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A novel multivariate volatility modeling for risk management to
stock markets

Zi-Kai Wei · Ka-Fai Cedric Yiu · Heung Wong · Kit-Yan Chan

Abstract Volatility modeling is crucial for risk man-
agement and asset allocation; this is an influential area
in financial econometrics. The central requirement of
volatility modeling is to be able to forecast volatility
accurately. The literature review of volatility model-
ing shows that the approaches of model averaging es-
timation are commonly used to reduce model uncer-
tainty in order to achieve a satisfactory forecasting reli-
ability. However, those approaches attempt to forecast
more reliable volatilities by integrating all forecasting
outcomes equally from several volatility models. Fore-
casting patterns generated by each model may be sim-
ilar. This may cause redundant computation without
improving forecasting reliability. The proposed multi-
variate volatility modeling method which is called the
Fuzzy-method-involving Multivariate Volatility Model
(abbreviated as FMVM) classifies the individual mod-
els into smaller scale clusters and selects the most rep-
resentative model in each cluster. Hence, repetitive but
unnecessary computational burden can be reduced, and
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forecasting patterns from representative models can be
integrated. The proposed FMVM is benchmarked against
existing multivariate volatility models on forecasting
volatilities of Hong Kong Hang Seng Index (HSI) con-
stituent stocks. Numerical results show that it can ob-
tain relatively lower forecasting errors with less model
complexity.

Keywords: Multivariate Volatility Models; Risk Man-
agement to Future Markets; Generalized Autoregres-
sive Conditional Heteroscedastic Modelling; Model Av-
eraging Techniques.

1 Introduction

The global financial crisis of 2008 has led investors to
reassess the forecasting adequacy of financial models
against soaring volatilities. The use of volatility models
in quantitative risk management has gained increasing
importance among academics and practitioners con-
cerned with measuring and managing financial risks
[1–4]. There are also important applications in insur-
ance [5,6] and supply chains management [7,8]. These
models can be used to forecast volatility in order to as-
sist investors in making financial decisions. Generally,
these models can be classified into univariate volatility
models and multivariate ones. The most widely used
univariate model namely generalized autoregressive con-
ditional heteroscedastic (GARCH) model was devel-
oped in [9].

The multivariate volatility models attempt to spec-
ify the dynamic process of diagonal elements of the
volatility matrix or variance-covariance matrix. The dis-
tinction of each multivariate volatility model derives
from the differences between their specifications of the
conditional correlation processes. In the literature, di-
verse multivariate GARCH models have been devel-
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oped, including BEKK GARCH model [10], the con-
stant conditional correlation (CCC) model [11], the or-
thogonal GARCH (OGARCH) model [12], the dynamic
conditional correlation model (DCC) [13], and the asym-
metric dynamic conditional correlation model (ADCC)
[14].

In order to improve the forecasting accuracy and
moderate model uncertainty in multivariate volatility
models, the model averaging strategy deploying multi-
models namely the average multivariate volatility model
(AMVM) [15] has been developed. The AMVM gen-
erates a multivariate volatility model by integrating the
forecasting outcomes of all models equally. However,
using forecasting outcomes from all selected multivari-
ate models may be not the most effective, as some mod-
els may generate similar forecasting patterns with the
others. Repetitive but unnecessary computation is used
to analyze the similar forecasting patterns. The approach
increases computational burden of the multivariate volatil-
ity models however the approach does not improve fore-
casting accuracy.

To avoid redundant computation, multivariate volatil-
ity models with similar forecasting patterns can be clus-
tered in a group and only the most significant model in
each group is integrated into the final volatility model.
Optimal weights for all the groups are determined in
order to reduce forecasting errors. These processes can
be performed by fuzzy classification operations. Indeed,
fuzzy classification operations have been developed suc-
cessfully in many practical classification systems [16,
17]. They are also widely used in finance [18,19]. The
fuzzy c-means (FCM) clustering algorithm is applica-
ble to a wide variety of numerical data and it is also ac-
cessible to generate fuzzy partitions for any set of nu-
merical data; also, the FCM clustering introduces func-
tions namely membership functions to describe the sim-
ilarity a data point shares with each cluster [20]. An
integrated approach that uses the FCM, mixture mod-
els, and the collaborative clustering framework to clas-
sify the mixed data which contains both numerical and
categorical attributes. This novel clustering framework
not only uses the FCM as a component of it but also
highlights that the FCM is a very effective and popular
algorithm for numerical data [21]. A new segmenta-
tion approach named I-Ching spatial shadowed FCM
is very efficient not only in tackling the overlapping
segments but also in suppressing the noise in images.
This method is also founded on the FCM with some
reversion of the FCM: the fuzzy set in the FCM is re-
placed by the shadowed set and I-Ching operators are
used to find the optimal cluster centers of the shadowed
FCM [22]. Fuzzy methods are not only widely used in
clustering but also in solving programming and trans-

portation problem. An interactive fuzzy goal program-
ming algorithm is proposed to solve decentralized bi-
level multiobjective fractional programming problem,
and it can make a fuzzy decision by taking most sat-
isfactory solution for all decision makers at the both
levels [23]. In solving a transportation problem, an in-
terval programming model using the nearest interval
approximation of trapezoidal fuzzy numbers is devel-
oped to obtain the optimal solution of the multiobjec-
tive multi-item solid transportation problem under un-
certainty [24,25]. The fuzzy methods are widely ap-
plied to different areas. In numerical data clustering,
the FCM is very effective and common algorithm. Thus,
our framework handling redundant computation is in-
spired by the FCM clustering initially.

In this paper, we propose a novel multivariate volatil-
ity models namely the Fuzzy-method-involving Multi-
variate Volatility Model (FMVM) to cluster multivari-
ate volatility models with similar forecasting patterns.
Here we propose the FMVM as this is effective on clus-
tering similar patterns for forecasting stock exchanges
which are involved with uncertainty [19]. In order to
evaluate the performance of the forecasted volatility
matrix, the Frobenius norm is used to evaluate fore-
casting errors of different multivariate volatility mod-
els relative to the realized covariance matrix [26]. First,
the FMVM classifies all the individual models into smaller
scale clusters by using the fuzzy C-means clustering al-
gorithm where the optimal number of clusters is given.
Hence, models which generate similar forecasting pat-
terns can be grouped into a cluster. It then selects the
model with the lowest tracking error from each clus-
ter. Subsequently, it determines the optimal weight for
each selected model. As only significant forecasting
patterns are used by the proposed multivariate volatil-
ity model, repetitive and unnecessary computational bur-
den can be reduced in the final multivariate volatil-
ity model. The effectiveness of the proposed FMVM
is evaluated based on two cases with either 4 or 15
HSI constituent stocks. The empirical result shows that
the FMVM is able to improve the forecasting accuracy
compared with the AMVM. It also shows that the com-
putational cost required by the FMVM is less than that
required by the AMVM.

The paper contributes to the following research is-
sues: (1) this paper is the vanguard which combines
the fuzzy clustering technique and multivariate volatil-
ity models in order to perform forecasting; (2) this re-
search proposes a weighting mechanism to select mod-
els from different clusters and aggregate forecasting
power of those selected models to perform forecast-
ing; (3) our proposed FMVM overcomes the limitation
of the existing AMVM which requires excessive uti-
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lization and computation burden, and existing AMVM
is likely to generate unnecessary forecasting errors; (4)
the proposed FMVM can achieve better forecasting ac-
curacy with smaller computational efforts.

The proposed FMVM is applied to risk manage-
ment and portfolio management. As an example, a fund
manager needs to determine the predetermined weights
of the assets from the same portfolio. When the other
constraints are unchanged, the change of the volatil-
ity matrix affects the optimal weights of all the assets
in the same portfolio. To address the uncertainty, one
needs to process risk management in order to adjust
portfolio in advance. However, some widely used opti-
mal portfolio models are very sensitive to the volatility
matrix. Therefore, a better forecasting method is essen-
tial.

The rest of the paper is organized as follows: Sec-
tion 2 gives a brief introduction of some widely used
univariate and multivariate volatility models; Section 3
discusses the particularization of the proposed FMVM;
Section 4 presents the empirical results and analyzes.
Several well-known and widely used volatility mod-
els were applied to 15 high weighted HSI constituent
stocks from Nov 2010 to Oct 2014. The effectiveness
of the FMVM is compared with those tested volatil-
ity models; the appendix presents different types of
multivariate volatility models including the CCCs, the
DCCs, the ADCCs, the OGARCHs, and the BEKK.

2 Volatility Models

This section first introduces the univariate GARCH model,
and it then shows a general form of the multivariate
GARCH models.

2.1 Univariate Volatility Model

Bollerslev [9] proposed a univariate volatility model
namely GARCH model. For a log return time series
rt , let εt = rt − µt be innovation at time t. Denote the
information set available at time t− 1. Given Ft , µt =

E(rt |Ft) is the conditional mean of rt and σ2
t =Var(rt |µt)=

E[(rt − µt)
2|Ft ] is conditional variance of rt . εt is for-

mulated in the model GARCH(p,q) as

rt = µt + εt , εt = σtzt

σ
2
t = c+

p

∑
i=1

αiε
2
t−i +

q

∑
j=1

β jσ
2
t− j

where {zt} is a sequence of independent and identi-
cally distributed (i.i.d.) random variables with mean
equal to 0 and variance equal to 1, c> 0, αi≥ 0, β j ≥ 0,
and ∑

max(p,q)
i=1 (αi +βi)< 1. For i > p and j > q, ai and

b j are given as αi = 0 and β j = 0, respectively. Given
the GARCH(1,1) model and assume that the forecast
origin is t, we define 1-step-ahead forecast form can be
defined as

σ
2
t+1 = c+α1ε

2
t +β1σ

2
t

where εt0 and σ2
t0 are at time index t0.

2.2 Multivariate Volatility Models

Almost all the multivariate volatility models can be
represented as the decomposition of the conditional volatil-
ity matrix, Ht [11]:

Ht = DtRtDt (1)

where Rt is the one-step-ahead conditional correlation
matrix with its (i, j)th entry denoted by ρi j,t , condi-
tional linear correlation of ri,t and r j,t , and Dt is a di-
agonal matrix with

√
σii,t on the (i, i)th entry. Equa-

tion (1) is a convenient decomposition, which allows
separate specification of the conditional volatilities and
conditional cross-asset returns correlations. The speci-
fication of

√
σii,t and ρi j,t is varied among those mul-

tivariate GARCH models which is given in the fol-
lowing part. Given that we have n financial assets and
εt = rt−µt , is the n×1 vector of residuals from the or-
dinary least square regressions (OLS) of the predictor
variables. For n financial assets, Dt can be given as

Dt =


σ1,t

σ2,t
. . .

σn,t


and Rt is given as

Rt =


1 ρ12,t · · · ρ1n,t

ρ21,t 1 · · · ρ2n,t
...

...
. . .

...
ρn1,t ρn2,t · · · 1


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where ρi j,t = ρ ji,t , i 6= j. Ht in Equation (1) can be elab-
orated as

Ht = DtRtDt

= (DtRt)Dt

=


σ11,t σ12,t · · · σ1n,t
σ21,t σ22,t · · · σ2n,t

...
...

. . .
...

σn1,t σn2,t · · · σnn,t


where σi j,t = σ ji,t , i 6= j. Based on the one-step-ahead
forecast, Equation (1) are given as Ĥt+1 = D̂t+1R̂t+1Ĥt+1.

Given the different specifications of Dt or/and Rt ,
the general form can be represented as different type of
multivariate volatility models:

1) When Rt is simply assumed as the constant condi-
tional correlation matrix without varying with time,
R, Rt =R. The general form can be written into the
CCC which is detailed in [11].

2) When Rt is a time varying matrix, the CCC can be
reformulated as the DCC which can be referred to
[13].

3) When the possibility of asymmetric effects can be
allowed on conditional variance and correlations,
the DCC can be relaxed into the the Asymmetric
Dynamic Conditional Correlation Model (ADCC)
which can be referred to [14].

4) When the standardized return is defined and the
static principle component decompositions of stan-
dardized residuals is used, the OGARCH can be
formulated, where the OGARCH can be referred
to [12].

5) When Ht is assumed as the positive definite, the
BEKK is somehow a quartic form of the general
which can be referred to [10].

3 Methodology

In order to moderate the model uncertainty and to im-
prove the forecasting accuracy simultaneously, Pesaran
et al. [15] developed the average volatility models by
applying model average techniques. The average mul-
tivariate volatility model is given as

Hamvm
t =

1
m

m

∑
i=1

Hi,t

where Hi,t is the forecasted conditional volatility ma-
trix in the multivariate volatility model and m is the

total number of the multivariate volatility models. Fig-
ure 1 illustrates the mechanism of the model averag-
ing technique which generates an identical weight to m
multivariate volatility models to forecast the one-day
ahead volatility matrix. However, this method has sev-
eral limitations:

The data

is used to

develop

each

individual

model.

H1

H𝑚

1

𝑚

1

𝑚

1

𝑚

⋮ ⋮

 H
H2

Fig. 1 The Mechanism of the Simple Model Averaging Tech-
nique

1) The excessive utilization ascribes to the similar-
ity among different multivariate volatility models.
These models sharing the similarity are classified
into the same cluster. One forecasted volatility ma-
trix generated by a volatility model may have linear
correlation with another forecasted matrix gener-
ated by another similar model. The model averag-
ing technique does not take this phenomenon into
consideration.

2) The computation burden derived from the utiliza-
tion of large-scale multi-models. Although this large
amount of computation helps to adapt more situ-
ation and it performs indeed better than a single
model, it occupies a lot of computation resources.
Also, they may share similar properties or attributes
with some other models, which can be grouped to-
gether to release the computation burden.

3) There exist some individual models which may in-
volve higher tracking errors comparing with other
considered models. Although it is a forthright way
to weight each model equally, these models with
higher tracking errors still affect the averaging track-
ing errors by model averaging. A more proper way
is to give smaller weights to those models with higher
tracking errors and to give larger weights to those
models with higher forecasting accuracy.

To tackle the limitations of the existing model av-
eraging technique, we propose the FMVM which at-
tempts to give an alternative way to improve the fore-
casting accuracy. As illustrated in Figure 2, the mecha-
nism of the FMVM is divided by training and operation
phases. In the training phase, the FMVM inputs the
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𝐇1
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∗
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𝜆3

⋮ ⋮

 𝐇

𝐶1

𝐶2

𝐶3
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⋮

Training: Determine optimal 𝑐 (𝑐 ≤ 𝑚) and 𝜆∗, s.t. || 𝐇 − 𝐇𝑟𝑒𝑎𝑙||𝐹 is the minimum;

Operation: Use such 𝑐 and 𝜆∗.      

𝐇2
Fuzzy

C−means

(FCM)

clustering

algorithm

𝐇1

𝐇3

𝐇4

𝐇𝑚

⋮

Fig. 2 The Mechanism of the FMVM

data and then applies the data to all individual models;
it groups such individual models into different clusters
using fuzzy C-means (FCM) clustering algorithm [19],
when the number of the clusters is given; it selects the
model with minimum tracking errors from each clus-
ter; it determines the optimal weights to those selected
models such that the mixed model has the minimum
tracking errors. The FMVM decides the optimal num-
ber of the clusters, c, and selects the model with min-
imum tracking errors in each cluster. Subsequently, in
the operation phase, the FMVM performs a one-day-
ahead forecasting based on c and the resolved optimal
weights of the selected models. It uses the sifted in-
dividual models with their optimal weights to forecast
the volatility matrix.

3.1 Training Phase

The mechanism of the training phase is shown in Fig-
ure 3.1. In the training phase, the FMVM attempts to
solve model-averaging problem based on fuzzy clus-
tering and quadratic programming. We assume that m

Calculate volatility matrices for different models

Classify the models into 𝑐 clusters

Select the best model for each cluster

Find the optimal weights to 

minimize total tracking errors

Input data

Output matrix

Fig. 3 The Mechanism of the Training Phase

multivariate volatility models are used and the data length
is 3k−1. In both training and operation phases, 2k−1

data are involved. Define

Hreal
t (k) = (Hreal

t−k+1, . . . ,H
real
t )

Hi,t(k) = (Hi,t−k+1, . . . ,Hi,t), i = 1, . . . ,m

Li,t(k) = ‖Hi,t(k)−Hreal
t (k)‖F , i = 1, . . . ,m,

where Hreal
t (k), Hi,t(k), and Li,t(k) are the n× (k×

n) realized volatility matrices, m input time-varying
n× (k× n) volatility matrices for the ith model, and
the tracking error for the ith model, respectively. As-
sume that there is a data set with m input time-varying
n×(k×n) volatility matrices Hi,t(k) (i = 1, . . . ,m) and
one output time-varying matrix H f mvm

t . The training
phase performs three tasks: (1) classify the input mod-
els with the fuzzy C-means classification and select the
model with the least tracking errors from each clus-
ter, (2) determine the optimal weight for each selected
model, (3) determine the optimal number of clusters, c.

3.1.1 Model Selection

The FMVM first transforms the input matrices into the
vectors using the half-vectorization. The half-vectorization,
vech(H j,t), processes the symmetric n× n matrix H j,t
of the n(n + 1)/2× 1 columns vech(H j,t) only pro-
cesses the lower triangular part of H j,t , where vech(H j,t)

is given by:

vech(H j,t) = [H j,t(1,1), . . . ,H j,t(n,1),H j,t(2,2), ...,

H j,t(n,2), ...,H j,t(n,n)], j = 1, . . . ,m.

(2)

Let X j = vech(H j,t(K)), j = 1, . . . ,m. Define the num-
ber of clusters as c. The fuzzy C-means (FCM) clus-
tering algorithm [19] is used to partition m training
samples, X j = vech(H j,t(k)), into clusters C1, C2, . . . ,
and Cc, where (5) computes the cluster center Vi of the
cluster Ci and the membership grade ui j of the train-
ing sample X j belonging to Ci, with 1≤ i≤ c and 1≤
j≤m. We used the FCM clustering algorithm as this is
widely used in pattern recognition [19]. In FCM, it de-
notes a fussiness index as s, 1≤ s < ∞. This fuzziness
index s [20] is usually chosen to be 2. The FCM clus-
tering algorithm merges m matrices X j) into clusters
Ci (i = 1,2, . . . ,c, 2≤ c≤m) by solving the following
minimization problem [20]:

Js =
c

∑
i=1

m

∑
j=1

(ui j)
s||Vi−X j||2F , (3)
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where ||Vi−X j||F is the Frobenius norm between ma-
trix X j and the cluster center Vi (i = 1,2, . . . ,c); us

i j is
the membership grade of X j belonging to cluster Ci,
in which s is the weighting exponent controlling the
relative weights placed on each of the ||Vi − X j||2F ,
1 ≤ s < ∞. The FCM clustering algorithm is summa-
rized as follows:

Step 1: Initialize c = 2.
Step 2: Generate the random number as the member-

ship grade u(0)i j of the sample X j to the cluster

Ci, where 0≤ u(0)i j ≤ 1, ∑
c
i=1 u(0)i j = 1, 1≤ i≤ c

and 1≤ j ≤ m. Set k = 1.
Step 3: Compute the cluster center Vi of Ci based on

V (k)
i =

∑
n
j=1(u

(k−1)
i j )sX j

∑
n
j=1(u

(k−1)
i j )s

(4)

where 1≤ i≤ c.
Step 4: Update ui j based on:

u(k)i j =
1

∑
c
d=1(

||V (k)
i −X j ||

||V (k)
d −X j ||

)
2

s−1

(5)

where 1≤ i≤ c, 1≤ j ≤ m, and ∑
c
i=1 ui j = 1.

Step 5: Set k = k+1. Repeat Step 3 and Step 4 until
Js is no longer decreasing [19].

Step 6: Let c = c+1. Go to Step 1 until c≥ m+1.

3.1.2 Weight Assignment

The optimal weights of the selected models can be ob-
tained by solving the following minimization problem:

min‖Hreal
t (k)−

c

∑
i=1

λ
∗
i H∗i,t(k)‖2

F

s. t.
c

∑
i=1

λ
∗
i = 1

(6)

where H∗i,t(k) is the best prediction generated by the
optimal model from Ci. Equation (6) can be reformu-
lated as a quadratic form as

min λλλ
T Aλλλ+λλλ

T B+C

s. t.
c

∑
i=1

λi = 1
(7)

where

λλλ = (λ1,λ2, . . . ,λc)
T ,

A =


∑

n
i=1 ∑

nk
j=1 x(1)i j x(1)i j . . . ∑

n
i=1 ∑

nk
j=1 x(1)i j x(c)i j

...
. . .

...

∑
n
i=1 ∑

nk
j=1 x(c)i j x(1)i j . . . ∑

n
i=1 ∑

nk
j=1 x(c)i j x(c)i j

 ,

B =−2((x(1)i j yi j),(x
(2)
i j yi j), . . . ,(x

(c)
i j yi j))

T ,

C =
n

∑
i=1

nk

∑
j=1

y2
i j = ‖Hreal

t (k)‖F ,

x(c)i j is the entry in the ith row and jth column of H∗i,t(k),
and yi j is the element in the ith row and jth column of
Hreal

t (k).
Based on the FMVM, the forecasted volatility ma-

trix H f mvm
t can be developed as

H f mvm
t =

c

∑
i=1

λ
∗
i H∗i,t , i = 1, . . . ,c, 2≤ c≤ m. (8)

where nM is the amount of the one-day-ahead volatil-
ity matrices determined by each individual multivari-
ate volatility model; H∗i,t is the one-day-ahead volatil-
ity matrix of the selected model i∗; and λ∗i is the fuzzy
optimal weight the selected model i∗.

3.1.3 Determination of the Number of Clusters

Given the number of cluster c, the tracking error can be
evalulated. Therefore, the optimal number of clusters,
namely c∗, can be determined as follows:

min
c

Lc = ‖H f mvm
t (k,c)−Hreal

t (k)‖F . (9)

3.2 Operation Phase

Given c∗, and the optimal weights for the i∗th selected
model from the i∗th cluster which are determined in the
training phase, the forecasted volatility matrix, namely
H f mvm

t is

H f mvm
t =

c∗

∑
i=1

λ
∗
i H∗i,t , (10)

where H∗i,t is the one-day-ahead volatility matrix of the
selected model i, and λ∗i is the optimal weight for the
ith cluster.

6



Assume that we had n financial assets and the rolling
windows size of realized covariance matrix is k. For the
ith asset, εi,t = ri,t − µi,t , is the n× 1 vector of residu-
als from the orthogonal least square (OLS) regressions.
Given a k×n residual matrix

Ereal
t =


ε1,t−k+1 ε2,t−k+1 · · · εn,t−k+1
ε1,t−k+2 ε2,t−k+2 · · · εn,t−k+2

...
...

. . .
...

ε1,t ε2,t · · · εn,t

 ,

the realized covariance matrix with k time-series sam-
ples is defined as

Hreal
t = Ereal

t
T Ereal

t /k.

Hreal
t is the benchmark for each Hi,t , i = 1, . . . ,m.

The proposed FMVM and the AMVM generate the
tracking errors L f mvm

t and Lamvm
t at t which are denoted

respectively as

L f mvm
t = ‖Hreal

t −H f mvm
t ‖F

Lamvm
t = ‖Hreal

t −Hamvm
t ‖F

where ‖.‖F is the Frobenius norm. The covariance ma-
trices generated by the FMVM and AMVM using k
time-series samples can be written respectively as

H f mvm
t (k) = [H f mvm

t−k+1, . . . ,H
f mvm
t ]

Hamvm
t (k) = [Hamvm

t−k+1, . . . ,H
amvm
t ],

and, the proposed FMVM and the AMVM generate the
tracking errors L f mvm

t and Lamvm
t in k-length time period

at t which are denoted respectively as

L f mvm
t (k) = ‖Hreal

t (k)−H f mvm
t (k)‖F

Lamvm
t (k) = ‖Hreal

t (k)−Hamvm
t (k)‖F .

Consequently, we denote ∆t as the evaluation indicator
of the FMVM which is relative to the AMVM at time
index t, and ∆t(k) is denoted as those with a k-length-
time-period data. Based on the tracking errors of the
FMVM and AMVM, ∆t and ∆t(k) can be elaborated as

∆t = L f mvm
t −Lamvm

t

∆t(k) = L f mvm
t (k)−Lamvm

t (k).

The algorithm of the operation phase is summarized as
follows:

1: If ∆t > 0, the FMVM lags behind the AMVM with
time t, else the FMVM leads the AMVM with time
t.

2: If ∆t(k) > 0, the FMVM lags behind the AMVM
with time t with a k-length-time-period data, else
the FMVM leads the AMVM with time t. If ∆t(k)=
0 or ∆t = 0, the performance of the FMVM is equiv-
alent to that of the AMVM.

3: Prepare the time series samples, based on a particu-
lar decision period, of n financial assets. Determine
the types and number of the individual multivariate
volatility models, m, and the rolling window size k;

4: Determine the parameters of multivariate volatil-
ity models based on the time series samples of the
log-return of assets. Generate the n×n covariance
matrix Hi,t with a k-length rolling window size at
each time point of the index t. Generate the re-
alized volatility based on another k-length period
samples.

5: Generate a multivariate volatility model, Hi,t(k), by
plugging Ht−k+1,Ht−k+2, . . . ,Ht , in chronological
order. Hence, the realized form Hreal

t (k) can be de-
veloped.

6: For i = 1,2, . . . ,m, the matrix A is recombined by
the elements of those Hi,t(k) using the optimization
algorithm; determine matrix B, based on the ele-
ments of Hi,t(k) and Hreal

t (k); determine C based
on the Frobenius norm of Hreal

t (k); based on A, B
and C, Λ = (λ1,λ2, . . . ,λm)

T in (7) can be deter-
mined by harnessing the quadratic programming.

7: Obtain the L f mvm
t and Lamvm

t and make decision based
on FMVM using ∆t if this is necessary.

4 Empirical Results

In this section, we demonstrate with examples how the
proposed FMVM overcomes the limitations of the av-
erage multivariate volatility model (AMVM), namely
that: (1) the FMVM selects fewer models without sac-
rificing forecasting powers; (2) the FMVM can achieve
more accurate forecasting results than those achieved
by AMVM. Indeed, the proposed FMVM can achieve
better forecasting accuracy with smaller computational
efforts.

The proposed FMVM is first evaluated based on 15
high weighted HSI constituent stocks. Table 1 shows
the selected samples in both the low-dimensional cases
and the high-dimensional cases of the volatility matrix
forecasting and 17 different widely-used multivariate
volatility models. In the low-dimensional cases, top 4
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weighted HSI constituent stocks are chosen, and those
stocks are ‘5.HK’, ‘939.HK’, ‘1299.HK’, and ‘9413.HK’.
In the high-dimensional cases, top 15 weighted HSI
constituent stocks, including the 4 identical stocks in
the low-dimensional cases, are selected. Another 11
stocks are ‘1398.HK’, ‘3988.HK’, ‘883.HK’, ‘857.HK’,
‘386.HK’, ‘2628.HK’, ‘3.HK’, ‘151.HK’, ‘762.HK’,
‘494.HK’, and ‘3328.HK’. Table 1 specifies 17 most
widely used multivariate volatility models. The mod-
els from the same class with different p or q is dis-
tinct from other models in the same class. For example,
CCC(1,1) and CCC(2,1) come from the same family;
however, CCC(1,1) is a distinctive model and CCC(1,1)
is a independent model from CCC(2,1). These daily
trading samples, from 29 October 2010 to 7 October
2014, are obtained from the Bloomberg database which
is collected from 29 October 2010 to 7 October 2014.
The forecasting results of the proposed FMVM are com-
pared with those obtained by the 17 commonly used
forecasting models which are listed in listed in Table 1.
All the models are used to forecast the one-day-ahead
volatility matrices based on different rolling window
size with k = 20,30, . . . ,120. Also, we compared the
results obtained by the proposed FMVM with the exist-
ing multivariate volatility approach, the AMVM [15].

The CCC, DCC, ADCC, BEEK, OGARCH, AMVM
models and the proposed FMVM were implemented
using MATLAB with toolboxes including the Oxford
MFE MATLAB toolbox [27]. The one-day-ahead volatil-

Table 1 Selected stocks and models

The Low-Dim Case The High-Dim Case Multivariate Volatility Models

‘5.HK’ ‘5.HK’ CCC(p,q)
‘939.HK’ ‘939.HK’ CCC(1,2), CCC(1,2)

‘1299.HK’ ‘1299.HK’ CCC(2,1), CCC(2,2)
‘941.HK’ ‘941.HK’

‘1398.HK’ DCC(p,q)
‘3988.HK’ DCC(1,1), DCC(1,2)
‘883.HK’ DCC(2,1), DCC(2,2)
‘857.HK’
‘386.HK’ ADCC(p,q)

‘2628.HK’ ADCC(1,1), ADCC(1,2)
‘3.HK’ ADCC(2,1), ADCC(2,2)

‘151.HK’
‘762.HK’ OGARCH(p,q)
‘494.HK’ OGARCH(1,1), OGARCH(1,2)

‘3328.HK’ OGARCH(2,1), OGARCH(2,2)

BEKK

4 assets 15 assets 17 models

ity matrices for AMVM is given as:

Hamvm
t =

1
17

17

∑
i=1

Hi,t (11)

where H1,t ,H2,t , . . . ,H17,t are the conditional volatility
matrix of each model listed in Table 1.

We evaluate the models with different rolling win-
dow sizes. The window size is varied from k = 20
to 120 in a step of 10. The date, 7 October 2014, is
used as the end window. We used the last k trading
days as the operation period and the preceding k trad-
ing days as the training period. Therefore each model
can be evaluated 2k times. For instance, in the train-
ing phase, the forecasted results are Ŷt , . . . ,Ŷt+k, where
Ŷt is a forecasted value at time t based on the infor-
mation the time series samples of t − k + 1, . . . , t − 1.
Similarly, in the operation phase, the forecasted results
are Ŷt+k+1, . . . ,Ŷt+2k, where Ŷt+k+1 is forecasted based
on the time series samples of t+1, . . . , t+k. In training
phase, we try to use k forecasted results Ŷt , . . . ,Ŷt+k to
train the FMVM model (where the optimal number of
clusters and the optimal weights of the selected models
are predefined); in operation phase, we use the trained
FMVM to forecasted k forecasted results Ŷt+k+1, . . . ,Ŷt+2k.
We need the operation phase to validate the perfor-
mance of the proposed FMVM. Both low-dimensional
and high-dimensional circumstances are considered. For
the clustering results, the low-dimensional case is il-
lustrated, and the complete results of models in each
cluster are shown in Appendix A.

4.1 The low-dimensional case

Here, we consider a simple case with 4 stocks which
are shown in the first column of Table 1. The track-
ing errors ∆I(k) and the differences ∆II(k) are shown
in Table 2. LF

I (k) and LF
I (A) are the total tracking er-

rors for the training phase obtained by the FMVM and
the AMVM respectively. LF

II(k) and LA
II(k) are the total

tracking errors for the operation phase obtained by the
FMVM and the AMVM respectively.

Table 2 Tracing Errors in the Training and the Operation Phase

RWS k clusters LF
I (k) LA

I (k) ∆I (k) LF
II (k) LA

II (k) ∆II (k)

20 3 3.1162 7.7491 -4.6329 4.8583 7.9454 -3.0870
30 3 7.5967 15.0727 -7.4761 4.4505 7.3815 -2.9310
40 5 5.0178 16.6071 -11.5893 6.6014 9.6715 -3.0701
50 4 7.3173 18.0725 -10.7552 6.7466 10.8176 -4.0710
60 7 8.9751 18.9535 -9.9784 6.8483 10.3731 -3.5247
70 4 8.0716 19.3060 -11.2343 8.0451 12.0133 -3.9682
80 6 7.0084 16.1564 -9.1481 7.9594 13.0397 -5.0804
90 6 7.1209 13.4263 -6.3055 10.2467 14.1335 -3.8868
100 4 9.9625 12.9350 -2.9725 10.5589 14.4315 -3.8726
110 7 9.5720 14.0492 -4.4772 10.1283 14.7852 -4.6569
120 7 8.7855 15.5307 -6.7453 9.5383 13.6743 -4.1360

This results for both training and operation phases
show that the tracking errors of the FMVM are smaller
than those of the AMVM as the differences are neg-
ative in all cases. Hence, the FMVM can surpass the
AMVM not only in training but also in operation phase.
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Table 2 shows that the number of clusters with respect
to different rolling windows. Table 2 shows that the
FMVM required less computational efforts, as three to
seven models are only involved of the FMVM. As the
number of clusters is identical to the number of the in-
dividual models, the FMVM does not need to involve
all 17 models. Therefore, this low-dimensional cases
study shows that the proposed FMVM can achieve bet-
ter forecasting accuracy with smaller computational ef-
forts comparing with the AMVM.

4.2 The high-dimensional case

In the high dimensional case, we consider 15 stocks
from the Hang Seng Index, as shown in the second col-
umn of Table 1. Table 3 shows the tracking errors and
the differences between the FMVM and the AMVM.

Table 3 Tracing Errors in the Training and the Operation Phase

RWS k clusters LF
I (k) LA

I (k) ∆I (k) LF
II (k) LA

II (k) ∆II (k)

20 5 15.6529 49.2121 -33.5592 18.4214 33.4936 -15.0722
30 3 26.8251 50.9704 -24.1454 17.1039 33.4648 -16.3608
40 4 34.6771 85.3520 -50.6749 20.5884 40.1193 -19.5309
50 4 25.2633 97.2940 -72.0308 31.0473 48.5467 -17.4994
60 5 27.5873 94.5644 -66.9771 29.7626 51.8209 -22.0584
70 4 25.1795 93.0677 -67.8883 30.0937 57.6992 -27.6054
80 3 23.2929 87.4429 -64.1500 26.4884 58.3126 -31.8242
90 5 18.1365 84.6518 -66.5153 29.4302 64.1372 -34.7070
100 3 21.0107 82.8058 -61.7951 22.8918 68.6020 -45.7102
110 3 19.7757 78.7352 -58.9595 21.6531 69.0370 -47.3840
120 4 20.1628 76.0412 -55.8784 21.2291 70.0627 -48.8337

The result shows that the tracking errors of the FMVM
are smaller than those of the AMVM. It also shows
that the FMVM can surpass the AMVM not only in the
training phase but also in the operation phase. Also, a
smaller computational effort is required by the FMVM
as three to five models are involved among all the sev-
enteen models. Therefore, the empirical results show
that the FMVM can obtain better forecasting accuracy
and the FMVM requires much less computational ef-
fort than that required by the AMVM.

5 Conclusion

In this paper, a novel multivariate volatility model FMVM
is proposed to improve forecasting accuracy. The pro-
posed FMVM overcomes the disadvantages of incur-
ring redundant computation when all multivariate volatil-
ity models are employed in an averaging manner. The
proposed FMVM classifies individual volatility model
into smaller scale clusters by using fuzzy C-means clus-
tering algorithm and selects the most representative model

with the lowest tracking error from each cluster. Opti-
mal weight for each selected model can then be sought
via training. The effectiveness of the proposed FMVM
is evaluated based on 15 stocks from the Hang Seng
Index. Empirical results have shown that the proposed
FMVM can obtain better accuracy in volatility fore-
casting with less number of volatility models. Hence,
a less computational effort is required by the proposed
FMVM than that required by the AMVM. For the fu-
ture work, we will apply the proposed FMVM to other
financial products such as the commodity market.
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A Model Classification Example of Low
Dimensional Cases

Assume that we have 4 assets and use one-day-ahead forecasting.
The classification results are shown in Table 4 to 12. The first row
in each table shows our benchmark. Other rows show different
clustering results with the first model in each row/cluster being
the representative model for this cluster; for instance, in Table
12, DCC(2,2) and ADCC(2,2) are grouped in cluster 6, and the
DCC(2,2) is the representative model.

Table 4 The 2-classes case
The index of the cluster The benchmark and the models

1 Realized Volatility
2 Others (17 models mentioned in this paper)

Table 5 The 3-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 DCC(2,2), OGARCH(1,1), OGARCH(1,2), OGARCH(2,1), OGARCH(2,2))
3 CCC(1,1), CCC(1,2), CCC(2,1), DCC(1,1), DCC(1,2), DCC(2,1),

DCC(2,2), ADCC(1,1), ADCC(1,2), ADCC(2,1), ADCC(2,2), BEKK

Table 6 The 4-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 CCC(2,2), DCC(2,2), ADCC(2,2)
3 OGARCH(1,1), OGARCH(1,2), OGARCH(2,1), OGARCH(2,2)
4 CCC(1,1), CCC(1,2), CCC(2,1), DCC(1,1), DCC(1,2), DCC(2,1),

ADCC(1,1), ADCC(1,2), ADCC(2,1), BEKK

Table 7 The 5-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 CCC(2,2)
3 DCC(2,2), ADCC(2,2)
4 OGARCH(1,1), OGARCH(1,2), OGARCH(2,1), OGARCH(2,2)
5 CCC(1,1), CCC(1,2), CCC(2,1), DCC(1,1), DCC(1,2), DCC(2,1),

ADCC(1,1), ADCC(1,2), ADCC(2,1), BEKK

Table 8 The 6-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 CCC(2,2)
3 OGARCH(2,2)
4 OGARCH(1,1), OGARCH(1,2), OGARCH(2,1)
5 CCC(1,1), CCC(1,2), CCC(2,1), DCC(1,1), DCC(1,2),

DCC(2,1), ADCC(1,1), ADCC(1,2), ADCC(2,1), BEKK
6 CCC(1,1), CCC(1,2), CCC(2,1), DCC(1,1), DCC(1,2),

DCC(2,1), ADCC(1,1), ADCC(1,2), ADCC(2,1), BEKK

Table 9 The 7-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 CCC(2,2)
3 OGARCH(2,2)
4 OGARCH(2,1)
5 DCC(2,2),ADCC(2,2)
6 OGARCH(1,1), OGARCH(1,2)
7 CCC(1,1), CCC(1,2), CCC(2,1), DCC(1,1), DCC(1,2),

DCC(2,1), ADCC(1,1), ADCC(1,2), ADCC(2,1), BEKK

Table 10 The 8-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 CCC(2,2)
3 OGARCH(2,2)
4 OGARCH(2,1)
5 BEKK
6 DCC(2,2),ADCC(2,2)
7 OGARCH(1,1), OGARCH(1,2)
8 CCC(1,1), CCC(1,2), CCC(2,1), DCC(1,1), DCC(1,2),

DCC(2,1), ADCC(1,1), ADCC(1,2), ADCC(2,1)
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Table 11 The 9-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 CCC(2,2)
3 OGARCH(2,2)
4 OGARCH(2,1)
5 BEKK
6 DCC(2,2),ADCC(2,2)
7 OGARCH(1,1), OGARCH(1,2)
8 CCC(2,1), DCC(2,1), ADCC(2,1)
9 CCC(1,1), CCC(1,2), DCC(1,1), DCC(1,2), ADCC(1,2), ADCC(2,1)

Table 12 The 10-classes case

The index of the cluster The benchmark and the models

1 Realized Volatility
2 CCC(2,2)
3 OGARCH(2,2)
4 OGARCH(2,1)
5 BEKK
6 DCC(2,2),ADCC(2,2)
7 OGARCH(1,1), OGARCH(1,2)
8 CCC(2,1), DCC(2,1), ADCC(2,1)
9 CCC(1,2), DCC(1,2), ADCC(1,2)
10 OGARCH(1,1), OGARCH(1,2)
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