nonlinear schrodinger equation on graph. arXiv:2209.05346, to appear
in STAM. J. Control Optim., 2022.
22. J. Cui, S. Liu, and H. Zhou. Wasserstein hamiltonian flow with common noise on graph. arXiv:2204.01185, to appear in STAM.
J. Appl. Math., 2022.
23. J. Cui and L. Sun. Stochastic logarithmic schrodinger equations: energy regularized approach. arXiv:2102.12607, to appear in
SIAM. J. Math. Anal., 2022.

N =




Stochastic Wasserstein Hamiltonian Flows 35

24.
25.
26.
217.
28.
29.

30.
31.

32.
33.
34.
35.
36.
37.

38.
39.

40.
. F. Léger and W. Li. Hopf-Cole transformation via generalized Schrodinger bridge problem. J. Differential Equations, 274:788—

4.
43.
44.
45.
46.
47.
48.
49.
50.
s1.

52.

53.
54.
55.

56.

A. de Bouard and A. Debussche. A stochastic nonlinear Schrodinger equation with multiplicative noise. Comm. Math. Phys.,
205(1):161-181, 1999.

A. de Bouard and A. Debussche. The nonlinear Schrodinger equation with white noise dispersion. J. Funct. Anal., 259(5):1300-
1321, 2010.

G. E. Falkovich, I. Kolokolov, V. Lebedev, and S. K. Turitsyn. Statistics of soliton-bearing systems with additive noise. Phys.
Rev. E, 63:025601, Jan 2001.

X. Fernique. Intégrabilité des vecteurs gaussiens. C. R. Acad. Sci. Paris Sér. A-B, 270:A1698-A1699, 1970.

M. Furi. Second order differential equations on manifolds and forced oscillations. In Topological methods in differential equations
and inclusions (Montreal, PQ, 1994), volume 472 of NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., pages 89—127. Kluwer Acad.
Publ., Dordrecht, 1995.

W. Gangbo, H. Kim, and T. Pacini. Differential forms on Wasserstein space and infinite-dimensional Hamiltonian systems. Mem.
Amer. Math. Soc., 211(993):vi+77, 2011.

D. A. Gomes and J. Saide. Mean field games models—a brief survey. Dyn. Games Appl., 4(2):110-154, 2014.

E. Hille and R. S. Phillips. Functional analysis and semi-groups. American Mathematical Society Colloquium Publications, Vol.
XXXI. American Mathematical Society, Providence, R. I., 1974. Third printing of the revised edition of 1957.

E. P. Hsu. Stochastic analysis on manifolds, volume 38 of Graduate Studies in Mathematics. American Mathematical Society,
Providence, RI, 2002.

Q. Huang and J.-C. Zambrini. From second-order differential geometry to stochastic geometric mechanics. arXiv:2201.03706,
2022.

N. Ikeda and S. Watanabe. Stochastic differential equations and diffusion processes, volume 24 of North-Holland Mathematical
Library. North-Holland Publishing Co., Amsterdam-New York; Kodansha, Ltd., Tokyo, 1981.

I. Karatzas and S. E. Shreve. Brownian motion and stochastic calculus, volume 113 of Graduate Texts in Mathematics. Springer-
Verlag, New York, second edition, 1991.

G. Khesin, B.and Misiot ek and K. Modin. Geometric hydrodynamics and infinite-dimensional Newton’s equations. Bull. Amer.
Math. Soc. (N.S.), 58(3):377-442, 2021.

P. E. Kloeden and E. Platen. Numerical solution of stochastic differential equations, volume 23 of Applications of Mathematics
(New York). Springer-Verlag, Berlin, 1992.

V. V. Konotop and L. Vazquez. Nonlinear random waves. World Scientific Publishing Co., Inc., River Edge, NJ, 1994.

N. V. Krylov. On the 1t6-Wentzell formula for distribution-valued processes and related topics. Probab. Theory Related Fields,
150(1-2):295-319, 2011.

J. D. Lafferty. The density manifold and configuration space quantization. Trans. Amer. Math. Soc., 305(2):699-741, 1988.

827,2021.

C. Léonard. A survey of the Schrodinger problem and some of its connections with optimal transport. Discrete Contin. Dyn.
Syst., 34(4):1533-1574, 2014.

J. Lott. Some geometric calculations on Wasserstein space. Comm. Math. Phys., 277(2):423-437, 2008.

E. Madelung. Quanten theorie in hydrodynamischer form. Zeitschrift fiir Physik, 40(3-4):322-326, 1927. cited By 1026.

T. Mikami. Monge’s problem with a quadratic cost by the zero-noise limit of #-path processes. Probab. Theory Related Fields,
129(2):245-260, 2004.

T. Mikami. Stochastic optimal transportation—stochastic control with fixed marginals. SpringerBriefs in Mathematics. Springer,
Singapore, [2021] ©2021.

E. Nelson. Derivation of the Schrodinger equation from Newtonian mechanics. Physical Review, 150(4):1079-1085, 1966.

E. Nelson. The free Markoff field. J. Functional Analysis, 12:211-227, 1973.

E. Nelson. Quantum fluctuations. Princeton Series in Physics. Princeton University Press, Princeton, NJ, 1985.

D. Nualart. The Malliavin calculus and related topics. Probability and its Applications (New York). Springer-Verlag, Berlin,
second edition, 2006.

E. Schrodinger. Sur la théorie relativiste de 1’électron et I’interprétation de la mécanique quantique. Ann. Inst. H. Poincaré,
2(4):269-310, 1932.

D. W. Stroock and S. R. S. Varadhan. On the support of diffusion processes with applications to the strong maximum principle.
In Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley, Calif.,
1970/1971), Vol. III: Probability theory, pages 333-359, 1972.

U. Tetsuji and L. K. William. Dynamics of optical pulses in randomly birefringent fibers. Physica D: Nonlinear Phenomena,
55(1):166-181, 1992.

C. Villani. Optimal transport, volume 338 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, 2009. Old and new.

L. Wang, J. Hong, R. Scherer, and F. Bai. Dynamics and variational integrators of stochastic Hamiltonian systems. Int. J. Numer.
Anal. Model., 6(4):586-602, 2009.

X. Wang, K. Lu, and B. Wang. Wong-Zakai approximations and attractors for stochastic reaction-diffusion equations on un-
bounded domains. J. Differential Equations, 264(1):378-424, 2018.




36 Jianbo Cui et al.

57. E. Wong and M. Zakai. On the convergence of ordinary integrals to stochastic integrals. Ann. Math. Statist., 36:1560-1564, 1965.
58. C. Wu and J. Zhang. Viscosity solutions to parabolic master equations and Mckean-Vlasov sdes with closed-loop controls.
arXiv:1805.02639.





