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MEAN-VARIANCE POLICY FOR DISCRETE-TIME
CONE-CONSTRAINED MARKETS: TIME CONSISTENCY
IN EFFICIENCY AND THE MINIMUM-VARIANCE
SIGNED SUPERMARTINGALE MEASURE*

Xiangyu Cui!  Duan Li* and Xun Li

The discrete-time mean-variance portfolio selection formulation, which is a representa-
tive of general dynamic mean-risk portfolio selection problems, typically does not satisfy
time consistency in efficiency (TCIE), i.e., a truncated pre-committed efficient policy may
become inefficient for the corresponding truncated problem. In this paper, we analytically
investigate the effect of portfolio constraints on the TCIE of convex cone-constrained mar-
kets. More specifically, we derive semi-analytical expressions for the pre-committed efficient
mean-variance policy and the minimum-variance signed supermartingale measure (VSSM)
and examine their relationship. Our analysis shows that the pre-committed discrete-time
efficient mean-variance policy satisfies TCIE if and only if the conditional expectation of the
density of the VSSM (with respect to the original probability measure) is nonnegative, or
once the conditional expectation becomes negative, it remains at the same negative value
until the terminal time. Our finding indicates that the TCIE property depends only on the
basic market setting, including portfolio constraints. This motivates us to establish a gen-
eral procedure for constructing TCIE dynamic portfolio selection problems by introducing
suitable portfolio constraints.

Key Words: cone-constrained market, discrete-time mean-variance policy, time consistency in
efficiency, minimum-variance signed supermartingale measure

1 INTRODUCTION

In a dynamic decision problem, a decision maker may face a dilemma when the overall objective
for the entire time horizon under consideration does not conform with a “local” objective for
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a tail part of the time horizon. In the language of dynamic programming, Bellman’s principle
of optimality is not applicable in such situations, as the global and local interests derived from
their respective objectives are not consistent. This phenomenon has recently been investigated in
the finance and financial engineering literature under the terminology of time inconsistency. In
the language of portfolio selection, when a problem is not time consistent, the (global) optimal
portfolio policy for the entire investment horizon determined at the initial time may not be
optimal for a truncated investment problem at some intermediate time ¢ and for a certain
realized wealth level. Thus, investors have incentives to deviate from the global optimal policy
and to seek the (local) optimal portfolio policy, instead, for the truncated time horizon.

As time consistency (or dynamic consistency) is a basic requirement for dynamic risk measures
(see Rosazza Gianin (2006), Boda and Filar (2006), Artzner et al. (2007) and Jobert and Rogers
(2008)), all of the appropriate dynamic risk measures should necessarily possess a certain func-
tional structure such that Bellman’s principle of optimality is satisfied. In particular, the time-0
risk of a future monetary position X7, po(Xr), can be obtained by first computing the time-
t risk of X7, pi(Xr), with 0 < ¢ < T, and then obtaining the time-0 risk of the monetary
position —py(X7) at time ¢, i.e., a nested recursion po(Xr7) = po(—p:(X7)) must hold true.
Unfortunately, almost all of the static risk measures that investors have adopted in practice
for decades, including the variance measure, VaR (Duffie and Pan (1997)) and CVaR (Urya-
sev (2000)), fail to be time consistent, when extended to dynamic situations (Boda and Filar
(2006)). Researchers have proposed using nonlinear expectation (“g-expectation” (Peng (1997))

to construct time consistent dynamic risk measures.

As the time consistency requirement may result in a very conservative risk measure (see Roorda
and Schumacher (2007)), there have been numerous proposals to relax it to weak time consistency
(or sequential consistency), which represents the idea that a monetary position that is surely
(un)acceptable at some future date should also be (un)acceptable now. We refer to Riedel
(2004), Follmer and Penner (2006, 2011), Tutsch (2006, 2008), and Roorda and Schumacher
(2013, 2014) for detailed discussions of weak time consistency.

When a dynamic risk measure is time consistent, it not only justifies the mathematical formu-
lation for risk management, but also facilitates the process of finding the optimal decision, as
the corresponding dynamic mean-risk portfolio selection problem satisfies Bellman’s principle
of optimality, and is thus solvable by dynamic programming (e.g., see Cherny (2010)). When
a dynamic risk measure is time inconsistent, the corresponding dynamic mean-risk portfolio
selection problem is nonseparable in the sense of dynamic programming, and is thus intractable.
Consider the dynamic mean-variance portfolio selection problem as an example, as it is the
focus of this paper. As the nonseparable structure of the variance term leads to a challenging
dynamic variance minimization problem, it took almost 50 years to figure out ways to extend the
seminal static mean-variance formulation in Markowitz (1952) to its dynamic counterpart (see
Li and Ng (2000) for the discrete-time (multi-period) mean-variance formulation and Zhou and
Li (2000) for the continuous-time mean-variance formulation). The dynamic optimal investment
policy derived in Li and Ng (2000) and Zhou and Li (2000) is called the pre-committed dynamic
optimal investment policy by Basak and Chabakauri (2010), because the (adaptive) optimal
policy is determined at time 0 to achieve an overall optimality for the entire investment horizon.
As the original dynamic mean-variance formulation is not time consistent, the pre-committed



dynamic optimal investment policy does not satisfy the principle of optimality and investors
have incentives to deviate from it in certain circumstances, as revealed in Zhu et al. (2003) and
Basak and Chabakauri (2010).

Two major research directions were pursued to alleviate the effects of the time inconsistency
of the pre-committed optimal mean-variance policy. Basak and Chabakauri (2010) suggested
building a time consistent policy by using backward induction to optimally choose the (time
consistent) policy at any time ¢, on the premise that future time consistent policies have already
been decided. Bjork et al. (2014) extended the formulation in Basak and Chabakauri (2010)
by introducing state dependent risk aversion, and used the backward time inconsistent control
method (see Bjork and Murgoci (2010)) to derive the corresponding time consistent policy.
Czichowsky (2013) considered time consistent policies for both the discrete-time and continuous-
time mean-variance models and revealed the connections between the two. Enforcing a time
consistent policy in an inherently time inconsistent problem undoubtedly induces a cost, i.e., it
results in a worse mean-variance efficient frontier compared with the one associated with the pre-
committed mean-variance policy. This can be seen in numerical experiments reported in Wang
and Forsyth (2011). On the other hand, Cui et al. (2012) relaxed the concept of time consistency
to “time consistency in efficiency” (TCIE) based on a multi-objective version of the principle of
optimality. This states that the principle of optimality holds if any tail part of an efficient policy
is also efficient for any realizable state at any intermediate period (Li and Haimes (1987) and
Li (1990)). Note that the essence of the groundbreaking work of Markowitz (1952) is to attain
efficiency in portfolio selection by striking a balance between the two conflicting objectives of
maximizing the expected return and minimizing the investment risk. In this sense, TCIE simply
means requiring efficiency for any truncated mean-variance portfolio selection problem at every
time instant during the investment horizon. Cui et al. (2012) showed that the dynamic mean-
variance problem does not satisfy TCIE and developed a TCIE revised mean-variance policy
by relaxing the self-financing restriction to allow the withdrawal of money from the market.
While the revised policy achieves the same mean-variance pair for terminal wealth as the pre-
committed dynamic optimal investment policy, it also enables investors to receive a free cash
flow stream during the investment process. The revised policy proposed in Cui et al. (2012)
thus strictly dominates the pre-committed dynamic optimal investment policy.

It is interesting to note that the current literature on time inconsistency has been mainly confined
to investigations of time consistent risk measures. While portfolio constraints are an important
part of the market setting, few studies have investigated the effects of portfolio constraints
on the property of time consistency and TCIE. Let us consider an extreme situation in which
only one admissible investment policy is available over the entire investment horizon. In such
a situation, regardless of whether the adopted dynamic risk measure is time consistent, this
policy is always optimal and time consistent, as it is the only choice available to investors. We
can also learn from Wang and Forsyth (2011), who numerically compared the pre-committed
optimal mean-variance policy and the time consistent mean-variance policy (proposed by Bjork
et al. (2014)) in a continuous-time market with no constraint, with no-bankruptcy constraint
and with no-shorting constraint, respectively. They found that, with constraints, the efficient
frontier generated by the time consistent mean-variance policy is closer to the efficient frontier
generated by the pre-committed optimal mean-variance policy in the constrained market than



in the unconstrained market. Thus, the presence of portfolio constraints may reduce the cost,
when enforcing a time consistent policy in an inherent time inconsistent problem. Based on
the above observation, in this paper we analytically investigate the effect of convex cone-type
portfolio constraints on TCIE in a discrete-time market. Our analysis reveals an “if and only
if” relationship between TCIE and the conditional expectation of the density of the minimum-
variance signed supermartingale measure (with respect to the original probability measure).
As our findings indicate that the property of TCIE depends only on the basic market setting,
including portfolio constraints, we further establish a general procedure for constructing TCIE
dynamic portfolio selection problems by introducing suitable portfolio constraints.

The main theme and the contribution of this paper is to address and answer the following
question.

Given a financial market with known return statistics, what are the cone constraints on the
portfolio policies which need to be introduced so that the derived optimal portfolio policy is time
consistent in efficiency?

The paper thus establishes the following key points to achieve this overall goal. For a given con-
vex cone-constrained market, we derive the pre-committed discrete-time efficient mean-variance
policy by both duality theory and dynamic programming (Section 2). We then discuss the nec-
essary and sufficient conditions for the pre-committed efficient policy to be time consistent in
efficiency (Section 3). We define and derive the minimum-variance signed supermartingale mea-
sure (VSSM) for cone-constrained markets and reveal its close relationship with TCIE (Section
4). More specifically, we show that the pre-committed efficient mean-variance policy satisfies
TCIE if and only if the conditional expectation of the density of the VSSM (with respect to the
original probability measure) is nonnegative, or once the conditional expectation becomes nega-
tive, it keeps the same negative value until the terminal time. Finally we answer the question of
how to completely eliminate time inconsistency in efficiency by adding cone constraints to the
market (Section 5). We demonstrate this constructive process using illustrative examples. To
make our presentation clear, we have placed all the proofs in the Appendix.

2 OPTIMAL MEAN-VARIANCE POLICY IN A DISCRETE-TIME
CONE-CONSTRAINED MARKET

The capital market of T-time periods under consideration consists of n risky assets with random
rates of return and one riskless asset with a deterministic rate of return. An investor with an
initial wealth z( joins the market at time 0 and allocates wealth among these (n + 1) assets.
Wealth can be reallocated among the (n + 1) assets at the beginning of each of the following
(T — 1) consecutive time periods. The deterministic rate of return of the riskless asset at time
period t is denoted by s; > 0 and the rates of return of the risky assets at time period ¢
are denoted by the vector e; = [e},--- ,el!]’, where €! is the random return of asset i at time
period ¢ and the notation ’ denotes the transpose operation. It is assumed that the vectors ey,

t=0,1,--- , T —1, are statistically independent with mean vector E[e;] = [E[e}],--- ,E[e}]]’ and



a positive definite covariance matrix,
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Cov (e;) = : : “ 0.
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Assume that all of the random vectors, e;,t = 0,1,--- ,T—1, are defined in a filtered probability
space (Q, Fr,{F:},P), where F; = o (ep,e1, - - ,€;_1) and Fy is the trivial o-algebra over
Q). Therefore, E[-|Fp] is simply the unconditional expectation E[]. Let x; be the wealth of
the investor at the beginning of the ¢-th time period, and ui, i = 1,2,--- ,n, be the dollar
amount invested in the ¢th risky asset at the beginning of the ¢-th time period. The dollar
amount invested in the riskless asset at the beginning of the ¢-th time period is then equal
to x¢ — > i, ub. It is assumed that the admissible investment strategy u: = [uf,u?,--- ,up]
is an JFj-measurable Markov control, i.e., uy € F;, and the realization of wu; is restricted to a
deterministic and non-random convex cone A; C R™. Such cone type constraints are widely
used to model regulatory restrictions; for example, the restrictions of no short selling and non-
tradability. Cone constraints are also useful for representing portfolio restrictions, and can be
generally expressed by Ay = {u; € R"|Au; > 0, A € R™*"} (see Cuoco (1997) and Napp (2003)
for more details).

An investor of mean-variance type seeks the best admissible investment strategy, {uj} \tT;()l,

such that the variance of the terminal wealth, Var(xr), is minimized subject to the expected
terminal wealth, E[x7], being fixed at a preselected level d,

min Var(zr) = E[(zr — d)?],
s.t. Elzr| =d,
Tr1 = Sewy + Plug,
weA, t=01,...,T—1,

where
!

/
Py = [Ptl’Pt27 T 7Ptn] = [(etl - St)v (et2 - St)v ) (e? - St)]
is the vector of the excess rates of return. It is easy to see that P; and u; are independent, {z;}
is an adapted Markovian process and F; = o(xy).

Remark 2.1. Varying the parameter d in (P(d)) from —oo to +oo yields the minimum variance
set in the mean-variance space. Furthermore, as setting d equal to HiT:_()l sizg in (P(d)) gives rise
to the minimum variance point, the upper branch of the minimum variance set corresponding to
the range of d from ]_[Z-T:_O1 $;xg to +00 characterizes the efficient frontier in the mean-variance
space which enables investors to recognize the trade-off between the expected return and the risk,
thus helping them specify their preferred expected terminal wealth.

Note that condition Cov (et) > 0 implies the positive definiteness of the second moment of



(st,€})’. The following is then true for t =0,1,...,7 — 1:

s7 s¢E[P}]
i StE[Pt] E[PtPH
1 0 -~ 0 1 -1 ... -1
-1 1 - 0 2 Ele, 0o 1 -~ 0
— 5t %t [e'j] = 0,
siEle;] Eleiel]
-1 0 1 0 0 1

which further implies
E[P,P} =0, Vt=0,1,...,T —1,
s2(1 — E[P}JE-1[P,P}E[P,]) >0, Vt=0,1,...,T —1.
Constrained dynamic mean-variance portfolio selection problems with various constraints have
been attracting increasing attention in the last decade, e.g., Li et al. (2002), Zhu et al. (2004),
Bielecki et al. (2005), Sun and Wang (2006), Labbé and Heunis (2007) and Czichowsky and

Schweizer (2010). Recently, Czichowsky and Schweizer (2013) further considered cone-constrained
continuous-time mean-variance portfolio selection with semimartingale price processes.

Remark 2.2. In this section, we use duality theory and dynamic programming to analytically
derive the discrete-time efficient mean-variance policy in convex cone-constrained markets. We
demonstrate that the optimal mean-variance policy is a two-piece linear function of the current
wealth level, which represents an extension of the result in Cui et al. (2014) for discrete-time
markets under the no-shorting constraint (a special convex cone) and a discrete-time counterpart
of the policy in Czichowsky and Schweizer (2013).

We define the following two deterministic functions, k" (K;) and h; (K;), on R" for ¢ =
0,1,....T —1,

2 2
hE(Ky) =E [C;fﬂ (1 + PQKt> Liprk <41y T Cipq (1 + PQKt) 1{P;Kt>:|:1}:| ,

with terminal condition C; = C; =1, and denote their deterministic minimizers and optimal
values, respectively, as

2 2
K = angI{leiﬂt E [051 (1 ¥ P:‘/Kt> Liprk,<t1y + Cipg (1 ¥ P:‘/Kt) 1{P,’§Kt>:l:1}:| ;

2 2
+ + + - +

(1) ¢ =E |:Ct+1 (1 F PiK; ) Lpigtciny + G (1 ¥ PIK; > 1{P;K§E>:I:1}:| -

As we later show, parameters Kti and C’ti appear in the optimal policy for problem (P(d)). The

following lemma is important for deriving our main results.

Lemma 2.1. Fort=0,1,...,T — 1, the following properties hold,

+ + + - +
0<CiF <Cfy.

Furthermore, Cif = ;jl if and only if K = 0, where notation 0 denotes the n-dimensional

zero vector.



Note that Lemma 2.1 reduces the piecewise quadratic form of C’ti in (1) to a piecewise linear one
in (2). We now adopt Lagrangian duality and dynamic programming to solve problem (P(d)).

Theorem 2.1. Define p; = HET:_tl s (with [[;cq fi being set to 1). When both d > poxo and
C;" =1 hold, or both d < poxo and C; = 1 hold, problem (P(d)) does not have any feasible
solution.

Under the assumption that problem (P(d)) is feasible, its optimal investment policy can be

expressed by the following deterministic piecewise linear function of the wealth level x4,

(3) u:(xt) = StK;r((d - M*)p;l - xt)l{d—u*Zpta:t} - StK; ((d - ﬂ*)p;l - xt)l{d—u*<ptmt}7
t=0,1,...,T—1,

where

* d_pOxO d—pofEO
4 S . L
( ) H 1— (C(—)f—)_l {d>pozo} 1— (CO_)_l {d<pozo}

Moreover, the minimum variance set is given as

C(—)’— (E[xT] — po.%'())2 1 CO_ (E[.%'T] — p().%'())zl
e {Elzr]2poz0} T 1—C, {Elzr]<pozo}>

Var(zr) =

and the mean-variance efficient frontier, which is the upper branch of the minimum variance set,

is expressed as

Cy (Elzr] — poo)’
1-Cf ’

Var(zr) = for Elxr] > poxo.

Note that every point on the lower branch of the minimum variance set corresponding to d < pgxg
is dominated by the minimum variance point with E[z7] = pozo and Var(zr) = 0. Although the
cases with d < ppxo do not make sense from an economic point of view for the entire investment
horizon, we do need this explicit expression for the lower branch of the minimum variance set for
our later discussion. As we later demonstrate, the pre-committed investment policy is not time
consistent in efficiency. Thus, applying the pre-committed mean-variance policy for a truncated
time horizon could result in an inefficient mean-variance pair that falls onto the lower branch of
the minimum variance set for the truncated time horizon. Time inconsistency in efficiency, which
is difficult to justify from an economic point of view, hides behind this type of phenomenon.
The purpose of this paper is to devise a solution to this problem.

Theorem 2.1 reveals that the optimal investment policy is a two-piece linear function with
respect to the investor’s current wealth level and this finding represents the discrete-time coun-
terpart of the continuous-time result in Czichowsky and Schweizer (2013). In Section 5, we also
demonstrate that Theorem 2.1 provides an extension of the result in Cui et al. (2014) for the
multiperiod mean-variance formulation with no-shorting constraint.

When d > ppxo and CJ < 1 hold, the optimal investment policy uf, t =0,1,--- , T —1, in (3) is
efficient. We call such a policy a pre-committed efficient mean-variance policy following Basak
and Chabakauri (2010). While d = pgz, the optimal investment policy is achieved by u} = 0,
i.e., the investor invests all of his wealth in the riskless asset, which is exactly the minimum
variance policy. When d < ppzg and Cj < 1 hold, the optimal investment policy of (P(d)), uj,
t=0,1,---, T —1, in (3) is inefficient.



Remark 2.3. By setting A, =R"™, t =0,1,...,T — 1, the pre-committed discrete-time efficient
mean-variance policy in (3) reduces to the one in the unconstrained market (Li and Ng (2000)),

uy () = s¢((d — w)p;t — xt)E_l PP E[P,], t=0,1,...,T -1,

where

* d— PoT0
1-TI' (1 - E [P E-1 [P,P]E[P;])~!

1

There are three major differences between the pre-committed efficient mean-variance policies
m a cone-constrained market and in an unconstrained market. First, in a cone-constrained
market, problem (P(d)) may become infeasible, while feasibility is never an issue for the mean-
variance portfolio selection in an unconstrained market. Second, when P;, t =0,1,...,T—1, are
identically distributed, E=1[PyP}|E[Py], t = 0,1,...,T — 1, take the same value, which implies
that the investor holds a unique risky portfolio for any time period in an unconstrained market.
This portfolio is also independent of wealth. In a cone-constrained market, however, the investor
may hold two different risky portfolios, K and K; , while K;* and K; are in general different
for the same time t. A key observation, thus, is that the investor may switch his risky position
according to his current wealth level. Third, in a cone-constrained market, although the excess
rates of return of risky assets, Py, t = 0,1,--- ;T — 1, are statistically independent, future P,
T > t, may influence the current risky portfolios, K;r and K, through parameters Ct+ and
Cy , which implies that the independent structure of the optimal risky portfolio holdings (rooted
in the independence assumption of the random rates of return) is destroyed by the presence of
constraints. Thus, in general, KtjE + KF when t # s, which further implies that the risky
positions are no longer time-invariant. In summary, we can conclude that in a cone-constrained

market, the risky positions are both state-dependent and time-dependent.

3 CONDITIONS FOR THE TIME CONSISTENCY IN EFFICIENCY OF THE
PRE-COMMITTED EFFICIENT MEAN-VARIANCE POLICY

We now check the performance of the pre-committed optimal mean-variance policy {u}} |th—01’

derived for the entire investment time horizon given in (3), in truncated time periods. More
specifically, we examine the efficiency of {u}} ]Z:Ol in shorter time periods and develop conditions
under which {uf} |-} remains efficient at all times. Let us consider the following truncated
mean-variance problem, for any realized wealth xj in time period k,

[ min Var(zp) = E|[(zr — dy)?]
s.t. E[.%'T] = dy,
(P (dy) | ) : T = Sty + Plug,

weAd, t=kk+1,...,7—1,

xy, is known,

where dj is a preselected level of the expected final wealth for the truncated mean-variance
problem. As problem (P (dy) | x) has the same structure as problem (P(d)), based on Theorem



2.1, the corresponding optimal policy of (P (dg)) is

(5)
_ 1 - 1
u:(xt | dk) = Sthr((dk - ,U/Z)Pt - xt)l{dk—uzzlnzt} - Sth ((dk - HZ)pt - xt) 1{dk—u2<ptmt}a
t— k41, T—1,

where

= dr — pry 1 . dx — prTr 1
LT (C]j)—l {dp>przi} 1— (Cki)il {dp<przi}-

From our discussion on (P(d)), the solution to (Px(dy) | ) is mean-variance efficient at zj, if
and only if d, > prxyg.

Now we consider the following inverse optimization problem of (Py(dy) | xr): For any zy,
k=1,2,...,T—1, find an expected final wealth level dj such that the truncated pre-committed
optimal mean-variance policy uj(x¢) (t = k,k+1,...,T—1), with z; = xy, specified in (3) solves
(Pr(dk) | z). We call such a dj, an induced expected final wealth level by the pre-committed policy
at xg. It is now evident that, if for some xy, k = 1,2,...,7 —1, the induced dy, is less than pgxy,
then the truncated pre-committed optimal mean-variance policy uf () (t = k,k+1,...,T—1),
with x; = xp, is inefficient for the truncated mean-variance problem from stage k to T with
given xy.

Definition 3.1. An efficient solution of (P(d)), {uf(x¢)}|1=!, is time consistent in efficiency
if for all wealth xy, in time period k, k = 1, ..., T — 1, the induced expected final wealth level dy
always satisfies dy, > prry, such that {uj(z;)}1} solves (Py(dy) | w).

In plain language, a globally mean-variance efficient solution is time consistent in efficiency if it
is also locally mean-variance efficient for every intermediate stage and every possible realizable
state (wealth level ;).

Remark 3.1. Note that the above definition of TCIE is conceptually the same as the one in
Cui et al. (2012). However, the current one is defined in terms of the induced expected final
wealth, whereas the one in Cui et al. (2012) is defined in terms of the induced trade off between
the variance and the expectation of the terminal wealth.

Remark 3.2. Note also that insisting on time consistency of {u} (z¢)}|{=g" implies that {uj (z;)}|L,}
solves (Py(d) | x) for any realized wealth xy, in every time period k, k = 1, ..., T — 1.

Remark 3.3. Cui et al. (2012) showed that the discrete-time mean-variance portfolio selection
problem is not time consistent in efficiency in unconstrained markets. When wealth ezceeds a
deterministic level determined by the market setting, the investor may become irrational and
seek to minimize both the mean and the variance when continuing to apply the pre-committed
efficient policy. In this section, we check whether the discrete-time mean-variance portfolio
selection problem in cone-constrained markets also fails to be time consistent in efficiency.

Note that the truncated minimum variance policy is always the minimum variance policy of
the corresponding truncated mean-variance problem. Therefore, we only need to check whether



the truncated pre-committed efficient policy (except for the minimum variance policy), uy(zy),
t=kk+1,...,T — 1, is efficient with respect to the corresponding truncated mean-variance
problem.

Theorem 3.1. The truncated pre-committed efficient mean-variance policy (except for the
minimum variance policy), uy(z;),t = k,k+1,...,T — 1, is an efficient policy of the truncated
problem (P(dy) | ), if and only if

(i) d —p* > ppay, or (i) d—p* < prap, C, =1.

Condition (i) in Theorem 3.1 for the efficiency of the truncated pre-committed efficient mean-
variance policy at time k can be interpreted as a threshold condition for xg,

71 d— CSFPOQCO

SCkSpk (d :U’) 1_CcF
0

which is similar to the result of Proposition 3.1 in Cui et al. (2012). However, note from the
last statement in Lemma 2.1, if C;” becomes 1, then all C;” with k¥ <t <T — 1 will remain 1,
implying K; = 0, k£ < ¢ < T — 1. Therefore, condition (ii) in Theorem 3.1 can be interpreted
as follows: Once the wealth level at time k exceeds the deterministic level, plzl(d — ), the
investor switches to the minimum variance policy (investing all of wealth in the riskless asset).
With the help of Eq. (3), under both conditions, the investor either holds portfolio K,j or only
invests in the riskless asset. Thus, we call K,j an efficient risky portfolio. In contrast, when
d—p* < prry, C < 1, the truncated pre-committed efficient mean-variance policy is inefficient
and the corresponding portfolio K} is thus termed an inefficient risky portfolio.

Based on Proposition 3.1 and the definition of TCIE, the following lemma for the TCIE of the
pre-committed efficient mean-variance policy is apparent.

Lemma 3.1. The pre-committed efficient mean-variance policy (except for the minimum vari-
ance policy) is time consistent in efficiency if and only if condition (i) or condition (ii) holds
for all possible x; achieved by the pre-committed efficient mean-variance policy and for all
t=1,2,..., T —1.

The next proposition provides further insight about TCIE.

Proposition 3.1. Adopting the pre-committed efficient mean-variance policy at time t yields
the following conditional probabilities,

Pr((d—p*) = prraze|(d — p*) > pixy) = Pr (PK < 1),
Pr((d— p*) < prawi |(d — p*) > pay) = Pr (PIKS > 1),
Pr ((d —pr) = Pt+1$t+1|(d pr) < Ptfﬂt) = Pr (P;K; < —1) )
Pr((d— p*) < prawe|(d — p*) < peay) = Pr (PiK; > —1),
Pr((d—p*) = prrizer|(d — p*) = piy) = 1.

We can now conclude that for any pre-committed efficient mean-variance policy (except for the
minimum variance policy), the probability that condition (i) or condition (ii) holds at time ¢
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only depends on market parameters P; and Kl-i, i=0,1,...,t—1, if we assume (d — p*) > pox
d—poxo

1-(Cy)~t

a link between TCIE and the minimum-variance signed supermartingale measure introduced in

(an equivalent form of d > poxo (which implies p* = from (4))). This finding suggests

the next section.

4 THE MINIMUM-VARIANCE SIGNED SUPERMARTINGALE MEASURE

It is well known that the problems of mean-variance portfolio selection and mean-variance hedg-
ing are strongly connected (see Schweizer (2010)). Xia and Yan (2006) showed that in an
unconstrained incomplete market, the optimal terminal wealth under an efficient dynamic mean-
variance policy is related to the so-called variance-optimal signed martingale measure (VSMM)
of the market, and the optimal terminal wealth has a nonnegative marginal utility if and only
if the VSMM is nonnegative. Note that the VSMM is the particular signed measure with the
minimum variance among all of the signed martingale measures, under which the discounted
wealth process of any admissible policy is a martingale. In discrete-time unconstrained markets,
the density of the VSMM with respect to the objective probability measure takes a product
form (see Schweizer (1996) and Cerny and Kallsen (2009)). In fact, the VSMM plays a central
role in mean-variance hedging and is the pricing kernel for contingent claims in that context
(see Schweizer (1995) and Schweizer (1996)).

Motivated by Xia and Yan (2006), we continue our analysis in this section, by deriving a similar
“VSMM?” in our constrained market. However, the situation is more complicated in a constrained
market than in an unconstrained one. Pham and Touzi (1999) and Féllmer and Schied (2004)
showed that in a constrained market, no arbitrage opportunity is equivalent to the existence of
a supermartingale measure, under which the discounted wealth process of any admissible policy
is a supermartingale (see Carassus et al. (2001) for a case with upper bounds on the fractions
invested). Therefore, we define the particular measure with the minimum variance among all of
the signed supermartingale measures as the minimum-variance signed supermartingale measure
(VSSM) and derive its semi-analytical form for discrete-time cone-constrained markets. The
newly defined VSSM can be considered as an extension of the VSMM in constrained markets
and both take the product form. In this section, we also show that the VSSM is not only
related to the optimal terminal wealth achieved by efficient mean-variance policies, but is also
associated with the TCIE of efficient mean-variance policies. Our results explicitly assess the
effect of portfolio constraints on TCIE.

We use L',Q(FtH,P) to denote the set of all F;i1-measurable square integrable random vari-
ables. According to Pham and Touzi (1999) and Chapter 9 of Follmer and Schied (2004), a
cone-constrained market does not have any arbitrage opportunity if and only if there exists an
equivalent probability measure under which the discounted wealth process of any admissible
policy is a supermartingale. Therefore, in this paper, we extend the definitions of the signed
martingale measure and the variance-optimal signed martingale measure proposed in Schweizer
(1996) to a signed supermartingale measure and the VSSM.

Definition 4.1. A signed measure Q on (Q, Fr) is called a signed supermartingale measure if
QY =1, Q < P with dQ/dP € L*(Fr, P) and the discounted wealth process of any admissible

11



policy is a supermartingale under @, i.e., fort =0,1,...,T —1,
dQ _
(6) E Ept 1~’CT(110,111, e auTl)‘Ft] < x(ug, g, .. wq), Voug €Ay,

where z¢(ug, uy, ..., w_1) denotes the time-t wealth level achieved by applying {ug,uy, ..., uz_1}.

We denote by P the set of all signed supermartingale measures. It is easy to see that inequality
(6) is equivalent to either one of the following two inequalities,

d
E [d—ngut‘}}} <0, Vu e A,

E [%Pt‘}}} € A,
where A} denotes the polar cone of A, i.e.,
A ={y e R" | y'x <0, x € A}.
Definition 4.2. A signed supermartingale measure P is called a VSSM if P minimizes

it =[G )] = ()

)

over all Q) € Py.

Fori=0,1,...,T — 1, we define

dpP dpP
mi = d_P‘]:i] /IE d_P‘]:ill |
Then we have
ap _
dP = mimsy mr.

If mi(w) = 0, we can set m;(w), j > 4, equal to any value. It is easy to check that E[m;|F;_1] = 1.

Next, we derive a semi-analytical form for the VSSM in the cone-constrained market. We first

.

formulate the following pair of optimization problems for t =0,1,...,7 — 1,

(AT (1)) : min E

t+1
s.t. E [mt+1\.7:t] = 1,

E[mt_i_lPt‘Ft} S A#‘,
miy1 € L2(Fiqa, P),

1 1
<CT1{mt+120} + ﬁl{mt+1<0}> mtz"rl

and

(A= (1)) : min E

d

1 1
<ﬁ1{mt+150} + ml{mmw}) M4
st. E [mt+1|.7:t] == 1,
-E [mt+1Pt|ft] € AtL,
Mmyy1 € L2(Fri1, P).
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Lemma 4.1. The solutions of (A (t)) and (A~ (t)) are respectively given by

1 .
mi = =5 [051(1 — PRt 50y + Cipa (1 - P;Kj)1{mt++l<0}} ,
t

- 1 - - -
M1 = I [C;Srl(l +PK; )1{m;+1§0} +Cr (1 +PIK, )1{m§+1>0}} ,
t

and the optimal objective values of (A (t)) and (A~ (t)) are C—1+ and C% respectively.
t t
Theorem 4.1. The density of the VSSM P (with respect to the objective probability measure

P) is given by

~ T—-1
dP _
ap — @ 1 B
=0
where
By =1-PyK{,
_ + ) — ) s
B, =(1-PK; )1{H;;%)B]20} + (1 + PIK; )1{n;;gBj<0}a i=1,2,---,T—1.
Furthermore,
'dp t—1
— ()1 + -
(7) E| 5|7 = @) QBZ‘ (G ey 8,50+ O Ly pycoy )
: ar\’ 1
8 E||—= = .
®) (dP) Cy

There is a strong connection between the VSSM and the optimal terminal wealth achieved
by the pre-committed efficient mean-variance policy. Substituting the pre-committed efficient
mean-variance policy in (3) into the wealth dynamic equation yields

. sexf + s PIKY ((d — pt)ppt —af), if d—p* > puat,
9) Typr =

srp — siPIKG ((d = p*)py ' —p), if d— p* < peatf,
with o} = 2. Set yf £ af — (d — p*)p; *. From the wealth equation in (9), which z} satisfies,

we deduce
{ yii1 = sei — siPIK Y Lye<op + 5:PIKG U Lo,
ys =0~ (d— )y
Note that y§ = ¢ — (d — M*)pgl — dfg(;%fo < 0 by virtue of the fact that d > xgpg and Car < 1.
We can show

t—1 t—1
vi=wlls]][B. t=12...T
=0 =0

13



For ¢t = 1, it is trivial. Assume that the statement holds true for ¢, we now show that the
statement also holds true for ¢ + 1, as

yip1 = swyi — siPiIK Y e <oy + 8Py Loy

t t—1
=i [[s 115 [<1 ~ PRt 550y T (L PIK) Lo Bj<0}] '
=0 =0

Thus, the time ¢ optimal wealth achieved by the pre-committed efficient mean-variance policy

is given by
t—1
(10) wf = (d—p*)p; " = [(d = p*) — wopolo; ' [ Bss
=0

which leads to the following theorem.

Theorem 4.2. The optimal terminal wealth achieved by the pre-committed efficient mean-
variance policy x7. and the VSSM P have the following duality relationship:

*

—x9pg dP

(d—p*)

vp = (d—p") - — 5

B [ ( 2_15) ] dP
Remark 4.1. Xia and Yan (2006) considered the mean-variance portfolio selection problem in
an incomplete, albeit unconstrained, market and established the relationship between the mean-
variance efficient portfolio and the VSMM by analyzing the geometric structure of the problem.
In fact, Theorem 4.2 above is an extension of Theorem 3.1 in Xia and Yan (2006) for the
discrete-time cone-constrained market. When the convexr cone constraint is chosen as the whole
space, our theorem reduces to the result in Xia and Yan (2006). However, different from Xia

and Yan (2006), we prove the theorem by solving both the optimal terminal wealth and the VSSM
directly.

Most importantly, we now demonstrate that the VSSM is also related to the TCIE of the pre-
committed efficient mean-variance policy.

Theorem 4.3. The pre-committed efficient mean-variance policy (except for the minimum
variance policy) in a cone-constrained market is time consistent in efficiency if and only if the
VSSM of this market satisfies:

dp
(11) E ﬁ‘}} W >0,V0<t<T, Vwe
or
dp dp
- = — < k<
(12) E dp‘}'k (w)=E dP(fT W) <0,V7<k<T,Vwe®,

where the stopping time 7 is defined as

T:inf{t‘E

dP
d—p\ft

<0, t:1,2,...,T}.
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We can conclude from Theorem 4.3, that the pre-committed efficient mean-variance policy (ex-
cept for the minimum variance policy) satisfies TCIE if and only if the conditional expectation
of the density of the VSSM (with respect to the original probability measure) is nonnegative,
or once the conditional expectation takes a negative value, it keeps the same value until the
terminal time.

It is also easy to see that condition (11) implies that V w € Q, (1 — P}(w)K;") > 0 and
uy = s K ((d—p*)ppt — ).

In such a case, every mean-variance investor holds a long position in the efficient risky portfolio
K;", whose excess rate of return does not exceed 100% (P}K;” < 1), and achieves efficiency
during the entire investment horizon.

The stopping time 7 can also be expressed as
r=inf{t|(1-P_ K )<0, t=1,2,...,T}.
Then, condition (12) implies that, for ¢ < 7,
up = s K ((d— )yt — ),
and for k > T,
K, =0, u;= skK,;((d - ,u*)p/,;1 - xk) =0.

In this situation, every mean-variance investor starts with a long position in the efficient risky

portfolio K;" and switches all wealth into the riskless asset once the excess rate of return of K;"
exceeds 100%, i.e., PiK;" > 1.

Theorem 4.3 shows that whether the pre-committed efficient mean-variance policy (except for
the minimum variance policy) is time consistent in efficiency only depends on the basic market
setting (the distribution of the excess rate of return P; and the portfolio constraint set .4;) and
does not depend on the initial wealth level, xg, and the objective level that the investor aspires
to achieve, d. This property suggests that market constraints can be added to eliminate time
inconsistency in efficiency.

5 ELIMINATION OF TIME INCONSISTENCY IN EFFICIENCY WITH
PORTFOLIO CONSTRAINTS

From previous sections, it is clear that portfolio constraints have an effect on TCIE. Suppose
that a given discrete-time mean-variance problem fails to be TCIE. Can the time inconsistency
in efficiency be eliminated by introducing suitable portfolio constraints into the market? This
section provides a positive answer to this question.

Remark 5.1. We continue our investigation starting from an unconstrained market, then a
market without shorting, before dealing with a general cone-constrained market.

i) Case of unconstrained markets:
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If the market is constraint free, i.e., Ay = R", we have

Ki =£E' [P,P,|E[P,],
T-1
i =[] -E[P]E" [P;P]]E[P)).

]
i=t

Therefore, the optimal mean-variance policy of (P(d)) is
uf =s((d—p*)p; ' —x)ETH PP EP,], t=0,1,...,T -1,

where

)

. d — poxo
(13) YL O - E PR PP E P

which is exactly the result in Li and Ng (2000). We can assume here that E~1 [P,P}] E [P,;] # 0.
Otherwise, all efficient policies reduce to the one investing only in the riskless asset.

Furthermore, the VSSM in the unconstrained market is

~ T-1 _
dP 1 - PE[P;P)E[P;]

P~ 11 I—E[P]E ' [PPJE[P]

which is the VSMM obtained in Schweizer (1995), Schweizer (1996) and Cerny and Kallsen
(2009).

Theorem 4.3 shows that the pre-committed efficient mean-variance policy (except for the mini-
mum variance policy) in the unconstrained market satisfies TCIE if and only if the VSMM is a

nonnegative measure for any Fi, i.e.,
(14) PE!' [P,PJE[P]<1, as.

Actually, Cui et al. (2012) proved that condition (14) does not hold only if the market is an
incomplete market and proposed a TCIE revised mean-variance policy which i) achieves the
same mean-variance pair as the pre-committed efficient policy and ii) receives an additional
positive free cash flow during the investment horizon.

i1) Case of markets without shorting:

Assume that the shorting of risky assets is not allowed in the market, i.e., Ay = R'}, and the
expected excess rates of return of risky assets are nonnegative, i.e., E[Py] > 0, t =0, 1, ...,
T — 1. In this situation,

2 2
K?— = arg KIHEIIER E |:C£:1 (1 - P:«/Kt> 1{P;Kt§1} + Ct_Jrl (1 - P;/Kt> 1{P;Kt>1}:| s
=Ry

2 2
K; = arg Kl’tnel[gn E |:C£:_1 (1 + P;Kt> 1{P£Kt§*1} + C;i‘l (1 + P;Kt) 1{P£Kt>1}:| =0.
+
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In addition, we also have
(Vk.hy (0)) (K, —0) = 2, E[P|]K; >0, V K; € R.
Therefore, the optimal policy of (P(d)) is
u; = s((d— )t — xt)Kjl{d_M*me}, t=0,1,...,T -1,

where

,U,* _ d— Poxo
L= (G
which is the result derived in Cui et al. (2014).

Furthermore, the VSSM in such a market setting is given by

d15 (T-1)A(T-1)
=t I a-Px,
=0

where
r=inf{t|(1-P,_ K/ )<0, t=1,2,...,T}.

We can see that C; =1, t = 0,1,---,T — 1. Therefore, according to Theorem 4.3, all pre-
committed efficient policies are time consistent in efficiency in a market with no shorting and

with nonnegative expected excess rates of return.

We now discuss a general cone-constrained market setting.

Theorem 5.1. If a convex cone A; is chosen to restrict portfolios such that the expected excess
rate of return vector E[Py] lies in the dual cone of Ay, i.e.,

E[Pt] € A:’

where Af = {y € R" | y'x > 0, x € A;} = — A}, then the corresponding optimal discrete-time
pre-committed efficient mean-variance policy is time consistent in efficiency.

Figure 5 graphically illustrates the above proposition. Essentially, this is the inverse process of
finding the convex cone A;. For a given market, E[P;] is known. We first identify a cone A}
such that E[P;] € A;. We then find another cone A; such that the selected A} becomes its dual
cone. The condition in Theorem 5.1 aims to enforce the inefficient risky portfolio K; equal to
zero to achieve condition (12). Note that condition (11) is much harder to satisfy, as it is related
to the distribution of the excess rate of return, which is uncontrollable in general.

Example 5.1. We now consider, as an example, the construction of a three-year pension fund
consisting of the S&P 500 (SP), the index of Emerging Markets (EM), and Small Stocks (MS)
of the U.S market and a bank account. The annual rates of return of these three indices have
the expected values, standard deviations and correlations given in Table 1, based on the data
provided in Elton et al. (2007).
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Figure 1: Construction of a Suitable Cone Constraint

SP EM MS
Expected Return 14%  16% 17%
Standard Deviation 18.5% 30% 24%

Correlation
SP 1 0.64 0.79
EM 1 0.75
MS 1

Table 1: Data for Example 5.1

We further assume that all annual rates of return are statistically independent and follow i)
the identical multivariate normal distribution (with the statistics described above) or ii) the
identical multivariate ¢ distribution with freedom 5 (and with the statistics described above) for
all 3 years, and that the annual risk free rate is 5%, i.e., s; = 1.05, t = 0, 1,2. We first compute
E[P;], Cov(P;) and E[P;P}] as follows, for t = 0, 1,2,

0.09 0.0342 0.0355 0.0351 0.0423 0.0454 0.0459
E[P,] = |0.11|, Cov(P;) = [0.0355 0.0900 0.0540 | , E[P;P}] = |0.0454 0.1021 0.0672
0.12 0.0351 0.0540 0.0576 0.0459 0.0672 0.0720

To examine violation of TCIE (by observing the number of events where wealth exceeds the
threshold (d — p*)p; '), we simulate 2 x 108 sample paths for each distribution assumption, with
initial wealth equal to g = 1 and the target expected return equal to d = 1.35.

Case 1: When the market is unconstrained, the optimal mean-variance policy of (P(d)) is

1.0580
uf = s((d— p*)p; ! — o) E7H [PyP) E[Py] = 1.05 ((1.35 + 0.1808)1.05% — ;) | -0.1207] ,
1.1052

t=0,1,2,
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with p* = —0.1808 (based on (13)) for both distributional assumptions. Under both the un-
bounded multivariate normal distribution and the multivariate ¢ distribution, equation (14) does
not hold, which implies that TCIE may fail. More specifically, recalling Theorem 3.1 and Lemma
3.1 and noticing Ct+ = (C; < 1 with t < T, the pre-committed efficient mean-variance policy
does not satisfy TCIE if and only if the optimal wealth level x} exceeds the threshold

(d—p*)p; = (1.35 4 0.1808)1.05" 3.

The simulation results show that the probabilities that a7 exceeds the threshold (d — p*)p; !
are 0.055 for the multivariate normal distribution and 0.0558 for the multivariate ¢t distribution.
This simulation outcome indicates that a distribution with a heavier tail tends to generate a
higher degree of time inconsistency in efficiency in an unconstrained market.

Case 2: To eliminate the time inconsistency in efficiency, we first consider adding the following
cone constraint to the market,

A; = {u; € R” | E[P}]u; > 0},

which is a half-space with boundary E[P}]Ju; = 0 that is a hyperplane orthogonal to E[P;]. The
dual cone of A; is

A ={y e R" | y = \E[Py], A > 0},

which is exactly the ray along E[P;] (see Proposition 3.2.1 of Bertsekas (2003)). Notice that the
constraint cone, A;, defined above is the largest cone (thus the loosest constraint) that we can
identify to eliminate the time inconsistency in efficiency in this example.

Based on the proof of Theorem 5.1, we have K; = K; = K, = 0 for both distributions. By
Lemma 2.1, we can numerically compute K;r using the penalty function method (see Appendix
A of Cui et al. (2014)) with the initial point [1.06, —0.12,1.11]" as

1.0589 1.0600 1.0600
i) Kf=|-01212|, K = [-0.1200| , K5 = |—0.1200
1.1086 1.1100 1.1100

for the multivariate normal distribution and

1.0461 1.0548 1.0600
i) Ki =|-0.1335|, K = |-0.1263| , K3 = | —0.1200
1.0929 1.1034 1.1100

for the multivariate ¢ distribution. The optimal investment policies are

i) uf(z) = 1.05((1.35 + 0.1810)1.05"* — xt)Kj1{xt<1.05<t,3)(1.5310)}
for the multivariate normal distribution and

i) uy(zy) = 1.05((1.35 +0.1831)1.05"% — 2 ) K; 11, 1 050-9) (1.5331))

for the multivariate ¢ distribution. The simulation shows that the probabilities that =} exceeds
the threshold (d — u*)p; ' are 0.0559 for the multivariate ¢ distribution and 0.0533 for the
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multivariate ¢ distribution. Once z} exceeds the threshold (d — p*)p; ! the investor puts wealth
entirely into the riskless asset, which eliminates the time inconsistency in efficiency in this
example.

Case 3: In this case, we introduce a more realistic convex cone constraint into the market,
Ay ={w, €R™ | u? >0, u} >0, uf +u? +u} >0},

which implies that short selling is not allowed for the index of Emerging Markets and the Small
Stocks of the U.S market, and that the negative position on the S&P 500 cannot be too large.
The dual cone of A; in this case is

1
A ={yeR" |y=|1
1

o = O

0
0l \ A>0
1

Note that specifying A at [0.09,0.02,0.03] € Ay yields the ray along E[P;].

Based on the proof in Theorem 5.1, we have K; = K] = K, = 0 for both distributions. By
Lemma 2.1, we can compute K;” numerically using the penalty function method (see Appendix
A of Cui et al. (2014)) with the initial point [1.06,0.05,1.11]" as

1.0076 1.0133 1.0147
i) K§=1]0.0044|, K{ = [0.0037| , K3 = [0.0031
1.0324 1.0373 1.0401

for the multivariate normal distribution and

1.0112 1.0201 1.0216
i) KJ = 10.0030|, Ki =10.0026|, Kj = |0.0039
1.0413 1.0522 1.0501

for the multivariate ¢ distribution. The optimal investment policies are

i) uf(w) = 1.05((1.35 4 0.1818)1.05" % — ) K 1, 1 o509 (15318}
for the multivariate normal distribution and

ii) uf(z) = 1.05((1.35 4 0.1843)1.05" 2 — xt)Kj1{mt<1_o5(t,3)(1_5343)}

for the multivariate ¢ distribution. The simulation shows that the probabilities that x} exceeds
the threshold (d — p*)p, L are 0.0569 for the multivariate normal distribution and 0.0588 for the
multivariate ¢ distribution. Although, compared to the unconstrained case, both probabilities

increase, the investor puts wealth entirely into the riskless asset immediately after =} exceeds
the threshold (d — u*)p; .

For the unconstrained market in Case 1, the expression for the efficient frontier achieved by the
pre-committed policy is given in (76) in Li and Ng (2000). For the cone-constrained markets in
Cases 2 and 3, the efficient frontiers achieved by the pre-committed policy are given in Theorem
2.1 of this paper. For problem (P(d)), Appendix A9 of this paper derives the efficient frontier
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achieved by the time consistent policy proposed by Basak and Chabakauri (2010) and Bjork et
al. (2014), with its characterization given in (20).

Figure 2 depicts the efficient frontiers in the mean-standard deviation space for Cases 1, 2 and
3, and demonstrates a clear dominance relationship among the three. Furthermore, Figure 3
illustrates a clear dominance relationship between Case 3 and the efficient frontier achieved by
the time consistent policy. As both the TCIE policies and the time consistent policy aim to
align the inherently inconsistent global and local interests, they all sacrifice certain degrees of
global performance, and are thus all dominated by the pre-committed policy. Case 2 dominates
Case 3 because it is associated with a looser constraint, while Case 3 is associated with a
tighter constraint. It is interesting to note that both TCIE policies significantly dominate the
time consistent policy, which indicates that insisting on time consistency for an inherently time
inconsistent problem may result in a significant loss in global performance. Expression (20)
reveals that the time consistent policy achieves a good efficient frontier globally only if By is
large. In conclusion, by introducing appropriate constraints into the model, we can not only
eliminate time inconsistency in efficiency, but also strike a good balance between the global and
local mean-variance efficiency. In fact, relaxing the time consistency requirement to TCIE offers
us the flexibility to decide which level of good global performance to maintain by introducing
suitable portfolio constraints and deriving the corresponding pre-committed TCIE policy.
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Figure 2: Comparison of efficient frontiers for Cases 1, 2 and 3 of Example 5.1

6 CONCLUSION

This paper provides a complete answer to the following question: Given a financial market with
known return statistics, what are the cone constraints required to ensure that the derived optimal
portfolio policy is time consistent in efficiency. Our paper makes three main contributions to the
literature by developing i) an analytical solution to the mean-variance formulation for discrete-
time cone-constrained markets; ii) a complete characterization of TCIE and its relationship to

21



14 T T T T T T T T 14
135 q 135
13 q 13
=4 =
© ©
Q Q
= =
12.5F b 12.5F
12r 1 12r Case 3
Case 3 Time Consistent Policy
Time Consistent Policy

115

115 . . . . . . . . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18

Std. Deviation Std. Deviation
(a) Multivariate t distribution (b) Multivariate normal distribution

Figure 3: Comparison of efficient frontiers between Case 3 and the time consistent policy of
Example 5.1

the VSSM; and iii) a systematic framework for guaranteeing TCIE by enforcing suitable cone
constraints on portfolios.

More specifically, we have investigated the discrete-time mean-variance portfolio selection prob-
lem in a convex cone-constrained market, and have given a condition under which there exists an
admissible policy. We have also analytically derived the pre-committed efficient mean-variance
policy and identified the explicit conditions under which the pre-committed efficient mean-
variance policy satisfies TCIE. The optimal policy derived has a two-piece linear form, which
indicates that in a cone-constrained market, mean-variance investors may switch between one
efficient risky portfolio K~ and one inefficient risky portfolio K; depending on the current
wealth level. Another prominent finding that may also require special attention is that market
constraints induce a dependence between the current risky portfolios and the future market
conditions, even when the rates of return among different time periods are independent.

Furthermore, we have extended the definition of the variance-optimal signed martingale measure
(VSMM) in unconstrained markets to the minimum-variance signed supermartingale measure
(VSSM) in constrained markets, and have derived a semi-analytical expression for the density of
the VSSM (with respect to the original probability measure), which only depends on the basic
market setting (including the distribution of the excess rate of return, Py, and the set of portfolio
constraints, A;). Our major finding demonstrates that the property of TCIE and the VSSM
are closely related, i.e., the pre-committed discrete-time efficient mean-variance policy (except
for the minimum variance policy) satisfies TCIE if and only if the conditional expectation of
the density of the VSSM is nonnegative, or once the conditional expectation becomes negative,
it keeps the same value until the terminal time. This interesting finding is the first analytical
result to explicitly assess the effect of constraints on the property of time consistency in dy-
namic decision problems. It motivated us to develop a general procedure for constructing TCIE
dynamic portfolio selection models based on the introduction of suitable portfolio constraints.
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The semi-analytical expression for the density of the VSSM may also benefit the research on
mean-variance hedging in constrained markets.

The extension of our result to continuous-time cone-constrained markets is straightforward,
at least conceptually. However, if the rates of return among different periods are correlated,
the problem becomes more complicated and the idea of opportunity-neutral measure change
to handle stochastic opportunity sets presented in Cerny and Kallsen (2009) may be helpful.
The real challenge emerges when considering general markets with convex portfolio constraints
(which may not be a cone type). In such markets, the pre-committed efficient mean-variance
policy may depend on more than two risky portfolios, which complicates the analysis.
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APPENDIX:

A1: The proof of Lemma 2.1

Proof: From the definition in (1), it is easy to see that C’ti >0foralt=0,1,...,7 — 1.

The first-order and second-order derivatives of h¥ (K;) with respect to K; are
Vil (K) = 2B | Oy (PPIK F Py ) Lpyi <y + Cipt (POPYKG F P ) Lppi oy
Vit (K0) = 2B [ (G ey, <y + Cr Lpyk,>21) ) PoP| = 2min(Cf y, Cry B[P, PY) - 0.

Therefore, hfc (K;) are strictly convex with respect to Ky, which implies that Kfc are uniquely
determined. Furthermore, K are optimal if and only if (Vk, hft(KfE))/ (K;—KF) >0, VK, €
A; (see Theorem 27.4 in Rockafellar (1970)), which implies

(Vi hEEKE)) (oKE —KFH) >0, Va>0, & (vkhi(KD) K =0,

due to the assumption that A; is a cone.

Then,
[ + 1A Vg== 2 — IR V== 2
E1C (1 + P K} ) Liprkz<sry + G (1 + PiK; > Loprgtsany
- 7 1 /
=k _CtJ«rH (1 + P;K?[> Lprks<ty + G (1 + PQK}) 1{P;Kf‘>:l:1}} T3 (Vi hi (K7)) Ki

[ + - +

r 2 2
+ - +
E |Gy (1 FPK; > Lprk#<ty T O (1 ¥ PIK] > 1{P;Kf‘>ﬂ:1}]
B |G (1= (KF)PPKT ) Lpypes oy + Ot (1= (KF) PP ) Lipyges iy |
/
+(Vhi (K7)) K
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Therefore,
Cf <E [Cttq (1 - (KZL)/PtPQK;F> 1{P;Kj§1}} < Chh

The equality holds in the above inequality if and only if K;* = 0. The situation for C; can be
proved similarly. O

A2: The proof of Theorem 2.1
Proof: Consider an auxiliary problem of (P(d)) by introducing the Lagrangian multiplier 2y,
min  E[(zp — d)? + 2u(zr — d)],

(15) st xpp1 = spa + Phug,

weA, t=01,...,T—1,
which is equivalent to

(L)s win B[R]
st Y1 = sy + Piwy,
weAd, t=01,... ,T—1,

where y; éav,g—(d—,u)p,fl, t=0,1,...,T.
We now prove that the value function of (L(u)) at time ¢ is

: 1 2 1 2 +,,2 —, 2
(16) Jt(yt) - utEAz,"'I,Il}ITnf1€AT—1E |:§yT‘]:t:| - §pt [Ct Yt 1{yt§0} * Ct Yt 1{yt>0}} ’

where C;" and C;” are given in Lemma 2.1.
At time T', we have
1 _
y% = 5/)% [C;y%l{yTSO} +Cr y%l{yT>0}} :

Thus, statement (16) holds true for time 7. Assume that statement (16) holds true for time
t + 1. We now prove that the statement also remains true for time ¢. Applying the recursive

N | —

Jr(yr) =

relationship between Jy11 and J; yields
(17)
Je(ye) = min B[Jerr (yer) 7]
t

ut€

. 1 2 2 — 2
= urtnelﬂt §Pt+1E |:C;-ri-1yt+11{yt+1§0} + Ci¥ir1l{ye >0} ‘Ft}

.1 _
= min §Pt2+1E {C:—_l—l(styt + Plw) Lpruy< sy + Crpa (509 + P:‘/ut)Ql{Péut>*Styt}‘Ft:|'

When y; < 0, identifying the optimal u; within the convex cone u; € A; is equivalent to
identifying the optimal K; within the convex cone K; € A; when we set u; = —s:K;y;. Thus,

. 1 2 _ 2
Ji(ye) = Lo 5,0??/?1@ [C;LH (1 - PQKt) Lipk,<1y +Cppq (1 - PQKt) 1{P;Kt>1}] :
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From Lemma 2.1, the optimal control takes the form uf = —s;K; y;. Substituting uf back to
the value function (17) leads to

L oo 2 - 2 1 2,2
Ji(ye) = §ptytE [C;-FH (1 - PQKEL) 1{P;Kt+§1} +Ci (1 - PQK;F> 1{P;K;*>1}:| = §Ct+ptyt'

When y; > 0, identifying the optimal u; within the convex cone u; € A; is equivalent to
identifying the optimal K; within the convex cone K; € A; when we set u; = s;K;y;. Thus,

. 1 2 _ 2
Je(yr) = Juin 5/)?%215 [C;-h (1 + PQKt> Liprk,<—1) + Cia (1 + PQKt) 1{P,’£Kt>—1}:| :

From Lemma 2.1, the optimal control takes the form u; = 5K, y:. Substituting u; back to the
value function (17) leads to

1 \2 _ \2 1
Je(ye) = §P§yt2E [0;11(1 +PK; ) Lprkr<—1y T G (1 +PK; ) 1{p;1<;>1}] =50 Y-

When y; = 0, we can easily verify that uf = 0 is the minimizer. We can thus set Jy(y;) =
lCJF 2,2
oLt Pt

In summary, the optimal value for problem (15) is

(18)  g(u) = [Cq (d = powo — 1)* = ] L{pzd—poao} + [Co (d = pozo — 11)* = 1] {sa—powo}s

which is a first-order continuously differentiable concave function. To obtain the optimal value
and optimal strategy for problem (P(d)), we maximize (18) over p € R according to the La-
grangian duality theorem. We derive our results for three different value ranges of d.

i) d = poxo. The optimal Lagrangian multiplier takes value zero, i.e., p* = 0. The optimal
investment policy is thus uy =0,¢t=0,1,...,7 — 1.

ii) d > poxo. When Car =1, i.e, K;r =0,t=0,1,...,7 —1, we can take u* = —oo resulting in
g(p*) = 4o00. This means that P(d) does not have a feasible solution. When Cy < 1and C; = 1,
CJ (d— powo — p)* — p? is a strictly concave function and Cy (d — powo — p)* — p? is a decreasing

linear function. The optimal Lagrangian multiplier satisfies u* = % < (d — poxo). When
—\~o
Cy <land Cj <1, CSE (d— powo — 1) — p? are both strictly concave. The optimal Lagrangian
multiplier satisfies p* = % < (d — poxp). Therefore, the optimal mean-variance pair is
—\~o

presented by

t(d— o)
(Blor), Var(ar)) = (d, g(u") = (d, %) .

ili) d < poxo. Similarly, when C; = 1, P(d) does not have a feasible solution. When Cj < 1,
the optimal Lagrangian multiplier satisfies pu* = wzol > (d — pozp). Then, the optimal

1-(Cy )~
mean-variance pair is presented by

- 2
(Elzr], Var(zr)) = (d, g(p*)) = (d, M) _

1-C,
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Therefore, g(u) attains its maximum value at p* as expressed in (4). Moreover, the optimal
mean-variance pair of problem (P(d)) is presented by

CH (d— pox 2 Cy (d — pox 2
(Elzr], Var(er)) = | d, “_—Wl{dzpomoﬁ%umm} .
1-C 1-C;

Finally, the efficient frontier follows naturally from our above discussion. O

A3: The proof of Theorem 3.1

Proof: Comparing Eq. (3) with Eq. (5), we can conclude that at time k, the truncated pre-
committed efficient mean-variance policy, uj,t = k,k + 1,...,T — 1, also solves (P(dy) | zx)
when dj, satisfies d — p* = dj, — pj. Note from the discussion following Theorem 2.1 that the
solution to (P(dy) | xx) is inefficient if and only if dp < prxp and C, < 1 (or equivalently,
the solution to (P(dy) | =) is efficient if i) dj, > pray, or ii) dy < prry and C) = 1). When
0< C,j < 1, we have

di > prri < (dp — kak)T >0
1-Cy
dp — prTE
& dy — ————— > PpTk
1-(CHt

& dy — up > prre, if di > prog
& dy, — pg > prry
& d—p* > pprg.

Therefore, when both d — p* > prxi and C,j < 1 hold, the truncated pre-committed efficient
mean-variance policy remains efficient for the truncated problem (P(dy) | zx).

Similarly, when 0 < C < 1, we have

dk < PrpTR <= (dk — pk.xk) — <0
dr — prTy
S ody, — — < PETk
1— ()

& dy — pp, < prw, if d < prg
& di — pg < prT)
& d— p*" < prag,

which implies that when both d — p* < prx) and C,° < 1 hold, the truncated pre-committed
efficient mean-variance policy becomes inefficient for the truncated problem (P(dy) | xk).

When d — p* > pray, C: = 1lord—p < pprg, C, = 1 hold, we have ufy = 0, t =
kk+1,...,7T — 1, i.e., the truncated pre-committed efficient mean-variance policy becomes
the minimum variance policy for the truncated problem (P(dg) | k).

The proposition follows after combining the results for all of the situations discussed above. [J
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A4: The proof of Proposition 3.1

Proof: We only need to prove the first, third and fifth equalities.
Condition (d— p*) > pyx; dictates that the optimal policy at time ¢ is uj = s,K; ((d — )t -
:ct). The wealth level at time ¢ + 1 follows ;11 = spry + stPQK;r((dk - ,uZ)p;l - xt), which
implies
(d = 1*) = prprzeps & (d— ) > pury + pPUKS ((dy — pi)py ' — )
& [(d—p*) = prze] (1 - PIK) >0
& PK <1

Thus the first statement holds.
Condition (d — p*) < ppxy dictates that the optimal policy at time ¢ is uf = —stK;((dk —
uz)pt_l — xt). The wealth level at time ¢ + 1 is 2441 = sy — s Py K, ((dk — /@)pt_1 — xt), which
implies
(d—p*) > prr1aes1 & (d— p*) > pewe — p PG ((dy — pi)py t — o)
& [(d—p*) = pra 1+ PK;) >0
& PIK; < -1
Thus the third statement holds.

Condition (d — u*) = pz¢ dictates that the optimal policy at time ¢ is uf = 0. The wealth level
at time ¢ + 1 is o441 = spxy, which implies (d — p*) =pyr12441 = pray. Thus the fifth statement
holds. 0

A5: The proof of Lemma 4.1

Proof: We solve both problems by duality theory. The dual problem of (A (t)) is

max max E |min Lt(mt+1,yt,)\t)‘}} ,
ER =\ €A me41

where the Lagrangian function is defined as

1 1

Li(mip1,v60) 2 | 57 Lmen 20y + o Lmesr <0} | Mit1 — vemess +ve — APy
G Ci

We also define

D(u, M) = E [min Li(myg1, v, )\t)‘]:t] .

Mi41

The first order condition of Ly(my41, v, Ar) with respect to myy; gives rise to

CtJSrl / Ctjrl
(19) M1 = —5— (e + AP, e, >0) +

(e + NP1, ox P, <0}

Note that m1 > 0 if and only if 14 + \JP; > 0.
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Then we have
1 _
D(Vt’ )‘t) =E [_Z(Vt + )‘;EPI‘/)Q (C;fﬂl{vﬁJr/\;PtZO} + Ct+11{Vt+>\§Pt<0}> + Vt:| :

If vy > 0, identifying the optimal A; within the convex cone —\; € A; is equivalent to identifying
the optimal K; within the convex cone K; € A; when we set A\; = —14K;. Then,

max max D(A\,vy)
>0 — €A

1 . _
:gguoc {—Zz/f {Kr?elrfllt E [(1 — K;Pt)2 (C;.11{K;Pt§1} + Ct—i—l 1{K;Pt>1}>} } + Vt} .

Therefore, D(\, 1) attains its maximum C—1+ at A} = —y K and v = %
t t

If vy < 0, identifying the optimal A; within the convex cone —\; € A; is equivalent to identifying
the optimal K; within the convex cone K; € A; when we set \; = 14K;. Then,

max max D(A, 1)
<0 —\e Ay

1 2 : 2 —
:‘332’5{‘1” {Kf?éﬁtE (1= KR (Chaligpicny + Crnlipisn )| } - }

Now, D(A, ;) attains its maximum 0 when v 1 0.

Substituting both A\;” and v;" into (19) yields the expression of mzﬁrl,

1 _
miy = = [Cla (= PO Lpyacr <y + O (1= PIK ) Lpyacony
t

1

— + + - +

T ot [Ct+1(1 - PK, )1{m;r+120} + G (1 - PiK; )1{m?_+1<0}:| ’
t

and the optimal objective value of (AT (t)),

1

E —
Cyf

1 1
| | + 2‘
(C;EH {mztdzo} T Ctjrl {mj+1<0}> (mt‘H) Jt

Notice that m;trl > 0 if and only if PJK;” < 1.
Applying a similar approach to problem (A~(t)) gives rise to the expression for m, ; and the

corresponding optimal value C% Notice that m;,; <0 if and only if PK, < -1. ]

t

A6: The proof of Theorem 4.1

Proof: The problem of finding the density of the VSSM is formulated as
(Pysswm) : min E [m%m% . m%]
st E[mga|F] =1, t=0,...,T -1,
E[mimg---mpPy|F] € AF, t=0,...., T -1,

M1 EEQ(]:tJrl,P), tZO,,T—l
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We prove by induction that the cost-to-go function of (Pygsas) at time ¢ is given by

1 1

2 2 2, 2 2
J(m1m2 <o mt) C+ m1m2 tmy 1{m1m2---m120} + C_ S=mamy -y 1{m1m2~~~mt<0}7

which implies (8).

At time T, the statement holds true by recognizing that C;E = 1. Assume that the statement
holds true for time ¢t + 1. We now prove that the statement also remains true for time ¢.

|

At time ¢, when mymsg ---my > 0, (Pyssar) reduces to

min m%m2 E

1 1 2
(ﬁl{mmzo} + ﬁl{mt+l<0}> M1
s.t. E[mt+1|Ft] == 15

E[mt_ylpt‘]:%] € A#‘,

miy1 € L2(~7:t+1, P)

On the other hand, when mimg---m; < 0, (Pyssar) reduces to

min - mim3 - - miE

t+1

d

1 1 )
o Lmp<0y + == Ci Lmipa>0y | Mt
s.t. E[mt+1|.7:t] =1
—E[mt+1pt‘ft] S A#‘,

miy1 € L2(~7:t+1, P)
With the help of Lemma 4.1, the optimal solution is

o+ —
M1 = My L imyme-me>0} T g1 Lmyma - me<0} -

(When myms - --m; = 0, we can set my, | = mgtrl.)
Then, the cost-to-go function becomes

1 1

2 2 2,2 2
J(mimg...my) = C+m1m2 mtl{m1m2“'mt20}+c—mlm2 "M Ly mg-me <0}

Now, it remains to prove that mim}---mk = (Cj")~! HiT:_Ol B;. We prove that

t—1
m*{mg s mr = (C(;r)_l HBZ (C;rl{m{mngZO} + Cgl{m{mgmf<0}) s
1=0

which implies the conditional expectation in (7).
When t = 1, the following is obvious,

0
mi =mi = (C) ' (1 - PeKy) = () [[ Bi(cr) -
=0
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Assume that at time ¢ our statement holds true, we now prove that the statement also holds for
time £ 41, as

* * *
MMy =My
t—1

=@H & (C? Lmpemi =0y + Ct_l{m;---mzw}) (mﬁll{mf---mzzm + m?+11{m;---m:<0})
=0

t—1
=(C)t HBZ‘ [Cf (1 - Png)1{mI,,,m;20}1{mt++120} +Cpry(1— Png)l{mT...m;ZO}1{mt++1<0}
1=0

+ — — —
+ Ct+1(1 + P;Kt )1{mf"'mt*<0}1{m{+1S0} + Ct+1(1 + P;Kt )1{mf~-m;<0}1{mt—+l>0}]
t—1

=€) T Bi [(1 =PI L msomizop + (14 PIK) Lt <oy |
=0

(Lo, 200 + Cgll{m;...m;+1<0})

t
= (Car)*l H B; (Cﬁll{mi...malzo} + Ctjrl 1{mf'“mz+1<0}> .
=0

Therefore,
T-1 T-1
mims -« mip = (C(;L)*l H B; (C;l{m’{m;---m}EO} + Cfl{m;m;---m;@}) = (Co*)*l H B;.
i=0 i=0

0

AT: The proof of Theorem 4.3

Proof: Lemma 3.1 states the necessary and sufficient condition under which the pre-committed
efficient policy (except for the minimum variance policy) satisfies TCIE, which can be summa-
rized as follows:

Fort=1,2,--- T -1,V a}, d— p* > pyxy holds or 3z}, d — pu* < pry, C; =1 holds.
If at time ¢, 3 o7, d — p* < pxy, C, =1, then

$f+1 = Stl“fa d—p* < Ptfﬂf = Pt+135f+1’ Ctjrl =1,
if and only if K;” =0, (uf =0),i=¢tt+1,---, T —1.
Therefore, the necessary and sufficient condition can be reexpressed as

VT >t>0,Vaxy, d—p* > paj;
or C; =1, wherer=inf{ ¢t | d— p* < pzf, t=1,2,--- ,T}.

Based on the expression of x} in (10), we have

t t—1
d—p* > (<) pat & [[d—p*) —zop] [[ B2 ()0 & [[Bi=>(<)0.
=0

|
—

7

Il
=)
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Here, we use the property of a pre-committed efficient policy, i.e., d — u* > poxo. Furthermore,
forT>k>7andT >j >,

Cr =1, H B; <0,
=0
7—1
s K; =0, Cf =1, HBZ<O,
=0
k—1 7—1

+ - _ (ot -
- Ho b <Ck L szoy T Ok iy Bi<0}> B HO b <CT Lz oy 7 Ly Bi<°}> <0
1=
The expression for E [%‘]—}] in (7) finally concludes our proof. O

AS8: The proof of Theorem 5.1
Proof: Under the condition in the proposition, we have
(Vi.hy (0)) (K; — 0) = 2C, E[P]K; >0, VK, € Ay,

which implies K;” = 0 and C; =1 for all ¢. O

A9: The time consistent policy of (P(d))

In the solution framework proposed by Basak and Chabakauri (2010) and Bjork et al. (2014),
the so-called time consistent policy at time ¢ is derived by backward induction, taking into
account that the optimal investment decisions have already been made in the future. Thus, the
time consistent policy is the collection of equilibrium strategies adopted by fictitious investors at
different times in a sequential game. More specifically, the time ¢ investor considers the following
problem,

min  Var(zp|z;) = E[(a7 — d)?|z],
u;eR”

s.t. Elxp|x] = d,
(Pt(d)) : Tt4+1 = Std¢ + Péut,
$j+1:5j$j+P9ﬁj, j=t+1,..., T —1,

u; solves Problem (Pj(d)), j=t+1,...,7 -1
We prove by induction that the time consistent policy is given by

xpy —d

u, = —E~'[P,P,|E[P
ay [P P,]E[P,] By

and the corresponding conditional mean and conditional variance of terminal wealth are ex-
pressed, respectively, as E[zr|i]qy = d and Var(zp|zy) (qy = (d—z¢py)? Dy with By = E[P}|E~! [P, P}E[P,]

—11-B;
and D; = [[1—/ 7 > 0.
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We start our proof from time 7" — 1 when the investor faces the following optimization problem,

min E[(ST_1xT_1 +Pl_jur_g — d)leT_l],
(Proa(d):  { wrockr
s.t. Elsp_1xzp—1 + Pé/“_1uT71|fol] =d,
which can be solved by the Lagrangian method with its solution given as

rr_1pr—1 —d

ur_q = —Eil[PTflplel]E[PTfl] Br.

We can also show that E[$T|$T71]{ﬁ} =d and Var(scT|xT,1){ﬁ} = (d - folprl)2DT71~

Assume that the statements hold true at time ¢t + 1. Then, at time ¢, the investor faces the
following optimization problem,

Héiﬂgn Var(zr|z) = E[Var(zp|ze) @ylee] + Var (Elzr|zg] )l
u

(Py(d)) : st.  E[E[rr|vii]aylzd = d,

/
Tip1 = St + Phug,

which is equivalent to

min Dt+1E[(d — (Stht + Pgut)pt+1)2|xt] .

u:€R™
It is not difficult to verify the following optimal solution for (P;(d)),

xipr —d

a; = —E~'[P,P}JE[P
W (PP ]E[P,] Bipiot |

with E[zr|z]qy = d and Var(zp|zy) ey = (d — 2¢pe)* Dy

Therefore, the efficient frontier of the time consistent policy is given as

(20) Var(zr)(ay = (Elzr]@) — 20p0)*Do,  Elzrlmy = zopo-
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