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Abstract In this paper, we establish the unconditional stability and opti-
mal error estimates of a linearized backward Euler—Galerkin finite element
method (FEM) for the time-dependent nonlinear thermistor equations in a
two-dimensional nonconvex polygon. Due to the nonlinearity of the equations
and the non-smoothness of the solution in a nonconvex polygon, the analysis
is not straightforward, while most previous efforts for problems in nonconvex
polygons mainly focused on linear models. Our theoretical analysis is based on
an error splitting proposed in [30,31] together with rigorous regularity analysis
of the nonlinear thermistor equations and the corresponding iterated (time-
discrete) elliptic system in a nonconvex polygon. With the proved regularity,
we establish the stability in [°°(L>°) and the convergence in [°°(L?) for the
fully discrete finite element solution without any restriction on the time-step
size. The approach used in this paper may also be applied to other nonlin-
ear parabolic systems in nonconvex polygons. Numerical results confirm our
theoretical analysis and show clearly that no time-step condition is needed.
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1 Introduction

The solution of partial differential equations in nonconvex polygonal domains
is involved in many physical applications. Due to the non-smoothness of the
solution around the corner points, the analysis for such PDEs and for the cor-
responding numerical methods is challenging. Numerical methods and analysis
for linear models defined in a nonconvex polygonal domain have been investi-
gated extensively in the last several decades. A simple elliptic problem is

—Au=f, x€f2, withu=0 ondf2.

The regularity of the solution of the equation depends upon the interior angles
wj of the corners. In a nonconvex polygon, we only have

we H'™, 1/2<s<p

for a smooth function f, where § = max; J—j € (1/2,1) (see [16,20,23,25]).
Under this regularity, the optimal L2-error estimate of standard finite element
methods for the Poisson equation in a nonconvex polygon is O(h?*). Many
analyses done for this equation can be found in the literature. For example,
see [2,33,37] for estimates in the weighted Sobolev spaces and [9,10] for a
singularity subtraction approach. A more precise analysis for the case s = 3
was presented by Bacuta et al [6] in the framework of Besov spaces. Recently,
error estimates of both semi-discrete and fully discrete finite element methods
were investigated by Chatzipantelids et al [11] for the linear parabolic equation

%—Au:f, with wu=0 on 0 and wu(z,0)=wuo(x) for z e {2

ot
(1.1)

The analysis was based on rigorous estimates of the corresponding analytic
semigroup associated with the discrete Laplacian. The corresponding finite
volume method was analyzed in [12]. Guo and Schwab [22] investigated the
analytic regularity of the Stokes problem in a general polygonal domain and
a weighted Sobolev space. Chrysafinos and Hou [13] studied the convergence
of semi-discrete finite element approximations to the linear model (1.1) under
a weaker regularity assumption, v € L2((0,T); H}(£2)) N H((0,T); H=(£2)).
The non-smoothness of the solution arises due to the low regularity of forcing



term f, while the domain {2 was assumed to be convex in [13]. However, it is not
clear whether these approaches can be extended to numerical analysis for time-
dependent nonlinear problems under certain provable regularity assumptions,
although the regularity analysis for the solution of some nonlinear models in a
polygon was done by several authors, e.g. see [21,26,27] and references therein.
The analysis of numerical methods for time-dependent nonlinear problems
usually require a stronger regularity of the solution to handle the nonlinear
terms. For fully discrete schemes, the stability or the time-step restriction of
schemes due to the time discretization is another unknown issue.

The purpose of this paper is to study nonlinear parabolic equations (sys-
tems) in a nonconvex domain. For the illustration of our approach, we restrict
our attention to a typical model, the time-dependent nonlinear thermistor
problem,

0
5~ Au=o(w)]|VeP, (1.2)

-V (c(w)Ve) =0 (1.3)
with the initial and boundary conditions:

u(z,t) =0, ox,t)=9g for x€d, tel0,T],

1.4
u(z,0) = ug for x € (2. (14)

We shall focus on unconditional stability and optimal error estimates of fully

Fig. 1 Shape of a thermistor produced by the manufacturer EPCOS AG (No. B57235-
S809-M).

discrete linearized Galerkin FEMs for the thermistor problem described above,
and mention that the analysis presented in this paper may be extended to
many other nonlinear parabolic equations.

The nonlinear system (1.2)-(1.4) describes the model of electric heating of
a conducting body (see Figure 1), where u is the temperature, ¢ is the electric
potential, and o is the temperature-dependent electric conductivity. Following
the previous works [17,46], we assume that o € WH°°(R) and

k1 < o(s) < Ka, (1.5)



for some positive constants x; and k9. Theoretical analysis for the thermistor
system has been done by several authors [3,5,14,32,43,44 45]. In particular,
existence and uniqueness of solutions of the thermistor problem were proved
in [17,44,45] for uniformly elliptic electric conductivity o(u), and proved in
[32] for non-uniformly elliptic electric conductivity. Further regularity of the
solutions can be derived from these existing results with suitable assumptions
on the initial and boundary data. In smooth or convex domains, numerical
methods and analysis for the thermistor system have been studied in [4,17,
42,46,47]. For the system in the two-dimensional space, the optimal L?-error
estimate of a linearized semi-implicit scheme with Galerkin and mixed FEMs
were obtained in [42] and [46] under a weak time step condition, respectively.
Error analysis for the three-dimensional model was given in [17], in which the
linearized semi-implicit Euler scheme with a linear Galerkin FEM was used.
An optimal L2-error estimate was presented under the time-step restriction
7 = O(h'/?). The unconditional stability of the linearized schemes was proved
in our recent work [30,29], where a new error splitting approach was intro-
duced in terms of a time-discrete system. However, all these previous analyses
relied on the assumption that the domain is either smooth or convex and the
solution is smooth enough. Clearly, a corner singularity will make both sta-
bility analysis and error analysis difficult, since the solution of the nonlinear
thermistor equations is only in H'** (see Lemma 1).

In this paper, we establish optimal error estimates and unconditional sta-
bility of a fully discrete linearized Galerkin FEM for the nonlinear thermistor
equations in nonconvex polygonal domains. The key to our error analysis is
the regularity of the solution of the nonlinear thermistor equations and the
boundedness of numerical solution (U* in L and @7 in W), Under certain
assumptions on the initial and boundary data, we show that the unique solu-
tion of the nonlinear thermistor equations in a nonconvex polygon is also in
H'*%. To prove the boundedness of the numerical solution, we follow [30,31]
to introduce an iterated sequence of elliptic PDEs (or time-discrete PDEs) so
that the fully discrete finite element solution coincides with the finite element
solution of the sequence of elliptic PDEs. Further analysis for the time-discrete
equations in a nonconvex domain is presented to obtain the suitable regularity
of the time-discrete solution U™ as required in the analysis of finite element
approximations. With the proved regularity, the numerical solution U;} can be
bounded via an inverse inequality, such as

[UR Lo < | RRU™ || + Uy — RU™ ||
<O+ Ch YU — RyU™|| 12
S C + Ch2s_17

where Ry, is the Ritz projection operator onto the finite element space. Then
the optimal error estimate can be obtained in a traditional way.

The rest of the paper is organized as follows. In Section 2, we describe
the linearized semi-implicit Euler—-Galerkin finite element approximation and



present our main results. After introducing an iterated sequence of time-
discrete parabolic equations, we provide in Section 3 a priori estimates and
optimal error estimates for the time-discrete solution, which imply the suit-
able regularity of the time-discrete solution. With the regularity obtained, we
present optimal error estimates of the Galerkin finite element solution in the
L? norm without any time-step restriction. In Section 4, we solve the nonlinear
thermistor equations in a typical L-shape domain by the linearized Galerkin
FEM with both uniform mesh and locally refined mesh. Numerical results
confirm our theoretical analysis and also show that the method with the local
refinement technique may give the optimal convergence rate.

2 Main results

Let £2 be a nonconvex polygon in R? with the boundary 92 = U™, I, where
I, j =1,---,m, are the edges of the polygon. Let 7, be a quasi-uniform
triangulation of {2 into triangles T, j =1,--- , L, with h = max;{diam 7} }.

Let WP denote the usual Sobolev spaces [1] of functions defined in (2 and
let C(£2) be the space of continuous functions on §2. For s € R, let H® denote
the Sobolev space defined on the domain (2 and let H} denote the space of
functions of H' whose trace on the boundary 942 is zero. For a > 0 we define
H>(012) be the space of continuous functions defined on the boundary 92
whose restriction to each edge I is in H*(I;). For a given triangulation 7,
we define the finite element spaces:

Sy ={v, €C(02): vp|r; is a linear polynomial },
Vi = {vn € C(£2) : vp|7, is a linear polynomial and v, = 0 on 082}

Let {t,})_, be a partition of the time interval [0, 7] with t,, = nT, T = Nt
and set

u" = u(zvtn)v " ¢(Iatn)'
For any sequence of functions {f"}_ defined in {2, we define

DTfn—i-l — (fn+1 _ fn)/T .

A linearized backward Euler—Galerkin finite element method is: to find
Ul € Vi and @ € Sp, for n =0,1,---, N such that for all §,, & € V3

(DUP*, 6) + (YU, V6 = (G@DIVEIR &), ()
(o (U VR, VEy) =0, (2.2)

with the boundary condition @} = II;¢™ on 02 and the initial conditions
U}? = IT,u®, where IT}, : C(£2) — S, is the Lagrangian interpolation opera-
tor. Clearly, the numerical scheme above only requires the value of g on the
boundary 0f2. However, for the theoretical analysis and for the simplicity of
notations, we assume that g is defined on the whole domain {2 and g(z,0) = go

is a constant. It is easy to see that the above scheme is equivalent to find



up, oy — Mpg™ € Vj, for n = 0,1,--- , N such that (2.1)-(2.2) hold for all
&us €p € V3. This scheme was analyzed in [17,42,46] for problems in a convex
domain under certain restrictions on the time-step size, and analyzed in [30,
31] for problems in a smooth domain without restriction on the time-step size.

The existence and uniqueness of a Holder continuous solution to the ini-
tial/boundary value problem (1.2)-(1.4) was proved in [45]. Based on this
result, we present further regularity of the solution in the following lemma.
The proof will be given in Appendix. To simplify the notations, in the rest of
this paper, we denote by C' a generic positive constant which may be differ-
ent at each occurrence. Similarly, Cs and C, denote generic positive constants
depending on the parameter s and e, respectively, which may be different at
each occurrence.

Lemma 1 Assume that ug, Aug € H} and g, g, € L=((0,T); H?>?(912)). Then
the initial/boundary value problem (1.2)-(1.4) admits a unique solution satis-

Jying
lulle o,y m+ey + lluelleqo,ryney + luell 2o,y m+¢) + llueel L2 (0,7):02)

+ Pl eqo,r ey + 1@l oo (0, 0y;wr0) < Cs,  for any s € (1/2,5). (2.3)

Our main result is given in the following theorem. The proof will be pre-
sented in the next section.

Theorem 1 Under the assumptions of Lemma 1, the finite element system
(2.1)-(2.2) admits a unique solution (U}, 7)), n=1,--- , N, satisfying

m UM + |17 | o) <

ogr?gXN(” Bl +1PhllL) < C, (2.4)
n _ n no_ n < 2s

énr?gXN”Uh u” |2 +1gLanN||@h @" |2 < Cs(1+ h=°), (2.5)

for any given s € (1/2, ).
The following Sobolev embedding inequality will be frequently used in this
paper:
lullzr < Clluflwsa, for A>2/qg—2/p, 1<p,q<oo. (2.6)

3 Unconditional error analysis

For U° = ug, we define U™ and @" to be the solution of the following iterated
time-discrete parabolic equations (or elliptic equations)

DU — AU = o(U™)|VE"?, 0<n<N-—1, (3.1)
-V (c(U"VP") =0, 0<n<N, (3.2)
with the boundary conditions

Utl(z) =0, @"(z)=g(x,t,) for z€dN. (3.3)



Let Ry, : H} (£2) — Vj, be the Ritz projection operator defined by
(V(u— Rpu), Vo) =0 forallv e V.
By classical finite element theory, see [11], we have

|lu — Rpul|r2 + h¥||V(u — Rpu)||p2 < Cllullgrs-hS, for allu € H'** 0N HY,
(3.4)

IV Ruullwre < Cllul|grss, forp=2/(1—s)anduec H' N H]. (3.5)
Let ITj, : C(§2) — S}, denote the Lagrangian interpolation operator. With the
regularity in Lemma 2, we have the following estimates [11]:
v — yol|2 + hl|v — Mol g < CRYYS vl g, Yo € HY N HE, (3.6)
v = ol gor < CAM5= 0| gres, Vv e HF NHE, for 0<s <1,(3.7)
I Thvllwie < Cllo|lgiss, YveHTNH), for p<2/(1-—s), (3.8)
for any s € (1/2, ).
We define
e"=U"—-u", e, =U;—R,U",
0= = — 1,0
The error of the linearized Galerkin FEM can be splitted into
U —u" | < "]l + llexll + U™ — RaU™||
[@h — o™l < lln" [ + llnp || + 12" — Ra®™ ||

Then Theorem 1 is a consequence of the following two lemmas together with
(3.4). The key to our theoretical analysis is the 7-independent boundedness of

(eh: mp)-
Lemma 2 Under the assumption of Lemma 1, the time-discrete system (3.1)-
(3.3) admits a unique solution (U™, P™) such that

N 1/2
n n ni2
(xS e+ max U + <Z—:1 7| D-U ||H1+s> <Cs, (3.9)
max ([le” ||z + [0 ([ 1) < CT. (3.10)

1<n<N
for any s € (1/2,8).

Lemma 3 Under the assumption of Lemma 1, the finite element system (2.1)-
(2.2) admits a unique solution (U}, DY) such that

n oo n - < .1
Oglang(IIUhHL |87 1) < C 3.11)

and
omax (lleh oz + lInillz=) < Coh* (3.12)

for any s € (1/2,8).



We present the proof of Lemmas 2-3 in the subsections 3.1 and 3.2, respec-
tively. The following inequality will be often used in our proof.

Hu||W1,4 < CHU||H1+S, s > 1/2 (313)

3.1 Proof of Lemma 2

The following lemma is concerned with the regularity of the solution of an
elliptic equation in a nonconvex polygon. The proof can be found in [16].

Lemma 4 If u is the solution of the equation

—Au = fy in £2,
u = fa on 012,

then

[ull e < Cs([fill e + W f2llrrrza0)),  for s € (1/2,8).

We rewrite the system (1.2)-(1.3) by

Dumtt — At = o(u™)|Ve")? + R, (3.14)
=V (o(u")Ve") =0, (3.15)
where
n+1 __ n+l @ n+1ly _ n n+12
R = Dru + (e("™) —a(u))|Ve" |
ot lt=t, .

+o(u")V(@" +¢") - V(" — ")

is the truncation error due to the time discretization. With the regularity (2.3),
we have

N-1
Sonso IRE 727 < CT2.

To prove Lemma 2, first we present the error estimate in an energy norm.
By subtracting the equations (3.14)-(3.15) from the equations (3.1)-(3.2), re-
spectively, we obtain

D" — A = (o(U") — o(u)| V6"
+o(U")(Ve™ + V") - V" + Ry, (3.16)
=V (e(U")Vn") =V [(e(u") —o(U"))Ve"]. (3.17)
Multiplying (3.17) by n™ gives

V"2 < Clle™|[L4[VollLs < Clle™|| s, (3.18)



and multiplying (3.16) by e"*! leads to

2
< Clle™palle™ sl Verl[is + [(o(U™) (V" + V"), Vi)
IR [z2lle™* |22

< Clle"llzalle™ M pa + (U™ (V™ + V™ )e™ 1, Vi) + | REF |z [l o

1
DT(||e"+1|%z)+||Ve"+l|%z

With integration by parts and using (3.2), we have
[(a(U™) (Vo™ + VI™)e" T, V")
=(c(U™)e™'Ve", Vi) — (e"TV - (a(U™)VP") 4+ o(U™)VE™ - Ve Ty
= |[(o(U™)e" ™IV, Vi) —a(U™)V (9" + ") - Vet )|
< Olle™ Hpa [V [[Lal V™| 2 (3.19)
+O(IVe" eIV 2™ lpe + V0" |22 Ve z2 0™ | 1<)
< O(lle™ Hpalle™lpa + Ve zzlle|[za + lle™ [ pal Ve | 2 lln™ || <)
where (3.18) is used in the last step of the inequality above.
Applying the maximum principle to the elliptic equation (3.2) shows that

|2™||Le < C, which further implies ||n"||= < C. By using the Sobolev em-
bedding inequality (2.6) we have

le"llzs < Clle™ gz < CeHle™[Le + €l Ve e,
where € € (0, 1) is arbitrary, therefore
D, (Glem 1 ) 5 1vem 13
< e Ve L + el Ve |1 +elle™ [T + Celle™ |7z + Cel Ry 22 (3:20)

By applying (explicit) Gronwall’s inequality with ¢ < 1/8, we get

N
Jax, le™ 172 + Zl le™[|F:7 < C72, (3:21)
n=
which leads to
U™z <C and || DU |2 < C. (3.22)

Secondly we prove the boundedness of ||®|| 1+- and ||U™ || g1+5. We apply
Lemma 4 with (3.22) to (3.1) to get

|0 110 < CIDAU™ 2 + CVD . (3.23)
Let K = maxo<n<n ||[V@™||r+ and now, we prove

V" |[pe < K +1 (3.24)
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by mathematical induction. It is easy to see that the above inequality holds
for n = 0. If we assume that (3.24) holds for 0 < n < k for some nonnegative
integer k, then (3.23) implies that

[T e < C (3.25)

for 0 < n < k. Since H't5(2) — CY2(R2) for s > 1/2, it follows that
lo(U™)g1/2( < C. By applying the W* estimate of [24] to (3.17) we
obtain (under the regularity [|o(U")[|c1/2m) < C, the W4 estimate of [24]
can be extended to elliptic equations with variable coefficients by the standard
perturbation argument)

IV Hlzs < (@) = o)) V™| s
< Clle™ | lIVe" | s

< Oflem I e g

< ors/(+9), (3.26)

where we have used (3.21) and (3.25). Then there exists 79 > 0 such that
[V t||L« < 1 when 7 < 79, which further implies that

Ve | e < [V " Lo + [V pa < K +1.
The induction on (3.24) is closed, which implies that (3.24)-(3.25) hold for

0<n<N.
Moreover, we rewrite (3.2) as

— AP =

D) o (UM)VU™ - V" . (3.27)

By Lemma 4, we get

" g1+ < CIVU™ - V" | 2 + Cllg" 17210

. . (3.28)
< C||VU™|| 14| V|| s + C < C

for 1 <n < N. We multiply (3.16) by —Ae™*! to derive that

1
D, (Gl ) +14e 1

<o) = o @)V Pl 72 + lo(U™)(Ve" + V") - Vi [ 1> + C|I R 2
< Clle™Ze + ClIVY™ [ 7a + ClIRE |72

< Clle"z~ + CIRE 17

< ellAe”||Fs + Celle™ |7 + CIREF 17

< Cer® + el Ac™ |22 + ClRE 2,
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where we have used (3.26) in the third step. With Gronwall’s inequality, the
last inequality implies that

N

n|2 ni2 < 2 .

s e + 3 rlAens < 07 (3.29)
n=

which leads to 25:1 7||D;Ae™||2, < C. By using Lemma 4 again, we see that

N N
> TIDre e <> 7D A7 < C.
n=1 n=1
It follows that
N
> TN DU < C (3.30)
n=1

From (3.18) and (3.29) we also see that
Il < Clle™H[zs < Clle™ [ < O (3.31)

So far we have proved that (3.9)-(3.10) hold when 7 < 79. Now we consider
the case 79 < 7 < T'. In this case, (3.22) and (3.23) still hold. The equation
(3.2) implies

 ax, 12" < Cllg" |a1/2052)-

By (3.23), we have
[U™ Y grvs < C + O™ %14e - (3.32)
Similarly, applying Lemma 4 to (3.27) gives
167+ [ grree < CIVU™ | 14|V | o+ Cllg" | ia/24- 02)
< CU™ g @ G2 I o)+ ©
< S e+ OO 4 0,

Hl+s

which in turn produces
|27 e < CRUMHEEE™ +C < (C 4 Ol [a) /370 4 €.

Let f(z) = (C + Cz%)?9/2s=1) 1 ¢ and define f(™(s) = f(f"V(s)) for
n=1,---,N. The last inequality implies that

omax (9" [ree < FEPE (IO, 0)llmo) < €, (3.33)

and from (3.32) we see that

n
m s < C. .
ognang ||U ||H1+ ~ C (3 34)
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Since 7 > 79, we further derive that

max (DU e + |Dr” 1s:)

<2rp " max (|U" s + 97| 71+:) < C. (3.35)

Combining the two cases, 7 < 79 and 7 > 79, we complete the proof of
Lemma 2. il

3.2 Proof of Lemma 3

At each time step of the linearized Galerkin scheme, one only needs to solve
the two discrete linear systems (2.2) and (2.1). It is easy to see that coefficient
matrices in both systems are symmetric and positive definite. The existence
and uniqueness of the Galerkin finite element solution follow immediately.
To prove (3.11)-(3.12), we write the weak form of the time-discrete system
(3.1)-(3.3) by
(DU, €,) + (VU™ VE,) = (a(U™)| V™2, &), (3.36)
(c(U™VP", V&) =0, (3.37)
for any &,, £4 € Vj. From the above equations and the finite element system
(2.1)-(2.2), we find that the error function (e}, n}) satisfies
(DTeZ+17 fu) + (V62+1, vﬁu)
= (DU = RpU™), &) + ((0(UR) = o (U™) V"2, €u)
+2((c(U) = o(U™))VP"™ - V(D] — ™), &4)
+ (o (UD)IV(D], = ™), &) +2(a(UM)VE" - V(P — "), &)

5
=3t (3.38)
=1

and

(U, V&) = ((0(Uy) — o(U™)) V", VEy)
(U@ — M), V) (339)
for all &,,&y € Vi
For any given s € (1/2,3), we choose s = (s + 3)/2. Taking &y = 0} in
(3.39), we get
Vi llee < Cll(e(UR) = o(U™))VO" || 2 + CIV(P" — IT,2")]| >
<O\ = U™|pa|[VP" || L+ + Ch™
<C(lerllzs + U™ = RaU"||Ls) + O
< eh®||Ver|lze + Ce th™ e || g2 + Ch®, ¥ a > 0. (3.40)
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Let 9 be the solution to the equation

=V (o(UM)VY) = ¢, in 2,
P =0 on 9f2.

From (3.9) and (3.13) we see that ||U™||w1.4 + |[U"||csr < ClU™|| g1+ < C.
Therefore, we can rewrite the equation above as

— Ay = 1 SD_‘_UI(U")

oot o YU VY (341

and apply Lemma 4. Then we obtain

a'(U")
a(Um)

VU w‘

ol e < cH e+
Hs1—1
o (U")

+C D)

VU™ -V

L2

1
¥
J(Un) HH% 1
< Cllellpa-1 + CIVY| s
< Clillga-1 + el ¥l grs + CellY]

where we have used the Sobolev embedding inequality (2.6), i.e
IVYllps < CllYll sz < elldllmiva + Cell$llm-

It follows that

19l e < Cllgl

Moreover, by the trace theorem, we have

Hs1—1.

1091 L2002) < Cllll e < Cligllgan-—r -

By (3.6)-(3.8) and (3.9) we have further

IV = p)l 2 < CR7 Y[l grear < ORIl o,
HIngllwra < CllYll e < Cll

| T Blwrs < Cllllgree < C.

|H51_1 ;

Therefore, using (3.39) we obtain

(> @) = (c(U™)Vny, V(@ — pp) + ((0(U™) — a(U)Vigyy, VIIy))
+ (o(UR)Vnp, VIIpy)
= (o(U™) Vg, V(¢ — Ipp) + ((0(U™) = o(UR)) Vg, VIILY)
+((0(Uh ) —o( U"))V@" Vi)
+ (o(UR)V (9" — T, ®"), V(Iny) — ¢))
+ ((a(Uh —0 U"))V( — I1,@"), Vi)
+ (o(U™ — I, "), Vi)
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6
- Lj )
j=1

where

LY < OV 2]V (¢ = a2

< ORIyl (el e -1 (3.42)
Ly <C(IU" = Bpu"|| 2 + [l L) IV g |l Lalll| e

< C(* + lleqll L) 1Vl s llell a1, (3.43)
Ly <C(IU" = Rpu™|[ 2 + llepll2) IV [ all@l o

< C(h** + llepllz2) ol a1, (3.44)

Ly < OR*H |9 | pgrvon 9] g1+
< CR* | pll a1, (3.45)

Ly < C(IU™ = Rpu™| 2 + |lep [ c2) 19" | e (|91 e
< Ch* + lepll2) el e -1, (3.46)
Lg = (2" — p®", =V - (c(U™)VY)) + (2" — I 2", a(U")0,0)) o0
= (P" — D", ) + (P" — 1P, c(U™)0,0) 00
< C|@" — Hp@" || s |l or—1 + C|@" — Hp®" || L2002 10,V | L2 (02
< C([|@" — Hp®" (| gr-o1 + 19" — Hrg" || L202)) |l o1 -1
< Ch*'||| o —1- (3.47)

To conclude, we have

(1, 0) < C [V llee + (B + llepll ) IVaR s + lleq e + h231)||90(||H51)17
3.48

and by duality we derive

i Nl ri-er < CH[VgllL2 + (B2 + llepll) [ Vagllzs + llekllze +h>).

(3.49)
Taking &, = ;™! in (3.38), we have
I < ellep ™2, + Ce Y| DU — Ry D U2,
<ellep 7z + Ce DU Ry B (3.50)

Ty < CNUR = UM IV 1 2sa-an gl 2ron -0
< C(lleqllze + U™ = RpU™L2) 12" [[Faee: | Ver ™ | 2
< Cllleqllzz + h**) [ Ver |2
< ellVep 7z + CeH(lleplIFs + ht), (3.51)
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where we have used the Sobolev embedding inequalities (special cases of (2.6))

lep ™l o -n < Cl[Ver™| L2,
V™[ L2ra-s) < C| @™ || rrvsy < C,

J3H < CNUp = U2 IV8™ || pora—en IV (@) — ™)|| Lalle ™ | pascaea )
< C(llepllz + 1U™ = RaU™M|22) 8" | e (VBR[| 2o + [V [ 24) [ Ver T 2
< C(lleqllzz +h*)(C + [V L) IVen ™ | 2
<e|Veptt: + Ce (1 + VO] Za) ([lenll7 + ™), (3.52)

it < Cllep™Hlpe=(IVnpll7e + V(2" — I, 8™)|72)
< C|nn|[|Vey |2 (| Ver |2 + h™"llen 72 + h?*)
< (e + C3h®[nh|)|[[Vep ™22 + C3h®| In A Ve |7
+ Ce ' h2 | In k2| el||72 + Ce th** | Inh|?, (3.53)

where we have used (3.40) with a = s; and the discrete Sobolev embedding
inequality

left | e < CInh|||Ver ™| Lz, (3.54)
and

Jgﬂrl

= =2(a(U™)VP" (P} — I"), Vep )

< CIVP" || 2o |BF; = D[ 2o [[VeR ™| 2

< CND" e (Inf p2ren + @7 — @™ || p2rey ) [ Vep ™t L2

< Cnmill o + @7 = p®™ || ga-=) I Vet L2

< C(h | Vniillz + (R + (e |l e2) I VaRllcs + lleqllze + h*H)|[ Ve ™| L2

(by (3.7) and (3.49))

< O™ Vepllzz + (B + [lepll L) IVnill o + llef |z + %) [ Ve ™| 2

(by (3.40) with « = 0)

< (e+ Ch*)|[ Ve [72 + Ch** | Vep |72
+ O (IVO 17 + 1) (A* + [leg]1Z2), (3.55)

where we have used the Sobolev embedding inequality (a special case of (2.6))
175l /o0 < Cling |l ri-o1 -
Let K = maxi<p<n ||VIIL,P"||p+. Now we prove

V! s <K +1 and e}z <h (3.56)
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by mathematical induction. Since (3.56) holds for n = 0, we assume that it
holds for 0 < n < k. Then there exists a positive constant h; such that when
h < min(hy,1/2), (3.38) together with (3.50)-(3.56) reduces to

D (llep™172) + [Ver 7
< h*|nh||[Ver |72 + Clle |72 + Ch* + C| DU |31 b,
for 0 < n < k, which in turn produces
n n
lep M i2s + 3 7IVer 3. <C > rlle 3. + Ch'e,
m=0 m=0

for 0 < n < k. By applying Gronwall’s inequality, we derive that
lef |2 < Oh?. (3.57)

By an inverse inequality, we have || Ve[t 12 < Ch™Y|lef || < ChZ?~1 < C,
and from (3.40) we see that (by choosing o = s)

IVl < Ch (3.58)

for 0 <n < k. When h < hy for some hs > 0, we can apply inverse inequalities
to (3.57)-(3.58) and get

IVl < CRTY2 V|2 < CRETV2 < 1, (3.59)
lef |2 < Ch* < h. (3.60)

The induction on (3.56) is closed and (3.57)-(3.58) hold for all 0 <n < N —1.
From (3.49) we derive that

I3l e < CRZ®. (3.61)

By applying an inverse inequality to (3.57) and (3.61), we obtain (2.4).
So far we have proved (3.11)-(3.12) for h < hg := min(hq, he,1/2). If
h > ho, we set £ = P} and &, = U;LLH in (2.2) and (2.1), respectively, to get

oJax, V@712 < C < Chy?*h* (3.62)
and
1 n mn
D, (FIUF 13 ) IV O
< CIVIIL UL
< U+
< Chy "\ U L2 (by the inverse inequality)

< Chy Y |VURY| L2 (Sobolev embedding inequality)
< €| VU3, + Cethy
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which implies that

omax U722 < Chy? < Chy? b2, (3.63)

By using the inverse inequality
IUR NIz < Chg U2, I1@hllze < Chg '@}l < Chg ' [V P} 12

from (3.62)-(3.63) we derive (3.11)-(3.12) for h > hy.
Combining the two cases, h < hg and h > hg, we complete the proof of
Lemma 3. il

4 Numerical results

In this section, we present some numerical results to confirm our theoretical
analysis. All the computations are performed with the software FEniCS.

We rewrite the system (1.2)-(1.3) by
ou

o~ Au=o()]|Ve" + fi, (4.1)
=V (0(u)Ve) = fa, (4.2)
where 2 = (—1,1) x (—=1,1)\[0,1) x [0,1) is an L shape domain and
1

The functions f1, fa, and the Dirichlet boundary conditions are chosen corre-
sponding to the exact solution

w(x,y,t) = r?/3sin(20/3) exp(2t),  ¢(x,y,t) = r¥>sin(20/3) cos(4t) (4.3)

in polar coordinates. In this case, u € H1** for s < 2/3. All numerical results
are obtained by using the linearized Galerkin FEMs defined in (2.1)-(2.2) with
T = 1.0 in our tests.

To test the convergence rate, a uniform triangulation is made on the L-
shape domain (2, see Figure 2 for a sample mesh, where M 4+ 1 nodal points
locate in the interval [0, 1]. To confirm our error estimates, we choose 7 = 1/M?
for the linear FE method. From our theoretical analysis, the L?-norm errors
are in the order O(h? + h*/3) ~ O(h*/?) and the H'-norm errors are in the
order O(h? +h?/3) ~ O(h?/3). We present the L? and H'-norm errors in Table
1. One can see clearly that the L2?-norm errors of v and ¢ are proportional
to h*/3 and the H'-norm errors are proportional to h?/2, which is in good
agreement with our theoretical analysis.

To verify the first order convergence of the scheme in the temporal direc-
tion, we test the scheme on a very fine uniform mesh (M = 128) with 7 = 0.1,
0.05, 0.025. We present the L?-norm errors in Table 2. One can also observe
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0.5 0.5
0 0]
-0.5 -0.5

0.5

Fig. 2 Top Left: the uniform mesh with M = 4. Top Right: the first mesh with 227 nodes
and 400 elements. Bottom Left: the second mesh with 851 nodes and 1600 elements. Bottom
Right: the third mesh with 3402 nodes and 6579 elements.

Table 1 L? and H! errors of the linear FEM on uniform meshes.

U —uCDllgz [ 10 —ul, Dllgy [ 127 —¢C, DIz | 12 — 6 Dllur
M=4 9.4486e-02 1.5123e+00 1.6199¢-02 1.3495¢-01
M=8 3.7414e-02 9.5685e-01 6.5429¢-03 8.5561e-02
M=16 1.5634e-02 6.0845¢-01 2.5948¢-03 5.4180e-02
M=32 6.5769¢-03 3.8615e-01 1.0360e-03 3.4271e-02
order 1.28 0.66 1.32 0.66

that the L2-norm errors for both u and ¢ are proportional to 7, which confirm
our theoretical analysis again.

To show the unconditional convergence of the scheme, we use the linear
FEM to solve (4.1)-(4.2) with three different time steps 7 = 0.10, 0.05, 0.01
on gradually refined meshes with M = 4, 8,16, 32,64, 128. The log-log plots of
the L2-norm errors against M are given in Figure 3. Based on our theoretical
analysis, in this case,

UR = uCtn)llez + 187 = (- tn)lle = O(r + 1Y)
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Table 2 L2 errors on the uniform mesh M = 128.

U —u(, Dligz [ 197 —oC, Dllg2
7=0.1 1.1524e-01 3.9441e-03
7 =0.05 6.0485e-02 1.9597e-03
T =0.025 3.0792e-02 1.0316e-03
order 0.95 0.96

We can observe from Figure 3 that for a fixed 7, the L?-norm errors asymp-
totically converge to a constant as h — 0, i.e. the temporal error of the order
O(7). This shows clearly that the proposed scheme is unconditionally stable
and no time-step condition is needed.

L-shape domain with uniform meshes ; L-shape domain with uniform meshes
10 107 : I5H:
(| —B-1=0.10 : | B~1=0.10
| -6~1=0.05 -6-1=0.05
~#-1=0.01 ~#-1=0.01
1= -2
B <10}
B s
107 g
:
Th L:lq 10'3,
-3 4|
10 : : 10 : :
10' 10° 10' 10°

M M

Fig. 3 L2-norm errors of the linear FEM on uniform meshes.

Clearly the regularity of the exact solution near the L-shape corner is not
enough to get a second order convergence for the linear FEM in a uniform
mesh. It has been noted that a local refinement may improve further the con-
vergence rate. Here we test our scheme with locally refined meshes, although
our analysis was given only for a quasi-uniform mesh. We present three non-
uniform meshes in Figure 2 with a finer mesh distribution around the L-shape
corner. These meshes are generated by the software Gmsh [19] with a specified
element-size parameter at the corners of the polygon and a local refinement
(smoothing) technique in FeniCS. In order to test the convergence rate in the
spatial direction we set 7 = 1/M? with M = 8,16, 32, respectively and we
present the L? and H'-norm errors in Table 3 and also plot in Figure 4 the
errors against the number of total nodal points N in the log-log form. One
can observe that the L2-norm errors of u and ¢ are in the second order (pro-
portional to N) and the H'-norm errors are in the first order (proportional to

VN).
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Table 3 L2 and H! errors of the linear FEM on adaptive meshes.

node number | [UN —u(, D2 [ [UFY —u(, Dl [ [19F — ¢, Dz [ 1Y = ¢(, Dl
227 6.7106e-02 6.4475e-01 3.9879e-03 5.3611e-02
851 1.7649e-02 3.2107e-01 1.0739e-03 2.7922e-02

3402 4.4707e-03 1.5756e-01 2.7398e-04 1.3878e-02
order 1.9539 1.0164 1.9317 0.9749
§ L2-norm errors for L-shape domain 0 H'-norm errors for L-shape domain
10 10
& [2-error of u 8- H-error of u
@ L*-error of ¢, B.... -©-H'-error of ¢
N . N.“ﬂ.\ TUN
107 T
~ N ~~E]
107 -
107 G
. o.. ~
107 107 o
10° 10° 10! 10° 10° 10°

nodes number N nodes number N

Fig. 4 L? and H!'-norm errors of the linear FEM on three locally refined meshes.

5 Conclusions

Clearly, analyses for nonlinear parabolic equations in a nonconvex polygon are
very limited and previous efforts for the thermistor equations were restricted
only on smooth domains, which produces a smooth solution. In this paper,
we have established unconditional stability and optimal error estimates of
a fully discrete Galerkin FEM for the time-dependent nonlinear thermistor
equations in a nonconvex polygon. Our work is based on the error splitting
technique proposed in [30,31], together with rigorous analysis for the nonlinear
thermistor equations and the corresponding iterated time-discrete parabolic
system. In these analyses, we have proved that the numerical solutions U}
in L° and @} in W'* are bounded uniformly, with which the optimal error
estimate can be established in a traditional way. Numerical results confirm our
analysis and show the unconditional stability of the numerical method.

It is noted that for a uniform mesh (or quasi-uniform mesh), the singular-
ity at the corner pollutes the global solution of finite element methods. The
optimal L?-error bound with a uniform mesh is only proportional to h?*. For
a fixed corner point, the accuracy may be improved by some local refinement
techniques, see [2,11,33] for some linear models. Our numerical results show
that the linear FE approximation with certain locally refined meshes may
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give the convergence rate O(h?) for the nonlinear thermistor equations. It is
possible to extend our analysis to the problem with local refinement around
the nonconvex corner. However, the analysis of linearized schemes with such
locally refined meshes is more difficult.

The optimal error estimates in Theorem 1 are established for the thermistor
problem based on the natural regularity of the solution in a two-dimensional
nonconvex polygon. The corresponding analysis for the thermistor problem in
a three-dimensional nonconvex polyhedron remains open.

Appendix — Proof of Lemma 1

The following lemmas are consequences of [24] (which can be extended to
Holder continuous coefficients via a basic perturbation argument) and [41].

Lemma A.1 Let 2 be a Lipschitz domain in R?. Suppose that o(u) is Hélder
continuous and satisfies (1.5). Then there erists a positive constant py > 4
(depending on the domain §2) such that the solution v of the equation

-V - (c(u)Vv) =V -bin 0,
v=20 on 012,
satisfies that

[ollwra < Cylblla for pi/(p1—1) < g <p1.

Lemma A.2 Let 2 be a Lipschitz domain in R?. Then the solution of the
inhomogeneous heat equation

%—Auzv'fm 0,
u=0 on 012,

u(z,0) =wup(x) for x €2,
satisfies that

2
lull 220, rywre) < C D I fillzao.ryiLey + Clluol ave.
j=1

From [7] we know that the regularity of g given in Lemma 1 implies that g
can be extended to the interior of the domain {2 with g € L>((0,T); H'*?)
and g; € L>=((0,T); Wh4).

Based on Yuan and Liu’s results [44,45], the solution of (1.2)-(1.4) satisfies
that

||u||0a(§) <C. (A1)

By Lemma A.l, the equation (1.3) with the Holder continuity of u implies
that

91 Los 0,7y 101y < CllgllLoe (0,7);w101) < O, for some py > 4. (A.2)
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Then (1.2) implies that
lluellz20,1);2) < CHG(U)‘v¢|2”L2((07T);L2) + Clluollmr < C. (A.3)
Let w = uy. Differentiating (1.2)-(1.3) with respect to ¢, we obtain

Ow — Aw =V - (o' (W)wpVe) + V- (0(u)$ V) + V- (0(u)pVey), (A4)

— V- (o(u)Ve;) =V - (o' (u)wVe). (A.5)
with the initial condition w(z,0) = wp(z), where wg = Aug + o (ug)|Vo|?
and ¢ is the solution of the elliptic PDE

-V (U(U())V¢0) = 07 in 2
do(x) = go for x € 9.

It follows that wy € H}. Since w € L?((0,T); L?) and V¢ € L>((0,T); L*),
applying Lemma A.1 to (A.5) gives

el 20,0y wrar8y < CllwV | L20,1);2/3) + Cllgell L2(o,7)w1.978)
< Clwllzzo,1):e)IVellLz(0,7);9) + Cllgell L2 0,0y w1.4/3)
<c. (A.6)

and by the Sobolev embedding theorem, we obtain,
Pell2(0,1):04) < Clloell L2(0,my;wrar8) < C- (A7)
Again applying Lemma A.2 to (A.4) shows
1wl L2 o,mywrarsy < ClwV el 2o, 1y;nas8y + ClleeV bl L2((0,1);4/9)

+ ClIV el L2¢0,1y;14/3) + [wol| /2
<cC (A8)

and with the Sobolev embedding theorem, we have
lwllL2(0,1):4) < Cllwll L2 (0,7);w1.978) < C. (A.9)
From (A.5) and (A.4), we see that
el Lz(0,7):m1) < CllwV el 2 (0,1):22) + CllgellLz(0,7):11)

< CllwllLzo,r);4) IVl Lo ((0,1);4) + Cllgell L2((0,1);m1)
<C (A.10)

and

lwll 20,101y < CllwV | L2c0,1);02) + Cllée Vol L2((0,1):L2)
+ IVl L2 0,1):L2) + llwoll2)
<(C.



23

By the Sobolev embedding theorem, we have further

lwll L2 (0,7);Lrs) + 1#ellL2((0,1);L73) (A.11)
< C(lwllzzqo,ry;mry + l@ell L2 0,1);51)) < C,

where p3 is determined by 1/ps 4+ 1/p; = 1/4. Then

1wV ol r2(0,1):L4) < Cllwllz20,1);273) IVl £ ((0,1);271) < C, (A.12)
16:V ol L2(0,1):24) < Clldellz2(0,1):003) I VOl Loo(0,7);001) < C. (A13)

Moreover, by applying Lemma A.1 to the equation (A.5), we see that
1@ellL20.ywra) < ClwVelLzo.ryLey + CllgellL2o.rywray < C - (A14)
and by Lemma A.2, (A.4) implies that

lwllzz(o,rywray < CllwVellLz(o,r)Le) + Cllée Vol L2(0,1);14)
+ CIIVoillr2o.1);04) + Cllwoll grasz)
<C. (A.15)

Using the Sobolev embedding theorem again, we arrive at
lwllz2(0,7);L2) < Cllwllzzo,r)w10) < C. (A.16)
Differentiating (1.2) with respect to ¢, we get
drw — Aw = o' (W)w|Vo|? + 20(u)V¢ - Voy. (A.17)
and the above equation times Aw gives

Hw”Lw((OvT)?Hl) + ||8tw||L2((O,T);L2) + HAw||L2((O,T);L2)
< C(lwlVellL2(01):12) + VS - Vel L2 (o,my;z2) + llwoll 1)
<C,

which further shows that
1wl oo (0,7);1e3) + wstll L2 0,7):2) + lluellL2(0,7);m1+5) < C. (A.18)
It follows that
lulleqo,my;mesy < Cllullpzo,r);mr+s) + Clluell 2o,y < €. (A19)
From (A.5) we see that
16¢l| Loc (0, 7y:wr.2) < CllwV || oo ((0,7);24) + Cllgell oo ((0,m)w19)
<C. (A.20)
Furthermore, we rewrite (1.3) by
o' (u)

~A W

Vu- V. (A.21)
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With (A.19), we obtain

1Dl oo (0,7 1145y < ClIAB|| Lo ((0,1):22) + Cllgll oo ((0,7);12)
S C’||Vu . VQSHLOC((O,T);LZ) + C S CQ. (A22)

Since H'**1 s H'*s — W4 we have the following estimate (see Lemma
1.1, pp. 106 of [35])

[o( 1) — @(s t2) || praees
< %Cz‘lellcb(-,tl) — O(sto) | grrer + Celld(, t1) — D+, t2) |wra

< e+ Cclty — tall| Pl Loe 0,7y w100
§€+O€|t1—t2|, V€>O7

which implies that ¢ € C([0,T]; H***).

The proof of Lemma 1 is completed.
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