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Abstract. This paper studies a continuous-time securities market where an
agent, having a random investment horizon and a targeted terminal mean re-

turn, seeks to minimize the variance of a portfolio’s return. Two situations are
discussed, namely a deterministic time-varying density process and a stochas-

tic density process. In contrast to [18], the variance of an investment portfolio

is no longer minimal when all assets are invested in a risk-free security. Fur-
thermore, the random investment horizon has a material effect on the efficient

frontier. This provides some insights into the classical mutual fund theorem.
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1. Introduction. Asset allocation is one of the major topics in financial econom-
ics. A prominent approach for quantitative asset allocation is the mean-variance
portfolio optimization which was pioneered by the seminal work of the Nobel Lau-
reate in Economics, Harry Markowitz, (see [13]). The Markowitz mean-variance
portfolio selection model is a static single-period model, where an economic agent
seeks to minimize the risk of his investment, measured by the variance of a portfo-
lio’s return, subject to a given level of the mean return1 Extension to multi-period
for different applications are still actively developed [10, 5]. A dynamic extension of
the Markowitz model, especially in continuous time, has been widely studied in the
literature (see, for example, [6, 8, 9, 16, 18]). Analytical forms of efficient portfolios
were often obtained in these works.

Since the original work of Markowitz, much attention has been paid to those
mean-variance portfolio problems where economic agents know exactly their time
horizons when making investment decisions. In many situations, however, an in-
vestor typically does not know exactly the time of exiting from the market which
may possibly be due to some unexpected events (see, for example, [7]). These events
may be “defaults”, which force an investor to leave a market liquidating his/her as-
sets. Furthermore, in some situations, the rate of arrival of a default event at a
future date, which is called a default intensity, is not known. Consequently, it is
questionable if the default intensity should be assumed deterministic. A stochastic
intensity model may provide a more suitable way than the deterministic one to de-
scribe the real market situation. Finally, it may often be the case that an investor is
not certain about his/her investment horizon when an initial investment decision is
made. An investment model with random time horizons provides the flexibility in
incorporating this feature and may be used to describe the risk from an uncertain
investment horizon, which is also known as the timing risk (see, for example, [1]).

In this paper, we study a continuous-time mean-variance problem with a ran-
dom investment horizon. A closely related problem was considered by Martellini
and Urosevic [14] on the Markowitz mean-variance analysis in the situation where
an uncertain independent time of exit was incorporated. They studied the problem
in a static setting. More recently, Blanchet-Scallient et al. [1] considered an optimal
investment-consumption problem with utility maximization and uncertain exit time
by taking into account uncertainties in future default intensities and developed a
stochastic density process of the default time, which was modeled as a geometric
Brownian motion. Blanchet-Scallient et al. [1] pointed out the difficulty in using
the Hamilton-Jacobi-Bellman (HJB) dynamic programming approach and adopted
the martingale approach to derive an explicit characterization of the optimal wealth
process. Random model parameters and random horizon was considered by Yu [17]
for continuous time mean-variance portfolio selection problem. Here, as in [1], both
deterministic and stochastic functions of the exit time (in particular, the default
time) are discussed. In addition to the geometric Brownian motion model, we also
develop a switching regime model to describe the stochastic density process of the
exit time. Furthermore, we model the relationship between the intensity process of

1In Markowitz’s original setup, the model is formulated as a multi-objective optimization prob-
lem, namely, to maximize the mean return and minimize the variance of the return. There are
multiple solutions to this problem, leading to the known efficient frontier. Mathematically, each

solution can be recovered by solving a single-objective optimization problem where the variance
is minimized while the mean return is constrained at a given level.
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the random time horizon and the economic uncertainty described by a continuous-
time, finite-state, Markov chain (see Section 4.2). Indeed, the uncertainty described
by the Markov chain may be possibly interpreted more generally as the environmen-
tal uncertainty. In the literature, both dynamic programming and linear quadratic
control are two common methods to tackle the mean-variance problem, which can
be reduced to solving the Hamilton-Jacobi-Bellman (HJB) equations or the Riccati
equations, respectively. Here we adopt the dynamic programming approach. An
interesting finding is that even in the deterministic case, the variance is no longer
minimal with the risk-free investment only and the minimal variance is positive.
Moreover, the efficient frontier is an upper part of a hyperbolic curve. Due to the
timing risk, two mutual funds are needed to replicate the portfolio on the efficient
frontier. These results are in contrast with Zhou and Li [18]. Indeed our results
seem to refute the conventional wisdom appearing in some of the previous literature
that an optimal portfolio strategy is not affected by the presence of an uncertain
time horizon.

The rest of the paper is organized as follows. The next section formulates the
mean-variance portfolio selection problem with random horizon. In Section 3, opti-
mal portfolios and efficient frontiers from the mean-variance portfolio problem are
derived under two models for the conditional density process of the random exit
time given the price information. A particular case with one risky asset and con-
stant coefficients is considered in Section 4. Numerical analysis of the theoretical
results is provided in Section 5. Concluding remarks are given in Section 6.

2. Dynamic mean-variance problem formulation and preliminaries. We
consider a standard continuous-time multi-dimensional financial market with a (lo-
cally) risk-free bond and n risky shares, where these securities can be traded con-
tinuously over time in the horizon [0,∞). As usual, uncertainty and its resolution
over time are modeled by a complete, filtered probability space (Ω,G,G, P ), where
G := {Gt|t ≥ 0} is a filtration satisfying the usual conditions of P -completeness and
right-continuity and P is a real-world probability measure. Similar to Blanchet-
Scallient et al. [1], Page 1102, it is supposed that G∞ ⊂ G. We also impose the
following standard assumptions about the market structure such as a perfect fric-
tionless market, (see, for example, Merton [15]).

For each t ≥ 0, let r(t) be the instantaneous continuously compounded rate of
interest at time t, where r(t) > 0. To simplify the discussion, we suppose that r(t)
is a deterministic function of time t. Then the value of the risk-free bond evolves
over time as:

dB(t) = r(t)B(t)dt , B(0) = 1 .

Let {W (t)|t ≥ 0} be an n-dimensional standard Brownian motion with respect to
the filtration F under the measure P , where W (t) := (W1(t),W2(t), · · · ,Wn(t))>

and M> is the transposition of a matrix, (or a vector), M . For each t ≥ 0 and each
i, j = 1, 2, · · · , N , let µi(t) be the appreciation rate of the ith risky share at time t
and σij(t) be the volatility component of the ith risky share attributed to the jth

random shock described by the Brownian motion component Wj(t). We suppose
that for each i, j = 1, 2, · · · , N , {µi(t)|t ≥ 0} and {σij(t)|t ≥ 0} are deterministic
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functions of time t. Write, for each t ≥ 0,

S(t) := (S1(t), S2(t), · · · , Sn(t))> ,

µ(t) := (µ1(t), µ2(t), · · · , µn(t))> ,

σ(t) := [σij(t)]i.j=1,...,n ,

and D(S(t)) := diag[S(t)], the diagonal matrix with diagonal elements being the
components in the vector S(t). Then we assume that the evolution of the prices of
the n risky shares over time is described by the following n-dimensional geometric
Brownian motion:

dS(t) = D(S(t))(µ(t)dt+ σ(t)dW (t)) , S(0) = s0 ,

where s0 := (s10, s20, · · · , sn0)> with si0 > 0 for each i = 1, 2, · · · , n.
For each t ≥ 0, let Ft := σ{S(u)|u ∈ [0, t]} ∨ N , where N is the collection of

all the P -null subsets in F and A ∨ B is the minimal σ-algebra containing both
the σ-algebras A and B. That is, Ft represents the price information up to and
including time t. The assumption that F∞ ⊂ F means that there are other sources
of information besides the price information. This assumption is imposed to accom-
modate the uncertainty about the exit time of an economic agent from the market.
In the sequel, we impose the following two technical assumptions on the market
coefficients, (see, for example, [1]):
Assumption (A1) {r(t)|t ∈ [0, T ]}, {µ(t)|t ∈ [0, T ]} and {σ(t)|t ∈ [0, T ]} are
bounded.
Assumption (A2) For each t ∈ [0, T ], σ(t) is bounded, invertible, and its inverse
[σ(t)]−1 is also bounded.

We now introduce the following notation:

B(t) := (µ1(t)− r(t), µ2(t)− r(t), · · · , µn(t)− r(t))> , (1)

and

θ(t) ≡ (θ1(t), θ2(t), · · · , θn(t))> := [σ(t)]−1B(t) . (2)

Note that the existence and boundedness of θ(t) is guarranteed by the assumptions
(A1) and (A2). Consider now an economic agent, with an initial endowment x0 > 0,
who invests continuously over time the bond and the n risky shares in the horizon
[0,∞). To simplify our discussion, we assume that there is no consumption and that
investment portfolios are self-financing. For each i = 1, 2, · · · , n and t ≥ 0, let πi(t)
be the amount of money invested in the ith-risky share at time t and {Xπ(t)|t ≥ 0}
be the corresponding wealth process. Then Xπ(t) −

∑n
i=1 πi(t) is the amount of

money invested in the bond at time t. To simplify the notation, we suppress π in
Xπ(t) and write X(t) for Xπ(t) unless otherwise stated. Then it is easy to see that

dX(t) = [r(t)X(t) + π(t)>(µ(t)− r(t)1
¯
)]dt+ π(t)>σ(t)dWt, t ≥ 0,

X(0) = x0, (3)

where 1
¯

= (1, 1, · · · , 1)> ∈ <n; π(t) := (π1(t), π2(t), · · · , πn(t))> ∈ <n; {π(t)|t ≥ 0}
is called a portfolio process.

For a given finite horizon T , (i.e., T < ∞), let L2
F (0, T ;<n) be the space of

<n-valued, F-progressively measurable processes {φ(t)|t ∈ [0, T ]} such that∫ T

0

|φ(t)|2dt <∞.
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A portfolio {π(t)|t ∈ [0, T ]} is said to be admissible if (1) it is self-financing; (2)
it belongs to L2

F (0, T ;<n); (3) the solution of the SDE (3) has a unique strong
solution. Denote Π as the space of all admissible portfolio processes.

Let τ be the random exit time of the agent from the market, which is also a
stopping time. However, as in Blanchet-Scallient et al. [1], Page 1102, it is not
supposed that τ is an F-stopping time. Instead, τ is a stopping time with respect
to a large filtration than F. In this case, given the price information up to and
including time t, it cannot be decided whether the event {τ < t} has occurred or
not. Write, for each t ∈ [0,∞),

F (t) := P (τ ≤ t|Ft), t ≥ 0,

so that F (t) is the conditional probability distribution function of τ given Ft.
By definition, {F (t)|t ≥ 0} is an increasing, F-adapted, stochastic process. As-

sume, as in Blanchet-Scallient et al. [1], Page 1102, that for each t ≥ 0, F (t) is an
increasing and absolutely continuous with respect to the Lebesgue measure dt on
[0,∞) so that there exists a conditional density function f(s) such that

F (t) =

∫ t

0

f(s)ds, t ≥ 0.

This is called the G assumption and holds true if P (τ ≤ t|Ft) = P (τ ≤ t|F∞)
(see Blanchet-Scallient et al. [1], Remark 1). The sufficient condition for the G
assumption may be interpreted as the filtered and smoothed estimates for 1{τ≤t}
being the same. By definition, {f(t)|t ≥ 0} is itself an F-adapted, non-negative,
stochastic process.

If τ is an F-stopping time (which is not assumed here), {τ ≥ t} ∈ Ft (i.e., {τ ≥ t}
is Ft-measurable), then F (t) is equal to either zero or one, and so F (t) is singular
with respect to the Lebesgue measure dt on [0,∞). In this case, the conditional
density process {f(t)|t ≥ 0} does not exist.

Some works in the literature, for example, [1, 2, 3] considered optimal investment
and/or consumption problems with random horizon. Here we also consider the
mean variance problem where the investment time horizon is random. There may
be different interpretations for the random exit time. Some interpretations may be
the random life time of an investor, the random market timing, and the default of
the agent.

Suppose now that the finite horizon T is the terminal investment horizon of an
economic agent. The object of the agent is to select an admissible portfolio process
{π(t)|t ∈ [0, T ]} ∈ Π so that the risk described by the variance of the terminal
wealth:

Var[X(T∧τ)] := E[X(T∧τ)−E(X(T∧τ))]2 ≡ E[X(T∧τ)−d]2 ≡ E[X(T∧τ)]2−d2 ,
(4)

is minimized subject to the following constraint on the expected terminal wealth:

E[X(T ∧ τ)] = d .

Here E is the expectation with respect to the measure P ; d is a given mean level.
Note that the agent will exit from the market at the random time τ , so we call either
τ or T a terminal time. The above optimization problem of the agent is called the
mean-variance portfolio selection problem with random exit time. Mathematically,
it can be formulated as follows.
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Problem. The mean-variance portfolio selection problem with an initial wealth x0

is formulated as the following constrained stochastic optimization problem param-

eterized by d ≥ x0E[e
∫ T∧τ
0

r(s)ds]: minimize J(π) := E[X(T ∧ τ)]2 − d2,

subject to

{
X(0) = x0 , E[X(T ∧ τ)] = d ,
(X(·), π(·)) admissible.

(5)

The problem is said to be feasible (with respect to d) if there is at least one
admissible portfolio process π satisfying E[Xπ(T ∧ τ)] = d.

Remark 1. In the above formulation, the parameter d is restricted to be no less

than d0. In Zhou and Li (2004), it was assumed that d0 = x0e
∫ T
0
r(s)ds, which

is the terminal payoff if the agent invests all of his/her wealth in the bond at
time 0 and re-invest the proceeds continuously over time up to time T . This is a
(locally) risk-free portfolio and has the minimal expected return d0. In our current
situation, due to the presence of the random exit time τ , we can no longer assert

that d0 = x0E[e
∫ T∧τ
0

r(s)ds] which corresponds to the minimal variance.

As in Blanchet-Scalliet et al.[1], Problem 2 is equivalent to the following fixed
time-horizon problem.

Problem.

min
π∈Π

E

[ ∫ T

0

f(s)(X(s)− d)2ds+ (1− F (T ))(X(T )− d)2

]
,

subject to the static budget constraint:

E

[ ∫ T

0

f(s)X(s)ds+ (1− F (T ))X(T )

]
= d,

and the dynamic budget constraint (2.3) for the wealth process {X(t)|t ∈ [0, T ]}.

Since (5) is a convex optimization problem, the equality constraint E[X(T∧τ)] =
d can be handled using a Lagrange multiplier γ ∈ <.
Define

J̄(π, γ) := E

[ ∫ T

0

f(s)

(
(X(s)− d)2 − 2γ(X(s)− d)

)
ds

+(1− F (T ))((X(T )− d)2 − 2γ(X(T )− d))

]
, (6)

with (π(t), X(t)) satisfying (3).
By the Lagrange duality theorem, (see, for example, Luenberger [12]),

min
π
J(π) = max

γ
min
π
J̄(π, γ) = min

π
max
γ

J̄(π, γ).

Rewrite J̄(π, γ) as follows:

E

[ ∫ T

0

f(s)(X(s)− β)2ds+ (1− F (T ))(X(T )− β)2 − (β − d)2

]
,

with β = d+ γ. Then

min
π
J̄(π, γ),

with {Xπ(t)|t ∈ [0, T ]} satisfying (3), is equivalent to solving:
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Problem. For each fixed β ∈ <, the problem is minimize Ĵ(π, β) := E

[ ∫ T
0
f(s)(X(s)− β)2ds+ (1− F (T ))(X(T )− β)2

]
,

subject to π ∈ Π, and (π,Xπ(t)) satisfying (3).

3. Optimal portfolios and efficient frontiers. Recall that the conditional den-
sity process {f(t)|t ≥ 0} is an F-adapted, non-negative, stochastic process, where

f(t) := dP (τ≤t|Ft)
dt . Specifically, for each t ≥ 0, f(t) is interpreted as the conditional

density function of the random exit time τ evaluated at time t given Ft. In order
to incorporate more realistic settings, we consider two models for the conditional
density process {f(t)|t ≥ 0} . First, it is supposed that the conditional density pro-
cess {f(t)|t ≥ 0} is governed by a geometric Brownian motion. This situation was
considered in Blanchet-Scallient et al. [1] Section 6 therein. Second, it is assumed
that the conditional density process {f(t)|t ≥ 0} is specified by the probability
density function of sojourn times of a Cox process with its intensity process being
modulated by a continuous-time, finite-state, Markov chain. The first model can
reflect random perturbations to economic conditions, while the second model can
be used to capture structural changes in (macro)-economic conditions. Both models
have found a wide range of applications in economics and finance.

3.1. Geometric Brownian motion. The situation considered in this subsection
is related to those in Blanchet-Scalliet et al.[1] and Yu [17]. Let {W e(t)|t ∈ [0, T ]} be
another standard Brownian motion defined on (Ω,F , P ), where {W e(t)|t ∈ [0, T ]}
and {W (t)|t ∈ [0, T ]} are stochastically independent under P . Following Blanchet-
Scalliet et al. [1], we suppose that the random density process {f(t)|t ∈ [0, T ]}
evolves over time as the following geometric Brownian motion:

df(t) = f(t)(a(t)dt+ b(t)dW e(t)), f(0) = y0, t ∈ [0, T ], (3.1)

where a(t) and b(t) are deterministic functions of time t with a(t) ∈ <− and b(t) ∈
<+; <+ is the set of positive real numbers. In Blanchet-Scalliet et al. [1], f(t) is
also represented as the following explicit form:

f(t) = f0 exp

(∫ t

0

a(u)du

)
ξ(t),

where ξ(t) := exp

(∫ t
0
b(u)dW e(u) − 1

2

∫ t
0
b2(u)du

)
. The representation form re-

sembles the form of a state price density in asset pricing theory. For each (t, x, y) ∈
[0, T ]×<× <+, we define the value function by

V (t, x, y;β) := min
π∈Π

E

[ ∫ T

t

f(s)(X(s)− β)2ds

+

∫ +∞

T

f(t)dt(X(T )− β)2

∣∣∣∣X(t) = x, f(t) = y

]
.

Now Problem 2 is reduced to solving the following HJB equation:

∂V

∂t
+ y(x− β)2 + inf

π∈<n

{[
r(t)x+ π>(µ(t)− r(t)1)

]∂V
∂x

+
1

2
π>σ(t)σ(t)>π

∂2V

∂x2

}
+a(t)y

∂V

∂y
+

1

2
b2(t)y2

∂2V

∂y2
= 0 , (3.2)
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with terminal condition

V (T, x, y;β) = y(x− β)2

∫ +∞

T

exp

(∫ u

T

a(v)dv

)
du. (3.3)

Theorem 3.1. (Verification Theorem) Let W̃ (t, x, y;β) ∈ C1,2([0, T ] × < ×
<+), where C1,2([0, T ] × < × <+) is the space of functions which are continuously
differentiable in t ∈ [0, T ] and twice continuously differentiable in (x, y) ∈ < × <+.

Suppose W̃ (t, x, y;β) is a solution of the HJB equation (3.2)-(3.3). Define the
following partial differential operator Lπ1 on the function space C1,2([0, T ]×<×<+):

Lπ1 [W̃ (t, x, y;β)] :=
∂W̃

∂t
+ y(x− β)2 +

[
(r(t)x+ π>(µ(t)− r(t)1))

∂W̃

∂x

+
1

2
π>σ(t)σ(t)>π

∂2W̃

∂x2
+ a(t)y

∂W̃

∂y
+

1

2
b2(t)y2 ∂

2W̃

∂y2

]
.

Assume that the following conditions hold:

1. Lπ1 [W̃ (t, x, y;β)] ≥ 0;
2. there exists an admissible portfolio process π∗ ∈ Π satisfying

Lπ
∗

1 [W̃ (t, x, y;β)] = 0 , (t, x, y) ∈ [0, T ]×<× <+ .

Then π∗ is optimal and

W̃ (t, x, y;β) = V (t, x, y;β) , (t, x, y) ∈ [0, T ]×<× <+ .

We state without proof the following theorem, which gives a solution to the HJB
equation (3.2)-(3.3). In particular, the solution is expressed as a quadratic form
in x. The result can be proven by standard mathematical arguments based on
substitution.

Theorem 3.2. For each (t, x, y) ∈ [0, T ]×<×<+ and each fixed β ∈ <, we define
the following function:

W̃ (t, x, y;β) :=
[
P̃ (t)x2 − 2βQ̃(t)x+ R̃(t)β2

]
y , (3.4)

where

P̃ (t) =

∫ +∞

t

e
∫ u
t
a(v)dve

∫ u∧T
t

(2r(s)−θ(s)>θ(s))dsdu,

Q̃(t) =

∫ +∞

t

e
∫ u
t
a(v)dve

∫ u∧T
t

(r(s)−θ(s)>θ(s))dsdu,

R̃(t) =

∫ +∞

t

e
∫ u
t
a(v)dvdu−

∫ T

t

e
∫ s
t
a(v)dv Q̃

2(s)

P̃ (s)
θ(s)>θ(s)ds.

Then W̃ (t, x, y;β) ∈ C1,2([0, T ] × < × <+) and is a solution of the HJB equation
(3.2)-(3.3).

Putting t = 0, noting that X(0) = x0, Y (0) = y0 and substituting β with d+ γ
into (3.4) lead to the following function with respect to the Lagrange multiplier γ,[

P̃ (0)x2
0 − 2(d+ γ)Q̃(0)x0 + R̃(0)(d+ γ)2

]
y0 − γ2 . (3.5)
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Then (3.5) attains its maximum

R̃(0)y0(d− Q̃(0)x2
0

R̃(0)
)

1− R̃(0)y0

+ (P̃ (0)− Q̃2(0)

R̃(0)
)x2

0y0

at

γ∗ = argmax
γ

{
W̃ (0, x0, y0; d+ γ)− γ2

}
=
R̃(0)dy0 − Q̃(0)x0y0

1− R̃(0)y0

. (3.6)

Note that P̃ (0)− Q̃2(0)

R̃(0)
> 0. Now we set d0 := Q̃(0)x0

R̃(0)
. Then the portfolio is efficient

if and only if d ≥ d0. The results can be summarized as the following theorem.

Theorem 3.3. The efficient portfolio of Problem 2, corresponding to the expected
terminal wealth

E[X∗(T ∧ τ)|X(0) = x0, f(0) = y0] = d, d ≥ d0.

is given by:

π∗(t) = [σ(t)σ(t)>]−1(µ(t)− r(t)1
¯

)

(
Q̃(t)(d+ γ∗)

P̃ (t)
− x0

)
, (3.7)

and the efficient frontier is given by:

σ[X∗(T ∧ τ)|X(0) = x0, f(0) = y0] =√
R̃(0)y0(d− d0)

1− R̃(0)y0

+

(
P̃ (0)− Q̃2(0)

R̃(0)

)
x2

0y0 (3.8)

where d0 := Q̃(0)x0

R̃(0)
.

Remark 2. An interesting observation from Theorem 3.3 is that the results are
independent of the volatility b(t) of the conditional density process, which describes
the uncertainty about the process. Moreover, no risk free portfolio can be obtained
and the volatility is not minimal when all the wealth is put into the risk-free asset
due to time risk. Similar to Theorem 3.6 in ([11]), let π1 and π2 be the optimal
investment strategy corresponding to the expected returns d1 and d2, respectively,
where π1 denotes the minimal-variance portfolio, then for any feasible d3, π3 =
d1−d3
d1−d2π1 + (1− d1−d3

d1−d2 )π2.

3.2. Finite state Markov chain. For each t ∈ [0,∞], let λ(t) be the hazard rate
at time t, which is defined as:

λ(t) := lim
∆t→0

P (t ≤ τ < t+ ∆t)

1− F (t)
=

f(t)

1− F (t)
,

or equivalently,

f(t) := λ(t)e−
∫ t
0
λ(s)ds, t ≥ 0,

so that λ(t) and f(t) are isomorphic. Here {λ(t)|t ≥ 0} is also called an intensity
process. Note that f(t) is the probability density function of sojourn times of a Cox
process, or doubly stochastic process, with a Markov-modulated intensity process
{λ(t)|t ≥ 0}.

Consequently, the mathematical set up for the uncertain time-horizon is charac-
terised by the intensity parameter λ(t). We suppose that the intensity parameter
λ(t) depends on the state of an underlying environment at time t. In the case
where the random exit time is interpreted as the random life time, the state of
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the environment may be interpreted as the state of the environmental risk. In the
case where the random exit time is interpreted as the default time, the state of
the underlying environment may be interpreted as the state of an economy. We
now describe the evolution of the state of an economy over time by an observ-
able, continuous-time, finite-state Markov chain Z := {Z(t)}t∈[0,T ] with state space

Z := (z1, z2 . . . , zN ) ∈ <N . Without loss of generality, as in Elliott et al. [4],
we identify the state space of the chain Z as a finite set of standard unit vectors
E := {e1, e2, . . . , eN}, where the jth component of ei is the Kronecker delta δij , for
each i, j = 1, 2, · · · , N .

Let G be the rate matrix, or the generator, [gij ]i,j=1,2,...,N of the chain Z. Then,
with the canonical representation of the state space of the chain, Elliott et al.[4]
gave the following semimartingale dynamics for the chain Z:

Z(t) = Z(0) +

∫ t

0

GZ(s)ds+ M(t) , (3.9)

where {M(t)|t ∈ [0,∞]}t∈T is an <N -valued martingale with respect to the natural
filtration generated by Z. We assume that the intensity λ(t) is modulated by the
chain Z as follows:

λ(t) := 〈λ,Z(t)〉 , (3.10)

where λ := (λ1, λ2, . . . , λN )> ∈ <N with λi > 0, for each i = 1, 2, . . . , N , λi
represents the intensity parameter corresponding to the ith state of the underlying
environment. Problem 2 is equivalent to the following fixed time-horizon problem:

min
u∈U

E

[ ∫ T

0

e−
∫ s
0
λ(u)duλ(s)(x(s)− d)2ds

+e−
∫ T
0
λ(u)du(X(T )− d)2|X(0) = x,Z(0) = z

]
,

subject to

E

[ ∫ T

0

e−
∫ s
0
λ(u)duλ(s)x(s)ds+ e−

∫ T
0
λ(u)duX(T )|X(0) = x,Z(0) = z

]
= d,

d ≥ d0, X(t) follows the wealth process in (3).

With a Lagrange multiplier γ and denoting β = d+ γ, write

Ĵ(π, β) := E

[ ∫ T

0

e−
∫ s
0
λ(u)duλ(s)(x(s)− β)2ds+ e−

∫ T
0
λ(u)du(X(T )− β)2

−(β − d)2|X(0) = x,Z(0) = z

]
, (3.11)

the problem becomes

max
β

min
π∈Π

J(π, β).

For every fixed β, minπ∈Π Ĵ(π, β) is equivalent to

min
π∈Π

E

[ ∫ T

0

e−
∫ s
0
λ(u)duλ(s)(x(s)− β)2ds

+e−
∫ T
0
λ(u)du(X(T )− β)2|X(0) = x,Z(0) = ej

]
,
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For each (t, x) ∈ [0, T ] × < and each i = 1, 2, · · · , N , we define the value function
by

V (t, x, ei;β) := min
π∈Π

E

[ ∫ T

t

e−
∫ s
t
λ(u)duλ(s)(X(s)− β)2ds

+e−
∫ T
t
λ(u)du(X(T )− β)2

∣∣∣∣X(t) = x,Z(t) = ei].

Suppose V (t, x, ei;β) ∈ C1,2([0, T ]×<), for each i = 1, 2, · · · , N . Let Vi(t, x;β) :=
V (t, x, ei;β) and V := (V1, V2, . . . , VN )> ∈ <N . Then by the standard dynamic
programming principle Vi satisfies the following regime-switching HJB equation:

∂Vi
∂t

+ inf
π∈<n

{[
r(t)x+ π>(µ(t)− r(t))

]
∂Vi
∂x

+
1

2
π>σ(t)σ(t)>π

∂2Vi
∂x2

}
+〈λ, ei〉(x− β)2 − 〈λ, ei〉Vi + 〈V,Gei〉 = 0 , (3.12)

with terminal condition

Vi(T, x;β) = (x− β)2, (3.13)

for each i = 1, 2, · · · , N . Define the following regime-switching partial differential
operator on C1,2([0, T ]×<):

Lπ2 [Vi(t, x;β)] :=

[
r(t)x+ π>(µ(t)− r(t)1

¯
)

]
∂Vi
∂x

+
1

2
π>σ(t)σ(t)>π

∂2Vi
∂x2

+〈λ, ei〉(x− β)2 − 〈λ, ei〉Vi + 〈V,Gei〉 . (3.14)

Theorem 3.4. (Verification Theorem) Suppose the following conditions hold:

1. Wi(t, x;β) ∈ C1,2([0, T ]×<), for each i = 1, 2, · · · , N ;
2. Lπ2 [Wi(t, x;β)] ≥ 0;

3. there exists an admissible portfolio process π∗i ∈ Π satisfying Lπ
∗
i

2 [Wi(t, x;β)] =
0, for each fixed β ∈ <, (t, x) ∈ [0, T ]×< and each i = 1, 2, · · · , N .

Then π∗i is optimal, and Wi(t, x;β) = Vi(t, x;β).

Theorem 3.5. For each i = 1, 2, · · · , N and each (t, x) ∈ [0, T ]×<, let

Wi(t, x;β) := Pi(t)x
2 − 2βQi(t)x+Ri(t)β

2 , (3.15)

where

Pi(t) = Et,i

[
e
∫ T
t

(2r(s)−θ(s)>θ(s)−λ(s))ds +

∫ T

t

λ(s)e
∫ s
t

(2r(u)−θ(u)>θ(u)−λ(u))duds

]
,

Qi(t) = Et,i

[
e
∫ T
t

(r(s)−θ(s)>θ(s)−λ(s))ds +

∫ T

t

λ(s)e
∫ s
t

(r(u)−θ(u)>θ(u)−λ(u))duds

]
,

Ri(t) = Et,i

[
e−

∫ T
t
λ(s)ds +

∫ T

t

e−
∫ s
t
λ(u)du

(
λ(s)− Q2

i (s)

Pi(s)
θ(s)>θ(s)

)
ds

]
. (3.16)

Then Wi(t, x;β) ∈ C1,2([0, T ] × <) and Vi(t, x;β) = Wi(t, x;β). Et,i is the condi-
tional expectation given that Z(t) = ei.
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Proof. When the state is in i, it follows from (3.15) that the optimal strategy

π∗i (t, x) = −[σ(t)σ(t)>]−1(µ(t)− r(t)1
¯
)
∂Wi

∂x
/
∂2Wi

∂x2

= −[σ(t)σ(t)>]−1(µ(t)− r(t)1
¯
)
Pi(t)x− βQi(t)

Pi(t)
. (3.17)

Substituting π∗i (t, x) and (3.15) into (3.12), we obtain

P ′i (t)x
2 − 2βQ′i(t)x+R′i(t)β

2 + θ(t)>θ(t)
(Pi(t)x− βQi(t))2

Pi(t)

+

[
r(t)x− θ(t)>θ(t)Pi(t)x− βQi(t)

Pi(t)

]
(2Pi(t)x− 2βQi(x))

+〈λ, ei〉(x− β)2 − 〈λ, ei〉
[
Pi(t)x

2 − 2βQi(t)x+Ri(t)β
2
]

+ 〈V,Gei〉

=

(
P
′

i (t) + (2r(t)− θ(t)>θ(t)− 〈λ, ei〉)Pi(t) + 〈λ, ei〉+ 〈P,Gei〉
)
x2

−2β

(
Q′i(t) + (r(t)− θ(t)>θ(t)− 〈λ, ei〉)Qi(t) + 〈λ, ei〉+ 〈Q,Gei〉

)
x

+β2

(
R′i(t)− 〈λ, ei〉Ri(t)−

Q2
i (t)

Pi(t)
θ(t)>θ(t) + 〈λ, ei〉+ 〈R,Gei〉

)
= 0

where P := (P1, P2, . . . , PN )> ∈ <N , Q := (Q1, Q2, . . . , QN )> ∈ <N and R :=
(R1, R2, . . . , RN )> ∈ <N . From the Faynman-Kac formulas with regime switching
(See Theorem 3.2 in Zhu et al.[20]), we obtain (3.16).

Then the following theorem gives the optimal portfolio and the efficient frontier.

Theorem 3.6. The efficient portfolio of Problem 2 corresponding to the expected
terminal wealth

E

[
X∗(T )|X(0) = x,Z(0) = ej

]
= d

is given by

π∗i (t) := π(t|Z(t) = ei,Z(0) = ej) =

[σ(t)σ(t)>]−1(t)(µ(t)− r(t)1
¯

)

(
Qi(t)(d+ γ∗j )

Pi(t)
− x
)
, (3.18)

γ∗j =
Rj(0)d−Qj(0)x0

1−Rj(0) , and the efficient frontier is given by

σ

[
X∗(T )|X(0) = x,Z(0) = ej

]

=

√√√√Rj(0)(d− Qj(0)x0

Rj(0) )2

1−Rj(0)
+

(
Pj(0)−

Q2
j (0)

Rj(0)

)
x2

0 (3.19)

where Pj(0)− Q2
j (0)

Rj(0) > 0.
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Proof. Here we only give a simple explanation for Pi(0)− Q2
i (0)

Ri(0) > 0. For every path

ω from t to T , denote

P̃i(t, ω) = E[e
∫ T
t

(2r(s)−A(s))ds +

∫ T

t

λ(s)e−
∫ s
t
λ(u)due

∫ s
t

(2r(u)−A(u))duds],

Q̃i(t, ω) = E[e
∫ T
t

(r(s)−A(s))ds +

∫ T

t

λ(s)e−
∫ s
t
λ(u)due

∫ s
t

(r(u)−A(u))duds],

R̃i(t, ω) = E[

∫ T

t

(λ(s)e−
∫ s
t
λ(u) −A(s)

P 2
i (s)

Qi(s)
)ds+ 1]. (3.20)

As in the deterministic case, we have

P̃i(0, ω)− Q̃2
i (0, ω)

R̃i(0, ω)
> 0.

Consequently,

Pi(0)− Q2
i (0)

Ri(0)
= E[P̃i(0, ω)− Q̃2

i (0, ω)

R̃i(0, ω)
] > 0.

�

4. Conclusion. We investigated the mean-variance portfolio selection problem
with random exit time. Both the deterministic and stochastic density processes
for the random exit time were discussed. For the stochastic density process, we
considered two cases, where the density process was governed by a geometric Brow-
nian motion or was modulated by a continuous-time, finite-state, Markov chain. In
the latter case, the impact of structural changes in the underlying environment on
the random exit time from the market was incorporated. In contrast with that dis-
cussed in [18], we found that the risk was no longer minimal when all of the agent’s
wealth was invested in a (locally) risk-free bond in the presence of the timing risk.
Furthermore, the efficient frontier was shown to be the upper part of a hyperbola
instead of a line in [18]. To hedge the timing risk, two funds were required.
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