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Abstract. We establish the maximal ¢P-regularity for fully discrete finite element solutions of
parabolic equations with time-dependent Lipschitz continuous coefficients. The analysis is based on
a discrete P (W1:9) estimate together with a duality argument and a perturbation method. Optimal-
order error estimates of fully discrete finite element solutions in the norm of ¢P(L?) follows immedi-
ately.
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1. Introduction. We study fully discrete finite element approximations of the
parabolic problem

N N
Oru — Z 8¢(aijaju) +cu = f — Zajgj in Q % (O,T),

ij=1 j=1
(1.1) N N
Z ai;0jun; = Zgjnj on 90 x (0,7T),
ij=1 j=1
u(0) = u in ,

in a bounded smooth domain  C RY, N = 1,2,3, with the coefficients aij = aj;
satisfying the strong ellipticity condition

N
12) KNP < ) ay(a, )€ < K¢ for § € RN and (w,1) € Q x (0, ],
: i,j=1
c(z,t) > ¢ for (z,t) € Q x (0,7,

where K and ¢y are some positive constants.
Define the elliptic operator A(t) : HY(Q) — H'(Q)" and its semidiscrete finite
element approximation Ay (t) : Sy, — Sp by

N
(1.3)  (A(w,v) = > (aij (- t)05w, div) + (c(-, t)w, v) Y w,v e HY(Q),
i,5=1
N
(1.4) (Ah(t)wh,vh) = Z (aij(-,t)(‘?jwh, aﬂ)h) + (c(-,t)wh, ’Uh) Y wp, vy € Sh,
i,5=1
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where S}, denotes a finite element subspace of H!() consisting of continuous piecewise
polynomials of degree » > 1 subject to a quasi-uniform triangulation which fit the
domain Q exactly, as assumed in [30, 32]. Then (1.1) can be written in the abstract
form

ou =
1.5 — 4+ Au=f—-V- g,
(1.5) 5 TAu= S g
and its semidiscrete finite element approximation can be written as
ou =
(1.6) a—th‘FAhUh:fh—vh'ga

where f, = P,f (the L? projection of f onto the finite element space) and g =
(g1,---,9n); the divergence operators V- : HY(Q)N — HY(Q)" and V- : H{(Q)N —
Sy will be defined in section 2. Analysis of (1.6) has been done for a variety of
finite element methods and many other numerical methods, particularly in the spaces
L*(0,T; L?) and L?(0,T; H').

If the coefficients a;; are time independent and a;; € W1*°(Q), it is well known
that the solution of the parabolic problem (1.1) possesses the maximal parabolic
regularity [35, 30]

(17) ||atu||Lp(())T;Lq) + ||Au||Lp(07T;Lq) S CHfHLP(O,T;Lq) if U(O) =0 and g = 0,
(1.8) llull Leo,r;wr0y < CllgllLe(o,r;rey i w(0) = 0 and f =0,

for 1 < p,q < co. These results also have been extended to time-dependent coefficients
under various conditions [1, 9]. The extension of these estimates to discrete settings is
of significant importance as they provide more precise error estimates and a new tool
for the analysis of numerical methods for nonlinear parabolic problems. Numerous
efforts have been made in the last several decades. For parabolic equations with time-
independent smooth coefficients a;; = a;;(x) € C?T*(Q2), Geissert [10, 11] proved that
the finite element solution of the semidiscrete equation (1.6) satisfies the spatially
discrete maximal LP-regularity

(1.9) ”atuh”LP(QT;Lq) + ||AhuhHLP(O,T;Lq) < OHfHLP(QT;Lq)

when u,(0) = 0 and g = 0.
The proof is based on the maximum-norm stability analysis established by Schatz,
Thomée, and Wahlbin [32]. Recently, the first author [20] proved (1.9) together with
(1.10) llunll e, m;w10y < CllgllLe(o,7;00)  when up(0) =0 and f =0

for Lipschitz continuous coefficients a;; € W1°°(2). Under the Dirichlet boundary
condition, the estimates (1.9)—(1.10) were established in [22] for the problem in convex
polyhedra with classical finite element approximations, and the estimate (1.9) was
proved by Kemmochi and Saito [14, Theorem I] for the problem in general polyhedra
with a lumped mass method by using the discrete maximum principle.

A straightforward application of (1.9)—(1.10) is the error estimate

(1.11) |1 Phu — up | poo,7;00) < C(|| Py’ — uf)|| o + || Pou — Rpul| oo, 1:19)),

where Ry (t) is the Ritz projection operator associated with the elliptic operator A(t)
for t € [0,T]. The error estimate (1.11) is optimal with respect to the regularity of
the solution. On the other hand, the space-time maximum-norm error estimate

(1.12) || Pau — up|| oo (o,;000) < CllPuug — uj || zoe + Cla|| Pht — ull oo (0,715,
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has also been studied by many people [5, 8, 13, 17, 19, 20, 25, 26, 28, 31, 32, 33] for lin-
ear autonomous parabolic equations with smooth coefficients, where ¢;, = |In h|™ for
some nonnegative constant m. The extension of (1.9)—(1.12) to nonautonomous equa-
tions with Lipschitz continuous coefficients (a;; = ai;(x,t)) is not straightforward, but
it plays a key role in studying finite element solutions of nonlinear parabolic prob-
lems. In our recent work [21], we proved (1.9)—(1.11) for linear parabolic equations
with time-dependent Lipschitz continuous coefficients and then applied them to an-
alyze a special nonlinear parabolic model arising from a porous medium flow, where
the diffusion-dispersion coefficient is a nonlinear function of the solution. The analysis
was based on a perturbation argument, which converts the problem locally (in time)
to a parabolic equation with time-independent coefficients. All these works focused
on the semidiscrete finite element solutions of (1.6).

The stability and regularity of fully discrete finite element solutions seem to be
more complicated. Less work has been done in this direction. Some early work
on fully discrete schemes only focused on one-dimensional models. For a simple
two-dimensional parabolic equation with a;; = J;; (the Kronecker symbol), Schatz,
Thomée, and Wahlbin [31] studied a fully discrete approximation, in which a strongly
A(6)-stable scheme was used in time direction and a linear finite element method was
used for spatial discretization. They proved the stability of the discrete semigroup
{E} = (1+74,)7 "}, in the maximum norm:

(1.13) HE;;.L,T/UhHLx < Cllonllpee Vop € Sh, n=0,1,2,....

Later, Palencia [27] proved the estimate for » > 1 and N = 1,2,3, and Hansbo [13]
proved a related L® — LP estimate with 1 < s < 2. In these works, the stability of
the fully discrete semigroup was established for some strongly A(6)-stable schemes,
excluding the Crank-Nicolson scheme. The inequality (1.13) can be viewed as a
stability estimate with respect to the initial value in general.

The corresponding stability estimates with respect to f and g are more important
since they imply directly error estimates of finite element solutions for linear problems
and also play a key role for nonlinear problems. In the case g = 0, the maximal ¢P-
regularity for time-discrete (spatial continuous) systems of (1.5) was studied by several
authors. Ashyralyev, Piskarev, and Weis [2, Remark 5.2] studied the semidiscrete
backward Euler and Crank-Nicolson time discretizations of (1.5) (time discrete and
space continuous), respectively, and proved the corresponding time-discrete maximal
(P-regularity

(1.14) 1D T llev(ay + 1T lev w20y < Ol fllen () if §;=0,

for U° = 0 and 1 < p,q¢ < oo, where D, denotes the backward Euler difference
operator and U = (U!,...,UM) is the solution of a time-discrete system. Leykekhman
and Vexler [18] studied a class of discontinuous Galerkin time discretization, and
proved the discrete maximal LP-regularity

[U-]
HatUT”LP(QT;Lq) + <ZTH T

T
<Cln (;) Il flleco,r;La) v1<p,q< oo

1

P
) + |AU; || e (0,7;L9)

p
La

(1.15)

Recently, Kovécs, Li, and Lubich [15] proved the maximal ¢P-regularity (1.14) for
1 < p,q < o0, for the backward differentiation formula (BDF) and A-stable Runge—
Kutta time discretization methods. By noting the R-boundedness of the finite element
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resolvent operators,
(1.16) 2(z4+Ap)7Y, z2€ Xy :i={z€C: |arg(z)| <V},

which is a consequence of [22, estimate (2.13)] and [35, Lemma 4.c] (also see [20]), the
maximal ¢P-regularity (1.14) can be extended immediately to fully discrete solutions
with classical finite element approximations in space to (cf. [15, Theorem 6.1 and
Remark 6.1])

0,

(1.17) | D-Unllev(r.0) + | AnTnllev(ray < OHﬂ\éﬁ(Lq) if gj

where (jh = (U,%, ey U,]L”) denotes the solution of a fully discrete system and /Yh (jh =
(Ap(t)UL, ..., Ap(ty)UM). More recently, Kemmochi and Saito [14] investigated
both the maximal ¢P-regularity for the time-discrete solutions given by the #-scheme,
as well as the maximal ¢P-regularity of fully discrete solutions with a lumped mass
method for the spatial discretization.

However, all the works mentioned above for fully discrete solutions only consid-
ered parabolic equations with time-independent coefficients, a;; = a;;(x) since the
semigroup approach used in previous works is applicable only for the problem with
time-independent coefficient. In this paper, we establish the maximal ¢P-regularity
(1.17), together with the £P(W14) estimate

N
(1.18) ID+Unllgo (357-1.0y T 1Unller(wray < C | 1 fllernay + Z IGillercay |

j=1

for the problem with the Neumann boundary condition, the time-dependent Lipschitz
continuous coefficients a;;(x,t), and the bounded measurable coefficient c¢(x,t), where
W14 denotes the dual space of W14 with 1/q+1/¢’ = 1. Analysis for the maximal
£P-regularity of fully discrete solutions is based on a perturbation technique with a du-
ality argument and a more precise estimate of time-discrete solutions. For simplicity,
here we focus our attention on the backward Euler scheme for the time discretization.
Our techniques can be extended to the Crank—Nicolson and BDF methods once the
R-boundedness of (1.16) can be proved for the angle ¥ required by [15, Theorems
4.1-4.2]. Although we only consider linear problems in this paper, the estimates de-
rived in this paper are useful for analyzing fully discrete finite element solutions of
nonlinear problems in a similar way to [21].

2. Main results. Let 0 = tg < t; < -+ < tpy = T be a uniform partition
of the interval [0,7] for some positive integer M and with 7 = ¢, — t,—1 and let
(0,T)7 := {t1,...,tam} be a measure space equipped with the measure

|{tk17tk27-- '7tkm}| = mTr.

For any Banach space X and a given function f : (0,T], = X, we define the semi-

norm .

Hﬂ\ez’(tn,tm;x) = ( Z T|f|§<>

k=n-+1
and the norm
I fllerxy = 1 fllerco,7;x)-
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We write L9 and W*¢ as the abbreviations of the classical function spaces L7(£2)
and W*4((), respectively, and define W14 := W4 (Q)’ to be the dual space of
W' (Q). The dual space of W,'? (Q) is denoted by W14, The following L? inner

product
(w,v)z/wvdx,
Q

will be used to simplify the notations, and we denote by L the finite element space
Sy equipped with the norm of LY.

A fully discrete finite element solution with the backward Euler scheme is defined
by

N
(D-U3vn) + Y (aii (-, ta) ;U5 0ivn) + (-, 1)U, vn)

3,j=1

(2.1) "
+Z gj,a’Uh Y v € Sh,
j=1

where D, U} = (Ul —U;*~') /7 denotes the backward difference operator, and U} € S,
is a given approximation of the initial data U°. Equation (2.1) can be viewed as the
spatial discretization of the time-discrete PDEs [23, 24]

N N
DU = 3" 0i(aii (- t)OU™) + (-, t)U™ = f" = 0597 in Q,
i,j=1 i=1
(2.2) N
Z aij (-, tn)0;U"n; = Zgj n; on 9,
o

where f™(z) = (2, 1) and g"(x) = g(z, ).
The main result of this paper is the following theorem.

THEOREM 2.1. Let Q ¢ RY, N = 1,2,3, be a bounded smooth domain. If the
coefficients a;;(x,t) = aj;(x,t) and c(x,t) satisfy condition (1.2) and

aij € WH(Q x (0,T)) and ce€ C([0,T]; L=(Q)),
f.g; € C([0,T); L),

then there exists a positive constant Ty, independent of T and h, such that when T < 1
the solutions of (2.1) and (2.2) satisfy (1.14) and (1.17)—(1.18) for 1 < p,q < oo, and

(2.3) |1PU — Unllew ey < C(|PaU — RaU ||ew(pay + [|PaU° = UR| 1)
Moreover, if Oyu € LP(0,T; /W—Lq) then

(2.4) || Pr — Uh”gp(Lq) < C||8ttu||Lp(O)T;W,1,q)r
+ C(thﬁ— ]‘:L;h[ngp(Lq) + HPh’LLO — U}?”Lq)-

Remark 2.1. (i) Since we have only assumed f, g; € C([0,T7]; L?), the PDEs (1.1)
and (2.2) should be viewed in the variational sense to avoid defining the traces of

vaj 1 a;j0;un; and g; in the boundary conditions.
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(ii) Since the generic constants C' in the estimates (1.14), (1.17)—(1.18), and
(2.3)-(2.4) are independent of f and g;, we only need to prove Theorem 2.1 for
smooth f,g; € C([0,T];C5°(2)). For general f,g; € C([0,T];L?), we can ap-
proximate f and g; by a sequence of smooth functions f,, € C([0,T];C3°(2)) and
gm,; € C([0,T];C5°(82)), respectively, and by taking the limit m — oo in the corre-
sponding estimates with f,, and g, j, we see that these estimates also hold for f and
g;. Hence, without loss of generality, we assume that f and g; are smooth functions
in C([0,T]; C§°(£2)) in the rest of this paper.

(iii) Theorem 2.1 is based on a commonly used approximation with classical finite
element methods in the spatial direction and the backward Euler scheme in the time
direction. Due to the nature of the finite difference scheme, the solution and the source
term f should be well defined at each time step t,, and 9y;u € LP(0,T; W—19) as usual.
Of course, if the coefficients a;;, c and the data f, g, and u° are sufficiently smooth,
then dyu € LP(0,T; W*Lq). It is noted that similar stability estimates to (2.4) have
been proved by Chrysafinos and Walkington [7] in the energy norms for discontinuous
Galerkin time stepping schemes, with nonsymmetric and time-dependent coefficients
ai;. Also a class of discontinuous Galerkin time stepping schemes has been studied by
Leykekhman and Vexler [18], where the stability estimate in the L?(0,T’; L?) norm has
been proved for the general case 1 < p, g < oo, which has important applications in op-
timal control problems. It is noteworthy that for time-dependent coefficients a;;(x,t)
the piecewise constant discontinuous Galerkin time discretization is not equivalent to
the backward Euler method.

Before we present our proof, some further notations and a lemma are introduced
below. We denote by a(z,t,) = [a;j(x,tn)]nxn the coefficient matrix at the time
level t = t,,, and define the operators

Alty) : H' — (H'Y, An(tn) + Sp — Sh,
Rp(t,): H' = Sy, Py :L? = Sy,
Ve (HYY - (H'Y, Vi (HYDN — Sy,
by
(A(tn)d,v) = (a(-,tn)Vh, Vo) + (c(, tn)¢,v) for all ¢,v € HY,
(An(tn)¢,v) = (al(, tn)Ve, V) + (c(-, tn)¢, v) for all ¢,v € Sh,
(Ap(tn)Ri(tn)w,v) = (A(ty)w,v) for all w € H' and v € Sy,
(Prg.v) = (¢,v) for all ¢ € L? and v € S,
(V- 10,v) = — (@, Vv) for all & € (H)Y and v € H',
(Vi -,v) = — (@, Vv) for all @ € (H")N and v € S},.

It is well known (cf. [12, Theorem 2.4.2.7]) that for any ¢ € L7, 1 < ¢ < oo, there
exists v € W24 such that A(t)v = ¢ and

(2.5) [ollw=2a < Cllgllze = CllA(E)v] La,

where the constant C' is independent of ¢ € [0, T7.
Clearly, P, is the L? projection operator onto Sy, and Ry(t,) is the Ritz pro-
jection operator associated with the elliptic operator A(t,), satisfying the following
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approximation properties for [ < k:

(263) HPhQS_QSHWZ*q SCYHQ'SHkaqhk_lv 1 ng 00, lzovla k:05172a
(26b) HRh(tn)¢ - ¢||Wl*q < CP||¢|‘Wk*qhk_l7 1< q < 00, I = 07 17 k= 17 27

where (2.6a) is a consequence of [34, Lemma 7.2]. In the case of Dirichlet boundary
condition, a proof of (2.6b) can be found in [6, equations (8.5.4)—(8.5.5), with p = o0].
In the case of Neumann boundary condition, (2.6b) can be proved similarly by using
[11, Theorem A.3]. Besides the two inequalities above, the following estimates are
useful in our proof.

LEMMA 2.1. Let Dy(t,) == {v € W29 : a(,t,)Vv-n =0 on 90}, 1 < ¢ < .
Then we have

(2.7) | An(tn)vnllne < Ch™ Y| vnllwr.a Yoy, € Sh,
(2.8) [ An(tn) Putpll Lo < Cll¢llw2.a V4 € Dy(tn),
(2.9) [vrllwie < CllAn(tn)vnllLs Yup € Sp,
(2.10) AR (t) " Puglle < Cllolls1.q VoeWw b

Proof. In fact, (2.7) follows from the following estimate via duality: for ny, € S},

|(An(tn)on, mn)| = [(a(, tn) Von, Vi) + (e tn)on, 1mn)|
< Cllonllwallmmlly.a

< Ch™Yvn|lwralmnll e by the inverse inequality.

Similarly, (2.8) follows from the following estimate: for 7, € Sy,

[(An(tn) Puib, mn)| = [(a(, tn) VPR, Vi) + (c(-, tn) Path, mn)|
< |(a(- tn)V(Prtp — 1), Vi) 4 (c(5 ) (Prtp — 1), mn)|
+1(a(s ta) Ve, Vi) + (e(s tn) s nn)|
= [(a(- tn)V(Prtp — ), Vi) + (c(, tn) (Prth — ), 1)
+ [(Atn) Y, mn)

< ClPu = dllwrallnnllwr.ar + Clivllw2allnnll o

< Cllpllw2abllnnllye + Clligllwzallmll Lo
< ClYllwzallmnllrer by the inverse inequality.

To prove (2.9), we define v € W49 as the solution of A(t,)v = Ap(t,)vs, which
satisfies the following estimate in view of (2.5):

(2.11) [v]lwe.a < ClAER)V|La = CllAn(tn)vnllLa.
Then (A(t,)v,mn) = (An(tn)vn, nn) yields

(a(tn)V(v —vp), Vi) + (c(5tn) (v —vn),mp) =0 Vi € S,
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which means that vy, is the Ritz projection of v onto Sj,. Then (2.6b) implies

[ 10 — vallLe < [Inv — v|[La + [[v — vh| La
< Ch?[|v[lw2.q
< OhZHAh(tn)’UhHLq.

By using the inverse inequality, we obtain
||Ih’U — UhHWL‘? < Ch71|uh11 — 'Uh”Lq < Ch”Ah(tn)UhHLq,
which further implies

[v—vnllwia <|[lv—Ipvllwia + [ Inv — vnllwia
< Chl[vllwe + ChllAn(tn)on]| 1a
< ChHAh(tn)'UhHLq'

The last inequality and (2.11) yield (2.9).
To prove (2.10), we simply note that for n € S},

(A (ta) " Prp,m)|
= [(An(tn) " Puip, Pun)|
= |(s0, Ap(tn) "  Pyn)|

(by the definition of the L? projection Py,)
(
< lllg-1.0 [ An(tn) " Punllyyre  (by the duality between W14 and Wie)
(
(

by the self-adjointness of A (t,)~!)

< llellw-vallPanll Lo by using (2.9))
< llellw-ralinll o by using (2.6a) with k = = 0)

which implies (2.10) via duality. O

For any @ = (w',...,wM), 7= (v',...,0M), @) = (w},...,wM) with w™ € H!,
v™ € L?, and wy € Sp, we define

A = (At )w', ..., Altan)w™), Ay = (An(t)wh, .., Ap(ta)wy”),
Py = (Pyot,..., PyoM), Ry®y, = (Ru(t)w), ..., Ry(ta)wi!).

In the rest of this paper, we let C), .., denote a generic positive constant which
may depend on the parameters p1,...,pk, as well as the domain 2 and the quantities
T, K, [laij|lw1.@x(0,1)), and [[c[| Lo (ax(0,7)), but will be independent of the time-
step size 7 and the spatial mesh size h.

3. Equations with time-independent coefficients. In this section, we study
the ¢P-stability estimates for the time-discrete system (2.2) and the fully discrete
system (2.1) by assuming that

3.1 ai; = a;;(x) e WH®  and c=1.
( J J

In this autonomous case, we simply denote A := A(t) = —V - (a(z)V) + 1 and
D, := Dgy(t) (see Lemma 2.1). We need the following lemma, which was proved in [2,
Theorem 5.5 and Remark 5.2] (we refer to [16] for the notation of R-boundedness of
a family of operators); also see [15, Theorem 3.1].
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LEMMA 3.1 (abstract maximal ¢P-regularity). Let 1 < ¢ < oo and let X be either
L% or L. Let B: X — X be a linear operator such that the resolvent operators

(3.2) 2(z+ B)™*

are R-bounded for Re(z) > 0, and denote its R-bound by Cr. Then the solution of
the equation

(3.3) {DTW + BW" = f" forn=1,2,...,

w0 =0,
possesses the discrete maximal €P-reqularity:
(34) ID=W [l + 1BW [leo(x) < CCrl|fllenx)s 1< p < o0,
where C' is independent of T and h.
Let the solution of

(35) { Ocu + Au =0,

u(0) = uP,

be denoted by u(t) = E(t)u”, and let —Abe the generator of the semigroups { E(t) }+>0-
Then the domain of A is D, (see Lemma 2.1). Moreover, Aw = Aw for any w € D,
and 4 v = A~"w for any v € L9. In other words, A : W9 — W4 is an extension
of the operator A : Dy — L% In the following, we simply use the notation A to
represent A. Similarly, the solution of

Opup + Apup, =0,
(3.6) { up(0) = u%,
can be expressed as uy,(t) = Ejp(t)u), and the generator of the semigroups { Ej,(t)}+>0

coincides with A. In order to prove the W14 estimate of numerical solutions, we
need the following lemma on boundedness of the Riesz transform.

LEMMA 3.2 (boundedness of the Riesz transform). The Riesz transform VA-1/2
and its dual operator A=Y/?N- are both bounded on L9 for 1 < q < co.

Proof. Since C3°(2) is dense in L7, we only need to consider the action of the
operators VA~1/2 and A~1/2V. on the functions of C§°(1).

Let Ag = —V - (a(z)V) so that A =1+ Ag. Then the following estimate holds
for all 1 < ¢ < oo (cf. [4, Theorem 4, condition 1]):

|4y %0l| e < Cyl|Vollpe Vve Wh(Q) = {w e Whi(Q): / w(z)dr = o} :
Q
Since the operator VA V- is bounded on L4 for all 1 < ¢ < oo (cf. [3, Theorem 1]),
it follows that, for g € C§°(Q)4,
145"V - gllra = | AY* A5 'V - gl|1e < C|VAGV -gll1a < Clg] a-
Then we have
1A=Y2T - gl| o = [[[(1+ Ag) " Ao)/2 A5 2V - g s < CI|AG VY - gl|1a < Cllgl e,

where we have used the boundedness of the symmetric positive operator (1+ Ag) =t Ag
in the last inequality. This last inequality shows the boundedness of the operator
A~1Y/2¥. on L9 for all 1 < ¢ < oo. Since the Riesz transform VA~1/2 is the dual of
A~Y/2¥. | it follows that VA~/2 is also bounded on LY. 0
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LEMMA 3.3 (time-discrete PDEs with the Neumann boundary condition). Under
the assumptions (1.2) and (3.1), the solution of

U% =0,

satisfies

(38)  1D: Tl 10y + [Tllrwra) < Cllgleniay, 1< pg<oo, if =0,

(3.9) ID-Ulleo oy + 1Tl w20y < Cllfllenay, 1< pg<oo, ifg=0.
Proof. 1t is well known that the continuous problem

{ Oyu+ Au = f,

(3.10) w(0) = 0.

possesses the maximal-L? regularity [35, Corollary 4.d], which implies that the col-
lection {z(z+ A)~! : Re(z) > 0} is R-bounded on LY [36, Theorem 4.2], for any given
1 < g < oo. When g" = 0 we simply apply Lemma 3.1 with the elliptic regularity
estimate

(311) HUngp(W%q) < CqHAUngp(Lq) V1< q < 0.

This completes the proof of (3.9).
To prove (3.8), we denote E,, = (1 + 7A)~™. The inequality (3.9) implies that
the map from f to AU given by the formula

n

AU" =Y rAE, i f"

m=1

is bounded in ¢P(L9). Since the fractional power operator A~'/2 commutes with A,
when f =0 and g # 0 the solution of (3.7) is given by

VU™ = VATVPWT,

where
n

wWn" = — Z TAEn_m+1A71/2v- gm.

m=1

The inequality (3.9) implies
(3.12) W llen(ray < CIATY2V - glloo(pa)-

Since the Riesz transform VA~!/2 and its dual operator A~'/2V. are bounded on
L1(42) for all 1 < ¢ < oo (cf. Lemma 3.2), it follows that

(3.13) INUlen(r0) < CIIW |eoay < CIATY2V - gllon(ray < ClIE e (19
By using the last inequality, from (3.7) we can further derive
(314) D0l < ClElorzn, 1 <pg<oc, iff=0.

The proof of Lemma 3.3 is completed. d
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Similar results also hold for time-discrete parabolic equations with the Dirichlet
boundary conditions, and the proof is similar (thus omitted).

LEMMA 3.4 (time-discrete PDEs with the Dirichlet boundary condition). Under
the assumptions (1.2) and (3.1), the solution of the equation

N N
DU = 3 0i(ai;0;U") + U™ = f* = 097 in Q,

ij=1 =1
(3.15) U"=0 on 0N

0_ .0
U° =u”,
satisfies

(3.16) | D-Ullow—1.a) + [Ullerwray < CllEllen(ray, 1<pg<oo, if f=0,
(3.17) D=0l ew(ray + 1T lenwzay < Cll fllencray, 1<p,g<oo, ifg=0.

For fully discrete finite element solutions of parabolic equations, we prove the
following result. Here we drop the assumption ¢ = 1.

LEMMA 3.5 (fully discrete finite element solutions). Under the assumptions (1.2)
and (3.1), the solution Uy, = (U)N_; of the equation

(3.18) { D UR + AU = Pof* =V -g", n=1,.... M,

Ud =0,

satisfies that, for 1 < p,q < oo,

!

(3.19) 1Tl o 71,0y + 100 llerwray < ClIEler(ra) iff=0,
(3.20) ID-Onllev(ray + | AnTnllen(ray < Cl fallenray ifg=0.

Proof. [20, text between (4.10) and (4.11)] implies that the operators
{z(z + Ap)~! : Re(z) > 0} is R-bounded, and therefore Lemma 3.1 implies (3.20).
To prove (3.19), we introduce the time-discrete PDEs

U° =0,

and we define e = P,U™ — U;’. Integrating (3.21) against a finite element function
vy, gives

{ (D-P, U™, vp,) + (aVU™, Vup,) = (f",on) + (8", Vo), n=1,..., M,
U =0,

and integrating (3.18) against vy, gives

{ (DU, vp) + (aVUP, Vo) = (f*,vn) + (8", Vo), n=1,...,M,
UY=0.
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The difference of the two equations above yields

(Drep,vp) + (aVep, Vo) = (aV(PU™ — R,U™), Vuy,)
= (Ah(PhUn - RhUn),Uh),

€Y =0.

Multiplying the last equation by the operator A,:l, we obtain

(3.22)

{ D, (A Yed) + Ap(Ay tel) = PLU™ — R,U™, n=1,...,M,

Agle?l =0.

By applying (3.20) we derive that

€nllercray = 1| An(A; e lerray < ClIPAU — RaU |ln(ray < Cl|U |lgnwrayh,

which together with the inverse inequality gives

I€nller(wray < ChTY@hller(ray < CINT ||en(wrroay-

Therefore, we have

1Tnllerwray < IPuUlevwray + 1€nllerwray < ClU [lenquray < ClIEer(wrivays

where (3.8) is used for deriving the last inequality. O

4. Proof of Theorem 2.1. In this section, we consider the parabolic system
with time-dependent coefficients a;; = a;;(x,t) and ¢ = ¢(x,t) by applying Lem-
mas 3.3-3.5 with a perturbation argument.

4.1. Time-discrete PDEs. First, we assume U? = 0 and prove (1.14) and the
following ¢P(W19) estimate

(4.1)

N
D=0l o -0y + 1T lerwray < C (I Fllewczay + D i ller (oo |

=1

for the solution of (2.2) by applying Lemma 3.3, under the extra assumption ¢ = 1.
These extra conditions will be dropped later.
For 1 <n <m < M, we rewrite (2.2) as

N
DU = > 0i(aij (-, tm);U™) + U

ij=1
N N
==Y 097 = > 0i((aij (- tm) — aij (-, ))0;U")  in Q,
j=1 ij=1
N
— Z aij(-,tm)ajU”ni
ij=1
N N
== Zg?nj - Z (aij(-stm) — aij ()0 U n; on 04,
j=1 ij=1
U° =0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/03/23 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

MAXIMAL REGULARITY OF FULLY DISCRETE FEMs 533

Since the operator on the left-hand side of (4.2) is independent of n, we can apply
(3.8)—(3.9) in the time interval [0, ¢,,] and obtain

”DTUng(o?tm;vT/—l,q) + HUHE”(O,tm;Wl*q)

N
< C | Mfller,tmizey + D NFillew (0,529
j=1

(4.3) + Cll((al,tm) — al,tn)) VU™ )52 ller(0,t529)
N
< C I ler.tmizy + D NGsller(o,tmsza
j=1

+ Cl([tm — tal U™ )nq ler (0,65 w1a)-

If we denote
m
E™ = U1 p vy = T 2 MU ey m=1,..., M,
n=1

E°:=0,

N

F™ = {1 fllerotsw—ra) + O _NGillerotize |
j=1

then (4.3) can be rewritten as

E™ < CF™ 4 Ot~ tal U™ o v

= CF™ +07 Y [tm — taP[U" 1.,

n=1

m E™ — Enfl
= CF" 4 C7 Y Jt — tP

n=1

-1
m < |tm — tn+1|p — |tm — tn|p n : : H
=CF"+Cr E E™ (discrete integration by parts)
T
n=1

m—1
<CF™+Cr >y E",

n=1

which holds for all 1 <m < M. Applying Gronwall’s inequality yields

EM < CcFM,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/03/23 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

534 BUYANG LI AND WEIWEI SUN

and by substituting this inequality into (4.3) we obtain

N
44) DUl o1y + 10llerwray < C | I fllercoay + D 1G5 ller(ra)
j=1

This proves (4.1) under the extra condition ¢ = 1.
Second, we drop the assumption ¢ = 1 by rewriting (2.2) as

N
Za aij (- tn)U™) + U™ = (1= c(, t,))U™ + 7 =Y 89,97 in Q,

4,j=1 j=1
N
Z aij (-, tn)0;Un; = Zg] n; on 09,
i,j=1
U =Y.

By applying (4.4) in the subinterval [0, ¢,,], we have

IDUl o 0,1, 710y F U llen(0, w19
N
< C | 1flero,tmszey + D _NFiller©,tmizey | + CNT len0,tm;20)
j=1

N
< C 1 ller @iz + D 1G5 ler(0,t,0:L0)
j=1

— 1
+ C”U”er’(m W_Lq)||U||l?p(07tm;W1,q) (the interpolation inequality)
N
< C 1 fller(,tmszay + Y NG5 ler(0,tm;10)
. 1 -
(45) Ol -1y + 51T 0101,

which reduces to

”DTU”gp(th;W—l,q) + ”U”ﬂ'(o,tm;WM)

(4.6) } N }
< C | fller sy + D NGiller@tmszey | + ClT oo 1.0
j=1
Since
U™ 10 = ||U°+ 7> DU <NUN5-1a + D TN DU 5510
n=1 W-1.a n=1
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it follows that

”U”goo(o,tm;W—l,q)

m
< N1 + Y TID-U 5710

n=1

Ol r + 1D T g1
1 o
< ”UO”W—LLI + 1 |‘DTUHEP(O7tm;W—1,Q)

<N 10 + ClU o 0,007 -10)

N
+ C | 1fller©,tmizey + D NFsler (0,60

j=1

(4.7)

5 1 5 1—1
+Cl01; Nl A

< |U° _
- £1(0,t ;W —1oa £2°(0,tm ;W —1:9)

”W*lyq
N
+C [ 1 ller(0.tumizey + D G ler 0,152
j=1
0 7 L =
< ”U ”W—l,q + OHUHgl(o,tm;W—l,q) + §HUHgoo(07tm;VT/—1,q)

N
+C 1 fller0tmizey + O NG ler(,tmszey | -
j=1

which reduces to

HUHgoc(o,tm;W—l,q) < HUO”W—Lq + OHUHgl(())tm;W—l,q)
(4.8) . N
+ C | 1 fller(0,t0m;20) + Z 1G5lle#(0,tm29) | -
j=1

which holds for all 1 <m < M. Then Gronwall’s inequality implies

N
(4.9) 1Tl 7710 < CNU 10+ C | IFllencoy + D NGillen ey

j=1

Substituting the inequality above into the last term of (4.6) and setting m = M, we
get (4.1) for the Neumann boundary condition.

By using Lemma 3.4, one can also prove (4.1) under the Dirichlet boundary
condition in a similar way (the proof is omitted). The corresponding result for the
Dirichlet boundary condition is presented below, which is needed to prove (1.14) for
the Neumann boundary condition.

LEMMA 4.1 (Dirichlet boundary condition). The solution of

N N
D:U™ — Z 9i(aij (- tn)0;U™) + (-, tn)U™ = [ — Zajg;? in Q,
(410) 3,j=1 j=1
vr=0 on 08,
UO =0

satisfies (4.1) for 1 < p,q < co.
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Third, we prove (1.14) for the special case that U has a compact support in the
unit ball and Q is the upper half-space, i.e., Q@ = {(z1,...,2x5) € RY : 2y > 0}. In
this case, we have ny = —1 and nx = 0 for 1 < k < N — 1. To present estimates
for the gradient of the solution, we consider the equation which governs wp := 9,U™
with 1 < k < N — 1. By differentiating (2.2) with respect to xj, we obtain (note that

g; =0)

N
DTwZ — Z 81 (aij(x,tn)ajwﬁ) + wz
1,7=1
»J N
= ak(fn —cU™ + Un) + Z 0; (8kaij(x,tn)6jU”) in Q,
ij=1
N J
- Z aij(x,tn)aijni
ij=1
N
=(f"—cU"+U™)ny + Z Okaij(z,t,)0;U™n; on 012,
ij=1
wg =0.

Applying (4.1) to the equation above, we get

N

1D o 71,0y + [ Tellenwrray < CIF = U™ + U len oy + C D N10;0 llewro)
=1

< C’Hﬂ\gp(m) (this step uses (4.1) again),

which implies

N-1 N N-1
(4.11) D70k U || o 71,0y + Z 10:0kU || gp(ray < Cll fllev (L) -
k=1 i=1 k=1
Then we define
N-1
tn
SO’I’L — G“Nk(x7 ) 8kUn
— ann(z,tn)

with

Dot — ank(z,ty 1)D8U i 1D ank(z,tn) PR
T —Zix k +kzl 7aNN($,tn) LU

The strong ellipticity condition (1.2) implies ayn(x,t) > K~ and ang(x,t) < K,
which together with the Lipschitz continuity a;; € W>°(Q x (0,7T)) yields

DT<M>' <cC.

ann(z,tn)

ank(z,th—1)
ann(z,th—1)

ank (T, th—1)
ann(z,t,—1)

o bz m

Hence we have
”‘ﬁ”ﬂ’(leq) + HDT@‘ng(,W/fl,q)

N-1

(112) <Y (10T lovr + 100 -1
k=1

< O fller(ra (here we have used (4.11)).
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We consider wi; = OnU™ + ¢", which is the solution of

N

DT’LU% - Z 0; (aij(x,tn)ajw%) + w%

1,7=1 Ny

=ON(f" = U+ U™) + > 0i(0nai;(z,tn)0;U")
N i,j=1
+Drp" — Z i (aij(z,tn)0;¢") in Q,
i,j=1

wy =0 on 012,
w}y = in Q,

where the Dirichlet boundary condition of wfy, is a consequence of the Neumann
boundary condition satisfied by U™, i.e.,

N—1 N
ann(z,tn)ONU™ + Z an;(z, tn)0;U" = Z a;j(z,t,)0;U"n; =0 on 0.
j=1 ij=1

By applying Lemma 4.1 we derive

[@n [ler(wiay < ClLf = U™ lew(ray + ClIU v (wrray
+ CID+ Bl er(w—1.0) + Cll Bl ep (w10
< C| fller(ra (here we have used (4.11) and (4.12)),

which further implies
108 T |lerwiay < 1FN [lerwray + | Bllerwray < CllF llen(ra)-

This proves (1.14) for the special case that Q = {(x1,...,zx) € RY : 2y > 0} and
U has compact support in the unit ball. For a general bounded smooth domain, in
terms of a partition of unity and a coordinate transform, the problem can always be
transformed into the domain Q = {(x1,...,2x) € RN : 2y > 0}.

The proof of (1.14) and (4.1) is complete.

4.2. Fully discrete finite element solutions. To prove (1.18), we let UY =
P, U® = 0, denote e} = P,U™ — UJ?, and let R} = Ry(t,) be the Ritz projection
associated with the elliptic operator A(t,) (defined in section 2). From (2.1)—(2.2) we
see that e} satisfies the equation

N
(Dref,vp) + Z (aij (- tn)Oielr, O5vn) + (c(,tn)er, vn)

4,j=1

(4.13) N
- Z (azj(a tn)azfl?a ajvh) + (C('a tn)f}?a Uh) V Vp € Sh7
i,j=1

where &) := P,U" — Rp}U". Equivalently, the equation above can be written in the
following operator form:

(4.14) { Drejy + Ap(tn)ey, = An(tn)&y,

0 _
e;, = 0.
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Similar to section 4.1, we rewrite the equation above in the perturbed form

(4.15) Drepy + An(tm)e, = An(tn)&h + (An(tm) — An(tn))ey,
' e) =0,
where the operator on the left-hand side does not depend on n, so we can apply (3.19)
of Lemma 3.5 in the subinterval [0,¢,,]. Then we have

|‘DT€h||ep(o,tm;W*1,q) + |‘€h||£r'(07tm;wlvq)

(4.16) < C(l&nller (0, tmswray + (@l ) = s tn)) Ve iy llon(0,t,0:10))

< C(thﬂep(o,tm;vvhq) + 1t — tuler)meiller 0, tmwa))-
If we define

m
E;ln = ||€h|‘§p(0)tm;wl,q) =T Z ||eZH€Vl,q) m = 17 R M;

n=1
Ej =0,

then (4.16) can be written as

m
Ept < C”th;Zp(o,tm;Wl,q) +Cr Z [tm — tn|p||eZ||€V1,q
n=1

m —1
= Clé&l? O o — tap B
||€hHez7(0,tm;W1,q) +CT | m Tbl -

n=1

(4.17)

m—1
- |tm - tn+l|p _ |tm — tnlp
= C||§h”?p(o,tm;W1‘q) o ; ’ i

m—1
< C”th;Zp(o,tm;leq) +Cr Z E;zlv
n=1
which yields (via using the discrete Gronwall’s inequality)
Eljlw S C”th;Zp(O)T;Wl,q) = C”gh”gp(wlyq)'
Substituting the estimate above into (4.16), we get
(4.18) ID7€nll o (377 -1.0y + lI€R N er(r1.0) < Cllénllenwra),
which further implies

(4.19)
HDTUhng(Wqu) + HUh”ZP(WM)

< (D78l go (77-1.0y + [1€Rller(wrray) + (”D‘rph[j”gp(ﬁ//*lwq) + | PuT [l ev (wr.ay)
< Clléllerwray + CUD O gnii-ry + [T llengwray)  (use (4.18) here)
= CIIPWT"™ = RaT™ evwiny + CUD-U o 1.0y + [T llenwra))
< CUID-T | pogi—say + [T lew(wray)  (use (2.6b) with 1=k =1)

N
<C | 1flleroy + > giller o) (use (4.1) here).

j=1
This proves (1.18).
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Second, we let UY = P,UY = 0 and prove (1.17). By using (4.14) and the inverse
inequality, we have

(4.20)
| Drénller(ray + | Anénler (o)

< C||gh€h|‘gp(Lq) + H/Yh(PhU' - Rh[j)ng(Lq) (use (4.14) here)

< ChY@nllerwray + Ch™HPLU — BpUl| o (wray (use (2.7) here)
< ChY|PyU — RpU |l gr(wra) (use (4.18) here)
< CU |len(wa.a) (use (2.6a)—(2.6b) here),

which implies that

||D7-U'hHZP(L‘1) + HA'hU'h”fp(Lq)

(4.21) < (| Dr&iller(ro) + 1 Anénllenzey + | Dr PaUllesroy + | AnPallew ro)
< C(||DT(7ng(Lq) + H(ngp(Wz,q)) (use (4.20) and (2.8) here)

< C”f”h(m) (use (1.14) here).

This proves (1.17). Note that the W24 regularity of U™ required in the inequalities
above is obtained from (1.14), which has already been proved in section 4.1.

Finally, we drop the assumption U? = P,U° = 0 and prove (2.4). The proof of
(2.3) is similar (by dropping the truncation-error term €™ in the proof below). From
(1.1) and (2.1) we see that the error function 6 = Pu™ — UJ» — (Pyu® — U}) satisfies
the equation

D0} + Ap(tn)0) = Ap(tn)n) + PLE™,
(4.22) { ] h n(tn) 0 n(En )7 h

69 =0,
where ! = Pyu" — Rju™ — (P,u® — Up) and

tn —
E" = Du" — du(-,ty) = / Sftn_lﬁttu(s)ds

tn—1

denotes the truncation error of the backward Euler scheme, which satisfies

. N tn D %
1]l 710y < (Z( [ 10 )

n=1 tn—1

N tn P
(4.23) < (Zl e /t y |8ttu(s)||%1yqu> (use Holder’s inequality)

= T”attu”[,p(())T;W—l,q)'
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Applying (1.18) to (4.22), we obtain

165 levwray < Cllinllenwray + Cll Puéllenray
(4.24) < Ch (|1l ew (L0 + HPhE_)”gp(Wfl,q))v

where we have used the inverse inequalities

(4.25) 7 ller wray < Ch™ [T ller (4,
(4.26) | Ph€ller(ray < Ch*lllPhEng(w-l,q)-

For any given ¢ = (¢™M)Mt € eP(L9), we let ¢ = ()M ! be the solution of the
backward equation

{ g At =9
PM = 0.

According to (1.14) (which has already been proved), we have "1 € D,(t,), n =
1,...,M (see the definition of Dg(t,) in Lemma 2.1), and

(4.27) D79l er(ay + [Vl (wz.ay < CllBler(La),

where 1E = (¢, ..., ML), Using integration by parts and (2.8)—(2.10), we have

M
(0, ¢")
n=1
M
=D 7(0h, ~Dry" + Altn)y" )
n=1
N
= > 7(D.0p + A(tn)0, ")
n=1

T(D0f + A(tn)0p, "1 — Ppyp" ) + 7(Dr0) + An(tn)0), Pap™ 1)

T(D-0) + A(tn)0p, "t — Py )

+ 7 (An(ta)np, Pat™ ") + T(PRE™, Ph¢n1)>

(here we have used (4.22))
M
— Z (T(DTHZ + Alty)0p, 0" — Pyt
+7(Alta)nh, Pyt = ")+ T (Altn)ng ") + T(PRE, Ph%b"l))
M
=5 (r6 At - )

+7 (0, Altn) (P~ = ") + 7 (g, Atn)p" ™) + T(PRE", W‘l))
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< C(10nllerwrray + nller w19 = Putbllyor vy

+ oo | A oy + CUPEN g .oy 19 o

< CU0nllerwrayh + Nlinller oy + 1 Pa€ll o 7 -1.0) 1€l (w2t
< O(Hﬁh”ﬂ'(m) =+ ”Phgngp(W—l,q))”JHW(W%Q/) (here we have used (4.24))

< O(Hﬁh”ﬂ’(m) =+ ”gng(VT/—l,q))||(5||lp’(LQ’)- (here we have used (4.27)).

By duality, we have

16n e 0y < Clinller () + €]l g (77-1.0))

< O(|Pyii = Rpller (o) + 1Pau® = URl| ) + ClIE o 1.0,

< C(|[Paii = Builllep (o) + || Pav® = Ul o) + Cll0stull 1o o i1,y T

This proves (2.4), and the proof of Theorem 2.1 is complete. d
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