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Abstract

Numerous civil engineering structures exhibit nonlinearities. Even though the
nonlinearities constitute only a small part of the structure, the entire structure behaves
nonlinearly, and the analysis of the whole structure is consequently computationally
expensive. This paper develops the-Kron’s substructuring method for fast computation
of the structural responses and response sensitivities of nonlinear systems. The
nonlinearity is detected and located using the ordinary coherence function. The global
structure is then divided into linear and nonlinear substructures. The local nonlinearities
are thus restricted in a few nonlinear substructures. The linear substructural responses
are interpreted as the combination of a few master modal responses based on the mode
superposition. The discarded slave modal responses of the linear substructures are
compensated by the corresponding master modal responses, nonlinear substructural
responses and external excitation on the linear substructures with their associated
transformation matrices. A reduced vibration equation of a much smaller size is derived
with the transformation matrices. The structural responses and response sensitivities are
then calculated from the reduced vibration equation. The precision and efficiency of the
proposed method are finally verified by a nonlinear spring-mass system and a relatively

large-scale nonlinear frame.

Keywords: substructuring method; nonlinear systems; sensitivity analysis; Kron’s

method



1. Introduction

Most practical engineering structures are nonlinear to some extent due to one or a
combination of several factors [1, 2]. For instance, a reinforced concrete structure in
the presence of cracks exhibits nonlinearities. The boundary conditions, looseness of
some joints and nonlinear components such as shock absorbers, vibration isolators,
bearings or dampers, also cause nonlinearities to the structure. Though the
nonlinearities usually occur in a few local regions only, the whole structure behaves

nonlinearly.

Calculation of structural responses and response sensitivities is significant in civil
engineering for various applications such as system identification, damage detection,
reliability analysis, structural design optimization and so on [3-7]. The structural
responses of nonlinear systems are usually calculated using the numerical integration
methods, like Newmark-/4 method, Wilson-0 method, etc., with an iterative process
embedded in each time step to determine the time-variant system matrices [8]. The
response sensitivities are computed in terms of the derivatives of the structural
responses with respect to the design parameters with various techniques, including the
finite difference method [9], perturbation method [10], adjoint structure method [11]
and direct differentiation method [12]. These methods compute the structural responses
and response sensitivities in the global structure level with numerous iterations, which

is very computationally expensive when a large nonlinear structure with numerous time



steps is concerned.

Substructuring methods are efficient to deal with large-size problems [13, 14]. The
methods partition the global structure rationally into several substructures to be
analyzed independently. A reduced model is constructed with the—substructural
solutions to recover the global dynamic properties. As the global structure is divided
into smaller substructures, it is easier and quicker to analyze the substructural system
matrices. Besides, the substructuring methods allow for the concerned substructures to
be analyzed independently, which enables parallel computation. Hurty [15] first
proposed the substructuring method with a fixed-interface condition.; Tthis method was
later popularized by Craig and Bampton [16] to calculate the lower modes of large-
scale structures. Qu [17] employed the dynamic condensation technique in the
substructure level to reduce the size of the finite element model of large structures with
local nonlinearities. Apiwattanalunggarn et al. [18] firstly developed the Craig-
Bampton method to compute the free-vibration responses of nonlinear systems using
nonlinear normal mode (NNM). The method was limited to weakly nonlinear systems
and #-generated the substructural reduced—order models with only one NNM invariant
manifold, which is computationally demanding for a large nonlinear structure requiring
the multi-NNM invariant manifold [19, 20]. Kerschen et al. [21] employed the Craig-
Bampton method to condense the linear substructures to improve the computational
efficiency of NNMs of a full-scale aircraft. Joannin et al. [22] extended the Craig-

Bampton method to strongly nonlinear systems using the nonlinear complex modes.
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Fang et al. [23] proposed an adaptive modified Craig-Bampton method to solve the
structural dynamic response for nonlinear tall buildings with high efficiency. Latini and
Brunetti [24] employed the substructuring methods and NNM to analyze the dynamic

behavior of complex systems with nonlinear connections.

Kron [25] proposed a substructuring method with free-interface condition for electrical
problems, which was then modified for dynamic analysis of large structures via a
receptance matrix by Simpson and Tabarrok [26]. Simpson [27] later developed the
Kron’s method to calculate the eigenvalue and vector sensitivities using an intersection
matrix of small order. Kron’s substructuring method has some distinctive advantages
over the Craig-Bampton method in dealing with large-scale structures. It assembles the
substructures in a dual form with free-interface condition. Due to this, the size of the
reduced model is irrelevant to the numerous interface degrees of freedom (DOFs) of a
large structure [13, 14]. The Kron’s substructuring method is also superior to cope with
the complicated interface cases when some interface DOFs are shared by three or more
substructures. Recently, the Kron’s method has been developed for dynamic responses,
sensitivity analysis, model updating and damage detection of large-scale linear

structures [28-34].

In the existing substructuring methods, the structural responses are usually expressed
in modal responses through mode superposition. A reduced vibration equation is

derived with only some lowest modes (master modes) retained in each substructure
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while the-higher modes (slave modes) are discarded directly or compensated by the
residual flexibility [28, 29] or an iterative scheme [30, 31]. These substructuring
methods apply to linear systems only due to the inapplicability of the mode

superposition to nonlinear systems.

This paper develops the Kron’s substructuring method to compute the structural
responses and response sensitivities of nonlinear systems. The presence and location of
nonlinearity is detected using the ordinary coherence function. The global structure is
then divided into nonlinear and linear substructures. After division, the nonlinearities
are restricted in a few specific nonlinear substructures. The linear substructures are
treated as the independent linear structures. The mode superposition is used to interpret
the linear substructural responses as the combination of a few master modal responses.
The discarded slave modal responses of the linear substructures are compensated by the
corresponding master modal responses, nonlinear substructural responses and external
excitation on the linear substructures with their associated transformation matrices. A
reduced vibration equation is constructed with the transformation matrices, and the size
of the reduced vibration equation is significantly smaller than that of the original global
structure. Since the linear substructures are largely—reduced significantly and the
nonlinear substructure is localized, the structural responses and response sensitivities

are computed efficiently from the reduced vibration equation.

2. Substructuring method for structural responses of nonlinear systems



The vibration equation of a nonlinear system of n DOFs is expressed as

M (1) +C(x) (1) + K (x)x(1) =£ (1) )
where %(¢), Xx(¢#) and x(¢f) are respectively the acceleration, velocity and
displacement vectors of the structure at time step ¢; f(¢) is the external force imposed on
the system; M is the system mass matrix, which is treated as a constant for the nonlinear
system; C(x) and K(x), being the nonlinear functions of x, are the time-variant damping
and stiffness matrices of the nonlinear system, respectively. If the Rayleigh damping is
assumed, C(x)=a1M+a2K(x), where a1 and a> are respectively the damping coefficients
associated with the mass and stiffness matrices. For brevity, time variable 7 is omitted

hereinafter.

In practical nonlinear systems, the nonlinearities usually exist in a few local areas, the
nonlinear system can thus be divided into linear and nonlinear substructures. Assume
the global nonlinear system is divided into NS substructures. The 15:-NL™ substructures
are the linear substructures and the (NL+1)B-NST™ substructures are the nonlinear
substructures. The vibration equation of the /™ linear substructure is expressed as
M50 L WD) L KW — ) 4 g(j) (2)
where g are the substructural connection forces in the interface DOFs, superscript ()
denotes the variables associated with the j® linear substructure (=1, 2, ..., NL). The

vibration equation of the ™ nonlinear substructure is expressed as

MO 1€ (5 ) KO (x)x = 4 g 3)
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where superscript (k) represents the variables related to the ™ nonlinear substructure
(k=NL+1, NL+2, ..., NS). It is noted that after division, only the damping and stiffness
matrices of the nonlinear substructures are time-variant, that is, the local nonlinearities

are restricted within a few nonlinear substructures.

The system matrices of the linear and nonlinear substructures are assembled

respectively as

M* = diag(M",-,M"™), M" = diag(M"*"),... M) 4)
Ch = diag(C(l),~ ) "C(NL))’ cv (XN) - diag (C(NLH) (X(NLH)),.“,C(NS) (X(NS) )) (5)
K. = diag(K(l),“-,K(NL)), KY (XN) _ a’l'ag(K(NLH) (X(NLH))" ) .,K(NS) (X(NS) )) (6)
0 < ) L) L) L)
XLZ 5XL= 7XL= 5XN= 5XN= 5XN: (7)
(L) M) x(M%) £ ™) (vs)
£ )
fr=0 1 L=y (8)
f(NL) f(NS)
o) o)
gh=1 1 p8" =9 9)
g(NL) g(NS)

where superscripts L and N respectively denote the assembled vectors or matrices from
the linear and nonlinear substructures; and diag represents the diagonal assembly of

variables. For brevity, the time-variant system matrices C" (XN ) and K" (XN ) are

simplified as C" and K" .

The vibration equations of the linear and nonlinear substructures are assembled as
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M %" +CHxF + K x" =1 +g* (10)
MYV +CVXY KXY =Y 4 gV (11)
The substructures satisfy the displacement compatibility and force equilibrium

conditions in the interface as [13, 14]

Dx=[D* DN]{Xi}anquNxN -0 (12)
X
ool el T 7]

where Dz[DL D" ] is a signed Boolean matrix to indicate the connection
relationship between adjacent substructures;—for—example;,—t—and—+for—arigid
conneetion; D' and DV are respectively the corresponding component matrices
associated with the linear and nonlinear substructural DOFs;: X = {XL x" }T is the
assembled displacement vector of the linear and nonlinear substructures;
E:[gL g" ] encloses the interface connection forces of the linear and nonlinear
substructures; T are-is the Lagrange multipliers, which impliesy the interface intensities;

and superscript 7 denotes the transpose of a matrix.

Egs. (10)-(13) are the primal formulation of the substructural vibration equation, which
can be rewritten in a dual form as
M" 0 o[x ct o0 offx*

0 MY ol{s"'+l 0 ¥ ol{x"'4] 0 K" —[DN]T XVl gy
0 o0 o0ll% 0 o0 o/|%| |-.p* .p¥ o |lT| |0




The linear substructures are treated as independent linear structures, whose dynamic
responses can be expressed by the mode superposition as

x' =@zt X =@z, xF =0 (15)

L L

where z', z' and %" are respectively the coordinates of x*, x* and X' in

modal space ®°. ®" is the eigenvector of the assembled linear substructures, which
is expressed as
" :diag(fl)(l) U {2 q)(NL)) (16)
®") is calculated from the eigenequation of the /" linear substructure by
KYoY) = AVVMYe) (17)
where AY) and ®") are the eigenvalue and eigenvector matrices of the j® linear
substructure, respectively. AY and @ satisfy the orthogonal conditions of
[q)(./) }T MYV = (18)
[q,uqf K = A (19)

Accordingly, the assembled eigen-matrices also satisfy the orthogonal conditions of

(0] Mo =1 (20)
L qrLay L L
(@' ] K'o' =A 21)
[0'] c'o! =[@' ] (aM" +a,K")®@" = 41" +a,A" (22)
Al = a’iag(A(l) e AV A(NL)) are the diagonally assembled eigenvalues of

all linear substructures.

Pre-multiplying the first line of Eq. (14) with [CI)L ]T and considering Eq. (15) and the
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orthogonal conditions in Egs. (20)-(22), Eq. (14) is rewritten as

IL

0 0

0 MY o0

0 0 0

(@] 1"
= £y
0

z

X

Z" al" +a,A"
X" b+ 0
T 0

0 0
cY oo
0 0

; A" 0
Ny 0 K"
T -D'®" -DV

—[DchL] .
—[DN]T X
0 T
(23)

Eq. (23) includes the substructural interface DOFs. It has a larger size than the original

global vibration equation Eq. (1) and thus is inefficient to be solved directly. As a

solution, a reduced vibration equation of much smaller size is derived. For brevity, this

paper only derives the formulas of the undamped nonlinear systems. The case with

Rayleigh damping can be derived similarly and will be given directly later. The

undamped case of the vibration equation (Eq. (23)) is expressed as

I
0
0

0
MN
0

0|z
0<x"
0| %

AL

0

-D‘®*

0 —[DL(DL]T_ i

KN
-DV

V4
T -
0 T

[ ] 1

fN
0

(24)

The complete eigenmodes of each linear substructure are divided into master and slave

modes. Eq. (24) is thus rewritten as

| S|
0o I’
0 0
0 0

[ — )
MOND N
> e~ 3N

o H

AL
0

0

-D'®’

m

o o ([eL]r
0 ~[prot] ||zt|_ CaRE
K" _I:DN:|T x" £y
-pV 0 T 0




(25)
where subscripts m and s denote the system variables associated with the master and
slave modes of the linear substructures, respectively. A%, Al, ® and ®' are

m 2

assembled from the substructural master modes, and take the form of

AL =diag(AY) o AV AD) A =diag(2) A A0)) 26)
Af:a’iag(AE_l) Agj) A(SNL))aAgj):diag(/l,i{?m ’1,(”{/))” ’1,51{/)')+S(f>)(27)
o ~dig(@) -~ @) - oY) ~dig(60) & - o)) @)
(Df:diag((l)(sl) (I)E-j) (I)ENL)),(I)Y)=diag(¢ij()/)+l ¢Eﬁ')+2 ¢E,f(/>+s<f))(29)

where 4 and ¢ are respectively the eigenvalue and eigenvector of a specific
substructural mode; and m"”) and 5" are respectively the number of master and slave

modes of the j™ linear substructure.

The second line of Eq. (25) gives
2zt =—(AL) z +(AL) D't v (AL) [@!] £ (30)
Substituting Eq. (30) into the fourth line of Eq. (25) and considering the orthogonal
condition of [(I)f ]T M‘®" =1", one can obtain
-1

T= (DLFL [DL]T) (D'F'M'®!i! —-D'®.z, -D"x" - D'F'1") (31)

L LIALY ' Taz]" . - .
where F" =@ (AS ) [@S] is the residual flexibility of the assembled linear

substructures. It is calculated from the stiffness and master modes of each linear

substructure by [28]

F! = diag ([K(l) T —®

=
1
>
=
|
—
S
I =
| I
3,
1
~
g
S
|
£
g
1
~
g
|
—
&
g
| —
5,
S —

(32)
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Pre-multiplying Eq. (30) with ®” and considering Eq. (31), one can obtain

@'zt =F'[D"] (DLFL (D] )1 (D'F'M'®!%' ~D'®.z", ~D"x" - D'F'f")

-F'M'®'7" +F't*
=-T'z! - T"x" -SM"®*%" +St*

(33)
where
T =F[D*] (DLFL ] )1 D‘®: (34)
TV =F[D'] (DLFL [DL]T)1 D" (35)
S=F' -F'[D"] (DLFL [DL]T)1 D'F’ (36)

The item SM'®'Z’ in Eq. (33) is associated with the slave modes. It has little
contribution to structural vibration in terms of energy and is thus neglected [14, 34],

which will be verified in the numerical example in Section 4. Eq. (33) is therefore

simplified into

®'z' =-T'z, —-T"x" +St* (37)
Accordingly, one can obtain

@'zt =T - TVx" + Sf* (38)
where f is the second-order derivative of f* with respect to time z. For a practical
structure, f* can be calculated with the finite difference method or derived directly if

f* is an explicit function of #. Egs. (37) and (38) show that the structural responses

contributed by the slave modes ®"z’ can be transformed to those by the master modal

L
m?

. . N
responses of the linear substructures z, , responses of the nonlinear substructures x
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and external excitation at the linear substructures f*. T, TV and S act as the

corresponding transformation matrices.

Substituting Egs. (31) and (38) into the first and third lines of Eq. (25) and considering
F'K'F" =F" [32], one can obtain

v M [T s {ZL} AL+[T KT [T KT {ZL}

[T ] Mttt [T ] mer (B [T"] k't KV +[TV] KT | X

(@, -T1") - +[T"] m'st"

£ [T ] e+ [TV ] mtsi

(39)

Eq. (39) is the reduced vibration equation of the undamped nonlinear system in terms

of Z,Ln and x". The Rayleigh damping is linearly associated with the structural mass

and stiffness matrix, and the reduced vibration equation for the damped case can thus
be derived with the same procedure, which is given here directly as

MX+Cx+Kx=f (40)

where M is the equivalent mass matrix of the reduced system; C and K are the

equivalent time-variant damping and stiffness matrices of the reduced system,

respectively; f is the equivalent force vector of the reduced system; and §, X and

X are respectively the equivalent acceleration, velocity and displacement vectors of

the reduced system. These variables are expressed as

DGR S G GO C '
e [T Mt MY+ [T ] meT @
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AL kT [T KT
a [TN]TKFTL jKN+{1W]TKfTN 2

C=aM+aK (43)

(44)

ey e
X X X

where f' is the first-order derivative of f* with respect to time ¢. It can be calculated

with the finite difference method or derived directly.

The reduced vibration equation (Eq. (40)) can be solved using classical numerical
integration methods like Newmark-f method or Wilson-0 method with an iterative

scheme. In each time step, an iterative process is performed to determine the time-

variant matrices K and C. Eq. (40) is composed of the linear and nonlinear parts.
The size of the linear parts is reduced to the total number of the master modes of linear

substructures, which is subsequently combined with the small-size local nonlinear parts.

NL NS
In consequence, the system matrices in Eq. (40) have the order of [z m + Z n(k)j ,

j=1 k=NL+1

which is much smaller than that of the global system of n. The calculation of structural

responses from the reduced vibration equation can save plenty of time. The structural

N

responses of the nonlinear substructures x", X" and %" can be extracted directly

from Eq. (45). According to Egs. (15) and (37), the structural responses of the linear

substructures X°, X" and X" are calculated by
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mm

x' =®'z" =®lz] + ®lz! = (@, -T" )z}, - T"x" + f* (46)
& =@z + @2 = () - T )z, - T"%" + Sf* (47)

m-m

X =@y, + @[ = (@ T )z, - T 4 5 8

Finally, the responses of the global structure are obtained directly by merging the

identical values at the interface DOFs.

3. Substructuring method for response sensitivities of nonlinear systems

The response sensitivities are the derivatives of the structural responses with respect to
the design parameters. The design parameters can be either the linear or nonlinear
parameters. Based on the reduced vibration equation (Eq. (40)), the response
sensitivities can be calculated by various methods including the finite difference
method, perturbation method, adjoint method and direct differentiation method.
Compared to the former three methods with different limitations, the direct
differentiation lattermethod derives the response sensitivity from the vibration equation
directly, which is efficient, accurate and general for various nonlinear problems [35].
So, in this section, the direct differentiation method is employed to derive the first-order
derivative of the structural responses with respect to a design parameter » from the

reduced system vibration equation Eq. (40).

Differentiating Eq. (40) with respect to r leads to

ul e g A oM o€ K ®
or or or or or or or
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& OX ox

where —, — and — have the form of
or or or
ozt ozt oit
% _ or , a_X _ or % _ or (50)
or |oxV or | ox" or |ox"
r or or

Since the response sensitivities are usually calculated together with the structural

responses, the variables obtained in the previous section, suchas M, C, K, x, X

M 0K oC
and X, can be reused here directly. Once —, —, — and — are available, Eq.
or or or or

(49) can be calculated with numerical integration methods like Newmark-£ method or

Wilson-0 method.

M 0K oC of . - .
—, —, — and — are calculated by differentiating Eqs. (41)-(44) with respect
or or or or

tor,
at L L L L N
N {aT } MLTL+[TLJT6£TL+[TL]TML£ {ﬂ} MLT"V+[TL]T6£T"V+[TLTML6L
oM or or or or or or
or B ‘e L L N N7 L N
{ﬂ} MLTL+[TN]T%TL+[TNTML£ M {M} MLTN+[TN]T—8M TN+[TN]TMLaL
or or or or or or or
(51)
L L7 L L Il L N
) aAm +|:8T :| KLTL+|:TL:|T8LTL+[TL}T KLal |:8T:| KLTN+|:TL]T6LTN+|:TL]T KLaL
K or or or or or or or
or N L L N it L N
{aT} KLTL+[TN]T6LTL+[TN]TKL£ oK {aT } KLTN+[TNJT6LTN+[TNJTKL6L
or or or or or or
(52)
oC _ oM oK (53)

—=a—+a,—
or or or
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L LN\ L7 L
Do T )| | meso [T ] Dsa ] e B (af +1)
oF or or or or or
5 - i N’ L
L P Ms+[TV] M S+[TN]TML6—S (af" +1")
or or or or
(54)
or-  or’ oS
In Egs. (51)-(54), 5 2 and > are calculated by differentiating Eqgs. (34)-
r r r

(36) with respect to r as

aaT - aaiL[DL]T (DLF‘ [DL]T)f1 p'e, -F'[D'] (DLFL [DL]T)f1 D' aaF—L[DL]T (DLFL [I)L]T)f1 D@’
A r r

(D] (D‘FL [p:] )7l Dt 8%’
.

(35)

o T (o o) o o] (o o) 0 o T o o) Y

(56)

%S = aaFL —a;—L[DL]T (DLFL [I)L]T)_l D'F' +F'[D'] (DLFL [DLJT)_I D’ f—L[DL]T (DLFL [DL]T)_] D'F*
(a (a A v

—F[p'] (DLFL [DL]T)_] p* a;—L
.

(57)

Each substructure is treated as an independent structure, the time-invariant derivative

, oMY oK' oM* OF" OA* od*
matrices , , , , ~ and L
or or or or or or

are therefore zeros except

for the specific substructure containing r. If » is located in a linear substructure (for

oM” K" oM" OF" OA! o’
example, the A™ substructure), =0. , , , ~ and -
or or or or or or
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are related to the derivative matrices of the A™ substructure solely, and expressed in the

form of
L (4) L (4)
oK =diag| 0 - oK e 0, M =diag| 0 - oM 0,
61" ar 6}/ 5},-
L (4) L (1)
or or or or
oD: oo
" =diag| 0 - n_oo 0
or or
(58)
oF

where the derivative of the residual flexibility matrix of the 4™ substructure 3
r

calculated by [31]

oFY _ (x0T 6K_(A)[K<A>T _M[ AYT [0 ol [T oAy [A0] T
» " | A p "

or or
o
—p“W |:A(A):|71 GCDEW :
m m ar

(59)
K M
0 5 and 0 5 can be calculated directly from the elemental stiffness and mass
7 r
A o'
matrices associated with r. a—’" and a’” can be calculated within the A™
r 7

substructure by employing the traditional methods like Rogers’ method [36] or Nelson’s

method [37].

On the other hand, if 7 is located in a nonlinear substructure (for example the B™

substructure), the time-invariant derivative matrices associated with the linear
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K" oM" OF" oA ob*

substructures are zeros, that is , , , and = are zeros. The
or or or or or
- oot ot o8 oM"
derivative matrices , and — are zeros as a consequence. are
r or or r
zeros except for the B substructure, that is
M om"?
=diag| 0 - 0 60
or & or (60)
M(B)
The derivative matrix 3 can be derived directly from the specific elemental
r
. - oM 0K of o
matrix containing ». —, —— and — are then simplified into
or  or or
~ 0 0 -~ [0 0 <
M _ v| K _ | A {0} 61)
o 0 oM™ |» P 0 K" | o
or or

When the design parameter is located in the nonlinear substructure, calculation of the
derivative matrices is directly performed on one specific nonlinear substructure, and

simpler than when the parameter is in the linear substructure.

N

The final unknown variable in Egs. (49)-(54) is . As K" is the function of x" (see

N N
Eq. (6)), is the function of x and . x" is available in the calculation of
v
ox” . ox .
structural responses. s can be extracted directly from ™ in Eq. (50). Eq. (49)
r r

can thus be calculated with numerical integration methods with an iterative scheme. In

each time step, an iterative process is performed to search for the accurate time-variant
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K"

r

matrix

X Ox %
After 2 o and ? are solved from Eq. (49), the response sensitivities at the
r or r

nonlinear substructures can be extracted directly from Eq. (50). The response
sensitivities at the linear substructures are computed by differentiating Eqs. (46)-(48)

with respect to

L L L L N N
(o o w) T T B
A /A A A A /A /A
L L L L N N
5(;‘ _ a;pm_ééT zfn+(¢;—TL)6;—m—aaT XV -V a;( +Z—SfL (63)
A /A A A A /A /A
L L L . L N N
e L L e LR CD)
A /A A A A /A /A

Finally, the response sensitivities of the global structure are obtained directly by

merging the identical values at the interface DOFs.

Different from the traditional method that computes the response sensitivities from the
global vibration equation, the proposed method derives the response sensitivities from
the reduced vibration equation Eq. (40) of a much smaller size. It is expected that the
proposed method is more efficient than the global method especially for large-scale

structures.

4. Case study 1: a nonlinear spring-mass system
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A simple nonlinear spring-mass system (as shown in Figure 1) with 5 DOFs is first
employed to demonstrate the proposed substructuring method in detail. The five masses
are m1=100 kg, m>»=200 kg, m3=150 kg, ms4=200 kg, and ms=200 kg. The masses are
connected by five linear springs and a nonlinear spring. The stiffness parameters of the
five linear springs are k1=k2=1000 N/m, k3=k4=2000 N/m, k5=500 N/m. m4 and ms are
also connected with a nonlinear spring, which has a k=2x10°> N/m® and a cubic
restoring force Fy=—ks(Ax)*=—knon(x)Ax, where Ax is the relative displacements of ms
and ma (Ax=xs5—x4). knon(x)= ks(Ax)> is the time-variant equivalent stiffness of the
nonlinear spring. The Rayleigh damping is assumed for the system with the damping
coefficients of @1=0.0508 s and @,=0.0396 s. The system is subject to a harmonic
acceleration excitation X, =0.5 sin(Zm)m/ s” (0 <t< 205) . The excitation is
discretized into 10,000 time steps of 0.002 s to compute the structural responses and
response sensitivities. The change ratio of k> is selected as the design parameter, which

1s denoted as r1.

Figure 1. A nonlinear spring-mass system.

The nonlinearity may be unknown in advance for a practical structure. The presence
and location of the nonlinearity are thus required to be identified. Many methods have
been developed for the localization of the nonlinearities [1, 2, 38]. Here the ordinary

coherence function is used to detect the presence and location of nonlinearity by
22



assessing the quality of data measured under the external excitation as [2, 39]

. (@)  H (o)
S.(0)S,(0) H,(w)

(65)

7’ (o)=

where H, (w)= iyx Ew; and H,(w)= ?}—Ew; are respectively the so-called Hi and
@ (@

XX

H> frequency response function estimator. S (), S, (@), S, () denote the

XX

power spectral density (PSD) of the response, the PSD of the imposed force and the
cross PSD between the response and the imposed force. The ordinary coherence
function is expected to be unity for all accessible frequencies if and only if the system
is linear and noise-free. It is a fast and effective detection tool for nonlinear behavior in

a specific frequency bands [40].

The structural responses are first calculated directly from the global structure using the
Newmark method and Newton-Raphson iteration method [39]. The -calculated
responses serve as the measured data to detect the presence and location of nonlinearity.
The ordinary coherence functions of the imposed force with respect to the measured
acceleration of mi~ms are displayed in Figure 2. The corresponding ordinary coherence
functions for m4 and ms are quite discrepant from 1 while those of mi1~ms3 are close to

1, which indicates strong nonlinearities at m4 and ms.
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Figure 2. Ordinary coherence functions of mi~ms.
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The proposed substructuring method is then employed to calculate the structural

responses and response sensitivities of this nonlinear system as follows:

1) The system is divided into two substructures based on the nonlinearity identification
results, as shown in Figure 1. The first substructure is a linear substructure
consisting of four DOFs and the second is a nonlinear substructure with two DOFs.

After division, the assembled mass and stiffness matrices of the linear substructure

are
100 O 0 0 2000 -1000 0 0
ME = 0 200 O 0 K- -1000 3000 -2000 0
0 0 150 O 0 -2000 4000 -2000
0 0 0 100 0 0 -2000 2000

The assembled mass and stiffness matrices of the nonlinear substructure are

MY = 100 0 K = 500+kn0n(x) _SOO_knon(x)
1o 200/ | =500—k,, (x) 500+k,, (x)

The derivative matrices associated with the linear substructure are

1000 -1000 0 0
om* _ . oK' _|-1000 1000 0 0
or; "o 0 0 00

0 0 00

The derivative matrices associated with the nonlinear substructure are

| Ok (¥) Ok (%)
om” oK" | o o
oo | Gk () ok (%)

e on |

Oxs 0%

where %L(x) =2k, (x —x4)(
o, on

) 1S a time-variant variable. The
7,
1

connection matrix D is constructed as
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2)

D=[0 0 0 1 -1 0]
The component matrices of D associated with the linear and nonlinear substructures
are
D‘=[0 0 0 1], D" =[-1 0]
The external excitation of the linear substructure and nonlinear substructure are
fh = —MLI4X4X'g , Y = —MNIM)'c'g

The first three modes are selected as the master modes for the linear substructure,

the master eigenvalues AS) )

m

and eigenvectors @’ of the linear substructure are

solved from the eigen-equation Ko = AS)M(I)CI)S). r1 is located in the first

m

(1)

substructure. The derivatives of the master eigenvalues 2 and eigenvectors
h
o . A"
% are calculated by employing Nelson’s method [37]. A%, ®%, 5 mand
n r

1

L
= are diagonally assembled from the corresponding matrices of all linear

on,

substructures. This example has only one linear substructure, accordingly

AL :A(l), (I)L :(I)(l), aArL” = aAE:') and aq)Lm = 6(I)(ml) .
m m m m a}/‘l a}/i a}/i a’/i
09667 0 0 -0.02208 0.05510  0.07981
Aol o Boon o ol _|0:04202 003807  -0.03481
" ' © T 0,04 -0.02028 -0.00731
0 0 243617 0.04793 -0.02028 -0.007316
-0.05036 -0.05872  0.03355 |
-0.009509  -0.014645 0.005248 ]
N 0'3377 02(;01 8 oL | 0.002722  0.005317 0.007467
or ' ar | 0.0002738 -0.001284 -0.021185
0 0 13.1394
-0.0007645 -0.006183 -0.003919

3) The residual flexibility of the linear substructure F*

25

is calculated from Eq. (32).




4)

5)

The intermediate variables T*, T" and S are calculated by Egs. (34)-(36). The

o : ‘ oot oS
derivative matrices oK , or , and — are computed from Egs. (55)-
no o O on

(59). Then the reduced system matrices M, K, C and f are calculated by Egs.

(41)-(44). Their derivative matrices a—M, G_K’ oc and o are calculated by
o, or, 0orn or

Egs. (51)-(54).

The structural responses of the reduced system ( X, X and §) and their

derivatives (a—X , X and é) are calculated from Eqgs. (40) and (49)
on o or,

respectively, using the Newmark method. In each time step, the Newton Raphson

oK
on

iteration is employed to obtain the accurate time-variant matrices K, C,

oC ) . . .
and — . The iterations stop when the relative differences of the norm of
"

displacements of all DOFs are less than the predefined tolerance 1x107.

Finally, the responses and response sensitivities at the nonlinear substructure are
extracted directly according to Egs. (45) and (50), respectively. The responses at the
linear substructure are recovered from those of the reduced system by Eqgs. (46)-
(48). The restrponse sensitivities at the linear substructure are calculated by Egs.

(62)-(64).

In this example, tFhe Euclidean norm of ®!z’ inEq33)-and its-neglectedthe slave

inertial item SM'®%Z’ in Eq. (33) are first-calculated to-investigate-the-contribution
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of SMEPLiLto—Piz-In thisexamplethe Euclidean norm of SME®L4:—is-as
0.1561 and 3.7894x107'°,—_respectivelymuech—smaller—than—®iz-—of 01561, The

contribution of SM*®’%" is minerand-negligibleneglectable.

For comparison, the structural responses are also calculated directly from the global
nonlinear vibration equation (Eq. (1)) with the Newmark method and Newton-Raphson
iteration method [41]. The response sensitivities are calculated by employing the direct
differentiation method to Eq. (1) with an iterative scheme [12]. The process terminates
when the displacements of all DOFs converge to the same tolerance 1x107. The results

are regarded as exact ones.

The displacement response of ms by the proposed and global methods are compared in
Figure 3. The restoring force of the nonlinear spring is compared in Figure 4. The
structural responses and restoring force obtained from the proposed substructuring
method are the same as those from the global method, which implies that the proposed

method is accurate in computing the structural responses of the nonlinear systems.

Global method

_ _Proposed method

Displacement (m)




Figure 3. Displacement response of ms (xs).

—__Global method

__Proposed method

(N)

Figure 4. Restoring force of the nonlinear spring (F5).

To quantify the precision of the proposed method, the relative error of the structural

responses is estimated by

X, —-X
error(XS) = w (66)
G

where Xs and X¢ respectively denote the structural response or nonlinear restoring force
calculated by the proposed substructuring method and the global method and |||
denotes the Euclidean norm of a vector. As shown in Table 1, the relative errors of the
responses of all DOFs and the nonlinear restoring force are in the order of 10~ or 10°°.
Therefore, the proposed method is very accurate in the calculation of the responses of

this nonlinear system.

The response sensitivities are then calculated by the proposed and global methods.
Figure 5 compares the derivatives of x5 and nonlinear restoring force with respect to 1.
Again, the results obtained from the proposed method agree well with those from the

global method. The proposed method is also very precise in the calculation of response
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sensitivities.

Table 1. Relative errors of structural responses and nonlinear restoring force by the

proposed method.
Items X X X

mi 2.068x10° 2.125x10°® 1.245x10°®
my 1.368x10°® 2.592x10°® 1.548x10°®
m3 8.669x107 1.692x10° 1.322x10°®
ms 1.035%x10° 2.663x10°® 2.894x10°
ms 1.073x10°® 2.143x10°® 2.619x10°°
F 1.357x107

02

Global method

__Proposed method

o1 |

o1 |

cement derivative (m)
<

Displa

-0.2

L L L L L L L L L
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Time (s)

. . ox
(a) Derivative of x; with respect to 7, (—rs)
1

T Global method

_ _Proposed method

Force derivative (N)

oF
(b) Derivative of F, with respectto 7; ( 5 =)
"
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Figure 5. The response sensitivity with respect to 7.

Without losing generality, the change ratio of ks (denoted as 7> in Figure 1) is also

chosen as a design parameter. > is located in the free nonlinear substructure, the

oK* oM* OF*
or > or  or’

independent linear substructural derivative matrices, such as

oA o®: ort ot oS
, , , and — are therefore zeros as a consequence. The
or or or or or

derivatives of the system matrices are obtained directly from Eq. (61). The response
sensitivities are then solved directly from Eq. (49) with the Newmark method and
Newton-Raphson iteration method. The derivatives of the x5 and the nonlinear restoring
force with respect to 72 are calculated by the proposed method and are compared with
those by the global method in Figure 6. Again, the two curves are almost identical. This
indicates that the proposed method is also very accurate to compute the response

sensitivities with respect to the nonlinear design parameters.

0.01

___Global method

_ _Proposed method

0.005

-0.005

Displacement derivative (m)

X
(a) Derivative of x; with respect to 7, (—)

or,
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___Global method
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Force derivative (N)
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2

Figure 6. The response sensitivity with respect to 7».

Similarly, the relative error of the response sensitivities of the proposed method is

quantified by the index

‘ X, X

error(axs j = or o (67)
or oX,

or

oX oX . o .
where 3 S and 5 G are respectively the response derivative or nonlinear
r A

restoring force derivative calculated by the proposed substructuring method and the
global method. The relative errors associated with 7 and 7, are listed in Table 2. The
relative errors of the response and nonlinear restoring force derivatives are in the order
of 1x10™* or less. This verifies again that the proposed method is very precise to
compute response sensitivities with parameters located in both the linear and nonlinear

substructures.

Table 2. Relative errors of responses and nonlinear restoring force derivatives with

respect to 71 and 2 by the proposed method.
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r=ri r=r

fems [ ox ox % ox ox %

or or or or or or
mi | 4.729x10°  1.040x10* 7.304x107 | 6.334x10" 6.424x10* 6.131x10*
my | 3.412x10°  1.052x10* 1.650x10™ | 6.253x10* 6.842x10* 6.693x10*
msy | 2.300x10°  8.543x10° 2.038x10™ | 5.707x10™* 7.176x10* 7.949x10*
ms | 2.585x107° 1.154x10™* 1.642x10™* | 4.665x10* 6.740x10* 3.076x10™
ms | 3.698x10° 1.440x10* 1.741x10™ | 5.922x10* 7.418x10* 2.594x10*
%i; 3.096x10* 2.609x10

5. Case study 2: a nonlinear frame model

A relatively large frame with a nonlinear viscous damper is then utilized to investigate
the accuracy and efficiency of the proposed method. As shown in Figure 7, the frame
is modelled with 196 nodes and 216 Euler-Bernoulli beam elements. The model is fixed
at Nodes 1, 26, 51 and 76. Each node has 3 in-plane DOFs and the model has 576 DOFs
in total. The elemental parameters are as follows: cross-sections of the columns and
beams are 800x800 mm? and 500x800 mm?, respectively; Young’s modulus is 20 GPa;
the mass density is 2500 kg/m?; and Poisson’s ratio is 0.3. The Rayleigh damping is
assumed for the structure. The damping coefficients are ;=1.3255 s' and
a>:=1.3791x10" s. A nonlinear damper is installed on the structure linking Nodes 1 and

29. The nonlinear force of the damper is [42]

f; =sign(x,)C, |x,[" (68)

where X4 is the relative velocity of the two linked nodes along its axial direction, sign(*)

is the sign function, Cy is the damping coefficient of the nonlinear damper and « is the
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exponent of X4. In this case, a is set to 0.3 and Cy is 100 kN/(ms
excited by the EL Centro earthquake wave in the horizontal direction, which lasts 50 s.
The acceleration of the earthquake wave is displayed in Figure 8. The excitation is
discretized into 10,000 time steps of 0.005 s. The structural responses and response

sensitivities with respect to the change ratio of the damping coefficient Cy (7 in Figure

7) will be calculated.

-1)0.3

, The frame is

25 185 186 187 188 50 189 190 191 192 75 193 194 195 196 100
24 49 74 99
[ ) [ ] [ ] [ ]
23 48 73 98
[ ) [ ] [ ] [ ]
22| 173 174 175 176 47| 177 178 179 180 72] 181 182 183 18497
Suba | 24 46} 7 96},
20 45 70 95
[ ) [ ] [ ] [ ]
19/ 161 162 163 164 44| 165 166 167 168 69| 169 170 171 172 94
18 43 68 93
L] [ ] [ ] [ ]
17 42 67 92
L . 3 . ) . ...
16/ 149 150 151 15241] 153 154 155 156 66, 157 158 159 160 91
15 40 65 90
[ ) [ ] [ ] [
14 39 64 89 g
: [ ) [ ] [ ] [ <
13| 137 138 139 140 38| 141 142 143 144 63| 145 146 147 148 88 (Fl
Sub3 : oo o o oo o o * o o o 0
D12 37 62 87 XE
[ ) [ ] [ ] [
on
11 36 61 86
[ ) [ ] [ ] [
10] 125 126 127 12835 129 130 131 13260] 133 134 135 13685
9 34 59 84
B SN~ o (OIS L. o .
8 33 58 83
[ ) [ ] [ ] [ ]
70 113 114 115 116 32| 117 118 119 12057 121 122 123 124 82
Sub2 ——o—o ——o—o -+ —o—o
6 31 56 81
[ [ ] [ ] [ ]
5 30 55 80
- *-- 'y (]
4/ 101 102 103 10429] 105 106 107 108 54| 109 110 111 11279
. hd hd hd v hd hd hd hd hd hd hd
Subl 30 , 28» s 53» 78«
) 27] i 52 77
. [ ) [ ] ) [ ] [ ]
: damper :
| 26 ' 51 76
T i ST LR o« S 77
y .
x e,
Smx3=15m

Figure 7. A frame with a nonlinear viscous damper.
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The global structure is partitioned into 4 substructures, as shown in Figure 7. The
detailed substructural information is listed in Table 3. After partition, the 1%
substructure containing the nonlinear viscous damper is treated as a nonlinear
substructure, and the other three are linear substructures. The nonlinear substructure has
39 DOFs. The first five modes of each linear substructure are retained as the master
modes, and there are 15 master modes in total. In consequence, the system matrices of

the reduced vibration equation have the size of 54x54.

eration (m/s

cel

Ac
T

-10 I I I I I I I I I

Figure 8. Acceleration of the EL Centro earthquake wave.

Table 3. Substructural information of the frame

Substructures Subl Sub2 Sub3 Sub4
No. nodes 15 48 72 72
No. elements 14 48 77 77
Linear/Nonlinear Nonlinear Linear Linear Linear
No. Interface nodes 3 4 4
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Again, the structural responses and response sensitivities calculated by the global
method are taken as the exact results for comparison. In addition, the modified Craig-
Bampton method proposed by Fang et al. [23] is also compared. The method formed
the reduced vibration equation with Craig-Bampton’s substructuring method. It is a
fixed-interface method, and the size of the reduced vibration equation is related to the
number of interface DOFs of linear substructures. Identically, the first 5 modes are
retained in each linear substructure as master modes, and the reduced system matrices
in the modified Craig-Bampton have the size of 78x78. The tolerance of the relative
error of the displacement response in the iterative process is set to 1x107 for all three
methods. In each time step, several iterations are required to determine the time-variant
reduced system matrices (substructuring methods) or global system matrices (global
method). For the entire 10,000 time steps, 38,663, 48,367 and 43,701 iterations are
required for the proposed method, Craig-Bampton method and global method,

respectively. Fewest iterations are required in the proposed method.

The structural responses are calculated by the three methods. Figure 9 compares the
horizontal displacement of a randomly selected node (Node 4) in the nonlinear
substructure. A close-up view of the responses is displayed in Figure 9(b). The response
curves obtained from the proposed method overlap those from the global method. This
implies that the proposed method is accurate to calculate the structural responses of a

large nonlinear system with only 5 master modes required in each substructure.
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Time ()
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Figure 9. Horizontal displacement of Node 4 (x4).

The response sensitivities with respect to 7 are then calculated by the proposed method.
As ris located in the nonlinear substructure, the derivatives of the system matrices are
formed directly from Eq. (61), avoiding the computation of many intermediate

L L L
derivative matrices associated with the linear substructures (8;( , 82/[ , 8;7 ,
/s /A /A

L L L N
A, , oo, , or , or and a—S). The response sensitivities with respect to r are
or or or or or

also calculated by the global method for comparison. Figure 10 compares the
derivatives of x4 with respect to » by the two methods. Again, the results of the proposed

method are consistent with those of the global method.
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ment derivative (m)
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Global method

_Proposed method

_ __ Craig-Bampton method

(b) 0-10 s

ox
Figure 10. Derivatives of x4 with respect to » (—*).

To compare the precision of the proposed method and the modified Craig-Bampton
method, the relative errors of the methods in structural responses and response
sensitivities are estimated by Eqs. (66) and (67), respectively. The results of horizontal
displacement responses of all nodes and their derivatives with respect to » are compared
in Figures 11 and 12. The relative errors of the proposed method are about the order of
1x10™* for the responses and response sensitivities, smaller than those of the modified

Craig-Bampton method. The proposed method is more accurate in the calculation of
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structural responses and response sensitivities than the modified Craig-Bampton

method when the same number of master modes are adopted.
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Figure 11. Relative errors of horizontal displacement responses.
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Figure 12. Relative errors of horizontal displacement derivative with respect to 7.

The CPU time in calculating the structural responses and response sensitivities are
compared in Table 4, which runs on the MATLAB platform in a desktop computer with
3.60 GHz CPU and 20 GB RAM. The proposed method takes 0.02 s for the initialization
process to form the reduced system vibration equation, and 0.58 s to solve the structural
responses with the Newmark method and Newton-Raphson iteration method, totaling
0.60 s for the whole process. In contrast, the traditional global method takes 3.32 s to

compute the structural responses. In addition, the proposed method consumes 0.72 s to
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compute the response sensitivities with respect to one design parameter, while 3.44 s is
required for the global method. Therefore, the proposed method is much more efficient
than the global method in the calculation of structural responses and response
sensitivities. This is because the size of the system matrices of the proposed
substructuring method is reduced to 54x54, much smaller than 576x576 in the global
method. Although the substructuring method spends a small amount of time in the
initialization process, it is negligible compared to the computational time consumed in

the Newmark method that takes numerous time steps.

Table 4. Computational time for structural responses and response sensitivities.

Responses Response sensitivities
Methods
Relative ratio One parameter All parameters Relative ratio
Proposed method 0.60 s 18.07% 0.72's 2.90 min 22.85%
Craig-Bampton method  1.02 s 30.72% 1.18s 4.32 min 34.04%
Global method 332s 100.00% 3.44s 12.69 min 100.00%

The modified Craig-Bampton method proposed by Fang et al. [23] is also compared in
Table 4. Although the modified Craig-Bampton method can achieve a satisfactory
precision as seen in Figures 9-12, it takes 1.02 s and 1.18 s to compute structural
responses and response sensitivities, respectively. This is because the reduced vibration
equation without interface DOFs has the size of 5454, smaller than the modified
Craig-Bampton method of 78x78. The proposed method neglects the interface DOFs
in the reduced vibration equation and is expected to be much more efficient to deal with

larger-size nonlinear systems which requires more interface DOFs or complicated
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interface cases when some specific interface DOFs are shared by three or more

substructures.

The precision and efficiency of the substructuring methods are closely related to the
number of master modes. To investigate the effects of the number of master modes to
the proposed method, the relative error and computational time of the proposed method

are estimated with-respeetivelyusing 9, 15, 24, 36 and 45 master modes-censtdered. The

Ox
relative errors of x4 and _6 2 are used—as—an—illustration—to—estimate—the
r

preeistoncalculated for different cases, and the results are compared in: Figure 13

ofmaster—modes. The computational time consumed for structural responses and

response sensitivities is short while the relative errors are large when only 9 master
modes are eoncernedused. With the master modes increasing from 9 to 36, the relative
errors drop whereas the computational time increases. As the number of master modes
continues to increase, the relative errors esty-drop slightly while the computational time
increase significantly. This implies that the number of master modes is sufficient in this
stagecase, inclusion of more master modes has little improvement on the precision. On
the contrary, as the number of master modes is comparable to the nonlinear
substructural DOFs, inclusion of more master modes enlarges the size of the reduced
vibration equation (Eq. (40)) significantly, resulting in low computational efficiency.

As a compromise of the computational precision and efficiency, 15 to 36 master modes
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are suitable for the proposed method according to Figure 13.

T T T
_©—Response RE & Sensitivity RE ~G -Response CT —¢ -Sensitivity CT

Relative error

X
Figure 13. Relative errors (RE) of x4 and 6_4 and the total computational time (CT)
r

wnderversus differentnumbers of master modes.

In model updating or damage detection, the structural model needs to be updated
continuously and hundreds of iterations may be required to achieve convergence [32-
34]. Within each iteration, the structural responses and response sensitivities with
respect to all design parameters have to be calculated. For this example, if Cy and a of
the nonlinear damper and the bending rigidities of all elements are selected as the design
parameters, there are 218 design parameters in total. The global method takes 12.69
min to compute the response sensitivities with respect to all design parameters, the
Craig-Bampton method takes 4.32 min, whereas the proposed substructuring method
needs 2.90 min only. If hundreds of iterations are required in model updating or damage
detection, the proposed substructuring method can save a lot of computational time. A
practical nonlinear system may have thousands of DOFs and design parameters.

Calculation of the structural responses and response sensitivities and model updating
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are very time-consuming. The proposed substructuring method is promising to deal

with these cases, which will be studied in the future.

6. Conclusions

This paper develops the Kron’s substructuring method to compute the structural
responses and response sensitivities of nonlinear systems. The ordinary coherence
function is used to detect the presence and location of the nonlinearity. The global

structure is then divided into nonlinear and linear substructures. The size of the linear

substructures is reduced to a small size of master modes after-a-simplifted processwith

compensation of the slave modes, and the expensive nonlinear analysis is only

constrained in the local area other than the global structure. Since the linear parts are
reduced and the nonlinear analysis is localized at the substructure level, the proposed
substructuring method can significantly improve the computation efficiency.
Applications to a nonlinear spring-mass system and a nonlinear frame show that the
proposed method is accurate and efficient to compute the structural responses and

response sensitivities of nonlinear systems.
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