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 37 

Abstract 38 

Droplet evaporation based cooling techniques, such as the spray cooling, give high heat transfer rates by utilizing 39 

latent energy and are usually preferred in thermal applications. However, with the significant rise in heat dissipation 40 

levels for high heat flux devices, these devices cannot be thermally managed due to the limited cooling capacity of 41 

existing thermal fluids. In this paper, we report the evaporation of the Cu-Al2O3 hybrid nanofluid (HNF) droplet on a 42 

copper surface as well as its own residue surface, developed from the evaporation of the first Cu-Al2O3 HNF droplet. 43 

As the main novelty, we identify the critical residue size and investigate the residue size effect, above and below the 44 

critical residue size, on evaporation rate of the succeeding Cu-Al2O3 HNF droplet resting over a residue surface. We 45 

also develop a new analytical model to estimate the Cu-Al2O3 HNF droplet evaporation rate and compare our results 46 

with other existing models. The results show that the Cu-Al2O3 HNF droplet gives 17% higher evaporation rate than 47 

a water droplet on a copper surface. Also, the evaporation rate of the Cu-Al2O3 HNF droplet on a residue surface 48 

sharply increases by 106% with increasing residue size up to the critical residue size. However, further increasing 49 

the residue size above its critical value has a negligible effect on the droplet evaporation rate. Moreover, the 50 

evaporation rate of the Cu-Al2O3 HNF droplet on its residue surface is enhanced up to 104% when compared to a 51 

copper surface.  52 

 53 

Keywords: Evaporation; hybrid nanofluid droplet; critical residue size; wetting; pinning; 54 

roughness. 55 

 56 

1. Introduction 57 

Droplet evaporation is a latent heat transfer process that is used in many engineering 58 

applications such as fuel injection, spray cooling, inkjet printing and hotspot cooling in electronic 59 

devices. It offers high heat rejection rates as it undergoes a phase change process and is preferred 60 

over single-phase heat transfer processes in thermal applications. However, with advancement in 61 

technology, such as high computing performance, 3-D electronic packaging and chip 62 



Journal of Heat Transfer 

3 
HT-20-1300/Chao 

miniaturization, heat dissipation levels go beyond the thermal limit of existing heat transfer fluids 63 

(i.e., > 106 W/m2
, which is the critical heat flux (thermal limit) of water in pool boiling [1,2]). Heat 64 

dissipation density in future electronic devices is anticipated to exceed 107 W/m2 [3]. Therefore, 65 

fluids with advanced thermal properties, such as nanofluids, can be suitable alternatives for 66 

effective cooling of high heat flux devices.  67 

 68 

Nanofluid is a colloidal suspension comprising nano-sized particles (<100 nm) with advanced 69 

thermal properties. It is the high thermal conductivity of these dispersed (typically metal-oxide, 70 

metal or non-metal) nanoparticles that improves the thermal properties of the base fluid depending 71 

on its concentration, as reported by the research community [4–6]. There are several factors that 72 

affect the nanofluid thermal conductivity such as the temperature, base fluid and particle size, 73 

shape and concentration [7]. The high thermal conductivity in nanofluids leads to high heat transfer 74 

coefficient (as heat transfer coefficient depends on fluid thermal properties [1]) that results in 75 

higher evaporation rate in nanofluid droplets than base fluid droplets on heated surfaces [8,9]. 76 

Although nanofluids exhibit considerably higher critical heat flux (thermal limit) than 77 

conventional fluids (such as water) in phase change processes [10], the underlying physics for 78 

critical heat flux enhancement in nanofluids is still unclear to the research community. However, 79 

the enhanced surface wettability, roughness and wicking effect due to the nanoparticle deposition 80 

on a heated surface during the phase change process are considered as possible reasons for high 81 

critical heat flux in nanofluids [11,12]. Despite thermal benefits of nanofluids over conventional 82 

heat transfer fluids, the former do not exhibit overall hydrothermal characteristics (high dispersion 83 

stability and enhanced thermal conductivity). For example, metal based (such as Ag, Cu, Zn etc.) 84 

nanofluids exhibit enhanced thermal conductivity; however, their dispersion stability is low and 85 
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they show rapid sedimentation. Conversely, metal-oxide based (such as MgO, Al2O3, ZnO etc.) 86 

nanofluids have relatively low thermal conductivity but they are more stable than metal based 87 

nanofluids. Therefore, single particle based nanofluids are not viable options for practical  88 

applications as these fluids do not exhibit overall hydro-thermal properties [13–15].  89 

 90 

In recent years, researchers proposed the next generation of nanofluid and named it ‘hybrid 91 

nanofluid’. Hybrid nanofluid (HNF) is a suspension of two different types of nanoparticles in a 92 

base fluid with improved stability and enhanced thermal properties, making it more favourable for 93 

heat transfer applications. Siddiqui et al. [16] studied the effect of hybrid nanoparticle mixing ratio 94 

on stability and thermal conductivity of the Cu-Al2O3 HNF. They concluded that 0.5:0.5 mixing 95 

ratio gives better stability and improved thermal conductivity as compared to other mixing ratios. 96 

Besides improved hydro-thermal properties, hybrid nanofluids also possess synergistic thermal 97 

characteristics, exhibiting higher thermal conductivity than single particle nanofluids [17–20]. 98 

Researchers reported thermal conductivity enhancement between 7% and 32% for Ag-MgO, SiO2-99 

MWCNT, Ag-GNP, MgO-SWCNT and Al2O3-CNT hybrid nanofluids at a low particle volume 100 

concentration of 0.05-2% [21–25]. Such a high thermal conductivity and improved stability of 101 

hybrid nanofluids make them promising candidates for high heat flux applications.  102 

 103 

Although droplet evaporation based on single particle nanofluid has been comprehensively 104 

studied [26–28], hybrid nanofluid based droplet evaporation has received little or no attention from 105 

researchers. The hybrid nanofluid based droplet evaporation may have high heat flux removal rates 106 

than water or single particle nanofluid based droplet evaporation. Since the evaporative heat flux 107 

removal rate is the product of the evaporative mass flux and the latent heat of vaporization [1], the 108 
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advanced thermal properties of hybrid nanofluid droplets may result in their enhanced evaporative 109 

mass flux and consequently higher heat flux removal rates than water or single particle nanofluids. 110 

Besides several factors, such as the humidity, temperature, contact angle, contact radius, interfacial 111 

tensions and substrate roughness, the concentration and type of suspended nanoparticles also affect 112 

the droplet evaporation rate [29–32]. The suspended nanoparticles move towards the three-phase 113 

contact line during evaporation, where they deposit and pin the droplet to a substrate [33–35]. The 114 

deposited nanoparticles form a nanostructured residue at the end of droplet evaporation. Despite 115 

extensive research on various residue patterns obtained from droplet evaporation [27,36–38], the 116 

effect of residue remaining from the first evaporating droplet, on the evaporation rate of succeeding 117 

droplets is not studied to the best knowledge of the authors. The residue effect on the succeeding 118 

droplet evaporation rate may be extremely important to consider in dropwise or spray-cooling 119 

applications and may influence their overall heat transfer effectiveness.  120 

 121 

The main aim of this proposed research is to study the residue effect on evaporation rate of the 122 

succeeding Cu-Al2O3 HNF droplet resting over the residue surface, developed from the 123 

evaporation of the first Cu-Al2O3 HNF droplet. We recently studied the evaporation of silver-124 

graphene (Ag-GNP) hybrid nanofluid droplets on their residue surfaces [39], where our main focus 125 

was to examine the effect of the hybrid nanoparticle mixing ratio on droplet evaporation rate. 126 

However, in this study, our key objective is to investigate the effect of the critical residue size on 127 

evaporation rate of the following Cu-Al2O3 HNF droplet. In our previous study, the reason for 128 

using the Ag-GNP hybrid nanofluid in droplet evaporation investigation was its synergistic 129 

thermal conductivity (higher than both Ag and GNP single particle nanofluids) [39], while our 130 

motivation to use the Cu-Al2O3 hybrid nanofluid in this study is its unique overall hydrothermal 131 
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properties (enhanced thermal conductivity and high stability). Furthermore, in current research, 132 

we developed an improved analytical model without any fitting parameters compared to a semi-133 

empirical model developed in our previous research [39]. Our main novelty in this research is the 134 

identification of the critical residue size and its effect on evaporation rate of the succeeding Cu-135 

Al2O3 HNF droplet sitting on a residue surface. In this research, we showed that as evaporation 136 

ended, the Cu-Al2O3 HNF droplet formed a partially wetted residue surface. The succeeding Cu-137 

Al2O3 HNF droplet, sitting on a residue from the first droplet, spread to its boundary for all residue 138 

sizes up to the critical residue size. In this way, a range of droplet evaporation rates was obtained 139 

for succeeding droplets sitting on a residue surface by varying the residue size up to the critical 140 

residue size. On the other hand, as the residue size exceeded its critical value, the succeeding 141 

droplet remained unbounded (did not reach the residue boundary) on a residue surface, giving 142 

similar evaporation rates for all residue sizes above the critical residue size. Thus, the critical 143 

residue size is an important parameter affecting the evaporation rate of the succeeding droplet 144 

sitting over the residue surface. This residue size based droplet evaporation can be important in 145 

spray cooling applications, where residues of different sizes, formed by poly-disperse or coalesced 146 

and non-coalesced spray droplets, may have different effect on evaporation rate of succeeding 147 

droplets. Moreover, as copper is most commonly used in heat exchangers and other heat transfer 148 

applications, besides the residue surface, we also studied the evaporation rate of the Cu-Al2O3 149 

HNF droplet on a copper surface and compared results with a water droplet on a copper surface. 150 

 151 

In this research, as discussed, we developed a new analytical model that can estimate the Cu-152 

Al2O3 hybrid nanofluid droplet evaporation rate on both copper and residue surfaces with higher 153 

accuracy as compared to our recently developed semi-empirical model [39]. Although both models 154 



Journal of Heat Transfer 

7 
HT-20-1300/Chao 

are based on the Fick’s law of mass diffusion, the semi-empirical model [39] involved a correlated 155 

vapour concentration gradient term (dxv/dh) that was directly obtained from the experimental data. 156 

Conversely, in this study, the Fick’s law of mass diffusion is analytically solved thus making the 157 

current model independent of any fitting parameters. Moreover, our proposed analytical model in 158 

this research is based on the droplet radius of curvature and considers evaporation in all directions 159 

(vertical and radial) above the droplet-air interface. However, our semi-empirical model [39] was 160 

based on the droplet height and only considered evaporation in a vertical direction (along the 161 

height) above the droplet-air interface. Due to this reason, the proposed analytical model in this 162 

study offers better estimation for the considered Cu-Al2O3 hybrid nanofluid droplet evaporation 163 

rate than our semi-empirical model [39], as further discussed in results and discussion section. 164 

Although various theoretical models were developed in the past to predict the droplet evaporation 165 

rate [40–43], most of them are approximate solutions based on the droplet contact angle. Another 166 

limitation is that some of these models do not cover a wide contact angle range and are only 167 

applicable for droplet contact angles below 90°. Unlike other models, our proposed analytical 168 

model can also be applied for droplets with high contact angles (> 90°). However, our model can 169 

only be used for pinned droplets with constant contact radius, as is the case of considered Cu-170 

Al2O3 hybrid nanofluid droplets in this research. Therefore, our model cannot estimate the 171 

evaporation rate of water droplets, as these droplets de-pin on a smooth copper surface during 172 

evaporation. Furthermore, we studied the effects of residue surface free energy and its roughness 173 

on wetting and evaporation rate of the Cu-Al2O3 HNF droplet sitting over a residue surface. 174 

Following is a summary of key objectives of our research: 175 

 To study the evaporation rate and wetting behaviour of the Cu-Al2O3 HNF droplet and 176 

compare it with a water droplet over a copper surface.  177 
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 To identify the critical residue size and investigate the residue size effect, above and below 178 

the critical residue size, on wetting and evaporation rate of succeeding Cu-Al2O3 HNF 179 

droplets. 180 

 To develop a new analytical model to estimate the Cu-Al2O3 HNF droplet evaporation rate.  181 

 182 

2. Experimental techniques 183 

2.1. Hybrid nanofluid preparation  184 

A two-step approach was used to prepare the Cu-Al2O3 hybrid nanofluid (HNF) in which 185 

copper (25 nm particle size) and Al2O3 (13 nm particle size) nanoparticles were dispersed in de-186 

ionized water and ultra-sonicated for 0.5 hours. This ultra-sonication time gives the highest 187 

dispersion stability when compared to other ultra-sonication times, as reported in our previous 188 

study [44]. Due to the high thermal conductivity and improved dispersion stability of Cu and Al2O3 189 

nanoparticles respectively, we selected these particles for hybrid nanofluid synthesis in our study. 190 

Furthermore, we fixed the particle volume fraction at 0.1%, as the effect of particle concentration 191 

on droplet evaporation rate is not the objective of this study. Based on our recent study [16], we 192 

used a mixing ratio of 0.5 (Cu):0.5 (Al2O3) by volume for the Cu-Al2O3 HNF in this study, as this 193 

mixing ratio gives better overall hydrothermal properties, compared to other mixing ratios. The 194 

procedure to prepare Cu-Al2O3 HNF is discussed in detail by Siddiqui et al. [16]. 195 

 196 

2.2. Droplet evaporation rate and contact angle measurements 197 

The evaporation, contact angle and contact radius of 3 µl volume of the Cu-Al2O3 hybrid 198 

nanofluid and water droplets were analysed using an optical tensiometer (Theta, Biolin Scientific, 199 

Finland) at relative humidity of φ = 0.3 and room temperature (22 °C), without substrate heating. 200 
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Prior to droplet evaporation experiments, residues with 9 different sizes were developed on a 201 

smooth copper surface using the Cu-Al2O3 hybrid nanofluid droplet volume of 1.5 µl, 3 µl, 6 µl, 9 202 

µl, 12 µl, 15 µl, 18 µl, 30 µl and 60 µl. The optical tensiometer was calibrated using a tungsten 203 

carbide ball with an error of 2.86% between the calibrated volume and the true volume of the 204 

tungsten carbide ball. A 3µl volume of the Cu-Al2O3 hybrid nanofluid droplet was gently placed 205 

over the substrate (copper or residue) surface by the tensiometer dispenser. Due to slow 206 

evaporation dynamics at room temperature, the droplet images, along with the droplet volume, 207 

contact diameter and contact angle, were recorded at 1.4 frames per second until the droplet 208 

evaporation process ended. In this way, the droplet evaporation rate was obtained as the ratio of 209 

the difference of initial and final droplet volumes to total evaporation time. For the Cu-Al2O3 HNF 210 

droplet sitting on a residue surface, 9 different droplet volume ratios were used as Vfd/Vsd = 0.5, 1, 211 

2, 3, 4, 5, 6, 10 and 20, where we increased the first droplet volume (Vfd) to develop a residue, 212 

while we fixed the second droplet volume (Vsd) as 3 µl that was placed over the residue developed 213 

by the first droplet (Vfd). Furthermore, the advancing and receding contact angles were measured 214 

based on the tilting cradle method using tensiometer. Each experiment was performed three times 215 

on both residue and copper surfaces.  216 

 217 

2.3. Droplet residue surface measurements 218 

The surface morphology (such as pore size and areal porosity) of the Cu-Al2O3 HNF droplet 219 

residue for all residue sizes was examined using a scanning electron microscopy technique (TM 220 

3030, Hitachi, Japan). ImageJ software was used to post-process the SEM micrographs to obtain 221 

the areal porosity and mean pore (Feret) diameter at three distinct positions on a residue surface 222 

with maximum standard deviation of 0.276% and 0.061 µm, respectively. The optical profiler 223 
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(NPFLEX, Bruker, USA) was used to measure the roughness ratio (a) and average surface 224 

roughness of both residue and copper surfaces with highest standard deviation of 0.017 and 0.094 225 

µm, respectively. Both roughness parameters were measured three times at different substrate 226 

locations. The surface free energy (solid-air interfacial tension) of copper and residue surfaces was 227 

measured using an optical tensiometer at three different locations by using water and 228 

diiodomethane as polar and dispersive solvents, respectively. The maximum standard deviation in 229 

surface free energy measurements was 1.979 mN/m.  230 

 231 

3. Development of a new analytical model for the Cu-Al2O3 HNF droplet evaporation rate 232 

A new analytical model is developed to estimate the Cu-Al2O3 HNF droplet evaporation rate 233 

on copper and residue surfaces. The schematics of an evaporating Cu-Al2O3 HNF droplet is 234 

illustrated in Fig. 1 (a). R1 and R2 are the radii of curvature of a sessile droplet and the concentration 235 

boundary layer [1,40,42], respectively, while xv (R1) and xv (R2) are the vapor mole fraction at 236 

radius of curvature R1 and R2, respectively. The concentration boundary layer (R2) is the borderline 237 

around an evaporating droplet where the vapour concentration of an evaporating droplet is almost 238 

the same as the ambient vapour concentration. As the droplet evaporates, the vapor concentration 239 

varies along the radius of curvature R, from fully saturated vapor [xv (R1) =Psat / Patm] at the droplet-240 

air interface (R1) to partially saturated vapor [xv (R2) = φ xv (R1)] at the concentration boundary 241 

layer (R2), where R1 ≤ R ≤ R2 and φ = 0.3. Our model is based on following assumptions: 242 

 243 

1. As both the droplet and surrounding air are at thermal equilibrium and that evaporation is only 244 

based on mass diffusion, isothermal and quasi-steady state conditions are assumed in our 245 

model. 246 
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2. Water vapor and air, above the droplet, are assumed as a binary mixture of ideal gases. 247 

3. The droplet is assumed as a spherical cap with its contact radius below the capillary length 248 

(𝑙𝑐 = √𝛾𝑙𝑣/𝜌𝑔). 249 

4. Mass diffusion from the droplet surface occurs in a stationary medium with negligible 250 

advection effects. 251 

5. As evaporation occurs in a direction normal to the droplet surface, one-dimensional diffusion 252 

along the radius of curvature (R) is assumed [1], (as shown in Fig. 1 (a)).  253 

 254 

Based on Fick’s law, the droplet evaporation rate (in units of µl/s) is determined as [1]:  255 

 256 

𝐸 =
𝑑𝑉

𝑑𝑡
=

−𝑀𝐶𝐷

𝜌
(
𝑑𝑥𝑣

𝑑𝑅
) (2𝜋𝑅2 − 2𝜋𝑅𝑅1𝑐𝑜𝑠𝜃),                                                                             (1) 257 

 258 

where M is the molar mass of water, C=Patm/RuT is the net molar concentration of a binary vapor-259 

air mixture, D is the mass diffusivity, ρ is the density of water and dxv/dR is the vapor concentration 260 

gradient along the radius of curvature R. The last term in brackets in equation (1) is an area normal 261 

to the direction of evaporation that varies along the radius of curvature R [1], as illustrated in Fig. 262 

1 (b). As non-uniform evaporation (higher evaporation rate near the three-phase contact line than 263 

other regions on droplet surface) along the droplet surface leads to an outwardly driven flow 264 

(capillary flow) within the droplet to replenish the loss of evaporation near the three-phase contact 265 

line, it causes nanoparticles to deposit near the three-phase contact line resulting in a ring-shaped 266 

(coffee-ring) residue pattern [26,27]. Conversely, as we obtained a uniform residue pattern from 267 

the hybrid nanofluid droplet evaporation in all our experiments (as demonstrated in Fig. 1 (c-k)), 268 

the non-uniform evaporation along the droplet surface is not considered in our model. Moreover, 269 
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the developed model is a simplified 1-D model (assumption 5) in which the mass diffusion is only 270 

considered along the radius of curvature (R), therefore, it is the limitation of our proposed 1-D 271 

model that it does not consider the non-uniform evaporation rate along the droplet-air interface. 272 

As evaporation occurs at the droplet-air interface, the droplet evaporation rate (E) is independent 273 

of the radius of curvature (R) [1]. Re-arranging and integrating equation (1) gives the following 274 

form of the droplet evaporation rate:    275 

 276 

𝐸

𝑘
∫ (

1

𝑅2−𝑅𝑅1𝑐𝑜𝑠𝜃
)𝑑𝑅 = ∫ 𝑑𝑥𝑣

𝑥𝑣(𝑅2)

𝑥𝑣(𝑅1)

𝑅2

𝑅1
 ,                                                                                     (2) 277 

 278 

𝐸 =
𝑑𝑉

𝑑𝑡
=

𝑘𝑅1𝑐𝑜𝑠𝜃[𝑥𝑣(𝑅2)−𝑥𝑣(𝑅1)]

𝑙𝑛(
1−(𝑅1/𝑅2)𝑐𝑜𝑠𝜃

1−𝑐𝑜𝑠𝜃
)

 .                                                                                               (3) 279 

 280 

where k=-2πMCD/ρ. Equation (3) gives the droplet evaporation rate (E) for any contact angle (θ) 281 

during evaporation. Now, we determine the two unknown terms in equation (3). i.e., R1 and R2. R1 282 

can be determined as: 283 

 284 

𝑅1 =
𝑟𝑞𝑒

𝑠𝑖𝑛𝜃
 ,                                                                                                                                (4) 285 

 286 

where rqe is the droplet contact radius at a quasi-equilibrium state (when the droplet does not spread 287 

macroscopically [39]). The quasi-equilibrium contact radius (rqe) in equation (4) is obtained from 288 

geometry of a spherical cap as: 289 

 290 
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𝑟𝑞𝑒 = (
3V𝑠𝑑𝑠𝑖𝑛𝜃𝑞𝑒(1+𝑐𝑜𝑠𝜃𝑞𝑒)

𝜋(2+𝑐𝑜𝑠𝜃𝑞𝑒)(1−𝑐𝑜𝑠𝜃𝑞𝑒)
)

1
3⁄

,                                                                                                 (5) 291 

where Vsd = 3 µl. It must be noted that the volume of the first droplet (Vfd) is not directly used in 292 

our model, as our model not only estimates the droplet evaporation rate over a residue surface but 293 

also over a copper surface (without a residue and does not involve Vfd). However, as Vfd is only 294 

used to develop a residue and study its effect on evaporation rate of the second droplet, our model 295 

indirectly depends on Vfd by means of its residue properties, such as the residue radius (rres) and 296 

the roughness ratio (a), which are different for each considered volume of the first droplet (Vfd), as 297 

shown in Table 1. It must also be noted that the droplet quasi-equilibrium contact radius (rqe) is 298 

the same as the residue radius for cases where the succeeding droplet spreads up to the residue 299 

boundary (i.e., rqe = rres). Thus, equation (5) is only used when the droplet quasi-equilibrium 300 

contact radius (rqe) is less than the residue radius. i.e., the succeeding droplet does not spread up 301 

to the residue boundary. So, the residue size above which the succeeding droplet does not reach 302 

the residue boundary is defined as the critical residue size ((Vfd/Vsd)c). Therefore, equation (5) is 303 

used for cases where Vfd/Vsd > (Vfd/Vsd)c, while rqe = rres for Vfd/Vsd ≤ (Vfd/Vsd)c. The value of the 304 

critical residue size ((Vfd/Vsd)c) is obtained through experiments, as will be discussed in the next 305 

section (Results and discussion). θqe in equation (5) is a quasi-equilibrium contact angle and is 306 

determined as [45]: 307 

 308 

𝜃𝑞𝑒 = 𝑐𝑜𝑠−1(𝑎𝑐𝑜𝑠𝜃𝑦),                                                                                                                 (6)  309 

 310 

where a is the substrate roughness ratio (ratio of a textured area to projected area) and θy is the 311 

Young contact angle. As rqe is already known (rqe = rres) for Vfd/Vsd ≤ (Vfd/Vsd)c, the quasi-312 

equilibrium contact angle (θqe) can be obtained from equation (5) instead of equation (6) for such 313 
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cases. The Young contact angle in equation (6) depends on interfacial tensions at the droplet three 314 

phase contact line and is given as [46]:  315 

 316 

𝜃𝑦 = 𝑐𝑜𝑠−1 (
𝛾𝑠𝑣−𝛾𝑠𝑙

𝛾𝑙𝑣
),                                                                                                                   (7)    317 

 318 

The roughness ratio (a) in equation (6) and the surface free energy (γsv) in equation (7) were 319 

experimentally measured for both copper and the Cu-Al2O3 HNF residue surfaces, as shown in 320 

Table 1 and Table 2, respectively. In equation (7), the surface tension (γlv) for water and the Cu-321 

Al2O3 HNF droplets was measured as 72.617±0.121 mN/m and 72.241±0.153 mN/m, 322 

respectively. Based on the OWRK/Fowkes theory, the solid-liquid interfacial tension (γsl) in 323 

equation (7) is determined as [47]: 324 

 325 

𝛾𝑠𝑙 = 𝛾𝑠𝑣 + 𝛾𝑙𝑣 − 2√𝛾𝑠𝑣𝑑𝛾𝑙𝑣𝑑 − 2√𝛾𝑠𝑣𝑝𝛾𝑙𝑣𝑝 .                                                                            (8) 326 

 327 

The measured values of polar and dispersive components of γsv and γlv used in equation (8) are 328 

shown in Table 2. Equations (4) to (8) are solved to determine the first unknown term (R1) of the 329 

droplet evaporation equation (3). The vapor concentration gradient of an evaporating sessile 330 

droplet becomes negligibly small when the vapor concentration boundary layer R2 is about 10 331 

times the droplet contact radius rqe (i.e., dxv/dR ≈ 0 at R2 = 10rqe) [40,42], therefore, we use R2 = 332 

10rqe in our model. Since rqe = R1sinθ, we get the following expression for R2: 333 

 334 

𝑅2 = 10𝑅1𝑠𝑖𝑛𝜃                                                                                                                         (9) 335 

 336 



Journal of Heat Transfer 

15 
HT-20-1300/Chao 

It must be noted that as the contact angle (θ) reduces during the droplet evaporation, R1 increases 337 

such that R2 almost remains constant. The values of R1 and R2 from equations (4) and (9), 338 

respectively, are used in equation (3) to obtain the droplet evaporation rate for any given contact 339 

angle (θ). Using equation (3), the net evaporation rate can be obtained as:     340 

 341 

𝐸𝑛 = (
𝑑𝑉

𝑑𝑡
)
𝑛
=

1

𝜃1−𝜃2
∫

𝑘𝑅1𝑐𝑜𝑠𝜃[𝑥𝑣(𝑅2)−𝑥𝑣(𝑅1)]

𝑙𝑛(
1−(𝑅1/𝑅2)𝑐𝑜𝑠𝜃

1−𝑐𝑜𝑠𝜃
)

𝜃1

𝜃2
𝑑𝜃                                                                           (10) 342 

 343 

where θ1 and θ2 are the droplet contact angles (in radians) at the start (θ1 = θqe) and end of droplet 344 

evaporation process, respectively. As evaporation occurs at the droplet-air interface and that the 345 

main focus of our model is to estimate the hybrid nanofluid droplet evaporation rate, the hybrid 346 

nanoparticle deposition on substrate (droplet-solid interface) during the droplet evaporation is not 347 

directly considered in our model. However, as our model can only estimate the evaporation rate 348 

for pinned droplets and that the pinning effect in hybrid nanofluid droplets is induced by the hybrid 349 

nanoparticle deposition near the three-phase contact line during evaporation, therefore, our model 350 

in some way considers the effect of deposited hybrid nanoparticles during the droplet evaporation 351 

process.     352 

 353 

4. Results and discussion 354 

4.1. Effect of surface wettability and residue size on the Cu-Al2O3 HNF droplet evaporation 355 

rate  356 

The instantaneous variation of the Cu-Al2O3 HNF droplet volume sitting on copper and residue 357 

surfaces during evaporation is illustrated in Fig. 2 (a). The droplet volume (V) during evaporation 358 

is normalized with the initial (quasi-equilibrium) droplet volume (Vi). It is observed that the 359 
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evaporation time is almost the same for the Cu-Al2O3 HNF droplet resting on copper and its residue 360 

at Vfd/Vsd = 0.5 and Vfd/Vsd = 1. However, the evaporation time progressively decreases with 361 

increasing droplet volume ratio (residue size) from Vfd/Vsd = 1 to Vfd/Vsd = 2, 3, 4 and 5, resulting 362 

in a substantially reduced evaporation time (by about 64%) for Vfd/Vsd = 5 as compared to Vfd/Vsd 363 

= 0.5. Nonetheless, the evaporation time of the Cu-Al2O3 HNF droplet is not much affected by 364 

residue size for Vfd/Vsd > 5, as shown in Fig. 2 (a). Furthermore, as shown in the inset of Fig. 2 (a), 365 

the evaporation time for a water droplet is 18% more than the Cu-Al2O3 HNF droplet resting on a 366 

copper surface. This is because the water droplet de-pins on a smooth copper surface during 367 

evaporation that reduces its droplet-air interfacial area (due to increase in contact angle) and 368 

consequently extends the net evaporation time. It is also noticed that our analytical model agrees 369 

well with the experimental data (average error of 8%) of the Cu-Al2O3 HNF droplet evaporation 370 

time.  371 

 372 

Fig. 2 (b) shows that our analytical model estimates the droplet evaporation time with higher 373 

accuracy as compared to other existing models. Unlike our proposed analytical model, the other 374 

existing models [40–43] are approximate solutions depending on the droplet contact angle. The 375 

model proposed by Hu and Larson [40] is valid for the initial droplet contact angle ranging between 376 

0° and 90°. Picknett and Bexon [41] proposed models for both constant contact radius and constant 377 

contact angle modes of droplet evaporation. Moreover, Hu et al. [42] showed with their developed 378 

model that the droplet evaporation rate is proportional to the droplet-air interfacial area. Although 379 

our semi-empirical model [39] well-estimates the Cu-Al2O3 hybrid nanofluid droplet evaporation 380 

time for droplets resting on a copper surface as well as the residue surface with small residue sizes 381 

(Vfd/Vsd = 0.5-1), it shows deviations for large residue sizes (such as Vfd/Vsd = 20), as shown in Fig. 382 
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2 (b). This is because the semi-empirical model was developed for the Ag-GNP hybrid nanofluid 383 

droplet [39] that showed different evaporation time for a range of wettability (highly wetted to 384 

non-wetted) of its residue surface depending upon the mixing ratio as compared to only partially 385 

wetted residue surface for the Cu-Al2O3 hybrid nanofluid droplet. On the other hand, the proposed 386 

analytical model (equation (3)) estimates the droplet evaporation time with higher accuracy for all 387 

residue sizes as compared to the semi-empirical model [39]. Since the evaporation rate (dV/dt) 388 

depends on the droplet contact angle (θ) in all (proposed and existing) theoretical models, the 389 

droplet volume-time plot in Fig. 2 (a) and Fig. 2 (b) is obtained by solving these models at each 390 

time step with the known droplet contact angle from our experiments. Therefore, with the known 391 

initial droplet volume as 3 µl and droplet evaporation rate (dV/dt) determined from theoretical 392 

models at each time step, the droplet volume is obtained at each time step of the droplet evaporation 393 

process. 394 

 395 

The net evaporation rate of 3 µl volume of water and Cu-Al2O3 HNF droplets is illustrated in 396 

Fig. 3 (a). It is noticed that the Cu-Al2O3 HNF droplet gives about 17% higher evaporation rate 397 

than a water droplet on a copper surface. Furthermore, the evaporation rate is almost the same for 398 

the Cu-Al2O3 HNF droplet sitting on a copper surface and residue surface, for droplet volume 399 

ratios of Vfd/Vsd = 0.5 and Vfd/Vsd = 1. However, further increasing the droplet volume ratio (droplet 400 

residue size) as Vfd/Vsd = 2, 3, 4 and 5 increases the evaporation rate of the succeeding Cu-Al2O3 401 

HNF droplet on its residue by 31%, 59%, 76% and 106%, respectively, as compared to the droplet 402 

volume ratio of Vfd/Vsd = 0.5. This is because the succeeding Cu-Al2O3 HNF droplet spreads up to 403 

the boundary of a partially wetted residue surface with increasing residue size resulting in a large 404 

droplet-air interfacial area, as shown in Fig. 3 (b). Large droplet-air interfacial area allows more 405 
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water molecules to diffuse from the droplet surface into the air, which increases the droplet 406 

evaporation rate. Conversely, droplets show negligible spreading over a non-wetted copper surface 407 

and a residue surface for Vfd/Vsd = 0.5 and Vfd/Vsd = 1 (first three images in Fig. 3 (b)), resulting in 408 

low droplet-air interfacial areas and reduced evaporation rates. Moreover, increasing the droplet 409 

volume ratio above 5 (i.e., Vfd/Vsd > 5) has a negligible effect on evaporation rate of succeeding 410 

Cu-Al2O3 HNF droplets, as shown in Fig. 3 (a). This is because the droplets do not further spread 411 

over their partially wetted residue surfaces for Vfd/Vsd > 5 and exhibit almost the same droplet air 412 

interfacial areas, as demonstrated in Fig. 3 (b). Moreover, the net droplet evaporation rate from 413 

equation (10) agrees well with our experimental results (average error of 3.7%), as shown in Fig. 414 

3 (a). 415 

 416 

Fig. 4 (a) shows the variation of net evaporation rate and quasi-equilibrium droplet surface 417 

area (or droplet-air interfacial area) of the Cu-Al2O3 HNF droplet with droplet residue size (droplet 418 

volume ratio). It is noticed that the quasi-equilibrium droplet surface area linearly increases with 419 

increasing residue size up to Vfd/Vsd = 5, resulting in a linear increase in droplet evaporation rate. 420 

However, the quasi-equilibrium droplet surface area as well as the evaporation rate almost remain 421 

unchanged for residue size Vfd/Vsd > 5, as shown in Fig. 4 (a). Therefore, Vfd/Vsd = 5 is considered 422 

as the critical residue size (Vfd/Vsd)c, as droplets do not further spread and give almost the same 423 

droplet-air interfacial area and consequently the same evaporation rate above this critical value. 424 

However, this critical value of Vfd/Vsd = 5 for the Cu-Al2O3 hybrid nanofluid droplet over its residue 425 

may be different for different hybrid nanofluid droplets over their respective residues. This is 426 

because the critical residue size depends on the extent of droplet spreading over the residue surface 427 
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which is influenced by the residue surface characteristics (such as roughness and surface free 428 

energy) as well as the droplet rheological properties (such as viscosity and surface tension).  429 

 430 

As already mentioned, the evaporation rate of the Cu-Al2O3 HNF droplet resting on its residue 431 

is not much affected above the critical residue size. i.e., Vfd/Vsd > (Vfd/Vsd)c. This is because the 432 

droplet contact radius and contact angle at quasi-equilibrium state almost remain unchanged (i.e., 433 

θqe = θqe,c ≈ 32° and rqe = rqe,c ≈ 1.64 mm), as the droplet is un-bounded (does not reach the residue 434 

boundary) on a partially wetted residue for Vfd/Vsd > (Vfd/Vsd)c, as shown in Fig. 4 (b). Thus the 435 

quasi-equilibrium droplet-air interfacial area almost remains the same, resulting in similar droplet 436 

evaporation rates for Vfd/Vsd > (Vfd/Vsd)c. However, the Cu-Al2O3 HNF droplet is bounded (reaches 437 

the residue boundary) and does not spread beyond the residue boundary for residue size at or below 438 

its critical value. i.e., Vfd/Vsd ≤ (Vfd/Vsd)c. In this region, the droplet contact radius and contact angle 439 

at quasi-equilibrium state show considerable variation, as shown in Fig. 4 (b). Therefore, our main 440 

interest lies in a residue size between 0 ≤ Vfd/Vsd ≤ (Vfd/Vsd)c, where the Cu-Al2O3 HNF droplet 441 

evaporation rate varies by about 100%, as illustrated in Fig. 4 (a). It is further noticed that both the 442 

quasi-equilibrium contact angle and contact radius show linear variation with increasing residue 443 

size in a range of 0 ≤ Vfd/Vsd ≤ (Vfd/Vsd)c, as demonstrated in Fig. 4 (b).   444 

 445 

Fig. 5 (a) shows the net evaporation rate of 10 subsequent Cu-Al2O3 HNF droplets over the 446 

residue formed by evaporation of the first Cu-Al2O3 HNF droplet for residue sizes of Vfd/Vsd = 2 447 

and Vfd/Vsd = 6. The reason for selecting these two residue sizes is that the subsequent droplet 448 

reaches the residue boundary for Vfd/Vsd = 2, while the subsequent droplet remains un-bounded 449 

(does not reach the residue boundary) for Vfd/Vsd = 6. In this way, the effect of residue boundary 450 
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on droplet evaporation rate is also incorporated along with the number of subsequent droplets. It 451 

is observed that the droplet evaporation rate is not much affected by increasing the number of 452 

subsequent droplets for the residue size of Vfd/Vsd = 2. This is because all the 10 subsequent Cu-453 

Al2O3 HNF droplets reach the residue boundary of the first Cu-Al2O3 HNF droplet residue, thus 454 

exhibiting almost the same droplet-air interfacial area and evaporation rate, as shown in Fig. 5 (a). 455 

On the other hand, the droplet evaporation rate shows some variation with increasing number of 456 

subsequent droplets over the residue surface for Vfd/Vsd = 6. The reason for this variation in droplet 457 

evaporation rate is that the subsequent droplets remain un-bounded and therefore show some 458 

variation in spreading dynamics over the residue surface due to the contact angle hysteresis (about 459 

6°). This results in slightly varying droplet-air interfacial areas as well as the evaporation rates for 460 

subsequent droplets over the residue surface for Vfd/Vsd = 6. However, the variation in evaporation 461 

rate is not considerable for all 10 subsequent droplets over the residue surface for Vfd/Vsd = 6. 462 

 463 

Fig. 5 (b) shows the comparison of net evaporation rate and contact angle (at quasi-equilibrium 464 

state) between the Cu-Al2O3 HNF droplet and the Ag-GNP (MR-1) HNF droplet [39] on copper 465 

and their own residue surfaces. It should be noted that only mixing ratio MR-1 (0.1(Ag):0.9(GNP)) 466 

for the Ag-GNP HNF droplet is considered for comparison in this study, as it gave the highest 467 

evaporation rate on its residue among all studied mixing ratios in our previous study [39]. In Fig. 468 

5 (b), it is observed that both Cu-Al2O3 and Ag-GNP (MR-1) HNF droplets almost give same 469 

evaporation rates on a copper surface and their own residue surfaces for Vfd/Vsd = 1. However, the 470 

Ag-GNP (MR-1) HNF droplet shows higher evaporation rate on its extremely wetted residue 471 

surface than the Cu-Al2O3 HNF droplet on its partially wetted residue surface for Vfd/Vsd > 5, as 472 

demonstrated in Fig. 5 (b). This is because the Ag-GNP (MR-1) HNF droplet spreads on its 473 
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extremely wetted residue surface, giving a low (quasi-equilibrium) contact angle and large droplet-474 

air interfacial area that result in high evaporation rates. Conversely, the Cu-Al2O3 hybrid nanofluid 475 

droplet does not further spread on its partially wetted residue surface for Vfd/Vsd > 5, resulting in 476 

relatively large contact angle (small droplet-air interfacial area) and low evaporation rates, as 477 

illustrated in Fig. 5 (b).       478 

 479 

4.2. Effect of surface wettability and residue size on the Cu-Al2O3 HNF droplet spreading 480 

behaviour 481 

The contact angle variation of evaporating droplets is demonstrated in Fig. 6. Both water and 482 

Cu-Al2O3 HNF droplets show a high quasi-equilibrium (initial) contact angle of θqe ≈ 104° on a 483 

non-wetted copper surface and exhibit a similar trend of contact angle reduction rate. However, 484 

the evaporating water droplet undergoes a de-pinning effect that extends its total evaporation time. 485 

On the other hand, the Cu-Al2O3 HNF droplet remains pinned due to the deposition of hybrid 486 

nanoparticles near the droplet three-phase contact line during its evaporation. For droplet volume 487 

ratios of Vfd/Vsd = 0.5 and Vfd/Vsd = 1, the Cu-Al2O3 HNF droplet resting on a residue surface almost 488 

shows the same contact angle reduction rate as the one resting on a copper surface, as illustrated 489 

in Fig. 6. The quasi-equilibrium contact angle gradually decreases with increasing droplet volume 490 

ratio as Vfd/Vsd = 2, 3, 4 and 5, resulting in significant reduction in quasi-equilibrium contact angle 491 

by 69% at the critical droplet volume ratio (Vfd/Vsd)c as compared to Vfd/Vsd = 0.5. Furthermore, the 492 

timely variation of contact angle shows a non-linear trend for Vfd/Vsd ≤ 2 compared to a linear trend 493 

for Vfd/Vsd > 2. For droplet volume ratio Vfd/Vsd > (Vfd/Vsd)c, the contact angle (quasi-equilibrium) 494 

of the succeeding Cu-Al2O3 HNF droplet remains unaffected, exhibiting nearly the same contact 495 

angle reduction rate. For this reason, the Cu-Al2O3 HNF droplet almost gives the same evaporation 496 
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rate on a residue surface for droplet volume ratio Vfd/Vsd > (Vfd/Vsd)c. Furthermore, the advancing 497 

and receding contact angles (dynamic contact angle) for the Cu-Al2O3 hybrid nanofluid droplet are 498 

109.81° and 100.34° on a copper surface and 34.44° and 28.79° on a residue surface (for Vfd/Vsd > 499 

(Vfd/Vsd)c), respectively. The contact angle hysteresis of the Cu-Al2O3 hybrid nanofluid droplet on 500 

both residue and plain copper surfaces may be induced by the deposition of hybrid nanoparticles 501 

near the droplet three-phase contact line. Since the contact angle hysteresis is observed for Cu-502 

Al2O3 HNF droplets resting on both residue and plain copper surfaces, the evaporation 503 

enhancement for droplets resting on residue surfaces may not be attributed to the dynamic 504 

(advancing and receding) contact angle.    505 

 506 

Fig. 7 shows the instantaneous variation of contact radius of evaporating droplets. As the 507 

surface tension of water and Cu-Al2O3 HNF droplets is almost the same, both these droplets show 508 

similar quasi-equilibrium contact radius on a copper surface. However, the contact radius is 509 

sharply reduced in an evaporating water droplet on a copper surface due to the de-pinning effect 510 

for time above 900 seconds. On the other hand, for Cu-Al2O3 HNF droplets resting on both copper 511 

and residue surfaces, the contact radius remains constant during most part of the total evaporation 512 

time, as shown in Fig. 7. This is because the hybrid nanoparticles deposit during the droplet 513 

evaporation thus resulting in a pinning effect for Cu-Al2O3 HNF droplets sitting on copper and 514 

residue surfaces. Furthermore, the Cu-Al2O3 HNF droplet nearly shows the same contact radius 515 

on copper and residue surfaces for droplet volume ratios of Vfd/Vsd = 0.5 and Vfd/Vsd = 1. However, 516 

the contact radius increases by 30%, 42%, 63% and 70% for droplet volume ratio of Vfd/Vsd = 2, 3, 517 

4 and 5, respectively, as compared to the droplet volume ratio of Vfd/Vsd = 0.5. This is because the 518 

succeeding Cu-Al2O3 HNF droplet spreads up to the boundary of its partially wetted residue 519 
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surface resulting in a large contact radius with increasing residue size up to (Vfd/Vsd)c. Moreover, 520 

further increasing the droplet volume ratio as Vfd/Vsd > (Vfd/Vsd)c does not much affect the contact 521 

radius of the succeeding Cu-Al2O3 HNF droplet on its residue surface. This is for the reason that 522 

the succeeding Cu-Al2O3 HNF droplet is unbounded for Vfd/Vsd > (Vfd/Vsd)c and its spreading over 523 

the residue surface is governed by residue surface characteristics, such as the residue roughness 524 

and surface free energy, as discussed in the next section.  525 

    526 

4.3. Effect of residue morphology, surface free energy and roughness on the Cu-Al2O3 HNF 527 

droplet wetting and evaporation rate   528 

The surface morphology for various sizes of the Cu-Al2O3 HNF droplet residue is illustrated 529 

in SEM micrographs in Fig. 8. The residue surface appears rough and porous, making it difficult 530 

to distinguish between Cu and Al2O3 nanoparticles on a residue surface. Although hybrid 531 

nanoparticles deposit uniformly during evaporation leaving a uniform pattern of nanostructured 532 

residue, some large clustered particles are observed in SEM micrographs, as identified by circles 533 

in Fig. 8. These clustered particles are possibly formed by hybrid nanoparticle agglomeration due 534 

to increase in particle concentration with the progression of droplet evaporation process. The 535 

average surface roughness and areal porosity increase as the residue size increases, as shown in 536 

Table 1. The main reason for increase in average surface roughness and porosity is the increase in 537 

residue surface particle density (ρres) with increasing residue size, as shown in Table 1. The residue 538 

surface particle density is determined as the net volume of deposited hybrid nanoparticles 539 

(determined as 0.1% of droplet volume, as volume fraction is fixed at 0.1%) per unit residue area. 540 

As the residue size increases, the net particle volume per unit residue area also increases that results 541 

in its increasing surface roughness and porosity. Furthermore, the average surface roughness of 542 
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Cu-Al2O3 HNF droplet residues is 16-50 times that of a copper surface. High residue roughness 543 

promotes droplet spreading, resulting in high droplet evaporation rates. Another important 544 

parameter that promotes droplet wetting is the surface free energy, which is 25.4% higher in the 545 

Cu-Al2O3 HNF droplet residue surface than the plain copper surface, as shown in Table 2. As the 546 

surface free energy is a surface property and is independent of residue size, we measured it at a 547 

high droplet volume ratio of Vfd/Vsd = 20 (as shown in Table 2), ensuring that the succeeding droplet 548 

is un-bounded and does not reach the residue boundary. Moreover, the roughness ratio (a), which 549 

is the ratio of the actual textured area to the projected (plain) area [48], is up to 70% higher for the 550 

Cu-Al2O3 HNF droplet residue than the copper surface, as shown in Table 1. It is suggested that 551 

the surface roughness and porosity of the droplet residue increase its textured area thus giving a 552 

high roughness ratio. The combined effect of both, high roughness ratio and enhanced surface free 553 

energy, increase the wettability of the Cu-Al2O3 HNF droplet residue surface. This promotes 554 

spreading resulting in high evaporation rate of the succeeding Cu-Al2O3 HNF droplet resting over 555 

its residue surface, which is not the case with non-wetted copper surface, as shown in Table 2.  556 

 557 

5. Conclusions 558 

High heat dissipation in high heat flux devices is increasingly becoming a challenge, mainly 559 

due to the limited cooling capacity of existing thermal fluids. To address this challenge, we studied 560 

the evaporation rate of Cu-Al2O3 HNF droplets and compared with water droplets on a copper 561 

surface at room temperature. Subsequently, we investigated the effect of residue formed after the 562 

evaporation of the first Cu-Al2O3 HNF droplet, on the evaporation rate of the succeeding Cu-Al2O3 563 

HNF droplet, for residue sizes above and below the critical residue size. As the main novelty, we 564 

showed that the evaporation rate of the succeeding Cu-Al2O3 HNF droplet resting over the residue 565 
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sharply increases with increasing residue size up to the critical residue size. Furthermore, the 566 

evaporation rate of the succeeding droplet almost remains the same as the residue size is further 567 

increased above the critical residue size. We also noticed that the evaporation rate of the 568 

succeeding Cu-Al2O3 HNF droplet resting over the partially wetted large sized residue is 569 

considerably higher than the one sitting on a non-wetted copper surface. Moreover, we developed 570 

a new analytical model that can estimate the evaporation rate of the Cu-Al2O3 HNF droplet over a 571 

wide contact angle range. Furthermore, we also studied the effect of the residue surface free energy 572 

and its roughness on wetting and evaporation rate of the Cu-Al2O3 HNF droplet sitting over the 573 

residue surface. The main conclusions of this study are as follows: 574 

 575 

 The evaporation rate of the Cu-Al2O3 HNF droplet is 17% higher than that of a water 576 

droplet resting on a copper surface.  577 

 The evaporation rate of the Cu-Al2O3 HNF droplet on its residue surface is enhanced up 578 

to 104% when compared to a copper surface. 579 

 The evaporation rate of the Cu-Al2O3 HNF droplet on its residue surface increases by 6%, 580 

31%, 59%, 76% and 106% for droplet volume ratio of Vfd/Vsd =1, 2, 3, 4 and 5, 581 

respectively, as compared to the droplet volume ratio of Vfd/Vsd = 0.5.   582 

 The Cu-Al2O3 HNF droplet evaporation rate on a residue surface almost remains the same 583 

for Vfd/Vsd > (Vfd/Vsd)c.  584 

 The quasi-equilibrium contact angle of the Cu-Al2O3 HNF droplet over its residue reduces 585 

by 70% while the quasi-equilibrium contact radius increases by 70%, as the droplet 586 

volume ratio increases from Vfd/Vsd = 0.5 to (Vfd/Vsd)c. 587 
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 The average surface roughness of the Cu-Al2O3 HNF droplet residues is 16-50 times that 588 

of a copper surface. 589 

 The surface free energy and roughness ratio of the Cu-Al2O3 HNF droplet residue is 590 

25.4% and 70% higher than that of a copper surface, respectively. 591 
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 598 

Nomenclature 599 

a Roughness ratio Vfd Volume of first droplet, µl 

C Net molar concentration, molm-3 Vfd/Vsd Droplet volume ratio 

D Mass diffusivity, m2s-1 (Vfd/Vsd)c Critical residue size 

E Droplet evaporation rate, µls-1 xv Vapor mole fraction 

En Net droplet evaporation rate, µls-1 Greek Letters 

g Gravitational constant, ms-2 𝜌 Density, kgm-3 

HNF Hybrid nanofluid 𝜌𝑟𝑒𝑠 Residue surface particle density, µlmm-2 

lc Capillary length, m 𝛾𝑙𝑣 Surface tension, mNm-1 

M Molar mass, gmol-1 𝛾𝑙𝑣
𝑝 Polar surface tension, mNm-1 

MR Mixing ratio 𝛾𝑙𝑣
𝑑 Dispersive surface tension, mNm-1 

Patm Atmospheric pressure, Pa 𝛾𝑠𝑣 Surface free energy, mNm-1 

Psat Saturation vapor pressure, Pa 𝛾𝑠𝑣
𝑝 Polar surface free energy, mNm-1 

R Radius of curvature, m 𝛾𝑠𝑣
𝑑 Dispersive surface free energy, mNm-1 

Ru Universal gas constant, Jmol-1K-1 𝛾𝑠𝑙 Solid-liquid interfacial tension, mNm-1 
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r Contact radius, m 𝜑 Relative humidity 

rqe Quasi-equilibrium contact radius, m 𝜃 Contact angle 

rqe,c Critical quasi-equilibrium contact 

radius, m 

𝜃𝑦 Young contact angle 

rres Droplet residue radius, m 𝜃𝑞𝑒 Quasi-equilibrium contact angle 

T Temperature, K 𝜃𝑞𝑒,𝑐 Critical quasi-equilibrium contact angle 

Vsd Volume of second droplet, µl   

 600 
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List of Figure Captions 741 

Fig. 1 (a) Schematics of an evaporating Cu-Al2O3 hybrid nanofluid droplet with suspended (grey) 742 

nanoparticles, (b) illustration of an area corresponding to the radius of curvature R and normal to 743 

the direction of evaporation (used in equation (1)), (c-k) microscopic images of Cu-Al2O3 HNF 744 

droplet residues obtained from droplet volumes (Vfd) of (c) 1.5 µl, (d) 3 µl, (e) 6 µl, (f) 9 µl, (g) 12 745 

µl, (h) 15 µl, (i) 18 µl, (j) 30 µl and (k) 60 µl. 746 

Fig. 2 (a) Instantaneous variation of droplet volume (empty circles (experiments), solid lines 747 

(analytical model/equation (3)) for the Cu-Al2O3 HNF droplet resting on a copper surface (Cu 748 

(HNF)) and on residue of various sizes (Vfd/Vsd = 0.5-20). Inset is a comparison of H2O and the 749 

Cu-Al2O3 HNF droplet evaporation time on a copper surface, (b) comparison of theoretical models 750 

(( ) equation (3)), ( ) Siddiqui et al. [39], ( ) Hu and Larson [40], ( ) 751 

Picknett and Bexon [41] and ( ) Hu et al. [42]) with our experimental results (empty 752 

circles) for the Cu-Al2O3 HNF droplet evaporation. 753 

Fig. 3 (a) Net evaporation rate of water droplet over a copper surface (Cu (H2O)) and the Cu-Al2O3 754 

HNF droplet over a copper (Cu (HNF)) and its residue surface for various residue sizes (Vfd/Vsd = 755 

0.5-20), (b) Cu-Al2O3 HNF droplet images at quasi-equilibrium state resting on copper (Cu (HNF)) 756 

and residue surfaces (Vfd/Vsd = 0.5-20). 757 

Fig. 4 (a) Variation of the Cu-Al2O3 HNF net droplet evaporation rate and quasi-equilibrium 758 

droplet surface area (droplet-air interfacial area) with droplet volume ratio, (b) variation of droplet 759 

contact angle and contact radius at quasi-equilibrium state with droplet volume ratio. Vfd/Vsd = 0 760 

refers to the Cu-Al2O3 HNF droplet resting on a copper surface. 761 

Fig. 5 (a) Net evaporation rate for subsequent Cu-Al2O3 hybrid nanofluid droplets over the residue 762 

formed by the first evaporated droplet, (b) comparison of net evaporation rate and the quasi-763 
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equilibrium contact angle of Cu-Al2O3 hybrid nanofluid and Ag-GNP/MR-1 hybrid nanofluid [39] 764 

droplets over copper and their respective residue surfaces. 765 

Fig. 6 Contact angle variation of water droplet on a copper surface (Cu (H2O)) and the Cu-Al2O3 766 

HNF droplet on copper (Cu (HNF)) and residue surfaces (Vfd/Vsd = 0.5-20) with time. 767 

Fig. 7 Contact radius variation of water droplet on a copper surface (Cu (H2O)) and the Cu-Al2O3 768 

HNF droplet on copper (Cu (HNF)) and residue surfaces (Vfd/Vsd = 0.5-20) with time. 769 

Fig. 8 SEM micrographs of Cu-Al2O3 HNF droplet residues obtained from droplet volumes (Vfd) 770 

of (a) 1.5 µl, (b) 3 µl, (c) 6 µl, (d) 9 µl, (e) 12 µl, (f) 15 µl, (g) 18 µl, (h) 30 µl and (i) 60 µl. Circles 771 

show the presence of clustered hybrid nanoparticles on residue surfaces. 772 

 773 
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List of Table Captions 775 

Table 1 Copper and the Cu-Al2O3 HNF droplet residue surface characteristics. Uncertainties for 776 

first droplet volume (Vfd) are obtained from manufacturer [49]. 777 

Table 2 Surface free energy of substrates and its effect on wetting and evaporation rate of the Cu-778 

Al2O3 HNF droplet. 779 
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 783 

  
 

(c) (d) (e) 

  
 

(f) (g) (h) 

   
(i) (j) (k) 

Fig. 1 (a) Schematics of an evaporating Cu-Al2O3 hybrid nanofluid droplet with suspended (grey) 784 

nanoparticles, (b) illustration of an area corresponding to the radius of curvature R and normal to 785 

the direction of evaporation (used in equation (1)), (c-k) microscopic images of Cu-Al2O3 HNF 786 

droplet residues obtained from droplet volumes (Vfd) of (c) 1.5 µl, (d) 3 µl, (e) 6 µl, (f) 9 µl, (g) 787 

12 µl, (h) 15 µl, (i) 18 µl, (j) 30 µl and (k) 60 µl.    788 
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 789 

(a) 790 

 791 

(b) 792 

Fig. 2 (a) Instantaneous variation of droplet volume (empty circles (experiments), solid lines 793 

(analytical model/equation (3)) for the Cu-Al2O3 HNF droplet resting on a copper surface (Cu 794 

(HNF)) and on residue of various sizes (Vfd/Vsd = 0.5-20). Inset is a comparison of H2O and the 795 

Cu-Al2O3 HNF droplet evaporation time on a copper surface, (b) comparison of theoretical 796 

models (( ) equation (3)), ( ) Siddiqui et al. [39], ( ) Hu and Larson [40], (797 

) Picknett and Bexon [41] and ( ) Hu et al. [42]) with our experimental results 798 

(empty circles) for the Cu-Al2O3 HNF droplet evaporation.  799 
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 800 
(a) 801 

     

     

 (b) 802 

Fig. 3 (a) Net evaporation rate of water droplet over a copper surface (Cu (H2O)) and the Cu-Al2O3 HNF droplet over a copper (Cu 803 

(HNF)) and its residue surface for various residue sizes (Vfd/Vsd = 0.5-20), (b) Cu-Al2O3 HNF droplet images at quasi-equilibrium state 804 

resting on copper (Cu (HNF)) and residue surfaces (Vfd/Vsd = 0.5-20).  805 
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 806 

 807 

(a) 808 

 809 

(b) 810 

Fig. 4 (a) Variation of the Cu-Al2O3 HNF net droplet evaporation rate and quasi-equilibrium 811 

droplet surface area (droplet-air interfacial area) with droplet volume ratio, (b) variation of 812 

droplet contact angle and contact radius at quasi-equilibrium state with droplet volume ratio. 813 

Vfd/Vsd = 0 refers to the Cu-Al2O3 HNF droplet resting on a copper surface. 814 

  815 
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 816 

 817 

(a) 818 

 819 

(b) 820 

Fig. 5 (a) Net evaporation rate for subsequent Cu-Al2O3 hybrid nanofluid droplets over the 821 

residue formed by the first evaporated droplet, (b) comparison of net evaporation rate and the 822 

quasi-equilibrium contact angle of Cu-Al2O3 hybrid nanofluid and Ag-GNP/MR-1 hybrid 823 

nanofluid [39] droplets over copper and their respective residue surfaces. 824 
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 826 

 827 

 828 

 829 

 830 

 831 

 832 

Fig. 6 Contact angle variation of water droplet on a copper surface (Cu (H2O)) and the Cu-Al2O3 833 

HNF droplet on copper (Cu (HNF)) and residue surfaces (Vfd/Vsd = 0.5-20) with time. 834 

 835 

 836 
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 838 

 839 

 840 

 841 

 842 

 843 

Fig. 7 Contact radius variation of water droplet on a copper surface (Cu (H2O)) and the Cu-Al2O3 844 

HNF droplet on copper (Cu (HNF)) and residue surfaces (Vfd/Vsd = 0.5-20) with time. 845 
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 847 

     
(a) (b) (c) (d) (e) 

    
(f) (g) (h) (i) 

Fig. 8 SEM micrographs of Cu-Al2O3 HNF droplet residues obtained from droplet volumes (Vfd) of (a) 1.5 µl, (b) 3 µl, (c) 6 µl, (d) 9 848 

µl, (e) 12 µl, (f) 15 µl, (g) 18 µl, (h) 30 µl and (i) 60 µl. Circles show the presence of clustered hybrid nanoparticles on residue 849 

surfaces. 850 

 851 

 852 
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 853 

 854 

 855 

Table 1 Copper and the Cu-Al2O3 HNF droplet residue surface characteristics. Uncertainties for first droplet volume (Vfd) are obtained 856 

from manufacturer [49].  857 

Substrate 

First 

droplet 

volume,  

Vfd (µl) 

Droplet 

residue radius, 

rres (mm) 

Residue surface 

particle density, 

ρres (µl/mm2) 

Roughness 

ratio, 

a 

Average 

surface 

roughness 

(µm) 

Areal porosity 

(%) 

Mean pore 

(Feret) 

diameter (µm) 

Copper - - - 1.004±0.001 0.084±0.002 - - 

Residue 

1.5±0.05 0.965±0.013 0.00051±0.00002 1.211±0.013 1.377±0.018 2.372±0.087 0.196±0.004 

3±0.06 1.018±0.035 0.00092±0.00005 1.292±0.009 1.521±0.031 2.413±0.040 0.207±0.006 

6±0.15 1.258±0.021 0.00120±0.00005 1.315±0.008 1.657±0.022 2.682±0.148 0.287±0.011 

9±0.15 1.374±0.058 0.00152±0.00009 1.374±0.005 2.683±0.086 2.791±0.132 0.264±0.013 

12±0.15 1.574±0.063 0.00154±0.00008 1.396±0.010 2.892±0.094 2.827±0.093 0.295±0.024 

15±0.25 1.642±0.095 0.00178±0.00013 1.459±0.007 3.285±0.049 2.956±0.257 0.355±0.061 

18±0.25 1.781±0.042 0.00181±0.00007 1.471±0.003 3.414±0.079 3.873±0.115 0.312±0.032 

30±0.25 2.201±0.040 0.00197±0.00005 1.641±0.011 3.932±0.027 2.934±0.276 0.247±0.014 

60±0.50 2.984±0.103 0.00214±0.00008 1.699±0.017 4.169±0.038 3.222±0.168 0.292±0.003 

 858 

 859 

  860 
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 861 

 862 

 863 

 864 

 865 

 866 

Table 2 Surface free energy of substrates and its effect on wetting and evaporation rate of the Cu-Al2O3 HNF droplet. 867 

Substrate 

Droplet 

volume 

ratio,  

Vfd / Vsd 

Net surface 

free energy, 

𝜸𝒔𝒗 (mN/m) 

Polar surface 

free energy, 

𝜸𝒔𝒗
𝒑 (mN/m) 

Dispersive 

surface free 

energy, 

𝜸𝒔𝒗
𝒅 (mN/m) 

Quasi-

equilibrium 

contact angle, 

θqe 

Net 

evaporation 

rate,  

En (µl/s) 

Copper - 32.901±0.816 0.075±0.352 32.825±0.464 104.759±0.116 0.0021±0.0001 

Residue 20 41.286±1.979 14.149±1.231 27.137±0.749 34.258±0.145 0.0043±0.0003 

 868 

 869 
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