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Abstract

This paper addresses a kind of optimal switching problem to minimize a quadratic cost functional for the discrete-time switched
linear system with time delay. Since the dynamics is influenced by the switching sequence and the time delay, most existing
gradient-based methods and relaxation techniques can not be applied. In order to find the optimal solution, we first formulate
the switched time-delay system into an equivalent switched system to separate the cross term of coefficient matrices. Based
on the positive semi-definiteness of the system, we derive a series of lower bounds of the cost functional. By comparing them
with the current optimal value, a depth-first branch and bound technique is proposed and the global optimal solution can be
exactly obtained. Some numerical examples are demonstrated to verify the high efficiency of the method.
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1 Introduction

Switched system belongs to a particular class of hy-
brid system, which is composed of some subsystems and
a switching law. For each subsystem, its dynamics is
generally described by a differential equation in con-
tinuous time or a difference equation in discrete time.
The switching law is to govern these active subsystems
in a given time horizon. Recently, the switched system
has been widely found in many practical applications,
including the choice of gears on transports [1], sensor
scheduling [2], power converter system [3], dynamic sup-
ply chain network [4], and some other fields.

Due to the challenge both in theory and applications, the
switched system and its related problems have been a
hot topic. In the past years, many theoretical results can

⋆ This paper was not presented at any IFAC meeting. Cor-
responding author Z. G. Feng. Fax +86 759 2383064.

Email addresses: xuwei9951@qq.com (Wei Xu),
18281102@qq.com (Zhi Guo Feng), guihualin@shu.edu.cn
(Gui-Hua Lin), macyiu@polyu.edu.hk (Ka Fai Cedric Yiu),
yly shu@126.com (Liying Yu).

be found in the literature, such as the stability analysis
in [5,6] and the controller design in [7,8]. To improve the
performance of the system, the switching times and the
switching sequence have also been considered in optimal
control problems. For autonomous switched systems in
continuous time, some classical nonlinear programming
methods based on the gradient formula of the cost func-
tional were extended to find the optimal switching times
in [9–11]. When the control function is introduced, Xu
proposed a two-stage optimization strategy in [12]. The
control parameterization enhancing transform was also
developed to handle the same problem in [13–15]. How-
ever, when the system involves the discrete event, such
as the switching sequence, the optimal control problem
becomes very complicated. In most cases, only the local
optimal solution can be obtained. In [16–18], the em-
bedding transformation with some relaxation methods
was explored. But it may produce an infinite switching
frequency, which is not possible to be implemented in
practice. Another widely used technique is the mode-
insertion method referred in [19–21], where the given fi-
nite switching sequence was updated by inserting some
new subsystems to reduce the cost functional value. For
the discrete-time switched system applied in [22], any
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gradient information disappears and the optimal switch-
ing problem is rarely discussed. In general, the optimal
switching sequence can only be searched by the enumer-
ation or the dynamic programming. The computational
complexity shows the exponential growth. Then, some
other discrete optimization methods were explored, such
as the discrete filled function algorithm in [23] and the
branch and bound method in [24,25].

In this paper, we consider a class of time-delay switched
systems in discrete time, where the evolution of the sys-
tem is influenced by the current sate, the time-delay
state and the switching sequence. Our purpose is to
find the global optimal switching sequence such that the
quadratic cost functional achieves the minimum value.
As far as we know, the global optimization method has
not been discussed to handle the optimal switching prob-
lem with time delay. The difficulties come from two as-
pects: One is that the available optimization tools are
limited to obtain the global optimal solution. Further-
more, under the joint effect of the switching sequence and
the time delay, the performance of the cost functional be-
comes more complicated. In our work, we first transform
the original optimal switching problem into an equiv-
alent augmenting form, then these parameter matrices
involved different switching signals are separated in the
cost functional. By constructing a set of dynamic lower
bounds of the cost functional, a depth-first branch and
bound algorithm adapted to the discrete-time switched
system with time delay is proposed such that the global
optimal solution can be obtained efficiently.

The rest of the paper is organized as follows. In Section
2, we state the switched system with time delay in dis-
crete time and consider the optimal switching problem
with a quadratic cost functional. In Section 3, we first
reformulate this problem as a tractable structure, then
the dynamic lower bound of the cost functional is con-
structed via some matrix transformations and extension
techniques. Finally, a depth-first branch and bound al-
gorithm is proposed to find the global optimal solution.
In Section 4, some examples are tested to demonstrate
the high efficiency of the method.

Notation We use lower-case and upper-case boldface let-
ters to denote vectors andmatrices, respectively. For any
two matrices Y,Z ∈ R

n×n, the relation Y � Z means
that Z−Y is positive semi-definite. In addition, for the
matrix Y, the entry in its i-th row and j-th column is
denoted by Yij and the n-dimensional identity matrix is

denoted by In. Let
K
∏

k=1

Yk = Y1Y2 · · ·YK .

2 Problem formulation

We consider the following switched system with time
delay in discrete time, which can switch the mode from

M linear subsystems at each time.

x(t+ 1) = Aσ(t)(t)x(t)+Bσ(t)(t)x(t − τ),

t = 0, 1, . . . , T − 1,
(1)

with initial condition

x(−ξ) = yξ, ξ = 0, 1, . . . , τ, (2)

where T > 0 is the terminal time and τ > 0 is the
time delay. Without loss of generality, we assume that
T > τ . In fact, the case of 0 < T ≤ τ can be viewed as a
special case contained in the following discussion. Since
only one subsystem is active at each time, we denote
the index set of these subsystems by M = {1, 2, . . . ,M}
and let σ(t) ∈ M be the switching signal to activate the
corresponding subsystem. Then, a complete switching
sequence can be denoted by

σ = (σ(0), σ(1), . . . , σ(T − 1)) ∈ MT .

In the time-delay switched system, x(t) ∈ R
n is the s-

tate, Aσ(t)(t) ∈ R
n×n and Bσ(t)(t) ∈ R

n×n are both
time-varying coefficient matrices. For simplicity, we di-
rectly write them by Aσ(t) and Bσ(t) respectively and
denote the m-th subsystem by the pair (Am(t),Bm(t))
for the rest of the paper. For the initial condition, yξ ∈
R

n, ξ = 0, 1, . . . , τ , are given τ + 1 column vectors.

It is worth noting that only the discrete switching se-
quence σ ∈ MT is the decision variable, we state the
optimal switching problem as follows.

Problem 1 For the dynamics (1) with initial condition
(2), find an optimal switching sequence σ ∈ MT , such
that the quadratic performance index described by

J(σ) =
T
∑

t=1

x⊺(t)Q(t)x(t) (3)

is minimized, where for any time t ∈ T1 , {1, 2, . . . , T },
Q(t) ∈ R

n×n is a positive semi-definite matrix.

Since the number of all feasible switching sequences is
finite, the optimal solution of Problem 1 must be exis-
tent. But the evolution of the time-delay switched sys-
tem depends not only on the current state but also on
the time-delay state, which are both governed by the
switching sequence σ in the dynamics (1). Thus, it is d-
ifficult to analyze the performance of the cost function-
al (3). Moreover, the optimal switching problem is very
hard to be solved all the time, especially for the global
optimal solution. Therefore, some efficient optimization
method to solve the optimal time-delay switching prob-
lem should be explored.
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3 Method analysis

3.1 Reformulation of the optimal switching problem

Instead of τ + 1 individual initial states, we introduce
an integral initial state vector as y ∈ R

(τ+1)n, such that
y = [y⊺

0 y⊺

1 . . . y⊺

τ ]
⊺. Then all states can be expressed

by this new state y according to the dynamics (1) with
the switching sequence σ.

Lemma 1 Given a set of initial states {yξ ∈ R
n : ξ =

0, 1, . . . , τ}, the state of the time-delay switched system
(1) with initial condition (2) can always be expressed by
the formula

x(t) =

τ
∑

ξ=0

Cξ(t)yξ, t ∈ {−τ, . . . , T }, (4)

where for each ξ ∈ {0, 1, . . . , τ}, the matrix Cξ(t) ∈
R

n×n satisfies the following equation,

Cξ(t+1) = Aσ(t)Cξ(t)+Bσ(t)Cξ(t− τ), t ≥ 0, (5)

with initial condition

Cξ(t) =

{

0, ξ 6= −t,

In, ξ = −t,
t = −τ, . . . , 0. (6)

PROOF. We use the induction method. For the ini-
tial states, without loss of generality, we set t = −η,
∀ η ∈ {0, 1, . . . , τ}. By the initial condition (6), we have
Cη(−η) = In and Cξ(−η) = 0 when ξ 6= η. It follows
from Eq. (2), we have

x(−η) = yη = Cη(−η)yη =

τ
∑

ξ=0

Cξ(−η)yξ.

Then, Eq. (4) is true in the case of t ≤ 0.

Next, we assume that Eq. (4) holds in the case of t =
0, 1, . . . , s, s ≥ 0. Then let us continue to consider the
time t = s+ 1. Based on the dynamics (1), we have

x(s+ 1)

=Aσ(s)
τ
∑

ξ=0

Cξ(s)yξ +Bσ(s)
τ
∑

ξ=0

Cξ(s− τ)yξ

=

τ
∑

ξ=0

(Aσ(s)Cξ(s) +Bσ(s)Cξ(s− τ))yξ.

By Eq. (5), we obtain

x(s+ 1) =

τ
∑

ξ=0

Cξ(s+ 1)yξ.

It means that Eq. (4) also holds in the case of t = s+1.
Thus, Eq. (4) is always true for any time t ∈ {−τ, . . . , T }.

This completes the proof. 2

It follows from Lemma 1, we denote

D(t) = [C0(t) C1(t) . . . Cτ (t) ] ∈ R
n×(τ+1)n.

Eq. (4) can be equivalently written by x(t) = D(t)y,
where the time-varying matrix D(t) satisfies

D(t+ 1) = Aσ(t)D(t) +Bσ(t)D(t − τ) (7)

with initial condition



























D(0) = [In 0 . . . 0] ∈ R
n×(τ+1)n,

D(−1) = [0 In . . . 0] ∈ R
n×(τ+1)n,

...

D(−τ) = [0 0 . . . In] ∈ R
n×(τ+1)n.

(8)

Hence, Problem 1 can be equivalently reformulated by
the following problem.

Problem 2 Find a switching sequence σ = (σ(0), σ(1),
. . . , σ(T − 1)) ∈ MT , such that the cost functional

J(σ) =

T
∑

t=1

y⊺D⊺(t)Q(t)D(t)y (9)

is minimized, subject to the dynamics (7) with initial
condition (8).

Compared with Problem 1, the advantage of Problem
2 is that we need not to consider the dynamic charac-
teristic of the state in the time-delay switched system
and just need to handle the positive semi-definite ma-
trix D⊺(t)Q(t)D(t) ∈ R

(τ+1)n×(τ+1)n with respect to
the switching sequence σ in the cost functional (9).

3.2 Bounds of the cost functional

Assume that the switching subsequence made up of the
first tj values is given, that is, these switching signals
σ(0), σ(1), . . . , σ(tj−1), 1 ≤ tj ≤ T , are fixed. Then, the
matrices D(1),D(2), . . . ,D(tj) are determined by Eqs.
(7) and (8). So we denote

Ltj =

tj
∑

t=1

y⊺D⊺(t)Q(t)D(t)y,

3



If tj = T , a complete switching sequence σ =
(σ(0), σ(1), . . . , σ(T − 1)) is obtained. We can directly
calculate the cost functional value. Otherwise, the cost
functional (9) is divided into two parts as follows

J(σ | σ(0), . . . , σ(tj − 1))

=Ltj +

T
∑

t=tj+1

y⊺D⊺(t)Q(t)D(t)y,
(10)

where the second term of the right hand side of Eq.
(10) is unknown because D(tj + 1), . . . ,D(T ) are not
given. Thus, we should construct a lower bound of Eq.
(10) as a selection rule to determine the rest of unknown
switching signals. However, the matrixD(t+1) depends
on the joint effect of the current matrix D(t) and the
time-delay matrix D(t− τ). There are some cross terms
in the expansion of the cost functional, such as D⊺(t −
τ)B⊺

σ(t)Q(t + 1)Aσ(t)D(t). Clearly, its positive semi-
definiteness can not be guaranteed. The analysis of the
lower bound becomes very difficult.

In order to handle these difficulties to obtain a unified
lower bound for all scenarios of σ(tj), σ(tj+1), . . . , σ(T−
1) ∈ M, we have the theorem below.

Theorem 1 Assume that the first tj switching signals
σ(0), . . . , σ(tj − 1) are given in σ ∈ MT . For each k =
0, 1, . . . , T − tj − 1, l ∈ {0, 1, . . . , k}, we denote

Pk
tj
=

[

D⊺(tj) D⊺(tj − τ) . . . D⊺(tj − τ + k)
]⊺

,

Φk
σ(tj+l) =

[

Aσ(tj + l) Bσ(tj + l) 0
0 0 I(k−l)n,

]

,

and for any h ∈ {0, 1, . . . , k − τ} when k ≥ τ , let

Ψk
σ(tj+h) =





Aσ(tj + h) Bσ(tj + h) 0
0 0 I(τ−1)n

In 0 0



 .

Then, it holds that

D(tj + k + 1) =














(
k
∏

l=0

Φk
σ(tj+k−l))P

k
tj
, 0 ≤ k < τ,

(
τ−1
∏

l=0

Φk
σ(tj+k−l))(

k−τ
∏

h=0

Ψk
σ(tj+k−τ−h))P

τ−1
tj

, k ≥ τ,

(11)

where the dimensions of the block matrices Pk
tj

∈

R
(k+2)n×(τ+1)n and Φk

σ(tj+l) ∈ R
(k−l+1)n×(k−l+2)n are

extensible with respect to k and l.

PROOF. First, let us consider the first case of Eq. (11)
when 0 ≤ k < τ and the induction method is used.

When k = 0, we obtain l = 0, then

D(tj + 1)

=
[

Aσ(tj) Bσ(tj)
]

[

D(tj)
D(tj − τ)

]

= Φ0
σ(tj)

P0
tj
.

It means that Eq. (11) is true in the case of k = 0.

Assume that Eq. (11) also holds when k = r − 1 ≥ 0,
where 1 ≤ r ≤ τ , let us consider the case of k = r.
From the definitions of Pr

tj
and Φr

σ(tj+r−l), we obtain

the relations

Pr
tj

=

[

Pr−1
tj

D(tj + r − τ)

]

,Φr
σ(tj+r−l) =

[

Φr−1
σ(tj+r−l) 0

0 In

]

.

Then,

D(tj + r + 1)

=
[

Aσ(tj + r) Bσ(tj + r)
]

[

D(tj + r)
D(tj + r − τ)

]

=Φr
σ(tj+r)





r−1
∏

l=0

Φr−1
σ(tj+r−1−l) 0

0 In





[

Pr−1
tj

D(tj + r − τ)

]

=(

r
∏

l=0

Φr
σ(tj+r−l))P

r
tj
.

Hence, the first case of Eq. (11) is always true. In fact, it
also holds when k ≥ τ , then we rewrite D(tj + k+1) as

D(tj +k+1) = (

τ−1
∏

l1=0

Φk
σ(tj+k−l1)

)(

k
∏

l2=τ

Φk
σ(tj+k−l2)

)Pk
tj
.

Now we transform it into the second case of Eq. (11).

On the one hand, for any 0 ≤ q ≤ k − τ ,

Φk
σ(tj+q)P

k−q
tj+q

=

[

Aσ(tj + q) Bσ(tj + q) 0
0 0 I(k−q)n

]











D(tj + q)
D(tj + q − τ)

...
D(tj − τ + k)











=











D(tj + q + 1)
D(tj + q − τ + 1)

...
D(tj − τ + k)











= Pk−q−1
tj+q+1.
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By the recursion, we have

(

k
∏

l2=τ

Φk
σ(tj+k−l2)

)Pk
tj

= Pτ−1
tj+k−τ+1.

On the other hand,

Ψk
σ(tj)

Pτ−1
tj

=





Aσ(tj) Bσ(tj) 0
0 0 I(τ−1)n

In 0 0















D(tj)
D(tj − τ)

...
D(tj − 1)











=











D(tj + 1)
D(tj − τ + 1)

...
D(tj)











= Pτ−1
tj+1,

then we obtain

(

k−τ
∏

h=0

Ψk
σ(tj+k−τ−h))P

τ−1
tj

= Pτ−1
tj+k−τ+1.

It shows that, for any k ≥ τ ,

(

k
∏

l2=τ

Φk
σ(tj+k−l2)

)Pk
tj

=(

k−τ
∏

h=0

Ψk
σ(tj+k−τ−h))P

τ−1
tj

.

Thus, we obtain the second case of Eq. (11) when k ≥ τ .

This completes the proof. 2

For simplicity, we denote

Φ̂k
σ(tj+k−l) =







Φk
σ(tj+k−l), 0 ≤ l < τ,

Ψk
σ(tj+k−l), τ ≤ l,

P̂k
tj

=

{

Pk
tj
, 0 ≤ k < τ,

Pτ−1
tj

, τ ≤ k,

then Eq. (11) can be rewritten by

D(tj + k + 1) = (
k
∏

l=0

Φ̂k
σ(tj+k−l))P̂

k
tj
. (12)

Hence, the cost functional (10) is equal to

J(σ | σ(0), . . . , σ(tj − 1))

=Ltj +

T−tj−1
∑

k=0

y⊺(P̂k
tj
)⊺(Φ̂k

σ(tj)
)⊺ · · · (Φ̂k

σ(tj+k))
⊺·

·Q(tj + k + 1)Φ̂k
σ(tj+k) · · · Φ̂

k
σ(tj)

P̂k
tj
y.

(13)

Based on the positive semi-definiteness of matrix, we
introduce the following theorem referred in [25].

Theorem 2 For a positive semi-definite matrix Υ ∈
R

n×n, if a diagonal matrix Λ ∈ R
n×n is given by

Λ =













n
∑

j=1

|Υ1j | · · · 0

...
. . .

...

0 · · ·
n
∑

j=1

|Υnj |













,

then Υ � Λ.

Corollary 1 For a positive semi-definite matrix Υ ∈
R

n×n, letΥµ = Υ+µIn, where µ > 0 is a regularization
parameter. Then, we can always obtain a diagonal matrix
Γ ∈ R

n×n, such that Γ � Υµ.

PROOF. For the positive semi-definite matrix Υ ∈
R

n×n and µ > 0, we know that Υµ = Υ + µIn is an
invertible positive definite matrix. Then, its inverse ma-
trix denoted by Υ−1

µ is also positive definite. Based on
Theorem 2, we can obtain a diagonal positive definite
matrix Λ̃, such that Υ−1

µ � Λ̃. Let Γ = Λ̃−1, then it

holds that Γ � Υµ, where Γ ∈ R
n×n is a diagonal posi-

tive definite matrix. This completes the proof. 2

Theorem 3 Given the first tj switching signals σ(0),
σ(1), . . . , σ(tj−1), 1 ≤ tj ≤ T−1, k ∈ {0, . . . , T−tj−1}
and µ > 0, we can always find a number Ξk

µ ∈ R, such
that, for any σ(tj), . . . , σ(tj + k) ∈ M,

Ξk
µ ≤y⊺(P̂k

tj
)⊺(Φ̂k

σ(tj)
)⊺ · · · (Φ̂k

σ(tj+k))
⊺·

·Q(tj + k + 1)Φ̂k
σ(tj+k) · · · Φ̂

k
σ(tj)

P̂k
tj
y.

(14)

PROOF. For the given first tj switching signals σ(0),

. . . , σ(tj − 1) and k ∈ {0, . . . , T − tj − 1}, P̂k
tj

can be
determined. We just need to consider the formula

(Φ̂k
σ(tj)

)⊺ · · · (Φ̂k
σ(tj+k))

⊺Q(tj + k + 1)Φ̂k
σ(tj+k) · · · Φ̂

k
σ(tj)

.

Since Q(tj + k + 1) ∈ R
n×n is a positive semi-definite

matrix, then for any σ(tj + k) ∈ M, the matrix

(Φ̂k
σ(tj+k))

⊺Q(tj + k + 1)Φ̂k
σ(tj+k)

is also positive semi-definite. Based on Corollary 1, we

obtain a diagonal matrix Γk,1
σ(tj+k) ∈ R

2n×2n, such that

Γk,1
σ(tj+k) � (Φ̂k

σ(tj+k))
⊺Q(tj + k + 1)Φ̂k

σ(tj+k) + µI2n.
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Let σ(tj+k) = 1, . . . ,M , a set of diagonal matrices Γk,1
1 ,

. . . ,Γk,1
M are computed. We define a minimal diagonal

matrix Γk,1
min, such that its i-th diagonal element satisfies

(Γk,1
min)ii = min{(Γk,1

1 )ii, (Γ
k,1
2 )ii, . . . , (Γ

k,1
M )ii},

where i = 1, 2, . . . , 2n. Then, for any σ(tj + k) ∈ M,

Γk,1
min � (Φ̂k

σ(tj+k))
⊺Q(tj + k + 1)Φ̂k

σ(tj+k) + µI2n.

Furthermore, for any σ(tj + k − 1) ∈ M, we have

(Φ̂k
σ(tj+k−1))

⊺Γk,1
minΦ̂

k
σ(tj+k−1) + µI3n �

(Φ̂k
σ(tj+k−1))

⊺(Φ̂k
σ(tj+k))

⊺Q(tj + k + 1)Φ̂k
σ(tj+k)·

· Φ̂k
σ(tj+k−1) + µ((Φ̂k

σ(tj+k−1))
⊺Φ̂k

σ(tj+k−1) + I3n).

Denote Λk,0
max = I2n, we construct two diagonal matri-

ces Γk,2
σ(tj+k−1),Λ

k,1
σ(tj+k−1) ∈ R

3n×3n by Corollary 1 and

Theorem 2, respectively, such that

Γk,2
σ(tj+k−1) � (Φ̂k

σ(tj+k−1))
⊺Γk,1

minΦ̂
k
σ(tj+k−1) + µI3n

Λk,1
σ(tj+k−1) � (Φ̂k

σ(tj+k−1))
⊺Λk,0

maxΦ̂
k
σ(tj+k−1) + I3n.

Let σ(tj + k− 1) = 1, . . . ,M , then we obtain a minimal

diagonal matrix Γk,2
min ∈ R

3n×3n and a maximal diagonal
matrixΛk,1

max ∈ R
3n×3n, such that for each i = 1, . . . , 3n,

(Γk,2
min)ii = min{(Γk,2

1 )ii, (Γ
k,2
2 )ii, . . . , (Γ

k,2
M )ii},

(Λk,1
max)ii = max{(Λk,1

1 )ii, (Λ
k,1
2 )ii, . . . , (Λ

k,1
M )ii}.

Thus, for any σ(tj + k− 1), σ(tj + k) ∈ M, it holds that

Γk,2
min �(Φ̂k

σ(tj+k−1))
⊺(Φ̂k

σ(tj+k))
⊺Q(tj + k + 1)·

· Φ̂k
σ(tj+k)Φ̂

k
σ(tj+k−1) + µΛk,1

max.

By the recursion, we obtain a series of minimal diagonal

matrices Γk,3
min, . . . ,Γ

k,k+1
min and maximal diagonal matri-

cesΛk,2
max, . . . ,Λ

k,k
max. Then, for any σ(tj), . . . , σ(tj+k) ∈

M, we have

Γk,k+1
min � (Φ̂k

σ(tj)
)⊺Γk,k

minΦ̂
k
σ(tj)

+ µIλn

�(Φ̂k
σ(tj)

)⊺ · · · (Φ̂k
σ(tj+k))

⊺Q(tj + k + 1)Φ̂k
σ(tj+k) · · ·

· Φ̂k
σ(tj)

+ µ((Φ̂k
σ(tj)

)⊺Λk,k−1
max Φ̂k

σ(tj)
) + Iλn)

�(Φ̂k
σ(tj)

)⊺ · · · (Φ̂k
σ(tj+k))

⊺Q(tj + k + 1)Φ̂k
σ(tj+k) · · ·

· Φ̂k
σ(tj)

+ µΛk,k
max.

where

λ =

{

k + 2, 0 ≤ k < τ,

τ + 1, τ ≤ k.

Hence, we just let

Ξk
µ = y⊺(P̂k

tj
)⊺(Γk,k+1

min − µΛk,k
max)P̂

k
tj
y,

then for any σ(tj), . . . , σ(tj + k) ∈ M, Eq. (14) holds.

This completes the proof. 2

It follows from Theorem 3, the lower bound of Eq. (13)
with the regularization parameter µ > 0 is expressed by

LB(σ(0), . . . , σ(tj − 1)) = Ltj +

T−tj−1
∑

k=0

Ξk
µ. (15)

3.3 Depth-first branch and bound method

The depth-first branch and bound method is an im-
proved version of tree search method, which can search
all global optimal solutions efficiently. But its searching
principle depends on the comparison between the lower
bound and the current optimal value. In the time-delay
switched system, we use the dynamical lower bound
expression (15) to implement the branch and bound
method. The searching process is summarized as follows.

Algorithm 1 (Branch and bound method)

Step 0: (Initialization) Given the parameters T , M ,
τ , Q(t) and y = [y⊺

0 y⊺

1 . . . y⊺

τ ]
⊺. Set Jmin = +∞,

µ > 0 and t := 0.

Step 1: (Sorting lower bounds) Compute the lower
bounds LB(σ(0), . . . , σ(t)) with σ(t) = 1 to M and sort
them by ascending rule in γ1(t), . . . , γM (t). Set kt := 1,
go to Step 2.

Step 2: (Bounding) Determine σ(t) := γkt
(t). If

LB(σ(0), . . . , σ(t)) > Jmin or kt = M , set t := t− 1 and
go to Step 5. If LB(σ(0), . . . , σ(t)) ≤ Jmin, go to Step 3.

Step 3: (Branching) Set t := t+1. If t = T − 1, go to
Step 4. Otherwise, go to Step 1.

Step 4: (Update the current optimal value) Choose
σ(t) from 1 to M and compute J(σ). Update the current
optimal value by Jmin := J(σ) and store the solution σ if
J(σ) ≤ Jmin. Set t := t− 1, go to Step 5.

Step 5: (Terminate) If t < 0, terminate and output
the optimal solution σ. Otherwise, set kt := kt +1, go to
Step 2.

The following theorem states that the global optimal
solution can be searched by Algorithm 1.
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Theorem 4 The solution obtained by Algorithm 1 is the
global optimal switching sequence.

PROOF. We prove it using proof by contradic-
tion. Let the solution obtained by Algorithm 1 be
σ∗ = (σ∗(0), σ∗(1), . . . , σ∗(T − 1)) and assume that it
is not the global optimal solution. It means that there
is a better solution σ̃ = (σ̃(0), σ̃(1), . . . , σ̃(T − 1)), such
that J(σ̃) < J(σ∗). Then, there is at least one switching
signal σ̃(t) 6= σ∗(t) at some time t. Without loss of gen-
erality, we assume that the first tj (t = 0, 1, . . . , tj − 1)
switching signals of σ∗ and σ̃ are the same. Suppose that
σ̃(tj) = γm(tj) and σ∗(tj) = γl(tj), where m, l ∈ M.
If m < l, σ∗ is searched later than σ̃ by the ascending
rule of lower bounds in Step 1 of Algorithm 1. Then,
the solution σ∗ is better than or equals to σ̃, that is,
J(σ∗) ≤ J(σ̃). It is a contradiction. Otherwise, when
m > l, there are the following two cases,

LB(σ̃(0), . . . , σ̃(tj − 1), γm(tj))

≥J(σ∗) ≥ LB(σ∗(0), . . . , σ∗(tj − 1), σ∗(tj))

or

Jmin = J(σ∗) > LB(σ̃(0), . . . , σ̃(tj − 1), γm(tj)).

For the first case, we have J(σ̃) ≥ J(σ∗). This is also a
contradiction. For the second case, the solution can be
further branched. Similarly, we can obtain that

Jmin = J(σ∗) > LB(σ̃(0), . . . , σ̃(t− 1), γm(t)),

∀tj < t ≤ T − 1.

It means that the solution σ̃ will be searched in Algo-
rithm 1. Then, the optimal solution can be updated at
least by Jmin ≤ Jσ̃ < Jσ∗ . It contradicts the optimali-
ty of σ∗. Hence, the assumption does not hold and the
global optimal solution can be obtained by Algorithm 1.

This completes the proof. 2

4 Numerical examples

In this section, we first consider two optimal switching
problems of switched systems with time delay to illus-
trate the efficiency of the proposed method. Then an ap-
plication of this system is given. All codes are compiled
and executed in Matlab 2012a on a Windows 7 laptop
with 2.5 GHz CPU and 4G RAM.

Example 1 Consider the time-invariant switched sys-
tem with the time delay τ = 3 and the terminal time

T = 6, where there are 10 subsystems with the parame-
ters (Ai,Bi), i = 1, 2, . . . , 10 given as follows:









1 0 1
0 1 0
1 0 1



 ,





−1 1 1
1 −1 1
0 0 0







 ,









0 1 0
1 0 1
0 1 0



 ,





1 1 1
0 0 0
−1 −1 1







 ,









1 0 1
1 0 1
0 1 0



 ,





0 0 0
1 −1 1
−1 1 1







 ,









0 1 0
0 1 0
1 0 1



 ,





1 1 0
−1 1 0
1 −1 0







 ,









0 1 0
1 0 1
1 0 1



 ,





−1 0 1
1 0 1
1 0 −1







 ,









1 0 1
0 1 0
0 1 0



 ,





0 1 −1
0 −1 1
0 1 1







 ,









1 0 0
0 1 0
0 0 1



 ,





1 1 −1
1 0 −1
0 1 0







 ,









0 0 1
0 1 0
1 0 0



 ,





0 1 0
−1 0 1
1 −1 1







 ,









0 1 0
0 1 0
0 1 0



 ,





−1 1 0
1 0 1
1 −1 0







 ,









0 0 0
1 1 1
0 0 0



 ,





0 1 −1
1 0 1
0 1 −1







 .

The initial states y0,y1,y2,y3 and Q are given by





1
2
2



 ,





2
1
1



 ,





1
2
1



 ,





1
1
1



 ,





5 3 2
3 2 1
2 1 3



 .

In this problem, there are totally 106 switching se-
quences. Since the enumeration is the only method
for the optimal switching problem of the time-delay
switched system, we use it to determine the global op-
timal solution, which takes about 354.16 seconds and
obtains the optimal solution σ = (10, 3, 9, 10, 1, 9). The
corresponding optimal value is J(σ) = 704. We list the
distribution of the cost functional values in Table 1. It
can be seen that most of the cost functional values are
greater than 3000.

Table 1
The distribution of cost functional values in Example 1.

Range of cost values Number of solutions

704 1

(704, 103] 33

(103, 3× 103] 5701

(3× 103, 8× 103] 104996

(8× 103, 2× 104] 380701

(2× 104, 5× 104] 404862

(5× 104, 105] 95368

(105, 354698] 8338

7



Next, we apply the branch and bound method to solve
this problem. Table 2 shows the searching efficiency of
the method with different regularization parameters.
When µ approaches zero, the algorithm is more efficien-
t. For the case of µ = 10−4, the method only searches
230 feasible solutions, which takes about 6.046 seconds.
That is, only 0.23% switching sequences are searched.
The optimal solution and the optimal value are the
same given by the enumeration.

Table 2
Branch and bound method with different µ in Example 1.

µ Searching times Time Optimal value

1 1110 71.253s 704

0.5 930 44.257s 704

10−1 800 26.895s 704

10−4 230 6.046s 704

The searching process of our proposed method is depict-
ed in Figure 1. It can be seen that the current optimal
value decreases gradually and the range of cost function-
al values is only limited to [704, 7678]. That is, most of
insignificant points are pruned. So our method is effec-
tive to search the global optimal solution.
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Fig. 1. The searching process of our proposed method in
Example 1.

Example 2 Consider the time-varying switched system
with the time delay τ = 2 and the terminal time T =
12, where there are 4 subsystems with the parameters
(Ai(t),Bi(t)), i = 1, 2, 3, 4, given as follows:









sin t 0 0
0 2 cos t

1 + 0.5t 0 cos t



 ,





sin t 0 0
0 − sin t 0
0 0 cos t







 ,









1 + cos t 0 0
0.3t sin t 0
0 cos t 2 + sin t



 ,





cos t 0 0
0 sin t 0
0 − cos t 1







 ,









0.6 0 1− sin t
0 t cos t

cos t 0 t



 ,





sin t 0 0
0 cos t 0
0 0 sin t







 ,









0.4t+ 1 0 3
1 cos t− 1 0

sin t 0 sin t



 ,





− cos t 0 0
0 cos t 0
0 0 sin t







 .

The initial states y0,y1,y2 and Q(t) are given by





1
1
1



 ,





−1
1
1



 ,





1
−1
1



 ,





1 + cos t 0 0
0 t 0
0 0 1 + sin t



 .

In this problem, the number of feasible switching se-
quences is 412 ≈ 1.6777 × 107. First, we use the enu-
meration to find the global optimal solution. It takes
about 5512.57 seconds to obtain the optimal switching
sequence as σ = (3, 3, 1, 1, 2, 1, 1, 3, 1, 2, 2, 4) and the op-
timal value as J(σ) = 146.3816. The distribution of
the cost functional values is listed in Table 3. In fact,
the performance of the cost functional is in the range
[146.3816, 1.7401×1018]. Note that there exists only one
global optimal solution.

Table 3
The distribution of cost functional values in Example 2.

Range of cost values Number of solutions

146.3816 1

(146.3816, 103] 254

(103, 104] 6488

(104, 105] 55957

(105, 106] 257778

(106, 107] 778576

(107, 108] 1697970

(108,+∞) 13980192

For comparison, we apply the branch and bound method
to solve this problem and set µ = 10−10. It only searches
96 feasible solutions to determine the same global opti-
mal solution, which takes only about 6.09 seconds. The
searching process of the method is depicted in Figure
2. It can be seen that most of feasible solutions are ig-
nored. Thus, the proposed method is also efficient in the
time-varying switched system.

Example 3 Consider the dynamical model of the supply
chain with time delay, which is proposed in [26]. More
details can be referred to [4,27,28]. We suppose that a firm
produces two kinds of products and denote the amounts
of the production, sale and inventory of product j by pj,
sj(t) and ij(t) at period t, respectively, where j = 1, 2.
Their advertisement costs are a1 = 12 and a2 = 17,
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Fig. 2. The searching process of our proposed method in
Example 2.

respectively. In order to reduce the cost and the inventory
level, the firm have the following four production modes.







s1(t+ 1) = 0.7s1(t) + 0.2s2(t− 2) + a1,

s2(t+ 1) = 0.1s1(t− 2) + 0.5s2(t) + a2,

ij(t+ 1) = ij(t) + pj − sj(t+ 1), j = 1, 2,

where p1 = 0 or 40, p2 = 0 or 80. That means each prod-
uct has two cases: no production and normal production.

Let

x(t) = [s1(t) s2(t) i1(t) i2(t) 1]⊺,

b = [a1 a2 p1 − a1 p2 − a2]
⊺,

then the supply chain system can be formulated by

x(t + 1) =

[

A b
0 1

]

x(t) +

[

B 0
0 0

]

x(t− 2),

where b takes value from the following four modes:

b1 = [12 17 28 63]⊺,

b2 = [12 17 − 12 63]⊺,

b3 = [12 17 28 − 17]⊺,

b4 = [12 17 − 12 − 17]⊺,

A =









0.7 0 0 0
0 0.5 0 0

−0.7 0 1 0
0 −0.5 0 1









,B =









0 0.2 0 0
0.1 0 0 0
0 −0.2 0 0

−0.1 0 0 0









.

The initial states are given by

x(−2) = [0 0 20 0 1]⊺,

x(−1) = [0 0 20 0 1]⊺,

x(0) = [−10 0 20 0 1]⊺,

and the maximal and minimal values of the state x(t) at
period t are, respectively, given by

xmax(t) = [+∞ +∞ 50 500 1]⊺,

xmin(t) = [−20 − 200 − 50 − 500 1]⊺.

The purpose is to minimize the following cost functional

J =

9
∑

t=1

x⊺(t)Qx(t),

where T = 9, and

Q =













3 0 0 0 0
0 1 0 0 0
0 0 0.3 0 0
0 0 0 0.1 0
0 0 0 0 0













.

In the system, the number of scheduling sequences
is 49 = 262144. We set µ = 10−6 and apply the
branch and bound method to solve this problem.
It takes about 13.374 seconds to search 862 feasi-
ble solutions and obtains the global optimal solution
as σ = (4, 2, 3, 3, 1, 3, 1, 3, 1). That is, only 0.329%
scheduling sequences are searched. The optimal value
is J(σ) = 5.3353 × 104. Thus, the proposed method is
very efficient in the application.

5 Conclusion

The optimal switching problem for linear switched sys-
tems in discrete time with time delay is considered in this
paper. The purpose is to design an optimal switching
sequence, such that a quadratic cost functional is mini-
mized. As a particular class of optimal control problem,
it is NP-complete and the gradient information disap-
pears. To find the global optimal solution, we reformu-
late the original problem with the matrix transforma-
tion and extension techniques to reduce the complexi-
ty caused by the time delay. A set of lower bounds of
the optimal value are constructed for the cost function-
al. Then, we develop a depth-first branch and bound
method to solve this problem, which is verified in the
optimal switching problems of time-invariant and time-
varying switched time-delay systems. Numerical results
have been illustrated to show that the proposed method
is efficient and effective.
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