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Abstract

The comparative researches of the nonlinear vibrations are obtained among the pure
polymer plate and three types of graphene platelet reinforced polymer composite plates
under combined the transverse and parametric excitations. All edges of the pure polymer
and graphene platelet reinforced polymer composite plates are simply supported. Both the
uniform and functionally graded distribution forms of the graphene platelets are
considered. The differential governing equations of motion for the pure polymer and
graphene platelet reinforced polymer composite plates are derived based on the first-order
shear deformation plate theory, von Kérmén strain displacement relationship and Hamilton
principle. The fourth-order Galerkin truncation is employed to discretize the partial
differential governing equations of motion to four-degree-of-freedom nonlinear dynamical
system. The natural frequencies of the first four vibration modes are examined for the pure
polymer and graphene platelet reinforced polymer composite plates with different
geometric characteristics. In order to compare the nonlinear vibrations of the prestressed
pure polymer and prestressed graphene platelet reinforced polymer composite plates
subjected to the transverse point excitation and in-plane uniaxial/biaxial excitations, the
time histories, phase portraits and Poincare maps are presented. Some validated results are
conducted to present the accuracy of the present approach. The effects of the distribution
forms and weight fractions of the graphene platelets on the nonlinear vibrations for the
graphene platelet reinforced polymer composite plates are investigated in detail. The
research results demonstrate that the nonlinear vibration behaviors of the prestressed pure
polymer plate under the complex excitations can be remarkably stabilized by the

reinforcement of the graphene platelets.

Keywords: Graphene platelet reinforced polymer composite plate; nonlinear vibrations;
transverse and in-plane excitations; chaotic vibrations,

four-degree-of-freedom nonlinear dynamical system



1. Introduction

The carbon-based composites have attracted huge research attentions and have
become popular for a plenty of high-performance industrial applications due to their
excellent mechanical strengths and functional properties, especially for carbon nanotube
(CNT) reinforced polymer composite and graphene platelet reinforced polymer composite
(GRC) [1-3]. The mechanical, thermal and electrical properties of CNT-reinforced
composite and GRCs can be greatly enhanced due to the reinforcements of the CNTs and
the graphene platelets (GPLs) [4-7]. The GPLs can lead to a superior enhancement than
the CNTs as the two-dimensional (2D) attributes of GPLs can better improve the surface
bonding among the matrix and reinforcing phases [6,7]. Meanwhile, more and more
conventional materials are being replaced by the polymer composites for the lower cost,
easier fabrication and better reproducibility of the polymer [1]. The GRC plates are
promising to play an important role in different fields, such as aerospace science,
electronic devices, energy storage, sensor and biomedical applications [8]. However, the
different loads may cause some complex dynamic behaviors which could impact the
effectiveness of the GRC pates during their services. In this paper, the comparative
research of the free linear vibration, forced nonlinear vibration and parametrically excited
nonlinear vibrations among the pure polymer rectangular plate and three different types of
GRC plates are presented under different complex loadings.

In recent studies, Sun et al. [9] reported the axial Young’s modulus of single-walled
CNT arrays with a diameter from the nanometer to meter scales. Wang and Zhang [10]
predicted the ameliorative mechanical properties of the CNT-reinforced composites
through using the meshless method. Guo and Zhang [11] further studied the periodic and
chaotic vibrations of the CNT-based polymer composite plates under various external
forces. As the functionally graded materials (FGMs) can significantly improve the
mechanical strength and thermal resistance to resist the deformation and damage [12-13],
Shen [14] firstly formulated a constitutive model of the CNT-reinforced functionally
graded composite (FG-CNTRC) plates.

Based on the pioneering study, Shen and his co-workers also investigated the
dynamic responses [15] of the FG-CNTRC structures under the thermal-mechanical loads.
Wang and his coworkers [16-18] considered the thermal-mechanical coupling effects,

electro-mechanical coupling effects and fluid-solid interaction to study the nonlinear



dynamic characteristics of the FG plates. Zhang et al. [19-22] observed that the periodic
vibrations of the FGM composite structures become chaotic vibrations under certain
parametric conditions. In addition, Liang et al. [23] discussed the effect of the material
distribution gradient index on the natural frequencies of the FGM curved pipes. Cao et al.
[24] investigated the nonlinear vibrations of axially FGM beams by using an asymptotic
development method. Considering the FGM plate with the axial compressed straight-sided
loads, Zhang et al. [25,26] investigated the influences of the gradient index on the
postbuckling behaviors of the FGM plate and laminated plate.

Furthermore, Ke et al. [27,28] studied the distribution effects of the CNTs on the
nonlinear dynamics and stability of the FG-CNTRC beams. Besides, Liew and his
associates also presented the comprehensive investigations for the nonlinear static and
dynamic characteristics of the FG-CNTRC composite structures under various situations,
for instance, the bending and vibrations of the FG-CNTRC laminated plates with the
cracks [29-31], the vibrations of the FG-CNTRC quadrilateral plate [32-34], and active
flutter control of the FG-CNTRC composite panels in the supersonic airflow [35].
Especially, they indicated that the FG distributed CNT reinforcements can help to reduce
the amplitude of the impact response for the FG-CNTRC cylindrical shell [36].

Since the discovery of graphene [37], namely an allotrope of carbon in the form of a
single layer of atoms, it has attracted considerable attentions in aerospace, mechanical,
thermal, optical and electrical engineering fields. Rafiee and his colleagues [6] reported
that Young’s modulus of the epoxy nanocomposites can be significantly increased to 31%
after adding a small weight fraction 0.1% of GPLs, but it can only be enhanced to 3%
using the same weight fraction of CNTs. In addition, Zhao et al. [38] reported a significant
enhancement of mechanical properties for the graphene-based polymer composites. More
recently, Luong et al. [39] synthesized the gram-scale quantities of the graphene in less
than one second from the inexpensive carbon sources, which will certainly facilitate the
development of the GPL-reinforced composites.

From the perspective of the theoretical analysis, Zhang et al. [40,41] and Yan et al.
[42] investigated the nonlinear vibration characteristics of the single-layered and
bi-layered graphene sheets. Guo et al. [43] researched the nonlinear dynamic behaviors of
the composite plate with the graphene skin. For the FG-GRC structures, Zhao et al. [44]
presented a comprehensive review on the mechanical analyses of the FG-GRC structures.
In the conclusion, the main research efforts of the FG-GRC structures are focused on the

static problems and periodic vibration analyses [7,45-52]. There are few studies dealing
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with the complex nonlinear vibration phenomena of the GRC structures even it will be
exceedingly dangerous when the bifurcation and chaotic vibrations happen.

The present work investigates the natural frequencies and nonlinear vibrations of the
pure polymer plates and GRC plates under combined the transverse and axial excitations.
The partial differential governing equations of motion are formulated based on the
first-order shear deformation plate theory, von Karméan nonlinear geometric relationship
and Hamilton principle. The partial differential governing equations of motion are
discretized by the fourth-order Galerkin truncation. We firstly check the natural
frequencies of the first four vibration modes for the pure polymer plate and GRC plates
with different geometric characteristics. Then, we give the comparison of the complex
nonlinear vibrations, such as the period, bifurcation and chaotic vibrations, for the
prestressed pure polymer plate and prestressed GRC plates subjected to different
transverse and axial excitations. The effects of varying GPL weight fractions and
distribution forms on the nonlinear vibrations are also investigated for the GRC plates

under combined the transverse and axial excitations.
2. Theoretical Formulation

In Figure 1(a), a K-layered GRC plate with the length a, width b and thickness # is
considered to investigate the vibration properties. All edges of the GRC plate are simply
supported. A coordinate system is employed with x, y and z being in the length, width and
thickness directions of the plate, respectively. The plate is subjected to the combination of

the initial stresses ¢, and ¢, , transverse point excitation F(x,y,z) and in-plane
excitations qx(x, y,t) and qy(x, y,t). Bach GRC layer is made of a mixture of the

rectangular GPL reinforcements and the polymer matrix. The thickness of each layer is
identical, namely, Ah=h/K . It is assumed that the GPLs distribute uniformly in each
GRC layer, but follow different distribution types, including the uniform (U) distribution
and functionally graded (FG) forms, along the thickness of the plates. As shown in Figure
1(b-d), three different GPL distribution patterns are considered, namely, U, FG-X and
FG-O patterns. The darker color demonstrates richer distribution of the GPLs in the GRC
layer. To avoid the sudden variation of the material properties, the GPLs are assumed to
distribute linear and symmetric along the mid-plane for the two different FG forms,

namely, FG-X and FG-O patterns. The bottom and top layers of the FG-X GRC plate are



the GPLs richest, while the GPLs richest layers of the FG-O GRC plate are the middle

layers.

The FG-X and FG-O GRC plates have the same values of the maximum and

minimum GPL volume fractions, namely, (K7 )/2 and V*. The GPL volume content V;

of the i-th (i=12,...,K) GRC layers in the U, FG-X and FG-O GRC plates can be

expressed as follows [45]
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where g, is the weight fraction of the GPL reinforcements.
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It is noticed that the GRC plate is turned to a pure polymer plate when the weight

fraction g, equals to zero. In order to calculate the effective Young modulus of the GRC

plates, the modified Halpin-Tsai model [45] is employed. The rectangular GPL

reinforcements with the length a, width b, and thickness /. are bonded perfectly to



the polymer matrix in each GRC layer. The effective Young modulus E; of the i-th GRC

layer is predicted by the effective Young modulus E,, of the polymer matrix and E, of

the GPLs
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In order to consider the mass density p and Poisson ratio v of the i-th GRC layer,

we adopt the rule of the mixture
P, =PV +py(1=V)), (8a)
v =veli+v, (1-7). (8b)
Based on the mid-plane displacements U (x, y,t), V(x, y,t), W(x, y,t), (px(x, y,t)
and o, (x, y,t) of the GRC plate, the displacements u,, u, and u,; for an arbitrary
point of the GRC plate in the x, y and z directions are respectively expressed in accordance

with the first-order shear deformation plate theory [45]

u, (x,y,z,t) = U(x,y,t)+ zZQ, (x,y,t), (9a)
uy (%, v,2,8) =V (x, ,t)+ 20, (x,3,t), (9b)
u, (x,y,z,t)z W(x,y,t), (9¢)

where ¢ is time.

Therefore, von Karman strain-displacement relationship is given as
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where € and ¢, are respectively the normal strains along the x- and the y-axes, and

Yo ¥, and 7y, arerespectively the shear strains along the xy, yz and xz planes.

According to the nonlinear strain-displacement relationship given in equation (10),

the normal stresses o, and o, and shear stresses o,,, 6, and o _ ofthe i-th GRC

layer are written as
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The in-plane harmonic excitations ¢ (x,y,t) and qy(x, y,t) are expressed in the
following forms
4,(x..2) =g, cos(Q1). (132)
and
q, (x,y,t): 9,0 cos(ta), (13b)
where ¢, and g, are the amplitudes of the in-plane distributed harmonic excitations

along the x and y directions, respectively.
The transverse harmonic excitation at the point (xo, yo) on the upon surface of GRC

plate is expressed as



F(x,y,t) =F, S(x — xO)S(y — yo)cos(Q3t) , (14)
where F is the amplitude of the transverse point excitation and O is Dirac-delta
function.

Based on Hamilton principle, the partial differential governing equations of motion

for the GRC plates subjected to the initial stresses and the harmonic excitations along the

transverse and in-plane directions are obtained as follows
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where c is the damping coefficient, /; (j=0,2) are the inertia related terms

N Zin .
5=y J' Zipdz. (16)
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The axial forces N , N, and N

xy 2

bending moments M, M, and M and

shear forces O, and O, are written as follows

)

N, 4, 4, O xx q,+49, COS(Qlt)
N, =4, 4, 0 [e9i-1q,+q,cos(Q,t)ih, (17a)
ny 0 0 A, YEC(;) 0
M, D, D, 0 SSX)
M, t=|D, D, 0 [V, (17b)
M 0 0 Dgll,0

(0)
yz
o[ (17¢)

where the stiffness components 4, and D, are given by
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and the shear correction factor K, =5/6.

Introducing the following dimensionless parameters, we have
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Substituting equation (17) into equation (15), the partial differential governing
equation of motion for the prestressed GRC plates subjected to the complex excitations

can be rewritten in the dimensionless form
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where the dimensionless nonlinear terms Z, and Z, are presented in the Appendix A,

and the transverse point excitation is given

[(6.8)=F, 8(6-¢,)8(6-¢,). 21)
3. Solution Procedure

Since all edges of the GRC plates are simply supported, the dimensionless mid-plane
displacements u((,&,7), v(6.6,1), W(.81), 9,(6.61) and ¢,(CE1) of the GRC

plates are satisfied by the following solution forms

u(C,&,1)= ZZumn (t) cos(mng) sin(nnc), (22a)

m=l n=l

(; i T ZZVW sin mn(;) cos(nn(;) (22b)
C; é T)= ZZWM” sin mrcC;)sm(an) (22¢)

]
=

9,(687)= DD 0., (x)cos(mnC)sin(nmL), (22d)

m=1 n=1

M N
9,(687)=_>0,,.(x)cos(mnC)sin(nnc), (22¢)

m=1 n=1
where m and n are respectively the number of the axial half waves and transverse half
waves in the mode shape, M and N respectively represent the total mode expansion terms

along the &-and (- axes, and u, (), v, (¢), w,,(7), (px,mn(r) and (py,mn(r) are the

discretized displacements which are the functions of the dimensionless time <.
Noticing the transverse point excitation f (C, &) in equation (21) can be expanded in
a series form as

168=33 1 (sinlnn)sinfonc). @

m=1 n=1

where
Som = 4}70 sin(mnCO )sin(nn&o), (24)
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Nosier and Reddy [53] proved that the in-plane and rotation inertia terms barely
affect the nonlinear dynamic behaviors of the simply-supported plates. Yao and Zhang [54]
also demonstrated that the first four vibration modes of the simply-supported plate are
sufficiently accurate to dominate the vibration amplitudes of these plates. Therefore, we
ignore all inertia terms of the in-plane and rotations. To deal with equation (20), the
fourth-order Galerkin truncation, namely, M = N =2, is introduced.

Substituting equations (22) and (23) into equation (20), multiplying them
by cos(pn@)sin(qn&), sin(an) cos(qn&), sin(an;) sin(qn&), cos(an) sin(qn&) and
sin( png) cos(qn&), respectively, then, integrating the resulting equations with respect to
¢ from 0 to 1 and & from O to 1, the dimensionless discretized in-plane and rotation
displacements can be represented by the dimensionless discretized transverse
displacements. Therefore, we derive four-degree-of-freedom nonlinear governing

equations of motion for the GRC plates
Wy, + Wy, + [03121 +a,q,, cos(Q 1)+ asq 0 cos(ﬁzr)] Wy, + AW, Wy Wy,
+ @y Wy WY + agm WE + agm Wl + agw, = agF, sin(ng, )sin(ng, )eos(Qyr),  (25a)
Wi + W, + [0)122 +D,9, COS(§IT)+ bquo Cos(ﬁzt)] Wiy + bW Wy Wy
+ by Wiy W, + byw W2, + bywwl +bowsy = by F sin(ng, )sin(2n€, )cos(Qyt),  (25b)
Wy, + WyW,y, + [oo; +¢.q. cos(ﬁlr)+ ¢4 0 cos(ﬁzr)] Wy, + €Wy W, Wy,
+ Oy Wy W CWy W + €Wy Why + Cswi, = ¢y sin(27E, )sin(nE, )cos(ﬁ;), (25¢)

.o . 2 — —
Wy + U, Wy, + [0)22 +d.q., cos(er)+ diq,, cos(er)] W,, +d W, W, Wy,

+d, Wy W + dywyyWh +d w2, +dows, = dF, sin(2nC, )sin(27E, )cos(Q,1).  (25d)

(12

where and “--” denote the first- and second-order derivatives with respect to the

dimensionless time variable t, ®,, , ®, , ®, and ®,, are the dimensionless natural
frequencies of the first four vibration modes for the GRC plate with the initial stresses g,
and ¢,, w(i=1-4), a,(i=1-4), b(i=1-4), ¢,(i=1-4) and d,(i=1-4) are the
constants and depend on the characteristics of the system.

For simplicity, we only give some brief expressions as follows

By =H; =H3 =Ry =

SalIEY
(=}
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C7=d7=—l_—, ag =cg =—~—=—, bS:dS:—( —. (26)

Let x, =w,, Xx;=w,, X3 =W, , X, =Ww,, equation (25) can be written as an
eight-dimensional nonlinear dynamical system
X, =X, (27a)
Xy =~ — [0)12 +a:9, COS(ﬁI’C)-f- asq 0 Cos(ﬁzr)] Xp = 41 X3 X5 X,
2 2 2 3 : : ray
—a,x,x? — ax,x2 —a,x,x> —ax; +a,F, sin(n¢, )sin(n&, )COS(Q3‘E), (27b)

Xy = ).63 5 (270)

X, = —l,X, — [oo§ +byq., cos(Q)+ bq o cos(er)] x; — by X, XX,
—byx,x? —byx,x2 —byx,x2 —byx + b, F, sin(n¢, )sin(2nE, )eos(Q,t),  (27d)
X, = X, (27¢)
Xy = —llaX, — [(o§ + 54, cos(QT)+ Csd 0 cos(ﬁzr)] X = C,X, X, X,
— Oy XX} — CyXsXe — € XsX2 — Cxa + ¢ Iy sin(27E, )sin(nE, )005(531:), (271)
X, =%, 27¢)
Xy = —HyXg — [(oﬁ +d,q,, cos(QT)+ dyq 0 cos(ﬁzr)] X, — d, X, X,
—d,x,x} —d,x,x} —d x,x2 —dx} +d,F, sin(2nC, )sin(2n&, )cos(Q,t).  (27h)
In the following analysis, equation (27) is used to numerically investigate the natural

frequencies and nonlinear vibration characteristics of the pure polymer plate and GRC

plates.

To validate the present research, a square graphene reinforced epoxy composite plate

is considered with 0.45mx0.45mx0.045m and the weight fraction of the GPL

reinforcement g, =1% [45]. Table 1 gives the dimensionless natural frequencies

(Qhyp,, /E,, ) of the GRC plates with different GPL distribution patterns. Song et al.’s

results [48] are also listed in Table 1. It is observed that the present results are in good
agreement with the available solutions [48]. It is also demonstrated that the dimensionless
natural frequencies of the higher mode vibrations are significantly larger than these of the
lower modes. Specifically, the fifth order dimensionless natural frequency is larger than

the first four order dimensionless foundation frequencies. Besides, the low frequency
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vibrations are the key impact for the stability of the structures. Therefore, only the first

four vibration modes of the GRC plates are considered, namely, M =N =2.

4. Comparative Researches

4.1 Comparisons of Natural Frequency

In this section, the parametric analyses are conducted to compare the nonlinear
vibrations among the pure polymer plate and GRC plates under different external and
axial excitations. The effects of the geometric characteristics for these plates, distribution
forms and weight fractions of the GPLs on the nonlinear vibration responses are studied.

For the polymer matrix, we choose an epoxy material which has the material properties

E, =3.0GPa, p, =1.2g/cm’ and v, =0.34 [45]. The material properties of the GPLs
are E,=3.0GPa, p,=1.06g/cm’ and v, =0.186 [45].

Unless otherwise stated in this study, the square plates are considered. A weight
fraction 0.5% for the GPL reinforcements is involved in the GRC plates with the thickness
h = 0.01m. The length, width and thickness of the GPLs are 2.5pum, 1.5pum and 1.5 nm,

respectively. The total number of the layers in the GRC plate is K = 10. In addition, the

dimensionless frequencies of the harmonic excitations are Q, =Q, =Q, =0.6.
Ignoring the initial stresses ¢, and ¢, , Figure 2 presents the effects of the length a

for the plates on the first four dimensionless natural frequencies ®,,, ®,,, ®,, and ©,,

of the pure epoxy plate and GRC plates with the U, FG-X and FG-O distribution patterns.
It is seen that the curves of the second-order and third-order dimensionless natural
frequencies are coincident because all plates are square. For a given length a, the
reinforcement of the GPLs significantly increases the natural frequencies of the epoxy
plate. The FG-X GRC plate has the largest natural frequencies, and the natural frequencies
of the U GRC plate are bigger than that of the FG-O GRC plate. It is because the GPLs
can improve the stiffness of the epoxy plate, and the FG-X distribution pattern performs
the best effectiveness. Besides, with the increase of the length a, the stiffness terms of the
pure epoxy plate and GRC plates are reducing, which result in the decrease of the
dimensionless natural frequencies. In order to specifically compare the nonlinear

vibrations among the pure epoxy plate and GRC plates, the prestressed pure polymer plate
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and prestressed GRC plates subjected to different excitations are considered with

a=b=02m.

4.2 Comparisons of Forced Vibrations

In this subsection, the initial stresses ¢, and ¢, are considered as 10° N/m?. The
transverse point excitation f(¢,&) placed on the point (¢,,&,)=(1/3,1/3) subjects to

the prestressed plates, and the in-plane excitations are ignored. In order to analyze the
different nonlinear vibration behaviors of the GRC plates with different GPL distribution
patterns, the damping coefficient must be defined as it has the important influence on the
nonlinear dynamics of the plates. Figure 3 presents the bifurcation diagrams of the

first-order vibration mode for the prestressed pure epoxy plate with F;, =9000N when

the dimensionless damping coefficient ¢ increases from 0 to 0.04. The corresponding
two-dimensional phase portraits with Poincaré maps of the first-order vibration mode are
also given when the dimensionless damping coefficients respectively are ¢ =0.005,
¢ =0.015 and ¢ =0.03, as shown in Figure 3. It can be seen that as the increases of the
dimensionless damping coefficient, the nonlinear dynamical system changes from the
chaotic to quasi-periodic vibrations and finally turns to the period vibrations.

In order to indicate the enhanced effects of the nonlinear vibrations for the
prestressed pure epoxy plate by the GPL reinforcements, the dimensionless damping
coefficient ¢ =0.006 is selected in the following analyses. Figures 4-7 compare the
periodic and chaotic vibration regions as well as the vibration amplitudes among the
pressed pure epoxy plate and three types of GRC plates. As the third-order vibration
modes for these plates have the same performances as those of the second-order vibration
modes, only the first-order, second-order and forth-order vibration modes are given below.

Figure 4 illustrates the bifurcation diagrams of the prestressed pure epoxy plate,
prestressed U, FG-X and FG-O GRC plates. It is observed that the periodic, quasi-periodic
and chaotic vibrations appear alternately for the prestressed pure epoxy plate and
prestressed GRC plates when the transverse point excitation Fo is located in the range of
(0, 30kN). It is found from Figure 4(a), 4(c) and 4(e) that the chaotic vibrations occur in
the prestressed pure epoxy plate when the transverse point excitation Fo is located in the
ranges of [3.78kN, 5.94kN], [7.32kN, 10.38kN] and [19.08kN, 19.20kN]. In the intervals
[12.24kN, 13.56kN] and [15.30kN, 15.90kN], some small periodic windows exist for the
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prestressed pure epoxy plate. Based on Figure 4(b), 4(d) and 4(f), the chaotic vibrations
respectively happen in the prestressed U, FG-O and FG-X GRC plates when the transverse
point excitation Fy is located in the ranges of [14.94kN, 16.56kN], [20.58kN, 21.96kN]
and [26.40kN, 27.30kN]. These imply that the GPLs can postpone the occurrence of the
chaotic vibrations for the typical prestressed pure epoxy plate. Furthermore, the
prestressed FG-X GRC plate has the most stable vibration property.

When the amplitude of the transverse point excitation is F;, =9428N, the time

histories and two-dimensional phase portraits with Poincaré maps of the first-order,
second-order and forth-order vibration modes for the prestressed pure epoxy plate are
presented, as shown in Figure 5. It is seen that the prestressed pure epoxy plate has the
chaotic vibrations. Figures 6 presents the vibration properties of the first-order,
second-order and forth-order vibration modes for the prestressed U GRC plate. As the
reinforcement caused by the GPLs, the U GRC plate has the periodic vibration.

When the amplitude of the transverse point excitation is F, =9428N, the time

histories, two-dimensional phase portraits with Poincaré maps as well as
three-dimensional phase portraits are represented for the first-order vibration modes of the
prestressed FG-X and FG-O GRC plates, as shown in Figure 7. Like the prestressed U
GRC plate, both of the prestressed FG-X and FG-O GRC plates have the periodic
vibrations. Comparing Figure 7 with Figure 6, it is known that the prestressed FG-X GRC
plate has the smallest vibration amplitude. The prestressed FG-O GRC plate has the
largest vibration amplitude. Nevertheless, the vibration of the prestressed U GRC plate is
located between the smallest and largest vibrations in the prestressed FG-X and FG-O
GRC plates.

In order to further compare the vibration amplitudes of the prestressed pure epoxy
plate and GRC plates with different GPL distribution patterns, Table 2 lists the first-order,
second-order and forth-order vibration amplitudes of the prestressed pure epoxy plate and
GRC plates subjected to varying transverse point excitation. It is seen that all first-order
vibration amplitudes of the prestressed GRC plates with different GPL distribution
patterns are obviously lower than the first-order vibration amplitudes of the prestressed
pure epoxy plate. Generally, the vibration properties of the structures depend on the
first-order mode vibration. Therefore, the vibration amplitudes of the prestressed pure
epoxy plate can be significantly reduced by the GPL reinforcements. Among the

first-order mode vibration amplitudes of three types of the prestressed GRC plates with
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different GPL distribution patterns, the pressed X GRC plate always has the lowest
vibration amplitude. Thus, the vibration behaviors of the prestressed pure epoxy plate can
be best improved by the X distributed GPL reinforcements.

In Figure 8, the bifurcation diagrams of four first-order vibration modes are
represented for the prestressed pure epoxy plate, prestressed U, FG-X and FG-O GRC

plates when the transverse point excitation subjects to different positions. The black, blue

and red colors respectively represent the positions (QO, &0) = (1/3, 1/3), (1/3, 1/2) and

(1/2, 1/2). In Figure 9(a), the chaotic vibrations firstly happen in the prestressed pure

epoxy plate for the transverse point excitation subjecting to the positions (CO, io) =(1/3,
1/3) and (1/3, 1/2) when the amplitude F, of the transverse point excitation is around
3.78kN. When (,,&,)=(1/2,1/2), the chaotic vibrations are excited when the amplitude
F, of the transverse point excitation increases to 11.04kN. As shown in Figures 8(b) and
8(c), when (QO, &0): (l/ 2,1/ 2) , the chaotic vibrations cannot be excited for the
prestressed U and FG-X GRC plates even if the amplitude F; of the transverse point

excitation increases to 30kN. In Figure 8(d), the chaotic vibrations of the prestressed

FG-O GRC plate for (CO, é,o): (1/3, 1/2), (1/3, 1/3) and (1/2, 1/2) are respectively excited

when the amplitudes Fy of the transverse point excitation are in the ranges of [16.62kN,

20.70kN], [20.64kN, 21.96kN] and [28.56kN, 30kN].

4.3 Comparisons of Parametrically Excited Vibrations

When the transverse point excitation is F;, =1000N and subjects to the point
(CO, @0):(1/3, 1/3), in order to illustrate the effect of the GPL weight fraction on the

parametrically excited nonlinear vibrations of the GRC plates, Figures 9-14 demonstrate
the occurrence of the chaotic vibrations for the prestressed U GRC plates with different
GPL weight fractions. Both the in-plane uniaxial and biaxial excitations are considered in

this subsection. Here, g, =0.00% represents the pure epoxy plate.
Under the in-plane uniaxial excitation ¢ (x,y,z)=q,,cos(Q,), Figures 9(a)-9(d)

indicate the bifurcation diagrams of the first four vibration modes for the prestressed U

GRC plates with different GPL weight fractions g, =0.00% , 0.25% and 0.50%,
respectively. As the amplitudes of the in-plane uniaxial excitations ¢ , increase from 0 to
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2x10% N/m?, the vibration laws of the prestressed U GRC plates with different GPL weight
fractions are same, namely, the periodic — multi-periodic — short-time chaotic —
multi-periodic — chaotic vibrations. Nevertheless, the chaotic vibrations are excited by
using different uniaxial excitations g , for the prestressed U GRC plates with different
GPL weight fractions. The chaotic vibrations happen firstly in the prestressed U GRC
plate with g, =0.00%, then with g, =0.25% and lastly with g;=0.50%. It is
illustrated that the GPL reinforcements can postpone the appearance of the chaotic
vibrations in the prestressed GRC plate.

Figures 10 and 11 respectively reveal the nonlinear vibration properties of the first

four vibration modes for the prestressed U GRC plates with different GPL weight fractions
g, =0.00% and g, =0.25% when ¢, =5.96x10" N/m*>. As seen in Figure 10, the
prestressed U GRC plates with the GPL weight fraction g, =0.00%, namely pure epoxy
plate, the chaotic vibrations occur. For the prestressed U GRC plate with g. =0.25%,

Figure 11 shows the 2-periodic motion. It is proved that even a small amount of GPL
reinforcements can stabilize the vibration stability of the typical prestressed epoxy plate.

Setting ¢,, =q,, =q,, Figure 12 gives the bifurcation phenomena of the first-order,
second-order and forth-order vibration modes for the prestressed U GRC plates under the
in-plane biaxial excitation with different GPL weight fractions, namely, g, =0.00%,
0.25% and 0.50%. As the in-plane biaxial excitation ¢, increases from 0 to 1.2x10% N/m?,

three chaotic vibration ranges exist for the prestressed pure plate, but there is only one

chaotic vibration range for the prestressed U GRC plates with the GPL weight fractions
g; =0.25% and g, =0.50% . The in-plane biaxial excitations ¢, are respectively

[2.58, 2.89] x10” N/m?, [3.83, 3.98] x10” N/m? and [7.85, 10.14] x10” N/m? for the
prestressed pure plate, [8.52, 9.82] x107 N/m? for the prestressed U GRC plate with the
GPL weight fraction g, =0.25% and [11.63, 12.00] x10” N/m? for the prestressed U

GRC plate with the GPL weight fraction g. =0.50%.

Figures 13 and 14 respectively demonstrate the nonlinear vibration characteristics of

the prestressed U GRC plate with GPL weight fraction g. =0.25% and 0.50% when

in-plane biaxial excitation is go = 9.12x107 N/m?. It is found that the prestressed U GRC
plate with g. =0.25% has the chaotic vibrations, but the prestressed U GRC plate with

g; =0.50% vibrates periodically. It implies that the increasing GPL weight fraction can
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enhance the vibration stability of the prestressed U GRC plate.

5. Conclusions

This paper compares the natural frequencies and nonlinear vibrations among the pure
polymer plate and GRC plates under combined the transverse and axial loads. All the
edges of the plates are supposed to be the simply supported. Three distribution forms of
the GPL reinforcements are considered, including the uniform pattern and FG patterns.
The governing equations of motion for the pure polymer plate and GRC plates are derived
based on the first-order shear deformation plate theory, von Kérman nonlinear geometric
relationship and Hamilton’s principle. The resulting equations are then discretized by the
fourth-order Galerkin truncation. The first four order dimensionless natural frequencies of
the pure polymer plate and GRC plates with different geometric characteristics are
respectively checked. The time-histories, phase portraits and Poincar¢ maps of the
prestressed pure polymer and GRC plates are examined under various transverse
excitations and in-plane excitations. The effects of different distribution forms and weight
fractions of the GPLs on the chaotic vibration regions and nonlinear vibration amplitudes
of the prestressed GRC plates are also discussed in detailed. The major research findings
of this work are summarized.

(1) With the increasing length of the square polymer composite plates, the first four
order natural frequencies in the plates decrease. However, the first four order
dimensionless frequencies can be significantly improved by the reinforcement of the
GPLs.

(2) The GPLs can postpone the appearance of the chaotic vibrations for the typical
prestressed polymer composite plates. The FG-X GRC plate is the best pattern to resist
against the occurrence of the chaotic vibrations.

(3) The GPLs can reduce the nonlinear vibration amplitudes of the typical prestressed
polymer composite plates and the nonlinear vibration properties of the prestressed GRC
plates can be further strengthened by the increasing GPL weight fraction.

(4) The eccentric transverse point excitation and in-plane biaxial excitations are
prone to induce the nonlinear vibration instability for the prestressed pure polymer and

GRC plates.
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Appendix A

The dimensionless nonlinear terms Z, and Zz in equation (20) are expressed as
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Table captions

Table 1 First-order, second-order and forth-order dimensionless natural frequencies
Qh.lp,, /E, ofthe GRC plates with different GPL distribution patterns.

Table 2 Vibration amplitudes of the prestressed pure epoxy plate and GRC plates with

different GPL distribution patterns and varying transverse point excitation.
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Table 1

Pure epoxy U Pattern FG-O pattern FG-X pattern
- present Ref. [45] present Ref. [45] present Ref. [45] present Ref. [45]
1,1 0.0589 0.0584 0.1225 0.1216  0.1028  0.1020 0.1388  0.1378
2,1 0.1428  0.1391 0.2940 0.2895 0.2497 0.2456  0.3297  0.3249
2,2 02177 02132 04531 0.4436 0.3888  0.3796  0.5034  0.4939
3,1 0.2658  0.2595 0.5319 0.5400 0.4776 0.4645 0.6114  0.5984
3,2 03342  0.3251  0.6956  0.6767  0.6055 0.5860 0.7633  0.7454
Table 2
Fo=10 kN Fo=15kN Fo=20 kN Fo=25kN
Pure 1.41 1.52 1.24 1.41
U 0.78 0.87 0.90 0.94
H FG-X 0.70 0.78 0.83 0.67
FG-O 0.85 0.91 0.96 1.00
Pure 0.21 0.20 0.12 0.12
U 0.06 0.22 0.13 0.17
» FG-X 0.06 0.09 0.14 0.50
FG-O 0.06 0.09 0.12 0.16
Pure 0.15 0.15 0.62 0.55
U 0.02 0.04 0.05 0.06
7 FG-X 0.02 0.03 0.04 0.06
FG-O 0.04 0.06 0.08 0.10
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Figure Captions

Figure 1 Schematic configuration of a K-layered prestressed GRC plate subjected to
complex excitations (a) and GPL distribution patterns: U (b), FG-X (¢) and FG-O
(d).

Figure 2 Effects of the length on the first four dimensionless natural frequencies of the
four type plates: pure epoxy (a), U (b), FG-X (c) and FG-O (d).

Figure 3 The bifurcation diagrams and two-dimensional phase portraits with Poincaré
maps of the first-order vibration mode are given for the prestressed pure epoxy

plate with F;, =9000N and varying dimensionless damping coefficient.

Figure 4 Bifurcation diagrams of the first-order mode for the prestressed pure epoxy plate
(a) and GRC plates (b), second-order mode for pure epoxy plate (¢) and GRC
plates (d) and forth-order for pure epoxy plate (¢) and GRC plates (f) under
transverse point excitation.

Figure 5 Time histories and two-dimensional phase portraits with Poincaré maps of the
first-order (T, x1) (a) and (x1, x2) (b), second-order (T, x2) (¢) and (x3, x4) (d), and
forth-order (T, x7) (e) and (x7, xg) (f) vibration modes for the prestressed pure

epoxy plate when F; =9428N.

Figure 6 Time histories and two-dimensional phase portraits with Poincaré maps of the
first-order (T, x1) (a) and (x1, x2) (b), second-order (T, x2) (c) and (x3, x4) (d), and
forth-order (1, x7) (e) and (x7, xg) (f) vibration mode for the prestressed U GRC
plate when Fj=9428N.

Figure 7 Time histories, two-dimensional phase portraits with Poincaré maps and three-
dimensional phase portraits: (t, x1) (a), (x1, x2) (¢) and (x1, x2, x3) (e) for the
prestressed FG-X GRC plate and (7, x1) (b), (x1, x2) (d) and (x1, x2, x3) (f) for the
prestressed FG-O GRC plate when F, =9428N .

Figure 8 Bifurcation diagrams of four first-order vibration modes for the prestressed pure
epoxy (a), U (b), FG-X (c¢) and FG-O (d) plates when the transverse point force
subject to the different positions.

Figure 9 Bifurcation diagrams of the first-order (a), second-order (b), third-order (c) and
forth-order (d) vibration modes for the prestressed U GRC plates with different
GPL weight fraction.
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Figure 10 Time histories and two-dimensional phase portraits with Poincaré maps of the
first-order (T, x1) (a) and (x1, x2) (b), second-order (t, x2) (c) and (x3, x4) (d),
third-order (T, xs) (e) and (xs, x¢) (f), and forth-order (t, x7) (g) and (x7, x3) (h)

vibration modes for the prestressed U GRC plate with g, =0.00% when
q.,=5.96x10" N/m’.

Figure 11 Time histories and two-dimensional phase portraits with Poincaré maps of the
first-order (1, x1) (a) and (x1, x2) (b), second-order (T, x2) (¢) and (x3, x4) (d),
third-order (T, xs) (e) and (x5, x6) (f), and forth-order (t, x7) (g) and (x7, x3) (h)
vibration modes for the prestressed U GRC plate with g, =0.25% when

g, =5.96x10" N/m*.

Figure 12 Bifurcation diagrams of the first-order (a), second-order (b) and forth-order (c)
vibration modes for the prestressed U GRC plates under in-plane biaxial
excitation with different GPL weight fractions.

Figure 13 Time histories and two-dimensional phase portraits with Poincaré maps of the
first-order (T, x1) (a) and (x1, x2) (b), second-order (T, x2) (c) and (x3, x4) (d), and
forth-order (T, x7) (e) and (x7, xg) (f) vibration modes for the prestressed U GRC
plate with g, =0.25% when go=9.12x10" N/m?,

Figure 14 Time histories and two-dimensional phase portraits with Poincaré maps of the
first-order (T, x1) (a) and (x1, x2) (b), second-order (T, x2) (¢) and (x3, x4) (d), and
forth-order (T, x7) (e) and (x7, xg) (f) vibration modes for the prestressed U GRC
plate with g, =0.50% when go=9.12x10" N/m?,
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