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Abstract. We establish the maximal �p-regularity for fully discrete finite element solutions of
parabolic equations with time-dependent Lipschitz continuous coefficients. The analysis is based on
a discrete �p(W 1,q) estimate together with a duality argument and a perturbation method. Optimal-
order error estimates of fully discrete finite element solutions in the norm of �p(Lq) follows immedi-
ately.
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1. Introduction. We study fully discrete finite element approximations of the
parabolic problem⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂tu−
N∑

i,j=1

∂i
(
aij∂ju

)
+ cu = f −

N∑
j=1

∂jgj in Ω× (0, T ),

N∑
i,j=1

aij∂juni =

N∑
j=1

gjnj on ∂Ω× (0, T ),

u(0) = u0 in Ω,

(1.1)

in a bounded smooth domain Ω ⊂ RN , N = 1, 2, 3, with the coefficients aij = aji
satisfying the strong ellipticity condition

K−1|ξ|2 ≤
N∑

i,j=1

aij(x, t)ξiξj ≤ K|ξ|2 for ξ ∈ R
N and (x, t) ∈ Ω× (0, T ],

c(x, t) ≥ c0 for (x, t) ∈ Ω× (0, T ],

(1.2)

where K and c0 are some positive constants.
Define the elliptic operator A(t) : H1(Ω) → H1(Ω)′ and its semidiscrete finite

element approximation Ah(t) : Sh → Sh by

(A(t)w, v) :=

N∑
i,j=1

(aij(·, t)∂jw, ∂iv) + (c(·, t)w, v) ∀ w, v ∈ H1(Ω),(1.3)

(Ah(t)wh, vh) :=

N∑
i,j=1

(aij(·, t)∂jwh, ∂ivh) + (c(·, t)wh, vh) ∀ wh, vh ∈ Sh,(1.4)
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522 BUYANG LI AND WEIWEI SUN

where Sh denotes a finite element subspace ofH1(Ω) consisting of continuous piecewise
polynomials of degree r ≥ 1 subject to a quasi-uniform triangulation which fit the
domain Ω exactly, as assumed in [30, 32]. Then (1.1) can be written in the abstract
form

∂u

∂t
+Au = f −∇ · g,(1.5)

and its semidiscrete finite element approximation can be written as

∂uh
∂t

+Ahuh = fh −∇h · g,(1.6)

where fh = Phf (the L2 projection of f onto the finite element space) and g =
(g1, . . . , gN); the divergence operators ∇· : H1(Ω)N → H1(Ω)′ and ∇h· : H1(Ω)N →
Sh will be defined in section 2. Analysis of (1.6) has been done for a variety of
finite element methods and many other numerical methods, particularly in the spaces
L∞(0, T ;L2) and L2(0, T ;H1).

If the coefficients aij are time independent and aij ∈ W 1,∞(Ω), it is well known
that the solution of the parabolic problem (1.1) possesses the maximal parabolic
regularity [35, 36]

‖∂tu‖Lp(0,T ;Lq) + ‖Au‖Lp(0,T ;Lq) ≤ C‖f‖Lp(0,T ;Lq) if u(0) = 0 and g = 0,(1.7)

‖u‖Lp(0,T ;W 1,q) ≤ C‖g‖Lp(0,T ;Lq) if u(0) = 0 and f = 0,(1.8)

for 1 < p, q <∞. These results also have been extended to time-dependent coefficients
under various conditions [1, 9]. The extension of these estimates to discrete settings is
of significant importance as they provide more precise error estimates and a new tool
for the analysis of numerical methods for nonlinear parabolic problems. Numerous
efforts have been made in the last several decades. For parabolic equations with time-
independent smooth coefficients aij = aij(x) ∈ C2+α(Ω), Geissert [10, 11] proved that
the finite element solution of the semidiscrete equation (1.6) satisfies the spatially
discrete maximal Lp-regularity

‖∂tuh‖Lp(0,T ;Lq) + ‖Ahuh‖Lp(0,T ;Lq) ≤ C‖f‖Lp(0,T ;Lq)(1.9)

when uh(0) = 0 and g = 0.

The proof is based on the maximum-norm stability analysis established by Schatz,
Thomée, and Wahlbin [32]. Recently, the first author [20] proved (1.9) together with

‖uh‖Lp(0,T ;W 1,q) ≤ C‖g‖Lp(0,T ;Lq) when uh(0) = 0 and f = 0(1.10)

for Lipschitz continuous coefficients aij ∈ W 1,∞(Ω). Under the Dirichlet boundary
condition, the estimates (1.9)–(1.10) were established in [22] for the problem in convex
polyhedra with classical finite element approximations, and the estimate (1.9) was
proved by Kemmochi and Saito [14, Theorem I] for the problem in general polyhedra
with a lumped mass method by using the discrete maximum principle.

A straightforward application of (1.9)–(1.10) is the error estimate

‖Phu− uh‖Lp(0,T ;Lq) ≤ C(‖Phu
0 − u0h‖Lq + ‖Phu−Rhu‖Lp(0,T ;Lq)),(1.11)

where Rh(t) is the Ritz projection operator associated with the elliptic operator A(t)
for t ∈ [0, T ]. The error estimate (1.11) is optimal with respect to the regularity of
the solution. On the other hand, the space-time maximum-norm error estimate

‖Phu− uh‖L∞(0,T ;L∞) ≤ C‖Phu0 − u0h‖L∞ + C�h‖Phu− u‖L∞(0,T ;L∞),(1.12)
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MAXIMAL REGULARITY OF FULLY DISCRETE FEMs 523

has also been studied by many people [5, 8, 13, 17, 19, 20, 25, 26, 28, 31, 32, 33] for lin-
ear autonomous parabolic equations with smooth coefficients, where �h = | lnh|m for
some nonnegative constantm. The extension of (1.9)–(1.12) to nonautonomous equa-
tions with Lipschitz continuous coefficients (aij = aij(x, t)) is not straightforward, but
it plays a key role in studying finite element solutions of nonlinear parabolic prob-
lems. In our recent work [21], we proved (1.9)–(1.11) for linear parabolic equations
with time-dependent Lipschitz continuous coefficients and then applied them to an-
alyze a special nonlinear parabolic model arising from a porous medium flow, where
the diffusion-dispersion coefficient is a nonlinear function of the solution. The analysis
was based on a perturbation argument, which converts the problem locally (in time)
to a parabolic equation with time-independent coefficients. All these works focused
on the semidiscrete finite element solutions of (1.6).

The stability and regularity of fully discrete finite element solutions seem to be
more complicated. Less work has been done in this direction. Some early work
on fully discrete schemes only focused on one-dimensional models. For a simple
two-dimensional parabolic equation with aij = δij (the Kronecker symbol), Schatz,
Thomée, and Wahlbin [31] studied a fully discrete approximation, in which a strongly
A(θ)-stable scheme was used in time direction and a linear finite element method was
used for spatial discretization. They proved the stability of the discrete semigroup
{En

h,τ = (1 + τAh)
−n}∞n=0 in the maximum norm:

‖En
h,τvh‖L∞ ≤ C‖vh‖L∞ ∀ vh ∈ Sh, n = 0, 1, 2, . . . .(1.13)

Later, Palencia [27] proved the estimate for r ≥ 1 and N = 1, 2, 3, and Hansbo [13]
proved a related Ls → Lp estimate with 1 ≤ s ≤ 2. In these works, the stability of
the fully discrete semigroup was established for some strongly A(θ)-stable schemes,
excluding the Crank–Nicolson scheme. The inequality (1.13) can be viewed as a
stability estimate with respect to the initial value in general.

The corresponding stability estimates with respect to f and g are more important
since they imply directly error estimates of finite element solutions for linear problems
and also play a key role for nonlinear problems. In the case g ≡ 0, the maximal �p-
regularity for time-discrete (spatial continuous) systems of (1.5) was studied by several
authors. Ashyralyev, Piskarev, and Weis [2, Remark 5.2] studied the semidiscrete
backward Euler and Crank–Nicolson time discretizations of (1.5) (time discrete and
space continuous), respectively, and proved the corresponding time-discrete maximal
�p-regularity

‖Dτ
�U‖�p(Lq) + ‖�U‖�p(W 2,q) ≤ C‖�f‖�p(Lq) if �gj ≡ �0 ,(1.14)

for U0 ≡ 0 and 1 < p, q < ∞, where Dτ denotes the backward Euler difference
operator and �U = (U1, . . . , UM ) is the solution of a time-discrete system. Leykekhman
and Vexler [18] studied a class of discontinuous Galerkin time discretization, and
proved the discrete maximal Lp-regularity

‖∂tUτ‖Lp(0,T ;Lq) +

(∑
τ

∥∥∥∥ [Uτ ]

τ

∥∥∥∥p
Lq

) 1
p

+ ‖ΔUτ‖Lp(0,T ;Lq)

≤ C ln

(
T

τ

)
‖f‖Lp(0,T ;Lq) ∀ 1 ≤ p, q ≤ ∞.

(1.15)

Recently, Kovács, Li, and Lubich [15] proved the maximal �p-regularity (1.14) for
1 < p, q < ∞, for the backward differentiation formula (BDF) and A-stable Runge–
Kutta time discretization methods. By noting the R-boundedness of the finite element
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524 BUYANG LI AND WEIWEI SUN

resolvent operators,

z(z +Ah)
−1, z ∈ Σϑ := {z ∈ C : |arg(z)| ≤ ϑ},(1.16)

which is a consequence of [22, estimate (2.13)] and [35, Lemma 4.c] (also see [20]), the
maximal �p-regularity (1.14) can be extended immediately to fully discrete solutions
with classical finite element approximations in space to (cf. [15, Theorem 6.1 and
Remark 6.1])

‖Dτ
�Uh‖�p(Lq) + ‖ �Ah

�Uh‖�p(Lq) ≤ C‖�f‖�p(Lq) if �gj ≡ �0,(1.17)

where �Uh = (U1
h , . . . , U

M
h ) denotes the solution of a fully discrete system and �Ah

�Uh =
(Ah(t1)U

1
h , . . . , Ah(tN )UM

h ). More recently, Kemmochi and Saito [14] investigated
both the maximal �p-regularity for the time-discrete solutions given by the θ-scheme,
as well as the maximal �p-regularity of fully discrete solutions with a lumped mass
method for the spatial discretization.

However, all the works mentioned above for fully discrete solutions only consid-
ered parabolic equations with time-independent coefficients, aij = aij(x) since the
semigroup approach used in previous works is applicable only for the problem with
time-independent coefficient. In this paper, we establish the maximal �p-regularity
(1.17), together with the �p(W 1,q) estimate

‖Dτ
�Uh‖�p(˜W−1,q) + ‖�Uh‖�p(W 1,q) ≤ C

⎛⎝‖�f‖�p(Lq) +

N∑
j=1

‖�gj‖�p(Lq)

⎞⎠ ,(1.18)

for the problem with the Neumann boundary condition, the time-dependent Lipschitz
continuous coefficients aij(x, t), and the bounded measurable coefficient c(x, t), where

W̃−1,q denotes the dual space of W 1,q′ with 1/q+1/q′ = 1. Analysis for the maximal
�p-regularity of fully discrete solutions is based on a perturbation technique with a du-
ality argument and a more precise estimate of time-discrete solutions. For simplicity,
here we focus our attention on the backward Euler scheme for the time discretization.
Our techniques can be extended to the Crank–Nicolson and BDF methods once the
R-boundedness of (1.16) can be proved for the angle ϑ required by [15, Theorems
4.1–4.2]. Although we only consider linear problems in this paper, the estimates de-
rived in this paper are useful for analyzing fully discrete finite element solutions of
nonlinear problems in a similar way to [21].

2. Main results. Let 0 = t0 < t1 < · · · < tM = T be a uniform partition
of the interval [0, T ] for some positive integer M and with τ = tn − tn−1 and let
(0, T ]τ := {t1, . . . , tM} be a measure space equipped with the measure

|{tk1 , tk2 , . . . , tkm}| = mτ.

For any Banach space X and a given function �f : (0, T ]τ → X , we define the semi-
norm

‖�f‖�p(tn,tm;X) :=

(
m∑

k=n+1

τ‖f‖pX
) 1

p

and the norm
‖�f‖�p(X) := ‖�f‖�p(0,T ;X).
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MAXIMAL REGULARITY OF FULLY DISCRETE FEMs 525

We write Lq and W k,q as the abbreviations of the classical function spaces Lq(Ω)

and W k,q(Ω), respectively, and define W̃−1,q := W 1,q′(Ω)′ to be the dual space of

W 1,q′(Ω). The dual space of W 1,q′
0 (Ω) is denoted by W−1,q. The following L2 inner

product

(w, v) =

∫
Ω

wv dx ,

will be used to simplify the notations, and we denote by Lq
h the finite element space

Sh equipped with the norm of Lq.
A fully discrete finite element solution with the backward Euler scheme is defined

by

(
DτU

n
h , vh

)
+

N∑
i,j=1

(
aij(·, tn)∂jUn

h , ∂ivh
)
+
(
c(·, tn)Un

h , vh
)

=
(
fn, vh

)
+

N∑
j=1

(
gnj , ∂jvh

) ∀ vh ∈ Sh,

(2.1)

whereDτU
n
h = (Un

h −Un−1
h )/τ denotes the backward difference operator, and U0

h ∈ Sh

is a given approximation of the initial data U0. Equation (2.1) can be viewed as the
spatial discretization of the time-discrete PDEs [23, 24]⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

DτU
n −

N∑
i,j=1

∂i
(
aij(·, tn)∂jUn

)
+ c(·, tn)Un = fn −

N∑
j=1

∂jg
n
j in Ω,

N∑
i,j=1

aij(·, tn)∂jUnni =

N∑
j=1

gnj nj on ∂Ω,

U0 = u0,

(2.2)

where fn(x) = f(x, tn) and g
n(x) = g(x, tn).

The main result of this paper is the following theorem.

Theorem 2.1. Let Ω ⊂ RN , N = 1, 2, 3, be a bounded smooth domain. If the
coefficients aij(x, t) = aji(x, t) and c(x, t) satisfy condition (1.2) and

aij ∈W 1,∞(Ω× (0, T )) and c ∈ C([0, T ];L∞(Ω)),

f, gj ∈ C([0, T ];Lq),

then there exists a positive constant τ0, independent of τ and h, such that when τ < τ0
the solutions of (2.1) and (2.2) satisfy (1.14) and (1.17)–(1.18) for 1 < p, q <∞, and

‖Ph
�U − �Uh‖�p(Lq) ≤ C(‖Ph

�U − �Rh
�U‖�p(Lq) + ‖PhU

0 − U0
h‖Lq).(2.3)

Moreover, if ∂ttu ∈ Lp(0, T ; W̃−1,q) then

‖Ph�u− �Uh‖�p(Lq) ≤ C‖∂ttu‖Lp(0,T ;˜W−1,q)
τ(2.4)

+ C(‖Ph�u− �Rh
�U‖�p(Lq) + ‖Phu

0 − U0
h‖Lq).

Remark 2.1. (i) Since we have only assumed f, gj ∈ C([0, T ];Lq), the PDEs (1.1)
and (2.2) should be viewed in the variational sense to avoid defining the traces of∑N

i,j=1 aij∂juni and gj in the boundary conditions.
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526 BUYANG LI AND WEIWEI SUN

(ii) Since the generic constants C in the estimates (1.14), (1.17)–(1.18), and
(2.3)–(2.4) are independent of f and gj, we only need to prove Theorem 2.1 for
smooth f, gj ∈ C([0, T ];C∞

0 (Ω)). For general f, gj ∈ C([0, T ];Lq), we can ap-
proximate f and gj by a sequence of smooth functions fm ∈ C([0, T ];C∞

0 (Ω)) and
gm,j ∈ C([0, T ];C∞

0 (Ω)), respectively, and by taking the limit m → ∞ in the corre-
sponding estimates with fm and gm,j , we see that these estimates also hold for f and
gj . Hence, without loss of generality, we assume that f and gj are smooth functions
in C([0, T ];C∞

0 (Ω)) in the rest of this paper.
(iii) Theorem 2.1 is based on a commonly used approximation with classical finite

element methods in the spatial direction and the backward Euler scheme in the time
direction. Due to the nature of the finite difference scheme, the solution and the source
term f should be well defined at each time step tn and ∂ttu ∈ Lp(0, T ; W̃−1,q) as usual.
Of course, if the coefficients aij , c and the data f , g, and u0 are sufficiently smooth,

then ∂ttu ∈ Lp(0, T ; W̃−1,q). It is noted that similar stability estimates to (2.4) have
been proved by Chrysafinos and Walkington [7] in the energy norms for discontinuous
Galerkin time stepping schemes, with nonsymmetric and time-dependent coefficients
aij . Also a class of discontinuous Galerkin time stepping schemes has been studied by
Leykekhman and Vexler [18], where the stability estimate in the Lp(0, T ;Lq) norm has
been proved for the general case 1 ≤ p, q ≤ ∞, which has important applications in op-
timal control problems. It is noteworthy that for time-dependent coefficients aij(x, t)
the piecewise constant discontinuous Galerkin time discretization is not equivalent to
the backward Euler method.

Before we present our proof, some further notations and a lemma are introduced
below. We denote by a(x, tn) = [aij(x, tn)]N×N the coefficient matrix at the time
level t = tn, and define the operators

A(tn) : H
1 → (H1)′, Ah(tn) : Sh → Sh,

Rh(tn) : H
1 → Sh, Ph : L2 → Sh,

∇· : (H1)N → (H1)′, ∇h· : (H1)N → Sh,

by (
A(tn)φ, v

)
=
(
a(·, tn)∇φ,∇v

)
+
(
c(·, tn)φ, v

)
for all φ, v ∈ H1,(

Ah(tn)φ, v
)
=
(
a(·, tn)∇φ,∇v

)
+
(
c(·, tn)φ, v

)
for all φ, v ∈ Sh,(

Ah(tn)Rh(tn)w, v
)
=
(
A(tn)w, v

)
for all w ∈ H1 and v ∈ Sh,(

Phφ, v
)
=
(
φ, v
)

for all φ ∈ L2 and v ∈ Sh,(∇ · �w, v) = −(�w,∇v) for all �w ∈ (H1)N and v ∈ H1,(∇h · �w, v) = −(�w,∇v) for all �w ∈ (H1)N and v ∈ Sh.

It is well known (cf. [12, Theorem 2.4.2.7]) that for any ϕ ∈ Lq, 1 < q < ∞, there
exists v ∈W 2,q such that A(t)v = ϕ and

‖v‖W 2,q ≤ C‖ϕ‖Lq = C‖A(t)v‖Lq ,(2.5)

where the constant C is independent of t ∈ [0, T ].
Clearly, Ph is the L2 projection operator onto Sh, and Rh(tn) is the Ritz pro-

jection operator associated with the elliptic operator A(tn), satisfying the following
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approximation properties for l ≤ k:

‖Phφ− φ‖W l,q ≤ C‖φ‖Wk,qhk−l, 1 ≤ q ≤ ∞, l = 0, 1, k = 0, 1, 2,(2.6a)

‖Rh(tn)φ− φ‖W l,q ≤ Cp‖φ‖Wk,qhk−l, 1 < q <∞, l = 0, 1, k = 1, 2,(2.6b)

where (2.6a) is a consequence of [34, Lemma 7.2]. In the case of Dirichlet boundary
condition, a proof of (2.6b) can be found in [6, equations (8.5.4)–(8.5.5), with μ = ∞].
In the case of Neumann boundary condition, (2.6b) can be proved similarly by using
[11, Theorem A.3]. Besides the two inequalities above, the following estimates are
useful in our proof.

Lemma 2.1. Let Dq(tn) := {v ∈ W 2,q : a(·, tn)∇v · n = 0 on ∂Ω}, 1 < q < ∞.
Then we have

‖Ah(tn)vh‖Lq ≤ Ch−1‖vh‖W 1,q ∀ vh ∈ Sh,(2.7)

‖Ah(tn)Phψ‖Lq ≤ C‖ψ‖W 2,q ∀ψ ∈ Dq(tn),(2.8)

‖vh‖W 1,q ≤ C‖Ah(tn)vh‖Lq ∀ vh ∈ Sh,(2.9)

‖Ah(tn)
−1Phϕ‖Lq ≤ C‖ϕ‖

˜W−1,q ∀ϕ ∈ W̃−1,q.(2.10)

Proof. In fact, (2.7) follows from the following estimate via duality: for ηh ∈ Sh,

|(Ah(tn)vh, ηh)| = |(a(·, tn)∇vh,∇ηh) + (c(·, tn)vh, ηh)|
≤ C‖vh‖W 1,q‖ηh‖W 1,q′

≤ Ch−1‖vh‖W 1,q‖ηh‖Lq′ by the inverse inequality.

Similarly, (2.8) follows from the following estimate: for ηh ∈ Sh,

|(Ah(tn)Phψ, ηh)| = |(a(·, tn)∇Phψ,∇ηh) + (c(·, tn)Phψ, ηh)|
≤ |(a(·, tn)∇(Phψ − ψ),∇ηh) + (c(·, tn)(Phψ − ψ), ηh)|
+ |(a(·, tn)∇ψ,∇ηh) + (c(·, tn)ψ, ηh)|

= |(a(·, tn)∇(Phψ − ψ),∇ηh) + (c(·, tn)(Phψ − ψ), ηh)|
+ |(A(tn)ψ, ηh)|

≤ C‖Phψ − ψ‖W 1,q‖ηh‖W 1,q′ + C‖ψ‖W 2,q‖ηh‖Lq′

≤ C‖ψ‖W 2,qh‖ηh‖W 1,q′ + C‖ψ‖W 2,q‖ηh‖Lq′

≤ C‖ψ‖W 2,q‖ηh‖Lq′ by the inverse inequality.

To prove (2.9), we define v ∈ W 2,q as the solution of A(tn)v = Ah(tn)vh, which
satisfies the following estimate in view of (2.5):

‖v‖W 2,q ≤ C‖A(tn)v‖Lq = C‖Ah(tn)vh‖Lq .(2.11)

Then (A(tn)v, ηh) = (Ah(tn)vh, ηh) yields

(a(·, tn)∇(v − vh),∇ηh) + (c(·, tn)(v − vh), ηh) = 0 ∀ ηh ∈ Sh,
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528 BUYANG LI AND WEIWEI SUN

which means that vh is the Ritz projection of v onto Sh. Then (2.6b) implies

‖Ihv − vh‖Lq ≤ ‖Ihv − v‖Lq + ‖v − vh‖Lq

≤ Ch2‖v‖W 2,q

≤ Ch2‖Ah(tn)vh‖Lq .

By using the inverse inequality, we obtain

‖Ihv − vh‖W 1,q ≤ Ch−1‖Ihv − vh‖Lq ≤ Ch‖Ah(tn)vh‖Lq ,

which further implies

‖v − vh‖W 1,q ≤ ‖v − Ihv‖W 1,q + ‖Ihv − vh‖W 1,q

≤ Ch‖v‖W 2,q + Ch‖Ah(tn)vh‖Lq

≤ Ch‖Ah(tn)vh‖Lq .

The last inequality and (2.11) yield (2.9).
To prove (2.10), we simply note that for η ∈ Sh

|(Ah(tn)
−1Phϕ, η)|

= |(Ah(tn)
−1Phϕ, Phη)| (by the definition of the L2 projection Ph)

= |(ϕ,Ah(tn)
−1Phη)| (by the self-adjointness of Ah(tn)

−1)

≤ ‖ϕ‖
˜W−1,q‖Ah(tn)

−1Phη‖W 1,q′ (by the duality between W̃−1,q and W 1,q′)

≤ ‖ϕ‖W−1,q‖Phη‖Lq′ (by using (2.9))

≤ ‖ϕ‖W−1,q‖η‖Lq′ , (by using (2.6a) with k = l = 0)

which implies (2.10) via duality.

For any �w = (w1, . . . , wM ), �v = (v1, . . . , vM ), �wh = (w1
h, . . . , w

M
h ) with wn ∈ H1,

vn ∈ L2, and wn
h ∈ Sh, we define

�A�w = (A(t1)w
1, . . . , A(tM )wM ), �Ah �wh = (Ah(t1)w

1
h, . . . , Ah(tM )wM

h ),

Ph�v = (Phv
1, . . . , Phv

M ), �Rh �wh = (Rh(t1)w
1
h, . . . , Rh(tM )wM

h ).

In the rest of this paper, we let Cp1,...,pk
denote a generic positive constant which

may depend on the parameters p1, . . . , pk, as well as the domain Ω and the quantities
T , K, ‖aij‖W 1,∞(Ω×(0,T )), and ‖c‖L∞(Ω×(0,T )), but will be independent of the time-
step size τ and the spatial mesh size h.

3. Equations with time-independent coefficients. In this section, we study
the �p-stability estimates for the time-discrete system (2.2) and the fully discrete
system (2.1) by assuming that

aij = aij(x) ∈W 1,∞ and c = 1 .(3.1)

In this autonomous case, we simply denote A :≡ A(t) = −∇ · (a(x)∇) + 1 and
Dq :≡ Dq(t) (see Lemma 2.1). We need the following lemma, which was proved in [2,
Theorem 5.5 and Remark 5.2] (we refer to [16] for the notation of R-boundedness of
a family of operators); also see [15, Theorem 3.1].
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Lemma 3.1 (abstract maximal �p-regularity). Let 1 < q <∞ and let X be either
Lq or Lq

h. Let B : X → X be a linear operator such that the resolvent operators

z(z +B)−1(3.2)

are R-bounded for Re(z) ≥ 0, and denote its R-bound by CR. Then the solution of
the equation {

DτW
n +BWn = fn for n = 1, 2, . . . ,

W 0 = 0,
(3.3)

possesses the discrete maximal �p-regularity:

‖Dτ
�W‖�p(X) + ‖B �W‖�p(X) ≤ CCR‖�f‖�p(X), 1 < p <∞,(3.4)

where C is independent of τ and h.

Let the solution of {
∂tu+Au = 0,
u(0) = u0,

(3.5)

be denoted by u(t) = E(t)u0, and let−A be the generator of the semigroups {E(t)}t>0.
Then the domain of A is Dq (see Lemma 2.1). Moreover, Aw = Aw for any w ∈ Dq

and A
−1
v = A−1v for any v ∈ Lq. In other words, A :W 1,q → W̃−1,q is an extension

of the operator A : Dq → Lq. In the following, we simply use the notation A to
represent A. Similarly, the solution of{

∂tuh +Ahuh = 0,
uh(0) = u0h,

(3.6)

can be expressed as uh(t) = Eh(t)u
0
h, and the generator of the semigroups {Eh(t)}t>0

coincides with Ah. In order to prove the W̃−1,q estimate of numerical solutions, we
need the following lemma on boundedness of the Riesz transform.

Lemma 3.2 (boundedness of the Riesz transform). The Riesz transform ∇A−1/2

and its dual operator A−1/2∇· are both bounded on Lq for 1 < q <∞.

Proof. Since C∞
0 (Ω) is dense in Lq, we only need to consider the action of the

operators ∇A−1/2 and A−1/2∇· on the functions of C∞
0 (Ω).

Let A0 = −∇ · (a(x)∇) so that A = 1 + A0. Then the following estimate holds
for all 1 < q <∞ (cf. [4, Theorem 4, condition 1]):

‖A1/2
0 v‖Lq ≤ Cq‖∇v‖Lq ∀ v ∈ ◦

W 1,q(Ω) :=

{
w ∈W 1,q(Ω) :

∫
Ω

w(x)dx = 0

}
.

Since the operator ∇A−1
0 ∇· is bounded on Lq for all 1 < q <∞ (cf. [3, Theorem 1]),

it follows that, for g ∈ C∞
0 (Ω)d,

‖A−1/2
0 ∇ · g‖Lq = ‖A1/2

0 A−1
0 ∇ · g‖Lq ≤ C‖∇A−1

0 ∇ · g‖Lq ≤ C‖g‖Lq .

Then we have

‖A−1/2∇ · g‖Lq = ‖[(1 +A0)
−1A0]

1/2A
−1/2
0 ∇ · g‖Lq ≤ C‖A−1/2

0 ∇ · g‖Lq ≤ C‖g‖Lq ,

where we have used the boundedness of the symmetric positive operator (1+A0)
−1A0

in the last inequality. This last inequality shows the boundedness of the operator
A−1/2∇· on Lq for all 1 < q < ∞. Since the Riesz transform ∇A−1/2 is the dual of
A−1/2∇· , it follows that ∇A−1/2 is also bounded on Lq.
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530 BUYANG LI AND WEIWEI SUN

Lemma 3.3 (time-discrete PDEs with the Neumann boundary condition). Under
the assumptions (1.2) and (3.1), the solution of{

DτU
n +AUn = fn −∇ · gn, n = 1, . . . ,M,

U0 = 0,
(3.7)

satisfies

‖Dτ
�U‖

�p(˜W−1,q)
+ ‖�U‖�p(W 1,q) ≤ C‖�g‖�p(Lq), 1 < p, q <∞, if f ≡ 0,(3.8)

‖Dτ
�U‖�p(Lq) + ‖�U‖�p(W 2,q) ≤ C‖�f‖�p(Lq), 1 < p, q <∞, if g ≡ 0.(3.9)

Proof. It is well known that the continuous problem{
∂tu+Au = f,
u(0) = 0,

(3.10)

possesses the maximal-Lp regularity [35, Corollary 4.d], which implies that the col-
lection {z(z+A)−1 : Re(z) ≥ 0} is R-bounded on Lq [36, Theorem 4.2], for any given
1 < q < ∞. When gn ≡ 0 we simply apply Lemma 3.1 with the elliptic regularity
estimate

‖�U‖�p(W 2,q) ≤ Cq‖A�U‖�p(Lq) ∀ 1 < q <∞.(3.11)

This completes the proof of (3.9).
To prove (3.8), we denote En = (1 + τA)−n. The inequality (3.9) implies that

the map from �f to A�U given by the formula

AUn =
n∑

m=1

τAEn−m+1f
n

is bounded in �p(Lq). Since the fractional power operator A−1/2 commutes with A,
when f ≡ 0 and g �= 0 the solution of (3.7) is given by

∇Un = ∇A−1/2Wn,

where

Wn = −
n∑

m=1

τAEn−m+1A
−1/2∇ · gm.

The inequality (3.9) implies

‖ �W‖�p(Lq) ≤ C‖A−1/2∇ · g‖�p(Lq).(3.12)

Since the Riesz transform ∇A−1/2 and its dual operator A−1/2∇· are bounded on
Lq(Ω) for all 1 < q <∞ (cf. Lemma 3.2), it follows that

‖∇�U‖�p(Lq) ≤ C‖ �W‖�p(Lq) ≤ C‖A−1/2∇ · g‖�p(Lq) ≤ C‖�g‖�p(Lq).(3.13)

By using the last inequality, from (3.7) we can further derive

‖Dτ
�U‖

�p(˜W−1,q)
≤ C‖�g‖�p(Lq), 1 < p, q <∞, if f ≡ 0.(3.14)

The proof of Lemma 3.3 is completed.
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Similar results also hold for time-discrete parabolic equations with the Dirichlet
boundary conditions, and the proof is similar (thus omitted).

Lemma 3.4 (time-discrete PDEs with the Dirichlet boundary condition). Under
the assumptions (1.2) and (3.1), the solution of the equation

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
DτU

n −
N∑

i,j=1

∂i
(
aij∂jU

n
)
+ cUn = fn −

N∑
j=1

∂jg
n
j in Ω,

Un = 0 on ∂Ω

U0 = u0,

(3.15)

satisfies

‖Dτ
�U‖�p(W−1,q) + ‖�U‖�p(W 1,q) ≤ C‖�g‖�p(Lq), 1 < p, q <∞, if f ≡ 0,(3.16)

‖Dτ
�U‖�p(Lq) + ‖�U‖�p(W 2,q) ≤ C‖�f‖�p(Lq), 1 < p, q <∞, if g ≡ 0.(3.17)

For fully discrete finite element solutions of parabolic equations, we prove the
following result. Here we drop the assumption c = 1.

Lemma 3.5 (fully discrete finite element solutions). Under the assumptions (1.2)

and (3.1), the solution �Uh = (Un
h )

N
n=1 of the equation{

DτU
n
h +AhU

n
h = Phf

n −∇h · gn, n = 1, . . . ,M,
U0
h = 0 ,

(3.18)

satisfies that, for 1 < p, q <∞,

‖�Uh‖�p(˜W−1,q)
+ ‖�Uh‖�p(W 1,q) ≤ C‖�g‖�p(Lq) if �f ≡ 0,(3.19)

‖Dτ
�Uh‖�p(Lq) + ‖Ah

�Uh‖�p(Lq) ≤ C‖�fh‖�p(Lq) if �g ≡ 0.(3.20)

Proof. [20, text between (4.10) and (4.11)] implies that the operators
{z(z +Ah)

−1 : Re(z) ≥ 0} is R-bounded, and therefore Lemma 3.1 implies (3.20).
To prove (3.19), we introduce the time-discrete PDEs{

DτU
n +AUn = fn −∇ · gn, n = 1, . . . ,M,

U0 = 0,
(3.21)

and we define enh = PhU
n − Un

h . Integrating (3.21) against a finite element function
vh gives{

(DτPhU
n, vh) + (a∇Un,∇vh) = (fn, vh) + (gn,∇vh), n = 1, . . . ,M,

U0 = 0,

and integrating (3.18) against vh gives{
(DτU

n
h , vh) + (a∇Un

h ,∇vh) = (fn, vh) + (gn,∇vh), n = 1, . . . ,M,
U0
h = 0 .
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The difference of the two equations above yields⎧⎪⎨⎪⎩
(Dτe

n
h, vh) + (a∇enh,∇vh) = (a∇(PhU

n −RhU
n),∇vh)

= (Ah(PhU
n −RhU

n), vh),

e0h = 0 .

Multiplying the last equation by the operator A−1
h , we obtain{

Dτ (A
−1
h enh) +Ah(A

−1
h enh) = PhU

n −RhU
n, n = 1, . . . ,M,

A−1
h e0h = 0.

(3.22)

By applying (3.20) we derive that

‖�eh‖�p(Lq) = ‖Ah(A
−1
h enh)‖�p(Lq) ≤ C‖Ph

�U −Rh
�U‖�p(Lq) ≤ C‖�U‖�p(W 1,q)h,

which together with the inverse inequality gives

‖�eh‖�p(W 1,q) ≤ Ch−1‖�eh‖�p(Lq) ≤ C‖�U‖�p(W 1,q).

Therefore, we have

‖�Uh‖�p(W 1,q) ≤ ‖Ph
�U‖�p(W 1,q) + ‖�eh‖�p(W 1,q) ≤ C‖�U‖�p(W 1,q) ≤ C‖�g‖�p(W 1,q),

where (3.8) is used for deriving the last inequality.

4. Proof of Theorem 2.1. In this section, we consider the parabolic system
with time-dependent coefficients aij = aij(x, t) and c = c(x, t) by applying Lem-
mas 3.3–3.5 with a perturbation argument.

4.1. Time-discrete PDEs. First, we assume U0 = 0 and prove (1.14) and the
following �p(W 1,q) estimate

‖Dτ
�U‖

�p(˜W−1,q)
+ ‖�U‖�p(W 1,q) ≤ C

⎛⎝‖�f‖�p(Lq) +

N∑
j=1

‖�gj‖�p(Lq)

⎞⎠ ,(4.1)

for the solution of (2.2) by applying Lemma 3.3, under the extra assumption c = 1.
These extra conditions will be dropped later.

For 1 ≤ n ≤ m ≤M , we rewrite (2.2) as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

DτU
n −

N∑
i,j=1

∂i
(
aij(·, tm)∂jU

n
)
+ Un

= fn −
N∑
j=1

∂jg
n
j −

N∑
i,j=1

∂i
(
(aij(·, tm)− aij(·, tn))∂jUn

)
in Ω,

−
N∑

i,j=1

aij(·, tm)∂jU
nni

= −
N∑
j=1

gnj nj −
N∑

i,j=1

(aij(·, tm)− aij(·, tn))∂jUnni on ∂Ω,

U0 = u0.

(4.2)
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Since the operator on the left-hand side of (4.2) is independent of n, we can apply
(3.8)–(3.9) in the time interval [0, tm] and obtain

‖Dτ
�U‖�p(0,tm;˜W−1,q) + ‖�U‖�p(0,tm;W 1,q)

≤ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠
+ C‖((a(·, tm)− a(·, tn))∇Un)mn=1‖�p(0,tm;Lq)

≤ C

⎛⎝‖�f‖�p(0,tm;Lq) +
N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠
+ C‖(|tm − tn|�Un)mn=1‖�p(0,tm;W 1,q).

(4.3)

If we denote

Em := ‖�U‖p�p(0,tm;W 1,q) = τ
m∑

n=1

‖Un‖pW 1,q , m = 1, . . . ,M,

E0 := 0,

Fm :=

⎛⎝‖�f‖�p(0,tm;W−1,q) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠p

,

then (4.3) can be rewritten as

Em ≤ CFm + C‖(|tm − tn|Un)mn=1‖p�p(0,tm;W 1,q)

= CFm + Cτ

m∑
n=1

|tm − tn|p‖Un‖pW 1,q

= CFm + Cτ

m∑
n=1

|tm − tn|pE
n − En−1

τ

= CFm + Cτ

m−1∑
n=1

|tm − tn+1|p − |tm − tn|p
τ

En (discrete integration by parts)

≤ CFm + Cτ

m−1∑
n=1

En,

which holds for all 1 ≤ m ≤M . Applying Gronwall’s inequality yields

EM ≤ CFM ,
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and by substituting this inequality into (4.3) we obtain

‖Dτ
�U‖

�p(˜W−1,q)
+ ‖�U‖�p(W 1,q) ≤ C

⎛⎝‖�f‖�p(Lq) +

N∑
j=1

‖�gj‖�p(Lq)

⎞⎠ .(4.4)

This proves (4.1) under the extra condition c = 1.
Second, we drop the assumption c = 1 by rewriting (2.2) as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

DτU
n −

N∑
i,j=1

∂i
(
aij(·, tn)∂jUn

)
+ Un = (1− c(·, tn))Un + fn −

N∑
j=1

∂jg
n
j in Ω,

N∑
i,j=1

aij(·, tn)∂jUnni =

N∑
j=1

gnj nj on ∂Ω,

U0 = u0.

By applying (4.4) in the subinterval [0, tm], we have

‖Dτ
�U‖�p(0,tm;˜W−1,q) + ‖�U‖�p(0,tm;W 1,q)

≤ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠+ C‖�U‖�p(0,tm;Lq)

≤ C

⎛⎝‖�f‖�p(0,tm;Lq) +
N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠
+ C‖�U‖ 1

2

�p(0,tm;˜W−1,q)
‖�U‖ 1

2

�p(0,tm;W 1,q) (the interpolation inequality)

≤ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠
+ C‖�U‖

�p(0,tm;˜W−1,q)
+

1

2
‖�U‖�p(0,tm;W 1,q),(4.5)

which reduces to

‖Dτ
�U‖�p(0,tm;˜W−1,q) + ‖�U‖�p(0,tm;W 1,q)

≤ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠+ C‖�U‖
�p(0,tm;˜W−1,q)

.
(4.6)

Since

‖Um‖
˜W−1,q =

∥∥∥∥∥U0 + τ
m∑

n=1

DτU
n

∥∥∥∥∥
˜W−1,q

≤ ‖U0‖
˜W−1,q +

m∑
n=1

τ‖DτU
n‖

˜W−1,q ,
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it follows that

‖�U‖
�∞(0,tm;˜W−1,q)

≤ ‖U0‖
˜W−1,q +

m∑
n=1

τ‖DτU
n‖

˜W−1,q

= ‖U0‖
˜W−1,q + ‖Dτ

�U‖
�1(0,tm;˜W−1,q)

≤ ‖U0‖
˜W−1,q + T

1
p′ ‖Dτ

�U‖�p(0,tm;˜W−1,q)

≤ ‖U0‖
˜W−1,q + C‖�U‖

�p(0,tm;˜W−1,q)

+ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠
≤ ‖U0‖

˜W−1,q + C‖�U‖
1
p

�1(0,tm;˜W−1,q)
‖�U‖1−

1
p

�∞(0,tm;˜W−1,q)

+ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠
≤ ‖U0‖

˜W−1,q + C‖�U‖
�1(0,tm;˜W−1,q)

+
1

2
‖�U‖

�∞(0,tm;˜W−1,q)

+ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠ ,

(4.7)

which reduces to

‖�U‖
�∞(0,tm;˜W−1,q)

≤ ‖U0‖
˜W−1,q + C‖�U‖

�1(0,tm;˜W−1,q)

+ C

⎛⎝‖�f‖�p(0,tm;Lq) +

N∑
j=1

‖�gj‖�p(0,tm;Lq)

⎞⎠ ,
(4.8)

which holds for all 1 ≤ m ≤M . Then Gronwall’s inequality implies

‖�U‖
�∞(˜W−1,q)

≤ C‖U0‖
˜W−1,q + C

⎛⎝‖�f‖�p(Lq) +

N∑
j=1

‖�gj‖�p(Lq)

⎞⎠ .(4.9)

Substituting the inequality above into the last term of (4.6) and setting m = M , we
get (4.1) for the Neumann boundary condition.

By using Lemma 3.4, one can also prove (4.1) under the Dirichlet boundary
condition in a similar way (the proof is omitted). The corresponding result for the
Dirichlet boundary condition is presented below, which is needed to prove (1.14) for
the Neumann boundary condition.

Lemma 4.1 (Dirichlet boundary condition). The solution of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
DτU

n −
N∑

i,j=1

∂i
(
aij(·, tn)∂jUn

)
+ c(·, tn)Un = fn −

N∑
j=1

∂jg
n
j in Ω,

Un = 0 on ∂Ω,

U0 = u0

(4.10)

satisfies (4.1) for 1 < p, q <∞.

D
ow

nl
oa

de
d 

04
/0

3/
23

 to
 1

58
.1

32
.1

61
.1

85
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

536 BUYANG LI AND WEIWEI SUN

Third, we prove (1.14) for the special case that �U has a compact support in the
unit ball and Ω is the upper half-space, i.e., Ω = {(x1, . . . , xN ) ∈ RN : xN > 0}. In
this case, we have nN = −1 and nk = 0 for 1 ≤ k ≤ N − 1. To present estimates
for the gradient of the solution, we consider the equation which governs wn

k := ∂kU
n

with 1 ≤ k ≤ N − 1. By differentiating (2.2) with respect to xk, we obtain (note that
gj = 0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dτw
n
k −

N∑
i,j=1

∂i
(
aij(x, tn)∂jw

n
k

)
+ wn

k

= ∂k(f
n − cUn + Un) +

N∑
i,j=1

∂i
(
∂kaij(x, tn)∂jU

n
)

in Ω,

−
N∑

i,j=1

aij(x, tn)∂jw
n
kni

= (fn − cUn + Un)nk +

N∑
i,j=1

∂kaij(x, tn)∂jU
nni on ∂Ω,

w0
k = 0.

Applying (4.1) to the equation above, we get

‖Dτ �wk‖�p(˜W−1,q)
+ ‖�wk‖�p(W 1,q) ≤ C‖�f − c�Un + Un‖�p(Lq) + C

N∑
j=1

‖∂j �U‖�p(Lq)

≤ C‖�f‖�p(Lq) (this step uses (4.1) again),

which implies

N−1∑
k=1

‖Dτ∂k �U‖�p(˜W−1,q) +

N∑
i=1

N−1∑
k=1

‖∂i∂k �U‖�p(Lq) ≤ C‖�f‖�p(Lq) .(4.11)

Then we define

ϕn =
N−1∑
k=1

aNk(x, tn)

aNN(x, tn)
∂kU

n

with

Dτϕ
n =

N−1∑
k=1

aNk(x, tn−1)

aNN (x, tn−1)
Dτ∂kU

n +
N−1∑
k=1

Dτ

(
aNk(x, tn)

aNN (x, tn)

)
∂kU

n.

The strong ellipticity condition (1.2) implies aNN (x, t) ≥ K−1 and aNk(x, t) ≤ K,
which together with the Lipschitz continuity aij ∈ W 1,∞(Ω× (0, T )) yields∣∣∣∣ aNk(x, tn−1)

aNN(x, tn−1)

∣∣∣∣ ≤ C,

∣∣∣∣∇( aNk(x, tn−1)

aNN (x, tn−1)

)∣∣∣∣ ≤ C, and

∣∣∣∣Dτ

(
aNk(x, tn)

aNN (x, tn)

)∣∣∣∣ ≤ C.

Hence we have

‖�ϕ‖�p(W 1,q) + ‖Dτ �ϕ‖�p(˜W−1,q)

≤ C

N−1∑
k=1

(
‖∂k �U‖�p(W 1,q) + ‖Dτ∂k �U‖�p(˜W−1,q)

)
≤ C‖�f‖�p(Lq) (here we have used (4.11)).

(4.12)D
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We consider wn
N = ∂NU

n + ϕn, which is the solution of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dτw
n
N −

N∑
i,j=1

∂i
(
aij(x, tn)∂jw

n
N

)
+ wn

N

= ∂N (fn − cUn + Un) +

N∑
i,j=1

∂i
(
∂Naij(x, tn)∂jU

n
)

+Dτϕ
n −

N∑
i,j=1

∂i
(
aij(x, tn)∂jϕ

n
)

in Ω,

wn
N = 0 on ∂Ω,

w0
N = 0 in Ω,

where the Dirichlet boundary condition of wn
N is a consequence of the Neumann

boundary condition satisfied by Un, i.e.,

aNN (x, tn)∂NU
n +

N−1∑
j=1

aNj(x, tn)∂jU
n =

N∑
i,j=1

aij(x, tn)∂jU
nni = 0 on ∂Ω.

By applying Lemma 4.1 we derive

‖�wN‖�p(W 1,q) ≤ C‖f − cUn‖�p(Lq) + C‖�U‖�p(W 1,q)

+ C‖Dτ �ϕ‖�p(W−1,q) + C‖�ϕ‖�p(W 1,q)

≤ C‖f‖�p(Lq) (here we have used (4.11) and (4.12)),

which further implies

‖∂N �U‖�p(W 1,q) ≤ ‖�wN‖�p(W 1,q) + ‖�ϕ‖�p(W 1,q) ≤ C‖f‖�p(Lq).

This proves (1.14) for the special case that Ω = {(x1, . . . , xN ) ∈ RN : xN > 0} and
�U has compact support in the unit ball. For a general bounded smooth domain, in
terms of a partition of unity and a coordinate transform, the problem can always be
transformed into the domain Ω = {(x1, . . . , xN ) ∈ RN : xN > 0}.

The proof of (1.14) and (4.1) is complete.

4.2. Fully discrete finite element solutions. To prove (1.18), we let U0
h =

PhU
0 = 0, denote enh = PhU

n − Un
h , and let Rn

h = Rh(tn) be the Ritz projection
associated with the elliptic operator A(tn) (defined in section 2). From (2.1)–(2.2) we
see that enh satisfies the equation

(
Dτe

n
h, vh

)
+

N∑
i,j=1

(
aij(·, tn)∂ienh, ∂jvh

)
+
(
c(·, tn)enh, vh

)
=

N∑
i,j=1

(
aij(·, tn)∂iξnh , ∂jvh

)
+
(
c(·, tn)ξnh , vh

) ∀ vh ∈ Sh,

(4.13)

where ξnh := PhU
n − Rn

hU
n. Equivalently, the equation above can be written in the

following operator form: {
Dτe

n
h +Ah(tn)e

n
h = Ah(tn)ξ

n
h ,

e0h = 0.
(4.14)
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538 BUYANG LI AND WEIWEI SUN

Similar to section 4.1, we rewrite the equation above in the perturbed form{
Dτe

n
h +Ah(tm)enh = Ah(tn)ξ

n
h + (Ah(tm)−Ah(tn))e

n
h ,

e0h = 0,
(4.15)

where the operator on the left-hand side does not depend on n, so we can apply (3.19)
of Lemma 3.5 in the subinterval [0, tm]. Then we have

‖Dτ�eh‖�p(0,tm;˜W−1,q) + ‖�eh‖�p(0,tm;W 1,q)

≤ C
(‖�ξh‖�p(0,tm;W 1,q) + ‖((a(·, tm)− a(·, tn))∇enh)mn=1‖�p(0,tm;Lq)

)
≤ C

(‖�ξh‖�p(0,tm;W 1,q) + ‖(|tm − tn|enh)mn=1‖�p(0,tm;W 1,q)

)
.

(4.16)

If we define

Em
h := ‖�eh‖p�p(0,tm;W 1,q) = τ

m∑
n=1

‖enh‖pW 1,q , m = 1, . . . ,M,

E0
h := 0,

then (4.16) can be written as

Em
h ≤ C‖�ξh‖p�p(0,tm;W 1,q) + Cτ

m∑
n=1

|tm − tn|p‖enh‖pW 1,q

= C‖�ξh‖p�p(0,tm;W 1,q) + Cτ
m∑

n=1

|tm − tn|pE
n
h − En−1

h

τ

= C‖�ξh‖p�p(0,tm;W 1,q) + Cτ
m−1∑
n=1

|tm − tn+1|p − |tm − tn|p
τ

En
h

≤ C‖�ξh‖p�p(0,tm;W 1,q) + Cτ
m−1∑
n=1

En
h ,

(4.17)

which yields (via using the discrete Gronwall’s inequality)

EM
h ≤ C‖�ξh‖p�p(0,T ;W 1,q) = C‖�ξh‖p�p(W 1,q).

Substituting the estimate above into (4.16), we get

‖Dτ�eh‖�p(˜W−1,q) + ‖�eh‖�p(W 1,q) ≤ C‖�ξh‖�p(W 1,q),(4.18)

which further implies

‖Dτ
�Uh‖�p(˜W−1,q) + ‖�Uh‖�p(W 1,q)

≤ (‖Dτ�eh‖�p(˜W−1,q) + ‖�eh‖�p(W 1,q)) + (‖DτPh
�U‖�p(˜W−1,q) + ‖Ph

�U‖�p(W 1,q))

≤ C‖�ξh‖�p(W 1,q) + C(‖Dτ
�U‖

�p(˜W−1,q)
+ ‖�U‖�p(W 1,q)) (use (4.18) here)

= C‖Ph
�Un − �Rh

�Un‖�p(W 1,q) + C(‖Dτ
�U‖

�p(˜W−1,q)
+ ‖�U‖�p(W 1,q))

≤ C(‖Dτ
�U‖�p(˜W−1,q) + ‖�U‖�p(W 1,q)) (use (2.6b) with l = k = 1)

≤ C

⎛⎝‖�f‖�p(Lq) +

N∑
j=1

‖�gj‖�p(Lq)

⎞⎠ (use (4.1) here).

(4.19)

This proves (1.18).
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Second, we let U0
h = PhU

0 = 0 and prove (1.17). By using (4.14) and the inverse
inequality, we have

‖Dτ�eh‖�p(Lq) + ‖ �Ah�eh‖�p(Lq)

≤ C‖ �Ah�eh‖�p(Lq) + ‖ �Ah(Ph
�U − �Rh

�U)‖�p(Lq) (use (4.14) here)

≤ Ch−1‖�eh‖�p(W 1,q) + Ch−1‖Ph
�U − �Rh

�U‖�p(W 1,q) (use (2.7) here)

≤ Ch−1‖Ph
�U − �Rh

�U‖�p(W 1,q) (use (4.18) here)

≤ C‖�U‖�p(W 2,q) (use (2.6a)–(2.6b) here),

(4.20)

which implies that

‖Dτ
�Uh‖�p(Lq) + ‖ �Ah

�Uh‖�p(Lq)

≤ ‖Dτ�eh‖�p(Lq) + ‖ �Ah�eh‖�p(Lq) + ‖DτPh
�U‖�p(Lq) + ‖ �AhPh

�U‖�p(Lq)

≤ C(‖Dτ
�U‖�p(Lq) + ‖�U‖�p(W 2,q)) (use (4.20) and (2.8) here)

≤ C‖�f‖�p(Lq) (use (1.14) here).

(4.21)

This proves (1.17). Note that the W 2,q regularity of Un required in the inequalities
above is obtained from (1.14), which has already been proved in section 4.1.

Finally, we drop the assumption U0
h = PhU

0 = 0 and prove (2.4). The proof of
(2.3) is similar (by dropping the truncation-error term En in the proof below). From
(1.1) and (2.1) we see that the error function θnh = Phu

n −Un
h − (Phu

0 −U0
h) satisfies

the equation

{
Dτθ

n
h +Ah(tn)θ

n
h = Ah(tn)η

n
h + PhEn,

θ0h = 0,
(4.22)

where ηnh = Phu
n −Rn

hu
n − (Phu

0 − U0
h) and

En = Dτu
n − ∂tu(·, tn) =

∫ tn

tn−1

s− tn−1

τ
∂ttu(s)ds

denotes the truncation error of the backward Euler scheme, which satisfies

‖�E‖�p(˜W−1,q) ≤
(

N∑
n=1

τ

(∫ tn

tn−1

‖∂ttu(s)‖˜W−1,qds

)p
) 1

p

≤
(

N∑
n=1

τ
1+ p

p′
∫ tn

tn−1

‖∂ttu(s)‖p
˜W−1,q

ds

) 1
p

(use Hölder’s inequality)(4.23)

= τ‖∂ttu‖Lp(0,T ;˜W−1,q).
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Applying (1.18) to (4.22), we obtain

‖�θh‖�p(W 1,q) ≤ C‖�ηh‖�p(W 1,q) + C‖Ph
�E‖�p(Lq)

≤ Ch−1(‖�ηh‖�p(Lq) + ‖Ph
�E‖�p(˜W−1,q)),(4.24)

where we have used the inverse inequalities

‖�ηh‖�p(W 1,q) ≤ Ch−1‖�ηh‖�p(Lq),(4.25)

‖Ph
�E‖�p(Lq) ≤ Ch−1‖Ph

�E‖
�p(˜W−1,q)

.(4.26)

For any given �φ = (φn)M−1
n=0 ∈ �p(Lq), we let �ψ = (ψn)M−1

n=0 be the solution of the
backward equation {

Dτψ
n − A(tn)ψ

n−1 = −φn,
ψM = 0.

According to (1.14) (which has already been proved), we have ψn−1 ∈ Dq(tn), n =
1, . . . ,M (see the definition of Dq(tn) in Lemma 2.1), and

‖Dτ
�ψ‖�p(Lq) + ‖�ψ‖�p(W 2,q) ≤ C‖�φ‖�p(Lq),(4.27)

where �ψ := (ψ0, . . . , ψM−1). Using integration by parts and (2.8)–(2.10), we have

M∑
n=1

τ(θnh , φ
n)

=

M∑
n=1

τ(θnh ,−Dτψ
n +A(tn)ψ

n−1)

=

N∑
n=1

τ(Dτθ
n
h +A(tn)θ

n
h , ψ

n−1)

=
M∑
n=1

(
τ
(
Dτθ

n
h +A(tn)θ

n
h , ψ

n−1 − Phψ
n−1
)
+ τ
(
Dτθ

n
h +Ah(tn)θ

n
h , Phψ

n−1
)

=

M∑
n=1

(
τ
(
Dτθ

n
h +A(tn)θ

n
h , ψ

n−1 − Phψ
n−1
)

+ τ
(
Ah(tn)η

n
h , Phψ

n−1
)
+ τ(PhEn, Phψ

n−1)

)
(here we have used (4.22))

=

M∑
n=1

(
τ
(
Dτθ

n
h +A(tn)θ

n
h , ψ

n−1 − Phψ
n−1
)

+ τ
(
A(tn)η

n
h , Phψ

n−1 − ψn−1
)
+ τ
(
A(tn)η

n
h , ψ

n−1
)
+ τ(PhEn, Phψ

n−1)

)
=

M∑
n=1

(
τ
(
θnh , A(tn)(ψ

n−1 − Phψ
n−1)

)
+ τ
(
ηnh , A(tn)(Phψ

n−1 − ψn−1)
)
+ τ
(
ηnh , A(tn)ψ

n−1
)
+ τ(PhEn, ψn−1)

)D
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≤ C(‖�θh‖�p(W 1,q) + ‖�ηh‖�p(W 1,q))‖�ψ − Ph
�ψ‖lp′(W 1,q′ )

+ C‖�ηh‖�p(Lq)‖ �A�ψ‖lp′(Lq′ ) + C‖Ph
�E‖

�p(˜W−1,q)
‖�ψ‖lp′(W 1,q′ )

≤ C(‖�θh‖�p(W 1,q)h+ ‖�ηh‖�p(Lq) + ‖Ph
�E‖

�p(˜W−1,q)
)‖�ψ‖lp′(W 2,q′ )

≤ C(‖�ηh‖�p(Lq) + ‖Ph
�E‖�p(˜W−1,q))‖�ψ‖lp′(W 2,q′ ) (here we have used (4.24))

≤ C(‖�ηh‖�p(Lq) + ‖�E‖
�p(˜W−1,q)

)‖�φ‖lp′ (Lq′ ). (here we have used (4.27)).

By duality, we have

‖�θh‖�p(Lq) ≤ C(‖�ηh‖�p(Lq) + ‖�E‖
�p(˜W−1,q)

)

≤ C(‖Ph�u− �Rh�u‖�p(Lq) + ‖Phu
0 − U0

h‖Lq) + C‖�E‖�p(˜W−1,q)

≤ C(‖Ph�u− �Rh�u‖�p(Lq) + ‖Phu
0 − U0

h‖Lq) + C‖∂ttu‖Lp(0,T ;˜W−1,q)τ.

This proves (2.4), and the proof of Theorem 2.1 is complete.
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