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Abstract 9 

This paper addresses an innovative concept, termed as queuing passengers’ 10 

willingness to board (WTB) the transit vehicles. In the peak hours, some queuing 11 

passengers cannot board a crowded bus/train, but when the same vehicle arrives at the 12 

next stop, some other passengers could still get on. This phenomenon reflects that 13 

passengers at different queuing locations have heterogeneous level of ambitions to 14 

board. A methodological framework is proposed for the quantitative investigation of 15 

WTB. First, a general model is proposed, together with a new least square method 16 

(LSM) for the calibration. Then, a parametric model is developed, which is also 17 

calibrated by the LSM. To refine the calibration method and deal with the biasness of 18 

survey data, a weighted least square method is further developed. Based on real 19 

survey data, the calibration results clearly support the existence of WTB, which can 20 

be used to estimate the capacity of transit vehicles. This paper also sheds some lights 21 

on the practical applications of the quantitative WTB.  22 

Keywords: transit passengers; willingness to board; parametric model; weighted least 23 

square method; mixed-integer programming. 24 

25 

1 Introduction 26 

Urban transportation network is a huge and complex system, involving millions of 27 

travelers. The network operation condition is an outcome of the travelers’ decision 28 
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making, interaction and decision adjustments. To improve the network efficiency and 29 

to make wise/balanced use of network resources, accurate predictions are usually 30 

needed for the network flows (Liu and Wang, 2015). For decades, the transport 31 

scholars have endeavored to develop more accurate tools for flow predictions; for 32 

instance, the well-known user equilibrium theory is a widely used means for flow 33 

prediction.  34 

 35 

Improvements of such sort of models usually drive from better understanding of the 36 

travelers’ behaviors; for instance, stochastic user equilibrium is an extension of UE, 37 

which was developed by addressing the travelers’ perception errors on travel time. To 38 

this end, this paper focuses on an interesting psychological factor of the travelers, 39 

which is termed as willingness to board (WTB). This idea comes from the 40 

observations in practice on an interesting phenomenon: a crowded bus or train comes 41 

to a stop, and only a proportion of the queuing passengers can get on board; however, 42 

when this bus or train arrives at the next stop and no one alights, some passengers still 43 

can get on! Such a phenomenon is very common at the metro stations in the dense 44 

mega cities in the peak hours. This phenomenon gives us the impression that different 45 

queuing passengers have different levels of ambitions to get on board. Hence, this 46 

paper aims to holistically define this concept, and then quantitatively calibrate this 47 

value based on real survey data.  48 

 49 

Section 2 gives an in-depth discussion of the WTB, which is followed by two 50 

mathematical models in Sections 3 and 4, respectively. The basic concept for the 51 

calibration is developed from the least square method (LSM). However, in view of the 52 

unique features of WTB, the existing LSMs are not suitable to be directly adopted. 53 

Hence, as another major contribution of this paper, two new LSMs are developed to 54 

calibrate the WTB. These two new LSMs also contribute to the state-of-the-art 55 

statistical regression methods. 56 
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1.1 Literature review 57 

Based on real survey data, LSM aims to calibrate the parameters of assumed function 58 

types that best fit the data (May, 1990). The least square method (LSM) and weighted 59 

least square method (WLSM) that was proposed by Aitken (1935) have been widely 60 

applied in economics, aerospace design, urban studies, political studies, etc. They of 61 

course also play a significant role in transportation analysis problems.  62 

 63 

Lewandowski and Protzel (2001) established a local linear model with adaptive kernel 64 

functions to obtain a well fitted function with consideration of computing costs. Local 65 

linear regression model applied to short-term traffic prediction was proposed by Sun 66 

et al. (2003). Then the parameters of bandwidth and covariate vector dimension were 67 

chosen by optimizing an overall average square error between computed values by the 68 

cross validation method and observed values. Time-varying coefficient linear 69 

regression model was also applied to traffic prediction (Rice and Van, 2004), where 70 

the difference of departure time is used to get the weighting function.  71 

 72 

The relationship between dwell times and number of alighting and boarding 73 

passengers at bus bays was established by using linear regression approaches through 74 

a survey study, however, the relevant low coefficient of determination and high root 75 

mean square error were acquired by least square method. Then a probabilistic 76 

approach was developed that could consider the interactions among buses, arriving 77 

passengers and traffic in estimation of bus dwell time, which were not estimated by 78 

the linear regression approaches (Meng and Qu, 2013). 79 

 80 

The raw traffic data is usually not well distributed among each section; for instance, 81 

the traffic counting data of a suburban road with light traffic are mainly small values. 82 

In such case, if LSM is directly employed, then the small values will be dominated by 83 

these small values, thus giving rise to inaccurate results. To cope with this issue, Qu et 84 
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al. (2015) proposed a weighted least square method (WLSM) to fit the empirical data 85 

for six well-known single-regime models. Based on large sample tests, the WLSM 86 

performs excellently both in light-traffic conditions and congested conditions. 87 

 88 

The concept of WTB proposed in this paper is similar to the economics term, 89 

willingness to pay (WTP). Willingness to pay (WTP) is the maximum amount of 90 

money that an individual would pay to obtain a desired good or service. Consumer 91 

preference/welfare theory was further developed quantitatively by Rosen (1974) with 92 

the calculation of willingness to pay. Shin (2015) carried out a detailed analysis of 93 

consumer preference for alternative fuel types and technology options. Jou and Chen 94 

(2015) determined the compensation caused by traffic accidents of different types 95 

based on willingness to pay of parties to traffic accidents for loss of productivity and 96 

consolation. Schniederjans (2014) suggested consumer attitude and peer pressure 97 

were positively associated with intention which was positively relevant with 98 

willingness to pay for green transportation. Moreover, Lera-López (2014) indicated 99 

that younger, better educated and more environmentally-aware citizens are more 100 

willing to pay to reduce noise and air pollution. Lanzini (2015) investigated 101 

key-determinants of drivers' willingness to pay for biofuels in Northern Italy. Gupta 102 

(2016) showed that the analysis of Indian willingness to pay for effective 103 

implementation of carbon tax in road passenger transport from three metropolitan 104 

cities. However, these studies have not provided any clear methodology to address the 105 

heterogeneity of the travelers’ willingness to pay on a particular transport system, 106 

which is addressed in this paper. 107 

 108 

To sum up, the contribution of this paper is to (a) provide an in-depth discussion of 109 

WTB with a clear conceptual framework, and (b) to propose a methodology for the 110 

quantitative measurement of WTB using real survey data. It should be pointed out that 111 

although this paper focuses on the queuing phenomenon of transit passengers, the 112 
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proposed concept and methodology have much wider applications to other queue 113 

related topics in transport and traffic engineering studies. Most of the existing studies 114 

on the queuing problems/systems treat each individual as homogeneous, while WTB 115 

considers the heterogeneity of the queuing ones in terms of their location. For 116 

example, at a non-signalized intersection, the gap acceptance of queuing/waiting 117 

vehicles on the minor roads are heterogeneous; the first vehicle uses longer critical 118 

gaps but the queuing vehicles frequently take the risk to accept shorter critical gaps. 119 

The proposed methodology is suitable for and can easily be adjusted to address the 120 

heterogeneity of these queue-related problems.  121 

2 Problem Descriptions  122 

The following notations are adopted in this paper: 123 

B  Total number of new boarding passengers. It is used to represent a general 

iB . 

B̂  The maximum number of boarding passengers, i.e., the largest iB . 

iB  Total number of new boarding passengers of the data record i . 

 C k  Willingness to board of the k th passenger in the queue. 

i  ID of a collected data record. 

k  The passenger in the k th position in the queue. 

K  Total number of waiting passengers. It is used to represent a general 
iK . 

K̂  The max value of 
iK  in the collected data. 

iK  Total number of waiting passengers of the data record i . 

jm  Number of data records with j  passengers boarding. 

n  Total number of collected data records. 

N  Data set of collected data that neither nobody nor all the queuing passengers 

will board. 

0N  Data set of collected data that nobody will board at the stop. 
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KN  Data set of collected data that all the queuing passengers will board. 

x  Number of passengers in the vehicle that do not alight at the stop when the 

vehicle arrives. It is used to represent a general ix . 

ix  Number of passengers in the vehicle that do not alight at the stop of the data 

record i . 

i  Weight of the data record i  for calibration. 

 124 

2.1 Willingness to board  125 

This idea is developed based on the existence of the passengers’ willingness 126 

(desire/anxiety) to board, abbreviated as WTB. 127 

 128 

 129 

Figure 1. Illustration of the level of passengers’ WTB  130 

 131 

From the example in Figure 1, we take a very representative case: a busy transit line 132 

running from suburbs to the city in the morning peak, with high demand of passengers 133 

heading to the city. At a suburban stop S, the passengers are queuing to board the 134 
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vehicle. One interesting phenomenon is usually observed: at such a bus stop there are 135 

totally K  persons waiting and only B K of them successfully get on the vehicle. 136 

Then, when B K , it means someone(s) at Stop S fails to board; but, in such case, 137 

when the vehicle arrives at Stop S+1, assuming no one gets off the vehicle, some 138 

passengers could still get on board. 139 

 140 

This phenomenon is because of one psychological effect: if the first passenger waiting 141 

at Stop S+1 cannot board the vehicle, it would give him/her the impression that he/she 142 

would never get on any following vehicles. So, this passenger will have much larger 143 

motivation to board the vehicle. What we observe is, even if the vehicle is already 144 

very crowded, the passenger still gets on it. 145 

 146 

The above example shows the WTB of passengers in different positions of a queue is 147 

different. Hence, it is of considerable interests and importance to quantitatively 148 

estimate the values of different passengers’ WTB. 149 

 150 

At any stop S, the waiting passengers are numbered by their sequence in the queue, 151 

and the total number of waiting passengers is K . We use  C k  to denote the WTB 152 

of passenger k (1 k K  ) waiting at a stop. To simply the initial analysis of such a 153 

new topic, it is assumed that  C k  is the same for all bus stops. Note that in the 154 

same queue, it is reasonable to assume that the front waiting passengers have larger 155 

WTB than the ones at the back, namely,  156 

 157 

Assumption 1.    1 ,1 1C k C k k K     . 158 

 159 

2.2 Boarding the vehicle 160 

When the queuing passenger k  at a stop is about to board the vehicle (all the 1k   161 
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predecessors already got on board), whether he/she can successfully board the vehicle 162 

is determined by not only  C k , but also the current available space in the vehicle. 163 

With given capacity, the existing space in the vehicle can be reflected by the number 164 

of passengers in the vehicle. Note that the “capacity” here refers to the maximum 165 

number of passengers that the bus could carry, instead of the number of seats. Let x  166 

denote the number of passengers in the vehicle that do not alight at the stop when the 167 

vehicle arrives. Then, when passenger k  is trying to board the vehicle, the total 168 

number of passengers already in the vehicle is 1x k  . We thus have the following 169 

assumption: 170 

 171 

Assumption 2. If   1C k x k   , the queuing passenger k  will board the vehicle; 172 

if   1C k x k   , he/she will not board the vehicle.  173 

 174 

The existence of Assumption 2 in practice is obvious, which is reflected by the 175 

common phenomenon that not all the queuing passengers can board an arriving 176 

bus/train. The number of aboard passengers in the vehicles is a good measure of its 177 

capability to further accommodate any passengers. Note that as the number of 178 

passengers is an integer value, we can model  C k  as an integer. In this case, 179 

Assumption 2 implies that the queuing passenger k  will not board the vehicle if and 180 

only if   2C k x k   . 181 

 182 

Based on Assumption 2, we know that at a stop, given x  passengers in the vehicle 183 

that do not alight at the stop when the vehicle arrives and given K  passengers 184 

waiting, the total number of new boarding passengers, denoted by B , equals  185 

 
  

0,  if (1)

max 1, 2 | 1 ,  otherwise

C x
B

k K C k x k


 

   
  (1) 186 
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Hence, at any stop, we can observe three values, which are x , B  and K . We ignore 187 

the stops with no waiting passengers, which are 0K  . Suppose that we have 188 

collected n  data records. Then, each observed record should follow any of the three 189 

possible cases: 190 

Case 1. 0B  , it implies that  1C x , which is  1 1C x   assuming  1C  191 

takes an integer value, and nobody will board at the stop. All these data records are 192 

grouped in set 0N . 193 

Case 2. B K , we should know that   1C K x K    and all the queuing 194 

passengers will board. All these data records are collected in set KN . 195 

Case 3. The data in set N  with 0 B K  , it means that  196 

   1C B x B    (2) 197 

and  198 

  1C B x B    (3) 199 

If we model  1C B   as an integer, Eq. (3) is equivalent to: 200 

  1 1C B x B     (4) 201 

We have 0| | | | | |KN N N n   . A data record 1,2i n  has the following 202 

information: the number of passengers in the vehicle that do not alight at the stop 203 

when the vehicle arrives, denoted by ix ; the number of passengers waiting denoted 204 

by 
iK ; the number of passengers who successfully board the bus, denoted by 

iB . 205 

  206 

3 Quantitative analysis of WTB  C k  207 

3.1 A general model of  C k  208 

If the specific value of  C k  can be obtained, then the WTB of passengers at each 209 

stop could be predetermined, and hence the total number of boarding passengers can 210 
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be predicted. This can subsequently be used to estimate the dwell time of a transit 211 

vehicle before it approaches the stop, which is of considerable significance for the 212 

transit operation controls as well as transit traveler information systems. Hence, in this 213 

section, we discuss about the calibration of  C k  using survey data. 214 

 215 

From the discussions in Section 2, in this section we assume that  C k  is a 216 

monotonically decreasing integer-valued function of k . We first provide a general 217 

form of  C k . Define ˆ : max{ , 1,2 }iK K i n  , then, the general regression model 218 

is to calibrate using real survey data the following parameters: 219 

 ˆ( ), 1C k k K    (5) 220 

A new calibration method is developed in the following sub-section.  221 

3.2 A New Least Square Method  222 

The least square method (LSM) is the most well-known calibration method. However, 223 

LSM could not be directly employed, as the addressed problem is not a simple linear 224 

or nonlinear regression problem. Specifically, the WTB problem is different from 225 

conventional calibration problems. In conventional calibration problems, given an 226 

input or given inputs for multiple input values, there is an output that can be observed. 227 

However, in the WTB problem, given the inputs of x  and K , we cannot observe 228 

the WTB of any passenger; all we can observe is that the WTB of a passenger is 229 

larger than or smaller than a particular value. In this sense, the information available 230 

in the WTB problem is less than that in conventional calibration problems. Following 231 

the concept of minimizing the square of errors, we developed an innovative regression 232 

method in this sub-section. 233 

 234 

Based on the collected data 1,2i i ix K B i n， ， ， , the sum of square of errors is 235 

defined as: 236 
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   

    
0

2 2

1

2 2

Z max (1) ( 1),0 min ( ) ( 1),0

min ( ) ( 1),0 max ( 1) ( 1),0

K

i i i i

i N i N

i i i i i i

i N

C x C K x K

C B x B C B x B

 



         
   

           
   

 


  (6) 237 

Take the first term as an example. If nobody boards the transit vehicle, then we have 238 

(1) 1iC x  . Therefore, if (1) ( 1)iC x   is non-positive, then there is no error (i.e., 239 

no inconsistency) between the observed information and the estimation. Otherwise, 240 

we minimize the sum of square errors between the observed information and the 241 

estimated WTB. Then, the new least square method aims to minimize 1Z  and solve 242 

the following model [M1].  243 

[M1] 244 

 1min Z   (7) 245 

S.T. 246 

 ˆ( ) are nonnegative integers, 1C k k K    (8) 247 

 ˆ( ) ( 1),1 1C k C k k K       (9) 248 

 249 

It can be seen that the objective function is non-differentiable but convex. We have 250 

the following Theorem 1.  251 

 252 

Theorem 1: Define the following three sets of decision variables: ˆ( ) , 1C k k K  ; 253 

0,iu i N N ; ,i

Kv i N N . Then, [M1] is equivalent to the following convex 254 

quadratic mixed-integer program [M1’]: 255 

 256 

[M1’] 257 

 
0

2 2 2 2

2min ( ) ( ) [( ) ( ) ]
K

i i i i

i N i N i N

Z u v v u
  

        (10) 258 

S.T. 259 
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 ˆ( ) are nonnegative integers, 1C k k K    (11) 260 

 ˆ( ) ( 1),1 1C k C k k K       (12) 261 

 
0(1) ( 1), 0,i i iu C x u i N       (13) 262 

 ( ) ( 1), 0,i i i i i

Kv C K x K v i N        (14) 263 

 ( ) ( 1), 0,i i i i iv C B x B v i N        (15) 264 

 ( 1) ( 1), 0,i i i i iu C B x B u i N         (16) 265 

The model [M1’] is evidently a convex quadratic mixed-integer program, which can 266 

be conveniently solved by some off-the-shelf solvers, such as CPLEX.  267 

 268 

4 Parametric models and calibration 269 

4.1 Function form of ( )C k   270 

We proceed to provide some interesting discussions of the form of  C k  and its 271 

calibration. In Section 3,  C k  appears as a general form with no parameter but 272 

independent values. In this section, we assume that  C k  has a specific function 273 

form and we also assume that  C k  can be a fractional quantity. The purpose of this 274 

analysis is twofold. First, if we know a function form of ( )C k , then we can estimate 275 

the WTB of any passenger even if our data records do not contain information of 276 

some passengers, e.g., the 200th passenger in the queue. Second, a (continuously 277 

differentiable) function form is easier to be incorporated into an optimization model 278 

for public transit planning than the discrete values in Section 3. 279 

 280 



 

13 
 

From Assumption 1, we also know that ( )C k  is a monotone function of k . Hence, 281 

the following simple form can be provided for ( )C k , which is a power function plus 282 

a constant: 283 

 ( )
c

b
C k a

k
    (17) 284 

where a , b  and c  are parameters, 0b   and 0c  . With the given function form 285 

in Eq. (17), the problem now becomes to calibrate the parameters a , b  and c  in 286 

the function.  287 

 288 

4.2 A Least Square Method for the parametric models  289 

The sum of square of errors in terms of Eq. (17) is defined as: 290 

 

   

    
0

2 2

3

2 2

max (1) ( 1),0 min ( ) ( 1),0

min ( ) ( 1),0 max ( 1) ( 1),0

K

i i i i

i N i N

i i i i i i

i N

Z C x C K x K

C B x B C B x B

 



         
   

           
   

 


  (18) 291 

Hence, the least square method shall solve the following model [M2]  292 

[M2] 293 

 3min Z   (19) 294 

S.T. 295 

 0; 0b c    (20) 296 

 ( )
c

b
C k a

k
    (21) 297 

We further define an equivalent objective function 4Z  as follows: 298 

0

22

4

2 2

max ( 1),0 min ( 1),0
1 ( )

min ( 1),0 max ( 1),0
( ) ( 1)

K

i i i

c i c
i N i N

i i i i

i c i c
i N

b b
Z a x a x K

K

b b
a x B a x B

B B

 



    
            

     

        
                

        

 



 299 

The model [M2] is then equivalently transformed to the following model [M2’]: 300 

 301 
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[M2’] 302 

 
4min Z   (22) 303 

S.T. 304 

 0; 0b c    (23) 305 

The function 4Z  is not convex. To see this point, we can look at part of its second 306 

term ( ) ( 1)i c i ia b K x K    . The Hessian of this term is 307 

 
2

0 0 0

0 0 (ln )( )

0 (ln )( ) (ln ) ( )

i i c

i i c i i c

K K

K K b K K



 

 
 


 
  

  (24) 308 

The determinant of the principal minor 
2

0 (ln )( )

(ln )( ) (ln ) ( )

i i c

i i c i i c

K K

K K b K K



 

 
 
 

 is 309 

negative, and therefore the Hessian is not positive semi-definite.  310 

 311 

Although [M2’] is a non-convex optimization problem, it has only three variables. We 312 

therefore can use the nonlinear optimization tools of MATLAB with different starting 313 

points to obtain a near-optimal solution. 314 

 315 

4.3 Weighted Least Square Method for calibration  316 

The LSM simply provides the best fitted function for all the collected raw data. 317 

However, the data collection process may be biased unintentionally. For instance, the 318 

expressway traffic flow data collected by detectors are dominated by the free-flow 319 

conditions/data. Hence, if LSM is directly used, it may give rise to a biased model that 320 

does not accurately depict the relationship between dependent and independent 321 

variables. The collected data for calibrating the WTB may also biased. For instance, if 322 

we have 100 data records, then it cannot be the case that exactly 10 records have no 323 

boarding passenger, exactly 10 records have one boarding passenger, etc. By contrast, 324 

it is possible, for example, that 5 records have no boarding passenger, 23 records have 325 

one boarding passenger, etc. 326 
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In this regard, a weighted least square method (WLSM) was proposed by Qu et al. 327 

(2015) to cope with the sample selection bias problem. The basic logic of WLSM is to 328 

add a reasonable weight i  for each data record i . Following the same logic as Qu 329 

et al. (2015), we further developed a WLSM for the calibration of WTB. For the 330 

general case (Section 3.2) and parametric case (Section 4.2), the WLSM model can be 331 

obtained by simply replacing the objective functions 2Z  and 4Z , by the following 332 

2Z  and 
4Z , respectively:  333 

0

2 2 2 2

2 ( ) ( ) [( ) ( ) ]
K

i i i i

i i i

i N i N i N

Z u v v u  
  

       334 

0

22

4

2 2

max ( 1),0 min ( 1),0
1 ( )

min ( 1),0 max ( 1),0
( ) ( 1)

K

i i i

i ic i c
i N i N

i i i i

i i c i c
i N

b b
Z a x a x K

K

b b
a x B a x B

B B

 



 



    
            
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 335 

Regarding the weight i , we propose the following weight determination method 336 

enlightened by the idea of Qu et al. (2015). Define B̂  as the maximum number of 337 

boarding passengers, 0
ˆ : max{ , }i

KB B i N N N  . Define 
jm  as the number of 338 

data records satisfying 
iB j , ˆ0,1,2j B . If all 

jm  are positive, then the 339 

weight can be obtained by: 340 

 0

1
,

i

i K

x

i N N N
m

     (25) 341 

The above equation means, if for example there are many data records with no 342 

boarding passengers, then the weight of these data records should be small. 343 

 344 

If some 
jm  are 0, i.e., we do not have any data record of particular numbers of 345 

boarding passengers, and then to determine the weight, we define j  and j  as 346 

follows: 347 
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'

ˆ' 1, 2

ˆ: arg min { 1}, 0,1,2 1j
j j j B

j m j B

  

      (26) 348 

 
'

' 0,1 1

ˆ: arg max{ 1}, 1,2j
j j

j m j B

 

     (27) 349 

For instance, if in our data there are only records of no boarding passenger, 2 boarding 350 

passengers, 3 boarding passengers, and 10 boarding passengers, then 351 

0 2, 2 3, 3 10      and 2 0, 3 2,10 3     . Since very few records are 352 

between 3 and 10, the weight of data records with 3 or 10 boarding passengers should 353 

be larger. Mathematically, the weight can be obtained by: 354 
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
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

  (28) 355 

Note that in the case of Eq. (25), 1j j    and 1j j   . Therefore, Eq. (25) is a 356 

special case of Eq. (28). 357 

 358 

5 Calibration using field data 359 

Real survey data is collected to verify the proposed models and methods and we 360 

report the results in this section.  361 

5.1 Data collection 362 

The bus line Express Route 2 of Suzhou City in China is taken as the target bus line. 363 

It connects Southeast University Suzhou Campus (where the authors are based) and 364 

the Suzhou Railway Station in the city, as shown in Figure 2. This bus line has 20 365 

stops, 18 of which are in the suburban area. It is a typical suburban line, with most of 366 

the passengers travelling to the city. The bus line has a fleet size of 17 vehicles and is 367 

operated at a frequency of 10 vehicles/hour at peak period (a headway of 6 mins) and 368 

6 vehicles/hour at other time (a headway of 10 mins). All the buses have the same 369 

vehicle size (12m*2.5m) and capacity. In each vehicle, there are 31 passenger seats, 370 
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and in a crowded case it can totally accommodate about 85 passengers. Note that 371 

evidently all waiting passengers’ WTB is larger than 31; therefore, we only consider 372 

standing passengers in the calibration when we report the WTB. In the morning peak, 373 

the vehicles become very crowded after the first five to eight stops. Therefore, this 374 

bus line is quite suitable for the analysis of WTB.  375 

 376 

 377 

Figure 2. Itinerary of the Express Route 2 in Suzhou 378 

 379 

The data of trips to the city direction are collected. We collected data for six bus trips 380 

from Southeast University Suzhou Campus to Suzhou Railway Station during 381 

morning peak hours (7:30 to 9:30am). After removing the data in which nobody waits, 382 

we obtain a total of 74 valid observations. 383 

 384 

Model [M1’] is solved by CPLEX 12.2 coded in MATLAB on a 3.5 GHz Four Core 385 

laptop with 4 GB of RAM. Model [M2’] is solved by the constrained minimizing 386 

function of MATLAB. Both models can be efficiently solved. 387 

  388 
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5.2 Calibration results 389 

5.2.1 Results for the general model 390 

We first use the general model proposed in Section 3.1. The results are shown in Table 391 

1 and Figure 3. The results also provide a comparison of LSM and WLSM.  392 

 393 

Table 1. Calibrated General Model ( )C k  of the WTB 394 

Queue Sequence k  1 2 to 4 5 to 13 14 to 26 27 to 32 

LSM  58 53 52 43 33 

WLSM 53 53 53 48 33 

 395 

The results in Table 1 and Figure 3 show that the ( )C k  is monotone (non-increasing) 396 

with regards to k . With the change of queuing sequence k , there is an obvious gap 397 

on the value of ( )C k ; for instance, from the results obtained by LSM, the ( )C k  of 398 

the second queuing passenger is 53, which is 8.7% less than that of the first queuing 399 

passenger. The calibration results clearly show the existence of WTB in practice.  400 

 401 

Regarding the comparison of LSM and WLSM, we can see a clear difference between 402 

these two methods from Figure 3, especially when k  is 1 or between 14 and 26. This 403 

difference exists because the numbers of boarding passengers in the survey data 404 

records are not uniformly distributed. Note that the WTB estimates for many 405 

passengers are the same. This is because of the limited quantity of data. If large 406 

survey data can be used in the future, more accurate calibration results can be 407 

obtained.  408 
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 409 

Figure 3. Calibration Results of the WTB General Model 410 

5.2.2 Results for the parametric models 411 

Using the same set of survey data, we then calibrate the parametric models proposed 412 

in Section 4.1. Assuming that ( )
c

b
C k a

k
  , the LSM and WLSM are also used here. 413 

Table 2 shows the calibrated parameters and Figure 4 indicates the shape of the 414 

optimal model. The optimal models obtained by the two methods are both sharply 415 

decreasing functions, which means that the queuing sequence will largely affect their 416 

boarding behavior. Hence, the parametric model also supports the existence of WTB. 417 

Table 2. Calibrated Parametric Model the WTB 418 

Queue Sequence k  a  b  c  

LSM  −299.994 356.412 0.010 

WLSM −300.000 353.251 0.007 

 419 
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 420 

Figure 4. Calibration Results of the WTB Parametric Model 421 

 422 

Similar to the general case, the LSM and WLSM methods also give quite different 423 

results. The gap is more evident when k  takes very small values or very large 424 

values. From Figure 4, it can be seen that when k  is smaller, WTB has a more 425 

sharply change in terms of k , i.e., larger slope. This property is reasonable; for 426 

instance, the different between the 9th and 10th passengers should be smaller than that 427 

between the 1st and 2nd ones. 428 

 429 

5.3 Discussions 430 

It is easy to see that the calibrated WTB values are random as the observed data 431 

records are random. To see the dispersion of the results, it is not difficult to estimate 432 

the variance of the calibrated parameters in a simple linear regression model. 433 

However, our models are highly nonlinear and there is no available approach to 434 

estimate the variance of the calibrated WTB values. To address this problem, we take 435 
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a numerical approach. More data are collected for another seven bus trips from 436 

Southeast University Suzhou Campus to Suzhou Railway Station during morning 437 

peak hours (7:30 to 9:30am). Combining with the previous six bus trip, we obtain a 438 

total of 150 valid observations. We take 20 samples from the 150 valid observations, 439 

each with a size of 120 observations. Then, we use the LSM to calibrate the parameter 440 

model using each sample. As a result, we obtain 20 estimates of the WTB value for 441 

each passenger k . A box and whisker diagram is drawn in Figure 5, which gives a 442 

rough idea of the dispersion of the WTB values. Moreover, we can observe that the 443 

WTB values decrease quickly for the first few passengers, but the rate of decrease is 444 

dramatically reduced when k  is large. 445 

 446 

During the field survey, we observed that passengers’ boarding behaviors are also 447 

affected by some side factors, for instance, body size of each passenger, their carrying 448 

luggage. The driver at occasions may encourage or discourage the passengers to 449 

further get on board, which is an important psychological factor for the passengers to 450 

make decisions. Also, in the previous studies of public transport, the influences of 451 

lateness penalty, crowdedness effects on passengers’ boarding behaviors are also 452 

discussed. In this paper, the passengers’ queuing sequence is taken as the only 453 

influencing factor of WTB. The current study is a complement rather than substitute 454 

of previous studies on other factors. However, compared with the queuing sequence, 455 

it is difficult to accurately collect the data of these other factors. If other factors are 456 

taken into account, their influence on the WTB should be taken as a random variable, 457 

namely, the value iB  in our model should be a random variable.  458 

 459 

 460 
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461 

 462 

Figure 5. Box and Whisker Diagram of the WTB Using LSM for the Parameter Model  463 
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Besides the phenomena observed during the survey, we also think about another 464 

endogenous factor that may affect the boarding actions, which is the queuing 465 

passengers’ value of time (VOT). The VOT does not coincide with the queuing 466 

location. Thus, those who have higher VOT would be more ambitious to board. In the 467 

morning peak, the effects of VOT are more obvious as the passengers are more urgent 468 

to go to their work place. However, VOT is a very diverse value among different 469 

commuters, and each commuter does not accurately know his VOT value. Hence, it is 470 

very challenging to consider VOT in our survey or data analysis, which will make the 471 

addressed topic too complicated to handle. VOT is thus omitted in our analysis. 472 

 473 

6 Applications  474 

As to such a new concept for the travel behaviors and travel psychology, it is of 475 

considerable significance to discuss about the practical value of WTB. In general, 476 

WTB provides a quantitative measure of a bus vehicle’s maximum capacity, which 477 

helps to give more accurate predictions/estimations of number of boarding passengers 478 

at each stop. Hence, it brings convenience to both passengers and bus operators. In 479 

this section, we present some initial discussions of the WTB’s practical applications.    480 

6.1 A three-bus-stop case study 481 

We consider a toy example. A bus route visits three bus stops S1, S2, and S3. Assume 482 

that all passengers waiting at S1 alight at S3. Suppose that the number of seats in the 483 

bus is 10 (we assume such a small number because otherwise the figure will be hard 484 

to read). Then, using the WTB calibrated by the LSM in Section 5.2.2, we can see that 485 

at S1 at most 52 passengers can board, because the 52nd passenger’s WTB is greater 486 

than 41 (there are 10 passengers who sit rather than stand) and the 53rd passenger’s 487 

WTB is smaller than 42. When the bus arrives at S2, a maximum of another 7 488 

passengers can board, because the 7th passenger’s WTB is greater than 48 (42+7−1) 489 

and the 8th passenger’s WTB is smaller than 49. As a result, if we use the conventional 490 

model with fixed bus capacity, then we will conclude that the bus capacity is 52 if we 491 
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count at S1, and conclude the capacity is 59 if we count at S2. In both models 492 

(whether we count at S1 or S2), the total number of passengers boarding at S1 and S2 493 

cannot exceed the bus capacity. The area enclosed between the green dotted line (the 494 

red dashed line, respectively) and the two axes in Figure 6 shows the feasible numbers 495 

of boarding passengers at the two bus stops when the bus capacity is 52 (59, 496 

respectively). 497 

 498 

Figure 6. Comparison of the WTB Model and Conventional Bus Capacity Models 499 

 500 

However, when we use the WTB model, we can see the area of feasible numbers of 501 

boarding passengers lies between the above-mentioned two areas. In particular, when 502 

52 passengers board at S1, it is possible that 0 to 7 passengers board at S2, which is 503 

shown by the vertical blue continuous line segment in Figure 6. One end point (52, 0) 504 

is on the line with capacity 52, and the other end point (52, 7) is on the line with 505 

capacity 59. When nobody boards at S1, then at most 52 passengers can board at S2, 506 

and the point (0, 52) is on the line with capacity 52. The general trend of the curve of 507 
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the WTB model is the same as the fixed capacity models: when one more passenger 508 

boards at S1, the number of passengers who can board at S2 will generally be reduced 509 

by 1. However, there are several “flat steps” on the curve of the WTB model. Take the 510 

left-most step as an example: if one passenger boards at S1, at most 51 can board at 511 

S2; however, if two passengers board at S1, still at most 51 can board at S2. This 512 

characteristic cannot be captured by fixed capacity models. In sum, in the WTB 513 

model, when more passengers board at S1, the maximum number of passengers who 514 

can board at S2 decreases monotonically, but may not decrease strictly monotonically.  515 

 516 

It should be noted the data in this case study are collected at the morning peaks of 10 517 

different working days. Hence, this case study only captures the WTB of morning 518 

peaks. However, the passengers’ WTB may vary at different time in the day due to the 519 

different circumstances (e.g., different crowd level, different temperature, etc.); also 520 

the WTB of home-work trip in the morning would be larger than the work-home trip 521 

in the evening. Hence, it is more suitable to separately calibrate the WTB of different 522 

time within the day.  523 

 524 

6.2 Other applications 525 

Some other possible impacts of WTB are briefly discussed here. First, with known 526 

passenger demand at each stop (can be observed by the detection cameras), WTB 527 

helps to accurately make decisions on some bus operation strategies; for instance, for 528 

bus stop-skipping problems (Liu et al. 2013), if the number of in-vehicle passengers is 529 

larger than (1)C  and no one intends to alight at the forthcoming stop, the driver 530 

could directly skip this stop. With the advanced information system equipped at the 531 

bus stops and vehicles, it would not be difficult for the transit operators to handle such 532 

sort of operation incidents.  533 

 534 
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Second, it enables a more precise traveler information system. At each stop with 535 

variable message board, besides indicating the arrival time of forthcoming buses, the 536 

system can also indicate the maximum number of boarding passengers at this stop. It 537 

consequently helps the waiting passenger to get a more accurate idea of whether they 538 

could board the coming vehicle and their waiting time. With such sort of detailed 539 

information, the passengers could wisely make their route plans. If they know that it is 540 

impossible for them to board the next vehicle, some of them may directly change to 541 

other travel modes. 542 

 543 

Third, the detailed traveler information could also be put online, such that the 544 

potential passengers could check the remaining capacity of the coming bus. If the 545 

estimated number of possible boarding passenger at each stop is very small during a 546 

peak hour, then these passengers could stay at home instead of going to the transit 547 

stop and waste longer time on waiting. 548 

 549 

Fourth, as mentioned, WTB provides a more accurate measure of the real capacity of 550 

each bus, which helps the bus operators to make more accurate decisions. For instance, 551 

at some dense cities with very large demand, additional vehicles are usually deployed 552 

to serve certain bus lines. With estimated demand pattern, WTB then helps the 553 

operators to accurately decide how many vehicles are needed in different periods.   554 

 555 

7 Conclusions 556 

This paper addressed a new concept of queuing up passengers, focusing on their 557 

willingness to board the transit vehicles. It derives from some interesting observations 558 

from real life that passengers at different queuing locations have different level of 559 

ambitions to get on board. Such a phenomenon has impacts on both queuing 560 

passengers and bus operators, which needs an in-depth quantitative analysis. 561 

Therefore, the first major contribution of the research is to identify and analyze such a 562 
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new topic. It should be stressed that there are very few studies examining the 563 

psychology in transportation, except drivers’ driving behaviors.  564 

 565 

The second major contribution lies in the technical aspect. This paper developed two 566 

calibration models: a general model and a parametric model. As a result of the nature 567 

of the WTB problem, we cannot directly observe the WTB of a passenger, which 568 

prevents us from directly using the LSM. To overcome this difficulty, an innovative 569 

calibration method, inspired by the LSM, was proposed to calibrate these two models, 570 

using real survey data. Moreover, the calibration of the general model is proved to be 571 

a convex optimization problem. The proposed calibration method can also be used for 572 

other transportation problems. For example, one may use regression models to 573 

calibrate the relations between road/traffic factors and road accidents. If some road 574 

accidents are not reported, then the real number of accidents will be larger than or 575 

equal to the number that has been reported. Our proposed calibration method could 576 

thus be used in such a context. To further refine the new calibration method, a WLSM 577 

was also proposed, which copes with the biasness of the survey data. From the 578 

numerical test, it clearly showed the existence of WTB among the queuing 579 

passengers. 580 

 581 

For the practicality of the proposed research, this paper further discussed about the 582 

applications of the qualitative analysis of WTB, which could be used to accurately 583 

estimate the real capacity of transit vehicles and also improve the service of transit 584 

information systems. Future efforts are needed to further get large scale survey data 585 

for this topic, which can help to filter the outliers in the data and thus enhance the 586 

accuracy of calibration results.  587 
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