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Abstract

In this paper, we provide a complete characterization of the robust isolated calmness of the Karush-
Kuhn-Tucker (KKT) solution mapping for convex constrained optimization problems regularized by the
nuclear norm function. This study is motivated by the recent work in [8], where the authors show that
under the Robinson constraint qualification at a local optimal solution, the KKT solution mapping for a
wide class of conic programming problems is robustly isolated calm if and only if both the second order
sufficient condition (SOSC) and the strict Robinson constraint qualification (SRCQ) are satisfied. Based
on the variational properties of the nuclear norm function and its conjugate, we establish the equivalence
between the primal/dual SOSC and the dual/primal SRCQ. The derived results lead to several equivalent
characterizations of the robust isolated calmness of the KKT solution mapping and add insights to the
existing literature on the stability of nuclear norm regularized convex optimization problems.

Mathematics subject classification: 90C25, 90C31, 65K10.
Key words: robust isolated calmness, nuclear norm, second order sufficient condition, strict Robinson
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1. Introduction

Let X and Y be two finite dimensional Euclidean spaces. Let G : X 3 Y be a set-valued mapping. The
graph of G is defined as gph G := {(z,y) e X x Y | y € G(z)}. Consider any (Z,y) € gph G. The mapping G
is said to be isolated calm at z for y if there exist a constant x > 0 and open neighborhoods A" of £ and ) of
y such that

Gz)nYc{y}+k|zr—7Z|By, Vzel, (1.1)

where By is the unit ball in Y (cf. e.g., [9, 3.9 (3I)]). The mapping G is said to be robustly isolated calm at
Z for g if (1.1) holds and G(x) n Y # & for any = € X' [8, Definition 2].

In this paper, we are interested in characterizing the robust isolated calmness of the Karush-Kuhn-Tucker
(KKT) solution mapping associated with the following nuclear norm regularized convex optimization problem:

min - h(FX) +<C, XD + [ X[«

(1.2)
st. AX —be Q,

where the function A : R? — R is twice continuously differentiable on dom A, which is assumed to be a non-
empty open convex set, and is also essentially strictly convex (i.e., h is strictly convex on every convex subset
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of dom oh), F : R™*" — R% and A : R™*" — R are linear operators, C' € R™*" and b € R® are given data,
Q < R¢ is a nonempty convex polyhedral cone, | - ||, denotes the nuclear norm function in R™*", i.e., the
sum of all the singular values of a given matrix, and m,n,d, e are non-negative integers. The nuclear norm
regularizer has been extensively used in diverse disciplines due to its ability in promoting a low rank solution.
See the references [2,3,14,17,20,21] for a sample of applications.

The concept of the isolated calmness is of fundamental importance in variational analysis. The mono-
graph [9] by Dontchev and Rockafellar contains a comprehensive study on this subject. Besides its own interest
in sensitivity analysis and perturbation theory, the isolated calmness of the KKT solution mapping can be
readily applied to provide linear rate convergence analysis for many important primal dual type methods such
as the proximal augmented Lagrangian method [16] and the alternating direction method of multipliers [10]
that can be employed efficiently to solve large scale matrix optimization problems such as (1.2). With this
application in mind, in this paper we aim to derive easy-to-understand conditions to characterize the the
isolated calmness of the KKT solution mapping for [10].

Obviously problem (1.2) can be equivalently formulated as the following conic programming problem

I’I)}i? hMFX)+C, Xy +1

(1.3)
st. AX —be Q, (X,t)eepi|- |4,

where epi|| - |« denotes the epigraph of the function | - ||;. Since epi| - ||+ is not a polyhedral set, the sensi-
tivity results in the conventional nonlinear programming are not applicable for problem (1.3). Recently, some
progress has been achieved in characterizing the isolated calmness of KKT solution mappings for problems in-
volving non-polyhedral functions. For example, Zhang and Zhang [23] show that for the nonlinear semidefinite
programming, the second order sufficient condition (SOSC) and the strict Robinson constraint qualification
(SRCQ) at a local optimal solution together are sufficient for the KKT solution mapping to be isolated calm.
Adding to this result, Han, Sun and Zhang [11] show that the SRCQ is also necessary to ensure the isolated
calmness of the KKT solution mapping for such problems. In [12], Liu and Pan extend the aforementioned
results to problems constrained by the epigraph of the Ky Fan k-norm function. The most recent work of
Ding, Sun and Zhang [8] indicates that under the Robinson constraint qualification (RCQ) at a local optimal
solution, the KKT solution mapping for a wide class of conic programming is robustly isolated calm at the
origin for a KKT point if and only if both the SOSC and the SRCQ hold at the reference point.

The results developed in [8] can be directly applied to problem (1.3). Thus, by examining the relationships
between the SOSCs, the (strict) RCQs as well as the robust isolated calmness of the solution mappings
corresponding to problem (1.2) and problem (1.3), we are able to extend the work in [8] to the nuclear norm
regularized convex optimization problem (1.2). Additionally, due to the special structure of problem (1.2) and
its dual, we could provide more insightful characterizations about the isolated calmness of the KKT solution
mapping. Note that the Lagrangian dual of problem (1.2) is given by

max —<{b,y>—dge(y) — h*(w
max (byyy — 60 (y) (w) (1.4)
st. A4+ Fruo+S+C=0, |5 <1,

where A* and F* are the adjoint of A and F, respectively, h*(-) is the conjugate function of h and | - ||
denotes the spectral norm in R™*", i.e., the largest singular value of a given matrix. We shall show that for
problem (1.2), its SRCQ is equivalent to the SOSC of problem (1.4), and conversely, its SOSC is equivalent to
the SRCQ of problem (1.4). Armed with these results, we are led to a relatively complete understanding of the
robust isolated calmness for the KKT solution mapping for the nuclear norm regularized convex optimization
problems.

The remaining parts of this paper are organized as follows. In the next section, we provide some prelimi-
nary results on variational analysis. In Section 3, we demonstrate how to translate the results of set-constrained
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problems in [8] into the language of nonsmooth optimization problems. In particular, this translation provides
us a characterization of the robust isolated calmness of the KKT solution mapping for the nuclear norm reg-
ularized convex optimization problems. Section 4 is devoted to the study of the variational properties of the
nuclear norm function. The derived results play an important role in our subsequent analysis. In Section 5, we
establish the equivalence between the SOSC for the primal/dual problem and the SRCQ for the dual/primal
problem. This establishment enables us to describe the robust isolated calmness of the KKT solution mapping
for problem (1.2) via several equivalent conditions.
The following notation will be used throughout our paper.

e For a given positive integer p, we use SP to denote the linear space of all p x p real symmetric matrices,
S% the cone of all p x p positive semidefinite matrices and S” the cone of all p x p negative semidefinite
matrices.

e For a given proper closed convex function 6 : X — (—o0,400], we use dom#é to denote its effective
domain, epif to denote its epigraph, * to denote its conjugate and 06 to denote its subdifferential, all
as in standard convex analysis [15]. We also use Proxy to denote its proximal mapping with unit step
length, i.e. (see, e.g., [18, Definition 1.22]),

1
Proxy(z) := argmir}% {G(m') + §||ac' - SL'||2} , zeX
z'e

e Let D € R™*™ be a non-empty closed convex set. We write dp(-) as the indicator function over D, i.e.,
0p(X)=0if X e D, and dp(X) = 0 if X ¢ D. We write II(-) as the metric projection onto D, i.e.,
Ip(X) :=argminy {|Y — X| | Y € D} for X € R™*™,

e For any 2 € R™, we denote Diag(z) as the m x m diagonal matrix whose i-th diagonal entry is z; for
i=1,...,m. Let a € {1,...,m} and B8 € {1,...,n} be two index sets. For any Z € R™*" we write Z, as
the sub-matrix of Z by removing all the columns of Z not in a, and Z,z to be the |a| x |§| sub-matrix
of Z obtained by removing all the rows of Z not in a and all the columns of Z not in 5.

e Let O™ be the set of all n x n orthogonal matrices. For any X € R™*" let 0(X) € R™ be the vector of
all singular values of X with the entries 01(X) = 02(X) > ... = 0, (X), and let O™"™(X) be the set of
paired orthogonal matrices satisfying the singular value decomposition of X, i.e.,

O™™(X) ={(U,V)e O™ x O" | X = U[Diag(c(X)) 0]VT}.

2. Preliminaries

In this section, we gather some knowledge on variational analysis that will be used in our subsequent
developments. One can refer to the monograph [1] of Bonnans and Shapiro for detailed discussions on this
subject.

A cone Q € Y is said to be pointed if y € Q and —y € Q implies that y = 0. Let Q € Y be a pointed
convex closed cone. The closed convex set X € X is said to be C?-cone reducible at = € K to the cone Q, if there
exist an open neighborhood W < X of z and a twice continuously differentiable mapping = : W — Y such
that: (i) E(z) = 0 € Y; (ii) the derivative mapping E(z) : X — Y is onto; (iii) Kn W = {z e W | E(z) € Q}.
We say that K is C?-cone reducible if K is C?-cone reducible at every z € K. A proper closed convex function
6 : X — (—o0, 0] is said to be C?-cone reducible at = € dom 8 if epi 6 is C2-cone reducible at (z,6(z)). Moreover,
0 is said to be C?-cone reducible if it is C?-cone reducible at every x € dom 6.
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Given a subset X € X and x € IC, the inner tangent cone and the contingent cone of X at x are defined as

; K-z
: = lim inf
Ti(z) i in
and c
Tic () = lim sup ~— a:)
) t

respectively, where the limit is taken in the sense of Painleve-Kuratowski set convergence. If K is convex,
K-z )
is a monotone decreasing function of ¢ such that 7 (z) = T (z) for any = € K [1, Proposition 2.55]. In

this case, both T (z) and T¢(x) are called the tangent cone of K at z. Given z € K and a direction d € X,
define the inner and outer second order tangent sets at x in the direction d as

; K—xz—td
L2 N e
T (z;d) - hrﬁénf e
and K '
. —z—
TE(z;d) = hntl SUp —— 35—,
10 )

respectively. The inner and outer second order tangent sets not necessarily coincide in general, even if the set K
is closed and convex. However, if K is a C2-cone reducible convex set, then T,é’z(a:; d) = TZ(z;d) [1, Proposition
3.136].

For a given function 6 : X — (—o0, +00], the lower and upper directional epiderivatives of  at « € dom 6
in the direction h € X are defined as

Ny —
6" (; h) := lim inf bz +th') - ()

tl0 t
h' —h
and
/ J—
Gi(w;h) := sup |liminf Oz +tal) — 0() ,
e \ B fn

respectively, where ¥ denotes the set of positive real sequences {t,} converging to 0. The contingent and inner
tangent cone of epif are closely related to the lower and upper directional epiderivative of § [1, Proposition
2.58]. Specifically, for any z € dom €,

Tepio (2,0(2)) = epif* (z;-), anig (7, 0(x)) = epi 0% (z;-). (2.1)

One can observe from the above equations that if 6 is a closed convex function, then 6* (z;-) = Gi (z;-) for
any = € dom#. In this case we say that 6 is directionally epidifferentiable at x and write the common value
as 04 (x;-). If Hi(:v; d) and 6% (z;d) are finite for z € dom# and d € X, we also define the following lower and
upper second order epiderivatives for w € X:

O(z + td + Lt2w') — O(x) — t* (;d)
142
2
O(x + tod + Lt20') — O(2) — t,0% (; d))
Ly2 '
27n

7

0%(30; d,w) := lir?ui)nf

w’%w

Gf(m;d,w) ;= sup (lim inf
thes \ ol

Similarly to (2.1), the inner and outer second order tangent sets of epif are closely related to the lower and
upper second order epiderivative of 8 [1, Proposition 3.41]. Specifically, for any z € dom 6 and d € X if Hfr(a:; d)
and 6" (x;d) are finite, then

Topro((@,0(2)); (.05 () = epiO3 (w3, ), T (2,0(2)); (d,6 () = epif= (z:d,).  (2.2)

epi 6
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3. Constraint qualifications, second order sufficient optimality conditions and
robust isolated calmness

Consider the following canonical perturbation of a general class of nonsmooth optimization problems (not
necessarily convex):

min {f(z) + 0(x) — (01,z) | g(x) + 02 € P}, (3.1)

where f: X —» R and ¢ : X — Y are twice continuously differentiable functions, P € Y is a closed convex set,
0 : X — (—o0,+00] is a closed proper convex function, and d; € X and d2 € Y are perturbation parameters.
The purpose to perturb both the objective function and the constraint in (3.1) is to study its KKT solution
mapping that involves both the primal solution and the corresponding Lagrangian multiplier.

Note that problem (3.1) can be equivalently written as the following optimization problem:

min {f(z) +t — {01, 2) | g(z) + 62 € P, (z,t) € K}, (3.2)

where K := epif is a closed convex set. The constraint qualifications and SOSCs for problem (3.2) have been
extensively explored in [1, Section 3], through the study of the (second order) tangent sets of P and K at a
stationary point. In the following, by employing the equations in (2.1) and (2.2), we reduce these properties to
the (second order) directional epiderivatives of §. This reduction leads to a direct approach to the sensitivity
analysis of the nonsmooth optimization problem (3.1).

For notational simplicity, denote Z := X x R x Y x X x R. Let (d;,02) € X x Y be given. We say that
(7,1) is a feasible solution to problem (3.2) if

(2,8) € F(61,65) == {(z,t) e X x R| g(z) + 5 € P, (z,t) € K}.
For any (z,t,y,z,7) € Z, the Lagrangian function of (3.2) with § = (1, d>) can be written as
Loz, t;y,2,7) = flx) +t — 01, x) + (y, 9(x) + 62) + {2, ) + tT.
For any given (d1,0d2) € X x Y, the KKT optimality condition for problem (3.2) is

0=V,L0x,ty,271)=Vf(z)—0 + Vg(2)y + 2,
ViLo(z,t,y,2,7) =1+71 =0, (z,t,y,2,7) € Z, (3.3)
y € Np(g(z) + 02), (2,7) € Ni(z,t),

where N (s) denotes the normal cone of a given convex set C' at s € C. Throughout the rest of this paper,

we shall omit the superscript & from the Lagrangian function £°(-) if 6 = (0,0). Let Skxr : X x Y — Z be
the following KKT solution mapping;:

Skir(01,02) := {(z,t,y,2,7) € Z | (w,t,y, 2, 7) satisfies (3.3)}, (61,8) € X x Y. (3.4)

For any given (41,d2) € X x Y, we call (z,%) a stationary point of problem (3.1) if there exists a Lagrangian
multiplier (7,2,7) € Y x X x R such that (Z,¢,7,2,7) € §KKT(61,(52). Denote M\(:i',f, 51,02) S Y x X x R as
the set of all such Lagrange multipliers (7, 2, 7) associated with (Z,%). Note from (3.3) that 7 = —1.

Let (1, 02) = 0 in problem (3.2). The Robinson constraint qualification (RCQ) is said to hold at a feasible
solution (Z,6(Z)) of problem (3.2) if

(e ) eme (i ) = (2w ) o
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where Zx is the identity mapping from X to X. It is known that the RCQ (3.5) holds at a local optimal
solution (Z,6(%)) if and only if M(Z,0(Z),0,0) is a nonempty, convex and compact set (cf., e.g., [1, Theorem
3.9 and Proposition 3.17]). The SRCQ is said to hold at (z,6(z)) for (g, z,—1) € M(Z,0(%),0,0) if

() ) oxms (G an iy ) = (xn ) 35)

Obviously the SRCQ (3.6) is stronger than the RCQ (3.5). It follows from [1, Proposition 4.50] that
M(z,0(x),0,0) is a singleton if the SRCQ holds at (Z,6(z)). The critical cone at a feasible point (Z, (Z)) for
problem (3.2) takes the form of

Xy

(7,0()) = {(d1,d2) e X x R | g/ (@)d1 € Tp(g(2)), (di,d2) € Tic (7,0(2)), f'(2)dy +d> <O}

Furthermore, if (Z,6(Z)) is a stationary point of problem (3.2) and there exists (7,2, —1) € M\(:T:,G(a_:),0,0),
then

C(z,6(z))

{(d1,d2) e X x R | ¢g'(Z)dy € Tp(9(2)), (dv,ds) € T (z,0(z)), f( )d1 + d2 = 0}
(0 ) € X x B | g/ (@)s € To(9(8) 7, (ds, o) € Trc(7,0(8)) (5, ~1)4}.

Assume that epif is second order regular at (Z,0(Z)) (see [1, Definition 3.85] for the definition of the second
order regularity). This assumption is particularly satisfied when 6() = | - |4, since in this case epif is a
C?-cone reducible set [5, Proposition 4.3]. Then the SOSC at a stationary point (z,6(z)) for problem (3.2)
with (61,0,) = 0 is said to hold if for any d € C(z,6(z))\{0},

S}\lp <daV%m7t)(z7t)£(jae(j)agaga_1)d>_U((Ea_1)7T]g((j79(f));(gl(j)ao)d)) > 07 (37)
(7,2,—1)eM(Z,0(%),0,0)

where o(s,C) := sup{{s’,s) | s’ € C} denotes the support function of a given set C' at s. The above SOSC
implies the quadratic growth condition at (Z, 8(z)) (cf. e.g., [1, Theorem 3.86]), that is, there exist a constant
k> 0 and a neighborhood N of (Z,60(z)) such that

f@)+t = [(@)+0(2) + 5 |(@,t) = (@ 6@)°, V(x,t) € F(0,0)n N,

The following proposition, which is taken from [8, Theorem 24], characterizes the robust isolated calmness
of problem (3.2) via the SOSC (3.7) and the SRCQ (3.6).

Proposition 3.1. Suppose that (Z,0(%)) € X x R is a feasible solution of problem (3.2) with (§1,02) = 0.
Suppose that the RCQ (3.5) holds at (z,0(x)). Assume that epif is C2-cone reducible at (z,0(z)). Let
(y,z,—1) € M\(E,G(:f), 0,0). Then the following two statements are equivalent to each other:

(i) The SOSC (3.7) holds at (Z,6(Z)) and the SRCQ (3.6) holds at (Z,0(Z)) for (y,z,—1).

(ii) The point (Z,0(Z)) is a local optimal solution of problem (3.2) and the KKT solution mapping Skt is
robustly isolated calm at the origin for (z,0(Z),y,z,—1).

Now we return to the nonsmooth optimization problem (3.1). Let (d1,d2) € X x Y be given. We say that
Z is a feasible solution to problem (3.1) if

z € F(d1,82) :=={z edom@ | g(z)+ ds € P}.

Denote | : X x Y — R by
Uz,y) = f(z) +{9(2),y), (z,y)eXxY.
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Then the KKT optimality condition takes the form of

{ 01 € Vol(z,y) + 00(x),

v e No(g() + ). (z,y) e X x Y. (3.8)

Let Skt : X x Y — X x Y be the following KKT solution mapping;:
SkkT(01,02) :={(z,y) € X x Y| (z,y) satisfies (3.8)}, (d1,d2) e X x Y. (3.9

For any given (01,d2) € X x Y, we call Z a stationary point of problem (3.1) if there exists a Lagrangian
multiplier § € Y such that (Z,9) € Skkr(d1,02). Denote M(Z,01,d3) S Y as the set of all such Lagrange
multipliers y associated with z.

The following proposition establishes the equivalence between the robust isolated calmness of the KKT
solution mappings with respect to problem (3.1) and problem (3.2).

Proposition 3.2. Let (Z,6(Z)) € Xx R be a local optimal solution of problem (3.2) with /T/l\(a_:,e(i“), 0,0) # &.
Let (y,z,—-1) € ./T/l\(i,ﬂ(f ,0,0). If the KKT solution mapping Skxr given in (8.4) is robustly isolated calm
at the origin for (Z,0(Z),y,z,—1), then the KKT solution mapping Sxxr given in (3.9) is robustly isolated
calm at the origin for (Z,y). The reverse implication is true if the function 6 is Lipschitz continuous at T.

Proof. Note from [4, Corollary 2.4.9] that
(z,—1) € Nepio (2,0(2)) = 2€ 08(z), Vaz,zeX

Then for any (8;,8,) € X x Y and any (z,t,y,2,—1) € Skxr(d1,8), we know from (3.3) and (3.8) that
(z,y) € Skkr(d1,02). Thus, the first part of this proposition follows easily from the definition of the robust
isolated calmness.

Conversely, consider any (d1,02) € X x Y and (z,y) € Skkr(01,d2). Let z = 01 — Vf(z) — Vg(x)y. By
the similar arguments as above, we have (z,0(z),y,z, —1) € Skkr(d1,82). Since f and g are assumed to be
twice continuously differentiable, V f(-) and Vg(-) are locally Lipschitz continuous at z. Then there exists a
constant £ > 0 (only depending on Z and §) such that for any z sufficiently close to Z,

{ |6(z) = 0(z)|| < K[z —z],
|z =zl < [oull + IV f(2) = V@) + IVg(@)y = Vg(@)y] < k(|01] + |2 — 2] + lly — 9])-

Consequently, the second assertion of this proposition also follows from the definition of the robust isolated
calmness.

As mentioned in Section 2, the closed convex function () is always directionally epidifferentiable at
x € dom 6. Then by [15, Theorem 23.2], the KKT optimality condition (3.8) is equivalent to

0% (x;d) + <V l(z,y) — §,d) =0,
(@) + Ve = >0,
y € Np(g(z) +02),
where (z,y) € X x Y. Define the critical of the function 6 by
Co(x,2) = {d € Taomo(z) | 0%(2;d) = {d,2)}, (x,2)€domb x X. (3.10)

Let (d1,02) = 0. The RCQ is said to hold at a feasible solution Z of problem (3.1) if

()= (29)-(3)
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By the equations in (2.1), the SRCQ is said to hold at a stationary point & for § € M(Z,0,0) if

() (it )- (3)

The critical cone at a feasible solution Z of problem (3.1) is given by
C(z) :={deX|g'(@)de Tr(g(z)), d€ Taoms(Z), f'(Z)d + 6*(z;d) < 0} .
If Z is a stationary point of problem (3.1) and § € M(Z,0,0), then
C(z) ={deX|g'(@)de Tp(9(2)), d € Taomo(Z), f'(z)d + 6*(7;d) = 0}
={deX|g'(@)de Tp(9(z)) n§+, deCo(z,~Vf(2))}.

Based on the equations in (2.2), we know that if 6 is C?-cone reducible at Z, then the SOSC at Z for problem
(3.1) with (d1,02) = 0 takes the form of

sup  {4d, V21, 9)d) — s o) (- Val(5,7) } >0, ¥ deC@\0}, (3.13)
yeM (z,0,0)
where ’I/JE; d)(-) is the conjugate function of 9, 4)(-) = Hﬂ(m; d,-) for any z € dom# and any d € X.
Combining Proposition 3.1 and Proposition 3.2, we are ready to state the main result of this section.

Proposition 3.3. Let T € X be a local optimal solution of problem (38.1) with (61,02) = 0. Suppose that the
RCQ (3.11) holds at z. Assume that 6 is C*-cone reducible and Lipschitz continuous at z. Let y € M(z,0,0).
Then the following two statements are equivalent to each other:

(i) The SOSC (3.13) holds at T and the SRCQ (3.12) holds at T for §.

(i1) The point T is a local optimal solution of problem (3.1) and the KKT solution mapping Sk is robustly
isolated calm at the origin for (Z,7).

4. Variational analysis of the nuclear norm function

Throughout this section, we denote § : R™*"™ — R as the nuclear norm function. Obviously dom =
R™>™_ Since the nuclear norm function is convex and globally Lipschitz continuous, for any X € R™*" both
6 (X;) and Gi(X ;+) defined in Section 2 coincide with 6’(X;-), the conventional directional derivative of 6
at X [1, Section 2.2.3]. In addition, it is known that the singular value function in R™*™ is second order
directionally differentiable [22, Theorem 3.1]. This further implies the second order directional differentiability
of the nuclear norm function, i.e., both 8% (X;) and Hf(X; -) coincide with 6”(X;-), the conventional second
order directional derivative of 6 at X.

Fix an arbitrary matrix X € R™*™. Suppose that X admits the following singular-value decomposition
(SVD):

X = U[Diag(c(X)) 0]VT = UDiag(co(X))V{, (4.1)

where U € O™ and V = [V] V5] € O™ are the left and right singular vectors of X with V; € R™*™ and
Vy € R™*("=m)  Define the index sets

a={1<i<m|o(X)e(l,+0)}, b:={1<i<m|o(X)e[0,1]}, c={m+1,...,n} (4.2)
Denote the distinct singular values of X that are greater than 1 by v4(X) > ... > v,.(X) > 1, where r is a

non-negative integer. We further divide the sets a and b into the following subsets:

ap = {i€a|Ui(X)iVl(X)}v L=1,...,m (4.3)

by = {Z€b|0"z(X) 1}, by = {ZEb|0<Ul(X)<1}, bs 1= {Z€b|0'z(X)=0}
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Let us first review the concept of Lowner’s operator and its differential properties. Suppose that X € R™*"

has the SVD (4.1). For any scalar function g : R — R, define the corresponding matrix valued function G by
G(X) := U[Diag(g(01(X)), g(02(X)), .- ., g(0m (X)) O]V

Such a function is called Léwner’s operator associated with the function g, which is first studied by Lowner
in the context of symmetric matrices [13]. In particular, let ¢ : R — R be the scalar function

¢(z) := max{rx — 1,0}, zeR.
It is easy to verify that the proximal mapping of 6 can be expressed as:
Proxy(X) = U[Diag(¢(o1 (X)), ..., ¢(on (X)) 0]VE, X eR™*n, (4.4)

Clearly Proxy(-) can be taken as Lowner’s operator associated with the function ¢. The directional derivate
of Proxy(-) can thus be obtained via the general formula regarding the directional derivative of Lowner’s
operator [7]. Obviously ¢ is directionally differentiable with the directional derivative

d ifx > 1,
¢ (z;d) = { max{d,0} ifz=1 z€eR, deR.
0 ifr <1,
For any positive integer p, define linear matrix operators S : RP*? — SP and T : RP*P — RP*P by
1 1
S(X):= 5(X + X1, T(X):= 5(X - XT), X eRP*P, (4.5)
Denote =2, : R™*" — Rlalxlal =L gmxn — Rlalxbl =2, Rmxn — Rlalx bl and 25 : R™ — Rlelxlel ag
( . (X)+o0;(X)—2 | )
=2 )(X))y; 1= 2 I i=1,2..]a, j=12...]a
(( aa)( ))] O',(X)-{-O'](X) ’ » < 7| |7.7 Pt 7| |7
(X)) —1
((BL,)(X))yj = 7i(X) Li=1,2,...]a, j=1,2,..., 0|,
0i(X) = 0110 (X) mxn
4 oi(X) —1 XeR .
22)(X))i; = Ak Li=1,2,...,]al, j=1,2,....,b|,
(ECO = o e al, J o
- o (X)—1 . .
((‘:‘2)(X))l] = lEﬂ:&): 1= 1727"'7|a|7 J = 1727"'7n_m7

Denote T’y : R™*™ x R™*n — Rlelxlal Ty : Rmxn 5 Rmxn — Rl Bl Ty o Rmxn x Rmxn — RIPFIXIel and
[, : Rmxn x Rmxn _, R\a|><\c| as

DU H) = (SHD)ao +E24(X) 0 (T(H) o

DOGH) = Z(0) 0 (SH)w + 30 0 CHDass (¢ popen ) e
To(X,H) 1= (LX) 0 (S(H)ba + (E2(X)T o (T(H:)na,

Ty(X,H) := Z5(X)oH,g,

where o denotes the Hadamard product between two matrices and H = [H; Hs] with H; € R™*™ and
Hy € R™*(»=m) Then by [7, Theorem 3], the directional derivative of Prox,(-) at X € R™*™ in the direction
H e R™*"™ takes the form of

) ru(x, ) iR
’ i Hg\bll(s(ﬁbﬂn)) i 0 3 0 ! T
Prox)(X; H) = U T ; o o
I'3(X,H) 0  Oby by ; 0 ‘ 0
| 0 0 Opgxpy |
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where H = UTHV.
In [19], Watson shows that the subdifferential of the nuclear norm function takes the following form:

90(X) = {UaVaT + UV, ValT | W e R =lah w7, < 1} , X e R™*™, (4.7)
Therefore, for any H € R™*™, the directional derivative of 8 at X in the direction H is given by

0'(X;H) = sup (H,S)=tr(Uf HV,) + |U) H[V Va] |« (4.8)
Sedp(X)

Let A = Proxg(X) and B = Proxg«(X). Define the critical cone of 8 at A for B as
Cy(A,B) :={H e R™*" | ¢'(A; H) = (H, B)}. (4.9)
Similarly, define the critical cone of 8* at B for A as
Cox(B,A):=={H e R™*" | (6*)(B;H) = {(H, A)}. (4.10)

As can be seen from (3.13), in order to analyze the SOSC for problem (1.2), one needs to compute the
conjugate of the second order epiderivative of . This has already been done in [6]. Firstly, it follows from
(4.4) that 0(A) = max{c(X) — 1,0}. Specifically,

zX _]-5 f 9
oi(A) = 7it) e (4.11)
0 if 1 € b.

Clearly A has r numbers of nonzero distinct singular values. Denote them by v1(A) > ... > v,.(A). The index
sets ay, ..., a, that depending on X in (4.3) also provides a partition of (¢;(4));eq, i-€.,

0;(A) =y (A), Vieaq,Vi=1,...,r
Forl=1,...,r, denote Q4 : R™*"™ x R"™*™ — R** ag
Qu, (4, H) = (S(H))E, (Diag(o(A)) = vi(A) L) (S(H1))a, + (200(A)) ™ Hope HE .
(T () (~Diag(o(A) = n(A) L) (T(H1))ay, (A, H) € R x Rmxn,

where I,,, is the m x m identity matrix and Z* denotes the Moore-Penrose pseudoinverse of a given matrix Z.
Then for any H € R™*" the conjugate of 8”(A; H,-) is

Vi (B) == (0"(4; H,))*(B) = 2 ) tr(Qa, (4, H)) + 2(Diag(oy(B)), Uy HATHV;), (4.12)
=1
where o4(B) = (04(B))ies and H = [Hy H,] = [UTHV; UTHV3].

In the following, we present several properties regarding the critical cone of § and the directional derivative
of Proxy ().

Proposition 4.1. Suppose that X € R™*™ has the singular value decomposition (4.1). Let the index sets
a,b,ai,...,a;,bi,bs, b3 be given by (4.2) and (4.3). Given any H € R™*", denote H = UTHV for (U,V) €
O™*"(X). Denote A = Proxg(X) and B = Proxg«(X). Then the following conclusions hold:

(i) H € Cy(A, B) if and only if H satisfies
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Hgy, i ﬁab i ﬁac
N C Hge(Hpp,) ! 0 00
H=| sl S | . (4.13)
Hy, | 0 Opyxt, . 0 10
0 L0 . Oy xbg

(ii) For any D € R™*" H = Proxy(X; H + D) if and only if H € Cy(A, B) and (H,D) = —1[12‘A,H)(B), where
the function 1/’(*,4,H)(') is given in (4.12).

Proof. The result of part (i) can be obtained from [6, Proposition 10]. Now we derive (ii). Suppose
H = Proxj(C; H + D). Denote H = [Hy, H,] with H; € R™*™ and H, € R™*(n=m) Direct computations of
w(*A ) (B) given in (4.12) show that

n® = 3 g T E ¢ 3 I
21 0:(B) g 7y o o 20B) £ D)
DI e e e P AU
1<i—|a|—|by|<|bz|
(4.14)
2 L2 S
f 8 (oSO S )

1<i—|al[by |- bz |<b]

+ 3 gl el

1<i<r

Recall the formula of Proxj(X;-) given in (4.6). We deduce that

IN{aa 3 ﬁab | ﬁac
H= ﬁ””oo
Hy, 0 1 0pxp,. O 0
L0 L0 Opyxy |
and
( Dy, = 2 (T(E))aers 1 <1t <
alat_Vl(X)+Vt(X)_2 1 Aty X Uy \Ta
~ 1 7 Oj+la (X) T . .
(Dab)ij = W(Hab)l] - %(Hab)ﬂa 1= 1727 e |a|7 J = 1727' R |b|7
~ 1 ~ ivial(X) ~
{ +lal ; ;
(Doa)ji = m(Hab)ji - W(Hab)ij, i=12,..|a, j=1,2,...,b],
~ 1 ~ . .
(Dac)i]‘ =m(ﬂ—a6)i]‘, Z=1,2,...,|a|, ] =1,2,...,n_m,
Sl-fl‘ 3 ﬁblbl = S(ﬁbﬂn) 1 S(ﬁbﬂn) € S‘—bl‘a

\

where D = UTDV. Consequently, it follows from part (i) of this proposition that H € C4(A, B). Moreover,
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we have

~

<D)H> = <daa;f——iaa> + <dab7 ﬁab> + <d~ba; ﬁba> + <CZa2;Ha2>

2 ~ ) 4 R )
= ,,l(X)+,,t(X)_2||(T(H1))WII + mH(T(lerl))alblu

1<tI<r 1<i<r
20— 000)) o )yf? + 20Dy ) e
+ 1;@ (Vl(X)_lll(S(Hl))a” + (0 1 ||(T(H1))a”||>
1<i—[a]~ b1 | <[bs]
2 ~ ) 9 N P
+ 2 (,M)_]_(S(Hl))azz” +WH(T(H1))U«MH )

1<i<r
1<i—[al~ba] —[b2]<bs]

£ 3 gl el

1<Ii<r

Note from (4.11) that v;(A) = y(X)—1forany Il =1,...,7. Hence, (D,H) = —1/JE"A H)(B) by (4.14) and the
above equation. The converse of this statement can be established by reversing the above arguments.

Proposition 4.2. Suppose that X € R™*™ has the singular value decomposition ({.1). Let the index sets
a,b,ai,...,a;, by, by, b3 be given by (4.2) and (4.3). Given any H € R™*", denote H = UTHV for (U,V) €
O™*"(X). Denote A = Proxs(X) and B = Proxg«(X). Then the following conclusions hold:

(i) H € Cox (B, A) if and only if H satisfies S(Hy,p,) € sl and

T(Haa) i %(ﬁaln Hbq;a) 3 Habz 3 ﬁabg i
- %(ﬁbla Habl) i ﬁblbl | ﬁb1b2 i ﬁb1b3 i -
H=| e L R B d. |, (4.15)
Hbga i Hb2b1 H Hb2b2 ' Hbzbg i
ﬁ—b3a i ﬁbgbl : ﬁbgbg ﬁ—bgbg i

where the linear operators S(-) and T(-) are defined in (4.5).

(ii) H € (Cy(A, B))® if and only if (ﬁZ“B’H)(A) =0 and H € Cyx (B, A), where ¢Z"B’H)(-) is the conjugate function
of (5, (") = (6%)(B: H,).

(iii) H € (Cyx (B, A))° if and only z'fw(*A’H)(B) =0 and H € C4(A, B).

Proof. Part (i) follows from [6, Proposition 12]. To prove part (ii), we use a result from [6, Proposition
16] stating that qSZ‘B ) (A) = 0 if and only if 'gZJE“A H)(B) = 0 for any H € R™*"_ which is further equivalent to

~

N - o N o N o
HyoeSl, Huy =H],, Hwp,=H. =0, Hu,=H., =0, Hy=0.

Then by part (i) of this proposition, one can see that ¢2‘B ) (A) =0 and H € Cyx(B, A) imply that

~ ~ ~

Haa = 0, Hab = 0, Hac = 0, ﬁba = 0, S(ﬁblbl) € S‘Ell

In view of Proposition 4.1, this is equivalent to have H € (Cy(A, B))°. To prove part (iii), it suffices to note
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that either H € (Cyx (B, A))° or 1/;2“A H)(B) = 0 with H € Cy(A, B) is equivalent to

S(Haa) 1 5(Hapy +HJ,) 1010

go| FWetHa) | Hown) (0.0 4
0 0 0.0 |
I R

The proof of this proposition is completed.

5. The robust isolated calmness of the KKT solution mapping

The aim of this section is to show that the SOSC for the primal problem (1.2) (the dual problem (1.4))
is in fact equivalent to the SRCQ for the dual problem (1.4) (the primal problem (1.2)). Before proceeding,
we mention that a variation of this result regarding the linear semidefinite programming problem has been
studied in [24].

Following the notation in the previous section, we use 6 to denote the nuclear norm function in R"*"™.
Let Qp € X and Qp S R x R? x R™*" be the optimal solution sets of the primal problem (1.2) and the
dual problem (1.4), respectively, both being assumed to be non-empty. It follows from (3.8) that the KKT
optimality condition of problem (1.2) is given by

0e F*Vh(FX)+ C +00(X) + A*y,
Yy e NQ(AX - b):

We write Mp(X) € R® as the set of Lagrange multipliers § associated with X € Qp, ie., § € Mp(X) if

and only if (X, ) satisfies (5.1). Let Mp(y,w,S) € R™*" be the set of Lagrange multipliers associated with

(y,w,S) € Qp for problem (1.4), i.e., X € Mp(y,w,S) if and only if (X, ¥, w,S) solves the following KKT
system:

(X,y) e R™*™ x Re. (5.1)

AX —beNoge(y), FX € oh*(w),
{ @) (w) (y,w, S, X) € R® x RY x R™*" x R™*", (5.2)

X € d0*(S), 0= A*y+ F*w+ S +C,

Since h is assumed to be essentially strictly convex, h* is essentially smooth [15, Theorem 26.3]. Thus, VA* is
locally Lipschitz continuous and directionally differentiable on int (dom h*). Moreover, 0h*(w) = & whenever
w ¢ int (dom h*) [15, Theorem 26.1]. Therefore, if (5.2) admits at least one solution, this KKT optimality
condition can be equivalently written as

AX —be Nge(y), FX € Vh*(w),

o) (w) (y,w, S, X) € R® x R? x R™*" x R™*",

X e 00*(S), 0=A*y+ F*fw+S+C,

As in Section 3, we consider the canonical perturbation of problem (1.2) for the sake of subsequent sensitivity

analysis:
min h(FX) +(C, X + | X[ - (X,8)

st. AX —b+6,€ Q,

where d; € R™*™ and J, € R® are perturbation parameters. For any given (d1,d2) € R™*" x R¢, the KKT
optimality condition then takes the form of

{ 0 € F*Vh(FX) + C + 00(X) + A*y,

X,y) € R™ " x R®. 5.3
yENQ(AX—b‘l‘(SQ), ( ) ( )
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Let Sxkt : R™*” x R¢ —» R™*™ x R be the following KKT solution mapping:
SkkT(01,02) i= {(z,y) € R™*™ x R® | (z,y) satisfies (5.3)}, (d1,02) € R™*" x R®. (5.4)
The RCQ of problem (1.2) at a feasible solution X € R™*" is given by
AR™*" + To(AX —b) = R®. (5.5)

Let (y,q) € R® x R® satisfy y € Ng(q). We denote the critical cone of Q at ¢ for y and the critical cone of Q°
at y for ¢ as
Cola,y) :=Tol@) ny*,  Cao(y,q) :==Tae(y) N g
It is easy to verify that
(Calg;9)° =Cos(y,9)- (5.6)

The following theorem, which is the main result of our paper, demonstrates the equivalence between the
primal SOSC and the dual SRCQ.

Theorem 5.1. Let X € R™*" be an optimal solution of problem (1.2) with Mp(X) # &. Let § € Mp(X).
Denote S := —A*y — F*Vh(FX) — C. Then the following two statements are equivalent to each other:

(i) The SOSC holds at X for § with respect to the primal problem (1.2), i.e.,
(FH,V*WFX)FH) - wEkY,H) (S) >0, VHeC(x)\{0}, (5.7)
where C(X) := Co(AX —b,7) nCy(X, S).
(ii) The SRCQ holds at ij for X with respect to the dual problem (1.4), i.e.,
F*RY + A*Coo (7, AX — b) + Cgx (S, X) = R™*" (5.8)
Proof. Firstly, let us assume that the statement (i) holds. Denote
E:= F*R? + A*Coo (7, AX —b) + Cp+ (S, X).

Suppose on the contrary that E # R™*"™. Then cl(E) # R™*" [15, Theorem 6.3]. Hence, there exists
D e R™*" but D ¢ cl(E). Note that cl(E) is a closed convex cone. Let

D := D — Ty (D) = M) (D) # 0.
Obviously, (H, D) < 0 for any H € cl(E). This implies that
FD =0, ADe€ (Cgo(7,AX —1))°, D e (Cox(S,X))°.
Thus, it follows from (5.6) that AD € Co(AX — b, ). From Proposition 4.2, we also have that
qp(yﬁ)(?) 0, DeCy(X,S).

Therefore, D € C(X)\{0} and (FD,V2h(FX)FD) — 1) 0, which contradicts the assumed SOSC

(5.7) at X.
The reverse implication can be proved similarly. Suppose that the SOSC (5.7) fails to hold at X for .
Then there exists H € C(X)\{0} such that

e ®) =

(FH,V*h(FX)FH) - ¢ 1,(5) = 0.
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Since h is assumed to be essentially strictly convex, (FH,V2h(FX)FH) > 0 for any H € R™*" such that

FH #0. It also follows from [6, Proposition 16] that 1/J(X ) (S) < 0 for any H € R™*". Consequently,

We have from H € C(X)\{0} that
AH € Co(AX —b,7), HeCy(X,S).
Hence, we deduce from (5.6) and Proposition 4.2 that
H e (A*Cge (7, AX —1b))° n (Cyx (S, X))° = (A*Cge (y, AX —b) + Cyx(S, X))°.

By the assumed SRCQ (5.8) at § for X, there exist @ € R? and H € A*Cqo (7, AX — b) + Cyx (S, X) such that
H = F*iw+ H. Then

(HHy={(H,F*w+H)={(H,H)<0
which implies H = 0. This contradicts the previous assumption that H # 0. The proof is thus completed.

One can also establish an analogous result by swapping the roles of the primal and dual problems in
Theorem 5.1.

Theorem 5.2. Let (§,w,S) € R® x RY x R™*™ be an optimal solution of problem (1.4) with Mp(j,w,S) # &.
Let X € Mp(y,w,S). Then the following two statements are equivalent to each other:

(i) The SOSC holds at (§,w,S) for X with respect to the dual problem (1.4), i.e.,
(Hoo (VHY(03 Ho)) — 6y (5) > 0, Y (Hy, Hy H) € C(7.15, S\ 0, (59)

where the critical cone C(y,w,S) is defined as

C(y,w,S) := {(Hy,Hw,HS) e R x RY x R™*"

A*H, + F*H, + Hg = 0,
HyECQo(]j,AY—b), Hsec,’g*(g,Y) )

(ii) The SRCQ holds at X for (y,w,S) with respect to the primal problem (1.2), i.e.,

(IRWL )]Rmxn ( CQ(C?())((,_SI;’ZI) > _ ( Rﬁin ) (5.10)

Proof. With the help of Proposition 4.2, one can establish the assertion in the same fashion as in Theorem
5.1. We omit the details here.

Finally, note that the epigraph of the nuclear norm function is C2-cone reducible [5, Proposition 4.3].
This fact allows us to establish the following equivalent characterizations of the robust isolated calmness of
the KKT solution mapping of problem (1.2) by combining Proposition 3.3, Theorem 5.1 and Theorem 5.2.

Theorem 5.3. Let X € R™*" be an optimal solution of problem (1.2) and (g,w,S) € R® x R x R™*" be an
optimal solution of problem (1.4). Assume that the RCQ (5.5) holds at X. Then the following statements are
equivalent to each other:

(i) The KKT solution mapping SxrT in (5.4) is robustly isolated calm at the origin for (X, 7).

(ii) The SOSC (5.7) holds at X for § with respect to the primal problem (1.2) and the SRCQ (5.10) holds at
X for (§,w,S) with respect to the primal problem (1.2).
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(iii) The SOSC (5.7) holds at X for § with respect to the primal problem (1.2) and the SOSC (5.9) holds at
(7,w,S) for X with respect to the dual problem (1.4).

(iv) The SRCQ (5.8) holds at iy for X with respect to the dual problem (1.4) and the SRCQ (5.10) holds at X
for (y,w,S) with respect to the primal problem (1.2).

(v) The SOSC (5.9) holds at (§,w,S) for X with respect to the dual problem (1.4) and the SRCQ (5.8) holds
at §j for X with respect to the dual problem (1.4).

It is worth mentioning that in this paper, we focus on the characterizations of the robust isolated calmness
of the KKT solution mapping for problem (1.2) when it admits a unique KKT point. It would be certainly
interesting to know to what extent our results can be extended to the case when problem (1.2) admits non-
unique solutions. We shall leave this as a future research topic.
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