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Abstract

In order to explore a unified theory of three-way decisions proposed by Yao, Hu introduced
three-way decision spaces through an axiomatic method, established the corresponding three-way
decisions, and proposed two open problems on the changes of decision parameters in definition of
three-way decisions. For answering these two questions, this paper firstly discusses the parameter
changes in the assumptions from 0< f<a <1 to 0< B <a <l andinequality E(A)(x)</p in
the rejection region is replaced by E(A)(x)< . Under the circumstance, this paper introduces
new type of three-way decisions in three-way decision spaces and discusses properties of the
three-way decisions, lower and upper approximations induced by three-way decisions, aggregation
three-way decisions over multiple three-way decision spaces and dynamic three-way decisions on
three-way decision spaces. Then this paper discusses another question on refusal decision region
when the uncertain region is defined by using inequality S < E(A)(x)<a and gives one
example to illustrate the similarity and difference among these three-way decisions based on
three-way decision spaces.

Keywords: Partially ordered sets; Fuzzy sets; Interval-valued fuzzy sets; Rough sets; Three-way
decision spaces; Three-way decisions.

1. Introduction

The theory of three-way decisions (3WD) proposed by Yao is an extension of classic two-way
decisions (2WD) [41-45], whose basic idea comes from Pawlak’s rough sets [28] and probability
rough sets proposed by Yao [38-46]. In recent years, researches on three-way decisions have been
paid close attention by a growing number of scholars and are mainly reflected in the following
three aspects [9, 10, 15, 47].
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The first one involves the background researches on three-way decisions, such as
decision-theoretic rough sets (DTRS) [3, 38-40], game-theoretic rough sets (GTRS) [8],
interval-valued fuzzy rough sets (IVFRS) [11, 13-14], interval-valued decision-theoretic rough
sets [21], intuitionistic fuzzy decision-theoretic rough sets [22], triangular fuzzy decision-theoretic
rough sets [23], dominance-based fuzzy rough sets [4-7], variable precision fuzzy rough sets [30,
34, 53], multi-granulation decision-theoretic rough sets [31], fuzzy covering-based rough sets [35,
36] and so on.

The second one refers to theoretical framework researches on three-way decisions, which
mainly contain value domain of evaluation functions [44], construction and interpretation of
evaluation functions [9, 10, 15, 16], the mode of three-way decisions [44, 45], three-way decisions
based fuzzy probability [52, 54] and so on.

The third one is on application researches of three-way decisions, such as incomplete
information system [18, 25], risk decision making [20], group decision making [24], prediction
[17], cluster [12, 48], investment [26], multi-agent [37], recognition [19, 32], social networks [29]
and cognitive networks [27], recommender systems [51], multi-granular mining [1] and so on.

Hu theorized three-way decisions and established three-way decision spaces (3WDS) [9, 10],
such that existing three-way decisions are the special examples of three-way decision spaces, such
as three-way decisions based on fuzzy sets, random sets and rough sets etc. At the same time,
three-way decisions over multiple three-way decision spaces, dynamic two-way decisions and
dynamic three-way decisions based on three-way decision spaces and three-way decisions with a
pair of evaluation functions were also established in [9, 10, 15, 16]. In three-way decision spaces,
three basic elements are unified, which are decision measurement, decision conditions and
decision evaluation functions.

In a large number of existing literatures, the two decision parameters are generally considered to
be not equal and we use the more general inequality FE(A4)(x) = in the acceptance region and

E(A)(x)< B in the rejection region. In addition, there are other discussions on two decision
parameters.

(1) Wei and Zhang suggested 0< f<a <1 in[33], in which inequality E(A4)(x)>a is used
in the acceptance region and E(A4)(x) < f in the rejection region.

(2) Yao and Wong assumed two decision parameters are equal and nonzero in [46], in which
inequality E(A)(x)>«a is used in the acceptance region and E(A4)(x)<a in the rejection

region.
In [9] two questions on the definition of three-way decisions were proposed which are not the
same as existing methods. The two questions are listed as follows.
® The first question is what changes are there in three-way decisions when the condition
0<fB<a<l ischanged to 0< <<l and inequality E(A4)(x)</f in the rejection
region is replaced by E(A)(x)< .

® The second question is what changes are there in three-way decisions when the uncertain
region is defined by using inequality S < E(A)(x)< .

This paper discusses the above two questions and gives the three-way decisions and dynamic
three-way decisions under new assumption of two decision parameters.

The rest of this paper is organized as follows. In Section 2, the preliminary section, three-way
decision spaces and three-way decisions are recalled for the further discussion in the following
sections. Section 3 establishes one new type of three-way decisions in three-way decision spaces
through considering parameter changes in assumptions, and discusses properties of the three-way
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decisions, lower and upper approximations induced by three-way decisions, aggregation three-way
decisions over multiple three-way decision spaces and dynamic three-way decisions on three-way
decision spaces. Section 4 establishes the second new type of three-way decisions on three-way
decision spaces through the consideration of a refusal decision region and gives one example to
illustrate the similarity and difference among these three-way decisions based on three-way
decision spaces. Section 5 concludes.

2. Preliminary

This section recalls decision evaluation function, three-way decision space, three-way decisions,
and the optimistic and pessimistic three-way decision.

2.1 Three-way decision space

In this paper (P,<,) is a partially ordered set with an involutive negator N, the minimum
0, and maximum 1, which is written as (P,<,,N,,0,,1,) [10]. If this P constitutes a lattice,

then it is written as (P,A,,V,,N,,0,,1,). The following notations are used.
[P ={la",a’] |0< a <a" <1} and @ =[a,a] for ac[0,1].

Namely 7 is a family of closed interval numbers over [0, 1]and @ =[a,a] is a singleton set of real

number a over [0, 1].
Let X and Y be two universes. Map(X,Y) is a set of all mappings from X to Y, i.e.

Map(X,Y)={f|f: X >Y}.If Ae Map(U,P),then 4 is called a P-fuzzy set of U. Especially, if
Ae Map(U,{0,1}) , then A is a subset of U, i.e. Map(U,{0,1}) is the power set of U. If
Ae Map(U,[0,1]), then 4 is a fuzzy set of U [49], namely Map(U,[0,1]) is the fuzzy power set of
U.If Ae Map(U,I?), then 4 is an interval-valued fuzzy set of U [2, 50]. An interval-valued fuzzy

set A is also denoted as [A47,47].

Let U be a universe and A€ Map(U,P). Then the complement of 4 in U is defined by the

following formula
N, (A)(x) = N, (A)).

If 4,Be Map(U,P) , then Ac, B is defined by A(x)<,B(x) , VxeU . And
0,),(x)=0,,Yxe U and (1,),(x)=1,,Vxe U . On lattice (P,A,,Vv,,N,,0,,1,), we define for
A,Be Map(U,P),

(AU, B)(x)=A(x)v, B(x) and

(AN, B)(x)=A(x) A, B(x).
Obviously (Map(U,P),c,) is a partially ordered set with an involutive negator N, the
minimum (0,), and maximum (1,),. Especially in [0,1], <,, N,, (0,), and (1,), are

simply writtenas <, N, 0, and 1, respectively.

Let (F..<, NP(_,OPC,IP(_) and (PySp, s Np .0, ,15) be two partially ordered sets in the

following. Let U be a nonempty universe for which a decision to make on it, called decision
universe and ¥ be a nonempty universe where a condition function is defined, named condition
universe.



Definition 2.1. [10] Let U be a decision universe and ¥ be a condition universe. Then a mapping
E:Map(V,P.) = Map(U,P,) is called a decision evaluation function of U, if it satisfies the

following axioms.
(E1) Minimum element axiom

E((05),)=(0, )y, 1e., E(0,),)x)=0,,VxeU
(E2) Monotonicity axiom

Ac, B=E(A)c, E(B),YA,Be Map(V,P.),ie., E(A)(x)<, E(B)x),YxeU and

(E3) Complement axiom

N, (E(4)) = E(N,, (4)),YAe Map(V,F.), i.e., N, (E(4)x)=E(N, (4))x),VxeU.

E(A)(x) is called a decision evaluation function of U for A€ Map(V,F.).
As referred to [9, 10], background of these axioms comes from the common properties of the

. . . S AN [x .
large amount of evaluation functions in probabilistic rough sets, such as m%l’e' for a crisp
X R

|Aﬂ[x]1e|
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|[x]g |
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understand further information on the three axioms, please see [6, 7, 12].
In [10], the following three-way decision space was introduced.

. In order to

Given decision universe U, condition domain Map(V,F.), decision value domain £, and

evaluation function E, then (U,Map(V,P.),P,,E) is called a three-way decision space.

2.2. Three-way decisions

For the convenience of expression, decision domain (F,,<,,N,,0,,1,) is denoted by
(P,),5,N,0,1) . In [10], three-way decisions and the corresponding lower and upper
approximations were introduced in three-way decision spaces.

Definition 2.2. [10] Let (U,Map(V,FP.),P,,E) be a three-way decision space, A€ Map(V,E.),
a,fe P, and 0< f<a<1.Then three-way decisions are defined as follows.

(1) Acceptance region: ACF, ; (E,A)={xe U|E(A)(x) 2 a}.
(2) Rejection region:  REJ,, 5 (E,A)={xe U|E(4)(x) < B
(3) Uncertain region: UNC,, , (E, 4) =(ACP,, 5 (E,A)\UREJ,, ; (E,4)) .
If P, isalinear order, then UNC, 4 (E,A)={xeU|B<E(A(x)<a}.

Let (U,Map(V,P.),P,,E) be a three-way decision space, A€ Map(V,P.), a,f€ P, and
0<f<a<l.Then

ﬂ(a,ﬁ) (E,4)= ACP(DI,ﬁ) (E,4)

and

E(a.ﬁ) (E’ A) = (REJ(a,ﬁ) (E, A))C



are called the lower approximation and upper approximation of A respectively.

In [10], the optimistic and pessimistic three-way decisions and the corresponding lower and
upper approximations were introduced over multiple three-way decision spaces.

Definition 2.3. [10]. Let (U,Map(V,P.),P,,E) (i=1,2,---,n) be n three-way decision spaces,
Ae Map(V,P.), a,fe P, and 0< f<a<l1. Then the optimistic three-way decisions over n
three-way decision spaces are defined as follows.

(1) Acceptance region: ACP , (E, ., )=\ JACE, , (E,A)=| J{xe U| E(A)(x) 2 a},
i=1 i=l1
(2) Rejection region: REJY, , (E,_,,4)= ﬂREJWﬁ)(Ei,A) = ﬂ{xe U|E (A)(x)< S},
i=1 i=1

(3) Uncertain region: UNC(Z ; (E,._,, A)=(ACP? ; (E,_,, A)UREJZ ; (E,,, A)) .

Then the pessimistic three-way decisions over n three-way decision spaces are defined as follows.

(1) Acceptance region: ACRY; (E,_,,A)=(ACP, 5 (E,A) = {{xe U|E(A)(x) 2},
i=1 i=l
(2) Rejection region: REJ: 5 (E,_,,A) =\ JREJ,, 4 (E,, 4) =| J{xe U | E,(4)(x) < S},
i=1 i=1

(3) Uncertain region: UNCZ ; (E,._,., A) = (ACP., (E,_,, A)UREJ 5 (E,,, A)) .

Defintion 2.4. [10]. If Ae Map(V,F.), then

ﬂ:;ﬁ) (£,,,4)= ACEg 4 (E,_,, 4)

and

—op o c

apr g (E,_, A) =(REJ® 5 (E,,, 4))
are referred to as the lower approximation and upper approximation of A with regard to optimistic
three-way decisions over n three-way decision spaces respectively. Similarly

ﬂ(p;,ﬁ) (E,,,4)= ACEg 4 (E,_,, 4)

and
e pe ¢
apr(a,,@’) (E1~n b A) = (REJ(Ia,/i’) (E1~n ’A))
are referred to as the lower approximation and upper approximation of 4 with regard to

pessimistic three-way decisions over n three-way decision spaces respectively.
3. Three-way decisions with a new parameter assumption in three-way decision space
3.1 Three-way decisions
In [9], the first question is what changes are there in three-way decisions when the condition

0<fB<a<l is changed to 0< S <a<1 and inequality E(A)(x)<f in the rejection region is
replaced by E(A4)(x)< S in Definition 2.2. In this section, the question is discussed.

Definition 3.1. Let (U,Map(V,P.),P,,E) be a three-way decision space, A€ Map(V,F.),
a,fe P, and 0< S <a<1. Then the first new type of three-way decisions is defined as
follows.



(1) Acceptance region: ACP1, ;5 (E,A)={xe U|E(A)(x)2a}.
(2) Rejection region:  REJ1, 5 (E,A)={xe U | E(4)(x) < B}

(3) Uncertain region: UNCl,, 4 (E, A)=(ACP1, ; (E,A)\UREJ1, ; (E,A))

Note 3.1. (1) If P, is alinear order, then UNC1, ; (E,A)={xe U|B<E(A)(x)<a}.
(2)If P, isalinear order, &,f€ P, and a=f,then UNCl, ,(E,A)=D.
) If 0<f<a<l,then REJ, ,;(E,A)=REJ, ,;(E,AU{xeU|E(A)(x)=p}.

It is worth noting that the condition 0< S <a<1 in Definition 2.2 is replaced by
0< B <a<1 in Definition 3.1 and inequality E(A)(x)< S in the rejection region of Definition
2.2 is replaced by E(A)(x)< B . In order to distinguish Definitions 2.2, the notations of
Acceptance region, Rejection region and Uncertain region are written as “A4CP1”, “REJ1” and
“UNC1”, respectively. There exist the following benefits for this definition:

(1) Two-way decisions can regard as special cases of three-way decisions when o=/ and
P, is a linear order. Under the situation, acceptance region is {xe U | E(A4)(x) = &}, rejection
regionis {xe U |E(A)(x)<a} and there is no uncertain region.

»

(2) Acceptance with “ > " and rejection with “ < ” are more in line with practical applications
and semantic. Generally speaking, “> " means “you are eligible”, otherwise “ < ” means “you
are not eligible”.

(3) Depending on the number of evaluation functions, Yao gave two modes of three-way
decisions, which are the single evaluation function and dual evaluation functions [44]. The above

three-way decisions are based on a single evaluation function. Three-way decisions based on dual

evaluation functions are given below. Considering (U,Map(V,EF.),F,,E,) and

U,Map(V,P.),P,,E,) are two three-way decisions spaces, 4,B€ Map(V,P.) and «,f€ P,,

st po

then three-way decisions based on double evaluation functions are regarded as some operations of
three-way decisions based on single evaluation function.

Acceptance region:
ACR, 4 (E,,E,),(4,B)) ={xeU|E,(A)(x)2a}N{xe U|E,(B)(x)< S}

= ACP,(E,, AN\ REJ 4(E,,B) .

Rejection region:
REJ 5 ((E,.E,),(4,B)) ={xe U | F,(A)(x) <a} {xe U| E,(B)(x) 2 S}

=REJ,(E,,A)(N ACP,(E,,B) .
Uncertain region:

UNC(a,ﬂ) ((Ea :Eh ): (Aa B)) = (ACP(a,ﬂ)(Ea :Eh s Aa B) U REJ(a,,B) (Ea :EI

ho

4,B)) .

That is to say, acceptance region ACE, ;((E,,E,),(4,B)) based on double evaluation
functions E, and E, is an intersection of acceptance region ACP,(E,,A4) for E, and

rejection  region  REJ,(E,,B) for E, in Definition 3.1. Rejection region



REJ , 5 ((E,,E}),(4,B)) based on double evaluation functions £, and E, is an intersection

of rejection region REJ,(E,,A) for E, and acceptance region ACF;(E,,B) for E, in

Definition 3.1. So it unifies double evaluation function with a single evaluation function where
three-way decisions based on double evaluation functions are classified as some operations of
three-way decisions based on single evaluation function.

(4) When this definition is applied to probability rough set model there are some differences
with popular three-way decisions, upper and lower approximations and so on. In the rejection

region of Definition 3.1, it is clear that

lim REJ1,, (E, 4)= lim {xe U| E(A)(x) < B} = {xe U| E(4)x) =0}

At this point Pawlak’s rough sets can be considered to be probability rough sets while £ — 0"

and a=1.
In this section, let us always assume (U,Map(V,F.),P,,E) is a three-way decision space,

a,feP, and 0<f<a<l.

Theorem 3.1. Let A,Be Map(V,E.). Then the following hold.
(1) REJ1 g 5, (E, A) = ACPY ) yapy (E, N, (D)) \{x€ U | E(A)(x) = B},
ACP, 5 (E,A) = REJ1 ) yap (E,Np (D) U{xe U E(A)(x) =0} .
(2) ACP1, 5 (E,A)UUNCI, 5 (E,A)= ACP , 5 (E, A)U(REJ1, »4 (E, 4)) .
Proof. We only prove the first formula of (1). The others can be proved in a similar way.
REJ1 4 (E,A)={xe U | E(A)(x)< B}
={xeU|E(A)(x)< p}\{xe U| E(A)(x) = p}
={xeU|EN, (4),x)2 N(p)} \{xe U| E(A)(x) = S}
= ACP g ey (Es Np () \{xe U | E(A)(x) = B} . U

(a.B)

If we consider a lattice P. and A4,Be Map(V,F,.), then the following hold.
(1) ACP1, 4 (E, A4 UPC B) 2 ACP1, 5 (E, A) U ACPI,, 5 (E, B) .
(2) ACPL, 4 (E, A4 ﬂPg B)c ACP1, 5 (E, A) N ACP, 5 (E,B).
(3) REJ1, 4 (E, A UPC B)C REJ], 4 (E, A) N REJ1, 5 (E,B).
(4) REJ1, 5 (E, A ﬂPC B) 2 REJ] , 4 (E, A) U REJ1, 5 (E,B).

Similarly we can define the concepts of lower and upper approximations from three-way

decisions in Definition 3.1.
Definition 3.2. If 4e Map(V,F,.), then

aprl (E,A)=ACP\,, (E,4)
and
aprl, 5 (E, A)=(REJ1, 4 (E,4))

are called the lower and upper approximations of A respectively.

Note 3.2. (1) If P, is a linear order, then



aprl, 5 (E, 4)= ACP\, , (E, A) UUNCI,, ; (E, 4).
(2)If P, is a linear order, then

aprl  (E,A)={xe U| E(A)(x) 2 a},
aprl g 5)(E, A) = {xe U | E(A)(x) 2 B}

This is not the same as the definition suggested by Wei and Zhang [33] for 0< f<a <1 in
probabilistic rough set approximation:

apr, , =txeU|P(4|[x])>a},

apr, 5, = txe U | P(A|[x]) 2 B}

(3)If P, isalinear order and o=/, then

aprl  (EA)= aprl, 4 (E, A)={xe U| E(A)(x) 2 a} .

This is also not the same as the definition of Yao and Wong [46] for a=/£+#0 in
probabilistic rough set approximation:

apr ={xeU|P(4|[x]))>a},
apr,={xeU|P(4|[x])) 2 a}.

The above definition of Yao and Wong [46] is an extension of the 0.5 probabilistic
approximations.

In the following, we discuss the properties of Definition 3.2.
Theorem 3.2. Let A,Be Map(V,P.). Then the following hold.

) aprl(a’ﬁ) (E,A) caprl, z(E,A).

Specially aprl, ., (E,A) = aprl(a o (E,A)U{xe U|E(A)(x) and o have no order

relation about <}

B

I a>0
@ @(a,m (EV)=U, @mﬁ) (E,9)= {U a=0

L - g p>0
aprl 5 (EV)=U, aprl, ; (E, Q)= {U B=0

() Ac, B= aprlmﬁ) (E,A)c aprl(a’ﬂ) (E,B),aprl, 5 (E,A) c aprl , 5 (E,B).

@) aprl (B Ny, () =(apr] g, 5000 (s ) Udre U E(A)x) = N(@)}
apr i (BN, () =(aprt (B 4)| Uixe U|E(A)= N(B) -
Proof. (1) &rlmﬁ) (E,A)={xeU|E(Dx)=a}c{xeU|EA)(x)= B}
c({xe U EMA(x) < ) =aprl, 5 (E.4).
aprl ., (E,A) = ({xe U | E(A)x) < 3)
={xeU|E(A)(x)=2a}U{xe U|E(A)(x) and a have no order relation about <}
= &rl(w) (E,A)U{xe U | E(A)(x) and « have no order relation about <}.

2) aprl  (ED)=ixeU|E@®za=2 ¢7°
@ aprl, , (E@)=ixeU|E@) D)zab=1  ~
The others can be proved by a similar method.
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(3) It is immediate from Definition 3.1.

() aprl (BN, ()= ACPl, 5 (E.N, (4)
={xe U[E(N, (D)(x) 2 f}
={xe U[E(A)(x) < N(B)}
={xeU|E(A)(x)<N(B)}Uixe U|E(4)(x) = N(S)}

= (aprl vy (B-A)) Ulxe U E(Ax)=N(B)}. O
If we consider a lattice P. and A4,Be Map(V,F,.), then the following hold.

(1) aprl (E.AN, Bycaprl (E.A)Naprl (E.B).

) aprl, ;(E, AN, B)<aprl, ,(E, A)Naprl,, ; (E.B).
3) aprl, , (E,AU, B)2aprl  (E,A)Uaprl  (E,B).

@) aprl, ;(E,AU, B)2aprl, ,(E,A)Uaprl,, ; (E.B).

The following theorem can be proven.
Theorem 3.3. Let A< Map(V,E.). The following hold.
(WIf 0SSP <a <a<l, then
aprl(a’ﬁ) (E,A) c aprl(a,,ﬁ,) (E,A),aprl, 5 (E,A) 2 aprl , z (E, 4).
(2)If P, isalatticeand o,fe P,, then Vte P,,0<t<anf,
aprl . (E;A)=aprl (E.A) N aprl , (E,A).
(3)If P, isalatticeand a,f€ P,, then Vte P,,av f<t<]1,
aprl, gpp(E, A) 2aprl, , (E, A)Uaprl, 4 (E, A)
and the equality holds while P, is linear.
Proof. (1) It is straightforward from Definition 3.2.
Q) If a,fe P, ,then Vte P,,0<t<anf,
aprl(mﬂ ) (E,A={xceU|EAx)=av B}
={xeUJEA)(x)2a}N{xe U|E(4)(x)= S}
=aprl , (E,A) N aprl , (E,A).
Q) If a,fe P, then Vte P),av f<t<1,
apr, o (E-A) = (REJ, , ; (E, 4))
=(xeU|EAx)<anf)
o (Ixe U E(A)(x) < N{xe U | E(A)(x) < B})
=apr, o (E,A)Uapr , ;(E, A4).
If P, is linear, then the equality holds. U

3.2 The optimistic three-way decisions over multiple three-way decision spaces

The above conclusions in Section 3.1 can be extended to multiple three-way decision spaces.
Definition 3.3. Let (U,Map(V,F.),P,,E) (i=L2,---,n) be n three-way decision spaces,
Ae Map(V,P.), a,fe P, and 0<fB<a<1. Then optimistic three-way decisions over n
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three-way decision spaces are defined as follows.

(1) Acceptance region: ACPL, 5 (E,_,,A)= ACF, 5 (E,

a (a.8) A) :

(2) Rejection region:  REJIY, 5 (E,_,, A) = \REJ1 4 4 (E,, A) = {{xe U| E,(A)(x)< S} .
i=1 i=1

(3) Uncertain region:

UNCI?, , (E,._,, A)=(ACPL”,

(a.8) (a.B) (El

AUREJY, , (E, ., 4)) .

~n?

Note 3.3. (1) If P, is a linear order, then

a.

ACPIZ , (E,_,, A) = {xe Ul v E(A)x)> a] ,

a,

REN?, , (E,_,, A) ={xe U v E (A)x) < ﬁ] and

UNCL?, , (E,.,. A) = {x e U|B< v E (A)x)< a] .

Q)If 0<f<a<l, REJE ,(E_, A)= (ﬁREJl(aﬁ)(E[.,A)jU(ﬁ{xe U| E (A)(x)= ﬁ}j.

Similarly, we can discuss the lower and upper approximations of optimistic three-way decisions
over multiple three-way decision spaces.
Defintion 3.4. If 4e Map(V,P.), then

aprl?” (E..,.4)= ACPI, ;,(E,_,, A)

no no

and

aprly, 5 (E,_,, A)=(REJ1Y, 5 (E,_,.A))

a
are referred to as the lower approximation and upper approximation of A with regard to optimistic
three-way decisions over n three-way decision spaces respectively.
Obviously, if P, is a linear order, then

aprl” (E, ,,4)= {x eU| le (A)(x)> a}

and

prit (B ) ={xe U1 E (02 B].

Let (U,Map(V,FP.),P,,E,) (i=12,--,n) be n three-way decision spaces, A€ Map(V,F.),
a,fe P, and 0< B<a<1.We can obtain similar results of Theorem 3.4 and 3.5 in [10].

We can prove the following theorem.
Theorem 3.4. Let (U,Map(V,FP.),P,,E) (i=12,--,n) be n three-way decision spaces,
Ae Map(V,P.). Then the following hold.

(WIf 0SSP <a’ <a<l, then aprlfiﬁ)(El E

1~n>

A) and

~n?

op
A)c aprl(a,ﬁ,)(

aprlzyﬁ) (E_,4)2 aprlz,ﬁ,) (E._,,4).
(2)If P, isalatticeand o,f€ P,, then Vte P,,0<t<anf,

op op op
aprl(avﬁ,” (B, A)caprl’ (E,,.4) N aprl(ﬁ’t) (E._,,A).

~n?

10



If P, isalatticeand a,f € P,, then Vte Py,av f<t<l1,

aprl(z aAﬁ')( 1~»1’A) =2 aprl(z ) (E ~n’A) Uaprl(z ﬁ’)( 1~n" )

Proof. (1) It is straightforward from Definition 3.4.
(2)If P, isalatticeand «,f€ P,,then Vte P,,0<t<anpf,

op
aprl(aﬁt) E_ A= Uaprl E,A)

= U(@(a,,)(E,-,A)m@w(E,.,A))
i=1

;(U@W@,A)]m[oﬂlwwﬁmj

—apl’lp (El nyA)ﬂaprl:); )(El n’A)

If P, isalatticeand o,f€ F,,then Vte P,,av f<t<I,

aprl(l anp) ( 1~n> A) = Uaprl(t,a/\ﬁ) (El b A)
i=1

=2 U(ﬁ(t,a) (E; ’ A) U ﬁ(z,ﬂ) (E; ’ A))

i=1

= (Uﬁ(z,m (El., A)] U (Uﬁ(z’ﬁ) (El , A))

—op —op
= aprl(t,a) (E_,,4) U aprl(t,ﬁ) (E,,4). H
3.3 The pessimistic three-way decisions over multiple three-way decision spaces

We can consider another type of three-way decisions over multiple three-way decision spaces.
Definition 3.5. Let (U,Map(V,F.),P,,E) (i=L2,--,n) be n three-way decision spaces,
Ae Map(V,P.), a,fe P, and 0<<a<1. Then pessimistic three-way decisions over n
three-way decision spaces are defined as
(1) Acceptance region:
ACPI, 5 (E,_,, A) = ACF 5 (E,_,, A) .

(2) Rejection region:
REJNG ) (.., A) = UREJIM( A)={xe Ul E ()< 5}
i=1

(3) Uncertain region:

UNCY: (.., A) = (ACPI: , (E,.,, AUREJI 5 (E,,, A)) .

Note 3.4. (1) ACPI , (., ) ={xe Ul /\1 E(A)(x) > a}
(2)If P, is a linear order, then

REJI 4 ( 1~n’A):{XEU|£Ef(A)(x)<ﬁ} and

UNCIZ , ( M,A)z{xe UlB< Z\lEi(A)(x)<0(}.

3)If 0<B<a<l,then

11



REJpeﬁ’)( l~n> ) = [UREJl(a,ﬁ) (Ei > A)j U [U{xe U | Ei (A)(x) = ﬁ}j .

Similarly, we can discuss the lower and upper approximations of pessimistic three-way decisions
over multiple three-way decision spaces.

Definition 3.6. If A€ Map(V,P.), then
apr”® (E,.,,4)= ACPI: ; (E.,, )

~n®

and

aprly, 5 (E,_,, 4)=(REJ1 5 (E,_,, A))

are referred to as the lower approximation and upper approximation of A with regard to
pessimistic three-way decisions over n three-way decision spaces respectively.
Obviously, if P, is a linear order, then

Pl gy By A) =€ U AB (02 B).

Let (U,Map(V,F.),P,,
a,fe P, and 0< B <a<1.We can obtain similar results of Theorems 3.7 and 3.8 in [10].

E) (i=L2,---,n) be n three-way decision spaces, A€ Map(V,F.),

We can prove the following theorem in a similar approach as Theorem 3.4.
Theorem 3.5. Let (U,Map(V,P.),P,,E}) (i=12,---,n) be n three-way decision spaces and
Ae Map(V,P.). Then we have the following statements.

(WIf 0SSP <a <a<l, then aprl(”;ﬁ)(E A)Caprl”e (B,

I~n»>

A) and

—pe —pe

aprl(mﬁ) (E.,,42 aprl(a,ﬁ,) (E._,.B).

(2)If P, isalatticeand o,fe P,, then Vte P,,0<t<anf,
_ pe pe

gy B ) =aprll (. 4) Naprl gy Brnr A

If P, isalatticeand a,f€ P,, then Vte Py,av f<t<l1,

—pe —pe —pe
aprl, oop (B, A) 2 aprl, o (E,, HUaprl, 5 (E,_,, ).

aprl”

no

The following theorem shows the relationship between optimistic three-way decisions and
pessimistic three-way decisions over n three-way decision spaces.
Theorem 3.6. Let (U,Map(V,P.),P,,E) (i=L2,--,n) be n three-way decision spaces,
Ae Map(V,P.), a,fe P, and 0<B<a<l. Then the following hold.

(1) aprl” (E,,.N, (4)

n’

(aprl(N(ﬁ) vy Brns ) U [Q{XE U|E (A)(x)= N(Of)}j :

) aprl, 5 (E,,.N, (4)

(ap iy Brn )) U [Q{xe U|E (A)(x)= N(ﬂ)}]-
Proof. Only prove (1).

12



aprlz’:ﬂ) (E,_,, N (4)= U aprl , 5 (EisNp (4)
i=1

= L’J(Mw(ﬁ),ma» (E,-,A))C U{xe U| E.(4)(x) = N(@)}

= (ﬁ%wﬁw(a» (E,.,A)] U [U{xe UIE,(A)(x)= N(Of)}]

i=1

= (@1 r i B D) U [L"J{xe U|E(A)x)= N(a)}] . O

3.4 The aggregation three-way decisions over multiple three-way decision spaces

Definition 3.7. ([15]) Let(P,<,,N,,0,,1,) be a bounded partially ordered set. A mapping

f:P"— P is called an n-ary complement-preserving aggregation function, if it satisfies the
following conditions:

(AF1) Regularity:

f(x,x,-,x)=x, Vx,eP;

(AF2) Nondecreasing property:

fis a nondecreasing function for each variable over P,ie. x <, x? (i=1,2,---,n) implies
FEO, X0, P XD, xP) ) v xP e Py

(AF3) Complement-preserving property:

S (N () Np(x,),0 Ny (x,)) = N, (f (xux,0000,%,)), VX € P

The family of all n-ary complement-preserving aggregation functions over P is denoted by
AF, (P) . Sometimes we have to use the following condition:

(AF4) f(x,x,-,x)<, f(»,¥,,":,y,) 1implies that there is an i such that x <,y ,
Vx,y, € P.

Let (U,Map(V,P.),P,,E,) (i=1,2,---,n) be n three-way decision spaces, f e AF, (P,) and
E'(A)(x) = f(E(A(x), E,(A)(x),"-+,E, (A)(x)) for Ae Map(V,P.) and xeU . Then
(U,Map(V,P.),P,,E’) is a three-way decision space and the aggregation three-way decisions
over n three-way decision spaces for «,f€ P, and 0< < <1 are defined as follows.

(1) Acceptance region:

ACPY, 4 (E,_,,A) = ACR,, , (E’,A),
(2) Rejection region:
REJV), 5 (E,_,,A)=REJ\, , (E' ,A)={xe U| E' (4)(x) < B},
(3) Uncertain region:

UNCY, 5 (E,.,,A)=(ACPY, , (E,.,, A)UREJY, 5 (E,_,, A))

If P, is alinear order, then UNCl{a’ﬁ) (E._,,4) ={xe U|B<E'(4)(x)< a} .

The lower and upper approximations of the aggregation three-way decisions over n three-way

A)=apr, , (E', 4)

c

. . f _ f —f
decision spaces are ﬂ(aﬁ)(EM,A)— ﬂ(a,ﬁ)(E ,A) and apr, 5 (E_

respectively.

In the following, we discuss the properties of the aggregation three-way decisions and the lower
and upper approximations, and relationships among the aggregation three-way decisions, the
optimistic three-way decisions and the pessimistic three-way decisions.

13



Theorem 3.7. Let (U,Map(V,P.),P,,E) (i=12,---,n) be n three-way decision spaces,
fe AF,(P,) and satisfy (AF4), Ae Map(V,P.) and 0<fB<a<l. Then the following

statements hold.
(1) ACPI{’;m (E,

(2) REJIZ , (E,

~n

A)c ACPl[a’ﬂ)(EM,A) c ACPI? . (E,_,,A),

(a,p)
A) < REJY, 5 (E,_,,A) € REJ1; , (E, . A).

(@.p

~n?d ~n?2 ~n?

Proof. Let xe ACPIZ ; (E,,,A)=(ACPl, 4 (E.,A). Then Vi, xe ACPl,,(E,4), ic.

E(A)x)>a.So :
E' (A)(x) = f(E(A)(x), E, (A)(x),, E, (A)(x))
Zf(asaa“'aa) =,

ie. xe ACPl/, , (E,_,,A).If xe ACPY, ; (E,_,,A), then

E'(A)(x) = f(E,(A)(x), Ey(A)(x), . E, (D) 2 .
Hence there is an i such that E (A)(x)=«a due to the condition (AF4) of f, i.e.

I~n»> ~n?>

a,

xeJaprl (B, 4)= ACPIY, , (E,.,. 4).
i=1 ’

The second relation of inclusion can be proved in a similar way. O

Theorem 3.8. Let (U,Map(V,P.),P,,E,) (i=12,---,n) be n three-way decision spaces,
fe AF,(P,), A,Be Map(V,P.) and 0<fB<a<l. Then

e B n ’ n B op
aprlt (E,,.A)= Qaprlw) (E. D) caprl! (E,.4)c gaprlw) (E, A)=aprl” (E,_,.4)

and

— e n o _______ _f n _______ —op

aprl, g (E.,,A)= ﬂaprl(a’ﬁ) (E,A) c aprl, g (E.,.A)c Uaprl(a’ﬁ) (E,A)= aprl, 5 (E.,,A).
i=1 i=1

Proof. It is straightforward from the definition of the lower and upper approximations of the
aggregation three-way decisions and Theorem 3.7. O

Theorem 3.9. Let (U,Map(V,P.),P,,E,) (i=12,---,n) be n three-way decision spaces,
fe AE (P,), Ae Map(V,P.).If 0<fB<f'<a’<a<l, then

aprl{tw)(E1 E _,,A) and

—f —/f
aprl(wﬁ) (E._,,A) 2 aprl(a,ﬁ,) (E._,.A).

f
A) c aprl(a,’ﬂ,)(

~n? ~n?

Proof. It is straightforward from the definition of the lower and upper approximations of the

aggregation three-way decisions. [

3.5 Dynamic three-way decisions

The following decisions are considered to be made up of more than one three-way decisions.
Definition 3.7. Let (U,Map(V,P.),P,,E,) be i" three-way decision space, 4, € Map(V,P.),
a,feP, and 0<B <o <1 (i=12,---,n). Then the definition of dynamic three-way
decisions is given below.

(Decision 1) Acceptance region 1:  ACPLy) , (E,, 4)={x€ U|E,(4)(x) 2 a}.

Rejection region 1:  REJI, , (E,A4)={xe U|E (4)x)<B}.
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. . . 1)
Uncertain region 1: UNCI, 4,

(Decision 2) If UNCI{, , (E,,4)# D, then

%

(E,A)=(ACP1Y) , (E,A)UREJY ;. (E,A4)) .

Acceptance region 2:

ACP1? , (E,, 4)=ACP1) ; (E,4)U{xe UNC1Y) , (E,A)| E,(4)(x) 2} .

(.f5)
Rejection region 2:
REJ1(;) (B dy)= REJlﬁj_ﬂl)(El,Al) U{xe UNClggl,ﬂl)(El,Al) | E,(4,)(x)< B,}.

Uncertain region 2: UNCI() , (E,, 4,)=(ACPI2 , (E,,4)UREJIZ , (E,, AQ))" .

%) 53 %)

(Decision n) If UNC 15';:),&,,1)(En

A, # D, then
Acceptance regionn:  ACP,, , (E,,4,)=
ACPI By, DU xe UNCIE, (E,
Rejection regionn: REJ, ((2’ s (E,A4,)=

REJIEZ{:,I]),BA,] ) (Enfl s An—l) U {x € UNCIEZI:,II),B,,,| ) (Enfl s Anfl) | En (An )(x) < ﬂn } .

An—l) | En (An )(x) 2 an} .

Uncertain region n: UNCI) , (E,,4,)=(ACP1}) , (E,.4)UREJ\}) , (E,, 4, ))C :

4. On the refusal decision region in three-way decision space

4.1 Three-way decisions

In [9], the second question is what changes are there in three-way decisions when the uncertain
region is defined by using inequality [ < E(4)(x)<«a in Definition 2.3. In this section, the

question is discussed.

Definition 4.1. Let (U,Map(V,P.),P,,E) be a three-way decision space, A€ Map(V,F.),
a,fe P, and 0<f<a<l. Then the second new type of three-way decisions over the

three-way decision space is defined as follows.
(1) Acceptance region: ACP2, , (E,A)={xe U|E(A)(x)2a}.

(2) Rejection region:  REJ2, 5 (E, A)={xe U|E(A)(x) < S}.

(3) Uncertain region: UNC2, , (E,A)={xeU|B<E(4)(x)<a}.

In order to distinguish Definitions 2.2 and Definition 3.1, the notations of Acceptance region,
Rejection region and Uncertain region are written as “ACP2”, “REJ2” and “UNC2”, respectively.

If P, is not a linear order, then ACP2, ,(E,A)UREJ2,, ;(E,A) UUNC2, ,; (E,A) is not
necessarily U. At this point U—(ACP2, , (E,A)UREJ2, 5 (E,A)UUNC2, ; (E,4)) is
referred to as a refusal decision region, written as  REF,, ,; (E, A) . There are large numbers of the
nonlinear order sets, e.g., I°=[0,1]x[0,1], I’ (truth value set of intuitionistic fuzzy sets,

Example 2.1(4) in [9]), I* (truth value set of interval-valued fuzzy sets, Example 2.1(5) in [9]),
I(2Y) (interval sets, Example 2.1(6) in [6]), 2! —@ (truth value set of hesitant fuzzy sets,
Theorem 4.2 in [10]), 2’ Yo (truth value set of interval-valued hesitant fuzzy sets, Theorem
5.4 in [10]).

The uncertain region may be seen to objects of the delayed decision. The existence of a refusal
decision region is due to noise data or the method is not applicable to the data. As in fuzzy pattern
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recognition, if the identified object does not reach a predefined threshold, then it is refused to

make decision or it cannot be identified through the method.
The acceptance region and the rejection region in Definition 4.1 are the same as the ones in
Definition 2.2. Therefore we can obtain similar results with [10] on ACP2, ,; (E,A) and

REJ2, 5(E,A) . We can also define apr2mﬁ)(E,A)=ACP2(W.)(E,A) and

apr2, 5 (E,A) = (REJ 2.5 (E, A))C and can obtain similar results with [7].

The following example illustrates the similarity and difference among different types of
three-way decisions. In the following discussion, for fuzzy set A€ Map(U,I) and fuzzy relation

Re Map(UxU,I), wedefine (4-[x];)(y)=A(»)R(x,y).

Example 4.1.Let P.=P, =1%, U={x,x,x,x,,%},
_ [0.4,0.7] + [0.3,0.4] + [0.1,0.4] + [0.8,0.9] + [0.6,0.8]
xl 'x2 'x3 x4 'x5

1 0.8 0.6 04 0.6]

08 1 0.6 04 0.6

R=|0.6 0.6 1 04 09
04 04 04 1 0.4

10.6 0.6 09 04 1

be a fuzzy equivalence relation on U. Then

A =[4",A4 e Map(U,1?), and

| A [x], | |4 [x], |
X1 |7 x|

E(A)(x)=[
is a decision evaluation function of U.
By computing we  obtain E(A)(xl)=[0.406,0.618] , E(A)(x2)=[0.4,0.6] ,
E(A)(x3)=[0.394,0.611], E(A)(x,)=[0.523,0.7] and E(A)(x5)=[0.409,0.623].
Consider «=[0.5,0.7] and S=[0.4,0.6], three types of three-way decisions based on

three-way decision spaces are shown in Table 4.1.

Table 4.1. Three types of three-way decisions based on three-way decision spaces

Acceptance region Rejection region Uncertain region
ACP ACP1 ACP2 REJ REJ1 REJ2 UNC UNC1 UNC2
{x4} {x4} {x4} {xz} %] {xz} {xlsxssxs} {xpxzsx}sxs} {XI,XS}

It follows from Table 4.1 that
ACP,_ . (E, AU REJ , 5, (E,AHU UNC,, 4 (E,A)=U and

(a.p)
ACP1, 5 (E,A)UREJ1, ; (E,A)UUNCI, ; (E,A)=U , but
ACP2,, 5 (E,A\UREJ2, 4 (E,A)UUNC2,, 4 (E,A) = {x,,x,,x,,x;} and

REF,, 5 (E,A)={x;} .
In the first new type (Definition 3.1), the rejection region is empty, i.e., REJI=J. In
Definition 2.2, however, it is not reasonable that E(A)(x,)= [0.4,0.6] is rejected in accordance
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with the standard f=[0.4,0.6], i.e., REJ={x,}. And x, is added to uncertain region, since it
does not meet the standard a =[0.5,0.7].

In the second new type, x, is accepted, x, isrejected, x, and x, are uncertain, and x,
is refused to make decision. In accordance with Definition 4.1, it is reasonable that x, is added
to refusal decision region for the standards «=[0.5,0.7] and £ =[0.4,0.6], since the width of
E(A)(x,)= [0.394,0.61 1] is too large. [

When {E(A)(x),a, B} is a linear order subset of P, there is one inequality to be true in
EAx)z2a, E(A(x)<B and < E(A)(x)<a. Thus it follows the following properties on
refusal decision region.

Theorem 4.1. Let (U,Map(V,P.),P,,E) be a three-way decision space, A€ Map(V,F.),

a,pe P, and 0<f<a<l. Then REF, (E,A)=Q3 if and only if {E(A)(x),a,B} is a

linear order subset of P, forany xeU .

Corollary 4.1. Let (U,Map(V,P.),P,,E) be a three-way decision space, A€ Map(V,F.),
a,fe P, and 0< B <a<l. Then the following hold.

(1) REF, 4 (E,D)=REF, 5 (E,V)=D.

(2)If P, islinear, then REF, ;(E,A)=Q.

4.2 The optimistic three-way decisions over multiple three-way decision spaces

The above conclusions in Section 4.1 can be extended to multiple three-way decision spaces.
Definition 4.2. Let (U,Map(V,FP.),P,,E)) (i=1,2,---,n) be n three-way decision spaces,
Ae Map(V,P.), a,fe P, and 0<fB<a<1. Then optimistic three-way decisions over n
three-way decision spaces are defined as follows.

(1) Acceptance region: ACP27, ; (E, ,,A)= ACE; ; (E,

a I~n> (a.B)

A).

(2) Rejection region:  REJ2Y, ; (E,,, A)=(\REJ2, 4 (E,, A) = {xe U | E,(A)(x)< S} .
i=1 i=1
(3) Uncertain region:

UNC2, 5 (E,_,,A) = (O{xe U|E (A)(x)> ﬁ}j ﬂ(ﬁ{xe U|E(A)(x)< (Z}j.

i=1 i=1

Note 4.1. If P, is a linear order, then

ACP2Y  (E,_,, A) = {xe Ulv E(A)x)2 a} ,

REJ2, (B, )={xe U| Y E(AX0) < ] and

UNC2Y

7 o (E,, A)= {xe U|B< v E (A)x)< a} .

U-(4cP2y, , (E,.,, A)UREJ2Y, 5 (E,,, A)UUNC2Y, , (E,_,,A)) is referred to as a refusal

(@.5)

op

decision region, written as  REF;, ; (E,_,, A).
4.3 The pessimistic three-way decisions over multiple three-way decision spaces

We can consider another type of three-way decisions over multiple three-way decision spaces.
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Definition 4.3. Let (U,Map(V,P.),P,,E) (i=12,---,n ) be n three-way decision spaces,
Ae Map(V,P.), a,fe P, and 0< B <a<l1. Then pessimistic three-way decisions over n
three-way decision spaces are defined as

(1) Acceptance region:

ACP2% ; (E,.,, A)= ACPY, (E

a I~n> I~n>

A).

(2) Rejection region:

REJ2[; 5 (E,_,,A)=| JREJ2, 4 (E,, A) = J{xe U| E (4)(x)< B} .
i=l

i=1

(3) Uncertain region:

UNC2(, 5 (E,_,,A) = (ﬁ{xe U|E (4)(x)> ,B}] Q(U{xe U|E (4)(x)< a}j.

Note 4.2. (1) ACP2 , (E,_,, 4)= {xe Ul /\1 E(A)(x) > a}
(2)If P, is a linear order, then

REJ2: , (E,.,, )= {xe Ul AE(A)) < ,B} .

U-(AcP2ls , (E

1~n»>

AU REJ2! , (E,.

.. . . e
decision region, written as  REF/’, (E,_,,

n’

A).

A)UUNCZ(’;‘;J,)(E1~,1,A)) is referred to as a refusal

Here, we use an example to illustrate some notions of the optimistic and pessimistic three-way
decisions over multiple three-way decision spaces.

Example 4.2. Let P.=P, =1%, U={x,x,x,X,,%},
_[0.4,0.7] N [0.2,0.3] N [0.1,0.38] N [0.8,0.9] N [0.6,0.8] _
xl x2 x} x4 xS
1 0.8 0.6 04 0.6]
08 1 0.6 04 0.6
R=|0.6 06 1 04 0.9
04 04 04 1 0.4

106 06 09 04 1

A

[4, 4" e Map(U,I?), and

be a fuzzy equivalence relation on U.
E(4A)=A4 and

| A" N[x]p | 14" N[x] |
x| [x]e ]

both are evaluation functions of U.

E,(A)(x) = [

By computing we obtain
[0.5,0.7] [0.5,0.7] [0.486,0.709] [0.731,0.915] [0.486,0.709]
+ + + + :
X, X, X, X, X,
In two three-way decision spaces U,Map(U,{0,1}),[0,1], E)) and
(U,Map(U,{0,1}),[0,1],E,) , if we consider three groups of different parameters «,/f, then

acceptance regions, rejection regions, uncertain regions and refusal decision regions of optimistic
and pessimistic three-way decisions of 4 over two three-way decision spaces are listed in Table
18

E, (4=




4.2.

Table 4.2
Acceptance regions, rejection regions, uncertain regions and refusal decision regions of the optimistic and

pessimistic three-way decisions of 4 over two three-way decision spaces for different «,f .

£=[0.5,0.7] £ =1[0.5,0.6] £=1[0.6,0.8]
o =[0.6,0.8] a=[0.6,0.7] a=[0.8,0.9]
ACH‘;‘Zﬁ)(EH,A) {x, x5} {x,,x} {x,}
REJ(, 5(E, 5, 4) {x,,%,} (%) {x,%,, x5, x5}
UNC(’ZJ;)(ElNZ,A) {x,} {x,%,,%;} %)
ACERZ 5 (E, 5, 4) {x} {x, %)
REJ(; 5 (E, 5, 4) {x,%,,%,} {x,%,,x,} {x,%,, x5, x5}
UNC( 4)(E, 5, A) {xs} {xs} {x}
ACPIZ’ZV/;)(EH,A) {x,, x5} {x,, x5} {x,}
REJ1Y, ; (E, ,,A) @ @ {x,%,, %}
UNleZ,ﬁ) (E_,,A4) {x,%,,%,} {x,%,,x,} {xg}
ACP1 4 (E, ,, A) {x,} ) %
REJI(”;’/;)(EINZ,A) {x,,%,,%,} {x,%,,%;} {X,%,, %5, %5}
UNCIG, 4)(E, 5, 4) {xs} x5} 1)
ACP2;’Z,/,)(E1~2,A) {x,, x5} {x,, x5} {x,}
REJ2G, 5 (E, 5, 4) x5, %) {52y, %5, X5}
UNC2(, 5 (E, 5, 4) %) {x,%,} %)
REF(g 5 (E, ,, 4) {x:} {x:} %)
ACP27% , (E,_,, A) {x,} ) %
REJ2[; 5 (E, ,,A) {x,%,,%,} {x,%,,x,} {x,%,, x5, x5}
UNC2(, 5 (E, ,,4) %) %) %)
REF( ) (E, 5, 4) {xs} {x) {2}

It follows from Table 4.2 that
ACP(‘;iﬂ) (E._,,A)URE. (”5’/,) (E_,,A)UUN (‘fﬁ) (E_,,A)=U and

ACPIY, 5 (E,,, AU REJI], 4 (E, ,, A)UUNCI, 5 (E,,,A)=U,
for three groups of different parameters a, .
But

ACP2Y, ; (E,,, A\UREJ2Y 5 (E,,, A\UUNC2Z , (E, ,, A) = {x,x,, %, %} U and

(a.)

REFZZZ,B)(EHa A)=1{x,},
for (a,)=1([0.6,0.8],[0.5,0.7]) or (e,f)=([0.6,0.7],[0.5,0.6]).

ACP2, 5 (B, AUREJ2, 5 (E,,, A)UUNC2?, ; (E, ,,A)=1{x,,X,,X;,x,} #U and

REF G ) (E,, A) ={xs} ,
for three groups of different parameters a, .

In the first new type (Definition 3.3), the rejection region of optimistic three-way decisions
over multiple three-way decision spaces is empty, i.€., REJL ;50507 (B0 A) =D . By
Definition 4.2, however, REJ2{, 50507 (Ei2»A)=1x,%,} . This is mainly because
E (A(x)=E,(4A)(x,)= [0.5,0.7] and different conditions for REJ1 and REJ2 in accordance with
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the standard £=[0.5,0.7].
On the other hand, by Definition 3.5 and Definition 4.3,
REJlgz.s,o.x],[o.s,o.m (B, A)= REngg.ﬁ,o.S],[o.s,o.ﬂ) (B, A)=1{x,x,%;}

Since E,(A4)(x,)=[0.1,0.38] and E,(A4)(x;)=[0.486,0.709] , x, 1is rejected from a

pessimistic point of view, but x, is not rejected from an optimistic point of view, here x, is in

uncertain and in refusal decision region according to Definition 3.5 (UNC1) and Definition 4.3
(REF), respectively. U

4.4 The aggregation three-way decisions over multiple three-way decision spaces

Let (U,Map(V,P.),P,,E) ( i=L2,---,n ) be n three-way decision spaces,
fe€ AF,(P,),Ae Map(V,P.), a,fc P, and 0<f<a<1. Then the aggregation three-way

decisions over n three-way decision spaces are defined as follows.
(1) Acceptance region:

ACP2!, ; (E,.,,A)= ACP, ;

(2) Rejection region:
REJ2/, 5 (E,_,,A)=REJ2, 5 (E', A)={xe U|E' (A)(x)< B},
(3) Uncertain region:
UNC2{, 5 (E,.,,A)=U—ACP2{, , (E,_,,A\UREJ2], ; (E,
If P, isalinear order, then UNC2, , (E,_,,A)={xe U|B<E'(A)(x)<a}.
The lower and upper approximations of the aggregation three-way decisions over n three-way
A)= apr2(a 5 (E', A) and

(E',4),

I~n>

A).

~n? ~n? ~n?d

decision spaces are apr?2 (fa 5 (£,

~n?

apr2{a’ p(E_,,A)= M(a’ 5 (E’,4) respectively.

In the following, we discuss properties of the aggregation three-way decisions and the lower
and upper approximations, and relationships among the aggregation three-way decisions, the
optimistic three-way decisions and the pessimistic three-way decisions.

Theorem 4.2. Let (U,Map(V,P.),P,,E) (i=12,---,n) be n three-way decision spaces,
fe€ AF,(P,) and satisfy (AF4), Ae Map(V,P.) and 0<pB<a<l. Then the following

statements hold.

(1) ACP2{; ; (E,.,, A) < ACP2{,  (E,

(2) REJ2Y, 5 (E, . A) < REJ2/, , (E,

Proof. ) It takes notice of ACP2(, 5 (E

o, 1~n»

- A) S ACP2Y, 4 (E, . A4),

~no A) - REJ2{;,,@) (El~n b A) .

A)=ACRg 4 (E .4,
ACP2/, , (E,_,,A)= ACF., , (E, ,,A) and ACP2" ,(E,_,,A)=ACFY,(E,_,,A). So it holds

1~n>
from Theorem 3.7 in [12].

(2) Let xeREJ2Y ,(E, ., A)=(\REJ2,,(E,4) . Then Vi, xeREJ2,,(E.4), ie.
i=1

E,(A)(x)<f. So

ET (A)(x) = f(E(A)(x), E, (A)(x),, E, (A)(x))
Sf(ﬂ:ﬂsaﬂ) :ﬂ 5

ie. xe REJ2/,,(E, ,,A).If xe REJ2], ,(E,_,,A), then

E'(A)(x) = f(E(A)(X), E,(A)(x), . E, (D) < B

~n? ~no
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Hence there is an i such that E (A)(x)<f due to the condition (AF4) of f, ie.

a,

xe UaprZ(a (B A)=REJ2Y, 5 (B, 4). O
i=1 ?

Theorem 4.3. Let (U,Map(V,P.),P,,E) (i=12,---,n) be n three-way decision spaces,
f€ AF,(P,) and satisfy (AF4), A,Be Map(V,P.) and 0< f<a<1. Then

pe f op
apr2(a‘ﬁ) (E_,,A)c apr2(a’ﬁ) (E._,.4)c aprZ(aﬁ)(EINn ,A)
and
——pe —f ——op
apera‘ﬁ) (B, D capr2, g (E,,4) < ap”2<;.ﬂ>(E1~n ,A).

Proof. It is straightforward from the definition of the lower and upper approximations of the

aggregation three-way decisions and Theorem 4.2. O

Theorem 4.4. Let (U,Map(V,P.),P,,E,) (i=12,---,n) be n three-way decision spaces,
fe AE (P,), Ae Map(V,P.).If 0<B<f'<a’<a<l, then
apr2’ (E, E_,A) and

2 Za.p) I~n»>

S S
aprz(a’,ﬂ) (El~n H A) =2 aprz(a',ﬁ") (El~n b A) .

~n?o

’
aycapr], (

Proof. It is straightforward from the definition of the lower and upper approximations of the

aggregation three-way decisions. [

In the following, we use an example to illustrate some notions of the aggregation three-way
decisions over multiple three-way decision spaces.
Example 4.3. Consider two three-way decision spaces (U,Map(U,{0,1}),[0,1],E,) and
(U,Map(U,{0,1}),[0,1], £, ) in Example 4.2 again, where
0.4,0.7] N [0.2,0.3] N [0.1,0.38] N [0.8,0.9] N [0.6,0.8] ’

X, X, X, X, X

EI(A)Z[

5,0. 5,0, 486,0. 731,091 486,0.
[05,07]  [0.5,0.7]  [0.486,0.709]  [0.731,0915]  [0.486,0.709]

X, X, X, X, X

Ez (A=

If we consider 2-ary complement-preserving aggregation function
S (x5 x; Llxg 6y 1) = [min {0 b max x5 3],
then

[04.07] [02,07] [0.,0.709] [0.731,0.915] [0.486,0.8]

X X, X, X, X

E'(4)=

Consider a=[0.6,0.8] and f=[0.4,0.7] , then acceptance regions, rejection regions,

uncertain regions and refusal decision regions of aggregation three-way decisions of 4 over two
three-way decision spaces are listed in Table 4.3.
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Table 4.3. Three types of aggregation three-way decisions based on three-way decision spaces

Acceptance region Rejection region Uncertain region

ACP ACP1 ACP2 REJ REJ1 REJ2 UNC UNC1 UNC2

{x,} {x,} {x,} {x,x,} {x,} {x,x,} {25, %5} {20575, X5} {xs}

It follows from Table 4.3 that
ACF!, ; (E,_,,A)UREJ/, ; (E, ,,A)UUNC/, ; (E,_,,A)=U and

ACPY,, 5 (E_,, AUREJ, 4 (E,_,,A)UUNCY/, , (E,_,,A)=U , but

ACP2/, , (E,_,,A)UREJ2/, 5 (E, ,,A)UUNC2], ; (E,_,,A)={x,,X,,x,,x;} and
REF), 5 (E, ,, A) = {x,} .

In the first new type, the rejection region is REJ1 40110407 (E’,A)=1{x,} . In Definition

2.2, however, it is not reasonable that E/ (A)(xl):[0.4,0.7] is rejected in accordance with the

standard £ =[0.4,0.7], i.e., REJ={x,}. And x, is added to uncertain region, since it does not
meet the standard & =[0.6,0.8].

In the second new type, x, is accepted, x, and x, are rejected, x; is uncertain, and x,
is refused to make decision. In accordance with definition of aggregation three-way decisions, it is
reasonable that x, is added to refusal decision region for the standards «=[0.6,0.8] and

B=[0.4,0.7], since the width of E’(A)(x,)= [0.1,0.709] is too large. [

4.5 Dynamic three-way decisions

The following decisions are considered to be made up of more than one three-way decisions.
Definition 4.4. Let (U,Map(V,P.),P,,E,) be i" three-way decision space, 4, € Map(V,P.),
a,B€P, and 0SB <o, <1 (i=12,---,n). Then strict definition of dynamic three-way
decisions is given below.

(Decision 1)
Acceptance region 1:  ACP2() , (E,,4)={xe U|E (4)x)>a}.
Rejection region 1:  REJ2() 4, (E,,4)={xe U|E,(4)(x)<fB}.
Uncertain region 1:  UNC2(,, , (E,,4)={xe U| B, < E,(4)(x)<a}.
Refusal decision region 1:

REF() , (E,, 4)=U —(ACP2,)

s (B AVU REJ2(, 5 (E,, 4) UUNC2, (EI,AI))

(a.8) (./3)
If UNC 2221 s (EA4) = &, then it is end of three-way decisions; or continue to the next
step.
(Decision 2)

Acceptance region 2:

ACP2) , (E,,4,)=ACP2) , (E,, 4)U{xe UNC2) ,

(EA) | Ey(4)(x) 2 ) .
Rejection region 2:

REJ2) , (E,,4,)=REJ2\) , (E,,A)U{xe UNC2{) , (E,4)|E,(4,)x)<B,}.

Uncertain region 2:
UNC28) , (E,, 4,)) ={xe UNC2{) , (E,,4)| B, < Ey(4)(x)<a,}.

@ %

Refusal decision region 2:
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2)

REF. 5, (Exs 4) =U = (ACP2(, By ) UREI2(, y (Ey, 4) UUNC2E, 5 (B ).

......

If UNC2(;", (E, . 4,,)=@, then it is end of three-way decisions; or continue to the

next step.
(Decision n)
Acceptance region n:
ACPzEZ?, By (E" ’ AV!) = ACPzEZI:,ll)ﬂ,H) (Enfl ’ An—l) U

[xeunc2V, (E, .4, )|E(4)x)2a,}.
Rejection region n:
REJ2§ZI?, By (En ’ An ) = REJ2§’01{;11),B”,1) (Enfl ’ Anfl) U

{reUNC2" ;) (B, 4,) | E(4)(0)<B,}.

Uncertain region n:
UNCQ'EZ;,,B,,) (En > An) = {XE Uchg;:,ll),ﬂ",l) (Enfl’ Anfl) | an < En (An )(x) < an} .

Refusal decision region n:
REFY , (E,.A4)=U - (ACP2§"> s (E A)UREJ2Y . (E,,4)UUNC2) . (E,. A, )) .

aﬂ
Dynamic three-way decisions are shown as Fig. 4.1.

le«——Acceptance regionn ——»l«— Uncertain region n/ REF n—»le——— Rejection regionn —

le— Acceptance region 2 —p-= Uncertain region 2 / REF 2 »«— Rejection region 2 —
le— Acceptance region 1 -—»i= Uncertain region 1/ REF 1 »<—Rejection region 1—
U

=4 9 = =

s 5 oo s - =

[¢] (¢ [¢] (¢ (¢ [¢)

z 5 2 2 R 7

& 32..B =

g e

e & & > & &

S & 2 [ S <

=] = o o =] Q

5 g8 B 5 5 B

Fig. 4.1 Dynamic three-way decisions

In the following, we use an example to illustrate some notions of the dynamic three-way

decisions over multiple three-way decision spaces.
Example 4.4. Consider two three-way decision spaces (U,Map(U,{0,1}),[0,1],E,)

(U,Map(U,{0,1}),[0,1], E, ) in Example 4.2 again, where

and

£ (4)=[04071 [02,03] [0.1,0.38]  [0.8,09] [0.6,0.8]
X, X, X, x, X;
[0.5,0.7] [0.5,0.7] [0.486,0.709] [0.731,0.915] [0.486,0.709]
E,(4)= ' + + v |
X, X, X, X, X,
Consider ¢, =[0.7,0.8] and /3 =[0.5,0.6] , «,=[0.50.7] and S, =[0.4,0.5] , then

acceptance regions, rejection regions, uncertain regions and refusal decision regions of dynamic
three-way decisions of 4 over two three-way decision spaces are listed in Table 4.4.

Table 4.4. Three types of dynamic three-way decisions based on three-way decision spaces
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Decision 1 Decision 2

Acceptance region ACP2) 4 (E, A)={x,} ACP2G) 5 (E,, A)={x,,X,}
Rejection region REJ2{) 5 (Ey, A) = {x,,x} REJ2(;) 5 (Ey, A)={x,,x}
Uncertain region UNC2§2PﬁI)(EpA) ={x} UNCZ:Z,/;Z)(EpA) =0

REF;SI)A)(E“A) = {xl} REF) )(EzsA) = {xs}

Refusal decision region (.5,

It follows from Table 4.4 that
ACF!, ; (E,A)UREJ], 5 (E,A)UUNC/, , (E,A)=U and
ACPY,, , (E,A\UREJ1], 5 (E,A)UUNCL/, , (E,A)=U , but

ACP2/, , (E,A)UREJ2], ; (E,A)UUNC2/, , (E,A)={x,,x,,x,,x} and

REF], 5 (E, A)={x,}.

In the first new type (Definition 3.1), the rejection region is REJ1={x,}. In Definition 2.2,
however, it is not reasonable that Ef'(A)(x1)=[0.4,0.7] is rejected in accordance with the
standard £ =[0.4,0.7], i.e., REJ={x,}. And x, is added to uncertain region, since it does not
meet the standard «=[0.6,0.8].

In the second new type, x, is accepted, x; and x, are rejected, x; is uncertain, and x,
is refused to make decision. In accordance with Definition 4.1, it is reasonable that x, is added
to refusal decision region for the standards & =[0.6,0.8] and £=[0.4,0.7], since the width of

E’ (A)(x;)=[0.1,0.709] is too large. [

5. Conclusions

This paper discusses two new types of three-way decisions in three-way decision spaces through
answering two questions in [9]. The first type relates to parameter changes in assumptions and
another type involves refusal decision region. For the sake of clarity, we summarize the main
conclusions on parameter assumption, acceptance region, rejection region and uncertain region

under three types in Table 5.1.

Table 5.1.

Parameter assumption, acceptance region, rejection region and uncertain region under three types.

Existing type

0<f<a<l

Second type

0<f<a<l

First type

0<p<ac<l

Parameter assumption

Acceptance region

(xe U|E(4) = a}

(xe U|E(4) = a}

(xeU|E(4)>a}

Rejection region

xeU|E(A)< B}

{xe U|E(4) < B}

{xe U|E(4) < B}

Uncertain region

(IxeU|E(4) 2 a}
Uixe U | E(4) < B})

{xeU|B<E(A)<a}

(IxeU|E(4) 2 a}
Uixe U | E(4) < B})

From Table 5.1, we can see the following conclusions..
(1) Acceptance regions of either new types or existing type are same.
(2) If we consider linear order, second type and existing type are same. Only while we consider
nonlinear order, uncertain regions of second type and existing type are different.
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There exist the following benefits in the first new type:

(1) Two-way decisions can regard as special cases of three-way decisions when two decision
parameters are equal and the order of decision measurement is a linear order.

(2) Acceptance with “large than or equal to” and rejection with “less than” are more in line
with practical applications and semantic.

(3) It unifies double evaluation function with a single evaluation function where three-way
decisions based on double evaluation functions are classified as some operations of three-way
decisions based on single evaluation function.

There exist the following benefits in the second new type:

There are refusal decision region in pattern recognition and decision making. This paper
introduces refusal decision region in three-way decision. The type may be applied to pattern
recognition, decision making, cluster analysis, etc.

We will discuss inference rules and potential applications of these new types of three-way
decisions in three-way decision spaces in future work.
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