
1 

 

An Experimental and Analytical Study of Rate-Dependent Shear Behaviour of Rough Joints 1 

 2 

Li, Hua (Li H.)1, Deng, Jianhui (Deng J.H.)1, Yin, Jianhua (Yin J.H.)2, Qi, Shengwen (Qi S.W.), 3 

Zheng3, Bowen (Zheng B.W.)3, Zhu, Jianbo (Zhu J.B.)4,5,* 4 

1 State Key Laboratory of Hydraulics and Mountain River Engineering, Sichuan University, 5 
Chengdu, China 6 

2 Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University, 7 
Hong Kong, China 8 

3 Institute of Geology and Geophysics, Chinese Academy of Sciences, Beijing, China 9 

4 Guangdong Provincial Key Laboratory of Deep Earth Sciences and Geothermal Energy 10 
Exploitation and Utilization, Institute of Deep Earth Sciences and Green Energy, College of Civil 11 

and Transportation Engineering, Shenzhen University, Shenzhen, China 12 

5 Shenzhen Key Laboratory of Deep Underground Engineering Sciences and Green Energy, 13 
Shenzhen University, Shenzhen, 518060, China 14 

* Corresponding author; Email: jbzhu@tju.edu.cn 15 

This is the Pre-Published Version.https://doi.org/10.1016/j.ijrmms.2021.104702

© 2021. This manuscript version is made available under the CC-BY-NC-ND 4.0 license http://creativecommons.org/licenses/by-nc-nd/4.0/.



2 

 

Abstract: 1 

Understanding the shear behaviour of rough joints is of great significance for dealing with rock 2 

engineering problems. In many cases, rock joints are often subjected to dynamic loadings, which 3 

are usually caused by explosions, impacts or earthquakes, etc. Until now, the dynamic shear 4 

characteristics of rock joints have not been well understood. In the present study, we investigate 5 

joint shear behaviour at different shear rates and develop a rate-dependent constitutive model of 6 

rough joints. Testing results shows that the shear/frictional strength of joints with meso-roughness 7 

(i.e., planar joints) is independent on the shear rate, while the strength of joints with macro-8 

unevenness (i.e., saw-toothed joints) increases with the shear rate. Under identical boundary 9 

conditions, the residual strength of joints with macro-unevenness approximates to the kinetic 10 

frictional strength of planar joints. Based on the testing results, the shear stress-displacement curve 11 

of rough joints was divided into four phases, i.e., linear elastic phase, shear hardening phase, shear 12 

softening phase and residual strength phase. A viscous joint model was thus proposed and 13 

validated through comparison with laboratory measurements. This new model correlates the static 14 

joint shear stiffness with dynamic one, and has the ability to describe the shear stiffness evolution 15 

during the whole shearing process. Based on the proposed model, a hypothesis about shear rate 16 

effects of rough joints was introduced and then verified through numerical modelling. The findings 17 

in this paper could facilitate better understanding the dynamic behaviour of rough joints and be 18 

useful for analyzing rock engineering problems with discontinuous rock masses. 19 

Keywords: rock joint; direct shear; rate effect  20 
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1 Introduction 1 

The analysis of rock slopes, foundations and underground openings is strongly dependent on 2 

reliable estimations of joint shear properties. To date, the shear behaviour of joints under static or 3 

quasi-static loading conditions has been extensively studied [1-3], where strain rates were usually 4 

lower than 10-2 s-1. Besides static loads, rock masses are often subjected to dynamic loads from 5 

blasts, impacts or earthquakes, etc. The strain rate is higher than 10-2 s-1, and the rate-dependent 6 

shear behaviour of joints is significant [4]. This shear-rate dependency was first identified by Green 7 

and Perkins [5], who suggested that the rate-dependent behaviour of rock should be considered 8 

when strain rate reaches 10-1 s-1. Therefore, it is of high academic interests and engineering 9 

importance to understand the rate-dependent behaviour of rock joints, which are usually rough. 10 

Although joint shear properties are influenced by the type of joints, two general agreements on 11 

shear rate effects have been reached. First, shear strength rises with the increasing shear rate. 12 

Second, the rate-dependent shear behaviour of joints is independent of normal stresses under 13 

dynamic conditions [6-8]. Recently, a number of dynamic shear systems have been developed [9, 10]. 14 

Laboratory tests on rock joints were conducted under new testing conditions. Mirzaghorbanali et 15 

al. [11] investigated shear rate effects under cyclic loadings and found that the dynamic frictional 16 

strength at high shear rates is increasingly higher than that at low shear rates with the rise of the 17 

number of loading cycles. Atapour and Moosavi [12] studied the dynamic shear behaviour of rough 18 

joints under constant normal stiffness conditions. They found that the shear mechanism may 19 

change from frictional sliding to asperities’ breaking with increasing shear velocity. However, the 20 

joint shear behaviour under dynamic loadings is still poorly understood. Most efforts were paid to 21 

the peak strength and frictional angle. The influence of shear rates on shear displacement, joint 22 

roughness and residual strength was ignored. 23 

Previous studies have suggested that the difference between dynamic and static joint shear 24 

behaviour could be explained by shear rate effects [6, 13-15], whereas there is still a lack of knowledge 25 

on its mechanism. One possible explanation is based on the hydromechanics and named “Stefan 26 

effect” [16], which indicates that the tensile stress applied perpendicular to the plane of microcracks 27 

is in direct proportion to the opening velocity and the viscosity of the filled liquid [16, 17]. Thus, a 28 

higher loading/strain rate would induce a higher cohesive force between crack surfaces. Another 29 

explanation is related to the inertia. At the micro scale, the inertia effect is reckoned as the 30 

increased resistance at crack tips to any sudden changes in position and state of motion [18]. This 31 
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force increment is usually expressed as a function of particle acceleration [19, 20]. At the macro scale, 1 

the increase of joint shear resistance is attributed to the confinement from surrounding rock blocks. 2 

For example, with the increasing shear rate, the normal boundary condition of a shallow-buried 3 

rough discontinuity would change from the constant normal stress condition to the constant normal 4 

stiffness condition, due to the “hardening” of surrounding rock blocks [8]. However, the shear 5 

process of asperities on joint surfaces is not a pure tension or shear process. Up to now, the 6 

understanding of shear rate effects on rough joints is still at its infancy as multiple failure models 7 

co-exist during shearing, e.g., frictional sliding, surface wearing and asperity cracking etc.[21].  8 

Due to the complexity of the shear mechanism, many scholars tended to build dynamic joint 9 

constitutive models by introducing a rate-related component into static/quasi-static models. Two 10 

typical methods were usually adopted. One method introduces the rate-related component in the 11 

form of multiplication, suggesting that the rate-dependent effect could be totally reflected by 12 

material constants [22]. For example, to reflect the time-dependent friction behaviour of joints, Kana 13 

et al. [23] directly modified the interlock-friction function by multiplying its frictional term with an 14 

amplification factor; Cui et al. [24] proposed a rate-dependent joint model in consideration of rate-15 

dependent shear stiffness, where the ratio of the dynamic to static stiffness was expressed by an 16 

exponential function. The other method introduces the rate-related component in the form of 17 

addition, suggesting that the total force/displacement is the sum of the static (rate-independent) 18 

component and the dynamic (rate-dependent) component [25]. For example, Schneider [2] conducted 19 

a series of friction tests on clay rock joints and stated that frictional force can be divided into a 20 

linear elastic part and a viscoplastic part; Zhu et al. [26] and Zhu et al. [27] examined dynamic 21 

responses of rock joints and proposed that the overall strain rate can be divided into a viscous 22 

portion and an elastic portion. Unfortunately, regardless of addition or multiplication, the 23 

applicability of the dynamic joint models mentioned above is strongly dependent on the validity 24 

of the adopted static/quasi-static models. Usually, these static models are not suitable for the shear 25 

phases after shear strength, thus they are unable to reflect the whole shear process of joints [28].  26 

The objectives of this study are to investigate the joint shear behaviour at different shear rates, 27 

and to propose a rate-dependent constitutive model for incorporating the whole shearing process 28 

of joints. A series of laboratory tests of artificial rough joints were firstly conducted at shear rates 29 

of 1 mm/s and 10 mm/s. The influence of shear rates on the shear process was then analyzed and 30 

formulated by two excess stress models. The underlying mechanism behind the two models 31 
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relevant to shear rate effects was analyzed and then validated by a series of numerical tests. The 1 

findings in this paper could add substantially to our knowledge about the rate-dependent shear 2 

behaviour of rough joints and provide an analytical framework to correlate the dynamic shear 3 

behaviour of joints with the static/quasi-static one. 4 

 5 

2 Experimental set-ups  6 

2.1 Sample preparation 7 

Mated mortar joints were prepared to examine the shear behaviour of rough joints at different 8 

shear rates. Mortar was selected to simulate rock materials in our study due to its rock-like 9 

properties and temperature stability [3, 29-32]. In our study, a mix of water, cement and sand in the 10 

proportion of 0.4:1:1.5 by weight was adopted to simulate the rock material with the uniaxial 11 

compression strength of about 34 MPa and the Young’s modulus of about 7.95 GPa. After casting 12 

and curing, the exterior surfaces of the specimens were ground parallel and flat to ensure uniform 13 

normal and shear loadings. The final dimensions of the joint samples are about 100 mm in length, 14 

100 mm in width, and 100 mm in height. 15 

Fig. 1 shows profiles of the rough joints used in thus study. Three types of rough joints were 16 

prepared by using the same mortar material, but the contact surfaces in the middle of the mold 17 

were different. Fig. 1a shows samples with irregular triangular asperities, fabricated to simulate 18 

joints with multi-scale unevenness. The shear behaviour of these joints is influenced seriously by 19 

the interaction between asperities [33]. Fig. 1b shows samples with regular triangular asperities, 20 

which were prepared to simulate joints with periodic waviness/unevenness. The shear behaviour 21 

of those joints is dominated by the deformation or failure of asperities [33]. Besides, samples with 22 

unpolished planar surfaces were also prepared to simulate joints with meso-roughness, as shown 23 

in Fig. 1c, along which frictional characteristics are significant.  24 

 25 

2.2 Experimental setup  26 

Shear experiments were conducted under constant normal load conditions by using an 27 

instrumented direct shear testing system in Institute of Geology and Geophysics, Chinese 28 

Academy of Sciences, as shown in Fig. 2. The testing system consists of four components, i.e., the 29 

hydraulic aggregate, the air pressure accumulators, the shear box with horizontal and vertical 30 

frames, and the electronic control unit. The detachable upper and lower shear boxes can move 31 



6 

 

freely in the horizontal and vertical directions, respectively. Two small and five large air pressure 1 

accumulators were employed to provide the energy for dynamic loadings. Four linear variable 2 

differential transducers (LVDTs) were put on four corners at the top of the shear box to measure 3 

the normal displacement. Two LVDTs were placed in parallel to the lower shear box to measure 4 

the shear displacement. Details of this testing system were reported by Qi et al. [34] and Zheng et 5 

al. [35]. 6 

In our tests, joint specimens were tested at shear rates of 1 mm/s and 10 mm/s, i.e., at strain rates 7 

of 10-2 s-1 and 10-1 s-1, and under normal stresses of 1 MPa, 3 MPa and 5 MPa, respectively. Normal 8 

stress was maintained constantly during shearing. Different shear rates were applied through a 9 

standard displacement-controlled procedure suggested by Zheng [36]. Both shear displacement and 10 

stress were recorded automatically during the shearing process. 11 

 12 

3 Testing results and analysis 13 

3.1 The influence of shear rate  14 

Fig. 3 illustrates shear stress-shear displacement responses of the unpolished planar joints at 15 

shear rates of 1 mm/s and 10 mm/s under varied normal stresses, i.e., 1 MPa, 3 MPa and 5 MPa. 16 

It could be found that shear/frictional strength is insensitive to the shear rates ranging from 1 mm/s 17 

to 10 mm/s, that is, shear rate effects on the unpolished planar joints with meso-roughness are 18 

slight in terms of shear strength at these shear rates.  19 

Figs. 4 and 5 show shear stress-displacement responses of the joints with regular and irregular 20 

asperities, respectively. Shear rates applied were 1 mm/s and 10 mm/s under varied normal stresses, 21 

i.e., 1 MPa, 3 MPa and 5 MPa. It can be seen that peak shear strength increases with the rise of 22 

shear rates. The magnitude of the strength increment is dependent on the normal stress applied. 23 

For the joints with regular asperities, relative strength changes as the shear rate rises from 1 mm/s 24 

to 10 mm/s were about 45%, 26% and 12% under normal stresses of 1 MPa, 3 MPa and 5 MPa, 25 

respectively. For joints with irregular asperities, the change in strength decreases to 27% under 1 26 

MPa, 11% under 3 MPa and 7% under 5 MPa.  27 

Interestingly, the rate-independent behaviour can be also observed in the tests on the joints with 28 

regular and irregular asperities. As shown in Figs. 4 and 5, final residual stresses of the joints with 29 

regular and irregular asperities appear to approach kinetic frictional strengths of the planar joints, 30 

when shear displacements are large enough. The periodic stress fluctuation in the residual strength 31 
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phase reflects the continuous wearing and grinding of the small fragments between joint surfaces. 1 

Similar to the friction/shear process of planar joints, this wearing/grinding process can also be 2 

considered as continuous damaging and breaking of meso-roughness. This concept is in line with 3 

the findings of Zhao [37], who suggested that joint shear strength changes with loading rates due to 4 

the rate-dependence cohesion, and friction angle seems unaffected by loading rates. 5 

From Figs. 3, 4 and 5, it could be concluded that joint shear rate effects are influenced by joint 6 

roughness. In our study, the largest difference in shear strength was achieved under the normal 7 

stress of 1 MPa. For planar joints, the relative change in strength is negligible at 5%. For the joints 8 

with macro-unevenness, this strength change rises to around 45% for regular asperities and 27% 9 

for irregular asperities. The difference in the extent of shear rate effects may be relevant to the 10 

actual number of the asperities in contact when the shear strength is reached. For planar joints, 11 

there is no macro-asperities. Shear rate effects thus seem to be negligible. For the joints with 12 

irregular asperities, because of the stress transfer among asperities [28], only the steepest asperities 13 

get contacted when the peak stress is reached. Thus, an obvious increase in strength was observed. 14 

For the joints with regular asperities, all the asperities remain contacted until the peak stress is 15 

reached. Thereby, shear rate effects become significant.  16 

It should be noticed that the stress fluctuation in the residual strength phase is more significant 17 

at higher shear rates. For instance, under the normal stress of 5 MPa, the shear resistance of the 18 

joint with irregular asperities at the shear rate of 10 mm/s (Irregular-5-10) shows obvious 19 

fluctuations in the residual strength phase, while there is hardly any fluctuation at 1 mm/s 20 

(Irregular-5-1). This difference indicates that the continuous breaking of fragments is more intense 21 

at a higher shear rate. Besides, it can be seen from Figs. 4 and 5 that, at the shear rates of 1 mm/s 22 

and 10 mm/s, the displacements at shear strength are almost the same. For example, under the 23 

normal stress of 1 MPa, the shear displacement of the joint with irregular asperities at the shear 24 

rate of 1 mm/s (Irregular-1-1) is 1.96 mm, while the corresponding displacement at the shear rate 25 

of 10 mm/s (Irregular-1-10) is 2.25 mm. The relative difference is less than 15%. When normal 26 

stress increases to 5 MPa, the relative difference decreased to around 3%. Furthermore, the shear 27 

displacements at the end of the first stress drop, i.e., at the beginning of the residual strength phase, 28 

also keep constant with the increase of the applied shear rate. For instance, the displacements at 29 

the end of the first stress drop for Sample “Irregular-1-1” and Sample “Irregualr-1-10” are 30 
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approximately 8.7 mm and 9.5 mm, respectively. The relative difference is about 9%. When 1 

normal stress increases to 5 MPa, the relative difference decreased to approximately 2%. 2 

   3 

3.2 Four shear phases of rough joints 4 

To quantitatively characterize the shear behaviour of rough joints, the shear process of joints 5 

with regular and irregular asperities was divided into four phases, i.e., linear elastic phase, shear 6 

hardening phase, shear softening phase, and residual strength phase. as shown in Fig. 6. In the 7 

linear elastic phase, shear stress linearly increases until reaching the initial yield limit (𝜏∗), which 8 

approximately equals to the residual strength of the joint [38]. Shear stiffness here is considered 9 

constant and called “linear stiffness (𝑘𝑙𝑖𝑛)” [38]. The shear stress-shear displacement curve seems 10 

step-shaped in this phase, due to the sudden compression of the interspace between the specimen 11 

and the shear box. In the shear hardening phase, shear stress increases, while shear stiffness 12 

decreases continuously. The total shear displacement in this phase is denoted as “𝑎ℎ”, which 13 

defines the hardening behaviour of the joint. In the shear softening phase, shear stress falls from 14 

the peak to the residual strength [28, 39]. Shear stiffness becomes negative. The total shear 15 

displacement in this phase is denoted as “𝑎𝑠”, which defines the softening behaviour of the joint. 16 

In the residual strength phase, shear stress periodically fluctuates and finally approaches the kinetic 17 

frictional resistance of planar joints. To simplify the discussion, this periodical stress fluctuation, 18 

resulting from continuous grinding of fragments, is ignored in the present study. Shear stiffness 19 

thus equals to zero in this phase. The residual strength (𝜏𝑟) here is considered equal to the initial 20 

yield limit (𝜏∗). 21 

Within the four phases, five controlling parameters were extracted to describe the joint shear 22 

behaviour: the initial yield limit (𝜏∗), the peak strength (𝜏𝑝), the linear stiffness (𝑘𝑙𝑖𝑛), the shear-23 

displacement increments in the hardening and softening phases (𝑎ℎ & 𝑎𝑠).  24 

 25 

4 A rate-dependent constitutive model of rough joints 26 

As discussed above, the shear process of rough joints was divided into four phases and 27 

characterized by five controlling parameters. Here, 𝜏∗, 𝑘𝑙𝑖𝑛, 𝑎ℎ and 𝑎𝑠 are considered to be rate-28 

independent at shear rates from 1 mm/s to 10 mm/s. 𝜏𝑝 is treated to be rate-dependent and regarded 29 

as the most important variable reflecting shear rate effects. This simplification emphasizes the 30 

importance of shear strength and reflects the major feature of shear rate effects, i.e., shear strength 31 
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increases with shear rates. Based on this, a one-dimensional constitutive model of rough joints was 1 

developed, which can reflect rate-dependent shear behaviour and describe the nonlinear hardening 2 

and softening processes.  3 

The proposed model is a mechanical conceptual model based on the Hooke-Saint Venant model 4 

(Fig. 7), in which elastic and plastic elements are connected in series to gain an ideal elastoplastic 5 

response. In the new model, the Saint Venant element was modified to reflect the 6 

hardening/softening process. Fig. 8 shows sketches of the traditional and modified Saint Venant 7 

models. In the traditional one, yield strength/limit could be determined by two compressed springs 8 

installed between two parallel surfaces, as shown in Fig. 8a. By contrast, in the modified model, 9 

springs are installed between two inclining surfaces to incorporate the alterable yield strength/limit, 10 

as shown in Fig. 8b. The yield strength/limit increases under loading conditions (Fig. 8b-Model Ⅰ) 11 

and decreases under unloading conditions (Fig. 8b-Model Ⅱ), representing the hardening and 12 

softening processes, respectively. 13 

To reflect rate-dependent effects of rough joints, a Newton element was added to the proposed 14 

model to introduce an additional time-related stress component under dynamic conditions. Fig. 9 15 

shows sketches of the Hooke-modified Saint Venant/Newton (H-Sm/N) model and the 16 

Hooke/Newton-modified Saint Venant (H/N-Sm) mode, which are proposed with consideration of 17 

the underlaying mechanism of crack initiation. In shear hardening phase, since microcrack 18 

initiation is attributed to the accumulation of plastic deformations [28, 38], the Newton model is 19 

placed in parallel with the modified Saint Venant model to achieve an elastic-viscoplastic response, 20 

as shown in Fig. 9a. For shear softening phase, as microcrack initiation results from the energy 21 

release of elastic deformation [28, 39], the Newton model is connected in parallel with the Hooke 22 

model to achieve an elastoviscous-plastic response, as shown in Fig. 8b.  23 

In fact, these two models are both excess stress models. Stress increments of the two models 24 

can be divided into rate-independent and rate-dependent components. Particularly, when the strain 25 

rate of the Newton model maintains constant, stress increments in these two models both come 26 

from the Hooke and Modified Saint Venant models, rather than the Newton model. The overall 27 

stiffness at this time would not be influenced by the strain/deformation rate, i.e., it is rate-28 

independent. In contrast, when the strain rate of the Newton model becomes alterable, the stress 29 

increment would be affected by the Newton model; the overall stiffness would be a function of 30 

strain/deformation rate, i.e., it is rate-dependent. Therefore, the two models have the nature to 31 
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reflect both rate-independent and rate-dependent behaviour of rough joints. In other words, joint 1 

deformation under static or quasi-static conditions could be represented by the Hooke-modified 2 

Saint Venant (H-Sm) model, while rate-dependent effects under dynamic conditions could be 3 

reflected by the H-Sm/N model or the H/N -Sm model.  4 

Therefore, with the modified Saint Venant model and the properly emplaced Newton element, 5 

the shear hardening and softening behaviour of rough joints under dynamic conditions could be 6 

described by two excess stress models. The hardening process could be described by the H-Sm/N 7 

model in compression and the shear softening process could be described by the H/N -Sm model 8 

in tension. Details of the two models are presented below. 9 

 10 

4.1 The H-Sm/N model  11 

For the Hooke element [39]: 12 

1H Hd k du =      (1)  13 

where 𝑑𝑢𝐻  and 𝑑𝜏𝐻  are displacement and stress increments, respectively; 𝑘1  is the spring 14 

stiffness, which is taken positive under compressive/loading conditions.  15 

For the modified Saint Venant element [28]: 16 

_ 2 _2 tan tan( )M S M Sd k du   =       (2) 17 

where 𝑑𝑢𝑀_𝑆 and 𝑑𝜏𝑀_𝑆 are displacement and stress increments, respectively; 𝜃 and 𝜑 are the 18 

dip angle and fictional angle of the frictional surfaces, respectively; 𝑘2 denotes spring stiffness; 19 

plus and minus here represent loading and unloading conditions, respectively. 20 

For the Newton element (Jaeger et al., 2009): 21 

N
N

du

dt
 =      (3) 22 

2

2

N N Nd d u du

dt dt dt


 = =       (4) 23 

where 𝑑𝜏𝑁, 𝑑𝑢𝑁  and 𝑑𝑢̇𝑁  are stress, displacement and velocity increments, respectively; t is 24 

time, which is renamed as the equivalent time in the H-Sm/N model; 𝜂 is the dynamic viscosity 25 

with the unit of 𝑀𝑃𝑎 ∙ 𝑆/𝑚𝑚.  26 

Since the Newton element is connected in parallel with the modified Saint Venant element, the 27 

basic characteristics of the H-Sm/N model should satisfy the following equations: 28 

_T H M S Nd d d d   = = +      (5) 29 
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_M S Ndu du=     (6) 1 

_T H M S H Ndu du du du du= + = +     (7) 2 

where 𝑑𝜏𝑇  and 𝑑𝑢𝑇  are the total stress and displacement increments, respectively. The two 3 

parameters can be rewritten by bringing Eqs. (1)-(4) into Eqs. (5) and (7). There are:  4 

1 2 _2 tan tan( )T H M S Nd k du k du du    = = + +      (8) 5 

 1 2

1

2 tan tan( ) N N

T

k k du du
du

k

   + + +
=     (9) 6 

Thus, the stiffness of the H-Sm/N model could be derived: 7 

 

2

1 2 1 2

2

1 2 2

2 tan tan( )

2 tan tan( )

N N

T
d

N NT

du d u
k k k

d dt dtk
du d udu

k k
dt dt

   


   

+ +

= =

+ + +

   (10)  8 

Eq. (10) represents the shear stiffness evolution of rough joints in the hardening phase. Here, 9 

dynamic shear stiffness kd is a function of 
Ndu dt , indicating that the shear stiffness of rough 10 

joints is related to strain history under dynamic conditions. When 2 2

Nd u dt  equals to zero, kd in Eq. 11 

(10) degrades into the static stiffness ks, that is:  12 

1 2

1 2

2 tan tan( )

2 tan tan( )
s

k k
k

k k

  

  

+
=

+ +
     (11) 13 

According to Eq. (7), the rate-related characteristic of the H-Sm/N model should satisfy the 14 

following equation, which defines the hardening rule of rough joints under dynamic conditions: 15 

_M S NT H H
s

du dudu du du
v

dt dt dt dt dt
= + = + =     (12) 16 

where 𝑣𝑠 is the shear rate.  17 

Substituting Eq. (8) into Eq. (12), we have: 18 

  2
1 2

2

1 1

2 tan tan( )
N N

s

k k du d u
v

k dt k dt

   + +
+ =      (13) 19 

Thus, the following equation could be derived: 20 

 1 2 1
1

1 2

2 tan tan( )
exp( )

2 tan tan( )

N s
k k tdu k v

C
dt k k

  

   

+ +
= − +

+ +
    (14) 21 

where C1 is a constant.  22 
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Here, t in the H-Sm/N model is not the “real” time measured in our tests. Eqs. (1)-(4) were 1 

derived in the incremental form algorithm, indicating that Eq. (14) was derived without regard to 2 

the total displacement. Therefore, t can be reckoned as a state variable in the H-Sm/N model, 3 

reflecting the effect of strain history. In the present study, t is treated as a function of “real” time 4 

(i.e., ( )T st f u v= ) and renamed “equivalent time” thereafter.  5 

Bringing Eq. (13) into Eq. (10), the dynamic shear stiffness kd is expressed as:  6 

1
1

N
d

s

duk
k k

v dt
= −       (15) 7 

Notably, at the beginning of the hardening phase, there is no irreversible/plastic deformation [38]. 8 

Thus, both t and 
Ndu dt  equal to zero. kd equals to k1in. Accordingly, C1 in Eq. (14) is expressed 9 

as: 10 

1

22 tan tan( )

lin s

lin

k v
C

k k   
= −

+ +
     (16) 11 

At the end of the hardening phase, shear stress peaks. kd decreases to zero. Therefore, 
Ndu dt  12 

in Eq. (15) equals to 𝑣𝑠, indicating that rate-dependent effects become negligible. Here, t tends to 13 

become infinite, and Eq. (14) is rate-independent, that is: 14 

 
22 tan tan( )

N lin s
s

lin

du k v
v

dt k k   
= =

+ +
     (17) 15 

To make Eq. (17) valid, we found that θ and 𝜑 in the H-Sm/N model can be defined by the 16 

following equations: 17 

tan h h

h

a u

A


−
=       (18) 18 

tan h

h

A

a
 =      (19) 19 

where 𝑎ℎ is the total displacement in the nonlinear hardening phase, as shown in Fig. 6; ∆𝑢h is 20 

the relative shear displacement, which changes from zero to 𝑎ℎ; 𝐴ℎ is an empirical constant with 21 

unit of mm.  22 

Bringing Eqs. (18) and (19) into Eq. (17), the value of 𝐴ℎ could be directly derived. Therefore, 23 

kd in Eq. (15) would be rewritten as: 24 
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( )( )
( )( )

2 2

2

2

2

2 1 ( , )

2 1

lin h h h h h lin h h s

d

lin h h h h h h

k k a u a u a k u f u v
k

k u k a u a u a

− + − +  
=

 + − + −
(0 < ∆𝑢ℎ ≤ 𝑎ℎ)    (20) 1 

 
2

2 h h2 ( )(1 )
( , ) exp( ) 0,1lin h h h h

h s

h

k u t k t a u a u a
f u v

u

 + − + −
 = − 


; ( )h

s

u
t f

v


=     (21) 2 

However, the indefinite integral of ( , )h sf u v  with respect to ∆𝑢ℎ cannot be expressed by any 3 

elementary function. For the convenience of calculation, we simplified Eq. (21) and redefined that: 4 

 

*

( , ) 0,1
sv

h h
h s

h

a u
f u v

a



 −
 =  

 
     (22) 5 

where 𝜂∗  is a viscosity-related material constant with the unit of mm/s, which is inversely 6 

proportional to η. The rationality of substituting Eq. (22) for Eq. (21) will be discussed later. When 7 

vs becomes infinitely small, ks (static stiffness) would be directly derived from Eqs. (20) and (22): 8 

( )( )
( )( )

2

2

2

2

2 1

2 1

lin h h h h h

s

lin h h h h h h

k k a u a u a
k

k u k a u a u a

− + −
=

 + − + −
(0 < ∆𝑢ℎ ≤ 𝑎ℎ)      (23) 9 

 10 

4.2 The H/N-Sm model 11 

Since the Newton model is connected in parallel with the Hooke model, the basic characteristics 12 

of the H/N-Sm model under unloading conditions should satisfy: 13 

_T M S H Nd d d d   = = −      (24) 14 

H Ndu du=     (25) 15 

_ _T H M S N M Sdu du du du du= + = +      (26) 16 

The total stress increment and displacement increment are: 17 

' '

2 _ 12 tan tan( )T M S H Nd k du k du du    = − = −      (27) 18 

' '

1 2

'

2

2 tan tan( )

2 tan tan( )

N N

T

k k du du
du

k

   

  

 + − − =
−

     (28) 19 

where 𝑘1
′  and 𝑘2

′  are spring stiffnesses in the Hook and modified Saint Venant models, 20 

respectively. They are taken negative under unloading conditions. Since elastic constants are often 21 

considered invariable in the plastic/irreversible deformation phase, the absolute value of 𝑘1
′  in Eq. 22 

(28) equals to 𝑘𝑙𝑖𝑛 by definition. 23 
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The stiffness of the H/N-Sm model is then derived: 1 

2
' '

2 2 2

2
'

2 2

2 tan tan( ) 2 tan tan( )

2 tan tan( )

N N
lin

T
d

N NT
lin

du d u
k k k

d dt dtk
du d udu

k k
dt dt

      


   

− − −

= =

 + − − 

     (29) 2 

Eq. (29) determines the evolution of shear stiffness in the softening phase. Similar to the H-3 

Sm/N model, when 2 2

Nd u dt  equals to zero, kd degrades into ks, that is the stiffness of the H-Sm 4 

model:  5 

'

2

'

2

2 tan tan( )

2 tan tan( )

lin
s

lin

k k
k

k k

  

  

−
=

+ −
     (30) 6 

According to Eq. (17), the rate-related characteristic of the H/N-Sm model should satisfy: 7 

_M S

s

du
v

dt
=      (31) 8 

Substituting Eq. (27) into Eq. (31), there is :  9 

2

' ' 2

2 22 tan tan( ) 2 tan tan( )

lin N N
s

k du d u
v

k dt k dt



     
− =

− −
     (32) 10 

Thus,  11 

'

2
2

2 tan tan( )
exp( )N lin s

lin

du k t v k
C

dt k

  



−
= +     (33) 12 

where C2 is a constant. 13 

Bringing Eq. (32) into Eq. (29), we have: 14 

'

22 tan tan( )s
d

N
s

v k
k

du
v

dt

  −
=

+

      (34) 15 

At the beginning of the softening phase, the elastic potential energy stored has not been released 16 

yet [40]. Both t and 
Ndu dt  should equal to zero. Thus, C2 is derived: 17 

'

2
2

2 tan tan( )s

lin

v k
C

k

  −
= −      (35) 18 

Eq. (34) should satisfy: 19 

'

22 tan tan( ) 0dk k   = − =       (36) 20 
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At the end of the softening phase, the elastic potential energy will be fully released. The effect 1 

of the Newton element here becomes negligible. Thus, t tends to become infinite and Eq. (33) 2 

could be rewritten as: 3 

'

22 tan tan( )
0N s

lin

du v k

dt k

  −
= =     (37) 4 

To make Eq. (36) and (37) valid, we found that θ and 𝜑 in the H/N-Sm model must follow: 5 

stan
s

u

A



=      (38) 6 

tan s

s

a

A
 =       (39) 7 

where 𝑎𝑠 is the total displacement at the shear softening stage, as shown in Fig. 6; ∆𝑢s is the 8 

relative shear displacement, ranging from zero to 𝑎𝑠; 𝐴𝑠 is an empirical constant with the unit of 9 

mm. 10 

Bringing Eqs. (38) and (39) into Eq. (37), 𝐴𝑠 could be directly derived. Therefore, kd in Eq. (34) 11 

can be rewritten as: 12 

'

2

' '

2 2

2 ( )

(1 ) 2 ( ) 2 ( ) ( , )

lin s s s
d

lin s s s s s s s s s s

k k u a u
k

k a u k u a u k u a u f u v

 −
=

+  +  − −  − 
(0 < ∆𝑢𝑠 ≤ 𝑎𝑠)      (40) 13 

 ( , ) exp( / ) 0,1s s linf u v k t  =  ; ( )s

s

u
t f

v


=     (41) 14 

Similar to the H-Sm/N model, we adopted a similar approximation to the exponential term in Eq. 15 

(41): 16 

 

*

( , ) 0,1
sv

s s
s s

s

a u
f u v

a



 − 
 =  

 
     (42) 17 

When vs tends to be infinitely small, ks could be derived directly from Eqs. (40) and (42): 18 

'

2

'

2

2 ( )

(1 ) 2 ( )

lin s s s
s

lin s s s s s

k k u a u
k

k a u k u a u

 −
=

+  +  −
(0 < ∆𝑢𝑠 ≤ 𝑎𝑠)      (43) 19 

 20 

4.3 The rate-dependent model of rough joints 21 

With the two excess stress models, i.e., the H-Sm/N model and H/N-Sm model, the stiffness 22 

evolution in hardening and softening phases can be expressed mathematically. Here, we combined 23 
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them together and defined a piecewise function as the final shear constitutive model of rough joints, 1 

that is: 2 

( )( )
( )( )

2 2

2

2

2

'

2

' '

2 2

2 1 ( , )

2 1

2 ( )

(1 ) 2 ( ) 2 ( ) ( , )

0

lin

lin h h h h h lin h h s

lin h h h h h h

d

lin s s s

lin s s s s s s s s s s

k

k k a u a u a k u f u v

k u k a u a u a
k

k k u a u

k a u k u a u k u a u f u v




− + − +  


 + − + −
= 
  −


+  +  − −  − 


 

linear elastic phase 

(44) 

the hardening phase 

softening phase 

residual strength phase 

where 3 

* *

( , )   and  ( , )
s sv v

h h s s
h s s s

h s

a u a u
f u v f u v

a a

 

   − −
 =  =   

   
 4 

0  and 0h h s su a u a        5 

Eq. (44) determines the stiffness evolution during the whole shearing process, indicating that 6 

static and dynamic shear stiffnesses of joints could be correlated by a rate-dependent component, 7 

i.e., ( , )h sf u v  or ( , )s sf u v . From Eq. (44), we can easily derive the static shear stiffness by 8 

setting the shear rate to be infinitely small, there is: 9 

( )( )
( )( )

2

2

2

2

'

2

'

2

2 1

2 1

2 ( )

(1 ) 2 ( )

0

lin

lin h h h h h

lin h h h h h h

s

lin s s s

lin s s s s s

k

k k a u a u a

k u k a u a u a
k

k k u a u

k a u k u a u




− + −


 + − + −
= 
  −


+  +  −


 

linear elastic phase 

(45) 

hardening phase 

softening phase 

residual strength phase 

where 10 

0  and 0h h s su a u a       11 

It is noteworthy that there are only five parameters in the static/quasi-static model:  𝑎ℎ,  𝑎𝑠, 𝑘𝑙𝑖𝑛, 12 

𝑘2 and 𝑘2
′ . Here, 𝑘𝑙𝑖𝑛, 𝑘2 and 𝑎ℎ define the hardening process of rough joints, and 𝑘𝑙𝑖𝑛, 𝑘2

′ , and 𝑎𝑠 13 

characterize the softening process. Values of the model parameter can be obtained based on Eq. 14 

(45) by best fitting with the static shear stress-displacement curve. Then, dynamic shear behaviour 15 
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of the joint can be predicted by Eq. (44) on the basis of the obtained values of fitting parameters 1 

and the given shear rate. 2 

  3 

5 Applicability of the rate-dependent model of rough joints 4 

Fig.10 shows the shear stress-displacement relationship of joints with regular asperities obtained 5 

from the proposed model and the laboratory tests at shear rates of 1 mm/s and 10 mm/s. The fitting 6 

curves were obtained based on the static shear stiffness model, i.e., Eq. (45). Here, 𝑘𝑙𝑖𝑛, 𝑎ℎ and 𝑎𝑠 7 

were measured directly from the stress-displacement curves, and values of  𝑘2  and 𝑘2
′  were 8 

obtained through a trial-and-error process. The predicted curves were obtained based on Eq. (44) 9 

according to the obtained values of fitting parameters and the given shear rate. Table 1 lists the 10 

values of parameters used in the proposed joint model. The viscosity-related constant 𝜂∗ was set 11 

to 10 mm/s for the mortar joints in the present study and assumed to be independent on the shear 12 

rate from 1 mm/s to 10 mm/s. This value was determined by trial and error based on the testing 13 

results of the joints with regular asperities under normal stresses of 1 MPa and 5 MPa. 14 

It can be seen from Fig. 10 that the nonlinear stress-displacement relationship of the joints at 15 

the shear rate of 10 mm/s were predicted successfully by the testing results of the joints at the shear 16 

rate of 1mm/s. Although the direct shear tests were conducted only at shear rates of 1 mm/s and 17 

10 mm/s, the agreement between laboratory measurements and predicted results proves the 18 

applicability of the proposed joint model. Noteworthy, the fitting and predicted curves do not start 19 

from the origin.  We ignored the step-shaped section of the curves, as it results from the gap 20 

between the joint specimen and the inner surface of the shear box.  21 

Fig.11 shows the shear stress-displacement relationship of joints with irregular asperities 22 

obtained from the proposed model and the laboratory tests at shear rates of 1 mm/s and 10 mm/s. 23 

Values of parameters used in the proposed model was listed in Table 2. In Fig. 11, the nonlinear 24 

stress-displacement relations at the shear rate of 10 mm/s were predicted successfully by the fitting 25 

curves at the shear rate of 1mm/s. Noteworthy, under the same loading conditions, the residual 26 

strengths at shear rates of 1 mm/s and 10 mm/s both approached the kinetic friction strength of 27 

planar joints.  28 

Therefore, the predicted results from joints with regular and irregular asperities suggest that this 29 

one-dimensional constitutive model of rough joints is able to successfully reflect the dynamic shear 30 
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behaviour of rough joints, including the rate-dependent shear strength and the nonlinear hardening 1 

and softening processes.  2 

 3 

6 The mechanism of shear rate effects 4 

As stated in Section 4, when the strain rate of the Newton model maintains constant, the transient 5 

stress increment of the H-Sm/N model only comes from the Hooke and the modified Saint Venant 6 

models. The total stiffness would not be influenced by strain/deformation rate, i.e., it is rate-7 

independent. In contrast, when the strain rate of the Newton model is not a constant, the 8 

deformation of the H-Sm/N model would be affected by the damping from the Newton element. 9 

The total stiffness here is rate-dependent. Therefore, shear rate effects of rough joints represented 10 

by the H-Sm/N model are correlated with the strain rate of irrecoverable deformation. Here, we 11 

introduced a hypothesis to explain this mechanism: microcrack propagation is relatively steady 12 

under static conditions but becomes increasingly unstable with the rise of shear rate. This 13 

hypothesis is coincident with phenomenological statements for strain rate effects from Cadoni et 14 

al. [41] and Gillette et al. [6]. After conducting a series of static and dynamic tensile tests on intact 15 

concrete samples, Cadoni et al. [41] found that the major tensile mechanism of concrete changes 16 

from ductile inter-granular fracturing at low strain rates to brittle trans-granular fracturing at high 17 

strain rates, indicating that energy dissipation for cracking varies with the type of crystal particles 18 

and contributes to unstable crack expansion at high shear rates. Gillette et al. [6] conducted many 19 

direct shear tests on intact sandstones and found that more than one cracks would be activated 20 

under dynamic conditions, indicating that different cracking processes would be superimposed 21 

during shearing, causing unstable deformation and failure. In fact, this multiple-cracking 22 

phenomenon was widely observed in both compression, tension and shear tests of rock or rock-23 

like materials [42-46].   24 

To verify this hypothesis about shear rate effects of rough rock joints, we conducted a series of 25 

numerical direct shear tests of joints with irregular asperities by the particle flow code (PFC-2D). 26 

The numerical tests were conducted under the same loading conditions as the laboratory tests did. 27 

If the hypothesis is correct, the number of microcracks generated during shearing would be shear-28 

rate dependent.  29 

Fig. 12 shows the geometric model used in numerical shear tests. Joint walls were simulated by 30 

the dense assembly of particles bonded by the parallel bond model and joint surfaces were 31 
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represented by the smooth joint contact model [47-49]. The geometric model was built by the shear 1 

box genesis approach, which was introduced by Bahaaddini et al. [47]. With this method, particles 2 

in the upper and lower blocks were separately generated. The intended joint plane was added as a 3 

common boundary named “contact surfaces”. Crucially, in our study, particles in the upper and 4 

lower blocks were generated with different size ranges to alleviate the periodic fluctuation in 5 

contact number during shearing. This method has been detailed by Li et al. [50]. The nominal size 6 

of this geometric model is 100×50 mm. Its thickness is smaller than that of the mortar joints used 7 

in experiment tests. This simplification reduces the number of particles and saves computing time 8 

without reducing computational accuracy [47]. 9 

Table 3 lists the values of the model parameters adopted in the PFC modelling, which were 10 

calibrated with two planar mortar joints as well as five cylindrical mortar samples through a 11 

standard calibration procedure introduced by Bahaaddini [51]. The parameters of the smooth joint 12 

contact model were calibrated by direct shear and normal compression tests of planar mortar joints, 13 

which were composed of two cube mortar blocks with the nominal size of 100×100×100 mm and 14 

the contact area of 100×100 mm2. The parameters of the parallel bond model were calibrated based 15 

on a series of uniaxial compression tests of cylindrical mortar samples with the diameter of 50 mm 16 

and the height of 100 mm. The uniaxial compressive strength, the Young's modulus and the 17 

Poisson's ratio of the simulated mortar material are 34 MPa, 7.95 GPa and 0.21, respectively. 18 

Energy dissipation in the numerical tests was determined by the value of local damping, which 19 

was set to 0.015 according to the suggestion from Hazzard et al. [52]. 20 

Fig. 13 shows the evaluation of shear stress and crack number as a function of shear 21 

displacement during shearing, where the normal stresses applied were 5 MPa. The shear rates 22 

applied in the laboratory tests were 1 mm/s and 10 mm/s, while the shear rates applied in the 23 

numerical simulations were 1mm/s, 10 mm/s and 100 mm/s.  To eliminate the influence of the gap 24 

between the joint sample and the shear box, the horizontal coordinate starts from 1.4 mm. Results 25 

shows that numerical modelling results agree well with laboratory testing results with respect to 26 

the peak shear stress, the residual strength and the shear displacement at peak stress, suggesting 27 

that the accuracy of the numerical modelling is acceptable. 28 

It can be seen from Fig. 13 that although crack number increases with the increasing shear 29 

displacement, a clear difference exists at three different shear rates. At the shear rate of 1 mm/s, 30 

the number of cracks increased steadily before the shear strength was reached. At the shear rate of 31 
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10 mm/s, the number of microcracks increased gradually at the early stage of shearing and 1 

experienced a sharp increase near the peak shear stress. At the shear rate of 100 mm/s, the number 2 

of microcracks increased slowly at first, but jumped near the shear strength. These results indicate 3 

that crack propagation becomes more and more unstable with the increase of shear rate. Therefore, 4 

the introduced hypothesis about the mechanism of shear rate effects, that shear rate effects of rough 5 

joints are attributed to more unstable propagation of microcracks with increasing shear rate, was 6 

successfully proved by the numerical modelling results. In fact, the proposed mechanism of shear 7 

rate effects of rough joints is in accordance with the conclusion drawn by Hazzard et al. [52]. 8 

Hazzard et al. [52] utilized PFC modelling to investigate crack propagation in the uniaxial 9 

compression tests of Lac du Bonne granite samples and found that cracking forms uniformly in a 10 

highly damped model, i.e., under static conditions. 11 

 12 

7 Discussion 13 

In the H-Sm/N model introduced in Section 4.1, the rate-dependent exponential term, i.e., Eq. 14 

(21), was simplified to be a power function, i.e., Eq. (22). The rationality of the simplification 15 

needs to be proved. From Eq. (21), the value of the exponential term, i.e., ( , )h sf u v , increases 16 

with the rise of η, indicating that the stiffness of the H-Sm/N model, expressed by Eq. (20), is 17 

inversely proportional to 𝜂∗ . Fig. 14 shows the predicted shear stiffness-shear displacement 18 

relation in the hardening phase calculated with Eqs. (20) and (22) adopting different values of 𝑣𝑠 19 

and 𝜂∗. It is shown that when shear displacement is fixed, shear stiffness increases with increasing 20 

𝑣𝑠 or decreasing 𝜂∗. It should be mentioned that, in Fig. 14a, the shear stiffness-shear displacement 21 

curve at the shear rate of 0.1 mm/s overlaps with the curve under static shear conditions, where 22 

the shear rate tends to be infinitely small. Similarly, in Fig. 14b, when 𝜂∗ becomes small enough, 23 

e.g., 𝜂∗  equals 0.1, the degradation of shear stiffness in the hardening phase appears to be 24 

negligible. From the two figures, it can be concluded that Eq. (21) could be simplified by Eq. (22), 25 

which is capable of capturing the basic features in the evolution process of shear stiffness.  26 

Due to the limitation of the testing apparatus, direct shear tests were conducted at shear rates up 27 

to 10 mm/s. shear dilation is not investigated because the normal displacements recorded at the 28 

four corners of the upper shear box showed inconsistent changes during shearing. This 29 

inconsistency may be attributed to the rotation of joint specimens caused by the non-uniform 30 

degradation of asperities. Only artificial joints with tooth-shaped asperities were studied in the 31 
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present study. Although the idealized unevenness is not exactly the same as the real roughness of 1 

natural joints, the obtained results could give insights into the rate-dependent shear behaviour of 2 

rough joints.  3 

 4 

8 Conclusions 5 

In this study, we investigate joint shear behaviour at different shear rates and develop a rate-6 

dependent model of rough joints. Testing results show that the frictional strength of planar joints 7 

is independent on shear rates. In contrast, the shear strength of joints with macro-unevenness rises 8 

with the increase of shear rates. The residual strength of the joints appears to approach the kinetic 9 

frictional strength of planar joints, when shear displacement is large enough. Two excess stress 10 

models, i.e., the H-Sm/N model and H/N -Sm model, were developed to describe the rate-11 

dependent shear behaviour of rough joints. The H-Sm/N model reflects the shear-stiffness 12 

evolution at hardening stage. The H/N -Sm model describes the stiffness evolution at softening 13 

stage. Both models were validated by making comparisons with laboratory measurements. Based 14 

on the proposed models, the mechanism of shear rate effects of rough joints was investigated and 15 

validated with numerical modelling. Shear rate effects are attributed to more unstable propagation 16 

of microcracks with increasing shear rates.  17 
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 1 

(a)                                                       (b)                                             (c) 2 

Fig. 1 Profiles of the mortar joint samples used in the study: (a) Joints with irregular triangular 3 

asperities, on which asperities are of different dip angles (10°, 20° and 30°); (b) joints with regular 4 

triangular asperities, on which the dip angle of asperities equals to 30°; and (c) planar joints with 5 

no asperities.  6 
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 1 

Fig. 2 The dynamic direct shear testing system, which consists of four components: ① Hydraulic 2 

aggregate, ② air pressure accumulators, ③ shear box with horizontal and vertical frames, and ④ 3 

electronic control unit. 4 
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(c) 

Fig. 3 The shear stress-shear displacement responses of unpolished planar joints at shear rates of 1 

1 mm/s and 10 mm/s under the normal stress of: (a) 1 MPa; (b) 3 MPa; and (c) 5 MPa. Samples 2 

are labeled following “Joint type-normal stress (unit: MPa)-shear rate (unit: mm/s)”. 3 
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(c) 

Fig. 4 Shear stress-shear displacement responses of the joints with regular asperities at shear rates 1 

of 1 mm/s and 10 mm/s under the normal stresses of: (a) 1 MPa; (b) 3 MPa; and (c) 5 MPa. Samples 2 

are labeled following “Joint type-normal stress (unit: MPa)-shear rate (unit: mm/s)”.3 
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(c) 

Fig. 5 The shear stress-shear displacement responses of joints with irregular asperities at shear rates of 1 mm/s 1 

and 10 mm/s under the normal stress of: (a) 1 MPa; (b) 3 MPa; and (c) 5 MPa. Samples are labeled following 2 

“Joint type-normal stress (unit: MPa)-shear rate (unit: mm/s)”. 3 
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 1 

Fig. 6 Four phases of the shear stress-shear displacement curve of rough joints (taking the Sample 2 

“Regular-3-10” as an example): the linear elastic phase, the shear hardening phase, the shear 3 

softening phase, and the residual strength phase. Here, 𝑎ℎ and 𝑎𝑠 denote the projected length of 4 

the curve in the hardening and softening phases, respectively, 𝑘𝑙𝑖𝑛 is the linear stiffness, 𝜏∗ is the 5 

initial yield limit, and 𝜏𝑝 is the peak strength, 𝑎ℎ is the total shear displacement in hardening phase, 6 

𝑎𝑠 is the total shear displacement in softening phase.  7 
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 1 

Fig. 7 Sketch of the Hooke-Saint Venant model  2 
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 1 

(a) 2 

 3 

(b) 4 

Fig. 8 Sketches of the (a) traditional and (b) modified Saint Venant elements. Due to the inclining 5 

frictional surfaces, yield strength increases under loading conditions (Model-Ⅰ) and decreases 6 

under unloading conditions (Model-Ⅱ).7 
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 1 

(a) 2 

 3 

(b) 4 

Fig. 9 Sketches of (a) the Hooke-modified Saint Venant/Newton model and (b) the 5 

Hooke/Newton-modified Saint Venant model. 𝑘1 , 𝑘2 , 𝑘1
′  and 𝑘2

′  are the spring stiffness; 𝑑𝑢𝐻 , 6 

𝑑𝑢𝑀_𝑆  and 𝑑𝑢𝑁  are displacement increments of Hooke, modified Saint Venant and Newton 7 

elements, respectively; 𝜃 and 𝜑 are the dip angle and fictional angle of the frictional surfaces in 8 

the modified Saint Venant element, respectively.9 
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 1 

(c) 2 

Fig.10 Shear stress-shear displacement curves of joints with regular asperities obtained from 3 

laboratory tests and the proposed joint model at shear rates of 1 mm/s and 10 mm/s, where the 4 

normal stress applied was: (a) 1 MPa; (b) 3 MPa; and (c) 5 MPa. The predicted curves were 5 

obtained on the basis of the fitting curves. 6 
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 1 

(c) 2 

Fig.11 Shear stress-shear displacement curves of joints with irregular asperities obtained from 3 

laboratory tests and the proposed joint model, where the normal stress applied was: (a) 1 MPa; (b) 4 

3 MPa; and (c) 5 MPa. The predicted curves were obtained on the basis of the fitting curves. The 5 

kinetic frictional strength of planar joints was added here to make a comparison with the residual 6 

strength of joints with irregular asperities.  7 
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 1 

Fig. 12 The geometric model of the joint with irregular asperities used in the numerical shear test. 2 

Particles in the upper and lower blocks were generated with different size ranges to alleviate the 3 

periodic fluctuation in contact number during shearing.4 
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 1 

Fig. 13 The evolution of shear stress and crack number as a function of shear displacement from 2 

the numerical and laboratory direct shear tests of joints with irregular asperities, where the normal 3 

stresses applied were 5 MPa. The shear rates applied in the laboratory tests were 1 mm/s and 10 4 

mm/s, while the shear rates applied in the numerical simulations were 1mm/s, 10 mm/s and 100 5 

mm/s. To eliminate the influence of the gap between the joint sample and the shear box, the 6 

horizontal coordinate starts from 1.4 mm.7 



46 

 

 1 

(a) 2 

 3 

(b) 4 

Fig. 14 The shear stiffness-shear displacement relation in the hardening phase calculated by Eqs. 5 

(20) and (22) with different: (a) 𝑣𝑠, and (b) different 𝜂∗. The values of model parameters are from 6 

testing results of the Sample Irregular-3-1/Irregular-3-10.  7 
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Table 1 Values of parameters used in the proposed model for regular joints 1 

Sample Phase 
𝒌𝒍𝒊𝒏 

(MPa/mm) 

𝒌𝟐 or 𝒌𝟐
′  

(MPa/mm) 

𝒂𝒉 𝒐𝒓 𝒂𝒔 

(mm) 

Regular-1-1/ 

Regular -1-10 

hardening 2.6447 0.5 1.1 

softening -2.6447 -0.6 3.5 

Regular -3-1/ 

Regular -3-10 

hardening 3.356 1.1 1.54 

softening -3.356 -5.7 2.01 

Regular -5-1/ 

Regular -5-10 

hardening 5.7913 4.3 1.133 

softening -5.7913 -5.59 2.16 

Note: The viscosity-related material constant 𝜂∗is equal to 10 mm/s 2 
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Table 2 Values of parameters used in the proposed model for irregular joints 1 

Sample Phase 
𝒌𝒍𝒊𝒏 

(MPa/mm) 

𝒌𝟐 or 𝒌𝟐
′  

(MPa/mm) 

𝒂𝒉 𝒐𝒓 𝒂𝒔 

(mm) 

Irregular-1-1/ 

Irregular -1-10 

hardening 2.3663 0.85 0.9 

softening -2.3663 -0.265 5.46 

Irregular -3-1/ 

Irregular -3-10 

hardening 3.0188 2.2 1.097 

softening -3.0188 -0.66 4.975 

Irregular -5-1/ 

Irregular -5-10 

hardening 6.9129 3.9 0.9127 

softening -6.9129 -2.51 2.926 

Note: The viscosity-related material constant 𝜂∗is equal to 10 mm/s 2 

 3 
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Table 3 The values of the micro-parameters used for the parallel bond model (PBM) and smooth 1 

joint contact model (SJM) in PFC 2 

PBM parameters The upper block The lower block 

Particle radius range (mm) 0.5-0.8 0.25-0.3 

Effective modulus (GPa) 5.9 5.2 

𝐤𝒏/𝐤𝒔 1.57 1.4 

Frictional coefficient 0.6 0.6 

Normal strength (MPa) 23 21.8 

Shear strength (MPa) 23 21.8 

SJM parameters   

Normal stiffness (GPa/m) 21.6 

Shear stiffness (GPa/m) 8.9 

Frictional coefficient 0.7 
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