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block inclusions is creatively developed based on a deep learning technique, computational geometry 15 

algorithms, and a 3D finite-discrete (or discrete-finite) element method; the approach includes the 16 

following three major steps: (1) the deep learning-based image identification technique and the 17 

computational geometry algorithm are employed to establish a 2D geometry library of realistic rock 18 

blocks; (2) 3D block inclusions with desired block shapes are regenerated by a surface morphing 19 

technique and then randomly allocated to the specimen domain based on the overlapping detection 20 

algorithm; and (3) the finite-discrete element method is developed by integrating cohesive elements 21 

with a solid mesh based on a finite element code to simulate the progressive fracture and interface 22 

behaviours of heterogeneous geomaterials. To validate the proposed hybrid approach, a series of 23 

synthetic specimens with Brazilian split tests are prepared and implemented from 2D to 3D. The 24 

results verified that the finite-discrete model can be easily established through images, and the 25 

consequent simulation performance is validated through comparisons between observations and 26 

numerical results regarding failure patterns and stress-strain relations. Using the calibrated and 27 

verified approach, we further numerically discuss the influence of the block-matrix strength ratio and 28 

interface strength on the mechanical responses of bimrocks. All results demonstrate that the proposed 29 

hybrid approach has a powerful ability to dealing with heterogeneous composite materials that 30 

maintain the characteristics of both continuity and discontinuity. 31 
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1 Introduction 34 

The mechanical responses of heterogeneous geomaterials with irregular block inclusions can be 35 

very complex and problematic (Shao et al., 2017, Li et al., 2019 and Li et al., 2020). Representatives 36 

include volcanic agglomerates, conglomerates, breccias, mélanges, and faulty or weathered rocks. The 37 

block inclusion features, e.g., block proportion, size distribution, block shapes, and block-matrix 38 

interfaces, significantly influence the mechanical and fracturing behaviours of these typical 39 

geomaterials. The uncertainty regarding the mechanical properties caused by these factors also creates 40 

great challenges for both engineering design and safety assessment (Raymond et al., 1984 and 2002; 41 

Medley 1994 and 2002). 42 

Numerous laboratory investigations have been conducted in recent decades to understand the 43 

failure patterns and dominant influencing factors of these complicated geomaterials (Wang et al., 2018; 44 

Sonmez et al., 2004; Sharafisafa et al., 2020). Previous studies have shown that the mechanical 45 

properties are strongly related to the inclusion features, among which the block proportion (BP) is 46 

believed to be a dominant factor affecting the mechanical behaviours (Napoli et al., 2018; Lindquist et 47 

al., 1994; and Kalender et al., 2014). The mechanical strength, elastic modulus, and friction angles 48 

tend to increase with increasing BP (ranging from 20%~65%), as the block inclusions contribute 49 

strong mechanical properties. Other influencing factors, such as the block shape and size distribution, 50 

affect the interactions between blocks and the matrix (Sonmez et al., 2016 and Li et al., 2013). The 51 

failure characteristics are also significantly influenced by the interface strength. According to previous 52 

studies, the fracture paths will negotiate tortuously around contained blocks and develop irregularly 53 

throughout the matrix in most cases (Li et al., 2013 and Zhu et al., 2020). However, experimental 54 

results show that fractures can also pass through block inclusions when contained blocks are relatively 55 

weak or the matrix is well bonded (Wang et al., 2018 and Sonmez et al., 2006). For instance, in the 56 

uniaxial compression tests conducted by Sonmez et al., (2004 and 2006), the cracking paths of 57 

volcanic agglomerates were able to break through rock blocks. Sharafisafa et al., (2020) also found 58 

that tensile cracks can go through block inclusions when they lie perpendicular to the loading 59 

direction in Brazilian tests. Additionally, Medley et al., (2011) found that a high confining pressure 60 

will lead to block cracking, especially in the case of a high BP. Overall, the fracturing behaviours of 61 

the matrix and block inclusions impose notable effects on the mechanical responses of heterogeneous 62 

geomaterials. Thus, developing an effective method that can fully consider the microstructures and 63 

failure patterns of contained blocks is vital. 64 

Since it is difficult to observe the micromechanical behaviours and internal interactions between 65 

the matrix and blocks through traditional experimental apparatuses, numerical methods would be 66 

helpful for investigating both the macro- and microcharacteristics of heterogeneous geomaterials. 67 



 3 

Many simulations have been carried out to consider their randomised microstructures. For instance, 68 

researchers used regular geometries, such as spheres, ellipsoids, and polyhedrons, to represent block 69 

inclusions (Emad et al., 2019; Coli et al., 2012; Xu et al., 2015), which might be applicable to quantify 70 

the effect of the BP on the mechanical properties. However, realistic shape effects cannot be 71 

accurately captured using regular block geometries. With the advancement of block reconstruction 72 

techniques, more realistic block shapes can be obtained. For example, the two-dimensional (2D) 73 

profiles and three-dimensional (3D) morphologies of natural rock blocks can be reconstructed through 74 

digital image processing (DIP) and 3D scanning methods, respectively (Joseph et al., 2013 and Liang 75 

et al., 2019). On this basis, some researchers have investigated the block shape effects on the shear 76 

strength and failure behaviours (Zhu et al., 2020 and Gong et al., 2019). However, the shape features 77 

of blocks cannot be freely manipulated through this approach. To quantitatively control the shape 78 

features of block inclusions, other researchers have introduced spherical harmonic (SH) functions to 79 

digitalize the morphology of contained blocks (Wang et al., 2019 and Zhou et al., 2015). Then, a 80 

numerical model of composite materials containing massive stochastic and irregular blocks can be 81 

generated in a rapid and precise manner (Nie et al., 2020). Nevertheless, the interfaces among the 82 

blocks and matrix could not be precisely captured and replicated. In addition, Xu et al., (2016) and Lai 83 

et al., (2019) built a framework to reconstruct realistic particle morphologies based on the discrete 84 

pixel information of CT images. However, the scale of the particles reconstructed through the CT 85 

method is quite limited. A desirable block morphology is difficult to obtain when the components are 86 

rather densely packed. Furthermore, none of the abovementioned studies have fully considered the 87 

fracture behaviours of rock blocks. 88 

Most recently, simulations combined with an advanced block reconstruction method have been 89 

developed as a powerful tool to understand the mechanical behaviours of heterogeneous geomaterials, 90 

among which the discrete element method (DEM) is one of the most promising techniques. However, 91 

different from experimental observations, most previous DEM research treated rock blocks as 92 

unbreakable assemblies during the loading process (Liang et al., 2019; Zhu et al., 2020 and Gong et al., 93 

2019). In fact, the cracking and failure behaviours of block inclusions also play an irreplaceable role 94 

in determining the mechanical properties of geomaterials, especially when the rock blocks are 95 

relatively weak (Wang et al., 2018; Xu et al., 2008; Sonmez et al., 2004 and Sharafisafa et al., 2020). 96 

Additionally, block-containing materials cannot be treated as either a complete set of discrete media 97 

or homogeneous continuous materials due to their physical nature. Therefore, it should be more 98 

appropriate to capture their mechanical responses through a hybrid approach with a combination of 99 

continuity and discontinuity. 100 

 101 
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The combined finite-discrete element method (FDEM) was first introduced at the end of the 102 

1980s by Munjiza et al. (1995 and 2004) and was initially designed to model the fracture and 103 

fragmentation of cementitious materials (Morris JP et al., 2006). An open source Y-FDEM software 104 

package was developed by Munjiza, which included both 2D and 3D FDEM (Munjiza et al., 2004). 105 

The Y-FDEM was further developed into various separate FDEM software platforms, such as VGeST, 106 

Solidity and Y-geo (Farsi A et al., 2021; Mahabadi O et al., 2012). These functional platforms 107 

significantly improved the applicability of the FDEM. In addition, several developments in FDEM 108 

codes were also accomplished by the Chinese Academy of Science (Sun L et al., 2020). Yan's studies 109 

make simulating fracture problems caused by multiphysics possible with FDEM (Yan.et al., 2019, 110 

2021). Although FDEM models have been extensively applied in the scientific literature, a limited 111 

number of examples are able to efficiently model the mechanical and fracturing responses of 112 

heterogeneous geomaterials with irregular inclusions, which needs to consider shape effects and block 113 

breakages. 114 

To overcome the abovementioned limitations in existing works, this study aims to develop a 3D 115 

hybrid approach to simulate heterogeneous geomaterials with block inclusions considering 3D 116 

irregular block shapes, the block-matrix interface, and block inclusion breakage. First, a deep 117 

convolutional neural network and computational geometry algorithms are employed to automatically 118 

reconstruct a shape library of rock blocks from raw images. Subsequently, a morphing technique is 119 

utilised to reconstruct the 3D rock block surface from selected 2D profiles with the desired block 120 

shapes. Next, based on a unique overlapping detection algorithm, blocks with specified proportions 121 

and gradations are randomly allocated to the sample domain to reproduce the realistic geometry 122 

model. The finite-discrete element model is further developed by integrating cohesive elements into 123 

the mesh in a fast and efficient manner, and the cohesive zone model is adopted to consider the failure 124 

behaviours of both the rock and the block-matrix interface. Afterwards, a series of physical and 125 

numerical Brazilian split tests are conducted on synthetic specimens to validate the reliability of the 126 

proposed approach from 2D to 3D. Finally, the effects of the block properties and interface strength 127 

on the mechanical properties are further investigated using the calibrated model. 128 

2 Methodologies 129 

2.1 Database establishment of 2D block inclusion outlines 130 

Based on the authors’ previous implementations (Liang et al., 2019), the well-acknowledged 131 

fully convolutional neural network (FCN), known as the U-NET, is employed to automatically extract 132 
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the block profiles from the raw images of the heterogeneous rock specimen. The raw image, binary 133 

mask and final output results of the identified rock block masks from the U-NET deep neural network 134 

are illustrated in Fig. 1. 135 

     136 

(a) raw image                      (b) binary mask 137 

      138 

(c)  final output of identified rock blocks 139 

Fig. 1 Block profile extraction process 140 

Generally, the images obtained through the trained network still have some defects, which affects 141 

further morphological analysis and calculation. To solve the problem induced by holes, a relatively 142 

mature pore filling algorithm can be used. For the segmentation of connected blocks, the classic 143 

corrosion-flooding method is employed to separate the connected blocks. The specific process is 144 

illustrated in Fig. 2 (a). Some of the individual rock block results that are identified and segmented 145 

from a raw image of heterogeneous rocks are shown in Fig. 2 (b). 146 

 147 

(a) Corrosion-flooding process 148 
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 149 

 150 

(b) Some examples of the rock blocks 151 

Fig. 2 Obtaining 2D profiles of realistic rock blocks 152 

After acquiring realistic outlines of the blocks, the next step is to calculate the shapes at various 153 

scale levels, as acknowledged in many previous studies (Nie et al., 2018 and Wang et al., 2019). The 154 

shape descriptors (as shown in Fig. 3) at different scale levels are briefly summarised as follows: 155 

(1) Evaluation of the aspect ratio 156 

To reflect the block contour, the aspect ratio (𝐴𝑅) is often used, as follows: 157 

majorminor /DDAR =                              (1) 158 

where 𝐷𝑚𝑖𝑛𝑜𝑟 is the width along the minor principal axis and 𝐷𝑚𝑎𝑗𝑜𝑟 is the length along the major 159 

principal axis. Note that 𝐷𝑚𝑖𝑛𝑜𝑟 is also the measurement of the block sizes. Obviously, a smaller 𝐴𝑅 160 

value represents a greater slenderness of the block. 161 

 162 

(a) aspect ratios 163 

       164 

(b) roundness 165 

Fig. 3 Examples of the block shape calculation procedure 166 

(2) Evaluation of the block roundness 167 

Roundness (𝑅𝑑) reflects the sharpness and smoothness of the block corners; it can be calculated 168 

by the ratio between the mean curvature of the block corner and the radius of the maximum inscribed 169 

circle of the block contour, as follows: 170 
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where 𝑟𝑖 is the radius of the 𝑖𝑡ℎ corner circle of the block (in red), 𝑛𝑐 is the number of corner 172 

circles, and 𝑅𝑖𝑛𝑠𝑐 is the radius of the maximum inscribed circle (in yellow). The algorithm to 173 

compute 𝑅𝑑 is detailed in the author’s previous study (Nie et al., 2018). 174 

(3) Establishment of the rock block database 175 

To facilitate retrieval and sample preparation, the shape indicators of the rock blocks are stored 176 

together with the coordinates, storage format number, outline, aspect ratio and roundness. Notably, all 177 

the 2D outlines are installed based on the following criteria: 178 

(a) For each outline, the geometric centre is taken as the origin, and the block is rotated to ensure 179 

that the major orientation is parallel to the positive direction of the x-axis; 180 

(b) The block size is normalised so that the longest axial length of the block is equal to 1; 181 

(c) The discrete points are resampled from the 2D outline based on the cubic interpolation 182 

method. 183 

The selection of rock blocks from the block library is performed as follows: 184 

(a) The ranges of the desired shape parameters are input. 185 

(b) According to the range of these values, the 2D contour that meets the requirements can be 186 

searched automatically. 187 

(c) The visualised two-dimensional contour is selected and output. 188 

After establishing the block library, selecting the 2D contours of the blocks that meet specific 189 

requirements to facilitate the realistic reconstruction of 3D blocks is very convenient. 190 

2.2 Stochastic reconstruction of a 3D heterogeneous specimen 191 

The 2D block outlines with specified shapes are randomly selected from the established block 192 

library to regenerate the geometry model of the 3D blocks. The employed algorithms have been 193 

proposed and validated in previous studies (Mollon et al., 2013). The procedure is detailed as follows: 194 

(1) First, based on the 3D block shapes 𝐸𝐼3𝐷 and 𝐹𝐼3𝐷 (the definition can be found in the 195 

literature (Su et al., 2020 and Nie et al., 2018)), determine the 𝐴𝑅𝑎, 𝐴𝑅𝑏, and 𝐴𝑅𝑐 of the three 2D 196 

block outlines, 𝑎, 𝑏, and 𝑐, respectively, as follows: 197 

DcDbDDa FIAREIARFIEIAR 3333 , === ，                
(3) 198 
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It should be noted that the selected outlines 𝑎, 𝑏, and 𝑐 are expected to match the top view 199 

projection (xoy plane), front view projection (xoz plane) and side view projection (yoz plane) of the 200 

reconstructed 3D block, respectively, as shown in Fig. 4(a~c). 201 

(2) Then, based on the determined 𝐴𝑅𝑎, 𝐴𝑅𝑏, and 𝐴𝑅𝑐, three 2D outlines are selected from the 202 

established block database that have aspect ratios similar to the desired ones. To minimise the 203 

differences between the aspect ratios of the selected outlines 𝐴𝑅𝑎
′ , 𝐴𝑅𝑏

′ , and 𝐴𝑅𝑐
′  with the desired 204 

values, a threshold value 𝛿 is defined for the selection of the 2D outlines, as follows: 205 
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where the allowance is reserved to facilitate retrieval of 2D outlines. 207 

(3) Next, since the aspect ratios of the selected 2D outlines may be different from the desired 208 

values, 𝐴𝑅𝑎, 𝐴𝑅𝑏, and 𝐴𝑅𝑐, it is necessary to adjust the shapes of the selected 2D outlines to ensure 209 

that the selected 2D outlines can match each other at the intersection points in 3D space, as shown in 210 

Fig. 4(d). The following methodology is employed to ensure that the intersection points coincide with 211 

each other. Taking the x-axis as an example, if 𝑥𝑏
1 ≠ 𝑥𝑐

1 and 𝑥𝑏
2 ≠ 𝑥𝑐

2, then outline 𝑏 remains 212 

unchanged, and outline 𝑐 can be stretched by the following: 213 
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(5) 214 

With the same adjustment being applied in the y-axis and z-axis, the intersection points will share the 215 

same coordinates. 216 

(4) The outline points (𝑥, 𝑦) are transformed from Cartesian coordinates into polar coordinates. 217 

Then, the three selected 2D outlines 𝑎, 𝑏, and 𝑐 are positioned into the 3D spherical coordinate 218 

system to form a curve skeleton, as shown in Fig. 4-d. In the next step, a continuous block surface 219 

𝑅(𝜃, 𝜑) is generated from the curve skeleton. Note that the generated 𝑅(𝜃, 𝜑) should match the 220 

outlines in all three view projections. 221 

(5) 3D interpolation algorithms (Mollon et al, 2013) are employed in this study. Taking the first 222 

quadrant as an example (  2/0  ， ), the generation process of the block surface is as follows: 223 

Step 1: For half curve 𝑏1 where 𝜃 = 0, a revolutionary solid surface 𝑅𝑏1
(𝜃, 𝜑) is generated by 224 

rotating 𝑏1 around the z-axis, as follows: 225 



 9 

( )







































−



























−

=







2

1
,0,,

2

1

2

5

2

1
,0,

2

1
,0

2

1

,1

b

b

b

r

r

R

            

(6) 226 

Step 2: 𝑅𝑏1
 is stretched horizontally to ensure that the section outline of the newly generated 227 

surface 𝑅𝑏1

′ matches the 2D outline 𝑎 in the xoy plane, as follows: 228 
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(7) 229 

Step 3: To obtain a smooth block surface, ( ) ，'
1bR , where 2/ = , should match the half 230 

curve 1c . Thus, the surface 𝑅𝑏1

′  should be further revised by the following: 231 

𝑅(𝜃, 𝜑) = 𝑅𝑏1

′ (𝜃, 𝜑) +
𝜃

𝜋 2⁄
[𝑅𝑐1

′ (𝜃, 𝜑) − 𝑅𝑏1

′ (𝜃, 𝜑)] 𝜑 ∈ [0, 𝜋], 𝜃 ∈ [0, 𝜋 2⁄ ]    (8) 232 

By repeating the same procedure in the remaining quadrants, a smooth 3D block surface is 233 

obtained. Examples of the 3D block inclusions reconstructed from the 2D outlines are shown in Fig. 234 

44(e). Compared with the original cross-section, each shape of the original block inclusion is 235 

preserved. 236 

 237 

(a) Outline 𝑎               (b) Outline 𝑏              (c) Outline 𝑐 238 

 239 

(d) Their position in 3D space                (e) The reconstructed 3D block surface 240 

Fig. 4 Examples of the 3D block inclusions reconstructed from the 2D outlines 241 

After the 3D block inclusions are reproduced, the next step is to randomly allocate the generated 242 
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block inclusions into the predefined specimen domain. In addition to block shapes, two main rock 243 

block features, i.e., the block proportion and gradation, are quantitatively controlled based on the 244 

following algorithms: 245 

(1) Rock block proportion 246 

Assuming the desired total volume of the sample domain is 𝑉𝑇𝑜𝑡𝑎𝑙 and the block proportion is 247 

𝑊𝑏𝑙𝑜𝑐𝑘, the volume of the solid blocks can be determined by the following: 248 

𝑉𝐵𝑙𝑜𝑐𝑘 = 𝑉𝑇𝑜𝑡𝑎𝑙 × 𝑊𝑏𝑙𝑜𝑐𝑘                       (9) 249 

(2) Rock block gradation 250 

Assuming that 𝑃(𝑟𝑖) is the cumulative volumetric percentage of blocks with size 𝑟 (equivalent 251 

radius) being smaller than 𝑟𝑖, 𝑃(𝑟𝑖) follows fractal theory, as follows (Xu et al., 2018): 252 

𝑃(𝑟𝑖) =
𝑉(𝑟≤𝑟𝑖)

𝑉𝐵𝑙𝑜𝑐𝑘
≈ (

𝑟𝑖

𝑟𝑚𝑎𝑥
)

3−𝐷
                   (10) 253 

Assuming the number of block inclusions to be allocated is 𝑁𝑇𝑜𝑡𝑎𝑙 and the number of blocks 254 

with size 𝑟 smaller than 𝑟𝑖 is 𝑁(𝑟𝑖), as follows: 255 

𝑁(𝑟𝑖) = ∫ 𝑑𝑁(𝑟𝑖)
𝑟𝑖

𝑟𝑚𝑖𝑛
                       (11) 256 

where 𝑑𝑁(𝑟𝑖) can be derived from 𝑑𝑉(𝑟𝑖), as follows: 257 

𝑑𝑁(𝑟𝑖) =
𝑑𝑉(𝑟𝑖)
4

3
𝜋𝑟𝑖

3
=

𝑉𝐵𝑙𝑜𝑐𝑘𝑑𝑃(𝑟𝑖)
4

3
𝜋𝑟𝑖

3
                (12) 258 

Next, based on the above equations, we can obtain the following: 259 

𝑁(𝑟𝑖) = ∫ 𝑑𝑁(𝑟)
𝑟𝑖

𝑟𝑚𝑖𝑛
=

3𝑉𝐵𝑙𝑜𝑐𝑘(3−𝐷)

4𝜋𝐷𝑟𝑚𝑎𝑥
3−𝐷

(𝑟𝑚𝑖𝑛
−𝐷 − 𝑟𝑖

−𝐷)          (13) 260 

Thus, once 𝐷, 𝑟𝑚𝑖𝑛, and 𝑟𝑚𝑎𝑥 are given, 𝑁𝑡𝑜𝑡𝑎𝑙 can be obtained by the following: 261 

𝑁𝑡𝑜𝑡𝑎𝑙 = 𝑁(𝑟𝑚𝑎𝑥) =
3𝑉𝐵𝑙𝑜𝑐𝑘(3−𝐷)

4𝜋𝐷𝑟𝑚𝑎𝑥
3−𝐷

(𝑟𝑚𝑖𝑛
−𝐷 − 𝑟𝑚𝑎𝑥

−𝐷)          (14) 262 

Then, the integer number 𝑖 is substituted from 𝑁𝑡𝑜𝑡𝑎𝑙 to 1 to obtain the size 𝑟𝑖 of the 𝑖𝑡ℎ 263 

block, as follows: 264 

𝑟𝑖 = [𝑟𝑚𝑖𝑛
−𝐷 − 𝑖

4𝜋𝐷𝑟𝑚𝑎𝑥
3−𝐷

3𝑉𝐵𝑙𝑜𝑐𝑘(3−𝐷)
]

𝐷

                  (15) 265 

Finally, the desired volume of the block can be determined as follows: 266 

𝑉𝑖 =
4

3
𝜋 [𝑟𝑚𝑖𝑛

−𝐷 − 𝑖
4𝜋𝐷𝑟𝑚𝑎𝑥

3−𝐷

3𝑉𝐵𝑙𝑜𝑐𝑘(3−𝐷)
]

3𝐷

               (16) 267 

(3) Rock block shapes and orientations 268 

The scheme to control the elongation and flatness of the generated 3D block is mentioned in the 269 
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previous section. 𝐸𝐼3𝐷 and 𝐹𝐼3𝐷 can be predefined through the selection of the appropriate 2D 270 

outlines 𝑎, 𝑏, and 𝑐 with 𝐴𝑅𝑎 = 𝐸𝐼3𝐷 ∙ 𝐹𝐼3𝐷, 𝐴𝑅𝑏 = 𝐸𝐼3𝐷 and 𝐴𝑅𝑐 = 𝐹𝐼3𝐷. Once the 3D block 271 

surface 𝑅𝑖(𝜃, 𝜑) is reconstructed from the 2D outlines, we can compute the specific volume 𝑣𝑖 as 272 

follows: 273 

𝑣𝑖 = ∫ ∫
𝑅𝑖(𝜃,𝜑)3

3

𝜋

0
𝑑𝜑 𝑑𝜃

2𝜋

0
                      (17) 274 

Then, the size factor 𝑘𝑖 can be obtained to scale the surface points so that the allocated block 275 

has an identical volume to the desired block, as follows: 276 

𝑘𝑖 = √𝑉𝑖 𝑣𝑖⁄3
                          (18) 277 

Based on 𝑘𝑖, the scaled 𝑅𝑖
𝑔𝑒𝑛(𝜃, 𝜑) of the generated block inclusions can be obtained as 278 

follows: 279 

𝑅𝑖
𝑔𝑒𝑛(𝜃, 𝜑) = 𝑘𝑖𝑅𝑖(𝜃, 𝜑)                     (19) 280 

For the orientation, the initial model of the generated block inclusion is expected to have the 281 

major principal axis parallel to the x-axis. Thus, if the orientation (𝜃𝑖
𝑟𝑜𝑡 , 𝜑𝑖

𝑟𝑜𝑡) of the 𝑖𝑡ℎ rock block 282 

is specified, then 𝑅𝑖
𝑔𝑒𝑛(𝜃, 𝜑) can be further computed by the following: 283 

𝑅𝑖
𝑔𝑒𝑛(𝜃, 𝜑) = 𝑘𝑖𝑅𝑖(𝜃 + 𝜃𝑖

𝑟𝑜𝑡 , 𝜑 + 𝜑𝑖
𝑟𝑜𝑡)                (20) 284 

After the virtual rock blocks with the specific shapes and desired sizes are determined, the final 285 

step is to reconstruct the stochastic model of geomaterials with randomly distributed block inclusions. 286 

Note that to ensure nonoverlap among block inclusions, the following procedure is performed to 287 

randomly allocate the block inclusions into the sample domain from the largest to the smallest: 288 

(1) The desired sample domain is defined as a cylinder with a diameter of 𝐿 and a thickness of 289 

𝐻, and the origin of the global coordinate system is at the centre of the box. 290 

(2) For each block inclusion to be allocated, the 𝑥𝑚𝑎𝑥, 𝑥𝑚𝑖𝑛, 𝑦𝑚𝑎𝑥, 𝑦𝑚𝑖𝑛, 𝑧𝑚𝑎𝑥, and 𝑧𝑚𝑖𝑛 of 291 

the surface points are computed using their local coordinate system, which can be easily obtained by 292 

transforming spherical coordinates into Cartesian coordinates. Then, the location of the rock block 293 

centre (𝑥𝑐 , 𝑦𝑐 , 𝑧𝑐) using the global coordinate system can be randomly determined based on the 294 

following equations: 295 

( )

( )

HZ

 sinLy

 cosLx

zc

rc

rc

=

=

=











2/2

2/2

                      (21) 296 
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where r ,  , and z  are random numbers ranging from 0 to 1. 297 

(3) Then, the overlapping condition among the allocated blocks is checked with the existing ones. 298 

Assume that blocks A and B are the pair of allocated and existing blocks. The following substeps are 299 

conducted: 300 

Step 1: The axis-aligned bounding box of each block is determined by (𝑃𝑚𝑖𝑛, 𝑃𝑚𝑎𝑥), as follows: 301 

 

 cmaxcmaxcmaxmax

cmincmincminmin

zzyyxxP

zzyyxxP

+++=

−−−=

                   

(22)

 

302 

Step 2: The overlapping detection algorithm (Sulaiman et al, 2014) is employed to check the 303 

overlapping condition between bounding boxes (𝑃𝑚𝑖𝑛
𝐴 , 𝑃𝑚𝑎𝑥

𝐴 )  and (𝑃𝑚𝑖𝑛
𝐵 , 𝑃𝑚𝑎𝑥

𝐵 ) . If the 304 

bounding boxes do not overlap, then blocks A and B do not overlap. If the bounding boxes 305 

overlap, then Step 3 must be conducted. 306 

Step 3: Block A is discretized into 𝑁𝑝 points, while block B is represented by the continuous 307 

surface function 𝑅𝐵(𝜃, 𝜑) with their local spherical coordinate system. For each surface point 308 

𝑅𝑖
𝐴(𝜃𝑖, 𝜑𝑖), 𝑅𝑖

𝐴(𝜃𝑖, 𝜑𝑖) is transformed into the local spherical coordinate system of block B to 309 

obtain 𝑅𝑖
𝐴→𝐵(𝜃𝑖

𝐴→𝐵 , 𝜑𝑖
𝐴→𝐵). The penetration indicator Γ𝑖 is computed as follows: 310 

Γ𝑖 = 𝑅𝑖
𝐴→𝐵(𝜃𝑖

𝐴→𝐵 , 𝜑𝑖
𝐴→𝐵) − 𝑅𝐵(𝜃𝑖

𝐴→𝐵, 𝜑𝑖
𝐴→𝐵)          (23) 311 

If 0i
, then point 𝑅𝑖

𝐴(𝜃𝑖, 𝜑𝑖) does not overlap with block B, while if Γ𝑖 < 0, then point 312 

𝑅𝑖
𝐴(𝜃𝑖, 𝜑𝑖) intrudes into block B. If all surface points on block A are identified to be under the 313 

nonpenetration condition, then the allocated block A does not overlap with block B. The overall 314 

overlap detection process among blocks is illustrated in Fig 5 to provide better understanding. 315 

 316 
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Fig. 2 Overall overlap detection among blocks 317 

(4) Repeat step 3 until the allocated blocks do not overlap with all of the adjacent blocks. 318 

(5) Repeat steps 2 to 4 until all the blocks are allocated. 319 

Based on the above-detailed procedures, we can generate a stochastic model of realistic 320 

geomaterial models with desirable block inclusion features. Examples of the generated models with 321 

various BPs are illustrated in Fig. 6. 322 

 323 

(a) 10%      (b) 20%         (c) 30%       (d) 40%         (e)50% 324 

Fig. 6 Examples of the generated models with various BPs 325 

2.3 Finite-discrete element model 326 

The cohesive zone model was initially proposed by Barenblatt et al. (1959) and Dugdale et al. 327 

(1960). This model is designed to handle mechanical singularities in crack tips and to monitor 328 

mechanical behaviours such as material bonding, aggregate interlock, and surface friction (Yang et al, 329 

2009). As discussed by Nguyen (2014), the cohesive element model is compatible with existing finite 330 

element codes and can effectively avoid the tremendous time cost of tedious contact searching, 331 

judging, and updating; thus, it is a good alternative choice for modelling the fracturing and failure 332 

behaviours compared to other methods (e.g., extended finite element method). The details of the 3D 333 

cohesive zone model can be found in the Appendix. 334 

As fracture paths can be rather stochastic and irregular, cohesive elements are inserted 335 

ubiquitously into the finite meshes. The basic scheme is to replicate and renumber the nodes of the 336 

interfaces of adjacent elements and retain the coordinates of updated nodes. Thus, fabricated cohesive 337 

elements have a zero out-of-plane thickness. Taking the COH3D8 type of cohesive element as an 338 

example (as shown in the left of Fig. 6-a), the coordinates of points 1, 2, 3, and 4 on element A 339 

coincide with those of copied points 5, 6, 7, and 8 on element B, so the cohesive element (as shown in 340 

the right of Fig. 6-a) is formed with point sequences from 1 to 8. Notably, a consistent nodal ordering 341 

approach (anti-clockwise) of cohesive elements should be used to determine the correct normal 342 

direction of surface cracks. 343 
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 344 

(a) Cohesive elements consisting of eight nodes 345 

 346 

(b) Cohesive elements consisting of six nodes 347 

Fig. 7 Structural characteristics of different cohesive elements 348 

As the block surface is irregular, the nodal and elemental connectivity of the 3D numerical 349 

model is extremely complicated. An efficient algorithm is needed to robustly process the tremendous 350 

changes in the nodal and elemental information caused by the insertion of cohesive elements, which is 351 

accomplished by the following steps: 352 

(a) The nodal and elemental data of all solid elements are read from a meshed model. 353 

Fundamental information includes the nodal coordinates, nodal labels, nodal connectivity, and 354 

elemental labels. Then, both the nodal and elemental databases are generated to store the 355 

corresponding information. 356 

(b) The element faces can be categorised into two groups, i.e., element faces between adjacent 357 

elements (shared faces) and faces on the geometric boundary (boundary faces). Note that only 358 

shared faces should be replaced by cohesive elements, as shown in Fig 7. For each node on the 359 

shared faces, the number of connected elements is calculated, which determines the replicating 360 

times of the node. Taking node 1 in Fig. 7 (a) for instance, both solid elements A and B are 361 

related to node 1. Thus, two new element nodes are generated to replace node 1. 362 

(c) The coordinates of new nodes are consistent with those of the original nodes, whereas the 363 

labels of the new nodes are numbered from the maximum label of the original meshes. With the 364 

new nodes being labelled, the node connectivity of the connected solid elements is also updated. 365 
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Taking solid element A in Fig. 7(b) for instance, the node connectivity changes from 1-2-3-4 to 366 

6-2-8-10 after node updating. Then, the changes in the nodal and elemental information are 367 

recorded in the aforementioned nodal and elemental databases. 368 

 369 

Fig. 8 Flowchart of the process of inserting cohesive elements ubiquitously 370 

(d) For each inner face, three or four pairs of nodes can be found, which comprise a cohesive 371 

element (COH3D6 or COH3D8, as shown in Fig. 7). The cohesive elements are labelled from the 372 

last element label of the original meshed model. Then, the cohesive elements are classified into 373 

three groups, i.e., the rock, matrix and interface cohesive elements, based on the properties of 374 

two adjacent elements. 375 

(e) Thereafter, the nodal and elemental information of both the updated solid elements and 376 

cohesive elements are well prepared. Finally, a new hybrid numerical model with inserted 377 

cohesive elements is accomplished. 378 

The above procedure is clarified by the flowchart illustrated in Fig. 8. 379 

3 Experimental validation 380 

To carefully validate the proposed hybrid approach, the procedure employing only step 1 and 381 

step 3, as a simplified 2D approach, is first examined by preparing synthetic heterogeneous discs with 382 
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Brazilian split tests that are more homogeneous and easily controlled. Then, realistic 3D specimens 383 

are fabricated to examine the 3D approach with all three steps. 384 

3.1 Validation of the approach simplified in 2D 385 

3.1.1 Preparation of the experimental and numerical specimens 386 

To validate the proposed hybrid numerical method, Brazilian split tests are performed on 387 

synthetic heterogeneous specimens for a comparison with the numerical results. Each disc has a 388 

diameter of 50 mm and a thickness of 25 mm. Inspired by existing studies (Sharafisafa et al., 2020), the 389 

matrix is composed of gypsum, while the rocks are made of Portland cement. The focus of this study 390 

is placed on precisely simulating the deformation behaviour and failure patterns of heterogeneous 391 

geomaterials using the developed hybrid numerical method. The purpose of choosing gypsum and 392 

Portland cement is to mimic two types of components with distinctive mechanical properties. To 393 

fabricate the synthetic specimens, geometric files are prepared first to generate the moulds of the 394 

specimens through 3D printing techniques, as shown in Fig 9(a). Note that block outlines are 395 

intentionally selected from the established block library. The procedure to manufacture artificial 396 

heterogeneous discs is detailed as follows. 397 

(1) As shown in the first column of Fig. 9(a), three moulds with block proportions of 20%, 30%, 398 

and 40% are manufactured through 3D printing technology. 399 

(2) The water gypsum ratio is set as 0.5. After mixing well, the gypsum liquid is poured into the 400 

moulds to generate the matrix component. After 20 seconds of vibration and 4 hours of curing, 401 

the matrix is demoulded. 402 

(3) The water cement ratio is set as 0.4. Portland cement liquid is injected into the preset holes to 403 

generate the block components. Subsequently, these specimens are placed on a vibration platform 404 

for 20 seconds to remove any bubbles. 405 

(4) Then, discs of pure gypsum and pure Portland cement are also generated to calibrate the 406 

mechanical properties of the hybrid numerical model. Finally, all the specimens were kept in a 407 

stable environment at a temperature of 20 °C for 7 days. The prepared specimens and 408 

experimental equipment are shown in Fig. 8 (b). 409 
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 410 

(a) The fabricating process of the synthetic specimens 411 

  412 

 413 

(b) The Brazil split test performed on different specimens 414 

Fig. 9 Preparation of specimens and experimental apparatus 415 

Brazilian tests are performed using a servo-controlled testing system with a maximum loading 416 

Bimrocks Matrix 

Rock block 
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capacity of 50 kN. The split tests are conducted with a loading speed of 0.2 mm/min. Simultaneously, 417 

hybrid numerical models are established using the same geometric files that were used to generate the 418 

moulds. Therefore, the synthetic specimens can be perfectly replicated in the numerical analysis since 419 

they share the same geometric files. Based on the matched geometry and same loading condition, 420 

virtual Brazil split tests are also conducted on the numerical models, as shown in Fig. 10. As 421 

mentioned in section 2.3, the cohesive elements embedded into all element interfaces are classified 422 

into three groups, as shown in Fig. 11. 423 

 424 

(a) Rock proportion 20%      (b) Rock proportion 30%       (c) Rock proportion 40% 425 

Fig. 10 Numerical models of artificial heterogeneous specimens with various rock proportions 426 

As shown in Fig. 9(b), additional tests are conducted on the pure gypsum and Poland cement 427 

specimens. Thus, the macroparameters, including the density, elastic modulus, Poisson’s ratio, tensile 428 

strength and shear strength, can be directly obtained through the experimental results. However, the 429 

microparameters, i.e., stiffness, traction criteria and fracture energies, must be determined through a 430 

calibration process (Tatone et al., 2015). Thus, a series of trial and error tests are performed to adjust 431 

the microparameters. On the basis of previous research (Tatone et al., 2015 and Wu et al., 2018), the 432 

following basic rules are adopted in the calibration process: 433 

(1) Large stiffness values of cohesive elements are suggested to ensure the correct elastic 434 

response. Among them, the shear stiffness is mostly weaker than the normal stiffness for 435 

geological materials (Jiang et al., 2018, Wei et al., 2019 and Zhou et al., 2020). 436 

(2) The traction criterion and fracture energies in the shear directions may be larger than those in 437 

the normal directions according to conclusions from previous research on rock materials (Tatone 438 

et al., 2015, Wei et al., 2019 and Zhou et al., 2020) 439 

(3) The Brazilian disc strength is assumed to be a function of fracture energy. First, the fracture 440 

energies are adjusted to find an appropriate parameter combination that yields both the correct 441 

strengths and realistic fracture patterns. While none of the combinations can achieve the target 442 

strength, the traction criteria of the interfaces are then changed. Subsequently, another iteration 443 

process of fracture energies is carried out again. 444 

After the carefully designed calibration process, the macro-micro mechanical parameters of the 445 
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proposed numerical model are illustrated in Table. 1. Note that the modelling approach can also be 446 

combined with optimisation methods or the transitional Markov chain Monte Carlo method to 447 

efficiently identify all the mechanical parameters (Yin et al., 2017, 2018; Jin et al., 2019, 2020). 448 

Table 1 Mechanical parameters of the numerical model 449 

Mechanical parameters 
Rocks 

(Poland cement) 

Matrix 

(gypsum) 

Cohesive elements 

Matrix Interface Rocks 

Elastic modulus/MPa 20000 4000 -- -- -- 

Poisson's ratio 0.22 0.3 -- -- -- 

Tensile stiffness (GPa/m) -- -- 2000 1500 10000 

Shear stiffness (GPa/m) -- -- 600 450 4000 

Normal traction criterion/MPa -- -- 1 0.8 2 

Shear traction criterion/MPa -- -- 1.5 1.2 3 

Mode-I fracture energy (N/m) -- -- 50 40 100 

Mode-II-fracture energy (N/m) -- -- 100 80 200 

 450 

Fig. 31 Insight regarding the embedded cohesive elements 451 

3.1.2 Results of the Brazilian tests and comparison 452 

The failure characteristics of both the numerical modelling and experimental results are depicted 453 

in Fig. 12. As observed from the figure, the numerical results show failure patterns consistent with the 454 

experimental results. Due to the significant mechanical contrasts of the components and irregular 455 

geometry of block inclusions, stress concentrations can easily occur at the interfaces between the 456 

matrix and block inclusions. Thus, cracking is most likely to develop along the block-matrix 457 
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interfaces. For the specimen with a BP of 20%, the crack first initiates around the matrix-block 458 

interfaces and then develops almost vertically through the matrix. The failure patterns are similar to 459 

those of a homogeneous brittle material owing to the relatively low rock proportion. With increasing 460 

rock proportion, the failure patterns become much more irregular and complicated, as shown in the 461 

specimen with a BP of 30%. Tortuous fracture surfaces, the detachment of blocks at interfaces, and 462 

localised failure are observed. As the BP reaches 40%, the block components seriously restrict crack 463 

propagation. It should be noted that block breakage is found at the top of the specimens since the 464 

block happens to lie vertically along the crack paths. It is inferred that the mechanical properties of 465 

heterogeneous geomaterials can benefit from the increase in BPs. The increasing rock block would 466 

further constrain the crack propagation and improve the overall strength due to their own mechanical 467 

strength advantage. Therefore, it is necessary to consider the breakage of a block when the modelling 468 

block contains geomaterials. 469 

 470 

Fig. 42 Comparison of fracture characteristics from the numerical and experimental results 471 
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 472 

Fig. 53 Comparison of the load-displacement curves from the numerical and experimental results 473 

The comparison of the load-displacement curves from the numerical and experimental results is 474 

illustrated in Fig. 13. The numerical results agree well with the experimental results. It is apparent that 475 

the split strength and elastic modulus of the specimens improve with increasing BPs. In the initial 476 

elastic phases, the numerical results show limited fluctuations caused by the strain concentrations and 477 

sudden detachment of the block-matrix boundary (Sharafisafa et al., 2020), which correspond with the 478 

conclusion found in previous research. For specimens with BPs of 20% and 30%, the load dropped 479 

dramatically after the peak strength. However, fluctuations and limited plastic deformation are found 480 

near the peak zone of specimens with BPs of 40%. Inspired by previous research (Sharafisafa et al., 481 

2020), these fluctuations are caused by the abrupt breakage and interlock effects of rock blocks along 482 

the loading direction. Thus, the failure of rock blocks could impose noticeable effects on the 483 

behaviour of block-containing geomaterials. 484 

3.2 Validation of the 3D approach with whole steps 485 

3.2.1 Preparation of the experimental and numerical specimens 486 

To further validate the proposed 3D approach with all three steps, synthetic specimens with block 487 

inclusions are fabricated and tested. The components of the synthetic specimens, as illustrated in Fig. 488 

14, include crushed limestone stone and red clay. Inspired by the experiments in the existing 489 

publications (Afifipour et al., 2014; Wang et al., 2015 and Li et al., 2020), the matrix is fabricated by 490 

mixing red clay with moderate cement to resume the cemented state. Additionally, three specimens 491 

with 50 mm diameters and 25 mm thicknesses are cored from intact limestone to obtain the basic 492 

mechanical properties of rock blocks, and three specimens of pure cemented red clay are also 493 

prepared to calibrate the mechanical properties of the matrix. Four groups of test specimens, with 494 

desired rock proportions ranging from 20% to 50%, were prepared for validation. Nine specimens 495 

were prepared for each group, and the specific weights of each component for each group are 496 

illustrated in Table 2. 497 
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 498 
Fig. 14 Components of the fabricated specimens 499 

Table 2 Weight of each component for every 10 kg of each validation group 500 

Group RBP Cement (C50) Red clay Water Blocks 

No, % kg kg kg kg 

A 0 1.64 5.47 2.90 / 

B 20 1.31 4.39 2.31 2.0 

C 30 1.14 3.85 2.01 3.0 

D 40 0.98 3.30 1.73 4.0 

E 50 0.81 2.75 1.44 5.0 

The major steps to fabricate the heterogeneous specimens include (1) adding the red clay, cement, 501 

rock blocks, and water into the mixing machine in sequence and stirring; (2) pouring the mixtures into 502 

the mould (as shown in Fig. 15 (a)) and compacting the mixture using a vibration table for 5 minutes; 503 

(3) keeping the specimens in the mould for 24 hours and then demoulding the specimens; (4) keeping 504 

the specimens in a moist environment at a temperature of approximately 25 °C and relative humidity 505 

of 95% for 7 days for curing; and finally (5) polishing both ends of the specimens (Fig. 15 (a)). 506 

To generate a numerical model that mimics the realistic rock block shapes of the test specimens, 507 

some of the obtained cylinder test specimens are cut in the middle first to expose the inner sections 508 

(Fig. 15 (b)). Then, the 2D rock block outlines are extracted using the proposed deep-learning-based 509 

method in section 2.1. After shape quantification and database establishment, 2D outlines with 510 

realistic shapes are employed to generate 3D rock block particles (Fig. 16). Based on the 511 

corresponding rock proportion and block gradation of each experimental specimen, the stochastic 3D 512 

specimens are reconstructed following the procedure proposed in section 2.2. Finally, the hybrid 513 
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models are obtained through the method provided in section 2.3. The reconstruction process of the 514 

hybrid model is illustrated in Fig. 16. 515 

 516 

(a) Preparation of the heterogeneous specimens 517 

 518 
(b) Identify rock outlines from the middle planes of the specimens 519 

Fig. 15 Preparation of the heterogeneous specimens and basic image data 520 

 521 

Fig. 66 The reconstruction process of the hybrid model 522 

Then, the microparameters are determined following the calibration process mentioned in section 523 
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3.1. The calibrated macro-micro mechanical parameters of the 3D numerical model are summarised in 524 

Table. 3. 525 

Table 3 Mechanical parameters of the numerical model 526 

Mechanical parameters 
Rocks 

(Poland cement) 

Matrix 

(gypsum) 

Cohesive elements 

Matrix Interface Rocks 

Elastic modulus/MPa 35000 6000 -- -- -- 

Poisson's ratio 0.22 0.3 -- -- -- 

Tensile stiffness (GPa/m) -- -- 3500 2000 25000 

Shear stiffness (GPa/m) -- -- 800 750 8000 

Normal traction criterion/MPa -- -- 1.5 0.8 3.5 

Shear traction criterion/MPa -- -- 2.5 1.3 12 

Mode-I fracture energy (N/m) -- -- 85 50 150 

Mode-II-fracture energy (N/m) -- -- 140 90 300 

3.2.2 Results of Brazilian tests and comparison 527 

The experimental and numerical results of the split strength are compared herein. As shown in 528 

Fig. 17 (a) and Fig. 17 (b), the split strength of the experimental and that of numerical results shares a 529 

consistent ascendant trend with increasing BP. The increasing rate is notably improved when the rock 530 

proportion exceeds 30%. In addition, the dispersion of statistics slightly increases due to the 531 

improving heterogeneity introduced by the increase in the rock proportions. Additionally, as shown in 532 

Fig. 17 (c), the numerical results generally agree well with the experimental results, with a correlation 533 

coefficient of 0.92. Even though increasing the rock proportion can amplify the uncertainty in the 534 

prediction of split strength, the maximum error is within 8%. This suggests the validity of the 535 

proposed model. 536 

  537 

(a) Experimental results                   (b) Numerical results 538 
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 539 

(c) Comparison of the numerical and experimental split strength results 540 

Fig. 77 Numerical and experimental split strength results 541 

The experimental and numerical split stiffness results are also compared. As shown in Fig. 18 (a) 542 

and Fig. 18 (b), both the experimental and numerical split stiffness results increase linearly with 543 

increasing rock proportion. Fig. 18 (c) shows the comparison results between the numerical and 544 

experimental results. The numerical results correspond well with the experimental results in general, 545 

with a correlation coefficient of 0.93. The maximum error of the split stiffness is within 6%. This 546 

proves the effectiveness of the proposed model from another aspect. 547 

  548 

(a) Experimental results                   (b) Numerical results 549 

 550 
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(c) Comparison of the numerical and experimental split stiffness results 551 

Fig. 88 Numerical and experimental stiffness results 552 

4 Discussion of influencing factors 553 

To better understand the failure mechanism of heterogeneous geomaterials, this section illustrates 554 

applications of the proposed hybrid numerical method in analysing the influences of the interface 555 

strength and block-matrix strength ratio on the mechanical properties. 556 

4.1 Influence of the strength ratio among rock blocks and matrix 557 

To analyse the influences of the block-matrix strength ratio, realistic numerical specimens with 558 

various strength ratios are reproduced using the proposed method, while the tensile and shear 559 

strengths of cohesive elements in rock blocks are set to 80%, 120%, 160%, and 200% of those in the 560 

matrix. For all models, the mechanical properties of the cohesive elements on the interfaces remain 561 

the same. 562 

(1) Failure characteristics 563 

The failure evolution process of specimens with strength ratios of 200% and 80% are depicted in 564 

Fig 19. Cracks initiate from the interfaces among the block inclusions and matrix due to the relatively 565 

low interface strength, as shown in Fig 19. As block inclusions are much stronger than the matrix and 566 

their interfaces, cracks tend to develop along the interfaces and matrix rather than crossing the rock 567 

blocks, which results in a relatively irregular and tortuous failure path. With the development of 568 

cracks along the interfaces, a tensile crack then emerges at the tips of the interface cracks and 569 

penetrates vertically through the matrix. When the tensile split strength is reached, the stress shows a 570 

sharp drop from Point B to Point E, as shown in Fig. 19 (a). The descent trend shows some fluctuation, 571 

which may be caused by the friction and interlock effects of the block inclusions. 572 

 573 

(a) Failure characteristics of specimens with strength ratios of 200% 574 
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 575 

(b) Failure characteristics of specimens with the lowest strength ratio, i.e., 80% 576 

Fig. 99 Failure evolution characteristics of specimens during the Brazil test 577 

For the specimens with strength ratios of 80% depicted in Fig. 19 (b), the load-displacement 578 

curve exhibits obvious fluctuations during the peak strength regions, which may be caused by the 579 

splitting and failure of block inclusions. The failure paths are less tortuous than those illustrated in Fig. 580 

19 (a), as the failure paths could directly pass through the soft block inclusions. After the tensile 581 

strength was reached, the cracks developed rapidly until the specimen was completely split apart. 582 

Furthermore, the stress shows a steep drop to zero. Thus, it is concluded that the strength ratio 583 

imposes a significant impact on the strength and failure pattern of heterogeneous geomaterials. 584 

(2) Distribution of the split strength versus the strength ratio 585 

It is widely accepted that the mechanical and failure properties may vary dramatically with 586 

different distributions of block inclusions along the cracking paths (Kalender et al., 2014,Wang et al., 587 

2018 and Sharafisafa et al., 2020). To better understand the influence of the strength ratio on the 588 

mechanical properties, six different orientations (0°, 30°, 60°……150°) are tested for each specimen. 589 

Furthermore, four types of rock proportions ranging from 20% to 50% are considered. The split 590 

strength versus the strength ratio (80%, 120%, 160% and 200%) and the BPs are illustrated in Fig. 20. 591 

In Fig. 20, the split strength generally grows with an increasing strength ratio. However, the 592 

increasing rate slows down after the strength ratio passes 160%. The reason for this result is that the 593 

split strength of heterogeneous geomaterials is largely dominated by the strength of the matrix and 594 

interfaces when the block inclusion is much stronger than the matrix. 595 

Specifically, the evolution of the split strength versus the BPs shows an increasing trend when 596 

the strength ratio is larger than 100%. It can also be observed that the split strength increases notably 597 

when the rock proportion increases from 40% to 50%, which is consistent with the findings in 598 
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previous studies (Sonmez et al., 2004; Kalender et al., 2014 and Coli et al., 2020). Additionally, inspired 599 

by the conclusion in the existing work (Afifipour M et al., 2014; Kahraman et al., 2015), this 600 

phenomenon may be due to the interlock occurring among the hard inclusions, which could amplify 601 

the strengthening effects of rock blocks and impede the failure evolution. However, when the strength 602 

ratio is 80%, the split strength decreases as the BP increases from 20% to 50% because the block 603 

strength is weaker than the matrix strength in this situation. This phenomenon coincides with 604 

experimental results on the Misis fault breccia (Kahraman et al., 2015), which also has weak block 605 

inclusions. 606 

 607 
(a) Box plot of the split strength 608 

 609 

(b) Mean value of the split strength 610 

Fig. 20 The evolution of the split strength versus the strength ratio under various BPs 611 

4.2 Influence of the interface strength on heterogeneous geomaterials 612 

According to the experimental results and the findings of previous studies (Li et al, 2013 and Zhu 613 

et al., 2020), the interface strength also plays an important role in determining the mechanical 614 

properties of block-containing materials. To further quantitatively evaluate the effects of the interface 615 
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strength on the split strength, two sets of numerical specimens with rock proportions of 20% and 50% 616 

are prepared. Each set consists of sixteen models with various interface strengths (40%, 80%, 120% 617 

and 160% of the matrix strength) and strength ratios (80%, 120%, 160% and 200% of the matrix 618 

strength). Each model is tested along six loading directions. 619 

The relationships between the split strength and interface strength with various strength ratios are 620 

shown in Fig. 21. In Fig. 21, with increasing interface strength, general increasing trends of the split 621 

strengths for both sets are observed. The contribution of the strength ratio to the split strengths is 622 

clearly magnified with an increasing interface strength. Thus, it can be concluded that an increase in 623 

the interface strength will generally strengthen the heterogeneous geomaterials. By comparing Fig. 21 624 

(b) and (d), the interface strength has profounder effects on the mechanical properties of 625 

heterogeneous rocks when the block proportion is 50%. It is inferred that the split strength is more 626 

sensitive to both the strength ratio and block proportion as the interface strength increases. 627 

  628 

(a) Box chart of the split strength for a RBP of 20%   (b) The mean split strength for a RBP of 20% 629 

  630 
(c) Box chart of the split strength for a RBP of 50%     (d) Mean split strength for a RBP of 50% 631 

Fig. 21 Split strength evolution trend of specimens versus the interface strength 632 
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5 Conclusion 633 

In this study, a hybrid computational approach was developed to model 3D realistic 634 

heterogeneous geomaterials considering 3D irregular block shapes, block-matrix interface 635 

characteristics and breakage of rock blocks. First, based on deep learning and computational geometry 636 

algorithms, numerical specimens with the quantitative control of the block shapes and size 637 

distribution can be reconstructed. Then, to capture the failure behaviours, a hybrid finite-discrete 638 

model was established by inserting cohesive elements into the meshed model. To validate the 639 

efficiency and accuracy of the proposed method from 2D to 3D, a series of physical and numerical 640 

Brazilian split tests were conducted on synthetic heterogeneous specimens. Finally, the effect of the 641 

strength ratio and interface strength on the mechanical and fracturing behaviour was systematically 642 

discussed. The conclusions drawn are as follows: 643 

(1) The deep learning technique has been combined with computational geometry algorithms to 644 

automatically extract rock blocks from raw images to establish a database of 2D block outlines. 645 

On this basis, the 3D surface morphing approach and block allocation algorithm have been 646 

developed to reconstruct stochastic numerical models with the desired rock block geometry. 647 

(2) The proposed hybrid finite-discrete approach with a set of calibrated parameters has been 648 

verified to effectively simulate the mechanical behaviour of block-containing materials. The 649 

numerical results agree well with the laboratory data for cases with different block proportions, 650 

and the failure characteristics of the numerical results also match well with the experimental 651 

observations with an evolution trend that is consistent as the block proportion increases. 652 

(3) The block proportion was shown to have strong effects on the mechanical properties. 653 

Normally, the mechanical properties are improved by increasing the block proportion. However, 654 

the evolution trend will reverse if the rock is weaker than the matrix. Notably, owing to the 655 

interlock effects of rock blocks, the strength substantially increases when the rock proportion 656 

rises from 40% to 50% and the strength ratio is larger than 100%. 657 

(4) A notable ascendant trend of the split strengths was found as the strength ratio or interface 658 

strength increased. Both strengthening effects can be amplified by increasing block proportion. 659 

However, the increasing rate tends to become moderate as the strength ratio or interface strength 660 

reaches their matrix value. 661 
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Regarding the good performance achieved, the proposed hybrid approach can serve as a 662 

promising tool for modelling the mechanical responses of heterogeneous strata with irregular 663 

inclusions during tunnelling and other geological engineering applications. 664 
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Appendix: Description of 3D cohesive zone model 670 

In the 3D cohesive zone model, the traction consists of a normal direction and two tangential 671 

directions across the crack surfaces. Fig. A1 shows a typical evolution law between the traction and 672 

crack separation in the normal and tangential directions, which is called the bilinear 673 

traction-separation model. 674 

 675 
(a) Tensile behaviour                  (b) Shear behaviour. 676 

Fig. A1 Constitutive model of the cohesive element 677 

Owing to its simplicity and clarity, the bilinear traction-separation model is widely used and is 678 

considered an efficient and convenient model to capture material fracture behaviours. At the early 679 

stage, stress increases linearly with strain before damage initiation in both the normal and tangential 680 

directions, which can be expressed as follows (Su et al, 2010): 681 
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where   is the nominal traction vector,   is the nominal strain vector, and   is a displacement 683 

vector that consists of three components in 3D scenarios. E  
and k

 
are the elastic modulus and 684 

stiffness matrix, respectively. 
0T  

is the original thickness of the cohesive element. 685 

Then, with deformation growth, the curves enter a softening stage where damage is initiated. In 686 

this study, the damage initiation law is determined by quadratic nominal stress, which takes into 687 

account the interaction of three traction components, as shown in Fig. A2. 688 
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where 
nlt , 

slt  and 
tlt  

represent the peak strength of the nominal stress when the deformation is 690 

either purely normal to the interface or purely parallel to the first and second shear directions. 
nt , 

st  691 

and 
tt  

are stress components. The operator 
 
is the Macauley operator defined as 692 

( )
1

+
2

x x x= . 693 

After damage initiation, the mechanical properties of the material tend to degrade gradually upon 694 

loading. To define the damage evolution law of stiffness, a scalar damage variable D is employed to 695 

represent the overall damage of the interfaces, with which the penalty tensile and shear stiffness can 696 

be expressed as follows: 697 

( ) ( ) ( ) ;1;1;1 ttpsspnnp kDkkDkkDk −=−=−=          (A3) 698 

For the linear softening stage, as shown in Fig. A1, the damage variable can be expressed as 699 

follows: 700 
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−
=                       (A4) 701 

where 
mm  represents the maximum displacement during the loading process, and 

mo  and 
mf  are 702 

the effective relative displacements at the damage initiation state and final failure state, respectively. 703 

The effective relative displacement is defined as follows: 704 

222

tsnm  ++=                      (A5) 705 

The mixed-mode softening law can be illustrated in a single 3D map by representing the tensile 706 

mode and shear mode on the perpendicular planes, as shown in Fig. A2. 707 

 708 

Fig. A2 Traction-separation response of the cohesive element in mixed mode 709 

  710 
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Figure captions: 871 
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