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Abstract: The conventional transfer matrix method, adopted formerly in a semi analytical solution 18 

for layered elastic or viscoelastic asphalt pavement system, has inherent deficiencies, such as ill-19 

condition matrix, numerical overflow and error accumulation, due to exponential items. This 20 

phenomenon is more evident in multilayered dynamic analysis with imperfect interfaces. Moreover, 21 

several studies revealed that pavement materials exhibit transverse isotropy in service. Consequently, 22 

a novel semi analytical solution methodology, wave propagation approach, was proposed herein to 23 

calculate the dynamic responses of asphalt pavement under an impact load considering the 24 

transversely isotropic material model and the imperfect interfaces. First, the transfer matrix was 25 

established based on matrix theory and wave propagation approach, while the relation between the 26 

state vector and wave vector in the transformed domain was constructed simultaneously. Then, 27 

combined with the boundary conditions and interface contact conditions, the solution of the wave 28 
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vector in the transformed domain was derived. Finally, based on Laplace–Hankel inverse transform, 29 

the state vector in the time domain was obtained, followed by numerical computation with 30 

programming. The accuracy and efficiency of the proposed semi analytical solution, together with 31 

the influence regularities of several variables, were discussed. Results showed that due to the 32 

absence of positive exponential functions and a large-dimensional matrix, accuracy and efficiency 33 

requirements were satisfied during calculation. Moreover, the variation induced by the transversely 34 

isotropic properties and interface conditions, presented in the dynamic responses, reiterated that 35 

these factors should be considered during the design and analysis of asphalt pavement structures.  36 

Author keywords: asphalt pavement, impact load, dynamic responses, wave propagation approach, 37 

transversely isotropic 38 

1. Introduction39 

Asphalt pavement is a layered structure in nature. As a convenient, efficient tool in pavement 40 

analysis and design, semi analytical solutions for the multilayer structure have been accepted by 41 

pavement engineers worldwide (Maina and Matsui 2005; Erlingsson and Ahmed 2013; 42 

Khazanovich and Wang 2007). Over the past decades, the transfer matrix method (TMM) was 43 

widely utilized in the semi analytical solution of layered structures due to its clear concept and high 44 

efficiency (Hanskell 1953; Dong and Ma 2018). However, it may fail in the analysis of the layered 45 

structure with many imperfect interfaces (Cai and Pan 2018). An overflow could occur if the integral 46 

variable is very large, or the layer thickness is large (Pan 2019). This phenomenon is more evident 47 

when conducting dynamic analysis of the multilayered structure (Liu et al. 2018; Zhang and Gao 48 

2019). Several scholars (Ai et al. 2017; Liu and Pan 2018; Zhang and Pan 2020) modified the 49 

constant coefficients in the general solutions of the layered structure to avoid positive exponential 50 

functions and adopted the dual variable and position method to maintain numerical stability during 51 

calculation and solve this problem. Special treatments of positive exponential functions can also be 52 

found in other matrix methods such as the compound matrix method (Dukin 1965; Schwab and 53 

Knopoff 1970), the exact stiffness matrix method (Senjuntichai and Rajapakse 1995; Mesgouez and 54 

Lefeuve-Mesgouez 2009), the backward TMM (Yue and Yin 1995), the orthogonalization method 55 

(Wang 1999), the spectral element method (Al-Khoury et al. 2001; You et al. 2018), and the 56 
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analytical layer-element method (Yan et al. 2016; Ai et al. 2014). Another semi analytical method, 57 

named precise integration method, utilized Taylor expansion to calculate the exponential matrix 58 

function; thus, it can also avoid overflow in calculation (Zhong et al. 2004; Lin et al. 2013; Ai et al. 59 

2014).  60 

In the above matrix methods with desirable stability, the exact stiffness matrix method, spectral 61 

element method, and analytical layer-elemen method have been applied in pavement engineering 62 

(Zhong et al. 2003; You et al. 2018; Yan et al. 2016). What these methods have in common is that 63 

they combine multilayered elastic theory with the concept of global stiffness matrix in the finite 64 

element method (FEM) and deem the displacements of each layer as the undetermined parameters. 65 

The accuracy of these methods is desirable due to the absence of positive exponential functions. 66 

However, with the increase of the layer number, the larger global matrix will have a negative effect 67 

on calculation efficiency (Blum 2012). As one of the numerically stable methods without 68 

disturbance from positive exponential functions, the wave propagation approach was first proposed 69 

by Luco (1983). Initially, this approach was adopted to investigate the wave propagation caused by 70 

earthquake load in soil (Apsel and Luco 1983). Pak adopted this approach in the derivation of 71 

Green’s function for layered soil under point load (Pak and Guzina 2002). Unlike the analysis in 72 

soil, more layers and unique loading type were included in pavement analysis (Dong and Ma 2018; 73 

Liu et al. 2018; Cai et al. 2015). Moreover, the TMM has been widely used in pavement engineering. 74 

Therefore, using wave propagation approach to reconstruct the transfer matrix and obtaining the 75 

responses in asphalt pavement are meaningful.  76 

In addition, scholars found that road materials (asphalt concrete, base layers, and soil) in the 77 

pavement exhibit anisotropic properties due to natural deposition and compaction (Papadopoulos 78 

and Santamarina 2016; Al-Qadi et al. 2010; Ahmed et al. 2013). The anisotropic properties of 79 

materials could be approximated as transverse isotropy to simplify the calculation procedures and 80 

reveal the influence of anisotropic properties on the responses of asphalt pavement (You et al. 2019). 81 

Transverse isotropy means that the modulus is the same in one plane (horizontal plane) and different 82 

in the direction perpendicular to the plane (vertical direction). Based on measured data, the 83 

influences of transverse isotropy of pavement materials on the responses of pavement structure have 84 

been investigated using the FEM. Wang et al. (2005) found that the horizontal modulus to vertical 85 
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modulus of asphalt mixture is in the range of 0.2–0.5, and the isotropic model would underestimate 86 

the tensile stress and shear stress of the asphalt layer. Tutumluer et al. (1997) found that the 87 

horizontal modulus of granular materials is about 3%–21% of the vertical modulus and introduced 88 

the transverse isotropic constitutive model to the granular base to eliminate or reduce the tensile 89 

stress concentration phenomenon caused by the isotropic model. Semi analytical solutions for 90 

transversely isotropic asphalt pavement have focused on static analysis (Liu et al. 2018; Ai et al. 91 

2014; Cai et al. 2015; Ernian 1989), while a few solutions have been proposed for the analysis of 92 

the dynamic responses of asphalt pavement under transient load (You et al. 2018; Yan et al. 2016). 93 

As an important factor of pavement service life (Kruntcheva et al. 2015; Mousa et al. 2019; Liu and 94 

Pan 2018), interface bonding condition was not considered in the above transient semi analytical 95 

solutions for asphalt pavement. Therefore, a transient, dynamic, semi analytical solution that can 96 

consider the transverse isotropy of the material and the imperfect interface between different layers 97 

must be established. 98 

The objective of this paper is to develop an efficient, accurate, semi analytical solution for 99 

transversely isotropic asphalt pavement under an impact load. Detailed mathematical derivations 100 

for applying wave propagation approach in the reconstruction of transfer matrix are provided. A 101 

program for the numerical results of the proposed semi analytical solution is compiled, and its 102 

accuracy and efficiency are then validated. In addition, the influences of interface bonding 103 

conditions and transverse isotropy of structure layers on the dynamic responses of asphalt pavement 104 

are discussed. 105 

2 Governing Differential Equations for Elastic Media 106 

2.1 Equilibrium Equations 107 

Herein, the axisymmetric layered elastic system subjected to a uniform circular impact loading 108 

is investigated. As a result, the cylindrical coordinate system ( , ,r z ) is employed to obtain the 109 

semi analytical solution for the dynamic responses of pavement structure. The origin of this 110 

coordinate system is set on the surface of pavement structure, and z-axis is the symmetric axle of 111 

the system.  and ijc  are the density and elastic constants of the material, respectively. The 112 
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equilibrium equation can be written as 113 

2

2

rr zr u

r z r t

  


  
  

  
                     (1a) 114 

2

2

zr z zr w

r z r t

  


  
  

  
                        (1b) 115 

where
r ,  , and 

z  are the normal stress variables along coordinate axes r, θ, and z, 116 

respectively; 
zr  is the shear stress in plane z-r; u and w are the displacements in the r and z 117 

directions, respectively; and t is time. 118 

2.2 Physical Equations 119 

The physical equations for transversely isotropic material can be written as: 120 
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                (2) 121 

where 
r ,  , and 

z  are the normal strains corresponding to stresses 
r ,  , and 

z , 122 

respectively; zr is the shear strain corresponding to shear stress 
zr ; and ijc  are elastic constants.  123 

Elastic constants ijc  could be presented by material parameters as follows: 124 
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where 
vE  and 

hE are the Young’s moduli in the vertical and horizontal directions, respectively; 132 

vG is the shear modulus in planes normal to the plane of transverse isotropy; 
h  and 

v  are 133 

Poisson’s ratios in the horizontal and vertical directions, respectively; and k1 and k2 are the ratios 134 

between moduli. 135 

2.3 Geometric Equations 136 

The relations between strains and displacements in an axisymmetric system are as follows: 137 

r

u

r






                                      (4a) 138 

u

r
                                         (4b) 139 

z

w

z
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



                                      (4c) 140 

zr

u w

z r


 
 
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                                 (4d) 141 

3 Single-Layered Wave Vector for Elastic Media 142 

A state vector is first derived based on the TMM. Then, it is converted into a wave vector based 143 

on the wave propagation approach to ensure numerical stability. 144 

3.1 State Vector 145 

Based on the TMM, the partial differential equations shown in Eqs. (1), (2), and (4) can be 146 

rewritten to construct a state vector. When selecting w , u , z , and zr  as the component of the 147 

state vector, the following equations can be obtained: 148 

3 2 2z

w u u
c c c

z r r
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  
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                            (5a) 149 

1 zr
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c
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where 
1

44

1
c

c
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c
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3

33

1
c
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2

13

4 11

33

c
c c

c
  , and 

2

13

5 12

33

c
c c

c
  . 153 

Applying Laplace transform on the time and Hankel transform on the radial coordinate, 154 

Laplace transform and its inverse form are: 155 

0
( ) ( ) stf s f t e dt


                                (6a) 156 

1
( ) ( )

2

a i
st

a i
f t f s e ds

i
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 
                           (6b) 157 

The mth-order Hankel and its inverse transform are defined as: 158 

0

ˆ ( ) ( ) ( )m

mf rf r J r dr 


                           (7a) 159 

0

ˆ( ) ( ) ( )mf r f J r d   
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                           (7b) 160 

Applying zeroth-order Hankel transform and Laplace transform into Eqs. (5a) and (5c) while 161 

applying first-order Hankel transform and Laplace transform into Eqs. (5b) and (5d) can obtain that 162 
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According to theory of matrix differential equations, the solution of Eq. (8) is: 166 

ˆ
( , )

0

ˆ ˆ
( , ,0)s z s  A

X e X                        (9) 167 

where 
0

ˆ
( , ,0)sX  is the initial state vector in the transformed domain, and 

ˆ
( , )s zA

e  is the 168 

exponential function of matrix ˆ
A . 169 

3.2 Wave Vector from State Vector 170 

The state vector at any depth of a single layer can be derived via Eq. (9). Furthermore, the 171 

characteristic equation of matrix 
ˆ
A  is: 172 
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 173 

4 2

1 0 0                                     (10) 174 

where 2 2

1 2 1 4 1 3(2 ) ( )c c c s c c       , and 2 2 2 2 2 2

0 1 2 3 4 3=( + )( + + s )c s c c c c      .  175 

The roots of Eq. (10) are: 176 

2
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1

4
=

2

  

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                             (11a) 177 

2
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4 2=                                          (11d) 180 

Consequently, 
ˆ

( , )s zA
e  can be expressed as: 181 

31 2 4
ˆ

( , ) 1

4 4 4 4 4 4[ ] [ ( , , , )] [ ]
zz z zs z diag e e e e

   

  A
e P P                  (12) 182 

where diag  is the symbol of diagonal matrix, P  is a matrix whose columns are the 183 

corresponding eigenvectors of 
ˆ

( , )sA , and 1
P  is the inverse matrix of P . 184 

In the conventional TMM, relationships of state vectors between the top surface and any point 185 

within the layer could be established based on Eqs. (9) and (12). However, Eq. (12) shows that the 186 

matrix involved in the TMM contains several positive exponential functions, thus causing 187 

computational overflow and accuracy loss. The wave propagation approach is adopted here to solve 188 

these problems. Relationships between the state vectors are transformed into those between wave 189 

vectors by constructing the wave vector. Therefore, the positive exponential functions in the original 190 

matrix function (
ˆ

( , )s zA
e ) can be eliminated in the following derivation. According to matrix 191 

multiplication law, substituting Eq. (12) into Eq. (9) yields: 192 
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4
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1
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1

1 2 3 4 0

ˆ
[ ] = ( , ,0)Tx x x x s
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where il  is the column vector of P . 195 

Eq. (11) is substituted into Eq. (13) to construct the upgoing wave vector and the downgoing 196 
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wave vector, and the following equation can be obtained: 197 

1
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where 
( )j

il  represents the jth element of the ith column vector within matrix P . 199 

Based on the principle of wave propagation approach and matrix partitioning, the negative 200 

exponential functions in ˆ
X  constitute the downgoing wave matrix, and the positive exponential 201 

functions in ˆ
X  constitute the upgoing wave matrix. Based on Eq. (14), the relationship between 202 

the state vector ˆ
X  and the wave vector 4 1[ ] W  is: 203 

4 4 4 1
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1 2
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   


   W                             (15e) 208 

where subscripts d and u represent the block matrix related to the downgoing and upgoing wave, 209 

respectively; ( , )d sD , ( , )u sD , ( , )d sS , and ( , )u sS  are the block matrixes of transform 210 

matrix ( , )sM ; and ( , , )d s zW  and ( , , )u s zW  are the downgoing and upgoing wave vectors, 211 

respectively. 212 

A scheme is adopted by this paper to deal with the positive exponential and eliminate it during 213 

calculation. For the single-layered system shown in Fig. 1, the undetermined coefficients named 1x , 214 

2x , 3x , and 4x  can be replaced by a , b , 1hce , and 2h
de


 separately. Consequently, the 215 

following equations can be obtained: 216 

1 2( , , )
T

z z

d s z ae be
     W                        (16a) 217 
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1 2( ) ( )
( , , )

T
h z h z

u s z ce de
      W                   (16b) 218 

Based on Eq. (16), the downgoing and upgoing wave vectors at any depth ( 0 z h  ) of the 219 

layer are: 220 

2 2( , , ) [ ( )] ( , ,0)d ds z z s W E W                    (17a) 221 

2 2( , , ) [ ( )] ( , , )u us z h z s h  W E W                 (17b) 222 

where 
1

2

0
( )

0

e

e

 

 


 
  
 

E . 223 

Eq. (17) shows that in the transformed domain, if the wave vectors at the bottom and top of the 224 

layer are obtained, then the wave vector at any depth of the layer can be derived. Moreover, based 225 

on Eq. (15), the state vector in the transformed domain can be calculated subsequently. The 226 

following recursive relationship between wave vectors derived from Eq. (17) is numerically stable 227 

because only negative exponential terms are involved.  228 

4 Solution of Multilayered Elastic Structures 229 

The wave and state vector at any depth in one specific layer in a multilayered structure can be 230 

calculated from the wave vectors at the bottom and top of the layer. In this section, based on the 231 

interface bonding conditions and boundary conditions, the wave and state vectors in the transformed 232 

domain at any depth are derived. Then, the numerical solution for dynamic responses in the time 233 

domain utilizing the Hankel and Laplace inverse transforms are provided. 234 

4.1 Wave and State Vectors at Any Depth in Transformed Domain 235 

Based on the wave vector, the dynamic responses of a multilayered elastic structure (shown in 236 

Fig. 1) subjected to an impact loading are solved in this section. The Goodman model is adopted to 237 

describe the continuous, sliding, and semi contact conditions between layers (Kruntcheva et al. 2005; 238 

Mousa et al. 2019). The value of the spring stiffness in the Goodman model can be obtained from 239 

indoor experiments or back-calculation based on field tests (Yue and Yin 1998; Mousa et al. 2019). 240 

Therefore, the relationship of state vectors between layers is: 241 
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1

1 0 0 1/

0 1 0 0 ˆ ˆ
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j

r

j j
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k
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 
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 
 
  

X X              (18) 242 

where jz  presents the coordinates at the bottom of the jth layer, j

rk  is the spring stiffness between 243 

the jth and (j+1) th layer, 
ˆ

( , , )j

js zX  is the state vector at the bottom of the jth layer, and 244 

+1ˆ
( , , )j

js zX  is the state vector at the top of the (j+1)th layer. 245 

Based on Eq. (15), Eq. (18) can be rewritten in matrix form as follows: 246 

1

1

4 44 1 4 1

( , , ) ( , , )( , ) ( , )

( , , ) ( , , )( , ) ( , )

j jj j
d j d jd u

j jj j
u j u jd u

s z s zs s

s z s zs s

  

  





 

    
    

       

W WT R

W WR T
         (19a) 247 

1
1 1

1 1

4 4 4 4 4 4

( , ) ( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , ) ( , ) ( , )

j j j j j j

d u d um dm u

j j j j j j

d u d u d u

s s s s s s

s s s s s s

     

     


 

 

  

      
     

      

T R D D D D

R T S S S S
   (19b) 248 

2 2 2 2 2 2

0 1 /
[ ( , )] [ ( , )] [ ( , )]

0 0

j

j j j r

um u u

k
s s s    

 
   

 
D D S                  (19c) 249 

2 2 2 2 2 2

0 1 /
[ ( , )] [ ( , )] [ ( , )]

0 0

j

j j j r

dm d d

k
s s s    

 
   

 
D D S                  (19d) 250 

where 
2 2[ ( , )]j

u s R  and 
2 2[ ( , )]j

d s R are the reflection and transmission matrixes of P wave, 251 

respectively; and 
2 2[ ( , )]j

u s T  and 
2 2[ ( , )]j

d s T  are the reflection and transmission matrixes of 252 

S wave, respectively. 253 

Substituting j n  into Eq. (19a), the wave vectors in nth and (n+1)th layers can be obtained: 254 

1 +1( , , ) ( , ) ( , , ) ( , ) ( , , )n n n n n

d n d d n u u ns z s s z s s z      W T W R W    (20a) 255 

1( , , ) ( , ) ( , , ) ( , ) ( , , )n n n n n

u n d d n u u ns z s s z s s z     W R W T W     (20b) 256 

The following can be known from the reference (Caviglia and Morro 2000): 257 

1( , , )n

u ns z W 0                            (21) 258 

Substituting Eq. (21) into Eq. (20), the wave vectors in nth and (n+1)th layers can be simplified 259 

as: 260 

1( , , ) ( , ) ( , , )n gn n

d n d d ns z s s z   W T W                 (22a) 261 
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( , , ) ( , ) ( , , )n gn n

u n d d ns z s s z  W R W                  (22b) 262 

where 
2 2[ ( , )] ( , )gn n

d ds s  T T , and 
2 2 2 2[ ( , )] [ ( , )]gn n

d ds s  R R . 263 

Substituting 1j n   into Eq. (19a) to obtain the recursive relationship of wave vectors in 264 

jth layer yields 265 

1 1 1

1 1 1( , , ) ( , ) ( , , ) ( , ) ( , , )n n n n n

d n d d n u u ns z s s z s s z      

   W T W R W       (23a) 266 

1 1 1 1

1 1 1( , , ) ( , ) ( , , ) ( , ) ( , , )n n n n n

u n d d n u u ns z s s z s s z       

   W R W T W     (23b) 267 

Based on Eqs. (23b) and (17), the following can be given: 268 

1 1( , , ) ( ) ( , ) ( ) ( , , )n n gn n n

u n n d n d ns z h s h s z   W E R E W            (24) 269 

Substituting Eq. (24) into Eq. (23a) yields: 270 

( 1) 1

1 2( , , ) ( , ) ( , , )n g n n

d n de d ns z s s z   

 W T W                   (25a) 271 

( 1) 1 1 1 1

2 2 1[ ( , )] [ ( , ) ( ) ( , ) ( )] ( , ) ( )g n n n gn n n n

de u n d n d ns s h s h s h       

  T I R E R E T E       (25b) 272 

where 2 2[ ] I  represents the identity matrix. 273 

Based on Eqs. (22a) and (25a)，the recursive relations of the downgoing vectors between layers 274 

are: 275 

( 1) ( 2) 1 1

1 0( , , ) ( , ) ( , )... ( , ) ( , , ) 1,2,j g j g j g

d j de de de ds z s s s s z j n     

  W T T T W    (26a) 276 

-1 1

1 2( , , ) ( , ) ( ) ( , , ) 1j j j j

d j de j d js z s h s z j n  

   W T E W              (26b) 277 

( 1) 1 1 1 1

2 2 1[ ( , )] [ ( , ) ( ) ( , ) ( )] ( , ) ( )g j j j gj j j j

de u j d j d js s h s h s h       

  T I R E R E T E     (26c) 278 

Substituting Eq. (24) into Eq. (23b) yields: 279 

1 1 1 1

1 1 1( , , ) ( , ) ( , , ) ( , ) ( ) ( , ) ( , , )n n n n n gn n

u n d d n u n de d ns z s s z s h s s z        

   W R W T E R W , (27) 280 

where 
2 2[ ( , )] = ( , ) ( )gn gn n

de d ns s h R R E . 281 

Substituting Eq. (25a) into Eq. (27) yields: 282 

1 ( 1) 1

1 2( , , ) ( , ) ( , , )n g n n

u n de d ns z s s z    

 W R W                (28a) 283 

( 1) 1 1 ( 1) 1

2 2 1[ ( , )] [ ( , ) ( , ) ( ) ( , ) ( , )] ( )g n n n n gn g n n

de d u n de d ns s s h s s h        

  R R T E R T E  (28b) 284 

Based on Eqs. (23b) and (28a), the recursive relations of the upgoing vectors between layers 285 

are: 286 
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-1( , , ) ( , ) ( , , ) 1,2, -1j gj j

u j de d js z s s z j n   W R W           (29a) 287 

-1( , , ) ( , ) ( ) ( , , )j gj j j

u j d j d js z s h s z j n   W R E W            (29b) 288 

( ) 1 ( 1) 1

2 2 1 1[ ( , )] [ ( , ) ( , ) ( ) ( , ) ( ) ( , )] ( )g j j j j g j j gj j

de d u j d j d js s s h s h s h      

   R R T E R E T E    (29c) 289 

Eqs. (17), (26), and (29) reveal that the upgoing and downgoing wave vectors at any depth in 290 

the transformed domain are dependent on the downgoing wave vector at the top of the first layer. 291 

When the top surface of the multilayered pavement structure is subjected to impact loading as 292 

shown in Fig. 2, substituting 1j   and 
0z z  into Eq. (15) yields: 293 

1 1 1 1

0 0

ˆ
( , ) ( , , ) ( , ) ( , , ) ( , )d d u us s z s s z s     S W S W L          (30) 294 

where 
2 1

ˆ ˆ
[ ( , )] [ ( , ) 0]Ts F s   L . 295 

The impact loading in the time domain can be expressed as: 296 

sin( ) ,0
( , )            

,
0

d

d

d

t
V r R t T

TF r t
r R t T


  

 
 



             (31) 297 

where V is the peak value of the uniformly distributed impact load, R is the radius of the impact 298 

load, and 
dT is the duration of the impact load.  299 

Applying Laplace and zeroth-order Hankel transform to Eq. (31) yields: 300 

1

2 2

(1 ) ( )ˆ
( , )

dsT

dT e VRJ R
F s

s

 


 







                   (32) 301 

Based on Eqs. (15) and (30), the following equation can be obtained: 302 

1 1 1 1 1 1

0 1

ˆ
( , , ) [ ( , ) ( , ) ( ) ] ( , )g

d d u des z s s h s    W S S E R L          (33) 303 

Based on Eqs. (15), (17), (26), (29), (32), and (33), the state vector at any depth in transformed 304 

domain can be obtained.  305 

4.2 Numerical Solution Methodology 306 

Numerical inverse transform schemes are adopted to obtain the wave vector in the time domain. 307 

Hankel and Laplace inverse transforms are carried out using segmented Gauss integral and Durbin 308 

approach, respectively. The realization of the numerical calculation of the semi analytical solution 309 

was compiled into a computer program. Taking the displacement as an example, the integral region 310 
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is divided into g subintervals, and the inverse Hankel transform can be performed by using the 311 

following equation: 312 

1

0 0
0

1

ˆ ˆ( , ) ( , ) ( ) ( , ) ( )
j

j

g
b

b
j

w r s w s J r d w s J r d       




            (34) 313 

where 
ib  is the zero point of zero-order Bessel function. 314 

The first five circles in Eq. (34) are adopted to maintain calculation precision and efficiency. 315 

For each circle, a 32-node Gaussian approach is utilized. The validation section and the reference 316 

(Lee 2014) show that the proposed scheme is desirable. The jth integral interval can be calculated 317 

by the following equation: 318 

1
32

1

0 0

1

ˆ ˆ( , ) ( , ) ( , ) ( , )
2

j

j

b j j

i i i i
b

i

b b
w s J r d A w B s J B r B   

 




          (35) 319 

where 1 1
( ) ( )

2 2

j j j j

i i

b b b b
B 

  
  ; and iA  and i are Gaussian nodes and their 320 

corresponding weights, respectively. 321 

Similarly, taking the displacement as an example, the equation of the Durbin approach used in 322 

the inverse Laplace transform is as follows: 323 

1 1

1 1
( , ) ( , ) [ Re( ( , ))

2 2

Re( ( , + )cos ) Im( ( , + )sin )]

t
a i

st

a i

m m

k k

e
w r t w r s e ds w r

i T

ik k t ik k t
w r w r

T T T T






   
 

 

 

 

  





 
        (36) 324 

where  , m , and T  are coefficients according to the reference (Durbin 1974). In this paper, 325 

=5T , 2 cT T , 50m  , and cT  is the time span in analysis. The reference (Ai et al. 2017) and 326 

computational results in the verification section show that these values satisfy the accuracy 327 

requirement.  328 

5 Results and Discussion 329 

The computational accuracy and efficiency verification of the proposed semi analytical 330 

solution mentioned above is implemented herein. Then, the potential effect considering transverse 331 

isotropy and interface bonding on pavement mechanical analysis and structural design is explored 332 

to provide several hints for the future computational dynamics of asphalt pavement. 333 



 

15 
 

5.1 Computational Verification 334 

5.1.1 Accuracy Verification 335 

The accuracy of the proposed semi analytical solution is validated by comparing its numerical 336 

results with those of the existing semi analytical solutions and FEM jointly.  337 

First, the proposed semi analytical solution is degenerated to an isotropic one with a continuous 338 

interface and further validated by the results from the reference based on the spectrum element 339 

method. Then, a 50 kN impact load with a duration of 25 ms and a radius of 150 mm is applied on 340 

a three-layered pavement. Other essential parameters and the results are shown in Fig. 3. Time 341 

histories of the surface deflections from the numerical results of the proposed semi analytical 342 

solution are almost identical to those from the reference (Al-Khoury et al. 2001).  343 

Then, FEM based on Abaqus platform is adopted to validate the proposed semi analytical 344 

solution further. A symmetric multilayered pavement consisting of three layers presented in Table 1 345 

is utilized here. Transverse isotropy is introduced in the base layer, while other layers are assumed 346 

isotropic. The interface condition between the asphalt and base layer is considered, whose spring 347 

stiffness is assumed as 105, 108, and 1011 N/m3 separately.  348 

In addition, a 49.5 kN impact load with a duration of 30 ms and a radius of 150 mm is applied 349 

to both models. The geometry of the FEM model extends to 10 m in the x and z directions, and the 350 

latter is used to represent the half-space foundation. The left side of the model is axisymmetric, 351 

while its bottom is fully fixed. An eight-node axisymmetric element is used in the mesh generation, 352 

whose sizes are smaller near the loading area to maintain FEM computational efficiency and 353 

accuracy. The FEM model after meshing is presented in Fig. 4. 354 

Based on the calculation results of FEM and the proposed semi analytical solution, the time 355 

histories of the radial strains at the bottom of the surface layer under loading center and the vertical 356 

strains along the z direction under loading center at t = 0.018 are listed in Figs. 5 and 6, respectively. 357 

The results reveal that the accuracy of the proposed semi analytical solution is superior regardless 358 

of interface conditions.  359 
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5.1.2 Efficiency Verification 360 

In this subsection, the efficiency of the numerical calculation program based on the proposed 361 

semi analytical solution is discussed by comparing its computational times under different cases. 362 

Moreover, the computational time of the proposed semi analytical solution is compared with that of 363 

the FEM. All the following cases are carried on an ordinary laptop, whose CPU is i5-8300H.  364 

First, time histories of surface deflections of pavement structures with different numbers of 365 

layers and surface calculation points are obtained, and the computational time of each case is shown 366 

in Fig. 7. Increasing layer number only results in a linear increase in computational time because of 367 

the absence of the need for the assembly of a global stiffness matrix. The increase of layer number 368 

will not result in a dramatic reduction in computing efficiency when the wave propagation approach 369 

is adopted. Moreover, for the three-layered pavement structure, the efficiency of the numerical 370 

calculation of the proposed semi analytical solution (30 s for 3 calculation points) is higher than that 371 

of the other semi analytical solution in the reference published recently (180 s for 3 calculation 372 

points) (You et al. 2018), whose time consumption is six times longer than the presented one.  373 

Subsequently, using the same computer, several pavement structures with different calculation 374 

points shown in Fig. 8 are adopted to compare the efficiency of the proposed semi analytical solution 375 

with that of the FEM. Fig. 9 shows that the efficiency of the proposed semi analytical solution is 376 

superior to that of the FEM when analyzing conventional pavement structure (less than six layers). 377 

Moreover, the modeling in the FEM is complicated, and the established 2D axisymmetric FEM 378 

model is not suitable for the non-axisymmetric analysis, such as the case of load superimposition. 379 

Furthermore, its coding is more convenient to be integrated into current pavement design program. 380 

Therefore, the proposed semi analytical solution is promising for the future development of 381 

structural design for transversely isotropic asphalt pavement.  382 

5.2 Influences of Interface Bonding Condition on Dynamic Responses 383 

The reference (Kruntcheva et al. 2005) based on the analysis of pavement structure under a 384 

static load indicated that the assumption of completely bonded condition between layers will 385 

overestimate the service life of pavement. In this paper, different interface contact conditions are 386 
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interpreted by spring stiffness (
rk ). Therefore, 

rk  is an important mechanical index for pavement 387 

design and accurate evaluation of the residual life of a pavement structure. Theoretically, when the 388 

magnitude of spring stiffness varies from 0 to infinity, the contact condition between layers changes 389 

from smooth to continuous. However, the spring stiffness magnitude of interface should have a 390 

sensitivity range that is greater than 0 and less than infinity in numerical calculations. The three-391 

layered pavement structure presented in Table 1 is continuously analyzed in the following discussion 392 

to investigate the influence of interface bonding conditions on the dynamic responses of asphalt 393 

pavement and obtain the sensitivity range of the spring stiffness in dynamic analysis.  394 

Fig. 10 presents the surface deflections at different radius positions with changing interface 395 

spring stiffnesses when t = 0.018 s. Surface deflection increases with the decreasing spring stiffness 396 

near the loading center. As the position becomes far from the loading center (such as r = 1.5 m), the 397 

spring stiffness has no effect on the surface deflection at all. When the interfacial spring stiffness 398 

varies from 1013 N/m3 to 105 N/m3, the surface deflection at the loading center (i.e., r = 0.0 m) rises 399 

by about 43.8%.  400 

Fig. 11 shows the radial strains of the surface layer bottom at different radius positions with 401 

changing interface spring stiffness when t = 0.016 s. A similar trend can be observed regarding radial 402 

strain as the spring stiffness decreases. However, the maximum increasing magnitude of the radial 403 

strain caused by the interfacial spring stiffness is much higher than that of the surface deflections. 404 

The maximum value of the radial strain at the loading center is nearly 1.69 times that of the smallest 405 

one.  406 

The 3D surfaces of radial strains when t = 0.016 s are drawn in Fig. 12, whose stiffness values 407 

are 106 and 1012 N/m3 to understand the influence of interfacial spring stiffness on radial strains 408 

better. A smaller value of interfacial spring stiffness will result in a discontinuity of the radial strain 409 

between layers and a higher tensile strain at the bottom of the asphalt layer under the loading center. 410 

The interface condition should not be neglected during pavement mechanic analysis and structural 411 

design because the radial strain has a great influence on the fatigue life of asphalt pavement. In 412 

addition, the sensitivity range of interfacial spring stiffness for dynamic analysis is 106 to 1012 N/m3, 413 

whose values are close to those in the static analysis (Liu et al. 2018). 414 
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5.3 Influences of Transverse Isotropy on Dynamic Responses 415 

The transverse isotropy of pavement materials may affect the time and space distribution of 416 

pavement response, including surface deflection and radial strain. As one of the mechanical indexes 417 

representing the transverse isotropy of a given material, the horizontal modulus to vertical modulus 418 

ratio (k1) of pavement materials obtained by several tests is substantially different from the isotropy 419 

assumption. Therefore, the quantitative analysis of the influence of transverse isotropy (represented 420 

by k1) on surface deflection and radial strain is of great significance to the reasonable evaluation of 421 

pavement service life. In the subsequent analysis of transverse isotropy, the horizontal to vertical 422 

modulus ratio (k1) for asphalt and base layer is assumed to vary from 0.25 to 1.0 (You et al. 2018; 423 

Wang et al. 2005; Ahmed et al. 2013; Rafiqul et al. 2016). The interface between asphalt and base 424 

layer is assumed changeable, whose spring stiffness (kr) values are 106, 109, and 1012 N/m3 to present 425 

the sliding, semi bonding, and full bonding conditions, respectively. In addition, when analyzing the 426 

influences of transverse isotropic of a certain layer on dynamic responses, other layers are assumed 427 

isotropic, and their properties are selected according to Table 1. Consequently, surface deflections 428 

and radial strains at the bottom of the asphalt layer are obtained, as shown in Figs. 13 and 14, 429 

respectively.  430 

Fig. 13 shows the influences of transverse isotropy on surface deflections (t = 0.018). Surface 431 

deflection increases with a decreasing modulus ratio (k1) of the asphalt or base layer regardless of 432 

interface contact condition. The farther from the loading center, the smaller the influence caused by 433 

the transverse isotropy of the pavement material. In addition, for the case of full bonding contact 434 

condition, the transverse isotropy of the surface layer has a greater influence on the surface 435 

deflection than that of the base layer. In the case of sliding contact condition, the transverse isotropy 436 

of base layer has the greatest effect. This phenomenon reveals the coupling influence between 437 

transverse isotropy and interface contact condition on surface deflections, which will result in a 438 

much larger surface deflection than merely considering one of them.  439 

Fig. 14 illustrates the influence of transverse isotropy on the maximum radial strains at the 440 

bottom of the asphalt layer when t = 0.016. The transverse isotropy of the asphalt layer has a greater 441 

influence on the maximum radial strains with the same interface contact condition than that of the 442 

base layer. When the semi bonding and slip contact conditions are adopted, the maximum radial 443 
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strain exhibits a decreasing trend with the increase of k1 in the asphalt or base layer. For the full 444 

bonding contact condition, the maximum radial strain does not decrease monotonically as k1 of the 445 

asphalt layer increases. This phenomenon reveals the coupling influence between interface 446 

condition and transverse isotropy on radial strains once again, which is similar to that in the analysis 447 

of surface deflections. Therefore, interface condition and transverse isotropy should be considered 448 

to evaluate the fatigue life of asphalt pavement properly. 449 

6 Conclusions 450 

Based on the wave propagation approach, a novel semi analytical solution for transversely 451 

isotropic multilayered asphalt pavement under an impact load is proposed herein. The derivation 452 

shows that the wave propagation approach can eliminate the positive exponential functions in the 453 

transfer matrix, thus avoiding overflow and ill-conditioned matrix during calculation. Moreover, the 454 

dimension of the single matrix in the presented semi analytical solution is small and has no need for 455 

the assembly of the global matrix, which contributes to a higher efficiency when more layers are 456 

included in the analysis. Generally, the proposed semi analytical solution has several advantages, 457 

such as high efficiency, no meshing, and high stability. Several conclusions could be drawn by 458 

analyzing the influence of interface bonding condition and transverse isotropy on dynamic 459 

responses: 460 

(1) Near the loading, surface deflections and radial strains at the bottom of the asphalt layer 461 

increase with the decrease of interface stiffness. Interface stiffness has a greater influence on radial 462 

strain at the bottom of the asphalt layer than surface deflection. A higher interface stiffness results 463 

in the continuity of the radial strain between layers. When interface stiffness changes from 106 to 464 

1012 N/m3, it can be employed to present the sliding, semi bonding, and full bonding conditions in 465 

dynamic analysis.  466 

(2) Surface deflection increases monotonically with the increase of the transverse isotropy of 467 

asphalt or base layer. The maximum radial strain of the asphalt layer is also greatly influenced by 468 

the transverse isotropy of the asphalt or base layer while exhibiting different trends for different 469 

interface conditions adopted. The coupling influence of transverse isotropy and interface contact 470 

condition can result in a much higher surface deflection and radial strain, which indicates that these 471 
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two parameters should be considered in the mechanical analysis and structural design of asphalt 472 

pavement.  473 

In addition, the proposed semi analytical solution could be easily extended to the multiwheel 474 

loading and moving load analysis as well as the problems solved by the conventional TMM. 475 
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Table 1. Parameters of pavement structure utilized for validation 

      Parameters 

Layers 

Ev 

 (MPa) 

k1 

(Eh/Ev) 

k2 

(Gv/Ev) 
υv υh 

Density  

(kg/m3) 

Thickness  

(m) 

Asphalt layer 2500 1 0.4 0.25 0.25 2100 0.18 

Base layer 1000 0.5 0.4 0.25 0.25 2000 0.40 

Subgrade 100 1 0.37 0.35 0.35 1900 Infinite 

 

Table Click here to access/download;Table;Tables.docx



Fig. 1. Wave vector in a single layer. Click here to access/download;Figure;Figure 1.tif



Fig. 2. A multi-layered asphalt pavement structure subjected to an impact loading Click here to access/download;Figure;Figure 2.tif



Fig. 3. Surface deflections from the reference (Al-Khoury et al. 2001) and the proposed
semi analytical solution.
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Fig. 4. Finite element model adopted in Abaqus. Click here to access/download;Figure;Figure 4.tif



Fig. 5. Time histories of the radial strains at the bottom of surface layer under loading
center.
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Fig. 6. Vertical strains along the z direction under loading center. Click here to access/download;Figure;Figure 6.tif



Fig. 7. Computational time for different calculating points and layers. Click here to access/download;Figure;Figure 7.tif



Fig. 8. Different pavement structures employed in the efficiency analysis: (a) single
layer; (b) three layers; (c) six layers.
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Fig. 9. Computational time of FEM and the proposed semi analytical solution. Click here to access/download;Figure;Figure 9.tif



Fig. 10. Surface deflections at different radius positions with changing interface spring
stiffnesses.
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Fig. 11. Radial strains of surface layer bottom at different radius positions with
changing interface spring stiffnesses.
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Fig. 12. Surface plots of radial strains. (a) kr = 106 N/m3; (b) kr = 1012 N/m3. Click here to access/download;Figure;Figure 12.tif



Fig. 13. Influences of transverse isotropy on surface deflections. (a) asphalt layer; (b)
base layer.

Click here to access/download;Figure;Figure 13.tif



Fig. 14. Influences of transverse isotropy on radial strains of asphalt layer bottom. (a)
asphalt layer; (b) base layer.
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