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Ideas of interval sets come from the lower and upper approximations of rough sets in order to study
a unified structure of rough sets and their generalizations. Starting from the interval sets and their
operations, this paper summarizes and analyzes other sets which have similarities with the interval
sets or fuzzy interval sets. Our conclusions are that interval sets are mathematically equivalent to
shadowed sets and flou sets respectively, and fuzzy interval sets are mathematically equivalent to
interval-valued fuzzy sets and intuitionistic fuzzy sets respectively.

1. INTRODUCTION

The concept of rough sets was proposed by Pawlak in 1982.% Subsequently, rough sets were
extended to rough fuzzy sets,'® fuzzy rough sets,”® generalized rough fuzzy sets,* generalized
fuzzy rough sets,**° generalized fuzzy rough sets based on triangle norm,%” generalized fuzzy
rough sets based on logic operators,®®**3® interval-valued fuzzy rough sets,®* generalized
interval-valued fuzzy rough sets'®**?? and so on.

In the extension process, equivalence relations with regard to attributives are extended to
fuzzy equivalence relations, general fuzzy relations and interval-valued fuzzy relations; Classic
sets with regard to objects are extended to fuzzy sets and interval-valued fuzzy sets; operators are
extended to interval-valued fuzzy t-norm, interval-valued fuzzy R-implication and interval-valued
implication®?%.

No matter what kind of rough sets is considered, there are lower and upper approximations in
the conceptual formulation. All kinds of concepts are approximately expressed by their lower
approximation or upper approximation. After studying rough set and its various expansions, Yao
introduced the concepts of interval sets from approximation structures of rough sets.**°
Particularly in [46], Yao clearly described the interval sets by the lower and upper approximation
of rough sets. Interval set features of a variety of rough sets, for which the lower and upper bounds
are their lower and upper approximations respectively, show that researches on rough sets can be
unified to the interval set. This is one of the motivations for the research on interval sets.

*Author to whom all correspondence should be addressed; e-mail: bghu@whu.edu.cn
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There are many researches on interval sets now, such as concept of interval sets and their
algebraic  structures,***" 14245478162 aytension of interval sets,®* comparison of interval
sets, 3% reasoning researches of interval sets,*****®® applications of interval sets®*** and so
on.

In our studies, we find a lot of similar concepts such as interval-valued fuzzy sets, flou sets,
shadowed sets and intuitionistic fuzzy sets, etc. What relationships are there between interval sets
and these concepts? This paper wants to delve into this problem. In the course of study we know
that interval sets are mathematically equivalent to shadowed sets and flou sets respectively, and
the fuzzy interval sets are mathematically equivalent to interval-valued fuzzy sets and
intuitionistic fuzzy sets respectively.

The rest of this paper is organized as follows. Section 2 studies (fuzzy) interval sets and their
algebraic structures. In this section, first, L-fuzzy interval sets are defined and their operations are
discussed, such that interval sets and fuzzy interval sets are their special cases. And also we give
measurement methods of interval sets and discuss interval sets based on partition. In Section 3, we
study the relationships between interval sets and other similar sets, such as interval-valued fuzzy
sets, shadowed sets, flou sets, intuitionistic fuzzy sets, rough sets, and three-way decisions. The
last section concludes this paper.

2. INTERVAL SETS AND FUZZY INTERVAL SETS

In this paper, 1=[0,1] or |=([0,1],v,A,c,0,1), where A, v, and c are, respectively,
defined by

XV y=max X,
XA y=mig x,}y,and

Xt=1-x.

(L,v,A,N,0,1) denotes a fuzzy lattice”® or complete De Morgan algebra,® where 0 and 1 are
the minimum and maximum in L respectively. Further < is its order relation and N is an
involution negator over L, i.e.

(1) N(N(x))=x, ¥xelL and

(2) x<y=N(Y)SN(X), ¥x,yel.

Let .7 (X) be a family of all L-fuzzy sets over X, i.e. .7 (X)={A|A:X — L}."* While
L=[0,1], .7(X) denotes a class of all fuzzy sets over X, i.e. .7(X)={A|A: X —[0,1]}.%
While L={0,1}, #(X) denotes a family of all subsets of X.

In the following we assume that U,(, N and C are union, intersection, complement and
order relation over .7 (X) respectively, i.e. ¥xel

(ANB)(X) = A(X) AB(x),

(AUB)(x) = A(X) v B(X),

A" (x) = N(A(X)),

Ac B < AX)<B(x),
and A-B=ANB" for ABe.7(X).

While L=[0,1], N(x)=1-x, A" iswrittenas A°, ie. A°(x)=1-A(x), Vxe[0,1].



2.1. Fuzzy interval sets and their operations

Yao introduced the concept of interval set on finite set.*> The following interval set is not
limited in finite universe.
DEFINITION 1. **" Let X be a universe and A, A, < X,A c A,. Then
A=[AAl={AcX|AcAcA]
is called an interval set of X. The family of all interval sets of X is shown by 1((X)).
Naturally the concept of interval set can be generalized to fuzzy sets (L-fuzzy sets).

DEFINITION 2. Let X be auniverse and A, A, €7 (X) with A < A,.Then
A=[A,Al={Ac T (X)|A cAcA}

is called an L-fuzzy interval set of X. The family of all L-fuzzy interval sets of X is shown by
(7 (X)) . Specially if L=[0,1], an L-fuzzy interval set of X is called as a fuzzy interval set of X

and the family of all fuzzy interval sets of X is shown by (7 (X)) .

For two L-fuzzy interval sets A =[A,A,] and B=[B,,B,], we define
ANB={ANB|AcA,BeB},
AUB={AUB|AcA,BeB},
A\B={A-B|Ac A,BeB},
—A=[X,X]\A.
It follows from Definition 2 that

ANB=[ANB.ANB,I,
AuB=[AUB,A UB,],
A\B=[A -B,,A -B],
—A=[(A)".(A)"].
Inclusion relation of L-fuzzy interval sets C is defined as follows.
[A.A]E[B.B,]
< AcB and A cB,
& (VA€[A,A],3B€[B,,B,],st. AcB) and (VBe[B,,B,],3A<[A,A] st. ACB).
For L-fuzzy interval sets A =[A”,A"], ieA (any index set), we define

A= WA APT=| UA U A? |,
nA :iD\[A‘(i)’Aﬁi)]:I:iqA(i)’iqui)}'

The following is immediate from the definition of interval sets and their operations.
PROPOSITION 1. L-interval sets algebra (1(% (X)),u,n,— &, X) is a fuzzy lattice. Specially,
interval sets algebra  (1(Z(X)),U,,—@,X) * and fuzzy interval sets algebra
(I(7 (X)),,,—, <, X) are fuzzy lattices.

The operations M and U are different from intersection (1 and union U of classic sets
respectively. For two interval sets A =[A,A] and B=[B,,B,], then

B _[[AUB,A UB], AUB cANB,
AnB_[A'AJ]ﬂ[B"B“]_{ 2,21, otherwise



AUB=[A,A1U[B.B,].

A B is an interval set. But .AUB is not necessarily an interval set. The following example
illustrates this problem.

EXAMPLE 1. Let X ={a,b,c} and consider classic inclusion relation of .22(X), as shown in
Fig. 1. Then

A=[{a}{a,b,c}]={{a}.{a,b}.{a,c}.{a,b,c}} and

B=[{c}{a,b,c}]={{c}{a c}{b.c}.{ab,c}}
are interval sets on X. But

AUB ={{a}{c}.{a,b}.{a.c}.{b.c}{a,b,c}}

is not an interval set.

Fig. 1. Inclusion relationship of power sets for classic sets

DEFINITION 3. Let X be a universe and A, A, .7 (X). Then [&,A]={Ac X|AcA,} and
[A.X] :{Ag X|Ac A} are called a u-interval set and I-interval set respectively, written as
(A,] and [A) respectively. The family of all u-interval sets and l-interval sets of X are denoted
as 1,(7 (X)) and I,(Z (X)) respectively.

It follows from Definition 3 that if (A1 1,(7 (X)), [A)el,(Z (X)) and A c A,, then
[A.Ale 1(F(X)).

DEFINITION 4. An interval set [A,A,] of Xis called definable, if
AcAcCA =A=A or A=A .

Specially, a definable interval set (A,]( A, = <) of X is called an atom interval set of X.
Semantically speaking, the real extension of concept shown by a definable interval set

[A.A] couldonlybe A or A .

For example, [{a},{a,b}] is a definable interval set and ({a}] is an atom interval set of X.
Itisclear (X]=.2(X)= aI_IX({a}] .

2.2. Implication of interval sets

Logic implication is an important operation in logical algebra. In the following, we discuss
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implication operation over L-fuzzy interval sets. First we consider implication over L-fuzzy sets as
follows.
For two L-fuzzy sets A,B .7 (X), we define
A—B=U{Ce.7(X):ANCcB}.
For two L-fuzzy interval sets A =[A,A,] and B=[B,,B,] on X, we define
A—B=U{[C,.C,]e (F(X)):[A.A]M[C,C,1C[B, B}

PROPOSION 2. For two L-fuzzy interval sets A =[A,A,] and B=[B,,B,] on X, the following
holds.

A—>B=[(A—>B)N(A —>B,).A—>B,]
Proof. A—B=U{[C,,C,]e (£ (X)):[A,AINIC,C,]C[B, B}
={[C,.C,1e (A (X):ANC, =B ,ANC,cB,}
=[(U{C e F.(X):ANC =B })N(UC, e F (X): A NC, = B,}),
UCe R(X¥: A & H
=[(A—>B)N(A —>B,).A —>B,]. |
It is worth noting that
A—>B=[A —>B,A —>B]
is not always true, since U{C, .7 (X):ANC cB}cU{C,e.%(X):ANC,cB,} is not
always true. It can be illustrated by the following example.

EXAMPLE 2. Consider Example 1 again, i.e. X ={a,b,c} and .2(X). For two interval sets
A=[{a}{a,b,c}]={{a}.{a,b}.{a,c}.{a,b,c}} and
B, =[{c}.{a,b,c}| ={{c}{a,c}.{b.c}.{a,b,c}},

We have
{a} >{c}=U{C, e #(X) {a}NC, c{c}} =U{{b}.{c},{b,c}} ={b,c} and
{a,b,c}>{a,b,c}=U{C, e 7(X) {a,b,c}NC, ={a,b,c}} ={a,b,c}.

Thus A — B =[{b,c}.{a,b,c}].

If we consider B, =[{c}.{c}], then
{a,b,c} >{c}=U{C, e #(X):{a,b,c}NC, ={c}} = U{c}}={c}.

So ({a}—>{c})>({a,b,c}—>{c}).

Thus A — B, =[{b, }N{c} {c}] = [{c}.{c}. ]

2.3. Measurement of interval sets

Inaccuracy of interval sets is caused by the existence of boundary domain. The greater
boundary domain of interval sets is, the lower the accuracy of its conceptual description is. In
order to more accurately express it, we introduce the concept of information certainty degree and
probability certainty degree.

DEFINITION 5. Let A =[A,AlclI(F(X)) and X ={x,X,,---,X,}. Then
1 A=Y
o (A)=11A]
— %)
Al



is called the information certainty degree of A, where | A= Z A(x,) forall Ae 7 (X).

0, A =0 :
p(A)=1-c (A)=1]A -Al
A

is called the information uncertainty degree of A .

A =D

Consider Example 1 again, we have a,([{a},{a,b,c}])zé,pl([{a},{a,b,c}])zg.

Information certainty degree reflects “level” to express the concept of approximation of interval
set. The smaller «,(A) is (the larger p, (A) is), the less known information is. It follows from

Definition 5 that «, ([, A]) =0 for any nonempty subset A of X. This means that information

certainty degree does not reflect true “size’ of boundary domain. To do it, the following concept is
introduced.

DEFINITION 6. «,(A) = ﬁ is called the probability certainty degree of A .

Magnitude of boundary can be measured by the probability certainty degree. For Example 1,
we have ap([{a},{a,b,c}]):%, which means that interval set [{a},{a,b,c}] is a concept
represented by the four possible approximations. For a definable interval set A4 , it is easy to see
o, (A) =% or 1. Obviously, «a,([A,A D=1 iff A=A, , which shows the interval set

expresses an accurate concept.
2.4. Interval sets based on partition

Let # ={X,,X,,---,X,} be a partition of X, ie Vie{l,2,---,n}, X, #3J, X, c X,

X;NX,=@,i#j and X, =X.

i=1
DEFUNITION 7. Let {X,,X,,---,X,} be a partition of X. For Ac X, if A=J, or there is
Xi, €{X, Xp 1 Xoh i =12k, such that A=X; UX, U--UX, , then A'is called a certain

concept based on the partition # . If A and A, are certain concepts based on the partition
¢ , theninterval set A=[A,A]el(#(X)) iscalleda # -certain interval set.

PROPOSITION 3. Let # ={X,,X,,---,X,} be a partition of X. If A=[A,A] and
B=[B,,B,]e1(#(X)) are % -certain interval sets, thensoare ANB, AUB, A\B and

—-A.
Proof. In fact we only need to prove that if A and B are certain concepts based on the

partition # ,thensoare A(NB,AUB, A-B and A°.

(1) Let A and B be certain concepts based on the partition # ={X,, X,,---, X }. Without loss
of generality, let wus assume that A=< and B=< . Then there are
Xi e{Xp, X X b p=12,--m  (1<m<n ) and X; e{X, X, X }q=12--m,
(1<m, <n), such that

A=X, UX, U---UXiml and B=X, UX, U---ijmz,
respectively. Thus



AﬂB:(XhUXizU”‘Uxim)ﬂ(xhuszU“‘ijmz)
=X, UX, U--UX_,
where X, e{XhUXiZU---UXiW}, 1<r<m,<m,,i.e. A(1B isa certain concept based on the

partition # .
(2) For AUB, conclusion is obvious.

@I A=X, UX, U--UX, ,then A= or A°=X, UX, U---UX, , where
Xjr E{Xl*sz""xn}_{xi1!Xizi""Xim}-
(4) Since  A—B=A[B", itis straightforward from (1) and (3). |

3. RELATIONSHIP BETWEEN (FUZZY) INTERVAL SETS AND THE SIMILAR
CONCEPTS

Idea of interval sets seems to be everywhere. What relationship does interval set have with
interval-valued fuzzy sets, shadowed sets, flou sets, intuitionistic fuzzy sets, rough sets and
three-way decisions? This problem is discussed in the next section.

3.1 Fuzzy interval sets and interval-valued fuzzy sets

There are a lot of researches on interval-valued fuzzy sets.”**® Interval-valued fuzzy set is
called the grey set in [44] and ¢ —fuzzy set in [34]. An interval type-2 fuzzy set is an

interval-valued fuzzy set.’® An interval-valued type-2 fuzzy set is a fuzzy set with membership of
interval-valued fuzzy set.® Fuzzy-valued fuzzy set is a fuzzy set with membership of fuzzy
value.®

The following notations are introduced for the ease of exposition.

1? ={[a",a"]|0<a <a" <1},

a=[aa],

[a,a"]1<[b",b']<a <b",a" <b".
If [a7,a']el®, ieA (anyindex set), then we define

sigp[&‘, a’l= [sigp 3, sup a’], infla, a']=[infa’, infa].
DEFINITION 8. ® Amapping A: X — 1® s called an IVF set of X and A(x) is its membership
function. 7, (X) is afamily of all IVF sets of X.

Fig.2 shows interval set characteristic of interval-valued fuzzy set.
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Fig. 2. Interval-valued fuzzy set A(x) =[A(x), A(X)]

For A=[A",A"],B=[B",B']e F»(X), we define union, intersection and complement
pointwise by the formulas

(AUB)(X) =[A"(x) v B (x), A"(x) v B (X)],

(ANB)(X) =[A"(x) AB"(x), A"(x) AB"(X)],

(A)(X)=1-AX) =[1- A" (x),1- A (X)].

The order relation < in 7, (X) is defined by Ac B if and only if A(x)<B(x), i.e,
A (x)<B7(x) and A" (x)<B"(x) forall xe X.

And 9,X € 7, (X) with membership functions P(x)=0 and X(x)=1, V¥xeX ,

respectively.
It follows from Definition 1 that an interval set [A,A,] of X is an interval-valued fuzzy set

[;(A,;(,\J] of X, where y, is a characteristic function of A. It is easy to see the following

proposition which shows the relationship between fuzzy interval sets and interval-valued fuzzy

sets through the mapping  f : 1(7 (X)) > 7, (X), [A,Al=Lxs 21

PROPOSITION 4. (1) Interval-valued fuzzy sets algebra (7, (X),U,N,¢,&, X) is a fuzzy lattice.
(2) Fuzzy interval sets algebra (I (7 (X)),U,M,—,&, X) is isomorphic to interval-valued fuzzy

sets algebra (7, (X),U,N,¢, &, X).

3.2 Interval sets and shadowed sets

If L={0,4[0,1]} and its order relation <. is defined as 0<,[0,1]<, 1, then (L,<,) isa
fuzzy lattice and its algebraic operations are written as A,, v, and —,. Based on (L,<,
Pedrycz introduced the following concept of shadowed set.**
DEFINITION 9. *** Let X be a universe. Then a set-valued mapping A: X —{0,1,[0,1]} is a
shadowed set of X. .Z(X) is a family of all shadowed sets of X.

It follows from Definition 9 that a shadowed set A of X is an interval-valued fuzzy set
[A,A"], where:

A(x)={A(X)’ A(x)=0,1 |

0, A(X)=[0]]

A(X), A(x)=0,1

N(X):{ 1 AX=[01]
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PROPOSITION 5. An interval set is a shadowed set; conversely a shadowed set is an interval set.
Proof. Let [A,A,] be an interval set of X. Define

1 XeA
AX)=1[01], xeA —A
0, otherwise
Then A is a shadowed set of X. Conversely, let A be a shadowed set of X. Define
A={xeX|AX)=13, A ={xeX|A(x)=1or[0,1]}.
Then [A,A] isan interval set of X. ]

In .Z(X) , we define the following operations, for all A Be.Z (X)),
1) (AU, B)(x) = A(X) v, B(x),

2 (AN, B)(X) = A(X) A, B(X),

@) (=A)X) ==, (A(X)) .

The following proposition shows the relationship between interval sets and shadow sets.

PROPOSITION 6. (1) A shadowed sets algebra (7 (X),U,,N,,—, D, X) is a fuzzy lattice.
(2) Interval sets algebra (I(22(X)),1,,—,&, X) is isomorphic to shadowed sets algebra
(Z(X), UM, =, D, X) .
Proof. Item (1) is straightforward from the definition and operations of shadowed sets. We
only prove item (2) in the following.
Let f:1(2(X))— .Z(X)
1, Xe A
f([A. ADX) {[0,1], xe A —A
0, otherwise.
It is clear to see that f is a one to one mapping (injection and surjection) from 1(Z7(X)) to
Z(X).Andfor A=[A,A] B=[B,,B,]e(#(X)), we have
f([A.AJUB, B = f([A UB,A UB,](X)

1, xe A UB,
=401, xeA UB,-AUB,
0, otherwise.

The following discussions are from three cases (see Fig. 3).

(i) xeAUB,

Here xe A or xeB, . f([A,ADX)=1, f(B,BN(X)=<1 or f(A,ADX<1,
f([B,,B,D(x)=1.Thus f([A,AIU[B,B(X)=1=f([A, ADX) v, f([B.B,D(X).

(i) xeA,UB,-AUB,

f(IA.AD)=[01 .,  f(B.B)(X¥)=<I[01 or  f([A,ADX<[0]]
f([B,.B,)(x) =[0.1]. Thus f([A,A]U[B,B,])(x)=[01]= f([A,ADX) v, f([B.B,D(X).



Al

Bi

Fig. 3. The relationship diagram of two interval sets

(iii) xe A, UB,
(f(IA ADU, £(B,B,D))(x)=0=f([A,ADX) =f(B,BDX),ie,
f(IA. AIU[B.B )= (A ADU;, f([B.B]).
It can be proved that f([A,A,]1M[B,,B,1)=f([A. AN, f(B,B,]) inasimilarway.

L xe(A)
f(=IAADX) = FIA) (A D) =101, xe(A) —(A)
0, otherwise
—|SO, XE(AJ)C
=101, xeA -A
—|51, XEA

= (F(IAAD(X) -
This completes the proof that f is an isomorphic mapping from 1(#(X)) to Z(X). N

Cattanco and Ciucci ® adopted membership value 0.5 instead of [0, 1] which is equivalent to
Pedrycz’s method.

3.3 Interval sets and flou sets

Flou set was introduced by Gentilhomme in 1968 ** through considering the natural language
words. For example, starting from English word “act”, one can form other words by adding prefix
such as “in”, “un”, “re”, “dis” etc., and/or by adding suffix such as “ive”, “ivity”, “ion”,
“ionability”, “able” etc. That is to say, we can consider the following tree structure, shown as Fig.
4,
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Fig. 4. The tree structure of English word “act”

Some combination from the tree produces some common words such as inactive, action,
activate, actable etc. Some combinations are clearly less common words such as inactable. Some
combinations seem to be acceptable, but no one can find them in the dictionary. Through this
consideration from Gentilhomme, a universe is divided into three categories: the first class is the
central elements, i.e. these elements must satisfy certain properties; the second is the surrounding
elements, i.e. suspicious elements; the third is non-elements, i.e. these elements do not satisfy the
given property. It formalizes these ideas as follows.

DEFINITION 10. * Let X be a universe. Then the pair (E,F) is called a flou set of X, where
E,Fc X, EcF.Eisa certain domain, F is a maximum domain and F—E is called a flou
area. .97(X) isafamily of all flou sets of X, i.e.

7 (X)={(E,F):E,F e #(X),ECF}.
Obviously, crisp set A of X is a special flou set, writtenas (A, A).

Flou set (E,F)may be interpreted as: E is a set of “core” elements of A; F—E is a set of
“periphery” elements of A; elements of E are more likely to belong to A than elements of F—-E.

EXAMPLE 3. (1) Let X=[0, 100] be a universe of age. Old age can be represented by a flou set. For
example, interval set ([60, 100], [50,100]) indicates, every people, not less than 60 years of age,
must be aged, every one below 50 years of age is certainly not old people and there is a question
whether they are old or not for people having the ages from 50 to 60.

(2) Let R be an equivalence relation on finite universe, A be a subset of X, R(A) and R(A)

be Pawlak lower and upper approximation of A respectively. Then the pair (B(A),ﬁ(A)) is a flou
set. Elements of R(A) must belong to A (called positive domain in rough sets theory), elements

of (ﬁ(A))C do not belong to A certainly (called negative domain in rough sets theory) and it is

doubtful whether elements of ﬁ(A)—B(A) belong to A (called boundary domain in rough sets
theory).

DEFINITION 11. Let A=(E,F),B=(E",F') e 7ZZ(X). Then we define
1) (E,F)c(E"FY<EcCE ,FcF'.
2 (E,F)U(E F)=(EUEFUF).
) (E,F)N(E,F)=(ENE,FNF.
11



(4) (E, F)C = (Fc, Ec)

The following are immediate consequences of Definition 11.
PROPOSITION 7. (1) Flou sets algebra (77(X),U,N,¢,(2,9),(X, X)) is a fuzzy lattice.

(2) Interval sets algebra (1(2(X)),1,1,—,<, X) is isomorphic to shadowed sets algebra
(77(X),U,N,c,(,9),(X, X)) .

Interval set and flou set are two equivalent concepts from the mathematical point of view.
However interval set stresses not only results of three-way decisions, i.e. acceptance, rejection and
non-promise, and also emphasizes the extension of concept described by the sets between the
given two sets. But flou set emphasizes only a result of three-way decisions.

Flou set can be generalized to n-flou set.
DEFINITION 12. Let X be a universe. Then an n-flou set of X is an n-tuple (E,,E,,---,E,), where
E cE,c--cE,cX. Z/(X) isafamily of all n-flou sets of X.

DEFINITION 13. Let (E,,E,,--,E,),(F,,F,,---,F,) € .7%(X) . Then
D) (E.EuE)c(RFy F) < (Vie{l,2,,nh(E cF).
@ (E.E, - E)U(R.F, F)=(EURE,UF,-E UF).
3) (E11Ezv"'aEn)ﬂ(Fvan"'an):(ElﬂF11E2szv"'vEnﬂFn)-

@ (BB, E) =(E Bl B

It is trivial to show the following proposition.
PROPOSITION 8. (7Z(X),U,N,c) is a fuzzy lattice.

Negoita and Ralescu® introduced L-flou set and proved the equivalency between L-Fuzzy set
and L-flou set.

DEFINITION 14.”° Let X be a universe. Then an L-flou set of X is a mapping from Lto .(X), i.e.
subset of X, which satisfies the following conditions:

1) E=9;

() Egpo =UJE.,» V(@) o el.

iel

7, (X) is afamily of all L-flou sets of X.

It is clear to see that an n-flou set is a special L-flou set, where L =4{0,1,2,---,n} with nature
order,and E, =3, (E,),cnz..ny € 70(X).

3.4 Fuzzy interval sets and intuitionistic fuzzy sets

The concept of intuitionistic fuzzy sets was introduced by Atanassov,? * as a generalization of
fuzzy sets which were developed by Zadeh.

DEFINITION 152 The object A=(u,,v,) is called an intuitionistic fuzzy set on X, where
HaVp €7 (X)), uy(X) is membership degree of x to Aand v,(x) non-membership degree of x
to Awith z,(X)+v,(x)<1.

12



Union, intersection, complement and order relation of intuitionitic fuzzy sets are defined as
follows.

DEFINITION 16. Let A=(u,,v,) and B=(u;,v;) be two intuitionstic fuzzy sets of X. Then
the following statements hold.

(1) AUB ={(x,max{, (x), 1t ()}, min{v, (x),vs ()} | x € X} .

) ANB={(x,min{u,(x), 15 ()} max{v,, (),vs (P x € X3 .

(3) A" ={(xva(X), 1, (X)) | x € X}

4) AcBeo pu,cu, and v, Dvy.

(5) A=B< AcB and BcCA.

6) A<Beo u,cy, and v, cv,.

The following proposition shows the relationship between fuzzy interval sets and intuitionistic
fuzzy sets.
PROPOSITION 9. (1) Intuitionistic fuzzy sets algebra (77 (X),U,N,c, &, X) is a fuzzy lattice.
(2) Fuzzy interval sets algebra (I (7 (X)),1,,—&, X) is isomorphic to intuitionistic fuzzy
sets algebra (%7 (X),U,N,c, T, X).
Proof. Let f:1(.7(X))— 27 (X),
[A.Al=>(A(A))-
Obviously (Vxe X)(A(X) <A (X)<AX+(A)(X)<D) and f is a bijection (injection and
surjection).
f([A,AIUB,.B 1) =f([AUB,A UB,)
=(AUB.(A UB))
=(AUB, &N & °)
=(A, &, 9)U(B B(°).
=f(A.ADUf([B.B]).
f(HA AD=f([ALAD=(ALA) = (A A) =(F[A.AD) u

Gau and Buehrer™ introduced vague sets. Bustince and Burillo” proved that vague sets are
intuitionistic fuzzy sets soon after. Atanassov et. al discussed interval-valued intuitionistic fuzzy
sets* and intuitionistic L-fuzzy sets’.

3.5 Interval sets and rough sets

Let R be an equivalence relation on a finite universe, A be a subset of X, R(A) and ﬁ(A)

be Pawlak’s lower and upper approximation of A respectively. Then [B(A),ﬁ(A)] is an interval

set. The lower approximation and upper approximation are extended to all kinds of rough sets,
which interval set features are listed in Table 1.

13



Table 1. Interval set features of all kinds of rough sets (IVF stands for interval-valued fuzzy and RS stands for

rough set)
relation (R
RS’s family Universe . ® lower and upper approximation
/objet (A)
(L, T) - generalized X Y IVF relation R.(A= [R:ll (Ai)'glz (A )J'
IVF RS [18,21,22] /1VF set Rr(A) = [R_Tl (A)RT, (N)J'
_ _ R, (A)(X) =inf L(N(R(x,¥)),A(y)),
(L, T) - generalized X Y Fuzzy relation B yey
fuzzy RS [27] [ fuzzy set Rr(A)(x) =supT(R(x,y), A(y)).
yeY
(0r.0,) - Fuzzy relaton R, (M) =inf & (R(x,¥), A(Y)),
generlized fuzzy RS XY I fuzzy set Ro, (A)(¥) =supo, (N(R(x,Y)). A(Y)).
yeY
' _ R, (A)(x) =inf I (R(x,Y), A(Y))
(1,T) - generalized % XY Fuzzy relation B yey
fuzzy RS [38] [fuzzy set of Y Rr(A)(X) =supT(R(x,Y),A(Y))
yeY
\VE refation RA) =[AIA () v A-R ()} ALA(Y) v A-R(x.y)}]
IVF RS [35 X x X _
el " IVE setof X R0 =| v LA (AR (Y} v AN D) AR ()}
tenvalalued ough Equivalence RA) =[ A () |y e X1 AA (N |y €[x]:} ]
fuzzy set [35] I IVF set of X R(A(X) =[V{A (V)| y e[XI3AA () |y €[¥1:}]
_ _ R(AYX) = inf (Ay) v @-R(xY)),
generalized fuzzy RS X xY Fuzzy relation . e
[39,40] / fuzzy set R(A)(X) = sup(A(y) AR(X, y)).
yeX
o - R(A)(X) = A{A(Y) |y € F(\)}
generalized rougl General relation 5
fuzzy set [39] X xY | fuzzy set R(AX) =V{A(y) |y € F(x)}

F(X)={yeY|(x,y)eR}xeX

R(A)={xe X |F(x) c A}
generalized RS [46] X xY G‘jnce;ﬂtgf'ggton R(A) ={xe X |F(x)N A=}

F(X)={yeY|(x,y)eR}xeX

R(AY() =inf (AY) v (0= R(x.¥)),

Fuzzy relation

Fuzzy RS [10] X x X / fuzzy set ﬁ(A)(x) - sup(A(y) AR(X, y)).
yeX

Fuzzy relation RIA) = V/‘\A{l_ RO}

Py RSERL X canorse RN = VR
yeA
Equivalence R(A)(x) =inf{A(y) | y e[x]:}
Rough fuzzy set [10] X x X relation —
I fuzzy set R(A)(X) =sup{A(y) | y [x]:}-

Equivalence  R(A) ={x e X :[X], = Ab=KIX], € X / R:[x], < A},

Pawlak RS [30] X x X relation —
) / Cantor set R(A)={x e X :[], N A=} =H[x], € X /R:[x], N A= 2},

There are material differences in operations of rough sets and classic sets, especially in the
definition of set equation. In the classic set, if the two sets have the same elements, then these two
sets are equal. In rough sets theory, we need another concept on equality of sets, i.e. proximately
(or roughly) equation. Two sets are not equal in the classic sets, but there may be approximately
equal in rough sets. Whether two sets are approximately equal or not is based on our judgments on
knowledge we have obtained.

14



In the following, we introduce the concepts on approximately equal and inclusion of sets.
DEFINITION 17. Let (X, R) be a Pawlak approximation space and A,Bc X .

(1) If RA=RB (resp. RA=RB), then A and B are called R-lower equality (resp. R-upper
equality), writtenas A=, B (resp. A=; B).

(2)If A=, B and A= B,thenAand B are called R-equality, writtenas A=; B.

(3) If RACRB (resp. RAcCRB), then A is said to be R-lower-contained in B
(R-upper-contained in B), written as Ac, B (resp. A, B).

(4 1f Ac, B and Ac, B,thenAis called R-contained in B, writtenas Ac, B
Obviously, for any equivalence relation of X, =¢,

=, and =, are equivalence relations on
A(X) and <,,<; and <, are preorder relations on .7(X).

PROPOSITION 10. VA e.2(X), interval set [B(A),ﬁ(A)] possess the following properties.
(1) [RA.RA) |2[AL, ={BA(X)|B=; A}

@) [ROAVR(A) |={B e 7(X)| Ac, B Al
Proof. It is easy to show (1) and we only prove (2). VB e [B(A),ﬁ(A)] ,

R(A) = B R(A)= R(R(A)) = R(B),R(B) = R(R(A))
=R(A =R(B),R(B)=R(A)

=>Ac; B A

Conversely, Ac, Bc. A implies R(A)cR(B)cBcR(B)cR(A).

|
Fig.5 shows the relationship between interval sets constituted by rough sets and R-equality
(R-contained).
X
. = ——T——1  upper approximation R(A)
Subset A 1 | | 5 N —
X S
/-/ \\ \
7 | N .
l/ /.' T.\
-------- Subset B ~_| ) \ \\
/ : \
+* = | I
\ ,, 7 ———+— ower approximation R(A)
A -
AR 4
\\‘\\ ~/:
g \\ /'I
\‘\\ / ,l'
NI .

Fig. 5. Equivalence classes determined by interval sets constituted by rough sets
From properties of rough sets, we have the following proposition.
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PROPOSITION 11. Let (X, R) be a Pawlak approximation space and A,Bc X . Then the
followings hold.
(1) [R(A),R(AIUIR(B),R(B)IC[R(AUB),R(AUB)];
(2) [R(A),R(AIN[R(B),R(B)] Z[R(ANB),R(ANB)] ;
(3) —{R(A).R(A)]=[R(A°),R(A)]:
4) [R@).R@)]=2.[R(X),R(X)]=X;
(5) A< B=[R(A),R(A)C[R(B),R(B)].
Proof. We prove only (1), and others are similar in their proof.
[R(A), R(A)]L[R(B),R(B)] =[R(A) UR(B),R(A) UR(B)]
=[R(A)UR(B),R(AUB)]
C[R(AJ B) ,R(A | n

From the discussion above, for any rough set (R(A),R(A)), it forms an interval set
[R(A),R(A)]. It is nature to ask if there is an equivalence relation R over X and a subset A of X
such that [A,A,]1=[R(A),R(A)] for any interval set [A,A,] over X. The following proposition
iS an answer.

PROPOSITION 12. Let [A,A,] be an interval set over X with A = A, and

R:{(x,y):x,yeA orx,ye A,\\Aor x,yeAf}.
Then [A,A]=[R(A),R(A)] ifandonlyif Ac[A,A] and A=A A=A, .
Proof. Supposed Ae[A,A] and A=A ,A=A . Then R(A)={xe X:[x], < A}=A because
Ae[A,A] and A=A . R(A)={xe X :[x]l.NA=T}=A, because Ac[A,A] and A=A.

Conversely, let [A,A]=[R(A,R(A)] , ie RA)={xeX:[xl,cA}=A and
R(A)={xe X:[xl:NA=T}=A,.

(i) If A ZA, then R(A)={xe X :[x], < A}= A . This is a contradiction.

(i) If AZA,,R(A)={xe X :[x],N A= T}= A, . This is a contradiction.

Thus, Ac[A,A] and A=A A=A, |

3.6. Interval sets and three-way decisions

Another description of the lower and supper approximation of rough sets is three-way
decisions (3WD) proposed by Ya0.*? For theoretical research of three-way decisions, Hu
established three-way decision space such that the researches on 3WD are unified to a theoretical
framework.”>*"#2* |n the following, we discuss the relationship between three-way decisions and
interval sets.

Semantically speaking, an interval set describes a concept partly known. Despite the
extension of the concept is a subset of X, it is difficult to precisely present the subset owing to the

incompleteness of information. One possible approach is to describe the concept by a lower bound

A, and an upper bound A,. For any subset A of X, if A c Ac A, then, as it is, A is a real

extension of the concept, shown as Fig. 6.

Three-way decisions of interval set A=[A,A]1={AcX|A cAcA} are
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(1) Acceptance: A ;
(2) Rejection: (A,):
(3) Uncertain: A, - A.
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Fig. 6 Interval set description of the concept

For [A,Alel(#(X)) (resp. [A,Alel(F (X)), [A,Alel(F(X))), A and A,
are called the lower and upper bound of (resp. fuzzy, L-fuzzy) interval set [A,A,] respectively.
A, (A)" and A, —A are called acceptance region, rejection region and uncertain region of
[A,A] respectively, which be denoted by ACP([A, A1), REJ([A.A,]1) and UNC([A, A1)

EXAMPLE 4. Consider the course evaluation for students, we use an interval set
([60,100],[50,100]) ={[x,100]| 50 < x <60} .
Acceptance region is [60,100], i.e., if course exam grade of a student is not less than 60,
he/she passes. Rejection region is [0,50), i.e., if course exam grade of a student is less than 50,

he/she does not passes. Uncertain region is [50,60), i.e., if course exam grade of a student is not
less than 50 and less than 60, it is not sure whether he/she passes the exam and further evaluation
is needed.

4. CONCLUSIONS

This paper discusses relationship between the interval sets and sets with similar concepts.
Integrating the above results we draw the following relations, as shown in Fig. 7.
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[ Three-way decisions ]

v

Rough sets

Shadowed sets '¢———» |nterval sets 4—»[ Flou sets ]—P[ n-Flou sets ]

L-Flou

Interval-valued fuzzy sets €—— Fuzzy interval sets <«—  Intuitionistic fuzzy sets

Fig. 7. The relationship between interval sets and their likeness

As has been said that the concepts of interval sets are mathematically equivalent to shadowed
sets and flou sets respectively, and the concepts of fuzzy interval sets are mathematically
equivalent to interval-valued fuzzy sets and intuitionistic fuzzy sets respectively. These concepts
can be discussed uniformly on the interval sets.
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