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Abstract. A new fully discrete linearized H!-conforming Lagrange finite element method is pro-
posed for solving the two-dimensional magneto-hydrodynamics equations based on a magnetic poten-
tial formulation. The proposed method yields numerical solutions that converge in general domains
that may be nonconvex, nonsmooth, and multiconnected. The convergence of subsequences of the
numerical solutions is proved only based on the regularity of the initial conditions and source terms
without extra assumptions on the regularity of the solution. Strong convergence in L2(0, T; L2(Q2))
was proved for the numerical solutions of both w and H without any mesh restriction.
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1. Introduction. This article is concerned with numerical approximation of the
incompressible magneto-hydrodynamics (MHD) equations

(1.1) PO H + 0 'V x (Vx H)—uV x (ux H) =0V x J,
(1.2) u+u-Vu—vAu+Vp=f—puH x (Vx H),
(1.3) V-u=0

in a two-dimensional polygonal type domain £ = Qo\(U7L;8;) C R?2, where both Qg
and Q; C o, j =1,...,m, are polygons (thus, the domain is possibly nonconvex and
multiconnected) and the following two-dimensional notations for the curl, divergence,
and gradient operators are used for a vector field B = (Bj, B2) and a scalar field v:

_832 8B1 _331 8B2
VB = o VB = T o
_ (9% 9 _ (9% 9%
v ><’lb— (8$2 ’ 8331) VQ/J_ <83}1 ’ 8332)

B x ¢ = (B, —B1).

In the system (1.1)—(1.3), u denotes the velocity field, H the magnetic field, p the
pressure, f and J the given source terms, v the viscosity of the fluid, o the magnetic
Reynolds number, and p = M?vo~!, where M denotes the Hartman number.
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We consider (1.1)—(1.3) under the perfectly conducting and no-slip boundary con-
ditions

(1.4) H-n=0, VxH=J, and u=0 on 09 x (0,7

and the initial conditions

(1.5) H|;—o=Hy and u|i—g=wup in Q.

The given source terms and the initial data for H and w are assumed to satisfy

J € C([0,T]; L*(%) feC(0,T;L*(Q)

(1.6) 9
HQ,U()EL(Q) V-Hy=V - -uy=0.

Under the assumption V - Hy = 0 for the initial value Hy, a solution of (1.1) will
automatically satisfy V - H = 0 for all time.

The MHD equations (1.1)—(1.3) describe the interaction between a magnetic field
and a viscous incompressible conducting fluid flow. The mathematical theory of exis-
tence and uniqueness of weak solutions for the initial-boundary value problem (1.1)-
(1.5) was established in [42, Theorem 3.1] for a smooth or convex domain €2, where
the weak formulation of (1.1)—(1.5) does not involve the variable p; see [42, Problem
2.1]. In particular, under the regularity assumption (1.6) for the source terms and
initial data, the problem has a unique weak solution (for any given 7' > 0)

(H,u) € L*(0,T;H (Q))> N L>(0,T; L?(Q))* such that V- H =V -u = 0.

Numerical methods and analysis for the MHD equations have been done from
many different point of views. For the stationary MHD equations, existence, unique-
ness, and finite element approximations were studied in [21] for small data. To over-
come the numerical instability caused by possibly small hydrodynamic diffusion, a
stabilized finite element method (FEM) was introduced in [16]. These articles are
concerned with H'-conforming FEMs for the magnetic field H, and the error esti-
mates are based on the H!(Q)-regularity of the magnetic field H. Such regularity
holds in convex or smooth domains. However, in nonconvex and nonsmooth domains,
the solution of the magnetic field is generally in H(curl, Q) instead of H'(2).

In more general domains, possibly nonconvex and nonsmooth, a mixed FEM with

curl-conforming Nédélec edge elements was proposed for solving the magnetic field in
the stationary MHD equations in [41], where an additional gradient term Vg was
added to the magnetic potential equation to enforce the divergence-free condition
for the magnetic field in a weak sense; the H'-conforming FEM was used for the
velocity. An error estimate for this numerical method was proved under the regularity
assumptions
(1.7)
(u,p) € H*1(Q) x H*(Q) and (H,V x H) € H*(Q) x H*(Q) for some s > %,
which hold when the source term of the stationary MHD equations is sufficiently
small. The same method for the magnetic field was also used in [18] for solving the
MHD equations, where a divergence-conforming FEM was used for the velocity.

In the case of low magnetic Reynolds numbers, the MHD model usually consists of
a time-dependent Navier—Stokes equation and a stationary electric potential equation
with given magnetic field; see [21, 36]. In [27], two implicit-explicit methods (of
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first and second order) decoupling the velocity from electric potential were proposed
and analyzed. In [39], the method proposed in [27] was further combined with the
technique of [44] to decouple the pressure from velocity. For the model with low
magnetic Reynolds numbers considered in [27, 39], the H'-conforming FEMs were
proved to be convergent.

For time-dependent MHD equations, many different numerical methods have been
developed and analyzed:

e H'-conforming FEMs for the velocity and magnetic fields were used in [2, 19, 23,
24, 47] with several different time discretization methods. These methods work
very well in smooth or convex domains. In this type of domains, error estimates
have been established for several of these H'-conforming FEMs. Similarly as
for the stationary problem, in a nonconvex and nonsmooth domain, the solu-
tion of the magnetic field of the time-dependent MHD equations is generally in
H(curl, Q) in the spatial direction instead of H'(2). In this case, the H*(2) or
H?2(Q) regularity assumptions used in the existing analyses for the H!-conforming
FEMs generally do not hold.

e A Galerkin least square FEM was proposed for solving the augmented MHD
equations by adding an additional gradient term Vg to the equation of magnetic
field [40], where numerical simulations were shown to illustrate the performance of
the numerical methods. Rigorous proof for the convergence of numerical solutions
remains open.

e The magnetic potential formulation was used in [43], where the equivalent for-
mulation of the two-dimensional MHD equations
(1.8)
PO A — o TAA — pu x (Vx A) =01,
(1.9)
Ou+u-Vu—vAu+Vp=f+uVv- (VxA)@(VxA)—%WxAFH :

(1.10) V-u=0

was solved by a fully implicit H'-conforming FEM, where I denotes the iden-
tity matrix. Numerical results were given without proof for the convergence of
numerical solutions.

e Divergence-free preserving methods for MHD and ideal MHD have been devel-
oped in many articles. In particular, the locally divergence-free subspace was
used in the discontinuous Galerkin methods for the MHD equations [30]. The
divergence-free subspace of the Brezzi-Douglas—Marini finite element space was
used for the magnetic field in [31, 32]. An additional bubble function was added
to each element in [8] in order to have additional degree of freedoms to enforce
the divergence-free condition. More recently, the equation of magnetic field was
rewritten as a first-order system in [26], i.e.,

8,5H:—V><E,
E=-uxH+oc'VxH.

Then the divergence-conforming and curl-conforming Nédélec edge elements were
used for H and FE, respectively. In this method, no constraint was enforced on the
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magnetic field, but the numerical solution automatically satisfied the divergence-
free condition provided that the initial data for the magnetic field were divergence
free. For these methods, numerical results were shown to illustrate the perfor-
mance of the numerical methods, while convergence proofs remain open.

e A finite difference method for the two-dimensional incompressible MHD equa-
tions in rectangular domains was proposed in [33], where the MAC and Yee’s
scheme were used for the fluid and magnetic equations, respectively. The con-
vergence of this method was proved in [38] by using discrete energy estimates in
L>(0,T; HY(2)) and L?(0,T; H?(2)) for both velocity and magnetic fields. An
energy- and helicity-preserving finite difference method was proposed in [34] for
the three-dimensional axisymmetric incompressible MHD equations. The con-
vergence of this method was demonstrated numerically but remains open theo-
retically. An error estimate of the corresponding energy- and helicity-preserving
method for a single fluid equation was proved in [35] based on some regularity
assumption.

e As far as we know, the only existing proofs for the (subsequence) convergence
of numerical solutions in possibly nonsmooth domains were given in [37] and
[25]. In [37], Prohl studied several fully discrete linearized FEMs (with different
time discretization and decoupling methods) with curl-conforming Nédélec edge
elements for the magnetic field and proved the convergence of two numerical
schemes to weak solutions under the mesh restrictions 7 = O(h*) and 7 = O(h?),
respectively, where 7 denotes the time-step size and h the spatial mesh size.
Without such mesh restrictions, the weak* convergence of numerical solutions in
L>(0,T;L2(2)) was proved. In [25], Hiptmair, Li, Mao, and Zheng discretized
a magnetic potential formulation of the three-dimensional MHD equations:

(1.11)

00 A+0(VxA) xu+p'VxVxA=0,

(1.12) ou+u-Vu—vAu+Vp=f—0(0tA+(VxA)xu)xVxA,
(1.13) V- u=0,

which is different from the magnetic potential formulation in [43]. The curl-
conforming Nédélec elements were used for the discretization of A. For every fixed
time-step size 7, it was proved that a subsequence (u’;hk,Hﬁhk), k=1,2,...,
of numerical solutions will converge to a semidiscrete solution (u”, H"), i.e.,

lim [lu},, —u}lpiq) —0 forn=1,...,N=T/r,
k— o0 ’
e — AT weakly in Lz(Q)ask—o00 forn=1,...,N =T/,
lim |H?) — H| 2@ — 0 forn=1,...,N=T/r.
k—o0 ’
It was also shown that a subsequence (u.,, A, ), m =1,2,..., of the semidis-

crete solutions will converge weakly in L?(0,7; H}(Q)) x W1P(0,T; H(curl)) for

some p > 1 to a weak solution of the MHD equations. Strong convergence in

L?(0,T;L?(Q)) of the numerical solutions of w and H remains open.

Overall, the existing H'-conforming FEMs for the MHD equations were proved to
be convergent only in convex or smooth domains. In more general domains, the mixed
FEM with curl-conforming Nédélec elements is more suitable for approximating the
magnetic field directly, while existing proofs for the convergence of numerical solutions
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either require mesh restriction 7 = O(h3) or yield only weak- or weak*-convergence
of the numerical solutions.

The most important applications of the MHD model considered in the present pa-
per occur in metallurgy and liquid-metal processing [3, 45]. In that context, considera-
tion of general polygonal yet nonconvex and multiconnected domains is very relevant.
The aim of this article is to develop a new fully discrete linearized H!-conforming La-
grange FEM for the two-dimensional MHD equations based on a magnetic potential
formulation such that the numerical solutions would converge not only in convex and
smooth domains but also in nonconvex and nonsmooth domains. In the magnetic po-
tential formulation, the magnetic potential A would naturally have H' regularity and
therefore can be solved correctly by using H!-conforming FEMs. Then the magnetic
field is obtained through taking partial derivatives, i.e., H =V x A+ Z;n:l B;V x ¢,
where 3; and ¢; are some time-independent constants and functions, depending on the
geometry of the computational domain. This approach is different from the singular
basis methods [4, 22], weighted regularization method [9], L? projected method [14],
and the residual-based stabilized augmented formulation [5]. These methods focus on
approximating the magnetic field H in the Maxwell equations directly by using H-
conforming FEMs. Similarly as [25, 37], the proof of convergence in this paper is only
based on the regularity of the initial conditions and source terms without any extra
assumptions on the regularity of the solution. Strong convergence of subsequences in
L?(0,T;L%(Q)) as (7y, hn) — (0,0) is proved for the numerical solutions of w and H
without mesh restrictions.

The rest of the paper is organized as follows. In section 2, we present an equivalent
magnetic potential formulation of the two-dimensional MHD equations (1.1)—(1.3). In
section 3, we propose a fully discrete linearized H!-conforming Lagrange FEM method
for solving the problem and present the main theoretical result about the convergence
of the numerical solutions. Rigorous proof of the main theoretical result is presented
in section 4. Numerical experiments are given in section 5 to support the theoretical
analyses.

2. Equivalent formulation. In section 2.1, we first formally derive an equiv-
alent formulation of the two-dimensional MHD equations (1.1)—(1.3) in terms of the
magnetic potential. Then we define weak solutions of the problem in section 2.2. It is
easy to verify that a weak solution of the reformulated problem is also a weak solution
of the original MHD equations (see Remark 2.1).

2.1. Formal derivation. By taking the divergence of (1.1), we obtain pd;V -
H = 0, which together with the divergence-free initial condition V - Hy = 0 in (1.6)
implies

(2.1) V-H=0.

Let m denote the number of holes of the domain €, and let I'; = 0€2; denote the
boundary of the jth hole. Then the divergence-free vector field H can be decomposed
as (cf. [7] with slightly different boundary conditions or [28, 29])

(2.2) H=VxA+> BVxg,

j=1
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where f; for j = 1,...,m, are constants independent of the spatial variables, A is the
solution of

“AA=VxH inQ
(2.3) )

=0 on 012,
and ¢; is the solution of

Ap; =0 in Q,
(24) Y; = 1 on Fj,
@; =0  on OO\I;.

Note that for the scalar-valued function ¢, there holds

_ 09 _00\_ 0 (_0¢ 90\ __
vaw_vX(a_x?,_a_m)_awl( ax1> a@(ax?) G

Therefore, integrating the time derivative of (2.2) against V X ¢; yields
(0.H,V x ¢;) :idi (V x5,V x i),
j=1
where we have used (2.3)—(2.4) and
(VX AV Xp)=—(AVXx(Vxe))=(4Ap)=0

Furthermore, integrating (1.1) against V X ¢; and using integration by parts and with
the boundary condition (1.4), we obtain

(O:H,Vx¢;)=0 fori=1,....m

Since the matrix M;; = (V X ¢}, V x ¢;) is positive definite, the two identities above
imply

d .
(2.5) %:o fori=1,...,m
Therefore, 8; for j =1,...,m, are constants independent of time.

Now we substitute H = V x A4 377" | 8,V x ¢; into (1.1). This yields

X (uﬁtA—a_lAA—a_lJ—uux (V ><A+Zﬁjv X (pj)) =0,

j=1

which implies

(2.6) PO A — o IAA — 67 T — pu x (V x A+ Zﬁjv X ()Oj) = const.
j=1

With the boundary condition (1.4), it is easy to derive that the constant on the
right-hand side of the above equation equals zero.
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Thus, instead of solving (1.1)—(1.2) directly, we propose to solve (2.4) and the
following equations:

(2.7) PO A — o IAA — pu x <V X A+ Zﬁjv X cpj> = 1J,

J=1

(2.8) 8tu+u~Vu—uAu+Vp=f+,u(V><A+ZBjV><<pj)XAA,

j=1

(2.9) V-u=0,

where 3;, j =1,...,m, are determined by
(2.10) Y Bi(V x 9,V x i) = (Ho, V x 1),
j=1

which can be obtained by integrating (2.2) against V X ¢; at time ¢t = 0.
The boundary and initial conditions for (2.7)—(2.9) are given by

(2.11) u=0, A=0 on 90 x (0,T]
and
(212) u|t:0 = Uo, A|t:0 = AO in Q,

where A is the solution of

(2.13)

—AA():VXHQ inQ,
Ag=0 on 0f).

After solving of (2.4) and (2.7)—(2.12), we can obtain the magnetic field H = V x
A+ Z;n:lﬁjv X Q.

2.2. Weak solution. For k& > 0 and p € [1,00], we denote by WkP(Q) the
conventional Sobolev space of functions defined on §2 with abbreviations LP(Q2) =
WOP(Q) and H*(Q) = W52(Q). Let Wy (Q) be the space of functions in W'?(Q)
with zero traces on the boundary 92, and denote Hg (2) = Wy'*(€2). The correspond-
ing vector-valued spaces are

LP(Q) = LP(Q) x LP(), WEP(Q) = WhP(Q) x WFP(Q),
WP () = Wy () x Wy P(Q), Hj () = Wy (@),
H () = {v € H(Q) : V-0 = 0},
The inner product of L?(Q) is denoted by (-, ).

A quadruple (A4, u, (¢;)72y, (B;)72,) is called a weak solution of (2.4) and (2.7)-
(2.13) if

(2.14)
A€ L>™0,T; H(Q)), AA€ L*(0,T;L*()), 0:A € L*(0,T;L*()), Vs < (1,2),

(2.15)
w € L®(0,T;L2(Q)) N L*(0, T3 HY 4, (), 9w € L¥(0,T5Hj 4,,(2)) Vs € (1,2),
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(2.16)
;€ H%+5(Q), j=1,...,m, are solutions of (2.4), where § € (0,1) is a constant,

(2.17)
B; R, j=1,...,m, satisty (2.10)

with Alt=g = Ap and u|;—¢ = ug, and the following equations hold for all test functions
a € L>®(0,T; HY(Q)) and v € L*(0, T} Hadiv(ﬂ)):

/oT {(M@A,a) — (07'AAq) - (/‘u X <V X A+iﬁjv x sDj)’a)}dt

Jj=1

(2.18) = /OT (o7 T, a)dt,

T 1 1
/0 [(atu,v) + §(u -Vu,v) — §(u -Vv,u) + (vVu, Vv)

(2.19) :/OT {(f,v)+(u<VxA+iﬁijgaj> xAA,v)]dt.

j=1

Remark 2.1.

(1) The pressure p does not appear in the definition of weak solutions, as we have
restricted both w and the test function v to Hj 4, ().

(2) If the domain is simply connected (without any holes), then m = 0. In this
case, a pair (A, u) is called a weak solution if (2.14)—(2.15) and (2.18)—(2.19)
hold.

(3) By substituting a = V x b into (2.18), we see that if (A4, u, ()72, (8;)721)
is a weak solution of (2.4) and (2.7)—(2.13), then (H,u) is a weak solution of
(1.1)—(1.5) in the sense that

(2.20)
H=VxA+> BV xg;eL>0,T;:L*(Q)) N L*(0,T; H(Q; curl)),
j=1
(2.21)
OH € L°(0,T; H(Q;curl)’) Vs e (1,2),
(2.22)

H|,—y = Hp and u|;—¢ = uo,

and the following equations hold for all test functions b € L*° (0, T; H(; curl))
and v € L*>(0,T; H(lJ,div(Q)):

T
(2.23) / [(uatH, b)+ (07'V x H,V x b) — (pu x H,V x b)}dt

0

T
:/ (c7"J,V x b)dt,
0

T 1 1
/0 [(8,511, v) + §(u -Vu,v) — g(u -Vv,u) + (vVu, Vo)

T
(2.24) :/0 [(f,v) — (uH x (V x H),v)|dt.
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3. Numerical method. In this section, we introduce a fully discrete numerical
method for solving (2.4) and (2.7)—(2.13) and then present the main theoretical results
about the convergence of the numerical solutions.

Let Sp, 0 < h < 1, be a family of quasi-uniform partition of €2 into triangles Kj,
j =1,..., M, such that no vertex of any triangle lies on the interior of an edge of
another triangle. Here, quasiuniformity means that the diameter hy; of a triangle K
and the radius pg; of the inscribed circle satisfy

C_thijSthSCha jzla"'aMa

where h = maxi<;<am{diam(K;)} is the mesh size and ¢ is a constant independent of
h.
For any integer r > 1, we define the Taylor—Hood finite element space ég“ xSy /R
with
Sh={xn € H' () : xulk, € P-(K;) VK; € S},

SZ/R:{UES,::/vdxzo},
Q

Sit =St N Hg (@),
Sp+l = Syt x Grt
where P.(K) is the space of polynomials of degree r on the triangle K.
For any given j =1,...,m, let p; € S;*l be the finite element solution of (2.4),

ie.,
(3.1) (Vojn, Vo) =0 Vo, € §;+1,

such that ¢;, = 1 on I'; and ¢, = 0 on OO\I';. Let 855, j = 1,...,m, be the
constants (independent of space and time) determined by the equations

(3.2) Zﬁm(v X Qs V x (Pi,h) = (Ho,v X (Pi,h) fori=1,...,m.
j=1

Let {t, = nT}_, denote a uniform partition of the time interval [0, T'] with a step
size 7 = T/N and u™ = u(z,t,). A fully discrete numerical scheme for the system
(2.7)-(2.9) is to find AP € S; up € S;, and p} € S;/R such that

Ap — A
<,uh%,ah) + (07'VAL, Vay)

- (NUZ X <V x At 4 Zﬁmv X @j,h)aah)

j=1
(3.3) = (o7 J", ap)

—1
u? —ul

1 _ n n T
— i(uz L. Vo, up) + (wVuy, Vo) — (py, V - vp)

(u?}:_l ’ V'U/Z, vh)

N =

(3.4) = (f",vh) + <M (V X Azil + Zﬁmv X SOjJL) X AhAZ,’vh),

Jj=1

(3.5) (V-up,qn) =0
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hold for all test functions aj € S7T1, v, € Sitt ¢, € Sy /R, and n = 1,2,...,N.
Then the discrete magnetic field can be obtained by

P=Vx (AZ + Zﬂj,h@j,h)-
j=1

As a result, H}! satisfies V - H} = 0 automatically. Here, the operator Ay, : SO’,:H —
S’,:H is defined via the duality:

(3.6) (AnAR, an) = —(VAR, Van) Va, € S
The initial condition A9 € S;*' can be determined by
(3.7) (VAY, Vay) = (Ho,V x ap) Van € §5

The initial condition for velocity is given by u2 = P,ug, where P, denotes the L?
projection from L?(2) onto S} ', defined by

(3.8) (Pasxn) = (0:xn) Vo € LX(Q), ¥xn € S5t
which automatically extends to the vector-valued space é,rfl, ie.,

(3.9) (Prp,xn) = (. xn) Ve € L3(Q), Vxn € ;7
For any sequence wj, n = 1,2,..., we define the piecewise constant functions
w,tT and w;, . by

(3.10) w,tT(t) =wy and  wy, (t) = wpt

for t € (tn—1,t,] and n = 1,2,...,N. Then we have the following result on the
convergence of the numerical solutions.

THEOREM 3.1. Under assumption (1.6), the fully discrete finite element scheme
(3.1)—(3.5) has a unique solution. For any sequence (T, hn) — (0,0), there exists
a subsequence (Tp,,hn,) — (0,0) such that the corresponding numerical solutions
converge to a weak solution (A,u, (¢;)7xy,(8;5)7L1) of (2.4) and (2.7)—(2.13) in the
following sense:

anmk converges to A in L*(0,T; H'(Q)),
uznkﬁk converges to w in L*(0,T;L*(Q)),
©wj.n converges to @; in HY(Q),

Bjn converges to 3; in R,

which also imply that H,Tnk =V x AF

T B, Tny
H=VxA+ Z;’;lﬁjv X @; in L2(0,T; L?(Q)).
Remark 3.1. The uniqueness of weak solutions was proved in [42] for convex and
smooth domains but remains open for nonconvex and nonsmooth domains. Our proof
shows that every sequence of numerical solutions contains a subsequence converging
to a weak solution of the PDE problem. If the weak solution is unique, then The-
orem 3.1 implies that the numerical solutions converge to the unique weak solution
as (1,h) — (0,0) (without taking a subsequence). Theorem 3.1 implies the existence
of weak solutions for (2.7)—(2.13) with regularity (2.14)—(2.17). However, the regu-
larity (2.14) only implies that the right-hand side of (2.8) is in L?(0,T;LY(Q)) <
L?(0,T; W=1P(Q)) for all 1 < p < 2. Whether the right-hand side of (2.8) is in
L?(0,T; H~1(Q)) is unknown and requires further investigation.

+ 3051B5,nV X @i converges to
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4. Proof of Theorem 3.1. In this section, we prove Theorem 3.1 by using a
compactness argument. We first introduce some standard notations of finite element
spaces in section 4.1 and then present energy estimates for the numerical solutions in
section 4.2. In section 4.3, we utilize the compactness of the numerical solutions to
prove the existence of a subsequence (in every sequence of numerical solutions) that
converges to a weak solution of the PDE problem.

Throughout this paper, we denote by C' a generic positive constant which could
be different at different places but would be independent of n, h, and 7. To simplify
notation, we use the abbreviations W*? = WkP(Q), LP = L?(Q), and H* = H*(Q)
for k>0,and 1 <p < .

4.1. Preliminaries. It is known that the Taylor-Hood finite element space

é,rfl x Sy /R (r > 1) satisfies the following discrete inf-sup condition for some constant
v > 0:

(4.1) sup 7(@}“ V- xn)

> Yenllz2@) Ven € Sh-
xnesi IVl @

Over the finite element spaces S5 and 771, we define the L? projection P, in

(3.8)(3.9). We also define the L2 projection Py, : L%(Q) — S; (without enforcing
boundary conditions), i.e.,

(Pu, xn) = (0, x1n) Vo € L*(Q), Yxu € Sj.

We denote by W~17(2) the dual space of Wo_l’p/(ﬂ). Under the assumptions on
the triangulation in section 3, the L? projections defined above satisfy the following
standard estimates for 1 < p < oc:

(4.2) | Prpllwre o) < Cllellwir @) Ve WyP(Q),
(4.3) | Prelle) < Clielloro) Vo e LP(Q),
(4.4) | Prollw-1p0) < Cllollw-1r0) Ve W hr(Q),
(4.5) | PrellLe) < Cllellr o) Ve LP(Q),
(4.6) lim || Prp — <pHLp(Q) —0 Vo e LP(Q),
h—0
(4.7) lim || Pap = @llwrn() =0 Yo € Wy(Q),
(4.8) lim || Prp — @l oy — 0 Ve LP(9).
h—0

The LP and WP estimates above were proved in [10, section 2] for meshes more
general than quasiuniformity assumed in this paper. Since W~1P(Q) is the dual
space of W, P / (92), the self-adjointness of the L?-projection and (4.2) together imply
(4.4), which is used in the proof for the convergence of numerical solutions; see the
last inequality of (4.38).

For any v € H$7div((2)7 we define Qv to be the Fortin projection of v onto S;H,
satisfying

(4.9) (V- (v—Qpv),qn) =0 Vg, €S}
which has the following property (cf. [17] and [20, Lemma 3.4]):
(4.10) 1Qnvllm < Cllollm Vo € Hp g, (),
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(4.11) [v—Qnollr: < Cllv|mh Vo € Hg 4, ().

Furthermore, over the finite element spaces 5’;“, the inverse inequality

(4.12) Ixnllwre < Ch™HixallLe,
(4.13) Ixnllwma < CRY 972/ x|l yrmea

holds for all xy, € SO’,:H, and 1 < ¢ <qg<oo,m=0,1 (see [15, 46]).

4.2. Energy estimate. For any sequence of functions wj, n = 0,1..., N, we
let wy, » denote a piecewise linear function in time defined by

t, —t t—t,_
L w2_1+7" 1w,’f

(4.14) wh,7(t) := -

for t € (tn—1,tn] and n =1,2,..., N. Then we have the following energy estimate for
the numerical solutions.

PROPOSITION 4.1. The numerical scheme (3.1)—(3.5) admits a unique solution
(AR, ul, pi), which satisfies the following estimates for s € (1,2):

1 An.~llcom;mr @) + 1ARAR -l L20,1522(0)) + 10:An 7 || L+ 0,752 (22))

(4.15)  + [lunrlleqorira@) + lunrllL2orm @) + 10nr e o,rm , 2)) < C-

Furthermore, the finite element solution (AfT, ufT) satisfies the estimate

(4.16) ”Ai-,—”Lm(QT;Hl(Q)) + ||AhA;jf,T||L2(0,T;L2(Q))

+ iyl Loz ) + 1 20, rm @) < C-

To prove Proposition 4.1, we need to use the following two lemmas.

LEMMA 4.2. There exists a > 0 (depending only on the domain Q) such that
(4.17) Ixnllwrase < CllAnxnl L2

for any xn € SO',TIH, Furthermore, if h, — 0 as n — oo and Apxp, is bounded in
L2(2), then xp, is compact in WHATe(Q).

Proof. For any given xp, € ,50’2:1, let x, € H}(Q) be the weak solution of the
PDE problem

(418) AXn = Ahth

with homogeneous Dirichlet boundary condition. Thus, x,, satisfies the weak formu-
lation

(VXn; VX) = =(AnXh,> ) = (VXh,, VX)
for any x € 50”,2:1, which implies xp, is the Ritz projection of x,.
On the one hand, as the solution of the PDE problem (4.18), x,, satisfies the
standard PDE estimate

(4.19) Ixnll 345 < CllAnxn, |2
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for some constant d € (0, 3] depending on the maximal interior angle of the domain €.
The estimate (4.19) is a consequence of [12, Corollary 3.9, with fractional k]; see also
[13, p. 30] and [11, (23.3)]. Since H21%(Q) is compactly embedded into W14+ (1)
for a € (0, 1§—525) in a polygon (cf. [1, Theorem 7.34], with p = ¢ = 2 and s = £ +0),
it follows that

(4.20) Ixnllwrate < Clixall ;345 < ClARXR, |2,

and the set of functions {x, : n = 1,2,...} is compact in W4T (Q).
On the other hand, as the Ritz projection of x,,, the finite element function x4,
satisfies the standard error estimate

1 1.5
Xt = Xnllm < Clxall, 545027 < ClApxn, llz2hi ™ =0
H?2

as n — oo. By using the triangle inequality and the inverse inequality of the finite
element space, we have

Xk — Xnllwiate
<Xk — Prxnllwiate 4 [[Puxn — Xnllwiate

_2ta
< Chy " IXh, = Puxnllg + [1Prhxn = Xnllwrasa

_2+a _2+a
< Cha "™ [Xhn = Xnllm1 + Cha ™™ |IXn — PaXn |l + [[PaXn — Xallwiata

l+5,2+7°‘ l+5,2+7°‘ l+§,2+704
< Clixall pzeshn 7+ Clixall yzoshn 7 + Clixall g 5hn

H3+ H3+S
.
< CllAnxn, |lL2hn

— 0 asn— oo,

where we have used the fact  + 6 — ii—g > 0 for a € (0, 1255) in the last inequality.
Thus, by (4.20), we obtain

IXn, lwrate < [IXnllwrare + CllAnxR, 122 < CllARXR, [l L2-

Since {x, : n =1,2,...} is compact in WH4+2(Q) and with the above result, the set
of functions {xn, : n =1,2,...} is also compact in W14T%(Q). This completes the
proof of Lemma 4.2. 0

LEMMA 4.3. There exists a > 0 (depending only on the domain ) such that the
function @; determined by (3.1) converges to ; in the following sense:

(4.21) lim [lejn = @jllwrare(@) = 0.
Furthermore,
(4.22) Lim |6j.n — Bj] = 0.

Proof. Let x be a smooth cutoff function such that x = 1 in a neighborhood of
2; and x = 0 on U;£;09;. Then ¢; — x is the solution of

{A(soj —x)=-Ax in Q,

4.23
(4.23) wj—x=0 on 09,
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which implies (similarly as (4.19))

lles = xll 346 < C||Ax]|lrz < C  for some § > 0 depending only on the domain .

Therefore, Hcpj||H%+5 < C. In view of the embedding H 2 (Q) < WL4te(Q) for o €

(0, 15—525) (we denote by “—” continuously embedding), we have V x ¢; € L1T(Q).
Since ¢, is the finite element solution of ¢;, it follows that

(4.24) |Pups — @jnllm < Ch3+0,

where P, is the L2-projection operator, satisfying (4.2). By using the inverse inequal-
ity, we obtain

(4.25) 1Pup; — @inllwrara < Ch™5a||Pygp; — jalla < ChET- T,

For o € (0, 18%5), we have § + 6 — 22 > 0. Since H3H(Q) < WEHI— T At (),
it follows that

_24a
llj — Prpjllwrara < CH%‘H g5 Zie, e hEHOTES

(4.26) e i
écwmﬁwm“ﬁﬁscm“ﬁﬁ.

Therefore, we have

(4.27)

s = @inllwrare < ll9; = Papsllwrare + [ Pags — @jnllwrase < ChEHEE,

which implies (4.21).

Let M = (M;;) and My, = (M;;n) be two m x m matrices with M,;; = (V X
©;, V x ;) and Mi;p = (V X @ n, V X @;1). Since M = (M;;) is positive definite
and (4.21) implies limy, 0 M), = M, it follows that limy_,o Mh_1 = M~1. Then (3.2)
and (2.10) imply

m

lim 5 , = lim Z )is (Ho, V X ;1)

(MY %&%(Hoa V X ©jn)

<
I
—

(M~1)i;(Ho, V X ¢;)

j=1

= B;. 0

With above results, we start to prove Proposition 4.1.

Proof of Proposition 4.1. First, we start with estimating ||VA}| .2 and ||u} || 2.
To this end, we substitute a, = —Ap A}, vy, = u}, and g, = p} into (3.3)—(3.4). Then
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we obtain
VAP — VA1
(=T v ) o g
+ </M,LZ X (V X Az_l + Zﬂj)hv X 90j7h) , AhAZ)
j=1
(4.28) = (o7 T, ALAY),
n—1
u? —u
(hih, h) A
-
= (f”,uﬁ) + (,U(V X Azil + Zﬁj’hv X @j,h) x Ap, Z,’U,Z)
j=1
(4.29) = (f",uﬁ) + (,LLUZ X (V X A271 + Zﬁj’hv X ‘pj,h) , AhAZ)
j=1
Since
VAR = VAT L BIVARIG — sl VAR | sl VAR - VAR
//L—’ vAh - + 9
T 27 2T
up —up ! T e T R 72
,Up | = + 5
T 2T 2T

summing up (4.28)—(4.29) and dropping the square terms in the above two equations
yield
AIVARIE: = pI VAR e | luilZe — i
2T 2T
+o I ARAR L + [ Vuh]l

(4.30) <(o _1Jn AhAn) (fn up)
n 1 n
< —HJ HL2 + ||AhA HL2 + Hf ||L2 +€||“h||L2
< —HJnHL2 + 72— IIAhA 172 + 4—6Hf"||2m + Cel|Vupll7..

By choosing a sufficiently small e, the inequality above implies

ulI VAR — pll VAR 13 n 2
2T 27

(4.31) ot n v n
+ T”AhAhH%2 + §||Vuh|\%2
< (T2 + 1£122)-
By summing up the inequality above for n =1,...,m, with 1 < m < N, we obtain
N
| ax (IVARIIZ2 + [luq ]I 72) TZ(IIAhAZH%z + IV z:)
(4.32) "=

N
<Cr Y (17"M72 + I1F™172) + CUIVAR 72 + lupliz=) < C,
n=1

where we have used the boundedness of ||VAY| 2 and ||uf |12, which are direct con-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/03/23 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

FINITE ELEMENT METHOD FOR THE MAGNETO-HYDRODYNAMIC 445

sequences of the definitions of u) = P,up and A9 in (3.7). The estimate (4.31) also
implies that, by setting AZ‘l =J"=0and uZ_l = f™ = 0, the homogeneous linear
system given by (3.1)-(3.5) has only zero solution A} =0 and uj = 0. In this case,
(3.4) reduces to

(py,V -vp) =0.

By using the inf-sup condition (4.1), we further derive p} = 0. This implies the
existence and uniqueness of solutions of the linear system (3.1)—(3.5).

Ap—Ap~

1
Second, we estimate || =2—"—||;2. To this end, we use (3.3) and note that for

any q,q > 2 satisfying % + % = %,
AP — Anfl
(=)
T

(UﬁlAhAZ,ah) + (/M.LZ X <V X Az_l + Zﬁmv X goj,h>,ah) + (UilJn,ah)

Jj=1

< (almhAmLz Tl x (v AT BT soj,h) s
j=1

+a—1|J"||L2)|ah|Lz

< c(mhAznp T lafllo| v x A2+ SV x o]+ |J"||L2) a2z

i=1 La
< c(mhAanz IVl x AP e S BV x|+ ||J”|Lz) lan .
i=1 L

The inequality above implies (via the duality argument)

Ap — APt

(4.33) H .

L2

< c(mhAanz IVl Y % AT+ S BV X gl + ||J”|Lz),
j=1

which holds for all ¢ € (2,4) with § = qZ__qz. By using Lemma 4.2 and (4.32), we have
n—1 n—1 %_1 n—1 2_% n—1 2_%
IV x A lpe < CIVART o IVAT (e ® < CllARAR 2"
Therefore,

N s
(TZ IVubllz= NIV x AR~ + 327, BV %hli«)

n=1

N % N m 25 227755
< O(TZ |w,:|iz) <rz IV x A3t 4D 85V % %h”iqs)
n=1 n=1 Jj=1
N 3 N (2—4) 28 =
<C (TZIVuZII2L2> (TZ”AhAZ‘lHLz o +C> ’
n=1

n=1

where we have used Lemma 4.3 in the last inequality. For any given 1 < s < 2, one
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can choose ¢ = 384f2 € (2,4) so that (2 — %)% =2 and

N
<TZ IVauhl|ZIV x ARt + 307, BV x @j,hliq>
n=1

N % N 2s
<C (TZ |VuZ||2L2> (TZ | ARATY2, + c)
n=1 n=1

<C,

where we have used (4.32) again. Substituting the estimate above into (4.33) yields

N
(4.34) <r >

n=1

S

Ap —Ap!

T

) <C Vse(1,2).

L2

n n—1
Third, we present the estimate for || “2—t— a2 . () - From (3.4), we can derive
that ’

n n—1
ul —u
(4.5) (M ) = (g o)+ 01,7 o),
where
n 1 n—1 n 1 n—1 n 1 n—1 n n
9" =—gu, -Vuh—i(v-uh )~uh—§uh -Vuy — vApuj

H AV X AT BV X @) X ARALL

1

Substituting vy, = “L=%4 into (4.35) yields

n—172 n—1

ul —u ul —u V-oup —V-ul!
[t | <o M| (g, T
L2 L2 T
n n—1
ul' —u
= O||Pug" ||| "—"—]
L2
where we have used (3.5). Then
n n—1
ul —u
(4.36) Hhih < C||Prg"l 2
L2

From (4.9), we have (V- v,p}) = (V- Qnv,p}) =0 for any v € H}Ldiv(ﬂ) and thus

(4.37)

—1
u? —uy
(h h 7v>
T

n n—1 n n—1
U, — U U, —Uu
h h h h
= (7, (Qh'l}) =+ <7’r , U — (Qh'l))

T

n n—1

= (Prng",Qnv) + <%av - Qh'v)

n n—1
u? —
S C||g”HH—1(Q)||'v||H1 + CH% ||’U - Qh’UHLz Yo e H(lJ)div(Q).

L2
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By using Holder’s inequality and (4.9), we have

n n—1 n n—1
U, —Uu u;, —u
H—h | o - Que e <ChH7h A (T
T L2 T L2
(4.38) < Ch||Pog" ||z ||v]| m

< COIPug" la-r vl a1
< Clg"lu-llvllar

where we have used the inverse inequality in the second-to-last inequality and (4.4)
in the last inequality. The two estimates above imply

up — Uy,

(4.39)

n—1
H < Cllg" .

T HY 0 (Q)

From (4.35), we obtain for any ¢ > 1

(4.40)
(V-up ™) up +up™t - Val, o)

g™l < Cllup™ - Vujllg— +C  sup
thS‘;*’lmh;éO thHHé

—+ C sup M
v, €SI v, #0 th”Hg

+Clf

+ O (v X APTN Y BV x @j,h) X Ap AP || -1
j=1
(U’ﬁvuzfl Voy)

=COllup™" - Vup| g+ C sup

'vh€§2+1,'vh750 ”’vhHHé
Vu?, Vo
vo sp ULV oy
v, €8T v, £0 I h”H(%

el (v A BV %,h) N
=1
< Ol - Vuf o + Ol g g s + IVl oz + ClLF s

+ O (v X APTN Y BV x @j,h) X ApAY| La
j=1
< CIIuZ*III 2o Vg ze + Cllug ™l za gl s

+ C||“h||H1 +Clf g+ C(| VAR~ 1” 2o+ Ve;, h|| )||AhAhHL2,

~

— H=1(Q) (Vg > 1) in the second-to-
% + m in the last inequality.

where we have used Sobolev embedding L7({2
last inequality and Holder s 1nequahty with

Q=

In particular, for 1 < ¢ < we have 2 7 < 4, and so
2
luh ™ 2 <CHUZ 1HL2 IVup )52
VAR 20 < IIVAZ_lHEz IIVAZ_ll\L4“

IVeintll e < C.
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Substituting the three inequalities above into (4.40) yields

(4.41)
19" || -1

n—1 %_1 n—1 2_% n n—1 % n—1 % n % n %
< Clluy ™ llze Va2 Vuglie + Cllug ™ |22 Va2 llugll 72 Vg 72
n n n— %_3 n— 4_2 n
+ Clluplla + Clf™ -1 + (CIVALT L T IVAR e + O ARAR 2
n— 2_% n n— 1 n 1
< C|IVuy e " IVag 2 + Ol Vuy 2 Vub | 7.
n n n— 4_% n
+ Cllugllm + CIF -1 + (CIARAL I 2" + O An ARl 2
n— 2_% n n— 1 n 1
< CIVuy e Vg e + ClIVuy Iz Va7
n n n—1 5_§ n 5_%
+ Clluglla + ClF - + ClARAT (I 2 " + CllARAR] - " + C
for all ¢ € (1,4/3), where we have used (4.32) in the second-to-last inequality and

Young’s inequality at the last step. For any s € (1,2), we can choose ¢ to be sufficiently

close to 1 so that s(3 — %) <2 and s(5 — %) < 2, and therefore

N N
_ (2—2) 1. s
P> lg 5 < 0 S (19 1 IVuplse + [Vag | Vg )
n=1 n=1

N
nis nis n s(5—12)
+0r 3 (il + 1£7 - + 1A AR ") +C

n=1

M=

n—1 8(37%) n 8(37%) n—1s nys
<cord (Ivup s+ IVuglys ) + IV e + [ Vupl iz
n=1
- (6-3)
+0r 3 (il + 1" - + NAnAz N2 ) + €
n=1

N
<cry (IVap e + IVuglie + Va2 + [ Vupl:)
n=1

N
+07 > (gl + 157132 + 12 4RI ) + C
n=1
(4.42) <C  Vse(L,2).

Substituting (4.42) into (4.39) yields

ARy
(4.43) Y |[—t— <C Vse(1,2).
n=1 T Hfl),div(Q)’

Thus, (4.32), (4.34), and (4.43) imply the estimates (4.15) and (4.16). The proof
of Proposition 4.1 is complete. d
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It is easy to see that the numerical scheme (3.1)—(3.5) implies that the equations
T
/ (u@tAh,T, ah) + (071VAZ, Vah)
0

— /M,LZ x | V x A}: + Zﬁmv X Yin|,an de
j=1

T
(4.44) :/ (o7 T T, ap)dt,
0

T
1
| @0 + G vt o)
0

1
- E(ug Vo, u)) + WVu), Vo) — (pf, V- 'vh)] dt
T m
(4.45) = / (From)+ | u Vx4, + Zﬁj,hv X jn | X ApAf v || dt,
0 o

T
(4.46) / (V-ui,qn)dt =0
0

hold for all a, € L2(0,T;S; ™), v, € L2(0,T;S; ™), and g, € L?(0,T; Sy).
In the next subsection, we pass to the limit in (4.44)-(4.46) by using the energy
estimates given in Proposition 4.1.

4.3. Compactness and convergence. Let s € (1,2) be fixed. The estimate
(4.15) implies the existence of functions

A€ L0, T; HY(Q)) nWh*(0,T; L*(Q)),
we L0, T;L%(Q)) N L2(0,T; H (Q)*) n W50, T; H1(Q)?)

such that the following convergence results hold: For any sequence (h,,, 7,,) — 0, there

exists a subsequence (hy,,,, T, ), m =1,2,..., such that
(4.47)

Ap, . converges to A weakly* in L*(0,T; H' (1)),
(4.48)

VAp, . converges to VA weakly* in L™(0,T;L*(12)),
(4.49)

A, . converges to ;A weakly in L*(0,T; L*(Q2)),
(4.50)

ApAp, 7. converges weakly in L?(0,T; L*(Q)) to a function F € L*(0,T;L*(9)),
(4.51)

Wp, . converges to u weakly* in L>(0,T;L*(2)),
(4.52)

Wh, . converges to u weakly in L*(0,T;H'(Q)),
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(4.53)

Orup, converges to dyu weakly in L*(0, T Hadiv(Q)’),

nmoTrm

where (4.48) is an obvious consequence of (4.47). Furthermore, we have FF = AA €
L?(0,T; L*(2)). To see this, we test F' by a function v € L*(0,T; H}(2)). Then we
have

T T
/ (F,v)dt = lim (AnAn,,, ,, ,v)dt
T
= lim (AhAhnm Trm 9 Phnm’U)dt
T
+ lim (AhAhnmJnm v — Phnmv)dt
T
= — lim (VAhnm,‘rnmaVPhnmv)dt
T
+ lim (AhAhnmJnm v — Phnmv)dt
T
=— lim (VAp,, .. ,Vo)dt
T
— lim (VAn,, 0 s V(Ph,, v—uv))dt
T
+ lim (AhAhnmJnm v — Phnmv)dt
T T
_ / (VAV)dt — Tim [ (VAn, o V(P 0= )t
0 m=ee Jo
T
+ lim (AhAhnmJnm v — Phnmv)dt,

m—r o0 0

where we have used (4.48). Since

T
/ (VAn,, 7, s V(Ph,, v— U))dt‘
0

S VAR, w22 0.7020) IV (Bhi,, 0 = 0) [ 2200,7522(0)
< C| Py, v —vll207m1(0) = 0 as m — oo,

T
/ (AhAhnmJnm v — Phnmv)dt'
0

<NAnAn.,, 7 l220.1:02(20) | Ph, v = 0l 20,1322
< C||Pr,,, v —vL20,1:22(02)) — 0 as m — oo,

it follows that the function F' € L?(0,T; L?(f2)) satisfies
T T
/ (F,v)dt = —/ (VA,Vo)dt Vo € L*(0,T; Hj(2)).
0 0

This implies AA = F € L?(0,T; L*(2)), and therefore

(4.54) AR A converges weakly to AA in L(0,T; L*(Q)).

nm s Tnm
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Moreover, the initial value of the limit function A must be equal to Ag. This can
be proved in the following way: On the one hand, for any given smooth function a
such that ali—7 = 0,

T T
/ (0:An,, 7, »a)dt — —/ (0tA,a)dt as m — oo;
0 0

on the other hand,
T T
| @ i)t == [ (A 00)d (43, alico)
0 0

T
5 —/ (A, 9ya)dt + (Ao, aly—o) a3 m — oo,
0

where we have used the convergence of A, . ~in (4.47) and the convergence of
A?In to Ag in Hg (). The latter is a simple consequence of the convergence theory

for the elliptic problem (2.13) and (3.7). Therefore,

_ /O A eyt — /0 N D)t + (A% alico),
which implies Al;—o = Ao in L*(Q). Similarly, we also have u|;—o = uo in Hy 4, (Q)".
This proves
(4.55) Alimo = Ao and  uft=g = ug.
In Proposition 4.1, we have proved
[ARAR,,. ru 220, 7:22(0) + 06 An,,,, 70 |25 0.7, 22(02)) < C.

Then Lemma 4.2 and the Aubin-Lions-Simon lemma (cf. [6, Theorem I1.5.16]) im-
ply that As, .. is compact in L?(0,7; Wh4t((Q)), and thus one can choose the
subsequence to have the following property:

(4.56) An

Since Ap,, 7, —Aisbounded in L>(0,T; H*(2)) and convergent to zero in L*(0, T’;
Wh4te(Q)) and (interpolation inequality)

converges to A strongly in L?(0,T; Wh*t*(Q)).

nm > Tnm

1Ak 7 = All oo 0,75w2.2(2))
< Ol Anny e = Al 0 101 (@) 1 Ak 7um = Allf20 701,850 (0
for 1;29 + 4%1 = % and qis = % + g, it follows that
(4.57) A converges to A strongly in L% (0, T; W*(Q)) for some g > 2.

Since H'(Q) << L(Q) — Hy 4;,(Q)’ for all 2 < ¢ < 0o and

nm o Tnm

Lo, (o)) < C,

®h,,, 70 | 2200, ;11 (02)) + 02, 7 | 3 div

the Aubin-Lions-Simon lemma (cf. [6, Theorem I11.5.16]) implies that wp, -, 1is
compact in L2(0,T; L()) for all 2 < ¢ < oo, and thus one can choose the subsequence
to have the following property:

(4.58) up, converges to u strongly in L*(0,T; L*(Q)).

nm s Tnm
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The estimates above are for the piecewise linear functions Ay, ., —andup,
For the piecewise constant functions Af and uf -, we have similar esti-

ms>Tnm

Trm

mates:

(4.59) Af rn,, converges to A weakly” in L>(0, T HY(Q)),

(4.60) VA,jfnm)Tnm converges to VA weakly* in L>°(0,T;L*(Q)),

(4.61) AhAisznm converges to AA weakly in L*(0,7T; L*()),

(4.62) ufﬂmﬁnm converges to u weakly* in L>(0,T; L(12)),

(4.63) uilm)mm converges to u weakly in L?(0, T; H3(Q)),

(4.64) Ay, 7. converges to A strongly in L4(0,7; W"*(Q)) for some ¢ > 2,
(4.65) ufﬂmﬁnm converges to u strongly in L*(0,T; L*(Q)).

Since wp,, -, —u is bounded in L>(0,T; L?(2)) and convergent to zero in L*(0, T’
L*(Q2)) and (interpolation inequality)

[©h 7, — 0l

L4(0,TL3 ()
—6
< Cllun,,, 7, — u||1Loo(07T;L2(Q))||Uhnm,rnm - u||9L2(O,T;L4(Q))7
it follows that

(4.66) up, converges to w strongly in L*(0, T} L3 (€)).

nmoTrm

Then Lemma 4.3 and (4.63)—(4.64) imply

ug x | VxA + Zﬂj)hv X @jn | convergestou x [V x A4 Zﬂjv X ©;
j=1 j=1

weakly in LP(0,T; L*(2)) for some p > 1,

4.69) u” ®@u’ converges to u ® u weakly in L?(0,T; L3 ()%,

and Lemma 4.3, (4.61), and (4.64) imply

V x A}? + ZBMV X Q4 h

Jj=1

(4.70) m
x ApAf convergesto |V x A+ BV xp; | x AA

Jj=1
weakly in L7+ 0,7 L3 (2)%).

For any given a € L®(0,T; L?(f)), its L? projection a, = Pha converges to a
strongly in LP (0, T; L?(Q)) for the number p > 1 in (4.67).
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Similarly, for any given
v € L0, 75 Hj () < L3 (0,73 LT (2)*) N L2(0, 75 L# (2)%)',

its Fortin projection v, = Qv converges to v strongly in L* (0, T; H{(Q2)) and satisfies
(qn,V -vp) =0 for all g, € S}.
Then, by taking the limit of a subsequence in (4.44)-(4.45), we obtain

/OT [(uatA,a) +(0c7'AAa) — <Mu X (v X A+iij * ‘pj)’a)]dt

(471) = /OT (07! J,a)dt

T 1 1
/0 [(&tu,v) + i(u -Vu,v) — i(u -Vv,u) + (vVu, Vo)

(4.72) :/OT {(f,v)%— (u(V XA"—iﬁjv X gpj> X AA,v)]dt

j=1

for all @ € L*>(0,T; L*(Q)) and v € L*>(0,T; H} 4,(Q)).

The convergence results (4.47)(4.53) show that A and w possess the regularity
in (2.14)—(2.15), except the regularity u € L?(0, T’ Hadiv(ﬂ)).

Finally, we show that w € L?(0,T;Hj 4,(Q)). In fact, for any given ¢ €
L2(0,T; L2(R)), its L? projection g, = Phq converges to ¢ strongly in L2(0, T; L2(2)).
By taking limit in (4.46), we obtain

T
/ (V-u,q)dt =0,
0

which implies V - u = 0. Since u € L?(0,T;H}(Q)) and V - u = 0, it follows that
u € L*(0, T3 H 4, ().

Therefore, (4.55) and (4.71)~(4.72) imply that (A, u, (¢;)7, (8;)™,) is a weak
solution of (2.7)-(2.13). Furthermore, (4.56), (4.58), and Lemma 4.3 imply the con-

vergence results in Theorem 3.1.

5. Numerical examples. In this section, we present two numerical examples
to illustrate the convergence of the proposed numerical method in nonconvex and
nonsmooth domains. All the numerical tests are done by using FreeFEM-++ with
double precision, and the codes are available at https://github.com/jiluwang/MHD.

Ezxample 5.1. In the first example, we consider the MHD equations

(5.1) OH+Vx(VxH)-Vx((uxH)=V xJ,
. ou+u-Vu—Au+Vp=f—puH x (Vx H),
(5.3) V-u=gyg

in a simply connected L-shape domain 2 whose longest side has unit length, centered
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(—0.5,0.5) (0.5,0.5) (—0.5,0.5)
(0,0) (0.5,0)
(0.5,0)
(0, —0.5)
(—0.5,-0.5) (—=0.5,—1) (1,-1)

F1G. 1. An L-shape domain (Ezample 5.1) and a multiconnected domain (Ezxample 5.2).

at the origin; see Figure 1 (left). The source terms f, g, and
J=0u1 +VxH—-uxH

are calculated by substituting the following exact solution into (5.1)—(5.3):

_(w _ (Pemrsineer3))
(54)  w= <u2> < ®(r)r?/3 bin(29/3)> o r=0
r)r=1/3 /3 cos(0/3) + 2@/ (r)r?/? sin(20/3) sin<9>>

26% D (
(5:8)  H=Vxu = <2t2 ®(r)r~/3 /3sin(0/3) — t2®' (r)r?/3 sin(26/3) cos(6)
where r = \/22 + y2 and 6 = arg(x + iy), with (z,y) € Q, and ®(r) is a C3(Q) cutoff
function. Here,
01 ifr<o0.1,
O(r)=4q T(r) if0.1<r<04,
0 ifr>04,

and Y(r) is the unique seventh-order polynomial satisfying the conditions Y/(0.1) =
T7(0.1) = T"(0.1) = T(0.4) = Y'(0.4) = T”(0.4) = Y"(0.4) = 0 and Y(0.1) = 0.1.
The constructed solutions in (5.4)—(5.5) satisfy the boundary conditions

(5.6) H-n=0, VxH=J, and u=0 on Qx (0,7].

We solve (5.1)—(5.3) up to time T = 1 by the proposed numerical method (3.1)-
(3.5) with r = 1, i.e., with the P2 element for A and P2-P1 elements for (u,p). The
numerical solution of magnetic field is given by H» = V x A}. Since the L-shape
domain is simply connected, it follows that m = 0 (the constants 3;, j = 1,...,m,
are not needed). The L-shape domain is triangulated quasi-uniformly with M nodes
per unit length on each side, and we denote by h = 1/M for simplicity.

We compare the numerical solutions with the exact solution given by (5.4)—(5.5)
and present the errors of the numerical solutions in Table 1. For comparison, we also
present the numerical results of a “direct H'-conforming FEM” in Table 2, with the
same time-stepping scheme as the proposed method (3.1)—(3.5). In particular, the
direct H'-conforming FEM seeks Hp ¢ S,%, up € S,QL7 and pjy € S,i, with H}! -n =0
on 99, such that the following equations hold for all test functions a;, € S2, vy, € S2,
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TABLE 1
Numerical results of the proposed numerical method (3.1)—(3.5) with T = h.

h IHY = H(otw)lle | lluy —ultn)lpe
1/16 4.295E-03 6.540E-05
1/32 1.894E-03 2.073E-05
1/64 1.092E-03 8.492E-06
1/128 7.036E-04 3.845E-06
convergence rate O(h0-63) O(ht14)
TABLE 2

Numerical results of the H'-conforming FEM (5.7)—(5.9) with T = h.

h IHY — H(,tn)lg2 | lluy —ul,tn)llz2
1/16 1.180E-02 6.516E-05
1/32 7.419E-03 2.046E-05
1/64 4.958E-03 8.297E-06
1/128 3.206E-03 3.723E-06
convergence rate O(h0-63) O(h116)

and qp, ES}L with ap - = 0 on 9

H" — n—1
(Mih - b ,ah) + (a_lv x Hp,V x ap) — (puj x H}’Z’l, V X ap)

(5.7) = (071", V x ay),

n n—1
— 1
(711,1 “h ,vh> + i(u’g*1 -Vup,vp)

-
1
— §(u271 -Voup,up) + (WVup, Vo) — (pp, V - vp)
(58) = (F"on) — HR X (V% HY),vp),

(5:9) (V- -up,qn) = (9" an)-

The numerical results in Tables 1 and 2 show that the proposed method has
slightly higher accuracy than the H'-conforming FEM in computing the magnetic field
H (with the same degree of finite elements and similar computational complexity).
The convergence of the proposed numerical method is proved in Theorem 3.1 (see also
Remark 3.1), while the convergence of the direct H!-conforming FEM remains open
in nonconvex and nonsmooth domains.

Ezample 5.2. In the second example, we consider the MHD equations (5.1)—(5.3)
in a multiconnected domain shown in Figure 1 (right), with the source terms f, g,

and
J=0u1 +VxH—-uxH

determined by the exact solution

o fur t2®(r)r?® sin(260/3) _
(5:10) “= (u2> a (#@(r)r?ﬂ* sin(29/3)> =0
(5.11) H =V xu +Vxg,
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TABLE 3

Numerical results of the proposed numerical method (3.1)—(3.5) with T = h.

h IHY — H(otn)le | llug —ul i)l
1/16 5.625E-02 6.376E-05
1/32 3.472E-02 2.232E-05
1/64 2.179E-02 8.678E-06
1/128 1.366E-02 3.767E-06
convergence rate O(h0-67) O(h'20)
TABLE 4

Numerical results of the H'-conforming FEM (5.7)—(5.9) with T = h.

h IHY — H(tn)lle | llup —u( )2
1/16 4.681E-01 1.290E-04
1/32 2.912E-01 4.582E-05
1/64 1.819E-01 1.798E-05
1/128 1.153E-01 7.388E-06
convergence rate O(h0-66) O(h'28)

where ¢ is the harmonic function satisfying
Ap =0 1in Q,

(5.12) p=1
=20 on the outer boundary.

on the inner boundary,

In this case, m =1 and ; = 1.

We solve the MHD equations up to time 7' = 1 by the proposed numerical method
(3.1)—(3.5) with the P2 element for A and P2-P1 elements for (u,p) and compare the
numerical solutions with the exact solution given by (5.10)—(5.11) (where ¢ is approx-
imated numerically). The domain is triangulated quasi-uniformly with M nodes per
unit length on each side, and we denote by h = 1/M for simplicity. The errors of
the numerical solutions are presented in Table 3. For comparison, we also present the
numerical results of the direct H!-conforming FEM (5.7)-(5.9) with the P2 element
for H and P2-P1 elements for (u,p) in Table 4. Numerical results in Tables 3 and 4
show that the proposed method is much more accurate than the direct H'-conforming
FEM in such a multiconnected nonsmooth domain. The reason may be that the pro-
posed method approximates the harmonic part V X ¢ at the initial time in a more
accurate way than the direct H!'-conforming FEM, which cannot separate V x ¢ from
H.

6. Conclusion and remarks. We have proposed a fully discrete and linearized
H'-conforming Lagrange FEM for solving a magnetic potential formulation of the
two-dimensional MHD equations in general domains that can be nonconvex, non-
smooth, and multiconnected. The theoretical analysis shows that, for given source
terms and initial data with regularity (1.6), a subsequence of numerical solutions con-
verges in L2(0,T;L%(Q)) to a weak solution of the MHD equations without any mesh
restriction. The uniqueness of weak solutions for the two-dimensional MHD equations
in general domains remains open. If the weak solution is unique, then the numerical
solutions converge to the unique weak solution as (7,h) — (0,0) (without taking a
subsequence).
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The results proved in this paper can be generalized to more general H I_conforming
finite element spaces. For example, the finite element space S; ' x S /R for (u, p)
can be replaced by other H'-conforming finite element spaces X, x M}, satisfying the
inf-sup condition (4.1), meanwhile with the following approximation property:

li inf — — =0 V HNO) N LAQ).
fim b o=l gl z2) (v.) € HY(@) N L3(2)

The finite element space 5‘;*1 for A can be replaced by any H'-conforming finite
element space Vj, C H}(Q2) such that

inf [x = xallm < Chxllmee VX € Hy(@) N H™(Q), Va€[0,1]
Xh h

The assumption of perfect-conductor—type boundary conditions for the magnetic
field is an ideal situation. In realistic problems, the magnetic field is often not con-
fined to the fluid region but extends throughout space, satisfying interface conditions
(rather than boundary conditions) on the surface of the fluid region. In this case,
the numerical approximation of solutions to the full incompressible MHD equations
in the whole space, satisfying interface conditions on the surface of the fluid region, is
still an open problem. The present paper, focused on two-dimensional domains with
perfect-conductor—type boundary conditions, could be an incremental step toward the
solution.
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