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 Exact and Heuristic Methods to Solve the Parallel Machine Scheduling Problem
. with Multi-processor Tasks

s Abstract

This paper studies a special parallel machine scheduling problem where some tasks require more
than one machine to process, known as the Parallel Machine Scheduling Problem with Multi-
processor Tasks. Two mathematical models and several theoretical properties are proposed for the
studied problem. To solve this problem, this paper develops an exact branch and bound algorithm
and a heuristic tabu search algorithm. A series of numerical experiments are conducted to test the
performance of these solution methods. The computational results show that the solution methods
 are effective and efficient in solving the problem with different sizes.

11 Keywords: Scheduling, Parallel Machine, Multi-processor Tasks, Branch and Bound, Tabu Search

2 1. Introduction

10 Parallel machine scheduling problems consist of assigning and sequencing a set of tasks on
« a set of machines. One of the core assumptions made in classical parallel machine scheduling
s problems is that each task needs to be processed on exactly one machine at a time. However,
« this assumption is insufficient to handle many problems arising from today’s production realities.
»  Namely, tasks in some scheduling problems require more than one machine to process, and we call
s such problems the multi-processor task scheduling problems (Blazewicz et al., |1986). There are
» a large number of industrial applications where multi-processor task scheduling problems occur.
» For instance, (1) in diagnosable microprocessor systems, a task must be processed by at least two
2 processors at the same time (Krawczyk and Kubale, [1985); (2) in semiconductor circuit design
» workforce planning, a design project may need a group of people (Chen and Lee, |1999), (3) in
= the quay crane scheduling problem of container terminals, a ship requires more than one crane to
» handle (Trkoullar et al., 2014) and (4) in parallel batch jobs scheduling problems of grid computing
s environments, a computing task may run on several processors that work in parallel (Switalski and
» [Seredynski, [2015)).

27 This paper studies a Parallel Machine Scheduling problem which allows tasks to be processed
s on more than one machine. The considered objective in our work is to optimize the makespan (the
» latest completion time of all tasks). In this paper, we use the three-field notation, «|8|y which is
» 1ntroduced by Graham et al.| (1979) for parallel machine scheduling problems. In this notation:
s (1) the first field « specifies the machine environment, where P represents identical, Q uniform,
«» and R unrelated parallel machines, (2) the second field S denotes the job characteristics, and the
s third field y denotes the objective function. According to Drozdowski (1996)’s classification, this
» problem can be denoted by P|size;|Cnay, Where P represents parallel machine, size; denotes the
» number of machines required by task j and C,,x indicates that the objective is to optimize the
s« makespan.

a7 This paper deals with the P|size;|Cp.x problem, and the main contribution includes:
% e This paper theoretically analyzes the P|size|Cp.x problem and presents formal formulations.
% Several theoretical properties along with two different mixed integer programming models of
w0 the considered problem are proposed.
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e To solve problems with real-world sizes, a branch and bound (B & B) algorithm with five
efficient lower bounds and two fathoming criteria is proposed. For problems with even larger
scales, we develop a tabu search (TS) method.

e Numerical experiments involving 700 instances are conducted. Computing results indicate
that the proposed solution methods can obtain high-quality solutions for the P|size;|Cax
problem with different sizes in relatively short computational time.

This paper is organized as follows. The next section gives a review of related studies. In
Section 3] we formally state the P|size;|Cpax problem and present several properties for the optimal
schedule of the problem. Two different mixed integer programming models for the problem are
formulated in Section ] A branch and bound method is proposed in Section [5| In Section [6]
we introduce a tabu search algorithm. The performances of the proposed models and algorithms
are examined in Section [/| by a series of computational experiments. Finally, our findings are
summarized in Section 8]

2. Literature review

Studies of the Plsize;|Cnax problem were motivated by research in computer systems, such
as fault-tolerant systems (Krawczyk and Kubale, [1985). [Lloyd (1981) is among the first who
studied the P|sizej|Ciax problem. In his paper the problem in which all tasks share equal pro-
cessing time, Plsizej, pj = 1|Cna, Where p; represents processing time is studied and it was
shown that the general Pl|size;, pj = 1|Cpnax problem is NP-complete. The author also demon-
strated that the performance bound of list scheduling for solving the P|size;, pj = 1|Cpax problem
is bounded by (2m — k)/(m — k + 1), where m is the number of machines and k is the largest
number of machines required by one task. Blazewicz et al. (1986) considered the preemptive
and nonpreemptive parallel machine scheduling problems with multiprocessor tasks. They pro-
posed two polynomial-time algorithms with the complexity of O(n) to two problems where each
task requires either 1 or k machines to process (size; € {1,k}, where k is integer and k < m).
One problem is the Plsize; € {1,k}, p;j = 1|Cnax problem and the other can be denoted by the
Plsize; € {1, k}, pmtn|Cpyy problem in which pmtn implies that tasks are preemptive. Computa-
tional complexity of the P|size;|Cnax problem was examined by Du and Leung| (1989). Their study
showed that for m = 2, 3, the P|size;|Cpax problem can be solved in pseudopolynomial time but the
problem becomes NP-hard in the strong sense for each m > 5. Blkadek et al. (2015)) studied the
differences between contiguous schedules and non-continuous schedules of the P|sizej|Crax. In
contiguous schedules, indices of the processors assigned to a task must be a sequence of consecu-
tive numbers while in non-continuous schedules indices of the processors assigned to a task can be
arbitrary. They proved that deciding whether such difference exists for a P|size;|Cpnax instance is
NP-complete and provided bounds on the difference between the length of two schedules. Besides
the parallel machine setting, there are some studies that tackle machine scheduling problem with
multi-processor tasks in the flow shop environment (e.g., Chou| (2013)); [Hidri (2016)).

As for the solution methods of the P|size;|Cpax problem, exact solution methods can be found
for some special cases of the problem, for example, when all the tasks share the same processing
time or there are only two different types of machine requirements (Blazewicz et al., |1986), when
tasks have various ready times and require either one or all machines (Blazewicz et al., [2003), or
when only two or three machines are involved (Du and Leung, [1989; |Chen and Lee, |1999). When
the number of machines is fixed and not a parameter of the problem, Amoura et al. (2002) proposed
a polynomial time approximation scheme for the problem Pm|size |Cy,.x, where Pm means that the
number of identical machines (m) is fixed. When it comes to the general P|size;|Cpax problem, to
the best of our knowledge, the only exact method was proposed by [Blkadek et al. (2015)). The
authors developed a simple branch and bound (B & B) algorithm to solve the P|sizej|Crax. The
algorithm searches the solution space by enumerating all possible permutations of tasks. Partial
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permutations of tasks which represents sequences of completed tasks are expanded step by step
adding undone tasks. For each newly generated partial solution, only one simple lower bound (the
makespan of the partial solution) is used in the algorithm to determine the validity of the partial
solution. Using a cluster of 30 PCs, the algorithm was reported to be able to deliver optimal so-
lutions for instances with up to 11 tasks. Several approximation methods have been proposed to
solve the problem. Lin and Chen|(1994) obtained a heuristic algorithm based on the well-known
largest processing time first scheduling, LPT rule. The performance bound of this algorithm is

proved to be ;—‘k - k(lg;’l), where k equals the largest number of machines required by each task.

A similar approximation method for the P|size;|C.x problem was developed by |Li (1999). The
method was shown to have a performance guarantee of % Later on, Johannes| (2006) proved that
no approximation algorithm for the P|size;|Cpax problem can provide with a performance guaran-
tee better than %, unless P = NP. The study also demonstrated the performance guarantee of any
list-scheduling algorithm for the P|size ;|Cy.x problem should be no less than 2. Switalski and Sere-
dynski (2015) proposed an evolutionary metaheuristic algorithm called the generalized extremal
optimization (GEO) to solve a machine scheduling problem with multi-processor tasks. In their
study, each machine is defined to have a batch of processors that can work in parallel, and different
machines may have different numbers of processors. Tasks with different processor requirements
are scheduled among these machines (each task can only be assigned to one machine). Instances
with up to 500 tasks and 48 machines are solved and compared with the genetic algorithm (GA).
The computational results showed that the proposed GEO outperforms the GA for most of the
tested instances.

For a comprehensive understanding of this problem, refer to the studies of |Drozdowski (1996)),
Lee et al.[|(1997), Brucker| (2006) and |Leung (2004]).

The P|size;|Cmax problem has wide-range industrial applications and has been studied by a
number of scholars. In this study, we analyze several properties of the optimal solution of the
Plsize j|Crnqx problem, formulate two different programming models and propose an exact branch
and bound (B & B) method and a tabu search (TS) heuristic to solve the problem. Numerical
experiments show that the proposed algorithms are effective and efficient to solve the P|size |Ciax
problem with different sizes.

3. Problem description

This section first gives a formal description of the parallel machine scheduling problem with
multi-processor tasks, and then presents several properties of an optimal schedule to this problem.

This problem can be described as follows: assume there is a set N = {1, 2, ..., n} of n tasks to
be processed by the set M = {1, 2, ..., m} of m identical machines. All the tasks are available and
all the machines are ready to work from time ¢ = 0. Each machine can process at most one task
at a time, and each task j needs to be processed by size; arbitrary machines working in parallel
(size; is integer and 1 < size; < m) in a continuous period of p; units of time (p; is integer and
pj > 1). Preemption is not allowed. The objective is to find a schedule that produces the minimum
makespan (Ciax)-

The optimal schedule of the P|size;|Cy.x problem has several properties, which can help de-
crease the search space for the solution algorithms. The first property examines the effectiveness
of List Scheduling (LS) rule for the considered problem. List Scheduling rule assigns the earliest
available machines to each task in a given sequence.

Theorem 3.1. There exists an optimal schedule for the P|size;|Cax problem where machines are
assigned to tasks by the List Scheduling rule.

Proof. Let ¢ denote a schedule of all tasks in our considered problem. In addition, we as-
sume in schedule 6, C(6); is the completion time of task j and Cy,.x(0) is the makespan. Since
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Cimax(01) > Cinax(02) implies C(61); > C(0,); for at least one j, the objective function Cpay(0) is a
regular function of 6. Further, for any scheduling problem with a regular objective function, there
exists an optimal schedule that is generated by the List Scheduling rule (Schutten, [ 1996)).L]

The second property specifies the sequence of certain tasks in an optimal schedule. Assume
§ = minjey sizej, then we have the following theorem:

Theorem 3.2. There exists an optimal schedule for the P|size;|C,.x problem where tasks with
size; > m — § are processed in arbitrary sequences before all the other tasks start.

Proof. We prove by contradiction. Let 6 = {j|size; > m—S§} and let A denote the set of all schedules
to the problem P|sizej|Cia.x and A, denote the set of schedules in which all tasks belonging to 6 are
processed before all the other tasks. Suppose there exists an optimal schedule 6 € A \ A; such that
for all § € Ay, Crax(8) < Crmax(6). Let 6 denote a subset of @ in which tasks are processed after a
set of tasks belonging to N \ 8 are completed. Note that due to the limitation of the total number of
machines available, no tasks can be processed simultaneously when a task belonging to 6 is being
processed.

Suppose there is a task u € §'. We now split ¢ into several parts. Assume d; is a partial schedule
of 6 composed of tasks which belong to 6 and are processed before any task from N \ 6 starts.
Further, assume 0, is a partial schedule which contains tasks that are processed after tasks in ¢,
are completed and before task u starts. Finally, the partial schedule including tasks processed after
task u is completed is denoted by ¢3. It is worth noting that since no two tasks from 6 can be
processed simultaneously, the makespan of §; equals the summation of the processing time of all
tasks belonging to it.

Let MC(6) denote the set of completion times of machines in the schedule 6, and MINC;(9)
denote the kth minimum value in the set MC(6). As no tasks can be processed simultaneously with
task u, the earliest starting time of tasks belonging to d3 is MINC,,(62) + pu.

We now construct a new schedule 6 of the problem P|size;|Cpax by adding task u into &;. It is
obvious that such an adding will not change the sequences of tasks in §, and 3, but the schedules
of these tasks may be changed. We denote the schedules of tasks from d;, ,, and 3 in the new
schedule as 6’1, 5'2 and (5'3, respectively. Since no tasks can be processed at the same time with task
u, it is easy to infer that MINC(S,) = MINCi(5,) + p,. This means that tasks in J, can start at
MIN Ck(élz), which equals MINC;(d,) + p, where k represents the number of machines required
by the first task in 5/3. As k < m, it can be easily inferred that MINC(6,) + p, < MINC,,(62) + p..
This implies that Cpyex(8) < Crnax(3).

If we apply the above procedures to all the tasks belonging to ', we can obtain a schedule
belonging to A, that is at least as good as 6, which is a contradiction of the minimality of Cyna(6').00

Corollary 3.1. When m = 2, the problem P2|sizej|Cy.x can be solved as a P2||Cy.x problem,
where each task needs to be processed on only one machine.

Proof. The corollary follows directly from Theorem [3.2]C]

4. Model formulation

Although the P|size;|Cpax problem has been studied by the literature for more than 30 years, to
the best of our knowledge, there have been yet no formal mathematical optimization formulations
reported for this problem. In this section, we present two mixed integer programming models for
the P|size;|Cpax problem. In the first model, the problem is formulated as a special Vehicle Routing
Problem (VRP) and in the second model, a time discretized formulation is developed.
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4.1. A VRP-based model

The first model (M1) formulates the P|size;|Ciax problem as a Vehicle Routing Problem with
side constraints. In the model, machines are defined as vehicles and tasks are defined as nodes
that must be visited by a certain number of vehicles at the same time. Besides, the traveling time
between a node and other nodes is assumed to be equal to the processing time of the corresponding
tasks.

Besides the parameters that have been listed in the previous section, additional notations used
in Model M1 are presented in Table

Table 1: Notations used in Model M1.

Parameters:

i,j Indices of tasks, i # j.

k: Index of machines.

L: A constant number, L = 3’y pj.

Variables:

xf,. = 1, if machine k performs task j before any other tasks after it completes task i; =0, otherwise.
x{‘; j = 1, if the first task performed by machine k is j; = 0, otherwise.

xfT = 1, if the last task performed by machine k is i; = 0, otherwise.

S Start time of task i.

Yy Completion time of machine k.

The first formulation (M1) of the P|size;|Crnax problem goes as follows:
Objective function:

min Cax (D)
subject to:
Yi < Cmax YkeM ()
ngjﬁl Yke M (3)
JEN
foT <1 VkeM (4)
ieEN
> > i =size; VjeN 5)
keM ieNUO
k _ .
>oa- > =0 VieNvieM ©)
jeENUT JjENJO
si—sj+pi<(1-xX)L Vi,je NVke M (7)
si+pi— Y <(1-xjp)L YieNVkeM @)
xf;€{0,1} VieNUO,YjeNUT,Yke M 9)
5;i>0 VieQ (10

The objective function (I)) minimizes the makespan of the problem. Constraint (2)) calculates
the makespan. Constraint (3) enforces that every machine chooses at most one task as its first task.
Constraint () enforces that every machine chooses at most one task as its last task. Constraint (3]
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ensures that each task should be processed by the required number of machines. Constraint (6]
ensures flow balance so that all tasks are performed in a defined order. Constraint (/) ensures the

start time of task j should be later than the completion time of task i, if xf.‘j = 1. Constraint
calculates the time when machine k completes all of its assigned tasks. Constraints (9)) defines the
xi.‘j variables to be binary. Constraint 1i defines the non-negativity constraint.

It should be noted that although the P|size;|Cyn.x problem can be formulated as a special VRP
and there are many state-of-the-art exact and heuristic algorithms in the literature for solving the
VRP, these algorithms cannot be easily adapted to the considered problem. This is because (1) in
classical VRPs, the service of each customer (task) requires exactly one vehicle (machine) and (2)
the objective for classical VRPs is to minimize total traveling cost but not the makespan.

4.2. A time-discretized model

In the second model (M2), a set of time-discretized 0-1 decision variables x;,, where j € N and
t € T are introduced. The set T is defined as T = {0, 1,2, ..., tnax}, Where t,,.x denotes the largest
possible makespan for an optimal schedule which is calculated by fin.x = 2 jey pj- Further, we set
E; = tyn. — pj for each j € N, representing the latest start time of task j in an optimal schedule.
For each task j and time 7, the x, is defined as 1, if task j starts at time ¢ and 0, otherwise.

The second model (M2) for the considered problem is given as follows:
Objective function:

min Cmax (11)
subject to:
Ej
Zxﬂzl VjieN (12)
t=0
Xjt+p;))<Cnax VjENNVteT (13)

min(t,E )

Z Z sizeixjy<m VteT (14)

JEN s=max(t—p;+1,0)

x;€{0,1} VjeN/VteT (15)

Constraint ensures that each task has one and only one start time. Constraint (13]) calculates
the makespan. Constraint (I4)) enforces the machine availability constraint. Constraint (15]) defines
the variables x; to be binary. In addition, it is worth noting that the solution of M2 does not directly
give the optimal machine assignment pattern, which, however, can be obtained using the LS rule
in O(nmlog, m) time.

In Section [/} we test the efficiencies of the two models by solving a series of numerical experi-
ments, and further compare performances of CPLEX using the two models with the performances
of the algorithms proposed in the next two sections for solving these instances.

5. A branch and bound method

The P|size;|Crax problem is NP-hard for any m > 2 (Blazewicz et al., |1983) and is proved to
be NP-hard in the strong sense for at least any m > 5 (Du and Leung, |1989). Correspondingly, the
Plsize j|Cax problem cannot be solved exactly in polynomial time for any m > 2 and even cannot
be solved exactly in pseudo-polynomial time at least when m > 5, unless P=NP. Hence, to solve
the P|size;|Cnax problem efficiently, this paper proposes a B & B method.


LMSB
Highlight


224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

In the B & B method, solutions of the P|size;|Cya.x problem are represented by sequences of
tasks. The assignments of machines to each task in the sequences are generated by the LS rule,
which, according to Theorem [3.1] is able to generate an optimal solution for the considered prob-
lem. The branch and bound procedure builds up a solution tree starting from a root node repre-
senting level 0. The number of levels of the solution tree is the same as the number of tasks, and
the node in the ith level representing the ith task in a corresponding task sequence. Obviously,
each path from a node in the first level to a node in the ith level corresponds to a partial solution
of the problem consisting of i tasks. The flow of the B & B method is shown in Figure[I]

C= D =

| Preprocessing | | Return the best found solution |

I

| Select branching node

|

| Fathoming test

l No Yes

| Calculate lower bounds | ¢

| Create successor nodes I

Figure 1: The flowchart of the B & B method.

The notations used in this section are as followings: For a certain node / in the search tree, D(h)
and U(h) are defined as the sets of completed and uncompleted tasks at the node, respectively. Let
G(h) denote an array which is composed of the completion times of all machines at the node, in a
chronological order, that is G(h) = [g’ll,gg, ‘.- ,gZ,gZH, ‘e ,gf,;], gf: < gZH, Yk=1,2,--- ,n— 1.
Further, we divide tasks in N, D(h), and U(h) into different subsets Ny, U(h), and D(h);, where k
stands for the number of machines they require. Namely, N = (Jzeps Nk, D(h) = Uiepyr D(h), and
U(h) = Ugeys U(h). Obviously, for any node 4, we have N, = D(h), |J U(h), Yk € M.

5.1. Preprocessing

Before the B & B method starts, we reduce the size of the search tree of the B & B algorithm
by removing tasks with size; > m — § from N, where § = min ey size;. These tasks, according to
Theorem can be processed in an arbitrary sequence before any other tasks start in an optimal
schedule. However, it is worth noting that the derived makespan of the tasks with size; < m — § by
the B & B method should be added by the total processing time of the removed tasks to obtain the
makespan of a complete schedule. For conciseness, tasks in the rest part of this section only refer
to tasks with size; < m—3.

5.2. Branching

To continue the partial task sequence, selected nodes at level i are branched by adding successor
nodes to the search tree at level i + 1.

Two different selection strategies are adopted in the B & B method. The first strategy selects
the candidate node for branching in a depth-first manner. The branching node is selected from the
highest level with unexplored nodes and the selection criterion is the minimum lower bound (see
Section for details). In the second strategy, the unexplored node with the overall minimum
lower bound throughout the search tree is selected as the candidate for branching. We implement
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the two strategies in an alternative way so as to strike a balance between the speed of finding new
solutions and the quality of these new solutions, both of which are important for finding tighter
upper bounds. After the selection of branching nodes at level i, the successor nodes are generated
at level i + 1 by enumerating and exploring all the remaining tasks.

5.2.1. Fathoming test

To improve the efficiency of the searching process, the size of the search tree is reduced by fath-
oming nodes that are dominated by others. Assume there are two nodes & and d in the search tree.
If node d is expected to be able to produce a makespan that is no larger than the makespan pro-
duced by node A, then node £ is judged to be dominated by node d. We introduce three dominance
properties for the fathoming test.

The first and second properties check possible dominance within one partial schedule. For each
task jin D(h), assume Q; is the set of size; machines that are assigned for j. Let BI T;‘ denote the
kth longest idle time of a machine in Q; before it is assigned to task j. Furthermore, let AIT;
denote the minimum idle time of all machines in Q; after they complete task j and before they are
reassigned to other tasks in D(h), then we have:

Property 5.1. (Blkadek et al.l |2015) For node h, if there exists a task j in D(h) such that a task i
in U(h) satisfies p; < BI T;?, where k = size;, then node h is dominated by some other node.

Property 5.2. For node h, if there exists a task j in D(h) such that a task i in Ny where s = size;
satisfies pj < p; < p; + AILj, then node h is dominated by some other node.

Proof. Let ¢ represent the corresponding partial schedule at node 4. We construct a new par-
tial schedule § by interchanging tasks j and i, and the U(h) and G(h) for § are correspondingly
changed into U (h) and G(h) in 6. We distinguish two cases.

Case 1. i € U(h);.

In this case, ¢ is constructed by replacing task j with task i in U(h), and U(h) is obtained by
replacing i with j in U(h). We now prove ¢ is dominated by . As p i < pi < pj+AIT; and
size; = sizej, task i can be processed by the same machines belonging to €2;. Hence, § can be
generated by replacing task j with task 7 in 6 and leaving the schedules for other tasks in D(h)
unchanged. Further, since all machines in Q; have been reassigned in ¢, j is not the last processed
task for any machine in 8. Therefore, we have G(h) = G(h), which implies that ready times of all
machines for tasks in U(h) and those in U(h) are identical.

We further compare the sets of uncompleted tasks U(h) and U(h) . The only difference between
these two sets is that in U(h), task j in U(h) is replaced with task i. Since p; < p;, size; = size;
and G(h) = G(h), it is easy to infer that the makespan of the optimal complete schedule derived
from ¢ is no larger than the makepan of the optimal complete schedule derived from §. Therefore,
§ is dominated by &', which means that node / is dominated by some other node.

Case 2. i € D(h);.

In this case, we construct a new partial schedule & by interchanging the processing sequences
of task j and i. As size;j=size;, p; < p; + AIT; and p; < p;, it is easy to infer that tasks which are
processed by at least one of the machines of €; immediately after j is completed in 6 can start in

& no later than in &, and similarly, that tasks which are processed by at least one of the machines
of Q; immediately after i is completed in ¢ can start in § no later than in 8.

Hence, for each k € M we have gZ, e G(h) is no larger than gf(’ € G(h). Further, considering
the changes in § have no impact on U(h) (U(h) = U(h)), we can obtain that the makespan of the
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optimal complete schedule derived from & is no larger than the makepan of the optimal complete

schedule derived from . Therefore, ¢ is dominated by &, which means that node % is dominated
by some other node.[]

The second property detects the dominating relationship between two nodes in the same level
of a search tree.

Property 5.3. Suppose there are two nodes h and d with U(h) = U(d), then node h is considered
to be dominated by node d if the gf < gZ foreachk > S, and k < m, where U = U(h) = U(d) and
Su = minjey sizej.

Proof. Given that each task in U(h) and U(d) needs at least S, machines to process, the least
possible ready times for all tasks belonging to U(h) and U(d) are ggu and gg’u, respectively. In this
sense, we can take gy = g¢ and gf = g¢ forany k < S, in G(h) and G(d). This implies that
gd < gl foreach k € M.

In addition, as the two nodes & and d share the same set of uncompleted tasks, it is not hard to

infer that node d can produce an optimal schedule whose makespan is at least as short as that of
the optimal schedule produced by node 4. Therefore, & is dominated by node d.[]

The proposed B & B checks possible dominance relationship of every newly added node ac-
cording to Property [5.2] and [5.3] The nodes that are found to be dominated by others are
fathomed, along with the nodes generated from them (if applicable).

5.2.2. Update the upper bound

The insertion of any node in the last level corresponds to a new solution of the problem. Objec-
tive values of these new solutions are compared with the current upper bound to determine whether
an update is needed.

5.3. Bounding

For each newly added node, a lower bound is calculated which is then compared with the upper
bound to decide whether this node should be retained or fathomed. In the algorithm, we consider
two initial upper bounds and five lower bounds.

5.3.1. Initial upper bound

To get the initial upper bound for our B & B procedure, this paper adopts two approximation
algorithms to solve the P|size;|Crax problem. The first algorithm processes tasks with largest
size;- p; first and assigns machines by the LS rule, while the second algorithm is applied according
to the descriptions in |Li (1999)). The initial upper bound is set equal to the makespan derived from
the approximation algorithm that generates the better solution.

5.3.2. Lower bounds

At each node (marked as node 4) in the search tree, there exists a partial scheduling problem
which consists of a set of machines with ready times from G(/) and a set of tasks belonging to
U(h). The problem can be denoted by P|size;, r|Cmax, Where r; stands for the ready time of ma-
chine k. We further introduce two problems which are related to the P|size;, rt|Ciax problem but
some conditions are relaxed. In the first problem, we assume tasks are “divisible”, which means a
task j requiring size; machines to process during p; time is divided into size; tasks each of which
needs only one machine to process during p; time. Such a problem can be seen as the paral-
lel machine scheduling problem in the traditional sense and we denote the problem by P|r|Cpax.
The second problem is denoted by P|prmt, ri|Cn. Where tasks are not only “divisible” but also
preemptive. Obviously, among the three problems, the P|prmt, ri|Cyax problem allows the most
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balanced distribution of task processing time among machines, followed by the P|r;|Cy,.x problem
and then the P|sizej, ri|Cmax problem. Therefore, the P|prmt, ri|Cpax problem and the Plri|Crax
problem should produce shorter makespans than the P|size;, ri|Cmax problem, and corresponding-
ly, lower bounds to the first two problems should also be the lower bounds to the P|size;, ri|Cax
problem. In addition, function max[q]cex; which returns the gth largest value of x; for all j € ©
is also used in lower bound calculation.

Lower bound 1:
We obtain the first lower bound by solving the corresponding P|prmt, ri|Cpax problem, and the
lower bound for node 4 is calculated by:

h
_ [k UT < DM
LB, = {g; + Ceil(UT = DM)/m) UT > DM (16)

where UT = ) ey Sizejp; and DM = ZkeM(gf,’z - gZ).

Lower bound 2:
The Lower bound 2 for note 4 is obtained in a multi-lift procedure. Assume y =Floor(m/2),
and Lower bound 2 can be calculated by the following equation:

LB, = ke{l,ZI,I..li)}(U{m} CT (17)

where CT} represents the lower bound for the completion time of tasks belonging to U(h) if k €

iftk=m.
As for the estimation of CTys, we first discuss the situation where k € {1,2, ..., u}. For each k,
CTy is given by:

CT, = max(CT},CT}) (18)
where C Tk1 is calculated as:
1 _ h .
CT, —gk+j1€rL1/a(l})skp],Vk€ {1,2,..., u} (19)

The calculation of CT? is more complicated. For each C T,f, a set V(h), containing / new tasks
is generated, where / :Fioor(m/ k). These tasks require k machines and the processing time for

task j (1 < j <) in V(h), is set as g, — g. For each k, CT} is obtained by the following equation:

CT; = gi + max[ljevan, vanp; + Max(l + Wjevon. U von P 20

We now give justifications for CT7. We first construct two partial scheduling problems P1 and
P2 at node A. P1 includes a set of m machines with ready times from G(h) and tasks belonging to
U(h)y, and P2 covers a set of m machines whose ready times are all g and a set tasks belonging to
V(h) U U(h)i. Clearly, C T,f is a lower bound for P2. Further, P1 can be seen as a special partial
solution to P2, where tasks from V(h), are processed prior to those from U(h),. Therefore, the
optimal makespan of P2 is obviously no larger than that of P1, and lower bounds to P2 should also

be lower bounds to P1. Considering P1 is also only part of the P|size;, r|Cmax problem, C T,f isa
valid lower bound for node / as well.
When k = m, the CT,, stands for the lower bound for the completion time of tasks belonging

.....
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be processed at the same time. Hence, the CT,, can be obtained by:

— h .
CT,= max m}(gﬁz D 1)

k={u+1,u+2,...,
L b=k jeU(h),

Lower bound 3:
The third lower bound of the B & B method for node / is obtained by the following equation:

LB; = max(LB3, LB3) (22)

LBj is calculated by treating the partial scheduling problem with machine ready times belong-
ing to G(h) and tasks belonging to U(h) as a corresponding P|ry|C.x problem, and generating
a lower bound for the P|ri|Cy,.x problem. We construct a set V(h) of m — 1 tasks where task j
(2 < j < m) needs one machine to process in g? - gfl’ time. Besides, every task jin U(h) is divided
into size; tasks, each of which requires one machine to process during p; time and these divided
tasks form a new set U(h) .

Then, LBj is given by:
LBé = g}ll + max[m]jev(h) U U(h),pj + maX[m + l]jEV(h)U U(h), p] (23)

Like the C T,f in Lower bound 2, LB is also obtained by taking part of the G(h) as tasks and

therefore, it is not hard to infer that LB; is a lower bound for the P|ri|Cp,.x problem and therefore,
also a lower bound for the P|size;, r¢|Ciax problem at node h.

To calculate LB%, we generate m — 1 new tasks which are marked as #; (1 <i < m — 1) based on
G(h). The number of machines needed by #; is set to be m — i and the processing time is set to be

gZ. o gl AsetU (h) is constructed by adding the m — 1 tasks into U(h). The calculation of LB;
is completed in 6 steps:

Step 1: Set the occupied machine number om = 0 and machine working time w;, = 0, Yk € M,
Step 2: If om < m, go to step 3; otherwise, go to step 6;
Step 3: Identify the task in U(h) with p j = max ey p;j and mark the task as J.

Step 4: If om + size; < m, update w;, = p; fork = om + 1,om + 2, ...,om + size;, and then set
om = om + sizey; otherwise, go to step 5, and delete task J from U (h)';

Step 5: update wy = p, for k = om + 1,0m + 2, ...,m, add a new task i with p; = p, and size; =
size; —m + om into U(h) , update om = m, and delete task J from U(h)’;

Step 6: Calculate LB% by the following equation:

2 _ h ) .
LB3 =&+ jrerllja(%,(wm—szzeﬁl + pj) (24)

Considering LB% is obtained through taking part of the G(h) as tasks and in some cases dividing
tasks, we can easily infer that it is a valid lower bound of node 4.

Lower bound 4:

11



398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

Like LB,, the fourth lower bound is also obtained in a multi-lift procedure:

LB,=g'+ max (LB (25)

es{u+1,u+2,...,m}

LB, =L, + M, (26)
where y =Floor(m/2) and L, and M, are explained below.

First, part of the G(h) is transformed into tasks. For each k € {2,3,...,m}, we generate a
task j which requires m — k + 1 machines to process during gZ - gZ_l time and introduce a set
U(h);n_kJr1 = U(h)u—+1 U{j}. Then, for each e € u+ 1,u+2,...,m, the following three union
sets are constructed: U] = Ureteer1...m) U(h);c and U5, = Urepm—et+1m—esa....c-1) U(h);(, and Ug =

Uke{l,Z ..... m—e} [](h),llC . .
L and M° can be calculated by the following equations.

L= ) p 27)
Jjeu;
M, = Ceil ! S ]
.= max(grels; pj, Cei (%( ot ];; size;p;))) (28)

where S, represents the lower bound for the total machine-time (the machine-time for task j is
set as p; - size;) of tasks in U that cannot be processed simultaneously with tasks in Uj. S, is
obtained through the following procedures:

Step 1: Set S, = 0 and current number of machines k = 1;

otherwise, update S, = 0;

Step 3: Update k =k + 1. If k > m — e, go to step 4; otherwise, go to step 2;
Step 4: Output S ..

We now prove LB is a valid lower bound for node /. Let P1 denote the problem which involves

m machines with the same ready time g}l’ and tasks in U; |J U3, |J Ug. Clearly, the lower bounds
to P1 are also lower bounds for node 4. Since no two tasks in U, can be processed simultaneously,
it should take a length of L, time to finish all tasks from Uj. Further, due to the limitation of
the total number of machines available, tasks belonging to Uj, cannot be processed when any of
the tasks in U7 is be processed. Therefore, the lower bound for the total machine-time of tasks

belonging to Ug | J U}, that cannot be processed simultaneously with tasks in U can be calculated
by S.+ 2, jeus, Pj» and it is obvious that Ceil(%(S et jeus, P 7)) is a lower bound for the completion
time of these tasks. Considering that max ey p; is also a lower bound for the completion time for

these tasks, we can easily obtain that LB is a lower bound for P1 and therefore a lower bound for
node h.

Observation 5.1. LBy is valid only when m > 3.
This is because Uj and Ug for any e are empty when m < 3, which easily follows that LBy is
dominated by max(LB;, LB;).

Lower bound 5:

12
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In Lower bound 5, we obtain the lower bound for the corresponding the P|ri|Cp.x problem
at node h. The P|r|Cpn. problem is solved by the LPT method, which was proved to have a
performance guarantee of 1.5 — 2/m (Leel [1991). Several properties are introduced below to
specify conditions where the makespan provided by the LPT method is optimal for the P|r|Cyax
problem. In these properties, tasks and machines are indexed such that p; > p, > ... > p, and
r <rp<..<r,.

Theorem 5.1. (Lee| |1991) Schedule the tasks by LPT. Let r be the index of the last job assigned to
the machine on which the makespan M* occurs. If p, > %M* then the schedule obtained by LPT
will yield the optimal makespan.

Theorem 5.2. (Webster, 1996) Let 6 be an LPT schedule for the P\ri|Cp.x problem with job start
times, S, ..., Sn, and let t be the index of the last job to finish processing. If p;/p; is integer for all
J satisfying s; < s;, then ¢ is optimal.

Lemma 5.1. (Webster, |1996) If n < m and r, — r; < p;fori = 1,...,n — 1, then the LPT rule is
optimal.

Assume the makespan yield by the LPT rule for the P|ri|Cyax problem is LM, then the fifth
lower bound for node /4 is obtained by:

LBs = {LM if LM is judged to be optimal by the above properties (29)

Ceil(LM/(1.5 —2/m)) otherwise

The time complexity of bounds LB, LB,, LB3, LB, and LBs is O(n), O(nm?), O(mn), O(nm?)
and O(nlog, n), respectively. For a newly generated node, the five lower bounds are calculated
one by one, from LB; to LBs, and the calculation stops if any of them is computed to be larger
than or equal to the current upper bound, which effects a deletion decision of the node. If the five
lower bounds are all smaller than current upper bound, then the largest one is recorded as the final
lower bound for the node.

5.4. An illustrative example

In the section, we use an example to illustrate how the B & B method works. The example
involves 5 machines and 10 tasks. The number of machines (size;) and the processing time (p;)
required by each task are given in Table 2]

Table 2: Example data

task 1 2 3 4 5 6 7 8 9 10
size; 1 2 1 4 5 3 3 2 4 2
Dj 23 71 17 20 8 41 75 80 6 52

5.4.1. Preprocessing and initial upper bound calculation

The solution procedure of the B & B method begins with preprocessing. In the example, § = 1,
therefore, we can remove tasks with size; > 4 from N (in this example, task 5). After this step the
10-task problem reduces into a 9-task problem.

We then calculate the initial upper bound of the problem. The upper bounds given by the
approximation algorithms proposed by this paper and L1 (1999) are 216 and 288, respectively.
Thereby, the initial upper bound is set to be 216.
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5.4.2. Fathoming test
In this section, we illustrate how the fathoming test works by using the following 4 nodes,
which are obtained after certain numbers of iterations in the search tree:
hy: D(hy) =1{7,10}, U(hy) = {1,2,3,6,4, 8,9}, G(hy) = {52,52,75,75,75};
hy: D(hy) = {1,3,4,7,9,10}, U(hy) = {2,6,8}, G(hy) = {78,78, 115,115, 115};
hs: D(hs3) = {4,10}, U(h3) = {1,2,3,6,7,8,9}, G(h3) = {20,20,20,72,72};
hy: D(hy) = {4,10}, U(hy) = {1,2,3,6,7,8,9}, G(hg) = {52,72,72,72,72}.

First, we illustrate how Property [5.1| works by using node /;. Suppose a new node (denoted by
h') is obtained by moving task 6 from U(h,) into D(h;), thus, by applying the LS rule, we have
D(h}) = {6,7,10}, U(h}) = {1,2,3,4,8,9}, and G(h}) = {75,75,116,116,116}. It is easy to infer
that at this node, the two machines with completion time 52 in G(h,) are kept idle for 23 unit times
before they are scheduled to process task 6. Therefore, we have BIT, = BI T62 = 23. Further, since

task 1 in U(h)) has size; = 1 and p; = 23 < Bl T61, we can conclude that 4] is dominated and can
be fathomed.

We then use node £, to illustrate Property Suppose a new node (denoted by #)) is obtained
by adding task 6 from U(h) into D(h,). For R, we have D(h}) = {1,3,4,6,7,9, 10}, U(h’z) =
{2, 8}, and according to the LS rule, G(hy) = {115,115,156, 156, 156}. It can be easily obtained
that two machines are kept idle for 37 unit times before they are reassigned to task 6 (AILs = 37).
Given that size; = sizes and pg < p7 < ps + AlLs, we can conclude that /) is dominated and can
be fathomed.

Finally, Property is llustrated by using A3 and h4. It is easy to see that U(h3) = U(hs), and

S, = 1. Besides, we have gZ3 < gi"‘ for each 1 < k < 5. Therefore, h, is dominated by A3 and
should be fathomed.

5.4.3. Lower bound calculation
This section aims to show how the lower bounds are obtained for a node. To do this, we use
the following node:
hs: D(hs) = {2}, U(hs) ={1,3,4,6,7,8,9,10}, G(hs) = {0,0,0,71,71}.
Furthermore, suppose the current upper bound is 216. The lower bounds for /s are calculated
as follows.

Lower bound 1:
First, we have UT = ey Sizejp; = 756 and DM = ZkeM(gg’5 - gZS) = 213. Then, since

UT > DM, we obtain LB, = gé’s + Ceil((UT — DM)/5) = 180.

Lower bound 2:

To begin with, u =Floor(5/2)= 2. We then calculate CT, and CT,. First, according to equation
, it can be easily obtained that CT| = 23 and CT, = 80.

Besides, in the calculation of CTIZ, a set V(hs); of [ = 5 new tasks are first generated. These
tasks all require 1 machine to process, and the processing times of these tasks are 0, 0, 0, 71 and 71.
Hence, we can calculate CT7 = 0+ 0 + 0 = 0. Similarly, we can obtain CT; = 0+ 71 + 52 = 123.
Therefore, it follows that CT; = 23 and CT, = 123.

We then calculate CTs, where tasks belonging to the set U(hs); | U(hs), are involved. Based
on equation (20), we have CTs = 142. Therefore, LB, = max{CT;,CT,,CTs} = 142.

Lower bound 3:
To obtain LB;, we first calculate LB;, which, according to equation 1' is equal to 146(0 +

75 +71). Then, after the construction of U(hs) , LB% can be calculated by the following procedure:

Step 1: Set om =0 and w, =0, Yk € M;
14
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Step 2: Since om < m, identify the first task J (size; = 2 and p,; = 80);

Step 3: Since om + size; < m, update w;, = p; = 80, k = 1,2, and set om = om + size; = 2;
Step 4: Since om < m, identify the second task J (size; = 3 and p; = 75);

Step 5: Since om + size; < m, update w, = p; =75, k = 3,4, 5, and set om = om + size; = 5;

Step 6: Since om = m, calculate LB3 = 0 + 146 = 146.

Lower bound 4.
This part calculates LB, for node hs. To do this, we first construct sets U(h), where k €
{2,3,4,5}. Then, for e € {3,4, 5} (note that u = 2), sets U;, U}, and Ug are generated. We are now

ready to calculate LBj, where e € {3,4, 5}. For example, LBj = 180, which is calculated by using
Ly =26, My =154 and S 4 = 14. Note that S 4 can be obtained by the following procedure:

Step 1: Set S4 = 0 and current number of machines k = 1;
Step 2: Since 0+ 1- 3 jcygy Pj =40 > 1- Xy = 26, update S, = 0 +40 - 26 = 14;

Step 3: Update k = 2;
Step 4: Since k=2 >m—e =1, output §, = 14.

Similarly, we have LB; = 180 and LB} = 180, which easily follows that LB, = 180.

Lower bound 5:

In this part, the corresponding the P|ri|Cp.x 1s first solved by the LPT method, leading to the
makespan of 183. Then, we find that obtained makespan cannot be judged to be optimal for the
P|r¢|Crmax problem according to Theorem [5.1] Theorem [5.2) and Lemma [5.1] Therefore, we have
LBs = Ceil(183/(1.5 - 2/5)) = 131.

We have now finished calculating all the five lower bounds for node 4s. Since they are all less
than the current upper bound, we choose the largest one of them (LB)) to be the final lower bound
for hs.

5.4.4. Upper bound update
Suppose the current upper bound is 216 and we have the following node:
he: D(he) = 1{1,2,3,6,7,8,9,10}, U(he) = {4}, G(he) = {173,179,179, 179, 179}.
A new node (denoted by /) can be obtained by adding task 4 into D(hg). It is obvious that /7
corresponds to a new solution of the problem whose makespan is 199. As the new makespan is
less than the current upper bound, we update the upper bound to be 199.

6. A tabu search algorithm

Since the solution time of the branch and bound method grows exponentially with the increase
of the size of problems, it is expected to be inefficient for large-sized instances. Therefore, we
provide a tabu search algorithm (TS) to solve the P|size;|Cmax problem with large sizes. TS is a
local search-based meta-heuristic designed to find near-optimal solutions for combinatorial opti-
mization problems. The method was originally proposed by |Glover| (1986) and has been widely
applied in solving practical optimization problems (e.g., |Franca et al.|(1996); Solimanpur and Elm1
(2013)); Mensendiek et al.| (2015])).

15



548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

6.1. Solution representation and initiation
The P|size;|Ciax problem can be decomposed into three subproblems:

e a sequence problem, which determines the priorities among tasks;
e an assignment problem, which assigns tasks to a given number of machines;

e a scheduling problem, which determines the starting time of the tasks based on machine
assignment and task sequence.

The proposed TS is designed to solve the first subproblem of the P|size ;|Cyax problem to obtain
a sequence o of all tasks, while the subsequent assignment and scheduling problems are then
handled by the LS rule to yield a schedule denoted by £(o) corresponding to o. In the following
part of this section, “sequence” and “solution” will be used interchangeably.

In TS, an initial solution is required to provide the starting point for the local search proce-
dure. Our algorithm generates an initial solution (o) by randomly sequencing all tasks of the
Plsizej|Crax problem. Like in the B & B algorithm, to reduce the search space, only tasks with
size; < m — §, where § = min ey size;, are considered in the TS. Therefore, the makespan yielded
by the TS should be added by the summation of processing times of tasks with size; > m — § to
get the complete makespan.

6.2. Neighborhood structure

TS is by nature a local-search-based optimization algorithm and in each iteration, it searches
in the neighborhood of the current solution to detect a new solution which will then replace the
current one.

Before explaining how the neighborhood is constructed, we introduce the concept of disjunctive
graph model which is applied to represent and better analyze solutions to the P|size j|Cpay problem.
The disjunctive graph model was proposed by Roy and Sussmann|(1964). In the disjunctive graph,
all tasks are represented as nodes. The processing sequence of a machine is represented as a chain
consisting of a set of conjunctive arcs which indicates a path from a dummy source node O to a
dummy sink node 7'. The lengths of these arcs are defined as the processing time of the task they
lead to. In addition, for the node representing task j, the numbers of conjunctive arcs that direct
to and from it should both equal size;. Apparently, the makespan for a certain schedule of the
P|size|Ciax problem in the disjunctive graph context is represented as the length of the longest
path linking node 0 and node 7.

Figure [2| gives an example of the disjunctive graph model for the P|size;|Cpnax problem with 10
tasks and 3 machines. In this example, the solution to the problem is given by the task sequence
1-4-2-3-6formachine 1,5 — 2 — 9 — 7 for machine 2 and 4 — 10 — 8 — 7 for machine 3.

——» Machine 1 — — » Machine 2 —-—-—» Machine 3

Figure 2: An illustration of the disjunctive graph representation.

We now introduce the neighborhood structure (N(o)) for solution (o-) which is constructed in
a retrospective way, as shown in Algorithm 1.
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In the following pseudocode, for each task i, we use p(7) to denote the assigned processor with
the largest ready time for the task. By ready time we mean the time when a machine finishes all
the tasks assigned to it before task i in a sequence. Further, let #(i) denote the last task completed
by machine p(i) before it starts to handle task i. If task i is the first task assigned to p(i), we denote
(i) = 0.

Algorithm 1 The neighborhood construction procedure

Input: (1) Current Schedule: £(o); (2) Maximum Searching Length MS;

Output: Neighborhood N(o) for L(0);

N(o) = 9,

: For each k € M, initiate partial handling sequence of machine k (denoted by 5(k)) to be &;
. Initiate i to be the last finished task in £(o);

: while 7(i) # 0 do

Identify p(i) and #(i);

Add #(i) as the last task into sequence 5(k);

i =1);

: end while

: for k =1 to [M| do

Get o by swapping the sequences of any two tasks if the sequential difference between them in 5(k) is no more than MS;
Add o’ into N(0);

: end for

[

For example, as shown in Figure[2, assume oo = 1 -5-4-3-2-10-6-9-8—7 is the current
solution for a problem with 10 tasks and 3 machines. Further, assume 5(2) generated by the above
procedure is 5 —2 — 9. We then obtain a new sequence  =1-2-4-3-5-10-6-9-8-7
by swapping the positions of task 5 and 2 in o and add it into N(o).

6.3. Stop criteria

In order to strike a balance between the solution quality and speed, two stop criteria are adopted
in the algorithm. The algorithm stops (1) if no better solution has been found in a continuous 7,
iterations or (2) if the algorithm has completed A, iterations.

6.4. Search procedure

Before proposing the search procedure of the TS, it is necessary to introduce several notations.
First, as [Cordeau et al.| (1997) and [Sammarra et al.| (2007) did in their studies, we describe the
schedule £(0) by a set of attributes

B(o) = {(i, j, k)| machine k starts processing task j immediately after it finishes task jin £(o)}.

Then, let PM be the punishment multiplier for generating repeating attributes when a new
solution is created to replace the current one and 7' L be the tabu length. The iteration within which
an attribute (i, j, k) is forbidden is denoted by af.‘j. The aspiration level of an attribute is denoted

by ,ij. Further, the frequency of an attribute being newly generated in solutions is denoted by yfj.

Obviously, any transition between o and o in N(o") will correspondingly get B(c) replaced by

B(c') where some attributes are removed and some new ones are added. Moreover, we use A to
record the current iteration and A, to denote the total number of iterations.
We are now ready to introduce the search procedure of the TS, which is given in Algorithm 2.
Detailed explanations about some steps in the algorithm are given below:

e Some transitions from o to o € N(o) may generate new attributes (i, j, k) that are still in
tabu, these transitions should be forbidden. However, if o~ yields a shorter makespan than o,
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Algorithm 2 The search procedure of the proposed TS.

Input: (1) Problem data: N, M, size; ,p; and (2) Controlling parameters: PM, TL, MS, max and Apax;
Output: Best C;,,, and best sequence o™ found so far;
Y (i, j, k), ozfj =0, ﬁ{‘] = 00, 'yf.‘]. =0;
2: Initiate the number of iterations within which no better solution is found n = 0;
Initiate task sequence 0. (Section@;
4: o=0y;
o =0, C;,a,(:Cmax(a-);
6: ¥ (i, k) € L(0), B = Croas
for 1= {1, ..., Ana) do
8 n=n+1;
Construct neighbour N(o) (Section@;
10: M(o) =9,
Yo' € N(0), Y(i, j,k) € B(o") \ B(o), if &f; < A or Crn(07) < B, M(07) = M(o) U o';
12: Vo' € M(0), if Crnax (07) < Cinax (07), W(07) = Cinan (07); €lse, W(07) = Conax (07) + PM - 3, 1o’ nior) Vi
g=arg min,’ ¢y v );
14:  VY(, j, k) € B(6)\ B(o), yfj = yf_’/. +1;
Y(i, j, k) € B(o) \ B(6), a;‘j =A+TL;
16:  V(, j k) € B(6), ifﬁf.‘j > Cmﬂx(é'),ﬂf.‘j = Cinax(6);
if Chax > Coax(6), Cooxe = Coax(6), 0* = G and np = 0;
18: o=4.
if 77 > 7max, break the for loop;
20: end for

o should be considered as a valid neighboring solution for o, no matter whether there are
attributes of o that are held in tabu or not. This is how M(c) is derived from N(o);

e In the algorithm, each o is evaluated in terms of both the derived makespan and the level of
originality. Therefore, a punishment is added to v(c”) if some attributes that are newly added

into B(c”') have been generated before. However, o with Cpa(0-) smaller than the current
Chax(07) 1s exempted from such punishments;

e o with the best v(c~) (denoted by &) is selected to replace o to enter the next iteration, while
attributes in B(o~) which are newly generated are declared tabu for the next T'L iterations.

7. Numerical experiments

In order to examine the performances of the proposed models and solution methods, a large
number of computational experiments are conducted. According to their sizes, the experiments are
divided into five parts (Part A, B, C, D, and E), with 180, 300,150, 40 and 30 instances respectively.
In all parts, we solve the instances by the proposed B & B method and the TS, and in the first part,
the 180 instances are solved by the B & B method proposed by Blkadek et al. (2015) as well. Note
that for notational convenience, in the following part of this paper, we denote the B & B method
proposed by Blkadek et al.|(2015) as BLK and the “B & B method” is therefore used exclusively
to refer to the B & B method proposed by this paper. Besides, the instances in Parts A and B are
also solved by CPLEX using the two models developed in Section 4] The algorithms are coded in
C + + language, and CPLEX 12.6 is used to solve instances in the first two parts. The experiments
are conducted on an Intel Core i7 3.60 GHz PC with 16 GB RAM.

7.1. Instance generation and algorithm settings
The 700 instances for experiments are generated in a random way. For an instance with n tasks
and m machines, the n tasks are generated independently, each assigned with the processing time
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generated from a uniform distribution of U(3, 80) and the required number of machines generated
randomly within the range of [1, m].

We now get the solution methods prepared. To begin with, the time limit of the B & B method
for all instances is set to be 3600 s, and the same time limit is also set for CPLEX for solving
instances in Part A and B. Then, the parameters used in the TS are set as follows. First, the

punishment multiplier PM, and the tabu length T'L are set as 0.1Vnm?, 13, respectively, for all
instances. Second, to strike a balance between solution quality and speed, the maximum searching
length MS is set adaptively, according to the sizes of instances. For instances with n < 100 we
set MS = |N| so as to enable the algorithm to search in neighbourhoods as large as possible, for
instances with 100 < n < 150 MS is set as 40 — m, and for instances with n > 200, MS is fixed
to be 1. Third, the stop criteria (including parameters n,.x and An,x) are also set adaptively. For
instances with n < 150, 7yax and A, are set to be 1000 and 5000, respectively, and for instances
with n > 250 we set ax = 500 and A, = 2500. Further, the TS is run 30 times to solve each
1nstance.

7.2. Lower bound calculation

To better assess the results obtained by the algorithms, we provide lower bounds (LB) for
instances that our proposed B & B method, the BLK or the CPLEX (using the proposed models)
cannot solve optimally within 3600 s. For each of these instance, the lower bound is computed in
two steps: first, a lower bound for the makespan of tasks with size; < m—3§, where § = minjey size;,
is calculated according to the description in section[5.3.2} then the summation of processing time
of tasks with size; > m — § is added to the lower bound to obtain the final lower bound. Hence,
gaps for solutions (f) obtained by the two B & B methods, CPLEX and the TS for each subset can
be calculated as:

Gap = (f = fus)/ frs % 100. (30)

where f;p=min{fpp, fark, fcrLex), If the proposed B & B method, the BLK or the CPLEX is able
to deliver the optimal solution (denoted by fgzg, fark, and fcprex, respectively), and fip=LB, if
not.

7.3. Results of instances with small sizes

We first test the performances of the proposed models (by using CPLEX) and algorithms for
solving instances with small sizes. The instances in Part A, Part B, and Part C are used in this
section. In Part A, instances involving 3 to 5 machines and 5 to 10 tasks are further divided into
18 subsets (marked as AO1-A18).In Part B, instances involving 3 to 5 machines and 11 to 20 tasks
are further divided into 30 subsets (marked as BO1-B30). Besides, in Part C, instances involving 6
to 10 machines and 20 to 40 tasks are further divided into 15 subsets (marked as CO1-C15). Each
subset contains 10 instances with the same numbers of machines and tasks.

7.3.1. Results of instances in Part A

For all instances in this part, the proposed B & B method and the BLK method manage to
obtain the optimal solutions, and the results of every instance in this part obtained by the CPLEX
and the TS are evaluated by their gaps (in percentage) against f;z obtained in Section Table
3] compares performances of these methods for solving instances in Part A. In this table, perfor-
mances of these methods are reported corresponding to the partition into 18 subsets. Details of the
table are given below.

For each subset, the average of Gaps of solutions of the 10 instances in a subset obtained by
the two models using CPLEX is shown in columns “AG” of “M1” and “M2”. Columns “US” of
“M1” and “M2” show the numbers of instances in a subset that cannot be solved optimally within
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e 3600 s by these methods. In addition, as the CPLEX using model M1 fails to deliver feasible
e solutions for some of the instances, the column “NS” reports the number of such instances in a
« subset. To evaluate the performances of TS, we first calculate the Gaps of the average solution,
s the best solution and the worst solution of the 30 runs for each instance which are denoted by
w Gap,, Gapy, and Gap,,, respectively. Moreover, the standard deviation of the Gaps of the 30
« runs for each instance is also computed (denoted by Gap,,). Then, the averages of Gap,s, Gap,s,
«  Gap,s, and Gapgs of 10 instances in a subset is reported in columns “AG”, “BG”, “WG” and
e SD” in “TS”, accordingly. Besides, in columns “Time” of “B & B”, “M1” and “M2”, we report
0 the average solution time in seconds needed by them to solve 10 instances in different subsets, and
e the column “Time” of “TS” shows the average time of all the 300 (10 x 30) runs in a subset.

Table 3: Results of small-sized instances in Part A.

Subsetm n B&B BLK o Mi M2 TS =
Time(s)  Time(s) AG(%)Time(s) US NS  AG(%)Time(s) US  AG(%) BG(%)WG(%)SD(%) Time(s)
A0l 3 5 0.0 0.00 0.00 042 0 0 0.00 068 0 0.00 000 000 000 0.00
A02 3 6 0.0 0.00 0.00 570 0 0 0.00 203 0 075 000 3.85 132 0.00
A03 3 7 0.0 0.01 000 99272 1 0 0.00 750 0 0.16 000 447 083 001
A04 3 8 0.0 0.04 0.00 2800.11 7 0 000 2620 0 057 000 3.89 101 0.00
AO5 3 9 0.0 0.31 0.08 3600.00 10 0 0.00  60.70 0 045 000 427 095 0.0l
A06 3 10 0.00 3.60 0.73  3600.00 10 0 0.00 1819.65 5 0.17 000 057 024 001
AO7 4 5 0.0 0.00 0.00 051 0 0 0.00 076 0 0.67 000 3.89 145 0.00
AO8 4 6 0.0 0.00 000 9050 0 O 0.00 390 0 021 000 071 033 0.00
A09 4 7 0.0 0.01 0.00 219597 5 0 0.00 758 0 042 000 525 116 001
A0 4 8 0.0 0.05 028 3600.00 10 0 000 1457 0 050 000 376 100 0.00
All 4 9 0.0 0.51 0.00 3600.00 10 0 0.00 45654 0 0.07 000 036 0.1 0.0l
Al2 4 10 001 3.64 4.82 3600.00 10 0 0.00 1187.01 3 037 000 199 065 0.02
A3 5 5 0.0 0.00 0.00 065 0 0 0.00 060 0 1.14 000 3.04 144 0.0
Al4 5 6 0.00 0.00 0.00 54001 1 0 0.00 177 0 038 000 393 103 0.0
Al5 5 7 0.0 0.01 0.00 3000.19 8 0 000 1020 O 0.07 000 076 020 0.00
Al6 5 8 0.0 0.06 0.10 3600.00 10 0 0.00 770 0 053 000 291 089 001
Al7 5 9 0.0 0.36 121 3600.00 10 0 000 1666 0 026 000 379 074 0.0l
Al8 5 10 0.01 391 4.80 3600.00 10 2 0.00 91027 2 025 000 331 066 002
Average  0.00 0.70 0.67 213482 5670.11 0.00 25191 056 039 000 2.82 078 001

Note 1. “BLK” refers to the B & B method proposed by [Blkadek et al.| (2015)).
Note 2. Values in “M1” are calculated based on instances for which the CPLEX using model M1 is able to deliver integer solutions.

Note 3. “AG” reports average Gaps, “BG” reports average best Gaps and “SD” reports average standard deviations.
Note 4. “US” reports the number of unsolved instances and “NS” reports the number of instances for which no feasible solutions are reported.

602 We first compare the efficiencies of the proposed models. As is shown in Table 3| for most sub-
«s  Sets, the time-discretized model M2 demonstrates fewer unsolved instances and shorter solution
«s times. In addition, it is able to find feasible solutions for all of the 180 instances. Therefore, it
es 1S clear that M2 outperforms the VRP-based Model M1 for most cases in terms of both solution
s quality and speed. However, when m and n are relatively small, M1 can better solve subsets AO1
s and AQ07.

608 We then look at the performances of the proposed B & B method. To begin with, three methods
s (the proposed B & B method, the BLK method and the CPLEX using M2) manage to produce
w0 optimal solutions for all of the instances. Besides, all values listed in columns “AG” of M1 and the
21 TS are no less than and a considerable proportion of the values are larger than the “AG” of the B &
7o B algorithm; this implies that for most instances the solutions obtained by the CPLEX using M1
ns and the average solutions delivered by the TS are worse than the solutions provided by the B & B
o« method. What is more, as for the solution speed, the B & B method represents smaller average
2s  solution times than all the other methods for all subsets. Therefore, the proposed B & B method
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outperforms other methods when solving instances in Part A.

The TS can also well solve instances in this part. To begin with, the near-zero values in column
“AG” and “SD” for all subsets imply that the TS is able to produce a solution with very high
qualities in each run. In addition, the all zero values in column “BG” indicate that the algorithm
can obtain the optimal solution for all the 180 instances within 30 runs. Besides, the all-small
values in column “WG” demonstrate the robustness of the algorithm. Moreover, the TS can solve
these instances very quickly—no average time for solving instances in a subset goes larger than
0.02s.

7.3.2. Results of instances in Part B

The section tests instances from Part B which involves 3 to 5 machines and 11 to 20 tasks.
We solve these instances by the B & B method, the CPLEX (using M1 and M2) and the TS.
Note that the BLK method is no longer applicable for solving instances in this part, since the “out
of memory” issue is reported even when using the BLK to solve the smallest instances in Part
B. Table 4 demonstrates the results of these methods for solving instances in Part A, which are
reported corresponding to the partition into 30 subsets.

We first compare the efficiencies of the proposed models. As shown in the table, M1 reaches
the time limit (3600 seconds) for solving all instances and fails to deliver feasible solutions for a
considerable part of the instances. In comparison, M2 reports better performance, as it shows less
average solution times for most instances and manages to find feasible solutions for all instances.

The B & B method can produce optimal solutions to 299 of all 300 instances, and it can solve
instances with up to 15 tasks and 5 machines in very short times (most instances can be solved
optimally in less than 1 second). Further, all values listed in columns “AG” of M1, M2, and the
TS are no less than and a considerable proportion of the values are larger than the “AG” of the B
& B algorithm; this implies that for most instances the solutions obtained by the CPLEX and the
average solutions delivered by the TS are worse than the solutions provided by the B & B method.
Hence, when it comes to the solution quality, the B & B method outperforms all the other methods.
As for the solution speed, the B & B method represents smaller average solution times than M1
and M2 for all subsets. In addition, although the B & B method is slower than the TS for some
subsets, the differences are all relatively narrow for most subsets.

The TS also demonstrates its efficiency for solving instances in Part B. First, the values in
column “AG” and “SD” for all subsets are all small, which implies that the algorithm is able to
produce a solution with very high qualities in each run. Second, the zero values in column “BG”
for the majority of subsets indicate that the algorithm manages to obtain the optimal solution
for most instances within 30 runs. Third, the all-small values in column “WG” indicate that
the method is of great robustness. Moreover, the TS records the best solution speed for solving
instances in this part (the average time is only 0.08 seconds).

7.3.3. Results of instances in Part C

We further examine the performances of the B & B method and TS for solving the small-sized
instances in Part C. The 150 instances with 6 to 10 machines and 20 to 40 tasks are tested in this
section. Like in the previous section, the 150 instances are partitioned into 15 subsets according
to the numbers of machines and tasks, and we report by averaging the computational results of
instances in a subset. The results for instances from Part C are given in Table [5| where notations
bear the same meanings as in Table [3|and {].

As can be seen in Table 5] the average computing time and the number of unsolved instances of
the B & B method show general increasing trends with growing problem sizes. In addition, there
are more than half of the instances in this part that cannot be solved optimally within 3600 s by
the B & B algorithm. Nevertheless, the average solution gaps of the B & B method are all small.
This implies that the algorithm can obtain optimal or near-optimal solutions for most instances in
this part within a reasonable time.
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Table 4: Results of small-sized instances in Part B.

B&B M1 M2 TS

Subsetm 1 — G Times) US ~AG(%)Times) US NS AG(%)Time(s) US  AG(%) BG(%)WG(%)SD(%) Time(s)
BOI 3 11 0.00 0.00 0 136 3600.00 10 0 0.00 220751 6 036 000 1.79 041 001
B02 3 12 0.00 0.00 0 2.03 360000 10 0 0.00 253034 7 020 000 2.17 047 001
B0O3 3 13 0.00 0.09 0 427 360000 10 0 0.02 147393 3 0.13 000 070 0.17 0.03
BO4 3 14 0.00 001 0 10.10 3600.00 10 2 0.00 139242 2 003 000 084 015 0.03
BOS 3 15 0.00 004 0 14.88 3600.00 10 2 0.00 152537 3 023 000 1.18 034 0.03
BO6 3 16 0.00 021 0 12.68 3600.00 10 4 0.02 2012.63 5 009 000 153 033 0.05
BO7 3 17 0.00 0.19 0 43.00 3600.00 10 7 0.05 2186.60 4 0.08 000 061 012 0.06
BOS 3 18 0.00 239 0 NONE3600.00 10 10 023 3113.54 7 009 000 072 016 0.07
B09 3 19 0.00 113 0 NONE3600.00 10 10 034 324926 7 0.03 000 0.8 005 0.06
BI0O 3 20 000 34.19 0 31.59 3600.00 10 9 0.11 2586.71 6 001 000 014 003 0.7
BIl 4 11 0.00 0.00 0 453 360000 10 0 0.00 1853.60 4 020 000 349 070 0.02
BI2 4 12 0.00 0.00 0 846 3600.00 10 0 0.00 215633 5 0.12 000 262 053 0.03
BI3 4 13 0.00 004 0 15.11 3600.00 10 0 0.04 309827 7 0.16 000 093 022 004
Bl4 4 14 0.00 002 0 20.38 3600.00 10 3 0.17 3600.00 10 020 000 1.82 040 0.5
BIS 4 15 0.00 032 0 18.15 3600.00 10 5 0.24 326633 9 033 000 202 043 0.07
B16 4 16 0.00 0.19 0 27.39 3600.00 10 7 049 3600.00 10 054 000 170 043 0.09
BI7 4 17 0.00 218 0 57.44 3600.00 10 9 026 3599.75 9 009 000 079 0.8 0.09
BIS 4 18 0.00 0.07 0 NONE3600.00 10 10 039 3600.00 10 0.18 000 066 0.18 0.09
B19 4 19 0.00 553 0 NONE3600.00 10 10  0.65 348592 8 052 005 155 032 0.3
B20 4 20 0.00 561 0 NONE3600.00 10 10 029 3600.00 10 021 002 077 018 0.5
B21 5 11 0.00 0.00 0 478 3600.00 10 1 0.00 1576.13 4 041 000 261 069 0.02
B22 5 12 0.00 001 0 920 360000 10 0 0.00 119632 3 041 005 395 076 0.04
B23 5 13 0.00 001 0 15.33 3600.00 10 1 0.09 2050.11 5 033 000 125 032 005
B24 5 14 0.00 004 0 1437 3600.00 10 4 0.03 1986.76 5 023 000 191 041 0.09
B25 5 15 0.00 002 0 32.61 3600.00 10 7 030 183331 4 0.17 003 194 037 0.08
B26 5 16 0.00 270 0 NONE3600.00 10 10  0.00 1844.60 3 0.11 000 044 0.3 0.14
B27 5 17 0.00 517 0 27.10 3600.00 10 8 0.15 242255 6 028 000 2.10 042 0.14
B28 5 18 000 11.80 0O NONE3600.00 10 10 035 3020.68 8 049 0.11 1.16 025 0.14
B29 5 19 0.00 22967 O NONE3600.00 10 10 058 341834 9 036 008 089 019 0.15
B30 5 20 0.03 36888 I NONE3600.00 10 10  0.19 2443.08 6 0.19 005 050 0.12 021

Average 0.00 2235 0.03 17.85 3600.00 10.005.30 0.17 2531.01 6.17 023 0.01 143 032 0.08

Note 1. Values in “M1” are calculated based on instances for which the CPLEX using model M1 is able to deliver integer solutions.

Note 2. Values in “M1” are displayed as “None” if CPLEX using model M1 fails to deliver integer solutions for all instances in a subset.
Note 3. “AG” reports average Gaps, “BG” reports average best Gaps and “SD” reports average standard deviations.

Note 4. “US” reports the number of unsolved instances and “NS” reports the number of instances for which no feasible solutions are reported.
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Table 5: Results of small-sized instances in Part C.

B&B TS

Subset m n

AG(%) Time(s) US AG(%) BG(%) WG(%)SD(%) Time(s)
C01 6 20 026 831.14 2 0.70 034 1.08 020 0.21
C02 6 25 058 171741 4 1.16 0.67 185 0.25 0.44
C03 6 30 1.08 216735 6 1.03 056 1.61 0.29 0.70
C04 6 35 1.05 252192 7 1.22 041 294 0.6l 1.34
C05 6 40 1.04 255110 7 1.31 036 295 0.60 1.96
Co06 8 20 0.84 1365.56 3 2.00 124 358 052 0.25
C07 8 25 1.18 225046 6 1.84 1.09 251 033 0.62
C08 8 30 1.52 251996 7 1.66 1.06 3.76  0.65 1.26
C09 8 35 137 2160.17 6 0.87 045 211 041 1.58
C10 8 40 145 2520.04 7 1.87 1.25 335 049 2.26
Cl1 10 20 024 1073.11 2 1.00 038 244 044 0.45
C12 10 25 1.65 231662 6 2.48 143 413 055 0.75
C13 10 30 1.95 287998 8 2.20 1.41 374 0.56 1.36
Cl14 10 35 277 3240.02 9 2.90 1.89 477 0.71 2.34
C15 10 40 333 327233 9 2.84 1.81 4.14 058 2.56

Average 1.35 222581 593 1.67 096 3.00 048 1.21

Note. “AG” reports average Gaps, “BG” reports average best Gaps and “SD” reports
average standard deviations.

We now look at the results of the TS. To begin with, for 4 of the 15 subsets, the TS shows better
values in “AG”. Besides, the all-small values reported in “SD” attest the robustness of the TS. In
addition, the values in “BG” reported by the TS are less than the values in “AG” reported by the
B & B method for all subset except CO1, C02, CO6 and C11 where the instance sizes are relatively
small. Further, no value in “WG” goes larger than 5%. These indicate that for the majority of the
instances, the TS can generate high-quality solutions in each run and is able to find solutions better
than those obtained by the B & B method within 30 runs. Moreover, the TS solves all instances
in very short times. Therefore, the TS can well solve the instances in Part C and outperforms the
B & B method on average.

7.4. Results of instances with large sizes

This section tests large-sized instances in Part D and Part E. We solve these instances by the
B & B algorithm and the TS. The computational results are shown in Table[6|and Table[7, where the
solutions yielded by the algorithms are evaluated by their gaps against the lower bounds calculated
by equation (30). In these tables, we report for each instance the gap of the solution obtained by
the B & B method (Gap), and for the 30 runs of the TS for each instance, we demonstrate the
average gap (Gap,), the smallest gap (Gap,), the largest gap (Gap,,) and the standard deviation of
the 30 gaps (Gapy,). Further, the solution time of the B & B algorithm and the average solution
time of the TS for every instance are also given in the two tables.

7.4.1. Results of instances in Part D

Table [6| covers the results of the B & B algorithm and the TS for solving 35 instances in Part D
which involve 15 to 30 machines and 60 to 150 tasks.

As shown in Table[6] the B & B method reaches its time limit (3600 s) and fails to provide op-
timal solutions for all instances in this part. Nevertheless, the solutions obtained by the algorithm
still demonstrate high qualities, as the average gap against the lower bounds is only 2.68% and no
solution gap goes larger than 6%.

The TS shows better performance for solving the instances in Part D. First, the TS solves all
instances in much shorter times. In addition, it manages to deliver optimal solutions for at least 3
of the 35 instances, and for most instances, the TS reports better solutions than the B & B method
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Table 6: Results of large-sized instances in Part D.

Instance B &B TS

No. "™ " "Gap(%) Time(s)  Gapa(%) Gapy,(%) Gap,(%) Gaps(%) Time(s)
I 15 60 346  3600.00  4.12 339 495 043 14.76
2 15 70 5.62 360000 615 370 842 1.15 33.14
3 15 80 5.2 360000  5.14 265 835 1.47 61.17
4 15 90 239 360000 478 318 579  0.66 65.15
5 15 100 2.66  3600.00 064 000 209 059 117.06
6 15 110 048  3600.00 070 000 250  0.64 77.27
7 15 120 465 360000 559 407  8.10 1.08 123.09
8 15 130 191  3600.00 497 294 698 1.02 218.42
9 15 140 239  3600.00 473 278 626 083 179.67
10 15 150 139 3600.00 483 267  7.24 1.25 22935
1 20 60 528 360000 579  3.10  8.80 1.31 35.54
12 20 70 2.88  3600.00  2.84 178 437 058 53.11
13 20 80 0.05 360000 214 032 503 1.04 124.23
14 20 90 3.65  3600.00 559 420  9.67 1.14 120.92
15 20 100 4.14 360000 495 329 663 081 146.39
16 20 110 225 3600.00 344 250 479  0.60 75.70
17 20 120 322 360000 611 404 759 087 171.83
18 20 130 1.65  3600.00 335 072  5.79 1.16 230.06
19 20 140 1.66  3600.00  5.89  3.55 10.14 121 239.40
20 20 150 240  3600.00 282 086 637 1.16 247.92
21 25 60 1.80  3600.00  2.42 112 449 086 67.32
2 25 70 3.51 360000 573 425 694 0.6 87.83
23 25 80 330 360000 157 009  4.84 1.16 108.34
24 25 90 3.84  3600.00 306 073 530 1.26 96.87
25 25 100 2.78  3600.00  4.21 286 576 073 153.15
26 25 110 175 3600.00  4.81 345 7.61 0.98 158.15
27 25 120 295  3600.00 430 251 653 091 197.62
28 25 130 2.51 360000 555 358 923 1.07 232.82
29 25 140 2.65  3600.00 196 006  5.04 1.16 292.23
30 25 150 1.41  3600.00  3.20 1.01 7.40 1.34 345.69
31 30 60 252 360000 097 042 280 049 33.63
32 30 70 3.53 360000 587 383 698  0.73 65.26
33 30 80 2.01 360000 165 034 346  0.79 116.14
34 30 90 056  3600.00 168 000  4.42 1.30 21071
35 30 100 1.25  3600.00 285 080 591 1.32 253.13
36 30 110 228 360000  3.11 126 504 095 162.67
37 30 120 271 3600.00  4.84 331 785 797 28.95
38 30 130 3.29 360000 648  4.83 8.16 081 318.92
39 30 140 273 3600.00 569 370 772 0.80 296.87
40 30 150 249 3600.00  4.00 213 6.63 1.17 331.43

Average 2.68 3600.00 3.96 2.25 6.30 1.13 153.05
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within 30 runs. Further, even the average solutions delivered by the TS show smaller gaps than
the solutions of the B & B method for a number of instances. What is more, the near-zero Gap,;s
and small Gap,,s for all instances (only Gap,, for instance 19 goes larger than 10%) indicate that
our proposed TS has excellent robustness for solving these instances.

7.4.2. Results of instances in Part E

The last part of our test focuses on Part E which includes 30 largest instances with 30 to 50
machines and 250 to 500 tasks. Table [/|reports the solutions of the B & B algorithm and the TS
for solving these instances.

Table 7: Results of large-sized instances in Part E.

Instance B &B TS
No. men Gap(%) Time(s) Gap,(%) Gapy,(%) Gap, (%) Gap (%) Time(s)
1 30 250 1244  3600.00 7.07 5.22 10.19 1.25 117.51
2 30 300 23.85  3600.00 8.04 5.58 13.52 1.86 204.34
3 30 350 2470  3600.00 9.47 6.96 19.28 2.32 269.28
4 30 400 23.62  3600.00 7.41 5.27 15.13 1.76 344.61
5 30 450 25.01 3600.00 10.42 7.29 15.21 1.78 417.86
6 30 500 23.53  3600.00 8.78 6.43 11.22 0.97 644.03
7 35 250 26.99  3600.00 8.94 7.55 10.92 0.88 150.66
8 35 300 25.00  3600.00 7.30 5.45 10.55 0.99 259.27
9 35 350 27.19  3600.00 9.72 7.35 14.58 1.50 338.96
10 35 400 32.19  3600.00 9.33 7.97 11.25 0.81 485.64
11 35 450 26.18  3600.00 9.06 6.94 12.47 1.48 709.35
12 35 500 28.90  3600.00 9.57 7.60 14.53 1.50 763.48
13 40 250 25.39  3600.00 9.27 6.51 13.95 1.95 299.90
14 40 300 19.07  3600.00 7.47 5.48 12.55 1.50 377.99
15 40 350 22.19  3600.00 5.33 3.45 11.23 1.48 747.92
16 40 400 23.82  3600.00 9.44 7.64 12.53 1.23 914.16
17 40 450 25.87  3600.00 9.94 7.93 13.10 1.50 1179.37
18 40 500 27.13  3600.00 10.15 8.15 16.54 1.78 1698.74
19 45 250 21.37  3600.00 7.44 5.18 12.18 1.66 417.89
20 45 300 24.75  3600.00 6.56 5.12 8.53 1.04 649.61
21 45 350 23.71 3600.00 8.87 7.42 11.29 0.95 545.00
22 45 400 23.13  3600.00 8.28 6.20 11.95 1.34 801.98
23 45 450 26.18  3600.00 9.27 6.88 12.54 1.27 991.76
24 45 500 23.72  3600.00 8.48 6.99 10.17 0.80 1277.15
25 50 250 23.43  3600.00 7.62 5.65 10.94 0.96 312.06
26 50 300 25.23  3600.00 9.77 7.28 12.51 1.12 469.40
27 50 350 23.93  3600.00 10.26 8.24 14.88 1.42 608.39
28 50 400 26.94  3600.00 10.03 8.28 11.89 0.93 932.50
29 50 450 24.34  3600.00 9.08 7.32 13.65 1.35 2157.38
30 50 500 21.32  3600.00 6.30 3.86 9.25 1.35 2343.65
Average 24.37  3600.00 8.62 6.57 12.62 1.36 714.33

As is shown in Table [7] the B & B method fails to well solve instances with such sizes. The
algorithm reaches 3600 s for every instance and the solution gaps are all larger than 10%. In
comparison, the TS can better solve instances in this part. The average Gap, is less than 9% and
the average Gap,, is merely 6.57%. In addition, even the Gap,,s are better than the Gaps delivered
by the B & B method for all instances. Besides, the Gapy;s are small for all of the instances,
indicating the algorithm has very good robustness. Moreover, the solution time shows that the TS
is able to solve all instances in a reasonable time.
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7.5. Performances of lower bounds and fathoming tests in the B & B method

In this section, we give an analysis of the performances of lower bounds and fathoming tests in
the B & B method proposed in Section [5.3.2]and Section[5.2.1] For each newly generated node in
the B & B procedure, it can be deleted because (1) the node is dominated by other nodes according
to Property [5.1] (denoted by FT'1), Property [5.2] (denoted by FT2) or Property [5.3] (denoted by
FT3) or because (2) the node is dominated by the current upper bound as its lower bound is
calculated to be no less than the current solution, otherwise, (3) the node will be retained and

assigned with a lower bound equal to max LB;.
i€{1,2,3,4,5)

For any given instance we can easily obtain among all the generated nodes the percentages
that are deleted due to FT1, FT2, or FT3, and for each LB;, the percentage that is either deleted
because LB; is larger than the upper bound or assigned with LB; as the lower bound. We record
such percentages for all instances and report them in average values of different groups of instances
(instances in the same Part with the same number of machines are tackled as a group). Table
demonstrates the results.

Table 8: Performances of lower bounds and fathoming tests

Part m LB1(%) LB2(%) LB3(%) LB4(%) LB5(%) FT1(%) FT2(%) FT3(%)

A 3 12.15 29.72 5.66 0.00 0.69 8.86 1.49 41.43
A 4 6.51 19.36 5.28 11.00 0.26 9.55 1.69 46.35
A 5 3.51 20.38 4.64 3.44 0.61 15.51 0.42 51.49
B 3 9.88 13.35 3.42 0.00 0.18 18.46 4.37 50.34
B 4 7.73 5.25 1.24 14.70 0.06 30.64 5.59 34.78
B 5 4.18 9.48 1.63 5.13 0.04 37.46 5.24 36.84
C 6 9.89 7.13 0.36 38.96 0.01 25.57 1.68 16.42
c 8 8.43 5.75 0.53 40.56 0.01 26.51 1.57 16.64
c 10 6.24 5.71 0.20 40.07 0.01 30.74 1.00 16.03
D 15 16.54 7.49 1.94 29.22 0.04 24.62 1.59 18.56
D 20 11.48 5.40 0.39 41.67 0.01 22.73 1.39 16.94
D 25 5.12 5.70 0.12 43.05 0.00 29.22 1.52 15.28
D 30 4.10 6.23 0.16 44.85 0.01 25.03 1.63 17.99
E 30 10.25 0.49 0.01 67.31 0.00 13.12 1.16 7.67
E 35 1.73 0.28 0.00 79.32 0.00 9.15 1.65 7.87
E 40 0.00 3.70 0.00 77.43 0.00 10.63 1.38 6.86
E 45 0.00 13.05 0.00 66.64 0.00 12.04 0.96 7.31
E 50 0.00 0.06 0.00 80.15 0.00 11.74 1.27 6.79
Average 6.54 8.81 1.42 37.97 0.11 20.09 1.98 23.09

As is shown in the table, when m = 3, LB, fails to provide valid lower bounds for all instances.
This verifies our observation proposed in Section [5.3.2] In addition, the table shows that quite a
proportion of nodes in any instance are deleted by F'T'1, FT2, and FT3 and this proportion first
increases and then decreases with the increase of problem scale. In addition, when the problem
scale gets larger, the strengths of LB2, LB3 and F'T3 generally decrease while the strength of LB4
increases gradually. Generally speaking, LB4 provides the tightest lower bound for the P|size j|Cax
problem, followed by LB2 , LB1 and then LB3, and LB5 seems to be relatively less effective.

8. Conclusion

This work analyzes the P|size;|Cr,.x problem. We provide several properties for an optimal
solution of the problem and formulated it in two different mathematical formulations. The two
formulations can be solved by CPLEX on small instances.
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To solve large instances efficiently, an exact B & B method with 3 fathoming criteria and 5
lower bounds and a heuristic TS algorithm are developed. A series of computational experiments
are then conducted to examine the efficiencies of these methods. The results show that the B & B
method performs very well for problem instances with up to 5 machines and 20 tasks, and it can
also obtain optimal or near-optimal solutions within a reasonable time for instances with up to
30 machines and 150 tasks. Meanwhile, the TS can better solve large scaled instances and is also
proved to be capable of obtaining high-quality solutions for the P|size j|Cnax problem with different
sizes in a robust and efficient way.

For future studies, we find two promising directions. First, it would be an interesting topic to
further improve the B & B method and the TS or to develop new exact or approximate algorithms
which can solve the P|size;|Cpax problem more efficiently. Second, there are a lot of variants of
the P|size;|Ciax problem where the machine environment, optimizing objective or other conditions
are different from the current problem, and studies of such problems are natural extensions of the
current work.
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