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Abstract: Civil infrastructure may degrade due to the adverse effects of continuous damage 30 
(e.g., reinforcement corrosion) and sudden shocks (e.g., earthquakes) during its service life. 31 
Many studies have been conducted in the field of reliability-informed life-cycle assessment, but 32 
there is still a need for a general and efficient method to assess the time-dependent performance 33 
of aging structures by concerning different deterioration scenarios and maintenance actions in 34 
a unified manner. Some of the traditional methods may have difficulties in handling multiple 35 
deteriorations, nonlinear models, a large number of uncertainties, scenarios of non-36 
differentiable performance functions, and combined effects of deterioration and maintenance. 37 
This paper develops a novel approach for time-dependent reliability analysis based on the 38 
proposed point-evolution kernel density estimation (PKDE) method and equivalent extreme 39 
performance function. The proposed approach allows consideration of various uncertainties 40 
(e.g., external loads, deterioration scenarios, maintenance models) and the associated 41 
correlation effects. In the proposed approach, both the progressive deterioration and sudden 42 
damages are considered in the modeling of the performance function. Besides, different types 43 
of maintenance schemes are assessed. The equivalent performance function is established, and 44 
the proposed PKDE method is used to address the first passage problem and non-differentiable 45 
performance function within time-dependent reliability analysis. An illustrative example is 46 
made to demonstrate the feasibility and accuracy of the proposed PKDE method. The 47 
computational results using the proposed method are verified by comparing with those from 48 
Monte Carlo simulations (MCS). 49 
Keywords: Time-dependent reliability; Point-evolution kernel density estimation; Equivalent 50 
extreme performance function; Multiple deteriorations; Maintenance.  51 
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Introduction 52 

The performance of civil infrastructure may degrade due to the impacts caused by aggressive 53 

environments (e.g., concrete carbonization, chloride ingress) and/or catastrophic events (e.g., 54 

hurricanes, earthquakes) (Dong et al. 2020; Guo et al. 2021; Wang et al. 2020). Degradation of 55 

infrastructure impairs structural resistance and safety. Therefore, maintenance actions might be 56 

needed during the infrastructure’s service life. In 2019, a report from the non-profit Volcker 57 

Alliance indicated that the total maintenance cost of infrastructures in the US exceeds $1 trillion, 58 

about 5% of US GDP (Zhao et al. 2019). Thus, it is of great importance to assess the life-cycle 59 

performance and safety of civil infrastructure, which could help civil engineers carry out 60 

rational structural design and maintenance schemes (Barone and Frangopol 2014; Jia and 61 

Gardoni 2019a; Joanni and Rackwitz 2008). 62 

Up to now, many approaches for life-cycle performance assessment have been developed 63 

based on probabilistic methods incorporating uncertainties in structural resistance and loading 64 

effects (Frangopol et al. 2017; Guo et al. 2020a). Initially, condition-based approaches were 65 

applied for life-cycle performance assessment (Denton 2002; Saydam et al. 2013; Thompson 66 

et al. 1998). However, it is challenging to apply condition-based methods in the identification 67 

of external load effects and quantification of structural safety. As a result, reliability-based 68 

methods were widely used to conduct comprehensive life-cycle assessments of conditions and 69 

safeties of infrastructures (Lu et al. 2020; Tran et al. 2012; Wang et al. 2016, 2018). However, 70 

most previous reliability-based studies focused on the single deterioration mechanism and 71 

lacked the consideration of multiple deterioration mechanisms and their possible interactions. 72 
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Therefore, Jia and Gardoni (2018a; b, 2019b) proposed a general framework of probabilistic 73 

performance and reliability analysis considering both progressive deterioration and sudden 74 

damages. Also, Kumar et al. (2009) developed a life-cycle assessment method for RC bridges 75 

subjected to corrosion and earthquakes. Jia and Gardoni (2019a; b) developed a stochastic life-76 

cycle analysis and performance optimization of deteriorating systems using renewal-theory. 77 

However, most previous studies focused on the modeling of the resistance process and did not 78 

consider the correlation between the deterioration process and the load effect (Bastidas-Arteaga 79 

2018; Kumar et al. 2015). Then, Wang and Zhang (2018) and Liu et al. (2020) proposed the 80 

use of the copula function to account for the dependence between the resistance and the external 81 

load. As a result, to date, the existing studies have achieved a comprehensive reliability analysis 82 

by considering complex deterioration mechanisms and loading effects. However, more studies 83 

should be conducted to assess the time-dependent reliability analysis by considering multiple 84 

deterioration mechanisms and the correlation between load effects and deterioration.  85 

Though the reliability analyses of aging structures have undergone tremendous 86 

developments, most of the existing reliability-related studies do not address maintenance issues, 87 

including preventive and essential maintenance, which might limit their application in real-88 

world engineering (Bastidas-Arteaga 2018; Stewart and Al-Harthy 2008; Wang et al. 2017; 89 

Wang and Zhang 2018). In the existing life-cycle maintenance, condition-based maintenance is 90 

a common strategy based on the deterioration model of a gamma process and an inspection 91 

model (Frangopol et al. 2004). Reliability-based maintenance is more practical than condition-92 

based maintenance concerning the effects of loading and structural safety. Although some 93 
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previous work associated with reliability-based maintenance has been conducted (Enright and 94 

Frangopol 1999; Kong and Frangopol 2003; Kumar and Gardoni 2014), the processes of 95 

external loads were not well modeled as stochastic processes. Thus, these studies were still 96 

based on specific deterioration models, and there is still a lack of a general and robust method 97 

to comprehensively evaluate the temporal performance of aging structures under multiple 98 

deteriorations and different maintenance scenarios. 99 

On the other hand, several reliability analysis methods have been used in the context of 100 

life-cycle performance, such as the first-order reliability method (FORM) (Frangopol et al. 101 

1997), first-passage method (Sanchez-Silva et al. 2011; Wang et al. 2017), Monte Carlo 102 

simulations (MCS) (El Hassan et al. 2010; Zhang et al. 2019), and renewal-theory (Jia and 103 

Gardoni 2019b). However, although FORM and first-passage method can be efficiently applied 104 

in specific scenarios, it is still necessary to use MCS to conduct reliability analysis for complex 105 

scenarios involving multiple deteriorations and nonlinear modes (Akiyama et al. 2019; Jia and 106 

Gardoni 2018a). Due to the inefficiency and computational burden of classical MCS, some 107 

studies have been undertaken to improve the computational efficiency of specific scenarios (e.g., 108 

importance sampling, (Au and Beck 2003; Jia and Gardoni 2018a) or semi-sampling semi-109 

analytical methods (Kumar et al. 2015; Kumar and Gardoni 2014; Wang et al. 2017). However, 110 

these case-specific improvements may not be as generally applicable as traditional MCS. Thus, 111 

it is of great significance to develop a novel and general method for time-dependent reliability 112 

analysis. In the past decades, several methods based on the probability density function (PDF) 113 

have been proposed to perform reliability analysis by estimating a target PDF. For example, Li 114 
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and Chen (2009) proposed a probability density evolution method (PDEM) for reliability 115 

analysis by solving the generalized density evolution equation (GDEE). However, PDEM relies 116 

on the establishment and computation of GDEE, and it is challenging to build and solve GDEE. 117 

The PDEM cannot be directly used to solve the cases of the non-differentiable performance 118 

function (Guo et al. 2020b). Thus, the applicability of PDEM might be limited, and there is a 119 

need to propose a new method for PDF oriented analysis to avoid solving GDEE. On the other 120 

hand, some nonparametric evaluation approaches, such as the kernel density estimation method 121 

(KDEM), are applied to assess the target PDF (Colbrook et al. 2020; Jia et al. 2017a; Sheather 122 

and Jones 1991; Silverman 1986). Existing studies related to KDEM focused on the optimal 123 

selection of bandwidth for KDEM. For instance, Botev et al. (2010) suggested an adaptive 124 

bandwidth selector through the smoothing property of the linear diffusion process. Besides, 125 

Alibrandi and Mosalam (2018) developed a KDEM based on the principle of maximum entropy 126 

to estimate the long-tailed distribution from a small number of samples. However, classical 127 

KDEMs are mostly based on the idea of MCS, where each sample is equally weighted. Thus, 128 

the accuracy of classical KDEMs is highly dependent on the sampling number. In this paper, 129 

the point-evolution method is applied to reduce the sampling number in KDEM. To the best 130 

knowledge of the authors, there have been no studies focusing on the application of KDEM 131 

within the time-dependent reliability analysis by incorporating the point-evolution method. 132 

Therefore, this study develops a point-evolution kernel density estimation (PKDE) based 133 

framework for time-dependent reliability analysis by considering multiple deterioration 134 

mechanisms, the correlation between load effects and deterioration, and maintenance schemes. 135 
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The proposed PKDE can improve the computational efficiency of the reliability analysis. The 136 

“Time-Dependent Performance Function with Multiple Deteriorations and Maintenance Action” 137 

section introduces the concepts of the proposed framework. The “PDF oriented Reliability 138 

Analysis” section reviews the classical PDEM and KDEM, describes the proposed PKDE in 139 

detail, and compares the algorithms of the three PDF-oriented methods. Then, in the 140 

“Illustrative Example” section, the feasibility and accuracy of the framework are demonstrated 141 

using an example. Meanwhile, different maintenance schemes and their influences on reliability 142 

are investigated. Also, the results of the reliability analysis are compared with other methods. 143 

Finally, conclusions are drawn, and future work is pointed out. 144 

Time-Dependent Performance Function with Multiple Deteriorations and Maintenance 145 

Action 146 

Over the life of an engineering system, it may undergo multiple deteriorations. To estimate the 147 

stochastic performance of the system, it is necessary to assess its time-dependent capacity and 148 

demand (Jia and Gardoni 2018a, 2019a; b; Kumar et al. 2015). Therefore, in this study, a 149 

performance function involving the capacity and demand of a degrading engineering system 150 

under multiple deterioration scenarios is introduced. Meanwhile, the effect of maintenance 151 

action on performance action is also discussed, as shown in Fig.1.  152 

Given the random total input variables Θ = [Θ1, Θ2, …, Θs] (s is the number of variables), 153 

the performance function G(Θ, t) at time t is defined as 154 

 ( ) ( ) ( ), , ,R SG t R t S t= −Θ Θ Θ  (1) 155 

where R(ΘR, t) and S(ΘS, t) are the stochastic processes of instantaneous resistance R and load 156 
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effect S, in which ΘR and ΘS are the random input variables of R and S, respectively (Θ = [ΘR, 157 

ΘS]). For S(ΘS, t), it consists of dead load Sd(ΘSd) and live load Sl(ΘSl, t).  158 

 ( ) ( ) ( ), ,
d lS d S l SS t S S t= +Θ Θ Θ  (2) 159 

where ΘSd and ΘSl are the random input variables of Sd and Sl, respectively (ΘS = [ΘSd, ΘSl]). 160 

In previous studies, the dependence between deterioration and the occurrence of stochastic 161 

loads was usually ignored (Kumar et al. 2015). In practice, stochastic loads not only cause 162 

demands for the engineering system but may also lead to shock deterioration (Jia and Gardoni 163 

2018a).  164 

Concerning both the progressive deterioration and shock deterioration caused by external 165 

loads, the resistance function R (ΘR, t) is described by a model as  166 

 ( ) ( ) ( )0, , ,
p SR P D S DR t R D t D t= − −Θ Θ Θ  (3) 167 

where R0 is the random initial resistance; DP (ΘDp, t) and DS (ΘDs, t) are the damages due to 168 

the progressive deterioration and shock deterioration, respectively; and ΘDp and ΘDs are the 169 

random input variables of DP and DS, respectively (ΘR = [R0, ΘDp, ΘDs]).  170 

For the modeling of DP (ΘDp, t), Kumar et al. (2015) proposed to use a combination of 171 

deterministic functions to model progressive deterioration, and Jia and Gardoni (2018a) 172 

suggested a nonhomogeneous state-dependent Markov process model that considers 173 

uncertainties and time-dependent deterioration process. For DS (ΘDs, t), the characteristics of 174 

the shock, such as the occurrence rate and intensity, should be modeled. A stochastic model, 175 

such as the Poisson process, either homogeneous or nonhomogeneous, was usually applied to 176 

model the shock occurrence (Jia and Gardoni 2019b; Kumar et al. 2015). Since Eq. (3) does 177 
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not require specifying the format of deterioration models, the forms of progressive and shock 178 

deterioration are not identified in Eq.(3). As long as the damages caused by progressive and 179 

shock deterioration can be quantified, the performance function could be built and the proposed 180 

framework could be implemented. In general, given the performance function, the performance 181 

of the investigated engineering structure can be assessed. 182 

The performance function can be improved by maintenance actions. In this study, the 183 

relevant maintenance actions are determined through a time-varying performance indicator, i.e., 184 

the time-varying reliability index β (Jia et al. 2017b). Given the relevant threshold (e.g., βc1 and 185 

βc2), the timing for different maintenance types can be determined. The i-th maintenance time 186 

instants of preventive maintenance and essential maintenance are denoted as tp,i (i = 1, 2, …, 187 

np) and te,i (i = 1, 2, …, ne), respectively, where np and ne are the numbers of preventive 188 

maintenance and essential maintenance. As an illustration, in Fig. 2, the solid line, dotted, 189 

dashed, and dot-dash lines denote the β associated with no maintenance, replacement, 190 

enhancement, and preventive maintenance & replacement, respectively. If no maintenance is 191 

applied, β decreases continuously with time and the initial β is supposed to be β0. Concerning 192 

the scenario of preventive maintenance & replacement, when β reaches the threshold value βc1, 193 

the first preventive maintenance is initiated and the corresponding time is denoted as tp,1. 194 

Furthermore, when β further reaches the threshold value βc2, the first essential maintenance, 195 

i.e., replacement, is activated and the corresponding time is denoted as te,1. After performing 196 

replacement, the investigated structure would be fully recovered and β returns to β0. Then, 197 

another preventive maintenance occurs once β reaches the threshold value βc1 again, and the 198 
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corresponding time instant is denoted as tp,2. Besides, concerning the scenarios of replacement 199 

and enhancement, te,1 and te,2 are the first and second-time instants, when the β reaches the 200 

threshold value βc2, and corresponding essential maintenance can be performed, where 201 

enhancement could increase the β after essential maintenance.  202 

The effect of different maintenance actions (i.e., preventative, replacement, and 203 

enhancement) is introduced as follows: 204 

Concerning the changing rate of the performance function after preventive maintenance, a 205 

factor φ (<1) is introduced to consider the effect of preventive maintenance actions on the time-206 

variant structural performance. Given the detailed information of preventive maintenance 207 

action, the value of φ can be determined. The performance function after preventive 208 

maintenance could be updated as R*(ΘR, t): 209 

 
( ) ( )
( ) ( )

* *
0

0

, , , , ,

( , ) , ,

, , ,
( , ) ( , ], 1, 2,..., 1, 2,...,

R P P S S

P P S S

p i p i e j p i e j

R t R D t D t

R D t D t
t t or t t t i j t t

ϕ

= − −

= − ⋅ −

∈ +∞ ∈ = = <

Θ Θ Θ

Θ Θ  (4) 210 

where tn,i is the i-th time instant when β is reduced to βc1; (tp,i, +∞) (i = 1, 2,…) is the time 211 

interval between the i-th preventive maintenance and end of service life; and (tp,i, te,j] (j = 1, 212 

2,….) is the time interval between the i-th preventive maintenance and the j-th essential 213 

maintenance. In this study, a preventive maintenance is assumed to be effective until the next 214 

essential maintenance. If no essential maintenance is applied, the preventive maintenance is 215 

assumed to be effective until the end of the service life. 216 

Besides, when β is reduced to βc2 at the time te,i and replacement occurs, the structural 217 

resistance R*(ΘR, t) can be updated to the initial value, which can be expressed as  218 
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( )*

,

, , , 1

( , ) , ,

( , ), ( , ], 1, 2,...
R R e i

e i e i e i

R t R t t

t t t t t i+

= −

∈ +∞ ∈ =

Θ Θ
 (5) 219 

where (te,i, +∞) (i = 1, 2,…) is the time interval between i-th essential maintenance and end of 220 

service life; and (te,i, te,i+1] (j = 1, 2,….) denotes the time interval between the i-th essential 221 

maintenance and the (i+1)-th essential maintenance. For enhancement as indicated in Fig. 2, 222 

the structural resistance is enhanced and exceeds the initial value where the increased value is 223 

denoted as Ren and R*(ΘR, t) can be computed as:  224 

 
( )*

,

, , , 1

( , ) , ,

( , ) , ( , ], 1, 2,...
R R e i en

e i e i e i

R t R t t R

t t t t t i+

= − +

∈ +∞ ∈ =

Θ Θ
 (6) 225 

where Ren is the value of performance enhancement (0 for replacement).  226 

On the other hand, denoting external load and shock deterioration at time t as Sl,t and DS,t, 227 

a copula function (e.g., Gaussian) can be employed to consider the correlation between Sl,t and 228 

DS,t at time t with marginal cumulative density functions (CDFs) of FSl,t and FDs,t, respectively 229 

(Wang et al. 2017):  230 

 ( ) ( )( ) ( )( ), , , ,

1 1
, , , , ,, ,

l t S t l t S tS D l t S t G S l t D S tF S D F S F D− − = Φ Φ Φ   (7) 231 

where FSl,t,Ds,t is the joint CDF of (Sl,t, DS,t); ΦG is the joint CDF of a multivariate standard 232 

normal distribution; and Φ-1 is the inverse cumulative distribution function (CDF) of standard 233 

normal distribution.  234 

After modeling the resistance and external load, the failure probability Pf (t) and reliability 235 

index β(t) at time t can be evaluated. In general, the estimation of Pf (t) and β(t) depends on 236 

their definitions. For instance, ignoring the temporal correlation of G(Θ, t) and supposing that 237 

no essential maintenance is applied, Pf (t) can be defined as the probability that G(Θ, t) is below 238 
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zero: 239 

 ( )( ) ( ) 0,fP t P G t= <Θ  (8) 240 

Then, β(t) can be calculated through Pf (t) as (Ditlevsen and Madsen 1996): 241 

 ( )1( ) 1 ( )ft P tβ −= Φ −  (9) 242 

However, such a definition cannot take into account the first passage problem and may 243 

underestimate the failure probability. Thus, a rigorous definition of Pf (t) can be written as 244 

(Lutes and Sarkani 2004): 245 

 ( )( ) ( ) 0, [0, ],fP t P G tτ τ= < ∃ ∈Θ  (10) 246 

Regarding the first passage problem, some strategies like up-crossing rate methods (Hu 247 

and Du 2013; Li and Melchers 2005), outcrossing rate methods (Andrieu-Renaud et al. 2004; 248 

Sudret 2008), and MCS methods (Gu et al. 2018; Tu et al. 2017) have been employed in 249 

previous studies. The former two methods might be limited by the adopted models associated 250 

with resistance and load effect and are hard to be employed in the scenarios of multiple 251 

deterioration mechanisms. Although the latter one could avoid the mathematical difficulties in 252 

reliability estimation, it might cause a substantial computational burden. Besides, if essential 253 

maintenances are applied, the resistance R(ΘR, t) would increase, but the Pf (t) and β(t) 254 

calculated by Eqs.(10) and (9) would remain unchanged. To ensure the reliability returns to or 255 

exceed the initial status after the essential maintenance, Pf (t) should be redefined as: 256 

 ( ), , , 1( ) ( ) 0, ( , ] , ( , ], 1, 2,...,f e i e i e iP t P G t t t t t iτ τ += < ∃ ∈ ∈ =Θ  (11) 257 

Thus, being different from the traditional first passage problem, the probabilistic 258 

information that was in the failure domain could return to the safety domain after the 259 

implementation of essential maintenance. With respect to generality and computational 260 
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efficiency in reliability analysis, conventional methods might not be appropriate and a more 261 

flexible reliability analysis method should be adopted. 262 

PDF oriented Reliability Analysis  263 

The main thought of PDF oriented reliability analysis is to calculate Pf (t) by the integration of 264 

the PDF of performance function:  265 

 ( )
0

( ) , df Gg
P t p g t g

<
= ∫  (12) 266 

in which pG (g, t) is the PDF of the performance function. Thus, the main objective of PDF 267 

oriented method is to perform the reliability analysis by capturing the time-dependent PDFs of 268 

the performance functions.  269 

To obtain pG (g, t), Li and Chen (2008, 2009, 2014) proposed a probability density 270 

evolution method (PDEM), which initially aims at performing the dynamic reliability of 271 

nonlinear structures. In terms of a series of mathematical derivations, the generalized density 272 

evolution equation (GDEE) can be obtained as follows: 273 

 0,( , , ) ( , , )( )G Gp g t p g tG t
t g

∂ ∂
+ =

∂ ∂
Θ ΘΘθ θ  (13) 274 

where pGΘ (g, θ, t) denotes the joint PDF of G and Θ   at time t. Besides, the boundary 275 

condition and analytical solution of Eq.(13) can be written as: 276 

 
( , ,0) [ ( ,0)] ( ),
( , , ) [ ( , )] ( )

G

G

p g g G p
p g t g G t p

δ
δ

Θ

Θ

= −
= −

Θ

Θ

Θ
Θ

θ θ
θ θ

 (14) 277 

in which p𝚯𝚯(𝛉𝛉) denotes the joint PDF of random vector 𝚯𝚯 and δ(∙) is Dirac’s delta function. 278 

Since the closed-form solution of Eq.(13) is difficult to obtain, the total variation diminishing 279 

(TVD) scheme-based finite difference method (FDM) can be used to solve it (Li et al. 2012; Li 280 
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and Chen 2009). Regarding FDM, the first step is to choose appropriate time step ∆t and space 281 

step ∆g and build the difference grid, in which ∆t and ∆g are subjected to Courant-Friedrichs-282 

Lewy (CFL) condition (Courant et al. 1928). 283 

 1t v
g
∆

≤
∆

 (15) 284 

where v is the derivative function of the sampled performance function which limits the 285 

selection of ∆t and ∆g. Then, pG (g, t) could be computed by integrating out Θ   (e.g., by 286 

consistency rule) (Ang and Tang 2007): 287 

 ( , ) ( , , ) dG Gp g t p g t
Ω

= ∫
Θ

Θ θ θ  (16) 288 

Regarding the first-passage problem and the scenario of no maintenance, an absorbing 289 

boundary condition needs to be imposed, which means that a representative point that comes to 290 

the failure zone will not return to the safety zone. By employing an absorption boundary, some 291 

probabilistic information of pG (g, t) will be lost due to the failure representation points. The 292 

updated pG (g, t) can be denoted as the residual PDF, p*G (g, t), and computed using Eq.(17).  293 

 ( ) ( ){ }0
* , ,  | 0G G gp g t p g t <≡ =  (17) 294 

Then, Pf (t) could be solved through the integration of p*G (g, t) as in Eq.(18). 295 

 *

0
  ( ) 1 ( , )df GP t p g t g

+∞
= − ∫  (18) 296 

Besides, Pf (t) can be calculated by Eq. (18) for preventive maintenance, though a reduced 297 

deterioration rate brings the reduction of the changing rate of β(t). However, for essential 298 

maintenance, R(ΘR, t) and the PDF of performance function are updated when β(t) is reduced 299 

to βc2. Regarding the absorbing boundary condition, once a sample fails, the associated 300 

probability does never return to the safety domain (Li and Chen 2009). Thus, although R(ΘR, t) 301 

can be updated after repair actions, β(t) does not increase and becomes a non-increasing 302 
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function. Thus, this method cannot be used to solve the time-dependent reliability by 303 

considering the effect of maintenance action.  304 

Equivalent extreme performance function 305 

For the first-passage problem and the maintenance effect, absorbing boundary condition seems 306 

unpractical, and then a more general approach is developed to build an equivalent extreme 307 

performance function g* as indicated in Eq.(19) and Fig. 3. In Fig. 3, it can be found that in 308 

each interval [0, te,1), [te,1, te,2), and [te,2, +∞), the original performance function g is fluctuating 309 

but g* is a nonincreasing function. Due to the monotonic nature of g*, there exists no difficulty 310 

in solving the first-passage problem, and time-dependent reliability can be handled similarly to 311 

Eq.(12). Thus, Pf (t) can be calculated through the integration of the PDF of g*, pG*(g*,t), via 312 

Eq.(20). 313 

 { }* *
, , , 1( , ) min ( , ), ( , ] , ( , ], 1, 2,...e i e i e ig G t G t t t t t iτ τ += = ∈ ∈ =Θ Θ  (19) 314 

 ( )**

* *

0
( ) , df Gg

P t p g t g
<

= ∫  (20) 315 

Besides, Eq.(19) can also be applied to the scenarios of no maintenance or preventive 316 

maintenance if tn,i is assumed as zero, which indicates that the equivalent extreme performance 317 

function is appropriate for all scenarios. However, the min{∙} in Eq.(19) is an abstract function 318 

so that pG*(g*,t) is not a differentiable function and the GDEE of g* is unavailable. Similar 319 

phenomena usually occur in time-dependent systems, such as the structural resistance suffering 320 

from sudden damage and the performance function subjected to the stochastic loading process. 321 

According to CFL condition Eq. (15), dramatic changes in the performance function will 322 

severely limit the choice of Δg and Δt reducing the accuracy of the FDM, further compromising 323 
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the accuracy of PDEM analysis (Guo et al. 2020b), which might make it challenging to perform 324 

PDF-oriented analysis. Therefore, the current PDEM cannot be widely used within the life-325 

cycle assessment process. Particularly, it may not be appropriate to apply PDEM in the scenario 326 

with equivalent extreme performance function due to the difficulty in obtaining PDF via GDEE. 327 

Therefore, in this study, instead of establishing and solving GDEE as PDEM, the nonparametric 328 

density estimation method would be adopted to evaluate the PDF. More detailed information 329 

can be found in the following section. 330 

Kernel density estimation-based method (KDEM) 331 

The main demerit of PDEM is that a differentiable performance function should be established. 332 

In this study, an alternative strategy for capturing PDFs is to apply a nonparametric density 333 

estimation method to evaluate the PDF directly without capturing the differentiable function. 334 

Such a method is called kernel density estimation (KDE), and the basic idea is to evaluate the 335 

target PDF through a series of samples and kernel density estimators (Silverman 1986). 336 

Regarding the target PDF f (x), its estimation ( )ˆ ,f x h  can be written as  337 

 ( ) ( )
1

1/ ,ˆ ,,
M

i
i

M K xh xx hf
=

= ⋅∑  (21) 338 

where xi is the i-th sample; M and h are the number of samples and the bandwidth; and K is the 339 

kernel function, which could be selected according to the distribution region and characteristics 340 

of samples (Alibrandi and Ricciardi 2008; Rawa et al. 2011). For instance, if the target 341 

distribution is an infinite region, i.e., x∈(-∞, +∞), K could be the PDF of a Gaussian distribution 342 

whose mean is the value of sample xi and the standard deviation is h 343 



17 
 

 
21 1( , , ) exp

22
i

i
x xK x x h

hh π
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 (22) 344 

Moreover, for finite regions, such as x∈[a, b], the kernel function could be a beta 345 

distribution; for semi-bounded region, i.e., x∈  [0, +∞), the kernel function could be a 346 

lognormal or gamma distributions. Besides, if h is infinitely close to 0, the kernel function 347 

becomes δ(∙), and if M is close to infinity, ( )ˆ ,f x h  becomes infinitely close to f(x). 348 

Thus, employing the KDEM in time-dependent reliability analysis, the PDF of the 349 

equivalent extreme performance function G* at time t, pG*(g*, t), can be estimated as  350 

 ( ) ( )*

1

* *1ˆ , , ( , ),iG

M

i
K g Gp t hg

M
t

=

=∑ θ  (23) 351 

However, in most cases, it is not possible to apply a large number of samples due to the 352 

limitations of experimental conditions and computational burden. Then, a common problem for 353 

KDE is to select an appropriate bandwidth h based on a limited number of samples. In general, 354 

the optimal bandwidth h is determined based on the criterion of mean integrated square error 355 

(MISE), which can be decomposed into integrated squared bias and integrated variance 356 

components. ˆ ( , )f x h  denotes the estimator of f (x) for a given h. Since f (x) is unknown, it is 357 

difficult to obtain the h satisfying the minimum of MISE. If the target distribution is close to a 358 

Gaussian distribution, and the kernel is chosen as a Gaussian kernel, the choice of h could be 359 

determined according to Silverman’s optimum bandwidth h (Silverman 1986): 360 

 ( )( )0.2ˆ 4 / 3h Mσ=  (24) 361 

where σ̂  is the sample standard deviation. If the target distribution is far from a Gaussian 362 

distribution, Eq.(24) might cause the inaccurate results of KDE. Thus, to obtain the appropriate 363 
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bandwidth, Botev et al. (2010) proposed a plug-in bandwidth selection method based on the 364 

Sheather-Jones algorithm (more details refer to Appendix A). Although Botev’s approach 365 

suggests a practical way to obtain the appropriate bandwidth, the accuracy of such a method 366 

still strongly relies on the randomly sampled data. Essentially, it is still a MCS-based method 367 

that requires a large amount of sampling. To overcome this demerit and increase the 368 

computational efficiency, the PKDE is proposed in the following section. 369 

Point-evolution kernel density estimation 370 

As mentioned earlier, in PDEM, there is no need to generate as many samples as in MCS, but 371 

rather there is a need to select representative points by the point-evolution method. However, 372 

for PDEM, the target PDF must be solved by computing the GDEE. For KDEM, the target PDF 373 

can be captured using KDE without solving the GDEE, but a large amount of sampling is 374 

required. Therefore, a new method of point-evolution kernel density estimation (PKDE) is 375 

proposed to combine the ideas and merits of classical KDE and PDEM to evaluate the target 376 

PDF.  377 

The main idea of PKDE is to apply the point-evolution method for the selection of 378 

representative points and then evaluate the PDFs by means of kernel density estimators. The 379 

principal idea of the point-evolution method is to partition the random space into nsel 380 

subdomains through selecting representative points (Chen et al. 2009). In general, a low-381 

discrepancy sequence, such as the number-theoretical method (NTM) (Li and Chen 2007) or 382 

Sobol sequence (Radović et al. 1996), can be used to generate a uniform point set Κ. Then, Κ 383 

will be transformed into target point set Θ in terms of its marginal input distribution where each 384 
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target point θw, i (the w-th random variable and i-th representative point) is written as: 385 

 ( )1
, , , 1,2,..., , 1,2,...,w i w w i selF w s i nθ κ−= = =  (25) 386 

in which Fw-1(∙) denotes the inverse cumulative distribution function (CDF) of the w-th random 387 

variable in Θ. Then, the point set can be further improved, and the new point θ’w,j could express 388 

as (Chen et al. 2016). 389 

 ' 1
, , , , ,

1

{ } 0.5
seln

w j w a i w i w j a j
i

F P I Pθ θ θ−

=

 
= ⋅ < + 

 
∑  (26) 390 

where I{∙} is the indicator function that I{∙} = 1 if the condition in {∙} is satisfied and Pa,i is the 391 

assigned probability of i-th representative point calculated by integrating p𝚯𝚯(𝛉𝛉) over the region 392 

of Vi 393 

 , Pr{ } ( ) d , 1,2,...,
i

a i i selV
P V p a n= ∈ = =∫ ΘΘ θ θ  (27) 394 

where Vi denotes the volume of Voronoi cell of the random space of i-th representative point 395 

(Chen and Zhang 2013).  396 

Then, according to the point-evolution method, the estimation of target PDF can be 397 

expressed as the sum of a series of representative points with assigned probabilities: 398 

 ( ) ( ),
1

ˆ
M

a i i
i

P xf xx δ
=

= −∑  (28) 399 

In PKDE, δ in Eq.(28) is estimated through a kernel density estimator. Comparing Eq.(28) 400 

with Eq.(21), the difference between KDE and PKDE is that 1/M is replaced by the assigned 401 

probability Pa,i. Then, the estimation of the target PDF can be rewritten as follows: 402 

 ( ) ( ),
1

ˆ , , ,
M

a i i
i

h P K x x hf x
=

=∑  (29) 403 

where K(∙) is the kernel function that can be selected according to the “Kernel density 404 
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estimation-based method (KDEM)” subsection; and h is the bandwidth that can be evaluated 405 

by Botev’s approach. However, concerning the influences of assigned probability Pa, i on the 406 

selection of optimal bandwidth, the initial boundary condition of Eq.(A-1) is revised as 407 

 ( ),
1

ˆ ( ,0)
M

a i i
i

P H xf x x x
=

≈ ⋅ ∆ − −∑  (30) 408 

in which ∆x is an extremely small value and H(y) is a Heaviside function that equals 1 if y is 409 

not less than 0, otherwise, it equals 0. For the Gaussian kernel function, the optimal estimation 410 

of h can be obtained by solving Eq.(A-4). 411 

To demonstrate the efficiency and accuracy of the proposed PKDE, two simple cases are 412 

made to evaluate the PDFs of x1 and x2: 413 

 ( ) ( )( )2
1 1 2 2 1 1 3 3 1 3, 1x x H Hθ θ θ θ θ θ θ θ= + = ⋅ − + ⋅ − −  (31) 414 

where θ1, θ2, and θ3 follow N(-2,1), N(1,3), and N(2,3), respectively; and H(∙) is a Heaviside 415 

function which equals one if the value in parentheses is not less than 0, otherwise equals 0.  416 

An illustrative example is introduced here to demonstrate the feasibility and efficiency of 417 

the proposed method. By employing a Gaussian kernel, the PDFs of x1 and x2 are evaluated 418 

through different methods: 106 times sampling from Botev’s KDEM, 256 times sampling from 419 

Silverman’s KDEM, Botev’s KDEM, and the proposed PKDE. The samples of the former three 420 

methods are generated by brute MCS, but the last one is based on the Sobol sequence (Radović 421 

et al. 1996).  422 

Comparisons of the estimation results for the two cases are shown in Fig. 4. It can be found 423 

that, both in Figs.4a and b, the PDF from 106 times sampling from Botev’s KDEM is close to 424 

the proposed PKDE but quite different from others. Besides, in both Figs.4a and b, subgraphs 425 
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are plotted in log scale to magnify the tail of the negative portion of the PDFs. Although the 426 

subgraphs in Fig. 4 show that the tail distribution of PKDE slightly deviates on the negative 427 

axis, the proposed PKDE can basically provide well-estimated tails of the PDF. Accuracy of the 428 

tails of the PDF is crucial for reliability analysis as the modeling of PDF tails generally 429 

determines the accuracy of the reliability results. Therefore, the proposed PKDE exhibits 430 

significant effects regardless of whether it is a Gaussian-like or multi-peak distribution. These 431 

results show the feasibility and accuracy of the proposed PKDE.  432 

On the other hand, regarding time-dependent reliability analysis, PKDE should be applied 433 

based on the value of performance function for each representative point at each time instant. 434 

Moreover, considering the first passage problem, the PDF of the equivalent extreme 435 

performance function at time t pG*(g*,t) can be estimated as 436 

 ( ) ( )*
*

1

*
, ,ˆ ( , ),,

M

a i i
i

G
p g t P K g G t h

=

=∑ θ  (32) 437 

Comparing with PDEM, ( )*
*ˆ ,

G
p g t   can be easily and efficiently obtained by Eq.(32) 438 

without the process of FDM and absorbing boundary condition. Therefore, the proposed PKDE 439 

can be flexibly applied in the time-dependent reliability analysis of aging structures, especially 440 

for the scenarios with different deterioration scenarios and maintenance actions within the 441 

service life.  442 

The main algorithms of the proposed reliability analysis framework, including PDEM, 443 

KDEM, and PKDE, are briefly summarized in Algorithm 1. The main inputs of the algorithms 444 

are the name of applied method ‘method’, the number of representative points or samples Nsel, 445 

the random variables Θ (dimension s), the performance function G(Θ, t), the time period [0, 446 
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Ttot] and the time interval dt; and the outputs are time-dependent reliability index β(t) and failure 447 

probability Pf (t). The fundamental difference between those three methods is the process of 448 

capturing the target PDF of performance function. For PDEM, the main steps are: generating 449 

Nsel representative points, calculating the assigned probability of each representative point, then 450 

capturing PDF through FDM. For KDEM, the main steps are: generating Nsel samples, 451 

assessing the optimal bandwidth through Botev’s approach, and then estimating the target PDF 452 

through Eq.(23). For the proposed PKDE, the Nsel representative points are selected, optimal 453 

bandwidth is also evaluated through Botev’s approach, and then estimating the target PDF 454 

through Eq.(29). Once the target PDF is captured, Pf (t) could be obtained by integrating the 455 

PDF. 456 

 457 

Algorithm 1. PDF oriented Reliability Analysis including three methods 
1: Switch (method): 
2: Case ‘PDEM’ 
3:      Generate Nsel representative points via Sobol Sequences 
4:      for i=1: Nsel do 
5:         for t=1: dt : T tot do 
6:            Solve i-th pi

G(g,t) through finite difference 
7:            Set the absorbing boundary condition pi

G(g, t)|g<0=0 to obtain pi
G*(g*, t) 

8:         end do 
9:      end do 
10:      Sum all pi

G*(g*, t) to obtain pG*(g*, t) 
11:      Calculate the Pf (t) through 1 − ∫ 𝑝𝑝𝐺𝐺

∗ (𝑔𝑔, 𝑡𝑡)𝑑𝑑𝑑𝑑+∞
0  and β(t)=Φ(1-Pf(t)) 

12: Case ‘KDEM’ 
13:      Generate Nsel random samples 
14:      for t=1: dt : T tot do 
15:         Set initial error variable ε0 = 1e3, precision ε, initial z0 = ε, n = 0 and initial guess h = 0 
16:         while ε0 > ε do 
17:             Set zn+1=ξγ[l](zn) 
18:             ε0=| zn+1- zn|, and n: = n+1 
19:         end do 
20:         Obtain the optimal bandwidth ℎ = �𝑧𝑧𝑛𝑛+1 and pG

*(g*,t) through Eq.(23) 
21:         Calculate the Pf (t) through ∫ 𝑝𝑝𝐺𝐺∗(𝑔𝑔∗, 𝑡𝑡)𝑑𝑑𝑔𝑔∗0

−∞  and β(t)=Φ(1-Pf(t)) 
22:      end do 
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23: Case ‘PKDE’ 
24:      Generate Nsel representive points via Sobol Sequences 
25:      for i=1: Nsel do 
26:         Compute the assigned probability of i-th representative point Pa,i  
27:      end do 
28:      for t=1: dt : T tot do 
29:         Set initial error variable ε0 = 103, precision ε, initial z0 = ε, n = 0 and initial guess h = 0 
30:         while ε0 > ε do 
31:             Set zn+1=ξγ[l](zn) 
32:             ε0=| zn+1- zn|, and n:= n+1 
33:         end do 
34:         Obtain the optimal bandwidth ℎ = �𝑧𝑧𝑛𝑛+1 and pG

*(g*,t) through Eq.(29) 
35:         Calculate the Pf (t) through ∫ 𝑝𝑝𝐺𝐺∗(𝑔𝑔∗, 𝑡𝑡)𝑑𝑑𝑔𝑔∗0

−∞  and β(t)=Φ(1-Pf(t)) 
36:      end do  

Illustrative Example 458 

This section presents numerical example to illustrate the feasibility and capability of the 459 

proposed method. Both progressive and sudden damage are considered in the resistance model, 460 

while the load model is associated with both dead and live loads. Also, different maintenance 461 

schemes and their effects on structural performance are investigated.  462 

Time-dependent resistance and load effect 463 

To conduct a reliability analysis, the first step is to model the resistance and load effect. 464 

Consider a structure subjected to dead load Sd, live load Sl, progressive deterioration, and Sl 465 

induced sudden damage with a service life of 40 years. In this case, Sd is assumed as a lognormal 466 

distributed random variable with mean value μd and coefficient of variation (COV) δd; and Sl 467 

is modeled by a stationary Poisson process with a mean occurrence rate of λ. Denoting the 468 

occurrence times of load event within t years as m(t), the probability that k times of load events 469 

occur is  470 
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 ( )
( ) ( )0 0

exp
P ( ) , 0,1, 2,...

!

kt t
dt dt

m t k k
k

λ λ−
= = =

∫ ∫
 (33) 471 

The intensity of each live load event follows Gumbel distribution (Wang et al. 2017). The 472 

mean value and COV are denoted as μl and δl.  473 

The progressive deterioration is modeled by a function of time and a random variable of 474 

initial capacity for illustrative purposes, while shock deterioration is represented by the sum of 475 

a series of independent random variables. Besides, the shock deterioration and live load event 476 

are assumed to occur simultaneously, and then the resistance function is written as: 477 

 
( )

0 ,
1

( ) ( )
i

m t

sk i
i m

R t R d t D
= +

= ⋅ − ∆∑  (34) 478 

where R0 follows a lognormal distribution with the mean value μR0 and COV δR0; ∆Dsk,i is the 479 

i-th shock deterioration following the lognormal distribution whose mean value and COV are 480 

μsk and δsk; mi is equal to 0, if no essential maintenance is applied, or the number of sudden 481 

damage when essential maintenance is applied; and d(t) is the progressive deterioration function 482 

which is assumed as (Mori and Ellingwood 1993) 483 

 ( ) 1 bd t a t= − ⋅  (35) 484 

where a and b are the shape parameters of the progressive deterioration function. Concerning 485 

the correlation between ∆Dsk,i and Sl,i (i-th live load event), ∆Dsk,i and Sl,i are converted into 486 

correlated standard normal variables U1 and U2 through 487 

 ( ) ( ) ( ) ( )
, ,, 1 , 2,

l i sk iS l i D sk iF S U F D U= Φ = Φ  (36) 488 

The correlation coefficient matrix of (U1, U2) is denoted as Ψi: 489 

 
1

1i

ρ
ρ
 

Ψ =  
 

 (37) 490 
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Employing the Cholesky decomposition of Pi, Ai can be obtained as a 2 × 2 matrix such 491 

that Ψi = Ai AiT. Then, based on Ai, (U1, U2) is transformed into (V1, V2) by 492 

 1
1 2 1 2( , ) ( , )iV V A U U−=  (38) 493 

Then, ∆Dsk,i and Sl,i are obtained through  494 

 ( ) ( )
, ,

1 1
, 1 , 2,

sk i l isk i D l i SD F V S F V− −∆ = =  (39) 495 

The parameters used in the computational process are summarized in Table 1. Also, 496 

various maintenance schemes are considered: no maintenance, preventive maintenance, and 497 

essential maintenance (i.e., replacement only, enhancement only, and both preventive 498 

maintenance & replacement).  499 

Time-dependent reliability analysis 500 

Based on the methods presented in the “PDF oriented Reliability Analysis” section, 999 501 

representative points are selected based on Sobol’ sequences (Radović et al. 1996) for the PDF 502 

oriented reliability analysis, whose principal algorithms are in Algorithm 1. All scenarios are 503 

coded using MATALB and run on Intel (R) Core (TM) i7-7700 CPU@3.6 GHz and 20 GB of 504 

RAM. 505 

Time-dependent reliability without maintenance 506 

Given no maintenance, the PDF of pG(g, t) (Eq.(16)) and p*G(g, t) (Eq.(17)) could be computed 507 

through the PDEM and imposing absorbing boundary condition, and that of pG*(g*, t) (Eq.(20)) 508 

could be calculated by the proposed PKDE and establishing equivalent extreme performance 509 

function. The computation times for solving Eq.(16), Eq.(17), Eq.(20), and MCS are 199 s, 193 510 

s, 13 s, and 7406 s, respectively, indicating that PKDE is the most efficent, followed by PDEM, 511 
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for the scenarios of no maintenance. Figs. 5a,b,c, and d show that p*G(g, t) is close to pG(g, t), 512 

but the former does not have a negative part. Besides, comparing Figs.5c and d with e and f, 513 

the surface and contour of pG*(g*, t) are rougher than those of p*G(g, t). This is due to the fact 514 

that the intensity of Sl varies with time, which causes fluctuations in the performance function. 515 

Besides, the equivalent extreme performance function could make the performance function 516 

monotonic and stable.  517 

Furthermore, Pf(t) is calculated by integrating pG(g, t), p*G(g, t), and pG*(g*, t), 518 

respectively, which are compared with MCS, as presented in Fig. 6. As shown, all Pf(t) and β(t) 519 

of PDEM and PKDE except for pG(g, t) are consistent with those from MCS. Although Pf(t) 520 

and β(t) of pG(g, t) are initially consistent with other results, they gradually differ significantly 521 

from those from p*G(g, t), pG*(g*, t), and MCS.  522 

For instance, Pf (40) for pG(g, t) is only 0.060, which is much lower than that of other 523 

methods (0.131); and β(40) for pG(g, t) is 1.554, which is higher than that of other methods 524 

(1.122). Thus, the failure probability of aging structures might be underestimated if the first-525 

passage problem is not considered. In addition, the Pf(t) and β(t) for both p*G(g, t) and pG*(g*, 526 

t) are the same with the results calculated using the MCS, indicating that both the absorption 527 

boundary condition and the equivalent limit performance can handle the first-passage problem. 528 

Effect of preventive maintenance on time-dependent reliability 529 

With respect to preventive maintenance, the computational times of PDEM, PKDE, and MCS 530 

are 145 s, 22 s, and 6884 s, respectively, which also suggests the efficiency of PKDE is the 531 

highest. In addition, results show that p*G(g, t) is different from pG*(g*, t), as illustrated in Fig. 532 
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7. By considering maintenance, the PDF of p*G(g, t) changes abruptly in the 5th year as 533 

indicated in Figs. 7a and b, while there exists no apparent change between pG*(g*, t) in Figs. 534 

5e and f and Figs. 7c and d. Despite that preventive maintenance is applied, the PDF surface of 535 

pG*(g*, t) still looks smooth.  536 

Then, Pf(t) and β(t) calculated by p*G(g, t) and pG*(g*, t) are compared with MCS. As 537 

indicated in Fig. 8, it can be seen that both Pf(t) and β(t) calculated using p*G(g, t) and pG*(g*, 538 

t) agree well with the results from MCS. This shows that the absorption boundary condition and 539 

the equivalent limit performance can handle the first-passage problem by considering 540 

preventive maintenance. However, in Fig. 8, the Pf(t) calculated using pG*(g*, t) is closer to 541 

MCS than p*G(g, t), which shows the accuracy of PKDE may be higher than that of PDEM. In 542 

addition, compared to Fig. 6a, Pf after 40 years decreases 0.0399 from 0.131 to 0.092, and β 543 

after 40 years increases by 0.207 from 1.122 to 1.329.  544 

Essential maintenance on time-dependent reliability 545 

With respect to the effects of replacement on structural performance, the computational times 546 

of PDEM, PKDE, and MCS are 199 s, 24 s, and 5213 s, respectively and PKDE is still the most 547 

efficient. Besides, the PDF surface and contour of p*G(g, t) with those of pG*(g*, t) are compared 548 

in Fig. 9. Due to the involvement of absorbing boundary condition, the second time of 549 

maintenance can not be identified by using PDEM as indicated in Figs. 9a and b. Thus, there 550 

is only one time (i.e., at the 15th year) maintenance-induced change as indicated in Figs. 9a and 551 

b, but there are two maintenance-induced changes in the 15th and 29th years in Figs. 9c and d 552 

by using PKDE. Apart from that, the PDF of pG*(g*, t) is associated with some cyclical 553 
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phenomena. 554 

Also, Fig. 10 shows the comparison between the Pf(t) and β(t) calculated by p*G(g, t) and 555 

pG*(g*, t) with MCS. The Pf(t) and β(t) of pG*(g*, t) and MCS show periodically repeat between 556 

0-14 years, 14-29 years, and 29-40 years, but those of p*G(g, t) is a monotonic function. Also, 557 

the Pf(t) and β(t) of pG*(g*, t) are consistent with MCS. Thus, PDEM with absorbing boundary 558 

condition is inappropriate in the scenarios with essential maintenance. Besides, Pf(t) might be 559 

underestimated if the absorbing boundary condition is not applied in PDEM, as illustrated in 560 

Fig. 6. The primary reason is that PDEM relies on the computation of GDEE and relating 561 

boundary conditions. However, unlike PDEM, the proposed PKDE requires only the 562 

performance functions of representative points without extra conditions. Thus, it proves that 563 

PKDE is more practical and flexible in reliability analysis, especially for the scenarios of 564 

essential maintenance. 565 

In addition, two types of combined maintenance actions: enhancement and preventive 566 

maintenance & replacement are investigated, where for the former scenario, PKDE and MCS 567 

cost 10 s and 3634 s, respectively; for the latter one, PKDE and MCS cost 12 s and 1602 s, 568 

respectively. Comparing the PDF of enhancement (Figs. 11a and b) with that of replacement 569 

(Figs.9c and d), the PDF after the 15th year is upwardly increased by 0.2. In addition, 570 

comparing preventive maintenance (Figs. 11c and d) with PDFs of replacement (Figs. 9c and 571 

d), the first maintenance is deferred by two years and the second one is by four years. Thus, it 572 

can be indicated that the effect of essential maintenance on PDF surfaces can be obtained by 573 

establishing equivalent extreme performance. 574 
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Moreover, Fig. 12 shows that the Pf (t) and β(t) calculated by pG*(g*, t) with MCS under 575 

different scenarios of essential maintenance. Before the 15th year, all the curves are similar, but 576 

after the 15th year, the results are different for the two essential maintenance scenarios, where 577 

Pf(t) and β(t) are monotonic functions for replacement, but periodic between years 16-33 and 578 

33-40 for the other one. Furthermore, the calculations indicate that the proposed PKDE can 579 

accurately compute not only the reliability index but also the time instances of maintenance 580 

actions. 581 

Conclusions 582 

In this paper, a general framework for time-dependent reliability analysis is established by 583 

integrating various deterioration mechanisms, maintenance, and the correlation between load 584 

effects and deterioration. Within the framework, a novel PKDE-based reliability analysis 585 

method is proposed and validated by numerical cases. The following conclusions are drawn: 586 

(1) According to the numerical analysis, the efficiency and accuracy of the proposed 587 

framework are demonstrated by MCS. Both progressive and sudden shocks and their 588 

effects on the performance function and reliability are captured by PDF oriented 589 

approaches. Also, both the classical PDEM and the proposed PKDE are applied for 590 

reliability analysis in the no maintenance cases. However, for PDEM, the structural 591 

reliability might be highly overestimated without imposing the absorbing boundary 592 

condition. 593 

(2) The PDF surface of PKDE is much smoother than PDEM due to the establishment of 594 

an equivalent extreme performance function; also, both the results of reliability analysis 595 
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by PKDE and PDEM agree with MCS for the scenarios with preventive maintenance. 596 

For the scenarios with essential maintenance, the reliability of PDEM as a function of 597 

time is a non-increasing function, unlike MCS and PKDE. Thus, for the cases 598 

considering essential maintenance, PKDE is more appropriate than PDEM. 599 

(3) Calculation results demonstrate that compared with replacement, enhancement can 600 

effectively reduce the times of maintenance times during the service life. Furthermore, 601 

once the preventive maintenance and replacement are performed, the timing of 602 

maintenance can be postponed. With PKDE, the critical time instants when 603 

maintenances occur can be accurately recognized. 604 

Overall, it is feasible to apply the proposed framework and PKDE to the life-cycle design 605 

and maintenance of civil infrastructure by considering different deterioration scenarios and 606 

maintenance actions within the service life. In the future, a more advanced and complex 607 

deterioration model and complicated load stochastic processes can be implemented in time-608 

dependent reliability analysis to improve the robustness of the proposed framework. Besides, 609 

the proposed method might cause oscillations in the PDF tails, which might affect the precision 610 

of rare event estimation, and more improvements to the proposed method are needed in the 611 

future. In addition, a single-loop strategy will be adopted to integrate with surrogate model-612 

based reliability analysis and reliability-based optimization design.  613 

Appendix: 614 

A. Botev et al. ’s Plug-in bandwidth selection method 615 

Botev et al. (2010) pointed out that the Gaussian kernel is the unique solution to the diffusion 616 
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partial differential equation (Botev et al. 2010): 617 

 
2

2

ˆ ( , ) 1 ˆ ( , ), , 0
2

f x h f x h x h
h x

χ∂ ∂
= ∈ >

∂ ∂
 (A-1) 618 

where 𝜒𝜒 ≡ R and initial condition ˆ ( ,0)f x  is the sum of a series of δ function. Assuming that 619 

′′f  is a continuous square-integrable function, the square of the optimal value h of Gaussian 620 

kernel density estimator is the minimum of the first-order asymptotic approximation of MISE: 621 

 ( ) 0.422
* 2 π

−
′′=h N f  (A-2) 622 

The main issue is to estimate the 2′′f  in Eq.(A-2). Considering the 
2jf  for arbitrary 623 

integer j ≥ 1 and denoting unknown 
21jf +  as 

2
1+jf , the square of bandwidth *

ˆ
jh  can be 624 

evaluated as 625 
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in which 
2

1+jf  needs the estimation of * 1
ˆ

jh + . Thus, it proves that estimating *h needs the 627 

estimation of a sequence { }*
ˆ , 1j kh k+ ≥ . Denoting the relationship between *

ˆ
jh  and * 1

ˆ
jh +  as 628 

( )* * 1
ˆ ˆ

j j jh hγ += , the estimation of *h2 can be written as:  629 

 ( )
2/5

[ ]
* * 1

6 2 3ˆ ˆ , 0.90, 0
7

l
jh h lξγ ξ+

 −
= = ≈ >  

 
 (A-4) 630 

where γ[k](∙) is the composition, which can be expressed by: 631 

 ( )( )( )( )[ ]
1 2 1( ) , 1k

k kx x kγ γ γ γ γ−= ⋅⋅⋅ ≥  (A-5) 632 

By employing the fixed-point iteration or the Newtonian method, the estimates of h can 633 

be calculated by solving the nonlinear equation Eq.(A-4). 634 
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Figure Captions 835 

Fig. 1. Framework for modeling the performance function in a life-cycle context 836 

Fig. 2. Time-dependent performance indicator (e.g., reliability index) by considering 837 

deterioration and maintenance 838 

Fig. 3. Schematic diagram of equivalent extreme and original performance functions 839 

Fig. 4. Comparison of PDF estimation by using different methods 840 

Fig. 5. Comparisons of PDF surface and contour in the scenario of no maintenance: PDF surface 841 

of (a) pG(g, t), (b) pG(g, t), (c) p*G(g, t), (d) p*G(g, t), (e) pG*(g*, t), and (f) pG*(g*, t) 842 

Fig. 6. Comparison of MCS, PDEM, and PKDE: (a)Pf(t) and (b) β(t) 843 

Fig. 7. Comparisons of PDF surface and contour in the scenario by considering preventive 844 

maintenance: PDF surface by (a) p*G(g, t), (b) p*G(g, t), (c) pG*(g*, t), and (d) pG*(g*, t) 845 

Fig. 8. Comparison of MCS, PDEM, and PKDE in the scenario by considering preventive 846 

maintenance: (a) Pf(t) and (b) β(t) 847 

Fig. 9. Comparisons of PDF surface and contour in the scenario by considering replacement: 848 

(a) p*G(g, t), (b) p*G(g, t), (c) pG*(g*, t), and (d) pG*(g*, t) 849 

Fig. 10. Comparison of MCS, PDEM, and PKDE in the scenario by considering preventive 850 

maintenance: (a) Pf (t) and (b) β(t) 851 

Fig. 11. Comparisons of PDF surface and contour of pG*(g*, t) in the different scenarios: (a) 852 

PDF surface of enhancement, (b) PDF contour of enhancement, (c) PDF surface of preventive 853 

maintenance & replacement, and (d) PDF contour of preventive maintenance & replacement 854 

Fig. 12. Comparison of MCS, PDEM, and PKDE in the scenarios by considering enhancement 855 
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and preventive maintenance & replacement: (a) Pf(t) and (b) β(t) 856 

 857 

Table 858 

Table 1 Parameters used in the example 859 
Parameters Values Parameters Values Parameters Values Parameters Values 

μR0 1.0 δR0 0.05 a 2×10-6 b 3 
μd 0.1 δd 0.3 βc1 2.5 βc2 2.0 
μl 0.1 δl 0.3 λ 0.1/year Ren 0.2 
μsk 0.02 δsk 0.3 𝜌𝜌 0.5   

 860 
 861 
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