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Abstract

This paper introduces the backward mean-field (MF) linear-quadratic-Gaussian (LQG) games (for
short, BMFLQG) of weakly coupled stochastic large-population system. In contrast to the well-studied
forward mean-field LQG games, the individual state in our large-population system follows the backward
stochastic differential equation (BSDE) whose ferminal instead initial condition should be prescribed.
Two classes of BMFLQG games are discussed here and their decentralized strategies are derived through
the consistency condition. In the first class, the individual agents of large-population system are weakly
coupled in their state dynamics and the full information can be accessible to all agents. In the second
class, the coupling structure lies in the cost functional with only partial information structure. In both
classes, the asymptotic near-optimality property (namely, e-Nash equilibrium) of decentralized strategies

are verified. To this end, some estimates to BSDE, are presented in the large-population setting.
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I. INTRODUCTION

In recent years, the dynamic optimization or control of stochastic large-population (also called
multi-agent) system has attracted consistent and intense attentions by research communities. The
agents (or players) in large population system are individually negligible but their collective
behaviors will impose some significant impact on all agents. This feature can be captured by
the weakly-coupling structure in the individual dynamics and cost functionals through the state-
average. In this way, the individual behaviors of all agents in micro-scale, can be connected to
their mass effects in the macro-scale. The large population systems arise naturally in various
different fields (e.g., engineering, social science, economics and finance, operational research and
management, etc.). The interested readers may refer [15], [16], [18] and the reference therein for
more details of their solid backgrounds and real applications. In the controlled large population
system, it is intractable for a given agent to collect the “central” or “global” information of all
agents due to the highly complex interactions among its peers. Consequently, the centralized
controls, which are built upon the full information of all agents’ states, are not implementable
and not efficient in large population framework. Alternatively, it is more reasonable and effective
to study the decentralized strategies which depend on the local information only. By “local
information”, we mean the optimal control regulator for a given agent, is designed on its own
individual state and some quantity which can be computed in off-line manner. In this regard,
one powerful technique is the so-called mean-field games (see, e.g., [21]). Its main idea is to
approximate the initial large population control problem by its limiting problem through some
mean-field term (i.e., the asymptotic limit of state-average). Some recent literature can be found
in [3], [S], [13], [16], [19], [20], [22] for the study of mean-field games; [17] for cooperative
social optimization; [15], [28] and [29] and references therein for models with a major player;
[1], [7] and [34] for optimal control with a mean term in the dynamics and cost, etc.

The main novelty of this paper is to study the backward mean-field LQG games of large
population systems for which the individual states follow some backward stochastic differential
equations (BSDEs). This feature makes our setting very different to existing works of mean-
field LQG games wherein the individual states evolve by some forward stochastic differential
equations (SDEs). Different to SDE, the terminal instead initial condition of BSDE should be

specified as the priori. As a consequence, the BSDE will admit one adapted solution pair (y;, z;)
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where the second solution component z; (it is also called the diffusion component) is naturally
presented here due to the martingale representation and the adaptiveness requirement. The linear
BSDEs are introduced in [6] and the general nonlinear BSDEs are first introduced in [30]. Based
on them, the study of BSDE has experienced intense discussions and it has been found many
applications in different areas. For instance, the BSDE has been found to be very important to
characterize the nonlinear expectation in decision making, or the stochastic differential recursive
utility (say, [10]). Later, [11] presents many applications of BSDE in mathematical finance and
optimal control theory.

As the BSDE are well-defined stochastic systems with broad-range applications, it is very
natural to study its dynamic optimization in large-population setup. Indeed, the dynamic opti-
mization of backward large population system is inspired by a variety of scenarios. For example,
the dynamic economic models for which the participants are of some recursive utilities or
nonlinear expectations, or some production planning problems with some tracking terminal
objectives but affected by the market price via production average. Another example arises
from the risk management when considering the relative or comparable criteria based on the
average performance of all other peers through the whole sector. This is the case for a given
pension fund to evaluate its own performance by setting the average performance (say, average
hedging cost or initial deposit, surplus) as its benchmark. In addition, the controlled forward
large population systems, which are subjected to some terminal constraints, can be reformulated
by some backward large population systems, as motivated by [24]. Inspired by above mentioned
motivations, this paper studies the backward mean-field linear-quadratic-Gaussian (BMFLQG)
games. In particular, two classes of backward large population systems are formulated: in the
first class, the agents are coupled in their state dynamics and the full information structure is
assumed; in the second class, the agents are coupled via their cost functionals to be minimized
and only partial information is accessible. Moreover, the state-average limit in partial information
setup turns out to be some stochastic process.

The rest of this paper is organized as follows. In Section II, we introduce two classes of
mean-field backward differential games. As to the first class, the individual state dynamics are
coupled through the state-average and the full information (FI) structure is assumed thus the
individual agent can access the central information of all other agents. In the second class of

backward mean-field games, the individual agents are coupled through their cost functionals and
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the partial information (PI) structure is formulated there. Section III aims to study the explicit
form of the limiting process and e-Nash equilibrium of the decentralized control strategy in the
full information (FI) case. Section IV will give the explicit form of limiting process and e-Nash
equilibrium of the decentralized control strategy in the partial information (PI) case. Section V

is the conclusion of our work.

II. FORMULATION OF BACKWARD MEAN-FIELD LQG GAMES

Throughout this paper, R™ denotes the m-dimensional Euclidean space, || - || its norm. Let
C(0,7;R™) be the space of all continuous functions defined on [0,7] with values in R™;
L?(0,T;R™) the space of all deterministic functions on [0,7] with values in R™ satisfying
fOT |z(t)|>dt < oo; L%(0, T; R™) (L%(0, T; R™*")) the space of all F;-progressively measurable
processes with values in R™ (R™*") satisfying E fOT |z(t)|?dt < oo. Here F; is some filtration
depending on the (full or partial) information structure we set.

The information structure of our large population system can be described as follows. First,
introduce (2, F, P) the complete probability space on which a standard (d+m x N)-dimensional
Brownian motion {W (), W;(t), 1 < i < N }o<i<r is defined. Here, N stands for the population
size of our large population system. Depending on which problems to be addressed, we have
different setup to the information structure. In case of full information (see Section II.A),
we denote by F; = \/fil]:;”’ the full information of large population system where F;" =
o{W;(s);0 < s < t} is the natural filtration generated by *"* Brownian motion W; but augmented
by all P-null sets. In case of partial information (see Section IL.B), we let G, = F;\/ F}*
denote the complete information of large population system. In particular, F; = \/fi | F the
information accessible to all agents but 7" = o{IW(s);0 < s < t} the information of some
underlying process which can’t be directly observed by our agents (say, some latent marco-
economic process, or hidden action process). Now we are ready to formulate our backward

mean-field LQG games.
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A. Full information with coupling in state dynamics

Now, we first introduce the backward mean-field LQG games in which the large population

system is weakly-coupled in the states of individual agents. For short, the problem is given by

' (1) = [Aw(0) + Bust) + Cy (0]t — 50w (0

state : — % 25 (t)dW;(t),

(FT) { Pyt (1)
yi(T) = &,

cost functional : 7; (u;(-), u—;(+)) = E [fOT Ru?(t)dt + Hyf(O)} :

\

Here, we assume the full information (hence (FI) for short) structure. That is, each agent can
access the states of all other agents; the dynamics of agent A; is denoted by y; which satisfies
the above controlled linear backward stochastic differential equation (LBSDE). It is remarkable
that (z;,2;;,1 < j < N,j # i) is also part of our solution of (1) which are introduced here to
enable y; to satisfy the adaptation requirement; A, B, are scalar constants, R > 0, H > 0;

N
yMN(t) = L ST yi(t) is the state average across the whole population. It stands for the global
i=1

N
population effects in macro-scale. & € Fr, ¢ = 1,2,--- , N, are the terminal conditions for
individual agents which stand for the future objective or tracking target. Let U;, 1 =1,2,--- /N

be subsets of R. The admissible control u; € U; where the admissible control set I/; is defined

as
U = {ui|ui(t) EUL0<t<T; ul) € L2 (0,T; R)}, 1<i<N.

Let u = (uy,---,u; - ,uy) denote the set of control strategies of all N agents; u_; =

(uy, -+ ,ui—1, Uiy1,---uy) the control strategies except the i'" agent A;. Here, we write the

cost functional as 7;(u;, u_;) to emphasize that it depends on both u; and u_; due to the weakly
coupling structure in dynamics.
In full information structure, we make the following assumption:
(H1) The terminal conditions {&;}Y, are independent identically distributed (i.i.d) with
E|&]? < +o0.

It follows that under (H1), the state equation in (1) admits a unique solution for all u; € U;. In
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fact, if we denote by

21 212 Z1,N-1 RZIN

Y U1 W1
2921 22 ottt Z2N—-1 <2N ~ .

Y = U = 7 = W= :

Yn UN WN
ZN1 <N2 *** ZN,N-1 RN

& 1 1

En 1 --- 1

Then the state equation in (1) can be rewritten as

(11

—mwy:pww+3m@+%hy@pp4mmW@,1mm:

which is a LBSDE of vector value and admits a unique solution (Y,Z2) € L%(0,T;R") x
LZ(0, T; RV*N) for U € L%(0,T;RY), (see [30]). Thus, for any 1 < i < N, the state equation
in (1) admits a unique solution (y;, z;, z;j(j # 1)) € L%(0,T;R) x --- x L%(0,T;R).

Remark 2.1: (i) We now give some remarks to the real meaning of system (1). In reality,
the LBSDE in (1) stands for the dynamics of some investment behaviors such as in stocks and
bonds in a self-financed market, that is, there is no infusion or withdrawal of funds over [0, T'].
In recursive or hedging problems (finance, optimal control, etc.), the BSDE dynamics have been
deeply studied in the existing literature, such as [11], [33] and so on. The cost used to be applied
in some terminal hedging problems with possible nonlinear expectation, taking mean variance
model as an example. Besides, the constrained forward LQ control problem with state average
coupling in state dynamics can also be transferred to the backward LQ control with state given
by the linear BSDE, as given in (1).

(i1) For simplicity of analysis, the state average in system (1) is coupled in dynamics only.
Actually, our analysis can be extended to the problem with coupling in cost functional. Applying
similar procedures, we can obtain the optimal control by virtue of the corresponding fixed point
principle, and then analyze the properties of e-Nash equilibrium.

(ii1) In this system, there are N individual agents coupled together to be investigated for
the hedging strategies. Actually, problems to get optimal strategies in forward setup with small

players have been well studied by the existing literature, including [12], [16], [17], [18], etc.
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In this setting, we analyze the limit when the number of players /N goes to infinity where the

situation considerably simplifies in the spirit of mean-field games, see [21].

B. Partial information with coupling in cost functional

In some case, it is very natural to consider the backward LQG games with coupling in their
cost functionals. To this end, we formulate the following backward mean-field LQG games in
which the large population system is weakly-coupled in the cost functional :

state —dy;(t) = [Ayi(t) + Bui(t)}dt — z;(O)dW;(t) — Z;(t)dW (t),
(P) yi(T) = mi, 2)
cost functional : J; (u; (), u—(+)) = [fo Ru?(t)dt + 2y;(0) (a — By(N)(O))] :
Here, we assume the partial information structure in which each agent can not access the underly-
ing state process driven by {WW(t),0 <t <T}; A, B are scalar constants, R > 0, > 0 ﬁ > 05
ni € Gr, i=1,2,--- N, are the terminal conditions for individual agents; y™¥)(¢) = ¥ Z i (%)
is the state average, yN )(0) is its initial value. Let V;, = = 1,2,--- | N be subsets of R. The

admissible control u; € V; is defined as
Y, = {ui|ui(t) EV,0<t<T: wl-) e Lfft(O,T;R)}, 1<i<N.

Let u = (uy,- - ,u;, - ,uy) denote the set of control strategies of all N agents; u_; =
(u1,-+- ,ui_1, U1, - uy) the control strategies except the i agent A,;.

In partial information structure, we make the following assumption:

(H2) {n;}}¥, are conditional independent and identically conditional distributed w.r.t. F¥

with E|n;|? < +o00. Moreover, the distribution of each 7; is not depending on 7 and N.

It follows that under (H2), the state equation in (2) admits a unique solution (y;, z;, Z;) €
LE(0,T;R) x LE(0,T;R) x Lg(0,T;R) for all u; € V;. In fact, the uniqueness is obtained by
[30] directly in partial information framework. Noting the identically conditional distributions
of {n;}, in (H2), it is easy to obtain that E(n;|Fy) = --- = E(nn|Fp), which is denoted by
n € F¥. Then applying the results of [27], we get that conditionally on F¥, + ¥ Z 7 — 1, a.s.,
as N — +oo. It is worth pointing out that if 7; has the following linear or nonhnear structure,
{n:}¥, satisfy (H2) easily: n; = o; + 8 or n; = gb(az,ﬁ), where o; € F;'i = 1,--- N,
B € F¥, and ¢(-) is a deterministic function. And + .21771 — Eay + B or E(¢(ay, B)|FYF) a.s.,

as N — +oo.
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Remark 2.2: (1) We now present some remarks to the real meaning of system (2). In reality,
the LQ BSDE system stands for the benchmark tracking problem with portfolio selection in
financial market. If a given portfolio strategy emphasizes one aspect or one product, it will be
adjusted by considering the whole behaviors throughout the market.

(i1) In this system, the state average is not coupled in dynamics. There are two reasons.
The first reason is from practical point: the coupling in cost functional arise naturally when
we consider the relative (investment) performance (see e.g., [12]). The second reason is more
technical: in partial information structure, the optimal control involves filtering equations and
this always leads to considerable interrelated and complicated filter estimations. It is difficult to
get similar estimated results as in the full information problem. Thus, we consider the coupled

cost functional in (2) due to its financial meanings.

III. PROBLEM (FI): FULL INFORMATION AND COUPLING IN STATES

Now, we study the problem (FI): the backward mean-field LQG games with full information
(FI). A key component in our analysis is to study the associated mean-field LQG games via
limiting state average, as the number of agents tends to infinity. To obtain the desired results

and the explicit feedback control, we assume U; = R for ¢ =1,2,--- , V.

A. The optimal control of (LFI)

We assume yV) is approximated by a deterministic continuous function 3° given by
—dy’(t) = [A@)y°() + m(t))dt,

yo (T) = &o

where &, is some deterministic constant, A(¢) and m(t) are some continuous functions to be

3)

determined. Actually, by (H1) and law of large numbers (LLN), lim W) exists and & is
——+00
determined by
&= lim (M =Eg, i=1,2--- N 4)

N—+oo
N
where ¢0V) = % > & Now, we introduce the limiting full-information system
i=1

—dy;(t) =[Ayi(t) + Bu;(t) + Cy°(t) | dt — z(t)dW;(t) — Z zij (t)dW;(t), )
=1

yi(T) =¢
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with the cost functional

3wt) = | [ Ragar + Hi20) ©

where 3°(-) is given by (3).

Now we formulate the limiting full information (LFI) problem of our large population system

as follows.

Problem (LFI). For the i'* agent, i = 1,2,--- , N, find 1; € U; satisfying

Ji(u;) = inf J;(u;).

u; €EU;
Then w; is called the optimal control for problem (LFI).
In the following, we apply the variational method to get the optimal control ;. First, introduce
the variational equation
N
—dGi(t) = [AGi(t) + Bouy(t)|dt — 0;(t)dW;(t) — > 0i;(t)dW;(t),
=1, (7N
G(T)=0,i=1,2--- N
where (;(t) € L%,(0,T;R), du;(-) denotes the variation of @;(-). Then the following proposition
holds true.
Proposition 3.1: Let (H1) hold. Then the optimal control of (LFI) is
u;(t) = =R~ Bpi(t)
where p;(t) € L?(0,T;R) satisfies the following ordinary differential equation (ODE):
®)
Proof: Suppose (Ui, Z;, Zi;(j # 1), @;) is an optimal solution. Then for any variation du; of @;,

the associated first order variation of cost functional J;(1u;) satisfies

0= %Mi(ui) _E [ /0 " Rouat)dt + He(0)5:0) | ©)
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Applying 1td’s formula, we have

d(G(t)pi(t))

J=Lj#

— — Bouy(t)ps(t)dt + pi(t)

0,(t)dWi(t) + i Qij(t)dW}(t)].

=1,

Combining this identity with (;(7") = 0 and p;(0) = Hy;(0) yields

E[¢,(0)H7,(0)] = E /0 " Bou(t)pit)t. (10)

It follows from (9)-(10) that for any du;(-) € L%, (0, T;R),

E /OT (Réui(t)ﬂi(t) + Béui(t)pi(t))dt = 0.

This implies that u;(t) = — R~ Bp;(t). On the other hand, the sufficiency of optimal control can

be proved similarly. O

B. The fixed point principle with full information

Now, we aim to study the properties of the given function 4°(-). For V 1 < i < N, solving
ODE (8) directly, we have

Thus, the optimal control w;(t) is given by
u;(t) = —R™*BHy;(0)e™. (1)

Applying the decentralized control law (11) for the i'* agent A;, the closed-loop state in system

(1) becomes

(

—dy;(t) = [Ayi(t) — B*R7 ' Hy;(0)e™ + Cy™ (1) |dt — z(t)dWi(t)

=1,

yi(T) =&

\
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11

N
where y™ (1) = 1 Z ;(t). Summing the above N equations of (12) and dividing by N, we

get
—dy™ (1) :[ Ay™M(t) — BER HeMy™)(0 )+Oy(N)(t)}dt

R [zxt)czwi(m S zij<t>dwj<t>], (13)

i=1 j=1,j#i

Y (1) =6,

\

Letting N — 400, replacing ™) by 4° and noting (4), we obtain the following limiting system

_dy(t) = [(A+C) 0() — B2R T He 0(0)}dt,

(14)
y*(T) = &.
Comparing the coefficients with (3), we have
Aty=A+C,
15)
m(t) = —B*R™He*y%(0).
Solving the ODE (3), we get
] T L.
yO(t) _ &]eftT A(s)ds +/ m(s)eft A(u)duds.
t
Taking ¢t = 0 and noting (15), we have
T
y°(0) = et +/ m(s)eAtOsds.
0
Thus, m(t) in (15) has the following expression:
T
m(t) = —B?R™IHe¢e AT — BQR_lHeAt/ m(s)eATOs s, (16)
0

We have the following explicit representation of m(¢). As a sequel, °(+) in (3) can be determined.

Proposition 3.2: m(-) can be explicitly solved as

B2H(2A4C)gpe it (A+O)T if 24 +C # 0;

m(t) = a R(2A+C)+B2H<e(2A+C)T_1) ' a7
B2H[R+B2H(T—1)]¢ge~ AT . B
N R(R+B2HT()) , if2A4+C =0.
Proof: Denote K := f 5)elATsds, which is a constant depending on 7. Then (16) can

be rewritten as

m(t) = —B?R ' HeMéeMOT — BPRTIHeMK.
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12
Multiplying with 4+ on both sides and taking integral from 0 to 7' w.r.t ¢, we have

T
K:/ m(t)eA Tt
0

T T
_ _BQRlefoe(AJrC)T / 6(2A+C’)tdt - BZRlHK/ 6(2A+C)tdt.
0 0

Then we get
2 g0 e(A+O)T ((((2A+C)T _
K = _5(2Zioj)+B:H((ee((2A+C>)Tll)) , if2A4+C #0;
et if 244 C = 0.
Thus, (17) is obtained. Noting (15), 3°(-) is also determined. .

Remark 3.1: (1) By Proposition 3.2, it follows that there exists a unique deterministic function

(N). Applying the limiting function 3°, we

y° in C(0,T;R) to approximate the state average y
get the optimal control for (LFI), which plays an important role in obtaining the decentralized
control and analyzing the properties of e-Nash equilibrium.

(ii) Actually, in (17) if 24 + C > 0(< 0), e@4+T — 1 > 0(< 0). Noting R > 0, H > 0,
we get R(2A + C) + B*H (49T — 1) > 0(< 0). Meanwhile, we have R(R + B*HT) > 0.

Thus, the representation (17) is meaningful.

C. e-Nash equilibrium for (FI)

In previous sections, we obtained the optimal control w;(-), 1 < i < N of (LFI). In this section,
we analyze the asymptotic property of the decentralized control strategies and verify the e-Nash
equilibrium property for (FI). To start, we first address the definition of e-Nash equilibrium.

Definition 3.1: For ¢ > 0, a set of controls u, € U, 1 < k < N, for N agents is called an
e-Nash equilibrium with respect to the costs Ji, 1 < k < N, if for any fixed 1 < < N,

Ti(ui,u_i) < Ji(uj,u_y) + ¢ (18)

when any alternative control u, € U; is applied by A4;.
Now, we state one main result of this paper and its proof will be given later.

Theorem 3.1: Let (H1) hold. Then (uy,us, -+ ,uy) satisfies the e-Nash equilibrium of (FI),
with € is of order 1/\/N Here, for 1 < < N, @, is given by

u;(t) = —R'BHy°(0)e™. (19)
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Before proving the theorem, some analysis is needed. Applying the optimal control (11) to (5),

we have
—dy;(t) =[Ayi(t) — B> R " Hy;(0)e™ + Cy°(t)]dt — z;(t)dW;(t) — Z Zii (1) dW;(t),
=1,
yi(T) =&;.

Taking expectation and solving the corresponding backward ODE, we get
T
Eg(t) = &' T — / [BR”BHZ%(O)eAS - Cyo(s)]eA(Sft)ds.
t

Taking ¢ = 0 and noting ;(0) = Ey;(0), we obtain
BQH 1 T

7:(0) = [1 + m(eQAT - 1)} [goeAT + C’/O yo(s)eAsds}
Thus, 7;(0) is a constant which can be determined by y°(-) and &,. Further, we have 7;(0) =
y°(0), ¢ = 1,2,---, N. For simplicity, we use the notation 3°(0) in @;(-) instead of ¢;(0)
hereafter. Now, we formulate the dynamic systems as follows
(—dyi(t) =[Ay;(t) — BPR'Hy*(0)e™ + Cy™ (1)]dt — z(t)dW;(t)

N

— ) z(t)dWi(t), (20)

=1,

L w(T) =¢

and
(—dgi(t) =[AJi(t) — BER™H (0)e™ + Cy ()] dt — Z(t)dWi(t)

N
— D z(t)dW;(), @1)
j=1,j#i
\ yZ(T) :gl
Then we have
Lemma 3.1:
2 1
sup Ely™M @) =) =0(=), 22
s By ™) - 0] =0(5) @2
[ E|y(t) — 5:(0) 2} o(+) (23)
su su () — U; = — ).
1§z‘§pN ogth Y Y N
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Proof: By (20) and (14), we have

—d(y™ (1) — 5 (1) =[(A+ O™ (1) — ()]

1 & al
‘NZ A(OdWit) + Yz (0)dW(t) |, (24)
=1 j=1,5#1

[ (@) (1) =W — &

Introduce a 1-dimensional dual process X (s, t) for (24), which satisfies
dX(s,t) =(A+ C)X(s,t)ds,
X(t,t)=1,t<s<T.

X (s,t) is deterministic and belongs to L*(0,T;R). Applying Itd’s formula to
(y™(s) = y°(s), X(s.1)), we get

y () = (1) =X (T OE(EN) — &| F).
By (HI), we have N

e -of <sl5 S of = o(3),
Then (22) follows. Noting (20) and (21), applying the similar method, we can get (23). U

Lemma 3.2: ForV1 <3 <N,

1
Ji(ti, u—y) — Ji(w;)| = O<—>
( ) = ) VN
Proof: For V' 1 < ¢ < N, by (21), we get sup E‘gi(t)f < +00. Applying Cauchy-Schwarz

0<t<T
inequality and noting (23), we have

sup E|[y;(t)|* — [7:(t)]”

0<t<T
2 i 1
< sup E|yi(t) = (1) +2( sup Eln()?)”( sup Eln(t) — n:()?),
0<t<T 0<t<T 0<t<T
1
-0(Z)
VN
Further,
1
]E’ 10 2 _ _1'0 2 :O<—>
BOF - 15O =0(
Then
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which completes the proof. U

Now, we have addressed some estimates of states and costs corresponding to control u;,1 <
i < N. Our remaining analysis is to prove the control strategies set (1, Ug, - ,Uy) is an e-
Nash equilibrium for (FI). For any fixed 7, 1 <7 < N, consider an admissible alternative control

u; € U; for A; and introduce the dynamics
N

—dx;(t) = [Az;(t) + Bu;(t) + Cx™M(t)]dt — q(£)dWi(t) — > qu(t)dWi(t),
k=1 ki (25)

ri(T) =&
whereas other agents keep the control @;,1 < j < N,j #1, i.e,

(—du;(t) =[Ax;(t) — B2R"Hy°(0)e™ + Ca™ (8)]dt — ¢;(£)dW;(t)

— Y gu(t)dWi(1), (26)

If u;, 1 <7< N is an e-Nash equilibrium with respect to the cost 7;, we have

Ji(t,u_y) > inf Ji(u;,u_) > Ji(u;,u_;) — €.

uiequ
Then, when making the perturbation, we just need to consider u; € U; such that J;(u;, u_;) <

Ji(t;,u_;), which implies

]E/OT Ru (t)dt < Ji(us, i) < Fi(w, ) = Ji(;) + O(\/LN»

1.e.,

T
E / u (t)dt < Co, (27)
0

where Cj is a positive constant which is independent of N.
Proposition 3.3:  sup [ sup E\xz(t)lz} is bounded.
1<i<N Lo<t<T

Proof: By (25) and (26), it holds that

E{|xi<t>|2+ / gs(s) 2ds + / ) |qik<s>|2ds}

b k=1,ki

SOlE{W + /tT ()] + () + % i () ds}

k=1
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and for j # 1,

E{\xxwm | ks [0S |qjk<s>\2ds}

b k=1k#j

SCﬂE{!@V -/ [l + o) ﬁi 2u(s)P] ds}

where (] is a positive constant. Thus,

N N T
> et SCI{E Sl +Eﬁ/
k=1 k=1 t

By (27), we can see u;(t) is L?-bounded. Besides, the optimal controls i (t),k # i are L*-

E

2 lze(s)” + () P+ Y \ﬂk(8)|2]d8}-
k=1

k=1k#i

bounded. Then by Gronwall’s inequality, we get

>zt

and for any 1 <4 < N, sup E|z;(¢)* is bounded. O
0<t<T
For the i" agent A;, consider the perturbation in (LFI) and introduce a new system

sup E = O(N),

0<t<T

—da(t) = [Ax)(t) + Bu(t) + Cy°(1)]dt — ) (1)dWi(t) — Y g (t)dWi(1), o8)
k=1,k#i

x?(T) =&

and for the j'" agent A;, j # i,

- D GrAWi(?), (29)

In order to obtain necessary estimates for (FI) and (LFI), we need introduce some intermediate

states as follows
(

(30)
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and for j # 1,

and

\

where (V1 =

gWN=D(T) =W

N

= 2 &

=1 )i

We have the following estimates.

Proposition 3.4:

February 6, 2015

0<t<T

0<t<T

sup Elz0V-D (1) —

0<t<T

sup E x(N_l)(t) — j(N_l)(t)‘z = O(—),

2
sup E|z™M (1) — x(Nfl)(t)‘ = O(N

N
)=+ > x;(t), by (26) and (31), we get
=L
N-1 C
(N-1) _ p2p-1 0 At |~
<A+—N C’)x (t) — B°R™" Hy"(0)e —I—Nxz(t)]dt
- N
N1 [qa(t)dV@Z(t)-% > ij(t)dV?%(t)],
j=1,j#1 k=1,k#j
g7y =¢W-1)
—dz V(1) = (A+—N 1C>V(N1)(t) B?RlHyOm)eAt]dt
- N
N1 > IQJ(t)dm(t)+ > g (t)de(t)]>
Jj=1,j#i k=1,k#j

17

€19

(32)

(33)

(34)

(35)

(36)
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Proof: By (32) and (33), we have

N

(A + EO) (D) — 2V D(1)) + %xi(t)] dt

N

- ﬁ , [(qj(t) — g )W)+ > (glt) - qjk(t))dwk(t)] :

k=1,kj

\ 2 N=D(7) — 2 N)(T) = 0.
By the estimates of BSDE, Proposition 3.3, and Gronwall’s inequality, the assertion (34) holds.
(35) follows from assumption (H1) and the L?-boundness of controls u;(-) and @;(-),j # . By
(14) and (33), making similar analysis, we get (36). ]
In addition, based on Proposition 3.4, we obtain more direct estimates to prove Theorem 3.1.

Lemma 3.3:

1
E||z;(t)]? — QtQ‘:O—, 37
s Elln(t) = 20)F | = 0( =) G37)
_ 1
Ty tii) — Jy(us)| = O(—N). (38)
Proof: By Proposition 3.4, we get
2 1
sup E|lz™M @) =) =0(=).
ogth ( ) 4 ( ) (N)

Besides, by (25) and (28), we obtain

2i(t) — g;g?(t)F _ o(%).

sup E
0<t<T

Noting sup E|z?(¢)|? < +oo, applying Cauchy-Schwarz inequality, we have
0<t<T

sup E|[zi(D)]  [+0(0)

0<t<T
< sup Elz;(t) — 23 (t)|* +2 sup Elaf(t)(x(t) — 27(1))]
0<t<T 0<t<T

-

< sup Eloi(t) - al(H)? +2( sup E!x?(t)ﬁ)é( sup Elai(t) - a0(t)*)”

0<t<T 0<t<T 0<t<T

-0(75)

which is (37). Further, we get

E|Jzi(0)* ~ [29(0)

)
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Thus, (38) is obtained. O
Proof of Theorem 3.1: Now, we consider the e-Nash equilibrium of A; for (FI). Combining

Lemma 3.2 and 3.3, we have

Ji(ti, u—;) )+ O<\/LN>
) + O(%)
=Ti(ui, u_y) + O(V%)

. _ 1
Thus, Theorem 3.1 follows by taking € = O(W)

IV. PROBLEM (PI): PARTIAL INFORMATION AND COUPLING IN COST

Now, we turn to study the backward mean-field LQG games with partial information (PI).
Similar to full information structure, we need also introduce and study the associated mean-field

LQG games via limiting state average. We also assume V; =R for¢=1,2,--- | N.

A. The limiting control of (LPI)

Considering the large population system with partial information structure, suppose the feed-

back control for A; takes the following feedback form on the state filters
N

wi(t) = = a®E(w@F") + Y aB(y01F") +b(t) (39)
=1,
where the regulator coefficients a(-),a(-),b(-) € L*(0,T;R) and a(-) = O(+). Inserting (39)

into the state equation in (2), we have

N
—dy(t) =[Ayi(t) - Ba(OE(u(t)|F) + Ba(t) Y. B(y; ()| F") + Bo(t)| at
=1, (40)
Then consider the state average, we get
N N N

—d (% > yi(t)) =

i=1
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Thus, we assume there exists a limiting process (y*(t),2*(t)), which satisfies the following

backward stochastic differential equation

—dy*(t) = [Ay*(t) + B(t)Ey*(t) + ()] dt — 2" (t)dW (¢),

41
y (T) =n
where 77 € F¥ is obtained by (H2), B(-) and r(-) € L*(0,T;R) are to be determined.
Now, we introduce the limiting partial-information system
—dyi(t) =[Ayi(t) + Bu;(t)]dt — z;(t)dW(t) — z(t)dW (t),
(42)
yi(T) =n;
with the cost functional
T
Ji(ui) = E [ / Ru ()t + 2y;(0) (a = By*(0)) (43)
0
where y*(-) is given by (41).
Now, we formulate the limiting partial information LQG games.
Problem (LPI). For the i'* agent, i = 1,2,--- , N, find 4; € V; satisfying
(1) = inf J(w).
Ji(4;) unelv Ji(u;)
Then w; is called an optimal control of problem (LPI). Further we have
Proposition 4.1: Let (H2) hold. Then the optimal control of (LPI) is
;(t) = —R™'Bhy(t)
where h;(t) € L*(0,T;R) satisfies the following ODE:
dh;(t) = Ah;(t)dt,
(44)

hi(0) = a — py*(0), i =1,2,--- , N.
Proof: Similar to the proof of Proposition 3.1, applying the standard variational method, the

result is obtained. We omit it. O
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B. The fixed point principle with partial information

For V 1 < i < N, solving ODE (44) directly, we have

hi(t) = (a — By*(0))e™.

Thus, the optimal control ;(t) is given by

;(t) = —R™'B(a — By*(0))e™

Applying the control law (45) for i'* agent A;, the closed-loop system (2) becomes

—dyi(t) = | Ay(t) = B2R™ (= By"(0))e™|dt — = (t)aWi(t) — 2

yi(T) =n;.

Summing the above N equations of (46) and dividing by N, we get

¢

—dy™(t) = | Ay™)(t) = B*R™ (o — By"(0)) ™| dt - Z

1 N
NZ'E t)dW (t

N .
where ™) = L 3" 7,. Taking N — oo and noting (41), we have B(t) = 0 and
i=1

r(t) = —BQR_I(a — 5y*(0))eAt.
Then we rewrite (41) as
—dy*(t) = [Ay*(t) + r(t)]dt — 2" (t)dW (1),
y (T) =n.
Taking expectation and solving the corresponding backward ODE, we get
Ey*(t) = noet™=9 + /Tr(s)eA(s_t)ds
t
where 79 := En. Thus,
50 =) = e+ [ r(s)etas

Further we have

r(t) = —B?R™! At{o‘_5[770€AT+/OTT(3)€ASCZS}}'
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(45)

(46)

47)

(48)

(49)
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Then we have the following proposition.
Proposition 4.2: r(-) can be explicitly solved as

2AB2eAt (af,BnoeAT) .
— fA+#£0, 2AR — B3 (e*4T — 1) £ 0;
r(t) = 2ARfBQ,B(62AT71) , iTAZ 6(6 ) 7 (50)

e if A=0, R— B2BT 0.

Moreover, y*(-) in (49) can be determined based on 7(-).
Proof: The proof is similar to that of Proposition 3.2 and omitted. 0
Remark 4.1: By Proposition 4.2 it follows that there exists a unique bounded continuous
function 7(-). Then (49) admits a unique solution (y*(-), 2*(-)), in which y*(-) is approximated
by the state average 3. Applying y*(-), we get the optimal control for (LPI), which is important

to analyze the properties of e-Nash equilibrium.

C. e-Nash equilibrium for (PI)
In this section, we analyze the asymptotic property of the decentralized control strategies and
verify the e-Nash equilibrium property for (PI). To begin with, we state the main result.
Theorem 4.1: Let (H2) hold. Then the strategy set (i, Us, - - - , Uy ) satisfies the e-Nash equi-
librium of (PI), with € is of order 1/v/N.
Let y; denote the state process corresponding to u; for (PI), y; denote the state process corre-

sponding to #; for (LPI). Note that in partial information structure, state average is coupled in

cost only therefore applying w;, y; is same to ¢;, ¢ = 1,2,--- , N.
Lemma 4.1:
(N) «t\l 1
sw Ely™ @) —y'(0)] =0(+): (51)
0<t<T
1
il i) — Ji(a)| = 0(—N  VY1<i<AN. (52)

Proof: By (47) and (49), we have

S0- 5 i<t>] aw ), Y

L ™) -y (T) =) — .
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Similar to the proof in Lemma 3.1, introducing a 1-dimensional dual process X (s,t), which
satisfies
dX (s, t) =AX (s, t)ds,
X(tt)=1,t<s<T,

and applying It6’s formula, we get
y ™M) =y (t) = X(T,HE(M™ = n|Gy).

It is easy to obtain that

E’nw) ‘ 2

N2

ZE(m =) (n; —n)-

2

2
— n‘ = O(%) Besides, it follows that

N
< 400, we have 3z > E
i=1

E(: ) (n; —n) = E[E[(n = n) (n; — n) | F¥] | = E[E[mns] 7] - ).
Under (H2), applying the results of [25] or [36], we can derive that
E[nins| Fr] = Elm| F7]E[n;| Fr] = n*
2
Thus, ]E)n(N ) — 77‘ = O<%> and (51) follows. In addition, note that the state equation of (PI)
coincides with its limiting equation (42), since the state equation in (2) does not contain the

state-average term y). Therefore, after applying the optimal control @; in (45), we get that

y; = y; P-a.s.. Thus, we have
Tt i) — Ji(;)

<28E|3:(0)|[y(0) — 5" (0)]]

1
o 4)
N
where the last equality follows by Holder’s inequality and (51). U

For any fixed 7, 1 < ¢ < N, consider an admissible alternative control u; € V; for the ith

agent A; and denote the corresponding state as

—dki(t) = [Aki(t) + Bui(t)]dt — ni(t)dW;(t) — s(t)dW (2),

(54)
ki(T') = m;
while all other agents keep the control 4;,1 < j < N,j #1, i.e,
—dk () = | Ak; (1) = BER (o = By"(0))e™ ] dt — i (1)AWi () — s ()WY (2), 5

ki(T) =n;
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with the cost functional

Ji(wi(-),a(-)) =E [/0 Ru? (t)dt + 2k;(0) (o — BEN(0)) (56)

N N

where kM (t) = £ Y k;(t), k™(0) = £+ 3 k;(0) is its initial value.
j=1 J=1

If 4;, 1 <4< N is an e-Nash equilibrium with respect to the cost 7;, we have

«Z(ﬁnﬁ—z’) > inf Z(Uiaﬁ—i) > ji(ﬁi,ﬁ—i) — €.

w€V;
Then, when making the perturbation, we just need to consider u; € V; such that J;(u;, 4_;) <
Ji(;,1_;). Besides, by (54) (55) and applying the estimates of BSDE, we obtain the L?
boundness of k;,j # ¢ and the following inequality

sup E|k: (62 < C, [1 +E/T |u,-<s)|2ds}

0<t<T 0
where Cy = C4(A, B) is a positive constant which is independent of N but depends on A, B.

Then we have

NACTR 2E/ Ru2(t)dt — QE“ki(O)Ha - Bk(N)(O)”

0
T
E(R - C5)]E/O ]ui(s)\zds - Cﬁ

where C5 = C5(A, B, «, 8),Cs = Cs(A, B, «, ) are positive constants which are independent
of N. For simplicity, we introduce the following assumption:

(H3) R > Cs.
Then (H3) implies

T
0

5

1.e.,

T
E / ui(t)dt < Cy (57)
0

where C' is a positive constant which is independent of V. Further, we can get the boundness
of sup Elk;(t)|%
0<t<T

Remark 4.2: Note that C5 = C5(A, B, «, ) is independent of N. Actually, C5 contains the

item ﬁ which is brought in by £¥). However, obviously it vanishes as IV is large enough.
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For the i'" agent A;, consider the perturbation in (LPI) and introduce some auxiliary system

{ —dk(t) = [AK](t) + Bu;(t)]dt — n}(t)dWi(t) — ii ()dW (t), 58)
k?<T) ="
and for j # i,
—dl (1) =| Akj(t) = BAR™ (o = By (0))e™ ] de = i (0)dWi(t) = iy (D)WY (2),

) (59)

ki (T) =n;
with the cost functional

Ji(ui(-)) = E [ /O Ru (t)dt + 2k (0) ( — By*(O))] : (60)

Noting (54) and (58), we can see that (k;,n;,n;) is same to (k?,n? n?). Besides, by (54) and

(55), we have

( N N
J=Lii i=1
1 & 61
- DA Oaw(e), ©1)
j=1
L) (T) —nM)

where @;(t) = —BR™*(a — By*(0)) e, j # i. Then we have the following lemma.

Lemma 4.2:
2 1
(N)(#) — o — il
OE?ETE‘I“ 0 -y 0| =0o(5). 62)
1
Z’(Uiaﬁfi)—c]i(ui) :O<\/_N>' (63)

Proof: By (49) and (61), we have

(

—d(K" (1) —y*(1) =
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Noting (57) (48) and applying the estimates of BSDE, we obtain (62). Thus, we have
u7i(ui7 Tlfz') - Jz(ul) gQﬁE[‘ki(O)Hk(N)(O) - y*(O)I}

1
ol
N
which completes the proof. U

Proof of Theorem 4.1: Consider the e-Nash equilibrium of 4; for (PI). Combining Lemma

4.1 and 4.2, we have

Ji(ts, 0—q) =J;(1;) + O(%)

<Ji(u;) + O <\/Lﬁ)
1

— i (s, ) + O(\/—N>.

Thus, Theorem 4.1 follows by taking € = O(\/Lﬁ)
D. Extensions

Now, we present some possible extensions based on our previous analysis. The first extension

is to consider the following cost functional

T
V) = 2 | _B__

T (ui,u_;) = E l/o RuZ(t)dt + 2y;(0) (a + y(N)(O)>] (64)

where «, § are nonnegative constants. Such cost functional characterizes the so-called bench-

mark performance criteria in investment. To be more precise, suppose there has a large population

system which consists of considerable small investors who aim to achieve (or, hedge) some

terminal targets 7; by portfolio selection. The term 3™ (0) denotes the average hedging cost for

i (0)
y(¥)(0)

weight. In case 8 = 0, it is reduced to the classical individual own performance. In case 3 > 0,

all investors while

denotes the relative hedging costs for i*" investor, and 3 denotes its

the investor should get some balance between its own individual performance and the average
population performance. In other words, the investor aims to minimize its initial hedging cost
by taking account of the average cost of the whole market participants. In this case, we aim to
minimize the weighted cost functional 7.

Another extension is to consider the so-called convex portfolio selection. In this case, the given
individual investor will take into account their relative performance by comparison to their peers

in convex combination. In accordance with [12], in which the security writers aim to maximize
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the utility function of terminal wealth. Here, we aim to minimize the following initial hedging
cost

1

T2 (uiu_;) = E {5 /0 ' Ru?(t)dt + (1 — N)y;(0) + A(yz»(O) - y““(O))] (65)

where A € [0, 1] is the parameter of relative interest.
For above two extensions, following the similar arguments to our previous analysis, we can

get the corresponding optimal decentralized controls as

ul(t) = — R_lB<a + y1i> e,

(O) (66)
ui(t) = — R'Be™

where 5'(0) is the initial value of the limiting process of state average. Besides, the fixed points
principle and the e-Nash equilibrium properties for 7', 7 are obtained respectively. Since there

are some other financial models in the form of large population with partial information structure,

our theoretical results may have potential applications in finance and economics.

V. CONCLUSION

In this paper, we introduce the backward mean-field LQG games. Different to the well-studied
forward mean-field LQG games, the terminal conditions of individual players are specified here
as a priori and as a result, the decentralized control and consistency condition are determined
in backward manner. Both the full and partial information cases are addressed and the e-Nash
equilibrium are verified using the estimates of backward stochastic differential equation and its
limiting equation. Our work suggests some future research directions. One is to include the
first solution component y;(¢) and its average y¥)(¢) into the running cost to be minimized.
This brings additional technical difficulty as the decoupling method via Riccati equation is not
workable for backward setup. Another one is to introduce the second component z;(t) into the

state or cost functional. We plan to discuss them in our future work.
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