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1 Introduction

System maintenance problem is always a challenging problem to manufacturers.
Unexpected system failure may incur loss of production time, and therefore lead to extra
operation costs. Carefully planned maintenance scheme can reduce the chance of system
failure. In order to avoid system failure, inspections can be performed such that timely
maintenance action can be carried out. In this paper, we consider a condition-based
maintenance (CBM) problem, in which maintenance decisions are made based on the
condition of the system. Inreal industrial practice, CBM is more realistic and applicable than
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the time-based maintenance (TBM) technique when maintendecisions are determined
(Ahmad and Kamaruddin, 2012).

Operating systems face degradation over time because mfsgmn, material fatigue,
wearing out or fracturing on the moving parts of the systeBugyflanoff and Kozin, 1985).
As stated in Castro et al. (2015), typical studies investighe degradation process of
such systems by modeling the corresponding process withojuss single degradation
source. However, inreal situation, degradation may beathing multiple sources. Recently,
Alaswad and Xiang (2017) provide a review on condition-bas@intenance optimization
models for stochastically deteriorating system. They jpmimthat only few models consider
multiple independent degradation processes. In this papértegrated degradation process
which consists of two degradation sources is considereglsbhrces of degradation of the
system can be classified as the following types:

(a) The degradation due to the operation of the system, vidielfierred as the degradation
due to internal factors in this study. Such degradation igipaue to the wear of
moving parts of the system. Here we assume that this typegvadation only incurs
during the operation of the system. When operation stopsldgeadation level of the
system remains at the same level until the system resumagsatation.

(b) The degradation due to the operation environment, wikidferred as the degradation
due to external factors in this study. Here we assume ttstiythe of degradation incurs
once the system starts its operation and stops when thersisteplaced.

Our objective is to develop a model that incorporates twaomiof degradation and
determine an optimal inspection-maintenance policy fooriauously degrading system
such that the average availability of the system is optichiZéane remainder of this paper is
organized as follows. In Section 2, we give a literatureeevon related research studies.
We then give a description of a continuously degrading syste well as the assumptions
and notations used in this paper in Section 3. In Section $regent mathematical models
for the system such that the average availability of theesystan be maximized by choosing
an optimal inspection-maintenance policy. The main th@srand some special cases are
analyzed in Section 5 and a numerical example is presentgedtion 6. Finally, the paper
is concluded in Section 7 with future research directions.

2 Literature Review

Inspection and maintenance model for continuously deggadiystems were studied
intensively in literature. The inspections can be doneinaously, see for example (Bloch-
Mercier, 2002; Gurler and Kaya, 2002), or periodically, Bexample (Chen et al., 2002;
Lin and Makis, 2006; Tai et al., 2009). Marseguerra et al0@Gonsider a continuously
monitored multi-component system and applied genetia#hgo to determine the optimal
degradation level for maintenance actions. Grall et al0Z2(propose a decision model
which optimizes the cost engaged by failure and unavaitgly considering two decision
variables: the preventive replacement threshold and gyeition schedule based on the
system state. Sheu et al. (2006) consider three types oémiieg maintenance policies:
imperfect preventive maintenance (IPM), perfect prewentiaintenance (PPM) and failed
preventive maintenance (FPM). The system availability eximized by choosing the
optimal preventive maintenance time. Tai and Chan (201d})gse a maintenance model for
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a continuously degrading system, in which the inter-maiatee time and the maintenance
time depend on the system state at which maintenance iedatt. Park et al. (2015)
propose an RFID monitoring and investment decision modekmiconductor raw material
maintenance operation.

Stochastic process is commonly used in modeling the detipadarocess of a system,
see for example (Hong et al., 2014; Yusuf et al., 2014). Besithe degradation due
to operation, other sources of degradation such as randockshare also considered
in literature. Deloux et al. (2009) consider a continuouddgrading system subject to
stress. Two failure mechanisms, which are due to an exeesigterioration level and
a shock respectively, were considered. The optimal poliegewcombining statistical
process control (SPC) and condition-based maintenanc®#{CAB survey on modeling
the relationship between failure time data and covariate lilee internal degradation and
external environmental processes can be found in Lehm#&@9§2Huynh et al. (2011) then
consider CBM of single-unit systems under dependent aetdidon and traumatic shocks.
A periodic inspection and replacement policy were devaldpeninimize the maintenance
costs. Van Noortwijk et al. (2007) also consider combining stochastic processes as
modeling the condition of the system, one is gamma procedghanother is a Poisson
process. Lewandowski and Scholz-Reiter (2013) introduftaraework of methods and
tools that enable the systematic design of CBM systems \pipfication at a sea port.

It is a common practice in various industries that systemnteaance service are
outsourced, which means that maintenance service aremedidy external maintenance
suppliers (Martin, 1997). Bowman and Schmee (2001) devalgpicing model for a
large corporation which provides maintenance and repaiicgs provider for aircraft
engines. Outsourcing maintenance has been applied alagsingss activities such as in
telecommunications providers (Gémez et al., 2009). Lumgtg et al. (2007) construct
a finite horizon model of a repairable system to decide wherepair or replace the
system under a maintenance contract. Lisnianski et al3)2@fhsider a piecewise constant
approximation for an increasing system failure rate fuorctDecision can then be made
for choosing an optimal maintenance contract from thoselvhave different repair rate
and cost of repair. Wang (2010) presents a model for maintanservice contract in which
maintenance supplier provides different level of maintemaservices. A detail review of
maintenance outsourcing can be found in (Espino-RodrigndZadrén-Robaina, 2006).

Besides considering the total operational cost, avaitgbiliability can also be used
to measure the performance of a system. In some situatiosisparameters are difficult to
obtain. In contrast, itis practically more convenient tasigre the system uptime/downtime.
Zhu et al. (2010) construct an availability optimization aeb for a competing risk
maintenance situation, in which the system is subjecteddden failure. Hajeeh (2012)
examines several maintenance/repair options and develggnalytical expression for
the availability of the general system. Jain and Rani (20d@3stigate the availability
characteristics for three different configurations: watamdby, switching failure and delay
of reboot. Yusuf (2015) considers a system with minor detation and imperfect repairs
and then determines the effect of failure, repair rate anuibar of states on system
availability. Das Adhikary et al. (2016) present a prewanthaintenance scheduling model
to improve the availability with lower cost. The effectivess of the model is demonstrated
through a case study on a coal-fired thermal power plant.
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3 Description of the System

In this section, we first provide a description for a continsiy degrading system. We then
give the details of the maintenance contract from exterrahtanance supplier.

3.1 The system states

In this study, we consider a continuously degrading sys&umppose that the system starts
to operate at timé = 0 and the degradation level of the system at tingan be quantified
by a continuous functioX (t), whereX (0) = 0. Here we also refer the degradation level of
the system as the state of the system. The valu&(éf increases as the system operates and
deteriorates. WheX (¢) reaches a failure thresholéi (> 0), the system fails immediately
and corrective maintenance is required. A corrective reaimice order will then be issued
to the maintenance supplier of the system.

In order to prevent the system from sudden failure, systespdations are carried out
periodically such that the values &f(¢) can be observed. An inspection is carried out
whenever the system has operated for a time period of léfigthce the completion of the
last inspection. In other word$; is the inter-inspection time. The operation of the system
is stopped during inspection and each inspection will take 7. Under condition-based
maintenance (CBM), a preventive maintenance threshdld B) is determined such that
whenever the observation &f(t) is aboveL, a preventive maintenance order will be issued
to the maintenance supplier of the system.

On the other hand, if the observationX®{) is belowL, since the system has stopped
operation, an operational maintenance can be carried dhetsystem before the system
resumes its operation. In contrast to corrective or préventaintenance, such operational
maintenance normally does not require detailed technitahMedge of the system and can
be performed relatively easily. Operational maintenararehe performed by lubricating,
cleaning, or replacing worn parts of the system.

The aim of this study is to formulate optimization probleros ébtaining an optimal
value of the inter-inspection timé& and an optimal maintenance threshdldsuch that
the average availability of the system is maximized. In fraper, we take the average
availability of the system as the ratio of the expected sysiptime in a given operation
cycle to the expected length of the cycle.

3.2 Description of the maintenance contract

Suppose that after a maintenance order is issued to theietppiakes timely;, to wait
for the maintenance service (either corrective or prevehto arrive. If the maintenance
order is preventive, which means the system remains o tthlel system manager has two
options during the waiting time:

« Option 1: The system stops its operation until a mainteaaution is carried out. In
this case, the chance of system failure can be reduced.

» Option 2: The system continues to operate until the maarea carries out. In this
case, the ability of the system can be fully utilized but @isisk that the system will
break down in this waiting period.

Due to practical reasons or other operational constraim¢sgecision of which option is
used can be made
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(i) before the beginning of the operation cycle;
(i) at the time when the preventive maintenance order iseids

We also suppose there is an agreement in the maintenancaatomith the supplier
such that when the system has been installed for a fixed titeeval T's, the system will
be maintained. Once the time reacfigs then the operation stops and maintenance action
will be carried outimmediately. In other wordEg is the maximum operational time of the
system. Hence, the maximum number of inspections perfolraémte maintenance, which
is denoted byV, must satisfy

N(T+T]) <Tg and(N+1)(T+T[) >Tg. (1)

We denote the time required to perform preventive mainteady7» (> 0) and the
time required to perform corrective maintenanceéfby(> Tp). A cycle starts when a new
system starts to operate, and ends when the system is maittai

3.3 Assumptions and notations
The following assumptions are made in the development ofribeel.

1. No system failure occurs during inspectionXift) reachesB during the inspection
period, it will fail immediately when it resumes operatiditea the inspection period.

2. Inspections are perfect in the sense that it will coryantlicate the state of the system.

3. Maintenance service from supplier are perfect. Afterabmpletion of maintenance
action (preventive or corrective), the system is as-gandew.

4. During the inspection time peridd, only the degradation due to external factor incurs.
The internal degradation level remains at the same levéleasytstem is not operating
in this time interval.

5. The operational maintenance after each inspection chnreduce the degradation
due to internal factor. We assume that by an operational tevzémce, the internal
degradation level incurred between successive inspectiolh reduce by a factor
0, whered € [0,1]. Here @ = 0 implies that there is no operational maintenance
while 8 = 1 implies that the effect of internal degradation is removedpletely
by an operational maintenance. We also assume that the gaaed to perform an
operational maintenance is negligible.

6. No inspection will be performed after théth inspection. We assume that> 1 in
the development of our model in Section 4. The case whkiea 0 is considered as a
special case in Section 5.

The following notations are used throughout the paper.



preventive maintenance threshold
system failure threshold
inter-inspection time
maximum number of inspections performed
(t) the state of a degrading system at titne
(t) the internal degradation level at time
M(t) deterministic process describing the internal degradatiocess
(without any operational maintenance) at titne
Z(t) the external degradation level at tihe
X™)(T)  observation ofX (¢) at thenth inspectionp = 1,..., N
Y(™)(T) observation ot () at thenth inspectionp = 1,..., N
Z(™)(T) observation ofZ(t) at thenth inspectionp = 1,..., N
)

<= N

fs(z probability density function of (¢ + s) — Z(s)

F,(z) cumulative distribution function of (¢t + s) — Z(s)

Ty time required to perform inspection

Tw time required to wait for maintenance action

Ts maximum operation time since installation of the system

Te time required to perform corrective maintenance action

Tp time required to perform preventive maintenance action

PL(,” T) probability that the system continues to operate aftenthenspection

(
Pé”) (T') probability that a corrective maintenance order is issutt thenth inspection

PI(D”)(T) probability that a preventive maintenance order is isstienl #thenth inspection
) probability that a corrective maintenance order is issueiine 7's
Pp(Ts)  probability that a preventive maintenance order is issti¢iche 7'

4 TheMathematical Models

In this section, we first present the mathematical modelferdystem. We then give the
average availabilities for the two options defined in Sec8® and hence the optimization
problems can be formulated.

4.1 Model formulation

Suppose that the state of the system can be represented hgtifiuX (), wheret is the
time since the system starts to operate. The system statetistal degradation level of the
system, which is given by the sum of two functions:

X(t)=Y(t) + Z(t).

The functionY (¢) is the degradation level due to internal factors at timevhich is
referred as internal degradation level. For a productictesy, degradation is mainly due to
the production process. Since production is a routine psyaegradation due to wear and
fatigue of the moving parts of the machines will accumulatpraduction proceeds. Hence,
it is reasonable to assume that the degradation due to giodigdeterministic. A similar
model is also used in modeling the deterioration of largeastfucture systems (Sanchez-
Silvaetal., 2011). Since operational maintenance actiomsarried out during inspections,
Y (t) can be modeled by a deterministic function depends on tlee-inspection time".
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Suppose that when the system has operated forttithe internal degradation process can
be modeled by a known non-decreasing funcfié(y), whereM (0) = 0. In other words, if
there is no inspection and operational maintenance in ttle tiyen we havé” (t) = M (¢)
forall t > 0. The internal degradation level of a system at any time dpaigiven cycle is
illustrated in Figure 1. The firstinspection is performetiraet = T'. Atthe firstinspection,
the internal degradation level is

Y O(T) = M(T).

It takesT unit of time to finish each inspection, which means the firspettion finishes at
timet = T + T7. The internal degradation level remains at the same levilglinspection.
Hence, we have

Y(T+1Tr) = M(T).

After the first inspection, an operational maintenance Si@a out. This operational
maintenance will reduce the degradation levedby(7T). The degradation levé (¢) starts

at(1 — 9)M (T following the operational maintenance. Hence, in the séaperational

period of lengtHl’, we have

Y(T +T;+t1)=1—0)M(T)+ [M(T +t1) — M(T)]
=M(T +t1) — OM(T),

for 0 < t; < T. The second inspection is performed at time 27" + T;. At the second
inspection, the internal degradation level is

Y(T) = (1 — 0)M(T) + [M(2T) — M(T)] = M(2T) — 6M(T).

The internal degradation incurs during the second operaltieriod isM (27') — M (T).
After the second inspection, the degradation level staitts w

1-0)M(T)+(1—-0)[M2T)—-M(T)] =(1—-0)M(2T),

following the operational maintenance attime 2(7 + 77). Hence, inthe next operational
period of lengthl’, we have

Y(2(T +Tp) +t2) = (1 — )M (2T) + [M (2T + t5) — M(2T)]
= M (2T + t3) — OM(2T).

for 0 <ty < T'. By similar arguments, the internal degradation level atith inspection,
wheren = 1,2,..., N, is given by

YN(T) = M(nT) — 0M ((n — 1)T), )
with, for0 <t¢, <T,
Y (n(T +Tr) +t,) = M(nT + t,) — 0M(nT).

The following proposition gives a condition that the int@rdegradation level is increasing
inn.

Proposition 1: Y (™) (T) isincreasing inn if M(t) is strictly convex.
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Proof. See Appendix.

The functionZ(t) is the degradation level due to external factors at timehich is
referred as external degradation level. As the externabfaare hardly controllable by
the system managef;(t) is assumed to be a non-negative random variable depends on
To simplify the calculations, we assume tl&t) has statistically independent increments:
For any starting time > 0 and time periods > 0, the increment o from ¢ to the time
t+s,Z(t+ s) — Z(t), depends on the time perieanly and is independent of the starting
time ¢. We denote the probability density function (pdf)Bft + s) — Z(¢) by fs(z) and
cumulative distribution function (cdf) of (¢t + s) — Z(t) by Fs(z). At thenth inspection,
the external degradation level is

ZUN(T) = Z(n(T +Ty)).
Therefore, the observed system state atieinspection is
XM(T) = y™(T) + 2"(T).

The above model provides another upper boundfdresides (1). Sinc#' is the maximum
number of inspections performed before maintenance gatiernave

Y1) < Bandy V(T > B, (3)

which means the system will definitely fail before 1€ + 1)th inspection. Therefore, in
what follows we setV by

N = min{Ny, Ny}, 4)

whereNy, N, are positive integers satisfying (1) and (3) respectively.

It is easy to see that i¥(")(T) is increasing inn and Z(t) is increasing int, then
X™)(T) is increasing im. In this study, we assum& (") (T) is increasing im so that the
eventX ™ (T) < L is equivalent to

(XN < L)n (X" < L)n---n(XI(T) < L).
Inwhat follows, we present the probabilities for differantions after theth inspection.

(I)n=1:
The probability that the system continues to operate aftefitst inspection is given by

PE(T) =Pr(X)(T) < L)
=Pr(Z(T) < L - Y(T))
= Fryq, (L —YW(T)).

The probability that after the first inspection a correctimaintenance order is issued is
given by
PY(T) =Pr(XD(T) > B)
=Pr(Z(T) > B - YW(T))
=1— Fryr, (B-YW(T)).
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The probability that after the first inspection a preventivaintenance order is issued is
then given by

P(T) =1~ PM(T) - PL(T).

(2)n=2,...,N:
The probability that the system continues to operate aft=ith inspection is given by

PI(T) =Pr(X™)(T) < L)
=Pr(Z™"(T) < L -Y™)(T))
n(T+Tr) (L - Y(n) (T))

The probability that after theth inspection a corrective maintenance order is issued is
given by

PET)
=Pr ((X™(T) > B)n (X (T) < 1)
=Pr((Z20(T) > B—Y™(T) N(Z0D(T) < L -y " (T)))
=Pr (D) = 2070(0) 2 B=YO(D) = Z00D) 0 (Z070) < L= YD)

L-y (=Y (T)
- / Fonvy st (@) - (1 = Froz, (B — YO(T) — y)) dy.

The probability that after theth inspection a preventive maintenance order is issueéis th
given by

PEY(T) = Pr ((L < XOAT) < B)N(XCI(T) < L)
—Pr( X=(T) < L) = Pr (X"(T) < L) n (X("~(T) < L))
Pr (X™"(T) > B)n(X™=(T) < L))
= pr(T) - P(”)(T)—Pé”)(T).

If N inspections are performed to the system, then the mainteraction would be
carried out at timé’s. In this case, the probability that a corrective mainteeaantion is
carried out at timd’s is given by

Po(Ts)
=Pr ((X(Ts) > B) N (XN(T) < L))
=Pr((2(Ts) > B - Y (Ts)) N (Z™(T) < L - YN)I(T)))

— Pr ((Z(Ts) — Z(T) > B~ Y(Ts) — 2N(T)) n (ZN(T) < L - Y(T))
L—yY N (T)
- / s (®) - (L= Fry_neria (B = Y (Ts) — y)) dy,

whereY (Ts) is given by

Y(Ts)=YWNN(T) - [M(NT) — M((N — 1)T)] + M(Ts — NT;) — M(NT)
= M(Ts — NT;) — 6M(NT).

The probability that a preventive maintenance action ig@aiout at timel's is then given
by
Pp(Ts) =Pr ((X(Ts) < B)N (X(N)( < L))
=Pr(X™M(T) < L) — Pr ((X(Ts) > B) N (XM(T) < L))
= PM(T) — Po(Ts).
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It is clear that from the definitions of probabilities abowes have

N
S_IPEUT) + PR(T)] + Po(Ts) + Pr(Ts) = 1. 5)

n=1

The following lemma gives the cdf of time to failure after thi inspection.

Lemma2: The cdf of time to failure starting from the completion of the nth inspection
with Z(™)(T) = z isgiven by
G (r)=1-F(B-Yn(T +Ty)+71)—2),
with the corresponding pdf
§(r) = - G().

Proof. See Appendix.
t
For simplicity, we letr (™ (t) = / G\ (1) dr. The following lemma is also needed
0

in our discussion.

Lemma3: If G'(z) = g(x) and [ G(z) dz = H(u), then
/Ou zg(z)dr = uG(u) — H(u).

Proof. See Appendix.

Given that a corrective maintenance order is issued afeentthinspection, it is clear
that system failure occurs after tle — 1)th inspection. The following proposition gives
the expected time to system failure after fhe— 1)th inspection.

Proposition 4: Given that a corrective maintenance order is issued after the nth
inspection, the expected time to system failure starting from the compl etion of the (n — 1)th
inspection is given by

(n—1)
P
H,y" (T+T
T+T — %7 n=1
Gy/(T +Ty)
— _y(n—1) n—
T+TI 3 /L Y (1) HZ( 1)(T+T[) ) f(nfl)(T+T1)<Z) dz
0 ng_l)(T+T1) Fin1yrsr) (L =Y 0=D(T)) 7
n=2,...,N.

Proof. See Appendix.

For the case when the system is maintained at tifge we have the following
proposition.
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Proposition 5:  Given that a corrective maintenance action is carried out at time T's, the
expected time to system failure starting from the completion of the Nth inspection is given

by
B[13"]
L=y D) g (pg — N(T 4+ T7)) . Ineyr(2)

dz.
G""(Ts — N(T +Typ))  Fnern (L —Y(T))

=Ts — N(T + Ty) —/O

The proof is similar to that of Proposition 4 and hence is g&iphere. We are now ready
to give the average availability of the system for the twdap.

4.2 Average availability for Option 1

For the case when the maintenance manager chooses Optiowerltted preventive
maintenance order is issued to the supplier, the systens #®pperation. The average
system availabilityA4; is the ratio of the expected uptime of the system in a givemecyc
E[Ty1] to the expected length of a given cydi#771]:

E[Ty1]

AT, 1) = prt

The expected uptime of the system in a given cycle is

E[Tyn) ZPJ’ )((n =17+ B[TFV]) + ZP(")

n=1

+ Po(Ts) (NT n E[@]) + Pp(Ts)(Ts — NT;). 6)

The first two terms of Equation (6) correspond to the casesedtwrective and preventive
maintenance actions are carried out afténspections respectively, where=1,..., N.
The last two terms of Equation (6) correspond to the casesendwgrective and preventive
maintenance actions are carried out at tilderespectively.

For the case when maintenance action is carried outraftespectiongn = 1,..., N),
the time from the beginning of the cycle to the completiothefith inspectionis(T + T;).
After the inspection, the cycle ends aftgy + T¢ if the maintenance is corrective or
Tw + Tp if the maintenance is preventive. For the case when maintenaction is carried
out at timeT, it is easy to see that the cycle lengtlWis + T for corrective maintenance
andTs + T'p for preventive maintenance. Hence, the expected lengtlyvea cycle is

E[Tp] ZPg") )(n(T + 1)+ Tiw + T + ZP(") ) (n(T +T1) + T + T )

+ PC(TS)(TS +Tc) + Pp(Ts)(Ts + TP)~ ()

The optimization problem is to obtain the optimal intergastion time7" and the
maintenance threshold such that the average system availability is maximizedcivisg
given by

max A1 (T, L),
subjectto0 < T <Tg, 0 < L < B.
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4.3 Average availability for Option 2

For the case when the maintenance manager chooses Optitan thafmaintenance order
is issued to the supplier, the system continues its operdtioing the waiting time. To find
the expected uptime in a given cycle, we first give the follopiemma.

Lemma6: Thepdf of Z(!)(T') under the conditionthat L — Y"(T) < ZU(T) < B —
Y (M(T) is given by

¢(1) (2) _ fT+TI (Z)
Frir,(B=Y(T)) = Fryr, (L - YO(T))

Forn =2,..., N, thepdf of Z(")(T) under the conditionthat L — Y (") (T) < Z(")(T) <
B—-Y®(T)and Z"~)(T) < L — Y(»=1(T) isgiven by

du

" (2) =k /L_Y(”LU(T) fror (2 = u)  fn-nrr) (1)
0 Fl1yrgr) (L =Y =1(T))

and k isthe normalizing constant that makes

B-Y™)(T)
/ o™ (2)dz = 1.
L—Y (n)(T)

Proof. See Appendix.
We then have the following proposition.

Proposition 7: Given that a preventive maintenance order is issued after the nth
inspection, the expected system uptime starting from the completion of the nth inspection
is given by

B-Y™)(T)

B[T] = Tw — H™ (Ty) ™ (2) dz.
L—Y ()(T)

Proof. See Appendix.

The maintenance action after the waiting tiffig- is either preventive or corrective,
depends on whether the system fails or ndfjn. Hence, similar to the above method of

finding £ [T[(J”)], the expected maintenance time is given by

B-Y(™)(T)

BIG] = [ G Tw) + Tr(1 - G (T )™ ()
L-y®)(T)

For Option 2, the average system availability is the ratio of the expected uptime of
the system in a given cyclB[Ty 2] to the expected length of a given cydigT ]

A?(Ta L) =
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The expected uptime of the system in a given cycle is

E[Tys] ZP (n—l)T—l—E 7= 1) ZPH) (nT—&-E[@])

+ Po(Ts) (NT + E[T;}N)]) + Pp(Ts)(Ts — NT;). ©)

Equation (8) is the same as equation (6) except the secomq werich corresponds
to the case where a preventive maintenance order is isstexdfadn inspection, where
1 < n < N. The extra expected uptime is given by Proposition 4.

The expected length of a given cycle can be obtained by reldé in the second

term of equation (7) WltItE[ ] given above,

E|Tys] ZP”) ( T—I—TI)-I-TW—f—TC) ZP”) ( T+TI)—|—TW—|—E[T( )])

+ PC(TS)(TS +Tc)+ Pp(Ts)(Ts + TP)-

The optimization problem is to obtain the optimal inspettiime intervalT” and the
maintenance thresholtl such that the average system availability is maximizedcivig
given by

max Ay (T, L),
subjectto0 < T < Ts, 0 < L < B.

5 Main results

The following theorems give the conditions that after a pregive maintenance order is
issued, the system should continue to operate until thetera@nce carries out. Theorem 8
is for the case that decision is made before the beginninigeotycle.

Theorem 8: Supposethat 4; and A; aremaximizedat (75, L) and (T, L3) respectively.
To maximize the average system availability in a cycle, after the preventive maintenance
order isissued the system should continue to operate until the maintenance carries out if

As(T3, Ly) > Ay(T7, Ly).
If (T}, L) iscloseto (T3, L3), then the above condition can be reduced to

E[T1,] ZP(”)E 7] > E[Ty] ZP(“ B[TY] - Tp).

n=1 n=1

The proof of Theorem 8 is directly followed from the derieats ofA; andAs. Theorem
9 is for the case that decision is made at the time when theptige maintenance order is
issued.

Theorem 9:  Suppose that the preventive maintenance order isissued after n inspections.
To maximize the average system availability in a cycle, after the preventive maintenance
order isissued the system should continue to operate until the maintenance carries out if

E[T][0(T +Ty) + Tw + Tp] > nT(E[TS] - Tp),



14

where the values of T" and L are chosen at the beginning of the cycle.

Proof. The result follows from Theorem 8 by puttin@}!”) =1 and the remaining

probabilities in equation (5) equél O
We remark that Theorem 9 is applicable irrespective to theevaf X ™) (7).
In what follows, we analyze some special cases for the model.

1. N = 0: In this case, there is no inspection and the maintenan@attpends on the
system state at timés. By Lemma 2 and Lemma 3, the expected uptime in a given
cycleis

- o ()
E[Ty]= / Tgé (r)dr + / Tsgp  (T) dr
0 Ts
=T — H{"(Ty),
and the expected length of the cycle is
Ts o 00 0
BiTi)= [ (@5 + Tyl () dr+ [ (T4 Te)al) (1) ar
0 T
=Ty + TeGO(Ts) + Tp(1 — fo” (Ts)).
The average availability is then given by

““”:ﬁﬂ}

q’ﬂz

_ Ts — Hy ()
Ts + TeG (Ts) + Tp(1 — G (T))

2. Tw — 0: In this case, the waiting time for maintenance acfign is approaching.

ThenE[T[(]”)] — 0andE [Tg‘)] — Tp. By Theorem 8 or Theorem 9, it is indifferent
to choose Option 1 or Option 2.

3. B — oo: In this case, the failure threshold is so high such that yistesn is unlikely
to fail. Therefore, to maximize the average availabilitgrirshould be no inspection,
which means we should set both . — oo and the system maintenance action is
carried out afl’s. The average availability is then

Ts
AT, L) = —= .
(T.L) Ts+Tp
4. Ty — 0: In this case, each inspection takes nearly no time. Therefe should set
T — 0 so that the system is continuously monitored. To avoid sydtElure the
maintenance threshold can be set close tB. By equation (2), we have

Y(t) = Jim M(t) = 0M(t = At) = (1 - O)M(2).

By Lemma 2 and Lemma 3, the expected uptime in a given cycleisame as that
in Case 1 and the expected length of the cycle is

Ts s}
Elfy] = / (r + T + Tr)g® (7) dr + / (Ts + Tp)g® (r) dr
0 Ts

=TwG(Ts) + Tp + Ts — H”(Ts).
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The average availability is then

A(T,L) = g [[?Lf }

_ Ts — H” (Ts)
TwG (Ts) + Tp + Ts — H"(Ts)

6 Numerical Example

Inthis section, we first present an illustrative examplesimdnstrate the use of the theorems
we develop in Section 5. In this example, we use a gamma pécesodel the degradation
process due to external factor. Gamma process is a commesly stochastic process
in modeling monotonically increasing (or decreasing) ddgtion, see for example (van
Noortwijk, 2009). Mathematically, a stochastic proc&4s) is a gamma process such that
foranys,¢ > 0, the incremenZ (t + s) — Z(t) is independent of and has gamma pdf

z**"Lexp(—2/f)

>
I'(as)Bes » 220

fs(z) =

)

wherea, 8 > 0 andT'(+) is the gamma function.

Follow from Lemma 2G{" (1), the cdf of time to failure after theth inspection with
Z(™)(T) = z, can be expressed by (Park and Padgett, 2005)

I(ar,(B—Y(n(T +1T7) + 1) — 2)/8)
I(ar) ’

G(r) =

wherel'(-, -) is the incomplete gamma function definedlby:, b) = fob u®~ L exp(—u) du.

Suppose that the system considered is under a degradatioesgrcharacterized by
M(t) =t and Z(t) is governed by a gamma process with the parameters4 and
B = 0.5. The failure threshold of the system is assumed taBoe 10 and the factor
for operational maintenance is assumed t&@be 0.6. Suppose that after a cycle starts
the maintenance from supplier comes by tiffie= 8 and after a maintenance order is
issued to the maintenance supplier the waiting timé&js= 3. We further suppose that
each inspection takes tinig; = 0.5 and the time needed for corrective and preventive
maintenance actions are respectivély= 6 and7Tp = 2.

For illustrative purpose, suppose we set that inspecticarded out once the system
has operated continuously for tirfile= 1 and the preventive maintenance threshold is taken
asL = 8. Then by equation (4) the maximum number of inspectionsoperéd isN = 5.
The probabilities of different actions after th¢h inspection are given in Table 1, where
n=12,...,5.

If the system continues to operate without failure afiénspections, the system is
then maintained at tim&s. The corresponding probabilities of corrective and préven
maintenance at timés are

Po(Ts) = 6.4478 x 107® and Pp(Ts) = 1.3573 x 10™%.

By Propositions 3 and 4, the expected vahlié[?é”_l)} andE [TéN )] are obtained as in

Table 2.
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We now compare the average availability for the two maimeraptions. For the case
when Option 1 is chosen, the expected uptime of the systegiwen cycle and the expected
length of a given cycle are respectively

E[Ty1] = 3.0135 and E[Tp;] = 11.0655.
Hence, the average system availability is

E[Ty]
E[T1]

Ay(1,8) = =0.2723.

For the case when Option 2 is chosen, by Proposition 7, thectetg values” [T[(]")]
andE[Tg”)] are obtained as in Table 3. The expected uptime of the systamgiven cycle
and the expected length of a given cycle are respectively

E[TUQ] = 3.5635 and E[TLQ] = 13.3740.
Hence, the average system availability is

E[Tys]

Ag(l, 8) == E[TLQ]

= 0.2665,

which is less tham (1, 8). Therefore, if we sef” = 1 and L = 8, after the preventive
maintenance order is issued the system should stop opegatébwait for the maintenance
arrives.

We next provide a method of obtaining the optimal pair of thiei-inspection time
T and preventive maintenance threshadldor the above system. To obtain the optimal
pairs (15, L) and (T3, L3), we use the two-dimensional golden section search method
(Chang, 2009). Golden section search is widely used in maldsfbecause of its simplicity
as it does not require finding the derivatives of the objecfinction. In this example,
we set the stopping criteria of the optimal pairs to |B& ) — T()| < 5 x 10~> and
|LG+D — L) < 5 x 1072, After 19 iterations, we obtaifiT;, L}) = (2.684, 6.516) with
corresponding average availability; (75, LT) = 0.293 and (T3, L3) = (1.168,2.361)
with corresponding average availabiliys (T3, L) = 0.334. Therefore, we can conclude
that in order to maximize the average system availability,shiould inspect the system
every1.168 unit of time since its last inspection. If the system stateasveer2.361 and
10 then a preventive maintenance order is issued and the sgsi@nd continue to operate
until the maintenance is carried out.

7 Conclusions

In this paper, we first develop a model for a continuously dégrg system which subject
to internal and external degradations. The probabilitiekfferent actions after inspections
are derived and some expressions of the expected opeldtiopaof the system are then
obtained. Two average availabilities are obtained witlpees to the two options after a
preventive maintenance order is issued. Hence, systemgeemean decide the optimal
inter-inspection time and preventive maintenance thiesfur the system. In addition,

the optimal operation strategy while waiting for mainteceservice can be obtained. An
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illustrative example is also presented, in which it is assdhat the external degradation
process is a gamma process. Golden section search methseldigauobtain the optimal
inspection-maintenance strategy.

Inthis study, itis assumed that the system is inspected éxed periodl’. One possible
extension of this work is to consider condition-based iotipa policy, in which the next
inspection is planned based on the observed degradatieinAmother research direction is
considering imperfect system inspection. In future redealifferent maintenance contracts
provided by maintenance suppliers, such as different coatioins of values df's, Tw, Tc
andT'p, can also be considered.
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Appendix

Proof of Proposition 1.1f M"(t) > 0,thenforany € [(n — 1)T,nT]andr; € [nT, (n +
1)T], we have
M/(TQ) > M/(Tl).
By the mean value theorem,
M((n+1)T) —MnT)  MnT)—M((n—1)T)
> .
T T
Hence for any positive integerandd < [0, 1], we have
YTy — Y ((T) = [M((n+ 1)T) — M (nT)] — [M(nT) — 0M ((n — 1)T)]
> |[M((n+1)T) — M(nT)] — [M(nT) — M((n—1)T)
> 0.

O

Proof of Lemma 2. Let T](B") be the time to failure starting from the completion of titl
inspection withZ (") (T') = 2. Then
G (r) =Pu(TyY < 7)
=Pr(X(n(T+Tr)+7) > B)
=Pr(z+Z(1)+Y(n(T +Ty)+71) > B)
=Pr(Z(t)>B-Yn(T+T;)+71)—2)
=1-F.(B=-Yn(T+1Tr)+71)—2).

Proof of Lemma 3.

/Oxg d:c—// dsdx—// v) do ds

—/0 (u) — G(s)) ds = uGl(u) — H(u).
O

Proof of Proposition 4. We give the proof for the case when= 2, ..., N. For the case
whenn = 1 the proof can be deduced in the same way with some minor matiificand
hence is skipped here. Denote the time to system failurérgidrom the completion of the
(n — 1)thinspection by V). First the system has already failed beforerttreinspection

means that
XM(T)>Ba T Y <T+1).
Then
B[T§ )]
BT P[(X™(T) > B)n (X"~)(T) < L)]
=BT NS < T+ TN (20 (T) < L—Y"=(T))]

L=y () (n—=1) | ym(n—1) fn—vy 1) (2)
:/ ETy (T5 ™" <T+T)n (Z" () = 2)] :
0

Fln—1yryry) (L = Y0=D(T))

dz.
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Follows from Lemma 3, the conditional expectation in thevabexpression is
BTy~ ITg ™) < T+ 1) n (Z207(T) = 2)]

T+Ty
:/ ngnfl)(ﬂTgl_l) <T+Tpdr
0

T+T; (n—1)
0 Gzn (T + T[)
H" (T +T
T +T; — #
Gz (T + TI)
Finally, we get
_y -1 n—
BTG _ L-y =1 (T) _— Hg 1)(T—|— ) Fnevyrsrn(2) p
Tl = TG F (L —yon)
0 Gz (T +Tr)- F(n—1)(T+1r)
_y -1 n—
. TI - /L Y (1) Hg 1) (T + T[) ) f(n—l)(T+TI)(Z) ds
0 G,(znil)(T + TI) F(TL—l)(T+T[)(L - Y(nil)(T))
[

Proof of Lemma 6. The derivation ofp!)(z) is trivial. Forn =2,..., N, the pdf of
Z=1(T) given thatZ("~)(T) < L — Y»=1)(T) is

-1y (r41) (0)
Fn—1y(rir) (L = Y=(T))

Since the increment of from time (n — 1)(T' + T7) to n(T + T7) is independent of
Z(n=1)(T), the pdf of Z(")(T) given thatz("~)(T) < L — Y (»~1)(T) is

du. 9)

_y(n-)
/L YOTUD) frip (2 — ) - Jin—1)y(r+1p) (1)
0 F(n,—l)(T-‘rTI)(L - Y(nil)(T))

Hence, the pdf ofZ(™)(T) under the condition thal — Y (™)(T) < Z("(T) < B —
Y)(T)yandZ»~)(T) < L — Y»=(T), (") (z), can be obtained by normalizing (9)

_y®)
such thatfig(n)(g) ¢ (2)dz = 1. 0
Proof of Proposition 7. We give the proof for the case when= 2,..., N. For the case

whenn = 1 the proof can be deduced in the same way with some minor matidficand
hence is skipped here. Denote the system uptime startingthie completion of theith

inspection byT((]").

B[T"]
=E[T"|(L < X"(T) < B)n (X" )(T) < L)
=BT (L - Y"™)(T) < Z20N(T) < B—Y™(T)) n (2" )(T) < L — Y= D(T))]

B-Y ™ (T)
:/ E[T{7|2M(T) = 2™ (2) dz.
LY ()(T)
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The proof is completed by showing the expectation

Tw e}
BT Z0T) = =) = [ r e+ [ T ar
w

=Ty — H" (Ty),

where the last equality follows from Lemma 3.
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n 1 2 3 4 5
Py(n) 0.9945 0.7400 0.1728 0.0093 0.0001
Po(n) 0.0003 0.0725 0.2947 0.0546 0.0007
Pp(n) 0.0052 0.1820 0.2725 0.1089 0.0085
Tablel The probabilities of different actions after théh inspection whed” = 1 andL = 8.

n 1 2 3 4 5 | E[TY]
E[TgY] 13532 13013 12177 1.1946 1.20640.4047

Table2 The expected valueB [Ty "] and E[TS"].

n 1 2 3 4 5
E[T{”] 08573 09139 0.9542 1.0095 1.0954

E[TS”] 6.0000 6.0000 6.0000 6.0000 6.0000

Table3 The expected valueB [T ] and E[T"].

T T; T T; T T; time
Figurel The internal degradation level of a system.





