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with Multi-processor Tasks2

Abstract3

This paper studies a special parallel machine scheduling problem where some tasks require more4

than one machine to process, known as the Parallel Machine Scheduling Problem with Multi-5

processor Tasks. Two mathematical models and several theoretical properties are proposed for the6

studied problem. To solve this problem, this paper develops an exact branch and bound algorithm7

and a heuristic tabu search algorithm. A series of numerical experiments are conducted to test the8

performance of these solution methods. The computational results show that the solution methods9

are effective and efficient in solving the problem with different sizes.10
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1. Introduction12

Parallel machine scheduling problems consist of assigning and sequencing a set of tasks on13

a set of machines. One of the core assumptions made in classical parallel machine scheduling14

problems is that each task needs to be processed on exactly one machine at a time. However,15

this assumption is insufficient to handle many problems arising from today’s production realities.16

Namely, tasks in some scheduling problems require more than one machine to process, and we call17

such problems the multi-processor task scheduling problems (Blazewicz et al., 1986). There are18

a large number of industrial applications where multi-processor task scheduling problems occur.19

For instance, (1) in diagnosable microprocessor systems, a task must be processed by at least two20

processors at the same time (Krawczyk and Kubale, 1985); (2) in semiconductor circuit design21

workforce planning, a design project may need a group of people (Chen and Lee, 1999), (3) in22

the quay crane scheduling problem of container terminals, a ship requires more than one crane to23

handle (Trkoullar et al., 2014) and (4) in parallel batch jobs scheduling problems of grid computing24

environments, a computing task may run on several processors that work in parallel (Switalski and25

Seredynski, 2015).26

This paper studies a Parallel Machine Scheduling problem which allows tasks to be processed27

on more than one machine. The considered objective in our work is to optimize the makespan (the28

latest completion time of all tasks). In this paper, we use the three-field notation, α|β|γ which is29

introduced by Graham et al. (1979) for parallel machine scheduling problems. In this notation:30

(1) the first field α specifies the machine environment, where P represents identical, Q uniform,31

and R unrelated parallel machines, (2) the second field β denotes the job characteristics, and the32

third field γ denotes the objective function. According to Drozdowski (1996)’s classification, this33

problem can be denoted by P|size j|Cmax, where P represents parallel machine, size j denotes the34

number of machines required by task j and Cmax indicates that the objective is to optimize the35

makespan.36

This paper deals with the P|size j|Cmax problem, and the main contribution includes:37

• This paper theoretically analyzes the P|size j|Cmax problem and presents formal formulations.38

Several theoretical properties along with two different mixed integer programming models of39

the considered problem are proposed.40
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• To solve problems with real-world sizes, a branch and bound (B & B) algorithm with five41

efficient lower bounds and two fathoming criteria is proposed. For problems with even larger42

scales, we develop a tabu search (TS) method.43

• Numerical experiments involving 700 instances are conducted. Computing results indicate44

that the proposed solution methods can obtain high-quality solutions for the P|size j|Cmax45

problem with different sizes in relatively short computational time.46

This paper is organized as follows. The next section gives a review of related studies. In47

Section 3, we formally state the P|size j|Cmax problem and present several properties for the optimal48

schedule of the problem. Two different mixed integer programming models for the problem are49

formulated in Section 4. A branch and bound method is proposed in Section 5. In Section 650

we introduce a tabu search algorithm. The performances of the proposed models and algorithms51

are examined in Section 7 by a series of computational experiments. Finally, our findings are52

summarized in Section 8.53

2. Literature review54

Studies of the P|size j|Cmax problem were motivated by research in computer systems, such55

as fault-tolerant systems (Krawczyk and Kubale, 1985). Lloyd (1981) is among the first who56

studied the P|size j|Cmax problem. In his paper the problem in which all tasks share equal pro-57

cessing time, P|size j, p j = 1|Cmax, where p j represents processing time is studied and it was58

shown that the general P|size j, p j = 1|Cmax problem is NP-complete. The author also demon-59

strated that the performance bound of list scheduling for solving the P|size j, p j = 1|Cmax problem60

is bounded by (2m − k)/(m − k + 1), where m is the number of machines and k is the largest61

number of machines required by one task. Blazewicz et al. (1986) considered the preemptive62

and nonpreemptive parallel machine scheduling problems with multiprocessor tasks. They pro-63

posed two polynomial-time algorithms with the complexity of O(n) to two problems where each64

task requires either 1 or k machines to process (size j ∈ {1, k}, where k is integer and k ≤ m).65

One problem is the P|size j ∈ {1, k}, p j = 1|Cmax problem and the other can be denoted by the66

P|size j ∈ {1, k}, pmtn|Cmax problem in which pmtn implies that tasks are preemptive. Computa-67

tional complexity of the P|size j|Cmax problem was examined by Du and Leung (1989). Their study68

showed that for m = 2, 3, the P|size j|Cmax problem can be solved in pseudopolynomial time but the69

problem becomes NP-hard in the strong sense for each m ≥ 5. Blkadek et al. (2015) studied the70

differences between contiguous schedules and non-continuous schedules of the P|size j|Cmax. In71

contiguous schedules, indices of the processors assigned to a task must be a sequence of consecu-72

tive numbers while in non-continuous schedules indices of the processors assigned to a task can be73

arbitrary. They proved that deciding whether such difference exists for a P|size j|Cmax instance is74

NP-complete and provided bounds on the difference between the length of two schedules. Besides75

the parallel machine setting, there are some studies that tackle machine scheduling problem with76

multi-processor tasks in the flow shop environment (e.g., Chou (2013); Hidri (2016)).77

As for the solution methods of the P|size j|Cmax problem, exact solution methods can be found78

for some special cases of the problem, for example, when all the tasks share the same processing79

time or there are only two different types of machine requirements (Blazewicz et al., 1986), when80

tasks have various ready times and require either one or all machines (Blazewicz et al., 2003), or81

when only two or three machines are involved (Du and Leung, 1989; Chen and Lee, 1999). When82

the number of machines is fixed and not a parameter of the problem, Amoura et al. (2002) proposed83

a polynomial time approximation scheme for the problem Pm|size j|Cmax, where Pm means that the84

number of identical machines (m) is fixed. When it comes to the general P|size j|Cmax problem, to85

the best of our knowledge, the only exact method was proposed by Blkadek et al. (2015). The86

authors developed a simple branch and bound (B & B) algorithm to solve the P|size j|Cmax. The87

algorithm searches the solution space by enumerating all possible permutations of tasks. Partial88
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permutations of tasks which represents sequences of completed tasks are expanded step by step89

adding undone tasks. For each newly generated partial solution, only one simple lower bound (the90

makespan of the partial solution) is used in the algorithm to determine the validity of the partial91

solution. Using a cluster of 30 PCs, the algorithm was reported to be able to deliver optimal so-92

lutions for instances with up to 11 tasks. Several approximation methods have been proposed to93

solve the problem. Lin and Chen (1994) obtained a heuristic algorithm based on the well-known94

largest processing time first scheduling, LPT rule. The performance bound of this algorithm is95

proved to be 4
3k − k(k+1)

6m , where k equals the largest number of machines required by each task.96

A similar approximation method for the P|size j|Cmax problem was developed by Li (1999). The97

method was shown to have a performance guarantee of 31
18 . Later on, Johannes (2006) proved that98

no approximation algorithm for the P|size j|Cmax problem can provide with a performance guaran-99

tee better than 3
2 , unless P = NP. The study also demonstrated the performance guarantee of any100

list-scheduling algorithm for the P|size j|Cmax problem should be no less than 2. Switalski and Sere-101

dynski (2015) proposed an evolutionary metaheuristic algorithm called the generalized extremal102

optimization (GEO) to solve a machine scheduling problem with multi-processor tasks. In their103

study, each machine is defined to have a batch of processors that can work in parallel, and different104

machines may have different numbers of processors. Tasks with different processor requirements105

are scheduled among these machines (each task can only be assigned to one machine). Instances106

with up to 500 tasks and 48 machines are solved and compared with the genetic algorithm (GA).107

The computational results showed that the proposed GEO outperforms the GA for most of the108

tested instances.109

For a comprehensive understanding of this problem, refer to the studies of Drozdowski (1996),110

Lee et al. (1997), Brucker (2006) and Leung (2004).111

The P|size j|Cmax problem has wide-range industrial applications and has been studied by a112

number of scholars. In this study, we analyze several properties of the optimal solution of the113

P|size j|Cmax problem, formulate two different programming models and propose an exact branch114

and bound (B & B) method and a tabu search (TS) heuristic to solve the problem. Numerical115

experiments show that the proposed algorithms are effective and efficient to solve the P|size j|Cmax116

problem with different sizes.117

3. Problem description118

This section first gives a formal description of the parallel machine scheduling problem with119

multi-processor tasks, and then presents several properties of an optimal schedule to this problem.120

This problem can be described as follows: assume there is a set N = {1, 2, ..., n} of n tasks to121

be processed by the set M = {1, 2, ...,m} of m identical machines. All the tasks are available and122

all the machines are ready to work from time t = 0. Each machine can process at most one task123

at a time, and each task j needs to be processed by size j arbitrary machines working in parallel124

(size j is integer and 1 ≤ size j ≤ m) in a continuous period of p j units of time (p j is integer and125

p j ≥ 1 ). Preemption is not allowed. The objective is to find a schedule that produces the minimum126

makespan (Cmax).127

The optimal schedule of the P|size j|Cmax problem has several properties, which can help de-128

crease the search space for the solution algorithms. The first property examines the effectiveness129

of List Scheduling (LS) rule for the considered problem. List Scheduling rule assigns the earliest130

available machines to each task in a given sequence.131

132

Theorem 3.1. There exists an optimal schedule for the P|size j|Cmax problem where machines are133

assigned to tasks by the List Scheduling rule.134

Proof. Let δ denote a schedule of all tasks in our considered problem. In addition, we as-135

sume in schedule δ, C(δ) j is the completion time of task j and Cmax(δ) is the makespan. Since136
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Cmax(δ1) > Cmax(δ2) implies C(δ1) j > C(δ2) j for at least one j, the objective function Cmax(δ) is a137

regular function of δ. Further, for any scheduling problem with a regular objective function, there138

exists an optimal schedule that is generated by the List Scheduling rule (Schutten, 1996).�139

140

The second property specifies the sequence of certain tasks in an optimal schedule. Assume141

ŝ = min j∈N size j, then we have the following theorem:142

Theorem 3.2. There exists an optimal schedule for the P|size j|Cmax problem where tasks with143

size j > m − ŝ are processed in arbitrary sequences before all the other tasks start.144

Proof. We prove by contradiction. Let θ = { j|size j > m− ŝ} and let ∆ denote the set of all schedules145

to the problem P|size j|Cmax and ∆s denote the set of schedules in which all tasks belonging to θ are146

processed before all the other tasks. Suppose there exists an optimal schedule δ̄ ∈ ∆ \ ∆s such that147

for all δ ∈ ∆s, Cmax(δ̄) < Cmax(δ). Let θ
′

denote a subset of θ in which tasks are processed after a148

set of tasks belonging to N \ θ are completed. Note that due to the limitation of the total number of149

machines available, no tasks can be processed simultaneously when a task belonging to θ is being150

processed.151

Suppose there is a task u ∈ θ
′

. We now split δ̄ into several parts. Assume δ1 is a partial schedule152

of δ̄ composed of tasks which belong to θ and are processed before any task from N \ θ starts.153

Further, assume δ2 is a partial schedule which contains tasks that are processed after tasks in δ1154

are completed and before task u starts. Finally, the partial schedule including tasks processed after155

task u is completed is denoted by δ3. It is worth noting that since no two tasks from θ can be156

processed simultaneously, the makespan of δ1 equals the summation of the processing time of all157

tasks belonging to it.158

Let MC(δ) denote the set of completion times of machines in the schedule δ, and MINCk(δ)159

denote the kth minimum value in the set MC(δ). As no tasks can be processed simultaneously with160

task u, the earliest starting time of tasks belonging to δ3 is MINCm(δ2) + pu.161

We now construct a new schedule δ̄
′

of the problem P|size j|Cmax by adding task u into δ1. It is162

obvious that such an adding will not change the sequences of tasks in δ2 and δ3, but the schedules163

of these tasks may be changed. We denote the schedules of tasks from δ1, δ2, and δ3 in the new164

schedule as δ
′

1, δ
′

2 and δ
′

3, respectively. Since no tasks can be processed at the same time with task165

u, it is easy to infer that MINCi(δ
′

2) = MINCi(δ2) + pu. This means that tasks in δ
′

3 can start at166

MINCk(δ
′

2), which equals MINCk(δ2) + pu where k represents the number of machines required167

by the first task in δ
′

3. As k ≤ m, it can be easily inferred that MINCk(δ2) + pu ≤ MINCm(δ2) + pu.168

This implies that Cmax(δ̄
′

) ≤ Cmax(δ̄).169

If we apply the above procedures to all the tasks belonging to θ
′

, we can obtain a schedule170

belonging to ∆s that is at least as good as δ̄, which is a contradiction of the minimality of Cmax(δ
′

).�171

Corollary 3.1. When m = 2, the problem P2|size j|Cmax can be solved as a P2||Cmax problem,172

where each task needs to be processed on only one machine.173

Proof. The corollary follows directly from Theorem 3.2.�174

4. Model formulation175

Although the P|size j|Cmax problem has been studied by the literature for more than 30 years, to176

the best of our knowledge, there have been yet no formal mathematical optimization formulations177

reported for this problem. In this section, we present two mixed integer programming models for178

the P|size j|Cmax problem. In the first model, the problem is formulated as a special Vehicle Routing179

Problem (VRP) and in the second model, a time discretized formulation is developed.180
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4.1. A VRP-based model181

The first model (M1) formulates the P|size j|Cmax problem as a Vehicle Routing Problem with182

side constraints. In the model, machines are defined as vehicles and tasks are defined as nodes183

that must be visited by a certain number of vehicles at the same time. Besides, the traveling time184

between a node and other nodes is assumed to be equal to the processing time of the corresponding185

tasks.186

Besides the parameters that have been listed in the previous section, additional notations used187

in Model M1 are presented in Table 1:188

Table 1: Notations used in Model M1.

Parameters:
i, j Indices of tasks, i , j.
k: Index of machines.
L: A constant number, L =

∑
j∈N p j.

Variables:
xk

i j = 1, if machine k performs task j before any other tasks after it completes task i; =0, otherwise.
xk

0 j = 1, if the first task performed by machine k is j; = 0, otherwise.
xk

iT = 1, if the last task performed by machine k is i; = 0, otherwise.
si Start time of task i.
Yk Completion time of machine k.

The first formulation (M1) of the P|size j|Cmax problem goes as follows:189

Objective function:
min Cmax (1)

subject to:
Yk ≤ Cmax ∀k ∈ M (2)∑
j∈N

xk
0 j ≤ 1 ∀k ∈ M (3)∑

i∈N

xk
iT ≤ 1 ∀k ∈ M (4)∑

k∈M

∑
i∈N∪0

xk
i j = size j ∀ j ∈ N (5)∑

j∈N
⋃

T

xk
i j −

∑
j∈N
⋃

0

xk
ji = 0 ∀i ∈ N,∀k ∈ M (6)

si − s j + pi ≤ (1 − xk
i j)L ∀i, j ∈ N,∀k ∈ M (7)

si + pi − Yk ≤ (1 − xk
iT )L ∀i ∈ N,∀k ∈ M (8)

xk
i j ∈ {0, 1} ∀i ∈ N ∪ 0,∀ j ∈ N ∪ T ,∀k ∈ M (9)

si ≥ 0 ∀i ∈ Ω (10)
The objective function (1) minimizes the makespan of the problem. Constraint (2) calculates190

the makespan. Constraint (3) enforces that every machine chooses at most one task as its first task.191

Constraint (4) enforces that every machine chooses at most one task as its last task. Constraint (5)192
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ensures that each task should be processed by the required number of machines. Constraint (6)193

ensures flow balance so that all tasks are performed in a defined order. Constraint (7) ensures the194

start time of task j should be later than the completion time of task i, if xk
i j = 1. Constraint (8)195

calculates the time when machine k completes all of its assigned tasks. Constraints (9) defines the196

xk
i j variables to be binary. Constraint (10) defines the non-negativity constraint.197

It should be noted that although the P|size j|Cmax problem can be formulated as a special VRP198

and there are many state-of-the-art exact and heuristic algorithms in the literature for solving the199

VRP, these algorithms cannot be easily adapted to the considered problem. This is because (1) in200

classical VRPs, the service of each customer (task) requires exactly one vehicle (machine) and (2)201

the objective for classical VRPs is to minimize total traveling cost but not the makespan.202

4.2. A time-discretized model203

In the second model (M2), a set of time-discretized 0-1 decision variables x jt, where j ∈ N and204

t ∈ T are introduced. The set T is defined as T = {0, 1, 2, ..., tmax}, where tmax denotes the largest205

possible makespan for an optimal schedule which is calculated by tmax =
∑

j∈N p j. Further, we set206

E j = tmax − p j for each j ∈ N, representing the latest start time of task j in an optimal schedule.207

For each task j and time t, the x jt is defined as 1, if task j starts at time t and 0, otherwise.208

The second model (M2) for the considered problem is given as follows:209

Objective function:
min Cmax (11)

subject to:
E j∑
t=0

x jt = 1 ∀ j ∈ N (12)

x jt(t + p j) ≤ Cmax ∀ j ∈ N,∀t ∈ T (13)

∑
j∈N

min(t,E j)∑
s=max(t−p j+1,0)

size jx js ≤ m ∀t ∈ T (14)

x jt ∈ {0, 1} ∀ j ∈ N,∀t ∈ T (15)
Constraint (12) ensures that each task has one and only one start time. Constraint (13) calculates210

the makespan. Constraint (14) enforces the machine availability constraint. Constraint (15) defines211

the variables x jt to be binary. In addition, it is worth noting that the solution of M2 does not directly212

give the optimal machine assignment pattern, which, however, can be obtained using the LS rule213

in O(nm log2 m) time.214

In Section 7, we test the efficiencies of the two models by solving a series of numerical experi-215

ments, and further compare performances of CPLEX using the two models with the performances216

of the algorithms proposed in the next two sections for solving these instances.217

5. A branch and bound method218

The P|size j|Cmax problem is NP-hard for any m ≥ 2 (Blazewicz et al., 1983) and is proved to219

be NP-hard in the strong sense for at least any m ≥ 5 (Du and Leung, 1989). Correspondingly, the220

P|size j|Cmax problem cannot be solved exactly in polynomial time for any m ≥ 2 and even cannot221

be solved exactly in pseudo-polynomial time at least when m ≥ 5, unless P=NP. Hence, to solve222

the P|size j|Cmax problem efficiently, this paper proposes a B & B method.223
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In the B & B method, solutions of the P|size j|Cmax problem are represented by sequences of224

tasks. The assignments of machines to each task in the sequences are generated by the LS rule,225

which, according to Theorem 3.1, is able to generate an optimal solution for the considered prob-226

lem. The branch and bound procedure builds up a solution tree starting from a root node repre-227

senting level 0. The number of levels of the solution tree is the same as the number of tasks, and228

the node in the ith level representing the ith task in a corresponding task sequence. Obviously,229

each path from a node in the first level to a node in the ith level corresponds to a partial solution230

of the problem consisting of i tasks. The flow of the B & B method is shown in Figure 1.231

Start

Preprocessing

Calculate lower bounds

Select branching node

Fathoming test

No

No more unexplored nodes?

Yes

Create successor nodes 

Last level?

Update the upper bound

Return the best found solution

End

No

Yes

Figure 1: The flowchart of the B & B method.

The notations used in this section are as followings: For a certain node h in the search tree, D(h)232

and U(h) are defined as the sets of completed and uncompleted tasks at the node, respectively. Let233

G(h) denote an array which is composed of the completion times of all machines at the node, in a234

chronological order, that is G(h) = [gh
1, g

h
2, · · · , g

h
k , g

h
k+1, · · · , g

h
m], gh

k ≤ gh
k+1, ∀k = 1, 2, · · · , n − 1.235

Further, we divide tasks in N, D(h), and U(h) into different subsets Nk, U(h)k and D(h)k, where k236

stands for the number of machines they require. Namely, N =
⋃

k∈M Nk, D(h) =
⋃

k∈M D(h)k and237

U(h) =
⋃

k∈M U(h)k. Obviously, for any node h, we have Nk = D(h)k
⋃

U(h)k, ∀k ∈ M.238

5.1. Preprocessing239

Before the B & B method starts, we reduce the size of the search tree of the B & B algorithm240

by removing tasks with size j > m − ŝ from N, where ŝ = min j∈N size j. These tasks, according to241

Theorem 3.2, can be processed in an arbitrary sequence before any other tasks start in an optimal242

schedule. However, it is worth noting that the derived makespan of the tasks with size j ≤ m− ŝ by243

the B & B method should be added by the total processing time of the removed tasks to obtain the244

makespan of a complete schedule. For conciseness, tasks in the rest part of this section only refer245

to tasks with size j ≤ m−ŝ.246

5.2. Branching247

To continue the partial task sequence, selected nodes at level i are branched by adding successor248

nodes to the search tree at level i + 1.249

Two different selection strategies are adopted in the B & B method. The first strategy selects250

the candidate node for branching in a depth-first manner. The branching node is selected from the251

highest level with unexplored nodes and the selection criterion is the minimum lower bound (see252

Section 5.3.2 for details). In the second strategy, the unexplored node with the overall minimum253

lower bound throughout the search tree is selected as the candidate for branching. We implement254
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the two strategies in an alternative way so as to strike a balance between the speed of finding new255

solutions and the quality of these new solutions, both of which are important for finding tighter256

upper bounds. After the selection of branching nodes at level i, the successor nodes are generated257

at level i + 1 by enumerating and exploring all the remaining tasks.258

5.2.1. Fathoming test259

To improve the efficiency of the searching process, the size of the search tree is reduced by fath-260

oming nodes that are dominated by others. Assume there are two nodes h and d in the search tree.261

If node d is expected to be able to produce a makespan that is no larger than the makespan pro-262

duced by node h, then node h is judged to be dominated by node d. We introduce three dominance263

properties for the fathoming test.264

The first and second properties check possible dominance within one partial schedule. For each265

task j in D(h), assume Ω j is the set of size j machines that are assigned for j. Let BIT k
j denote the266

kth longest idle time of a machine in Ω j before it is assigned to task j. Furthermore, let AIT j267

denote the minimum idle time of all machines in Ω j after they complete task j and before they are268

reassigned to other tasks in D(h), then we have:269

Property 5.1. (Blkadek et al., 2015) For node h, if there exists a task j in D(h) such that a task i270

in U(h) satisfies pi ≤ BIT k
j , where k = sizei, then node h is dominated by some other node.271

Property 5.2. For node h, if there exists a task j in D(h) such that a task i in Ns where s = size j272

satisfies p j < pi ≤ p j + AIL j, then node h is dominated by some other node.273

Proof. Let δ represent the corresponding partial schedule at node h. We construct a new par-274

tial schedule δ
′

by interchanging tasks j and i, and the U(h) and G(h) for δ are correspondingly275

changed into U(h)
′

and G(h)
′

in δ
′

. We distinguish two cases.276

277

Case 1. i ∈ U(h)s.278

In this case, δ
′

is constructed by replacing task j with task i in U(h), and U(h)
′

is obtained by279

replacing i with j in U(h). We now prove δ is dominated by δ
′

. As p j < pi ≤ p j + AIT j and280

sizei = size j, task i can be processed by the same machines belonging to Ω j. Hence, δ
′

can be281

generated by replacing task j with task i in δ and leaving the schedules for other tasks in D(h)282

unchanged. Further, since all machines in Ω j have been reassigned in δ, j is not the last processed283

task for any machine in δ. Therefore, we have G(h)
′

= G(h), which implies that ready times of all284

machines for tasks in U(h) and those in U(h)
′

are identical.285

We further compare the sets of uncompleted tasks U(h) and U(h)
′

. The only difference between286

these two sets is that in U(h)
′

, task j in U(h) is replaced with task i. Since p j < pi, size j = sizei287

and G(h)
′

= G(h), it is easy to infer that the makespan of the optimal complete schedule derived288

from δ
′

is no larger than the makepan of the optimal complete schedule derived from δ. Therefore,289

δ is dominated by δ
′

, which means that node h is dominated by some other node.290

291

Case 2. i ∈ D(h)s.292

In this case, we construct a new partial schedule δ
′

by interchanging the processing sequences293

of task j and i. As size j=sizei, pi ≤ p j + AIT j and p j < pi, it is easy to infer that tasks which are294

processed by at least one of the machines of Ω j immediately after j is completed in δ can start in295

δ
′

no later than in δ, and similarly, that tasks which are processed by at least one of the machines296

of Ωi immediately after i is completed in δ can start in δ
′

no later than in δ.297

Hence, for each k ∈ M we have gh
k

′

∈ G(h)
′

is no larger than gh
k ∈ G(h). Further, considering298

the changes in δ have no impact on U(h) (U(h) = U(h)
′

), we can obtain that the makespan of the299
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optimal complete schedule derived from δ
′

is no larger than the makepan of the optimal complete300

schedule derived from δ. Therefore, δ is dominated by δ
′

, which means that node h is dominated301

by some other node.�302

303

The second property detects the dominating relationship between two nodes in the same level304

of a search tree.305

Property 5.3. Suppose there are two nodes h and d with U(h) = U(d), then node h is considered306

to be dominated by node d if the gd
k ≤ gh

k for each k ≥ S u and k ≤ m, where U = U(h) = U(d) and307

S u = min j∈U size j.308

Proof. Given that each task in U(h) and U(d) needs at least S u machines to process, the least309

possible ready times for all tasks belonging to U(h) and U(d) are gh
S u

and gd
S u

, respectively. In this310

sense, we can take gh
k = gh

S u
and gd

k = gd
S u

for any k < S u in G(h) and G(d). This implies that311

gd
k ≤ gh

k for each k ∈ M.312

In addition, as the two nodes h and d share the same set of uncompleted tasks, it is not hard to313

infer that node d can produce an optimal schedule whose makespan is at least as short as that of314

the optimal schedule produced by node h. Therefore, h is dominated by node d.�315

316

The proposed B & B checks possible dominance relationship of every newly added node ac-317

cording to Property 5.1, 5.2 and 5.3. The nodes that are found to be dominated by others are318

fathomed, along with the nodes generated from them (if applicable).319

5.2.2. Update the upper bound320

The insertion of any node in the last level corresponds to a new solution of the problem. Objec-321

tive values of these new solutions are compared with the current upper bound to determine whether322

an update is needed.323

5.3. Bounding324

For each newly added node, a lower bound is calculated which is then compared with the upper325

bound to decide whether this node should be retained or fathomed. In the algorithm, we consider326

two initial upper bounds and five lower bounds.327

5.3.1. Initial upper bound328

To get the initial upper bound for our B & B procedure, this paper adopts two approximation329

algorithms to solve the P|size j|Cmax problem. The first algorithm processes tasks with largest330

size j · p j first and assigns machines by the LS rule, while the second algorithm is applied according331

to the descriptions in Li (1999). The initial upper bound is set equal to the makespan derived from332

the approximation algorithm that generates the better solution.333

5.3.2. Lower bounds334

At each node (marked as node h) in the search tree, there exists a partial scheduling problem335

which consists of a set of machines with ready times from G(h) and a set of tasks belonging to336

U(h). The problem can be denoted by P|size j, rk|Cmax, where rk stands for the ready time of ma-337

chine k. We further introduce two problems which are related to the P|size j, rk|Cmax problem but338

some conditions are relaxed. In the first problem, we assume tasks are “divisible”, which means a339

task j requiring size j machines to process during p j time is divided into size j tasks each of which340

needs only one machine to process during p j time. Such a problem can be seen as the paral-341

lel machine scheduling problem in the traditional sense and we denote the problem by P|rk|Cmax.342

The second problem is denoted by P|prmt, rk|Cmax where tasks are not only “divisible” but also343

preemptive. Obviously, among the three problems, the P|prmt, rk|Cmax problem allows the most344
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balanced distribution of task processing time among machines, followed by the P|rk|Cmax problem345

and then the P|size j, rk|Cmax problem. Therefore, the P|prmt, rk|Cmax problem and the P|rk|Cmax346

problem should produce shorter makespans than the P|size j, rk|Cmax problem, and corresponding-347

ly, lower bounds to the first two problems should also be the lower bounds to the P|size j, rk|Cmax348

problem. In addition, function max[q] j∈Θx j which returns the qth largest value of x j for all j ∈ Θ349

is also used in lower bound calculation.350

351

Lower bound 1:352

We obtain the first lower bound by solving the corresponding P|prmt, rk|Cmax problem, and the
lower bound for node h is calculated by:

LB1 =

{
gh

m UT ≤ DM
gh

m + Ceil((UT − DM)/m) UT > DM (16)

where UT =
∑

j∈U(h) size j p j and DM =
∑

k∈M(gh
m − gh

k).353

354

Lower bound 2:355

The Lower bound 2 for note h is obtained in a multi-lift procedure. Assume µ =Floor(m/2),
and Lower bound 2 can be calculated by the following equation:

LB2 = max
k∈{1,2,...,µ}

⋃
{m}

CTk (17)

where CTk represents the lower bound for the completion time of tasks belonging to U(h)k if k ∈356

{1, 2, ..., µ} and the lower bound for the completion time of tasks belonging to
⋃

k∈{µ+1,µ+2,...,m}U(h)k357

if k = m.358

As for the estimation of CTks, we first discuss the situation where k ∈ {1, 2, ..., µ}. For each k,
CTk is given by:

CTk = max(CT 1
k ,CT 2

k ) (18)

where CT 1
k is calculated as:

CT 1
k = gh

k + max
j∈U(h)k

p j,∀k ∈ {1, 2, ..., µ} (19)

The calculation of CT 2
k is more complicated. For each CT 2

k , a set V(h)k containing l new tasks
is generated, where l =Floor(m/k). These tasks require k machines and the processing time for
task j (1 ≤ j ≤ l) in V(h)k is set as gh

i·k − gh
1. For each k, CT 2

k is obtained by the following equation:

CT 2
k = gh

1 + max[l] j∈V(h)k
⋃

U(h)k p j + max[l + 1] j∈V(h)k
⋃

U(h)k p j (20)

We now give justifications for CT 2
k . We first construct two partial scheduling problems P1 and359

P2 at node h. P1 includes a set of m machines with ready times from G(h) and tasks belonging to360

U(h)k, and P2 covers a set of m machines whose ready times are all gh
1 and a set tasks belonging to361

V(h)k
⋃

U(h)k. Clearly, CT 2
k is a lower bound for P2. Further, P1 can be seen as a special partial362

solution to P2, where tasks from V(h)k are processed prior to those from U(h)k. Therefore, the363

optimal makespan of P2 is obviously no larger than that of P1, and lower bounds to P2 should also364

be lower bounds to P1. Considering P1 is also only part of the P|size j, rk|Cmax problem, CT 2
k is a365

valid lower bound for node h as well.366

When k = m, the CTm stands for the lower bound for the completion time of tasks belonging367

to
⋃

k∈{µ+1,µ+2,...,m}U(h)k. Because of their machine requirements, no two tasks of this union set can368
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be processed at the same time. Hence, the CTm can be obtained by:369

CTm = max
k={µ+1,µ+2,...,m}

(gh
k +

m∑
b=k

∑
j∈U(h)b

p j) (21)

370

371

Lower bound 3:372

The third lower bound of the B & B method for node h is obtained by the following equation:

LB3 = max(LB1
3, LB2

3) (22)

LB1
3 is calculated by treating the partial scheduling problem with machine ready times belong-373

ing to G(h) and tasks belonging to U(h) as a corresponding P|rk|Cmax problem, and generating374

a lower bound for the P|rk|Cmax problem. We construct a set V(h) of m − 1 tasks where task j375

(2 ≤ j ≤ m) needs one machine to process in gh
j − gh

1 time. Besides, every task j in U(h) is divided376

into size j tasks, each of which requires one machine to process during p j time and these divided377

tasks form a new set U(h)
′

.378

Then, LB1
3 is given by:379

LB1
3 = gh

1 + max[m] j∈V(h)
⋃

U(h)′ p j + max[m + 1] j∈V(h)
⋃

U(h)′ p j (23)

Like the CT 2
k in Lower bound 2, LB1

3 is also obtained by taking part of the G(h) as tasks and380

therefore, it is not hard to infer that LB1
3 is a lower bound for the P|rk|Cmax problem and therefore,381

also a lower bound for the P|size j, rk|Cmax problem at node h.382

To calculate LB2
3, we generate m− 1 new tasks which are marked as ti (1 ≤ i ≤ m− 1) based on383

G(h). The number of machines needed by ti is set to be m − i and the processing time is set to be384

gh
(i+1) − gh

i . A set U(h)
′

is constructed by adding the m − 1 tasks into U(h). The calculation of LB2
3385

is completed in 6 steps:386

Step 1: Set the occupied machine number om = 0 and machine working time wk = 0, ∀k ∈ M;387

Step 2: If om < m, go to step 3; otherwise, go to step 6;388

Step 3: Identify the task in U(h)
′

with p j = max j∈U(h)′ p j and mark the task as J.389

Step 4: If om + sizeJ ≤ m, update wk = pJ for k = om + 1, om + 2, ..., om + sizeJ, and then set390

om = om + sizeJ; otherwise, go to step 5, and delete task J from U(h)
′

;391

Step 5: update wk = pJ for k = om + 1, om + 2, ...,m, add a new task i with pi = pJ and sizei =392

sizeJ − m + om into U(h)
′

, update om = m, and delete task J from U(h)
′

;393

Step 6: Calculate LB2
3 by the following equation:

LB2
3 = gh

1 + max
j∈U(h)′

(wm−size j+1 + p j) (24)

Considering LB2
3 is obtained through taking part of the G(h) as tasks and in some cases dividing394

tasks, we can easily infer that it is a valid lower bound of node h.395

396

Lower bound 4:397
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Like LB2, the fourth lower bound is also obtained in a multi-lift procedure:

LB4 = gh
1 + max

e∈{µ+1,µ+2,...,m}
(LBe

4) (25)

LBe
4 = Le + Me (26)

where µ =Floor(m/2) and Le and Me are explained below.398

First, part of the G(h) is transformed into tasks. For each k ∈ {2, 3, ...,m}, we generate a399

task j which requires m − k + 1 machines to process during gh
k − gh

k−1 time and introduce a set400

U(h)
′

m−k+1 = U(h)m−k+1
⋃
{ j}. Then, for each e ∈ µ + 1, µ + 2, ...,m, the following three union401

sets are constructed: Ue
L =
⋃

k∈{e,e+1,...,m}U(h)
′

k and Ue
M =

⋃
k∈{m−e+1,m−e+2,...,e−1}U(h)

′

k, and Ue
S =402 ⋃

k∈{1,2,...,m−e}U(h)
′

k.403

Le and Me can be calculated by the following equations.404

Le =
∑
j∈Ue

L

p j (27)

Me = max(max
j∈Ue

M

p j,Ceil(
1
m

(S e +
∑
j∈Ue

M

size j p j))) (28)

where S e represents the lower bound for the total machine-time (the machine-time for task j is405

set as p j · size j) of tasks in Ue
S that cannot be processed simultaneously with tasks in Ue

L. S e is406

obtained through the following procedures:407

Step 1: Set S e = 0 and current number of machines k = 1;408

Step 2: If S e + k ·
∑

j∈U(h)′k
p j > k ·

∑
j∈U(h)′m−k

p j, update S e = S e + k ·
∑

j∈U(h)′k
p j − k ·

∑
j∈U(h)′m−k

p j;409

otherwise, update S e = 0;410

Step 3: Update k = k + 1. If k > m − e, go to step 4; otherwise, go to step 2;411

Step 4: Output S e.412

We now prove LBe
4 is a valid lower bound for node h. Let P1 denote the problem which involves413

m machines with the same ready time gh
1 and tasks in Ue

L
⋃

Ue
M
⋃

Ue
S . Clearly, the lower bounds414

to P1 are also lower bounds for node h. Since no two tasks in UL can be processed simultaneously,415

it should take a length of Le time to finish all tasks from Ue
L. Further, due to the limitation of416

the total number of machines available, tasks belonging to Ue
M cannot be processed when any of417

the tasks in Ue
L is be processed. Therefore, the lower bound for the total machine-time of tasks418

belonging to Ue
S
⋃

Ue
M that cannot be processed simultaneously with tasks in Ue

L can be calculated419

by S e +
∑

j∈Ue
M

p j, and it is obvious that Ceil( 1
m (S e +

∑
j∈Ue

M
p j)) is a lower bound for the completion420

time of these tasks. Considering that max j∈Ue
M

p j is also a lower bound for the completion time for421

these tasks, we can easily obtain that LBe
4 is a lower bound for P1 and therefore a lower bound for422

node h.423

424

Observation 5.1. LB4 is valid only when m > 3.425

This is because Ue
L and Ue

S for any e are empty when m ≤ 3, which easily follows that LB4 is426

dominated by max(LB1, LB2).427

428

Lower bound 5:429
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In Lower bound 5, we obtain the lower bound for the corresponding the P|rk|Cmax problem430

at node h. The P|rk|Cmax problem is solved by the LPT method, which was proved to have a431

performance guarantee of 1.5 − 2/m (Lee, 1991). Several properties are introduced below to432

specify conditions where the makespan provided by the LPT method is optimal for the P|rk|Cmax433

problem. In these properties, tasks and machines are indexed such that p1 ≥ p2 ≥ ... ≥ pn and434

r1 ≤ r2 ≤ ... ≤ rm.435

Theorem 5.1. (Lee, 1991) Schedule the tasks by LPT. Let r be the index of the last job assigned to436

the machine on which the makespan M∗ occurs. If pr >
1
2 M∗ then the schedule obtained by LPT437

will yield the optimal makespan.438

Theorem 5.2. (Webster, 1996) Let δ be an LPT schedule for the P|rk|Cmax problem with job start439

times, s1, ..., sn, and let t be the index of the last job to finish processing. If p j/pt is integer for all440

j satisfying s j < st, then δ is optimal.441

Lemma 5.1. (Webster, 1996) If n < m and rn − r1 < pi for i = 1, ..., n − 1, then the LPT rule is442

optimal.443

Assume the makespan yield by the LPT rule for the P|rk|Cmax problem is LM, then the fifth
lower bound for node h is obtained by:

LB5 =

{
LM if LM is judged to be optimal by the above properties
Ceil(LM/(1.5 − 2/m)) otherwise (29)

The time complexity of bounds LB1, LB2, LB3, LB4, and LB5 is O(n), O(nm2), O(mn), O(nm2)444

and O(n log2 n), respectively. For a newly generated node, the five lower bounds are calculated445

one by one, from LB1 to LB5, and the calculation stops if any of them is computed to be larger446

than or equal to the current upper bound, which effects a deletion decision of the node. If the five447

lower bounds are all smaller than current upper bound, then the largest one is recorded as the final448

lower bound for the node.449

5.4. An illustrative example450

In the section, we use an example to illustrate how the B & B method works. The example451

involves 5 machines and 10 tasks. The number of machines (size j) and the processing time (p j)452

required by each task are given in Table 2.453

Table 2: Example data

task 1 2 3 4 5 6 7 8 9 10
size j 1 2 1 4 5 3 3 2 4 2
p j 23 71 17 20 80 41 75 80 6 52

5.4.1. Preprocessing and initial upper bound calculation454

The solution procedure of the B & B method begins with preprocessing. In the example, ŝ = 1,455

therefore, we can remove tasks with size j > 4 from N (in this example, task 5). After this step the456

10-task problem reduces into a 9-task problem.457

We then calculate the initial upper bound of the problem. The upper bounds given by the458

approximation algorithms proposed by this paper and Li (1999) are 216 and 288, respectively.459

Thereby, the initial upper bound is set to be 216.460
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5.4.2. Fathoming test461

In this section, we illustrate how the fathoming test works by using the following 4 nodes,462

which are obtained after certain numbers of iterations in the search tree:463

h1: D(h1) = {7, 10}, U(h1) = {1, 2, 3, 6, 4, 8, 9}, G(h1) = {52, 52, 75, 75, 75};464

h2: D(h2) = {1, 3, 4, 7, 9, 10}, U(h2) = {2, 6, 8}, G(h2) = {78, 78, 115, 115, 115};465

h3: D(h3) = {4, 10}, U(h3) = {1, 2, 3, 6, 7, 8, 9}, G(h3) = {20, 20, 20, 72, 72};466

h4: D(h4) = {4, 10}, U(h4) = {1, 2, 3, 6, 7, 8, 9}, G(h4) = {52, 72, 72, 72, 72}.467

First, we illustrate how Property 5.1 works by using node h1. Suppose a new node (denoted by468

h′1) is obtained by moving task 6 from U(h1) into D(h1), thus, by applying the LS rule, we have469

D(h′1) = {6, 7, 10}, U(h′1) = {1, 2, 3, 4, 8, 9}, and G(h′1) = {75, 75, 116, 116, 116}. It is easy to infer470

that at this node, the two machines with completion time 52 in G(h1) are kept idle for 23 unit times471

before they are scheduled to process task 6. Therefore, we have BIT 1
6 = BIT 2

6 = 23. Further, since472

task 1 in U(h′1) has size1 = 1 and p1 = 23 ≤ BIT 1
6 , we can conclude that h′1 is dominated and can473

be fathomed.474

We then use node h2 to illustrate Property 5.2. Suppose a new node (denoted by h′2) is obtained475

by adding task 6 from U(h2) into D(h2). For h′2, we have D(h′2) = {1, 3, 4, 6, 7, 9, 10}, U(h′2) =476

{2, 8}, and according to the LS rule, G(h2) = {115, 115, 156, 156, 156}. It can be easily obtained477

that two machines are kept idle for 37 unit times before they are reassigned to task 6 (AIL6 = 37).478

Given that size7 = size6 and p6 < p7 ≤ p6 + AIL6, we can conclude that h′2 is dominated and can479

be fathomed.480

Finally, Property 5.3 is illustrated by using h3 and h4. It is easy to see that U(h3) = U(h4), and481

S u = 1. Besides, we have gh3
k ≤ gh4

k for each 1 ≤ k ≤ 5. Therefore, h4 is dominated by h3 and482

should be fathomed.483

5.4.3. Lower bound calculation484

This section aims to show how the lower bounds are obtained for a node. To do this, we use485

the following node:486

h5: D(h5) = {2}, U(h5) = {1, 3, 4, 6, 7, 8, 9, 10}, G(h5) = {0, 0, 0, 71, 71}.487

Furthermore, suppose the current upper bound is 216. The lower bounds for h5 are calculated488

as follows.489

490

Lower bound 1:491

First, we have UT =
∑

j∈U(h5) size j p j = 756 and DM =
∑

k∈M(gh5
5 − gh5

k ) = 213. Then, since492

UT > DM, we obtain LB1 = gh5
5 + Ceil((UT − DM)/5) = 180.493

494

Lower bound 2:495

To begin with, µ =Floor(5/2)= 2. We then calculate CT1 and CT2. First, according to equation496

(19), it can be easily obtained that CT 1
1 = 23 and CT 1

2 = 80.497

Besides, in the calculation of CT 2
1 , a set V(h5)1 of l = 5 new tasks are first generated. These498

tasks all require 1 machine to process, and the processing times of these tasks are 0, 0, 0, 71 and 71.499

Hence, we can calculate CT 2
1 = 0 + 0 + 0 = 0. Similarly, we can obtain CT 2

2 = 0 + 71 + 52 = 123.500

Therefore, it follows that CT1 = 23 and CT2 = 123.501

We then calculate CT5, where tasks belonging to the set U(h5)3
⋃

U(h5)4 are involved. Based502

on equation (20), we have CT5 = 142. Therefore, LB2 = max{CT1,CT2,CT5} = 142.503

504

Lower bound 3:505

To obtain LB3, we first calculate LB1
3, which, according to equation (23), is equal to 146(0 +506

75+71). Then, after the construction of U(h5)
′

, LB2
3 can be calculated by the following procedure:507

Step 1: Set om = 0 and wk = 0, ∀k ∈ M;508
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Step 2: Since om < m, identify the first task J (sizeJ = 2 and pJ = 80);509

Step 3: Since om + sizeJ ≤ m, update wk = pJ = 80, k = 1, 2, and set om = om + sizeJ = 2;510

Step 4: Since om < m, identify the second task J (sizeJ = 3 and pJ = 75);511

Step 5: Since om + sizeJ ≤ m, update wk = pJ = 75, k = 3, 4, 5, and set om = om + sizeJ = 5;512

Step 6: Since om = m, calculate LB2
3 = 0 + 146 = 146.513

514

Lower bound 4:515

This part calculates LB4 for node h5. To do this, we first construct sets U(h)′k where k ∈516

{2, 3, 4, 5}. Then, for e ∈ {3, 4, 5} (note that µ = 2), sets Ue
L, Ue

M and Ue
S are generated. We are now517

ready to calculate LBe
4, where e ∈ {3, 4, 5}. For example, LB4

4 = 180, which is calculated by using518

L4 = 26, M4 = 154 and S 4 = 14. Note that S 4 can be obtained by the following procedure:519

Step 1: Set S 4 = 0 and current number of machines k = 1;520

Step 2: Since 0 + 1 ·
∑

j∈U(h)′1
p j = 40 > 1 ·

∑
j∈U(h)′4

= 26, update S e = 0 + 40 − 26 = 14;521

Step 3: Update k = 2;522

Step 4: Since k = 2 > m − e = 1, output S e = 14.523

Similarly, we have LB3
4 = 180 and LB5

4 = 180, which easily follows that LB4 = 180.524

525

Lower bound 5:526

In this part, the corresponding the P|rk|Cmax is first solved by the LPT method, leading to the527

makespan of 183. Then, we find that obtained makespan cannot be judged to be optimal for the528

P|rk|Cmax problem according to Theorem 5.1, Theorem 5.2 and Lemma 5.1. Therefore, we have529

LB5 = Ceil(183/(1.5 − 2/5)) = 131.530

We have now finished calculating all the five lower bounds for node h5. Since they are all less531

than the current upper bound, we choose the largest one of them (LB1) to be the final lower bound532

for h5.533

5.4.4. Upper bound update534

Suppose the current upper bound is 216 and we have the following node:535

h6: D(h6) = {1, 2, 3, 6, 7, 8, 9, 10}, U(h6) = {4}, G(h6) = {173, 179, 179, 179, 179}.536

A new node (denoted by h′6) can be obtained by adding task 4 into D(h6). It is obvious that h′6537

corresponds to a new solution of the problem whose makespan is 199. As the new makespan is538

less than the current upper bound, we update the upper bound to be 199.539

6. A tabu search algorithm540

Since the solution time of the branch and bound method grows exponentially with the increase541

of the size of problems, it is expected to be inefficient for large-sized instances. Therefore, we542

provide a tabu search algorithm (TS) to solve the P|size j|Cmax problem with large sizes. TS is a543

local search-based meta-heuristic designed to find near-optimal solutions for combinatorial opti-544

mization problems. The method was originally proposed by Glover (1986) and has been widely545

applied in solving practical optimization problems (e.g., França et al. (1996); Solimanpur and Elmi546

(2013); Mensendiek et al. (2015)).547
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6.1. Solution representation and initiation548

The P|size j|Cmax problem can be decomposed into three subproblems:549

• a sequence problem, which determines the priorities among tasks;550

• an assignment problem, which assigns tasks to a given number of machines;551

• a scheduling problem, which determines the starting time of the tasks based on machine552

assignment and task sequence.553

The proposed TS is designed to solve the first subproblem of the P|size j|Cmax problem to obtain554

a sequence σ of all tasks, while the subsequent assignment and scheduling problems are then555

handled by the LS rule to yield a schedule denoted by L(σ) corresponding to σ. In the following556

part of this section, “sequence” and “solution” will be used interchangeably.557

In TS, an initial solution is required to provide the starting point for the local search proce-558

dure. Our algorithm generates an initial solution (σ0) by randomly sequencing all tasks of the559

P|size j|Cmax problem. Like in the B & B algorithm, to reduce the search space, only tasks with560

size j ≤ m − ŝ, where ŝ = min j∈N size j, are considered in the TS. Therefore, the makespan yielded561

by the TS should be added by the summation of processing times of tasks with size j > m − ŝ to562

get the complete makespan.563

6.2. Neighborhood structure564

TS is by nature a local-search-based optimization algorithm and in each iteration, it searches565

in the neighborhood of the current solution to detect a new solution which will then replace the566

current one.567

Before explaining how the neighborhood is constructed, we introduce the concept of disjunctive568

graph model which is applied to represent and better analyze solutions to the P|size j|Cmax problem.569

The disjunctive graph model was proposed by Roy and Sussmann (1964). In the disjunctive graph,570

all tasks are represented as nodes. The processing sequence of a machine is represented as a chain571

consisting of a set of conjunctive arcs which indicates a path from a dummy source node 0 to a572

dummy sink node T . The lengths of these arcs are defined as the processing time of the task they573

lead to. In addition, for the node representing task j, the numbers of conjunctive arcs that direct574

to and from it should both equal size j. Apparently, the makespan for a certain schedule of the575

P|size j|Cmax problem in the disjunctive graph context is represented as the length of the longest576

path linking node 0 and node T .577

Figure 2 gives an example of the disjunctive graph model for the P|size j|Cmax problem with 10578

tasks and 3 machines. In this example, the solution to the problem is given by the task sequence579

1 − 4 − 2 − 3 − 6 for machine 1, 5 − 2 − 9 − 7 for machine 2 and 4 − 10 − 8 − 7 for machine 3.580

0

631

5 2 9 7

4 810

T

Machine 1 Machine 2 Machine 3

Figure 2: An illustration of the disjunctive graph representation.

We now introduce the neighborhood structure (N(σ)) for solution (σ) which is constructed in581

a retrospective way, as shown in Algorithm 1.582
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In the following pseudocode, for each task i, we use p̄(i) to denote the assigned processor with583

the largest ready time for the task. By ready time we mean the time when a machine finishes all584

the tasks assigned to it before task i in a sequence. Further, let t̄(i) denote the last task completed585

by machine p̄(i) before it starts to handle task i. If task i is the first task assigned to p̄(i), we denote586

t̄(i) = 0.587

Algorithm 1 The neighborhood construction procedure
Input: (1) Current Schedule: L(σ); (2) Maximum Searching Length MS ;
Output: Neighborhood N(σ) for L(σ);

1: N(σ) = ∅;
2: For each k ∈ M, initiate partial handling sequence of machine k (denoted by s̄(k)) to be ∅;
3: Initiate i to be the last finished task in L(σ);
4: while t̄(i) , 0 do
5: Identify p̄(i) and t̄(i);
6: Add t̄(i) as the last task into sequence s̄(k);
7: i = t̄(i);
8: end while
9: for k = 1 to |M| do

10: Get σ
′

by swapping the sequences of any two tasks if the sequential difference between them in s̄(k) is no more than MS ;
11: Add σ

′

into N(σ);
12: end for

For example, as shown in Figure 2, assume σ = 1−5−4−3−2−10−6−9−8−7 is the current588

solution for a problem with 10 tasks and 3 machines. Further, assume s̄(2) generated by the above589

procedure is 5 − 2 − 9. We then obtain a new sequence σ
′

= 1 − 2 − 4 − 3 − 5 − 10 − 6 − 9 − 8 − 7590

by swapping the positions of task 5 and 2 in σ and add it into N(σ).591

6.3. Stop criteria592

In order to strike a balance between the solution quality and speed, two stop criteria are adopted593

in the algorithm. The algorithm stops (1) if no better solution has been found in a continuous ηmax594

iterations or (2) if the algorithm has completed λmax iterations.595

6.4. Search procedure596

Before proposing the search procedure of the TS, it is necessary to introduce several notations.597

First, as Cordeau et al. (1997) and Sammarra et al. (2007) did in their studies, we describe the598

schedule L(σ) by a set of attributes599

600

B(σ) = {(i, j, k)| machine k starts processing task j immediately after it finishes task j in L(σ)}.601

602

Then, let PM be the punishment multiplier for generating repeating attributes when a new603

solution is created to replace the current one and T L be the tabu length. The iteration within which604

an attribute (i, j, k) is forbidden is denoted by αk
i j. The aspiration level of an attribute is denoted605

by βk
i j. Further, the frequency of an attribute being newly generated in solutions is denoted by γk

i j.606

Obviously, any transition between σ and σ
′

in N(σ) will correspondingly get B(σ) replaced by607

B(σ
′

) where some attributes are removed and some new ones are added. Moreover, we use λ to608

record the current iteration and λmax to denote the total number of iterations.609

We are now ready to introduce the search procedure of the TS, which is given in Algorithm 2.610

Detailed explanations about some steps in the algorithm are given below:611

• Some transitions from σ to σ
′

∈ N(σ) may generate new attributes (i, j, k) that are still in612

tabu, these transitions should be forbidden. However, if σ
′

yields a shorter makespan than σ,613
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Algorithm 2 The search procedure of the proposed TS.
Input: (1) Problem data: N, M, size j ,p j and (2) Controlling parameters: PM, T L, MS , ηmax and λmax;
Output: Best C∗max and best sequence σ∗ found so far;
∀ (i, j, k), αk

i j = 0, βk
i j = ∞, γk

i j = 0;
2: Initiate the number of iterations within which no better solution is found η = 0;

Initiate task sequence σ0. (Section 6.1);
4: σ=σ0;
σ∗ = σ, C∗max=Cmax(σ);

6: ∀ (i, j, k) ∈ L(σ), βk
i j = C∗max;

for λ = {1, ..., λmax} do
8: η = η + 1;

Construct neighbour N(σ) (Section 6.2);
10: M(σ) = ∅;

∀σ
′

∈ N(σ), ∀(i, j, k) ∈ B(σ
′

) \ B(σ), if αk
i j < λ or Cmax(σ

′

) < βk
i j, M(σ) = M(σ)

⋃
σ
′

;
12: ∀σ

′

∈ M(σ), if Cmax(σ
′

) < Cmax(σ), v(σ
′

) = Cmax(σ
′

); else, v(σ
′

) = Cmax(σ
′

) + PM ·
∑

(i, j,k)∈B(σ′ )\B(σ) γ
k
i j;

σ̂=arg minσ′ ∈M(σ) v(σ
′

);
14: ∀(i, j, k) ∈ B(σ̂) \ B(σ), γk

i j = γk
i j + 1;

∀(i, j, k) ∈ B(σ) \ B(σ̂), αk
i j = λ + T L;

16: ∀(i, j, k) ∈ B(σ̂), if βk
i j > Cmax(σ̂), βk

i j = Cmax(σ̂);
if C∗max > Cmax(σ̂), C∗max = Cmax(σ̂), σ∗ = σ̂ and η = 0;

18: σ = σ̂.
if η ≥ ηmax, break the for loop;

20: end for

σ
′

should be considered as a valid neighboring solution for σ, no matter whether there are614

attributes of σ
′

that are held in tabu or not. This is how M(σ) is derived from N(σ);615

• In the algorithm, each σ
′

is evaluated in terms of both the derived makespan and the level of616

originality. Therefore, a punishment is added to v(σ
′

) if some attributes that are newly added617

into B(σ
′

) have been generated before. However, σ
′

with Cmax(σ
′

) smaller than the current618

Cmax(σ) is exempted from such punishments;619

• σ
′

with the best v(σ
′

) (denoted by σ̂) is selected to replace σ to enter the next iteration, while620

attributes in B(σ
′

) which are newly generated are declared tabu for the next T L iterations.621

7. Numerical experiments622

In order to examine the performances of the proposed models and solution methods, a large623

number of computational experiments are conducted. According to their sizes, the experiments are624

divided into five parts (Part A, B, C, D, and E), with 180, 300,150, 40 and 30 instances respectively.625

In all parts, we solve the instances by the proposed B & B method and the TS, and in the first part,626

the 180 instances are solved by the B & B method proposed by Blkadek et al. (2015) as well. Note627

that for notational convenience, in the following part of this paper, we denote the B & B method628

proposed by Blkadek et al. (2015) as BLK and the “B & B method” is therefore used exclusively629

to refer to the B & B method proposed by this paper. Besides, the instances in Parts A and B are630

also solved by CPLEX using the two models developed in Section 4. The algorithms are coded in631

C + + language, and CPLEX 12.6 is used to solve instances in the first two parts. The experiments632

are conducted on an Intel Core i7 3.60 GHz PC with 16 GB RAM.633

7.1. Instance generation and algorithm settings634

The 700 instances for experiments are generated in a random way. For an instance with n tasks635

and m machines, the n tasks are generated independently, each assigned with the processing time636
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generated from a uniform distribution of U(3, 80) and the required number of machines generated637

randomly within the range of [1,m].638

We now get the solution methods prepared. To begin with, the time limit of the B & B method639

for all instances is set to be 3600 s, and the same time limit is also set for CPLEX for solving640

instances in Part A and B. Then, the parameters used in the TS are set as follows. First, the641

punishment multiplier PM, and the tabu length T L are set as 0.1 3
√

nm2, 13, respectively, for all642

instances. Second, to strike a balance between solution quality and speed, the maximum searching643

length MS is set adaptively, according to the sizes of instances. For instances with n ≤ 100 we644

set MS = |N | so as to enable the algorithm to search in neighbourhoods as large as possible, for645

instances with 100 < n ≤ 150 MS is set as 40 − m, and for instances with n > 200, MS is fixed646

to be 1. Third, the stop criteria (including parameters ηmax and λmax) are also set adaptively. For647

instances with n ≤ 150, ηmax and λmax are set to be 1000 and 5000, respectively, and for instances648

with n ≥ 250 we set ηmax = 500 and λmax = 2500. Further, the TS is run 30 times to solve each649

instance.650

7.2. Lower bound calculation651

To better assess the results obtained by the algorithms, we provide lower bounds (LB) for652

instances that our proposed B & B method, the BLK or the CPLEX (using the proposed models)653

cannot solve optimally within 3600 s. For each of these instance, the lower bound is computed in654

two steps: first, a lower bound for the makespan of tasks with size j ≤ m− ŝ, where ŝ = min j∈N size j,655

is calculated according to the description in section 5.3.2; then the summation of processing time656

of tasks with size j > m − ŝ is added to the lower bound to obtain the final lower bound. Hence,657

gaps for solutions ( f ) obtained by the two B & B methods, CPLEX and the TS for each subset can658

be calculated as:659

Gap = ( f − fLB)/ fLB × 100. (30)
660

where fLB=min{ fBB, fBLK , fCPLEX}, if the proposed B & B method, the BLK or the CPLEX is able661

to deliver the optimal solution (denoted by fBB, fBLK , and fCPLEX, respectively), and fLB=LB, if662

not.663

7.3. Results of instances with small sizes664

We first test the performances of the proposed models (by using CPLEX) and algorithms for665

solving instances with small sizes. The instances in Part A, Part B, and Part C are used in this666

section. In Part A, instances involving 3 to 5 machines and 5 to 10 tasks are further divided into667

18 subsets (marked as A01-A18).In Part B, instances involving 3 to 5 machines and 11 to 20 tasks668

are further divided into 30 subsets (marked as B01-B30). Besides, in Part C, instances involving 6669

to 10 machines and 20 to 40 tasks are further divided into 15 subsets (marked as C01-C15). Each670

subset contains 10 instances with the same numbers of machines and tasks.671

7.3.1. Results of instances in Part A672

For all instances in this part, the proposed B & B method and the BLK method manage to673

obtain the optimal solutions, and the results of every instance in this part obtained by the CPLEX674

and the TS are evaluated by their gaps (in percentage) against fLB obtained in Section 7.2. Table675

3 compares performances of these methods for solving instances in Part A. In this table, perfor-676

mances of these methods are reported corresponding to the partition into 18 subsets. Details of the677

table are given below.678

For each subset, the average of Gaps of solutions of the 10 instances in a subset obtained by679

the two models using CPLEX is shown in columns “AG” of “M1” and “M2”. Columns “US” of680

“M1” and “M2” show the numbers of instances in a subset that cannot be solved optimally within681

19



3600 s by these methods. In addition, as the CPLEX using model M1 fails to deliver feasible682

solutions for some of the instances, the column “NS” reports the number of such instances in a683

subset. To evaluate the performances of TS, we first calculate the Gaps of the average solution,684

the best solution and the worst solution of the 30 runs for each instance which are denoted by685

Gapa, Gapb, and Gapw, respectively. Moreover, the standard deviation of the Gaps of the 30686

runs for each instance is also computed (denoted by Gapsd). Then, the averages of Gapas, Gapbs,687

Gapws, and Gapsds of 10 instances in a subset is reported in columns “AG”, “BG”, “WG” and688

“SD” in “TS”, accordingly. Besides, in columns “Time” of “B & B”, “M1” and “M2”, we report689

the average solution time in seconds needed by them to solve 10 instances in different subsets, and690

the column “Time” of “TS” shows the average time of all the 300 (10 × 30) runs in a subset.691

Table 3: Results of small-sized instances in Part A.

Subset m n
B & B BLK M1 M2 TS
Time(s) Time(s) AG(%)Time(s) US NS AG(%)Time(s) US AG(%) BG(%)WG(%)SD(%) Time(s)

A01 3 5 0.00 0.00 0.00 0.42 0 0 0.00 0.68 0 0.00 0.00 0.00 0.00 0.00
A02 3 6 0.00 0.00 0.00 5.70 0 0 0.00 2.03 0 0.75 0.00 3.85 1.32 0.00
A03 3 7 0.00 0.01 0.00 992.72 1 0 0.00 7.50 0 0.16 0.00 4.47 0.83 0.01
A04 3 8 0.00 0.04 0.00 2800.11 7 0 0.00 26.20 0 0.57 0.00 3.89 1.01 0.00
A05 3 9 0.00 0.31 0.08 3600.00 10 0 0.00 60.70 0 0.45 0.00 4.27 0.95 0.01
A06 3 10 0.00 3.60 0.73 3600.00 10 0 0.00 1819.65 5 0.17 0.00 0.57 0.24 0.01
A07 4 5 0.00 0.00 0.00 0.51 0 0 0.00 0.76 0 0.67 0.00 3.89 1.45 0.00
A08 4 6 0.00 0.00 0.00 90.50 0 0 0.00 3.90 0 0.21 0.00 0.71 0.33 0.00
A09 4 7 0.00 0.01 0.00 2195.97 5 0 0.00 7.58 0 0.42 0.00 5.25 1.16 0.01
A10 4 8 0.00 0.05 0.28 3600.00 10 0 0.00 14.57 0 0.50 0.00 3.76 1.00 0.00
A11 4 9 0.00 0.51 0.00 3600.00 10 0 0.00 456.54 0 0.07 0.00 0.36 0.11 0.01
A12 4 10 0.01 3.64 4.82 3600.00 10 0 0.00 1187.01 3 0.37 0.00 1.99 0.65 0.02
A13 5 5 0.00 0.00 0.00 0.65 0 0 0.00 0.60 0 1.14 0.00 3.04 1.44 0.00
A14 5 6 0.00 0.00 0.00 540.01 1 0 0.00 1.77 0 0.38 0.00 3.93 1.03 0.00
A15 5 7 0.00 0.01 0.00 3000.19 8 0 0.00 10.20 0 0.07 0.00 0.76 0.20 0.00
A16 5 8 0.00 0.06 0.10 3600.00 10 0 0.00 7.70 0 0.53 0.00 2.91 0.89 0.01
A17 5 9 0.00 0.36 1.21 3600.00 10 0 0.00 16.66 0 0.26 0.00 3.79 0.74 0.01
A18 5 10 0.01 3.91 4.80 3600.00 10 2 0.00 910.27 2 0.25 0.00 3.31 0.66 0.02

Average 0.00 0.70 0.67 2134.82 5.67 0.11 0.00 251.91 0.56 0.39 0.00 2.82 0.78 0.01

Note 1. “BLK” refers to the B & B method proposed by Blkadek et al. (2015).
Note 2. Values in “M1” are calculated based on instances for which the CPLEX using model M1 is able to deliver integer solutions.
Note 3. “AG” reports average Gaps, “BG” reports average best Gaps and “SD” reports average standard deviations.
Note 4. “US” reports the number of unsolved instances and “NS” reports the number of instances for which no feasible solutions are reported.

We first compare the efficiencies of the proposed models. As is shown in Table 3, for most sub-692

sets, the time-discretized model M2 demonstrates fewer unsolved instances and shorter solution693

times. In addition, it is able to find feasible solutions for all of the 180 instances. Therefore, it694

is clear that M2 outperforms the VRP-based Model M1 for most cases in terms of both solution695

quality and speed. However, when m and n are relatively small, M1 can better solve subsets A01696

and A07.697

We then look at the performances of the proposed B & B method. To begin with, three methods698

(the proposed B & B method, the BLK method and the CPLEX using M2) manage to produce699

optimal solutions for all of the instances. Besides, all values listed in columns “AG” of M1 and the700

TS are no less than and a considerable proportion of the values are larger than the “AG” of the B &701

B algorithm; this implies that for most instances the solutions obtained by the CPLEX using M1702

and the average solutions delivered by the TS are worse than the solutions provided by the B & B703

method. What is more, as for the solution speed, the B & B method represents smaller average704

solution times than all the other methods for all subsets. Therefore, the proposed B & B method705
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outperforms other methods when solving instances in Part A.706

The TS can also well solve instances in this part. To begin with, the near-zero values in column707

“AG” and “SD” for all subsets imply that the TS is able to produce a solution with very high708

qualities in each run. In addition, the all zero values in column “BG” indicate that the algorithm709

can obtain the optimal solution for all the 180 instances within 30 runs. Besides, the all-small710

values in column “WG” demonstrate the robustness of the algorithm. Moreover, the TS can solve711

these instances very quickly—no average time for solving instances in a subset goes larger than712

0.02s.713

7.3.2. Results of instances in Part B714

The section tests instances from Part B which involves 3 to 5 machines and 11 to 20 tasks.715

We solve these instances by the B & B method, the CPLEX (using M1 and M2) and the TS.716

Note that the BLK method is no longer applicable for solving instances in this part, since the “out717

of memory” issue is reported even when using the BLK to solve the smallest instances in Part718

B. Table 4 demonstrates the results of these methods for solving instances in Part A, which are719

reported corresponding to the partition into 30 subsets.720

We first compare the efficiencies of the proposed models. As shown in the table, M1 reaches721

the time limit (3600 seconds) for solving all instances and fails to deliver feasible solutions for a722

considerable part of the instances. In comparison, M2 reports better performance, as it shows less723

average solution times for most instances and manages to find feasible solutions for all instances.724

The B & B method can produce optimal solutions to 299 of all 300 instances, and it can solve725

instances with up to 15 tasks and 5 machines in very short times (most instances can be solved726

optimally in less than 1 second). Further, all values listed in columns “AG” of M1, M2, and the727

TS are no less than and a considerable proportion of the values are larger than the “AG” of the B728

& B algorithm; this implies that for most instances the solutions obtained by the CPLEX and the729

average solutions delivered by the TS are worse than the solutions provided by the B & B method.730

Hence, when it comes to the solution quality, the B & B method outperforms all the other methods.731

As for the solution speed, the B & B method represents smaller average solution times than M1732

and M2 for all subsets. In addition, although the B & B method is slower than the TS for some733

subsets, the differences are all relatively narrow for most subsets.734

The TS also demonstrates its efficiency for solving instances in Part B. First, the values in735

column “AG” and “SD” for all subsets are all small, which implies that the algorithm is able to736

produce a solution with very high qualities in each run. Second, the zero values in column “BG”737

for the majority of subsets indicate that the algorithm manages to obtain the optimal solution738

for most instances within 30 runs. Third, the all-small values in column “WG” indicate that739

the method is of great robustness. Moreover, the TS records the best solution speed for solving740

instances in this part (the average time is only 0.08 seconds).741

7.3.3. Results of instances in Part C742

We further examine the performances of the B & B method and TS for solving the small-sized743

instances in Part C. The 150 instances with 6 to 10 machines and 20 to 40 tasks are tested in this744

section. Like in the previous section, the 150 instances are partitioned into 15 subsets according745

to the numbers of machines and tasks, and we report by averaging the computational results of746

instances in a subset. The results for instances from Part C are given in Table 5 where notations747

bear the same meanings as in Table 3 and 4 .748

As can be seen in Table 5, the average computing time and the number of unsolved instances of749

the B & B method show general increasing trends with growing problem sizes. In addition, there750

are more than half of the instances in this part that cannot be solved optimally within 3600 s by751

the B & B algorithm. Nevertheless, the average solution gaps of the B & B method are all small.752

This implies that the algorithm can obtain optimal or near-optimal solutions for most instances in753

this part within a reasonable time.754
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Table 4: Results of small-sized instances in Part B.

Subset m n
B & B M1 M2 TS

AG(%)Time(s) US AG(%)Time(s) US NS AG(%)Time(s) US AG(%) BG(%)WG(%)SD(%) Time(s)

B01 3 11 0.00 0.00 0 1.36 3600.00 10 0 0.00 2207.51 6 0.36 0.00 1.79 0.41 0.01
B02 3 12 0.00 0.00 0 2.03 3600.00 10 0 0.00 2530.34 7 0.20 0.00 2.17 0.47 0.01
B03 3 13 0.00 0.09 0 4.27 3600.00 10 0 0.02 1473.93 3 0.13 0.00 0.70 0.17 0.03
B04 3 14 0.00 0.01 0 10.10 3600.00 10 2 0.00 1392.42 2 0.03 0.00 0.84 0.15 0.03
B05 3 15 0.00 0.04 0 14.88 3600.00 10 2 0.00 1525.37 3 0.23 0.00 1.18 0.34 0.03
B06 3 16 0.00 0.21 0 12.68 3600.00 10 4 0.02 2012.63 5 0.09 0.00 1.53 0.33 0.05
B07 3 17 0.00 0.19 0 43.00 3600.00 10 7 0.05 2186.60 4 0.08 0.00 0.61 0.12 0.06
B08 3 18 0.00 2.39 0 NONE 3600.00 10 10 0.23 3113.54 7 0.09 0.00 0.72 0.16 0.07
B09 3 19 0.00 1.13 0 NONE 3600.00 10 10 0.34 3249.26 7 0.03 0.00 0.18 0.05 0.06
B10 3 20 0.00 34.19 0 31.59 3600.00 10 9 0.11 2586.71 6 0.01 0.00 0.14 0.03 0.17
B11 4 11 0.00 0.00 0 4.53 3600.00 10 0 0.00 1853.60 4 0.20 0.00 3.49 0.70 0.02
B12 4 12 0.00 0.00 0 8.46 3600.00 10 0 0.00 2156.33 5 0.12 0.00 2.62 0.53 0.03
B13 4 13 0.00 0.04 0 15.11 3600.00 10 0 0.04 3098.27 7 0.16 0.00 0.93 0.22 0.04
B14 4 14 0.00 0.02 0 20.38 3600.00 10 3 0.17 3600.00 10 0.20 0.00 1.82 0.40 0.05
B15 4 15 0.00 0.32 0 18.15 3600.00 10 5 0.24 3266.33 9 0.33 0.00 2.02 0.43 0.07
B16 4 16 0.00 0.19 0 27.39 3600.00 10 7 0.49 3600.00 10 0.54 0.00 1.70 0.43 0.09
B17 4 17 0.00 2.18 0 57.44 3600.00 10 9 0.26 3599.75 9 0.09 0.00 0.79 0.18 0.09
B18 4 18 0.00 0.07 0 NONE 3600.00 10 10 0.39 3600.00 10 0.18 0.00 0.66 0.18 0.09
B19 4 19 0.00 5.53 0 NONE 3600.00 10 10 0.65 3485.92 8 0.52 0.05 1.55 0.32 0.13
B20 4 20 0.00 5.61 0 NONE 3600.00 10 10 0.29 3600.00 10 0.21 0.02 0.77 0.18 0.15
B21 5 11 0.00 0.00 0 4.78 3600.00 10 1 0.00 1576.13 4 0.41 0.00 2.61 0.69 0.02
B22 5 12 0.00 0.01 0 9.20 3600.00 10 0 0.00 1196.32 3 0.41 0.05 3.95 0.76 0.04
B23 5 13 0.00 0.01 0 15.33 3600.00 10 1 0.09 2050.11 5 0.33 0.00 1.25 0.32 0.05
B24 5 14 0.00 0.04 0 14.37 3600.00 10 4 0.03 1986.76 5 0.23 0.00 1.91 0.41 0.09
B25 5 15 0.00 0.02 0 32.61 3600.00 10 7 0.30 1833.31 4 0.17 0.03 1.94 0.37 0.08
B26 5 16 0.00 2.70 0 NONE 3600.00 10 10 0.00 1844.60 3 0.11 0.00 0.44 0.13 0.14
B27 5 17 0.00 5.17 0 27.10 3600.00 10 8 0.15 2422.55 6 0.28 0.00 2.10 0.42 0.14
B28 5 18 0.00 11.80 0 NONE 3600.00 10 10 0.35 3020.68 8 0.49 0.11 1.16 0.25 0.14
B29 5 19 0.00 229.67 0 NONE 3600.00 10 10 0.58 3418.34 9 0.36 0.08 0.89 0.19 0.15
B30 5 20 0.03 368.88 1 NONE 3600.00 10 10 0.19 2443.08 6 0.19 0.05 0.50 0.12 0.21

Average 0.00 22.35 0.03 17.85 3600.00 10.00 5.30 0.17 2531.01 6.17 0.23 0.01 1.43 0.32 0.08

Note 1. Values in “M1” are calculated based on instances for which the CPLEX using model M1 is able to deliver integer solutions.
Note 2. Values in “M1” are displayed as “None” if CPLEX using model M1 fails to deliver integer solutions for all instances in a subset.
Note 3. “AG” reports average Gaps, “BG” reports average best Gaps and “SD” reports average standard deviations.
Note 4. “US” reports the number of unsolved instances and “NS” reports the number of instances for which no feasible solutions are reported.
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Table 5: Results of small-sized instances in Part C.

Subset m n
B & B TS

AG(%) Time(s) US AG(%) BG(%) WG(%)SD(%) Time(s)

C01 6 20 0.26 831.14 2 0.70 0.34 1.08 0.20 0.21
C02 6 25 0.58 1717.41 4 1.16 0.67 1.85 0.25 0.44
C03 6 30 1.08 2167.35 6 1.03 0.56 1.61 0.29 0.70
C04 6 35 1.05 2521.92 7 1.22 0.41 2.94 0.61 1.34
C05 6 40 1.04 2551.10 7 1.31 0.36 2.95 0.60 1.96
C06 8 20 0.84 1365.56 3 2.00 1.24 3.58 0.52 0.25
C07 8 25 1.18 2250.46 6 1.84 1.09 2.51 0.33 0.62
C08 8 30 1.52 2519.96 7 1.66 1.06 3.76 0.65 1.26
C09 8 35 1.37 2160.17 6 0.87 0.45 2.11 0.41 1.58
C10 8 40 1.45 2520.04 7 1.87 1.25 3.35 0.49 2.26
C11 10 20 0.24 1073.11 2 1.00 0.38 2.44 0.44 0.45
C12 10 25 1.65 2316.62 6 2.48 1.43 4.13 0.55 0.75
C13 10 30 1.95 2879.98 8 2.20 1.41 3.74 0.56 1.36
C14 10 35 2.77 3240.02 9 2.90 1.89 4.77 0.71 2.34
C15 10 40 3.33 3272.33 9 2.84 1.81 4.14 0.58 2.56

Average 1.35 2225.81 5.93 1.67 0.96 3.00 0.48 1.21

Note. “AG” reports average Gaps, “BG” reports average best Gaps and “SD” reports
average standard deviations.

We now look at the results of the TS. To begin with, for 4 of the 15 subsets, the TS shows better755

values in “AG”. Besides, the all-small values reported in “SD” attest the robustness of the TS. In756

addition, the values in “BG” reported by the TS are less than the values in “AG” reported by the757

B & B method for all subset except C01, C02, C06 and C11 where the instance sizes are relatively758

small. Further, no value in “WG” goes larger than 5%. These indicate that for the majority of the759

instances, the TS can generate high-quality solutions in each run and is able to find solutions better760

than those obtained by the B & B method within 30 runs. Moreover, the TS solves all instances761

in very short times. Therefore, the TS can well solve the instances in Part C and outperforms the762

B & B method on average.763

7.4. Results of instances with large sizes764

This section tests large-sized instances in Part D and Part E. We solve these instances by the765

B & B algorithm and the TS. The computational results are shown in Table 6 and Table 7, where the766

solutions yielded by the algorithms are evaluated by their gaps against the lower bounds calculated767

by equation (30). In these tables, we report for each instance the gap of the solution obtained by768

the B & B method (Gap), and for the 30 runs of the TS for each instance, we demonstrate the769

average gap (Gapa), the smallest gap (Gapb), the largest gap (Gapw) and the standard deviation of770

the 30 gaps (Gapsd). Further, the solution time of the B & B algorithm and the average solution771

time of the TS for every instance are also given in the two tables.772

7.4.1. Results of instances in Part D773

Table 6 covers the results of the B & B algorithm and the TS for solving 35 instances in Part D774

which involve 15 to 30 machines and 60 to 150 tasks.775

As shown in Table 6, the B & B method reaches its time limit (3600 s) and fails to provide op-776

timal solutions for all instances in this part. Nevertheless, the solutions obtained by the algorithm777

still demonstrate high qualities, as the average gap against the lower bounds is only 2.68% and no778

solution gap goes larger than 6%.779

The TS shows better performance for solving the instances in Part D. First, the TS solves all780

instances in much shorter times. In addition, it manages to deliver optimal solutions for at least 3781

of the 35 instances, and for most instances, the TS reports better solutions than the B & B method782
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Table 6: Results of large-sized instances in Part D.

Instance
No.

m n
B & B TS

Gap(%) Time(s) Gapa(%) Gapb(%) Gapw(%) Gapsd(%) Time(s)

1 15 60 3.46 3600.00 4.12 3.39 4.95 0.43 14.76
2 15 70 5.62 3600.00 6.15 3.70 8.42 1.15 33.14
3 15 80 5.12 3600.00 5.14 2.65 8.35 1.47 61.17
4 15 90 2.39 3600.00 4.78 3.18 5.79 0.66 65.15
5 15 100 2.66 3600.00 0.64 0.00 2.09 0.59 117.06
6 15 110 0.48 3600.00 0.70 0.00 2.50 0.64 77.27
7 15 120 4.65 3600.00 5.59 4.07 8.10 1.08 123.09
8 15 130 1.91 3600.00 4.97 2.94 6.98 1.02 218.42
9 15 140 2.39 3600.00 4.73 2.78 6.26 0.83 179.67
10 15 150 1.39 3600.00 4.83 2.67 7.24 1.25 229.35
11 20 60 5.28 3600.00 5.79 3.10 8.80 1.31 35.54
12 20 70 2.88 3600.00 2.84 1.78 4.37 0.58 53.11
13 20 80 0.05 3600.00 2.14 0.32 5.03 1.04 124.23
14 20 90 3.65 3600.00 5.59 4.20 9.67 1.14 120.92
15 20 100 4.14 3600.00 4.95 3.29 6.63 0.81 146.39
16 20 110 2.25 3600.00 3.44 2.50 4.79 0.60 75.70
17 20 120 3.22 3600.00 6.11 4.04 7.59 0.87 171.83
18 20 130 1.65 3600.00 3.35 0.72 5.79 1.16 230.06
19 20 140 1.66 3600.00 5.89 3.55 10.14 1.21 239.40
20 20 150 2.40 3600.00 2.82 0.86 6.37 1.16 247.92
21 25 60 1.80 3600.00 2.42 1.12 4.49 0.86 67.32
22 25 70 3.51 3600.00 5.73 4.25 6.94 0.66 87.83
23 25 80 3.30 3600.00 1.57 0.09 4.84 1.16 108.34
24 25 90 3.84 3600.00 3.06 0.73 5.30 1.26 96.87
25 25 100 2.78 3600.00 4.21 2.86 5.76 0.73 153.15
26 25 110 1.75 3600.00 4.81 3.45 7.61 0.98 158.15
27 25 120 2.95 3600.00 4.30 2.51 6.53 0.91 197.62
28 25 130 2.51 3600.00 5.55 3.58 9.23 1.07 232.82
29 25 140 2.65 3600.00 1.96 0.06 5.04 1.16 292.23
30 25 150 1.41 3600.00 3.20 1.01 7.40 1.34 345.69
31 30 60 2.52 3600.00 0.97 0.42 2.80 0.49 33.63
32 30 70 3.53 3600.00 5.87 3.83 6.98 0.73 65.26
33 30 80 2.01 3600.00 1.65 0.34 3.46 0.79 116.14
34 30 90 0.56 3600.00 1.68 0.00 4.42 1.30 210.71
35 30 100 1.25 3600.00 2.85 0.80 5.91 1.32 253.13
36 30 110 2.28 3600.00 3.11 1.26 5.04 0.95 162.67
37 30 120 2.71 3600.00 4.84 3.31 7.85 7.97 28.95
38 30 130 3.29 3600.00 6.48 4.83 8.16 0.81 318.92
39 30 140 2.73 3600.00 5.69 3.70 7.72 0.80 296.87
40 30 150 2.49 3600.00 4.00 2.13 6.63 1.17 331.43

Average 2.68 3600.00 3.96 2.25 6.30 1.13 153.05
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within 30 runs. Further, even the average solutions delivered by the TS show smaller gaps than783

the solutions of the B & B method for a number of instances. What is more, the near-zero Gapsds784

and small Gapws for all instances (only Gapw for instance 19 goes larger than 10%) indicate that785

our proposed TS has excellent robustness for solving these instances.786

7.4.2. Results of instances in Part E787

The last part of our test focuses on Part E which includes 30 largest instances with 30 to 50788

machines and 250 to 500 tasks. Table 7 reports the solutions of the B & B algorithm and the TS789

for solving these instances.790

Table 7: Results of large-sized instances in Part E.

Instance
No.

m n
B & B TS

Gap(%) Time(s) Gapa(%) Gapb(%) Gapw(%) Gapsd(%) Time(s)

1 30 250 12.44 3600.00 7.07 5.22 10.19 1.25 117.51
2 30 300 23.85 3600.00 8.04 5.58 13.52 1.86 204.34
3 30 350 24.70 3600.00 9.47 6.96 19.28 2.32 269.28
4 30 400 23.62 3600.00 7.41 5.27 15.13 1.76 344.61
5 30 450 25.01 3600.00 10.42 7.29 15.21 1.78 417.86
6 30 500 23.53 3600.00 8.78 6.43 11.22 0.97 644.03
7 35 250 26.99 3600.00 8.94 7.55 10.92 0.88 150.66
8 35 300 25.00 3600.00 7.30 5.45 10.55 0.99 259.27
9 35 350 27.19 3600.00 9.72 7.35 14.58 1.50 338.96
10 35 400 32.19 3600.00 9.33 7.97 11.25 0.81 485.64
11 35 450 26.18 3600.00 9.06 6.94 12.47 1.48 709.35
12 35 500 28.90 3600.00 9.57 7.60 14.53 1.50 763.48
13 40 250 25.39 3600.00 9.27 6.51 13.95 1.95 299.90
14 40 300 19.07 3600.00 7.47 5.48 12.55 1.50 377.99
15 40 350 22.19 3600.00 5.33 3.45 11.23 1.48 747.92
16 40 400 23.82 3600.00 9.44 7.64 12.53 1.23 914.16
17 40 450 25.87 3600.00 9.94 7.93 13.10 1.50 1179.37
18 40 500 27.13 3600.00 10.15 8.15 16.54 1.78 1698.74
19 45 250 21.37 3600.00 7.44 5.18 12.18 1.66 417.89
20 45 300 24.75 3600.00 6.56 5.12 8.53 1.04 649.61
21 45 350 23.71 3600.00 8.87 7.42 11.29 0.95 545.00
22 45 400 23.13 3600.00 8.28 6.20 11.95 1.34 801.98
23 45 450 26.18 3600.00 9.27 6.88 12.54 1.27 991.76
24 45 500 23.72 3600.00 8.48 6.99 10.17 0.80 1277.15
25 50 250 23.43 3600.00 7.62 5.65 10.94 0.96 312.06
26 50 300 25.23 3600.00 9.77 7.28 12.51 1.12 469.40
27 50 350 23.93 3600.00 10.26 8.24 14.88 1.42 608.39
28 50 400 26.94 3600.00 10.03 8.28 11.89 0.93 932.50
29 50 450 24.34 3600.00 9.08 7.32 13.65 1.35 2157.38
30 50 500 21.32 3600.00 6.30 3.86 9.25 1.35 2343.65

Average 24.37 3600.00 8.62 6.57 12.62 1.36 714.33

As is shown in Table 7, the B & B method fails to well solve instances with such sizes. The791

algorithm reaches 3600 s for every instance and the solution gaps are all larger than 10%. In792

comparison, the TS can better solve instances in this part. The average Gapa is less than 9% and793

the average Gapb is merely 6.57%. In addition, even the Gapws are better than the Gaps delivered794

by the B & B method for all instances. Besides, the Gapsds are small for all of the instances,795

indicating the algorithm has very good robustness. Moreover, the solution time shows that the TS796

is able to solve all instances in a reasonable time.797
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7.5. Performances of lower bounds and fathoming tests in the B & B method798

In this section, we give an analysis of the performances of lower bounds and fathoming tests in799

the B & B method proposed in Section 5.3.2 and Section 5.2.1. For each newly generated node in800

the B & B procedure, it can be deleted because (1) the node is dominated by other nodes according801

to Property 5.1 (denoted by FT1), Property 5.2 (denoted by FT2) or Property 5.3 (denoted by802

FT3) or because (2) the node is dominated by the current upper bound as its lower bound is803

calculated to be no less than the current solution, otherwise, (3) the node will be retained and804

assigned with a lower bound equal to max
i∈{1,2,3,4,5}

LBi.805

For any given instance we can easily obtain among all the generated nodes the percentages806

that are deleted due to FT1, FT2, or FT3, and for each LBi, the percentage that is either deleted807

because LBi is larger than the upper bound or assigned with LBi as the lower bound. We record808

such percentages for all instances and report them in average values of different groups of instances809

(instances in the same Part with the same number of machines are tackled as a group). Table 8810

demonstrates the results.811

Table 8: Performances of lower bounds and fathoming tests

Part m LB1(%) LB2(%) LB3(%) LB4(%) LB5(%) FT1(%) FT2(%) FT3(%)

A 3 12.15 29.72 5.66 0.00 0.69 8.86 1.49 41.43
A 4 6.51 19.36 5.28 11.00 0.26 9.55 1.69 46.35
A 5 3.51 20.38 4.64 3.44 0.61 15.51 0.42 51.49
B 3 9.88 13.35 3.42 0.00 0.18 18.46 4.37 50.34
B 4 7.73 5.25 1.24 14.70 0.06 30.64 5.59 34.78
B 5 4.18 9.48 1.63 5.13 0.04 37.46 5.24 36.84
C 6 9.89 7.13 0.36 38.96 0.01 25.57 1.68 16.42
C 8 8.43 5.75 0.53 40.56 0.01 26.51 1.57 16.64
C 10 6.24 5.71 0.20 40.07 0.01 30.74 1.00 16.03
D 15 16.54 7.49 1.94 29.22 0.04 24.62 1.59 18.56
D 20 11.48 5.40 0.39 41.67 0.01 22.73 1.39 16.94
D 25 5.12 5.70 0.12 43.05 0.00 29.22 1.52 15.28
D 30 4.10 6.23 0.16 44.85 0.01 25.03 1.63 17.99
E 30 10.25 0.49 0.01 67.31 0.00 13.12 1.16 7.67
E 35 1.73 0.28 0.00 79.32 0.00 9.15 1.65 7.87
E 40 0.00 3.70 0.00 77.43 0.00 10.63 1.38 6.86
E 45 0.00 13.05 0.00 66.64 0.00 12.04 0.96 7.31
E 50 0.00 0.06 0.00 80.15 0.00 11.74 1.27 6.79

Average 6.54 8.81 1.42 37.97 0.11 20.09 1.98 23.09

As is shown in the table, when m = 3, LB4 fails to provide valid lower bounds for all instances.812

This verifies our observation proposed in Section 5.3.2. In addition, the table shows that quite a813

proportion of nodes in any instance are deleted by FT1, FT2, and FT3 and this proportion first814

increases and then decreases with the increase of problem scale. In addition, when the problem815

scale gets larger, the strengths of LB2, LB3 and FT3 generally decrease while the strength of LB4816

increases gradually. Generally speaking, LB4 provides the tightest lower bound for the P|size j|Cmax817

problem, followed by LB2 , LB1 and then LB3, and LB5 seems to be relatively less effective.818

8. Conclusion819

This work analyzes the P|size j|Cmax problem. We provide several properties for an optimal820

solution of the problem and formulated it in two different mathematical formulations. The two821

formulations can be solved by CPLEX on small instances.822
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To solve large instances efficiently, an exact B & B method with 3 fathoming criteria and 5823

lower bounds and a heuristic TS algorithm are developed. A series of computational experiments824

are then conducted to examine the efficiencies of these methods. The results show that the B & B825

method performs very well for problem instances with up to 5 machines and 20 tasks, and it can826

also obtain optimal or near-optimal solutions within a reasonable time for instances with up to827

30 machines and 150 tasks. Meanwhile, the TS can better solve large scaled instances and is also828

proved to be capable of obtaining high-quality solutions for the P|size j|Cmax problem with different829

sizes in a robust and efficient way.830

For future studies, we find two promising directions. First, it would be an interesting topic to831

further improve the B & B method and the TS or to develop new exact or approximate algorithms832

which can solve the P|size j|Cmax problem more efficiently. Second, there are a lot of variants of833

the P|size j|Cmax problem where the machine environment, optimizing objective or other conditions834

are different from the current problem, and studies of such problems are natural extensions of the835

current work.836
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