This is the Pre-Published Version.

Guo, H. Y., Dong, Y., Gardoni, P., & Gu, X. L. (2021). Time-dependent reliability analysis based on point-evolution kernel density estimation:
Comprehensive approach with continuous and shock deterioration and maintenance. ASCE-ASME Journal of Risk and Uncertainty in Engineering
Systems, Part A: Civil Engineering, 7(3), 04021032.

1 Point-Evolution Kernel Density Estimation based Time-Dependent Reliability Analysis:
2 A Comprehensive Approach with Continuous and Shock Deteriorations and
3 Maintenance
4 Hong-Yuan Guo?, You Dong?, Paolo Gardoni® and Xiang-Lin Gu*
5
6 1. Affiliation: Department of Civil and Environmental Engineering, The Hong Kong Polytechnic
7 University, Hong Kong, China
8 Key Laboratory of Performance Evolution and Control for Engineering Structures of Ministry of
9 Education, Tongji University, 1239 Siping Rd., Shanghai 200092, China
10 Department of Structural Engineering, College of Civil Engineering, Tongji University, 1239 Siping
11 Rd., Shanghai 200092, China
12 E-mail: 18057563r@connect.polyu.hk
13
14 2. (Corresponding Author) Affiliation: Department of Civil and Environmental Engineering, The
15 Hong Kong Polytechnic University, Hong Kong, China
16 E-mail: you.dong@polyu.edu.hk
17 Tel.: +852-3400 8818
18
19 3. Affiliation: Department of Civil and Environmental Engineering, University of Illinois at Urbana-
20 Champaign, Urbana, Illinois, USA
21 E-mail: gardoni@illinois.edu
22
23 4. Affiliation: Key Laboratory of Performance Evolution and Control for Engineering Structures of
24 Ministry of Education, Tongji University, 1239 Siping Rd., Shanghai 200092, China
25 Department of Structural Engineering, College of Civil Engineering, Tongji University, 1239 Siping
26 Rd., Shanghai 200092, China
27 E-mail: gxl@tongji.edu.cn
28
29

1

This material may be downloaded for personal use only. Any other use requires prior permission of the American Society of Civil Engineers. This
material may be found at https://doi.org/10.1061/AJRUA6.0001153.



30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

50
51

Abstract: Civil infrastructure may degrade due to the adverse effects of continuous damage
(e.g., reinforcement corrosion) and sudden shocks (e.g., earthquakes) during its service life.
Many studies have been conducted in the field of reliability-informed life-cycle assessment, but
there is still a need for a general and efficient method to assess the time-dependent performance
of aging structures by concerning different deterioration scenarios and maintenance actions in
a unified manner. Some of the traditional methods may have difficulties in handling multiple
deteriorations, nonlinear models, a large number of uncertainties, scenarios of non-
differentiable performance functions, and combined effects of deterioration and maintenance.
This paper develops a novel approach for time-dependent reliability analysis based on the
proposed point-evolution kernel density estimation (PKDE) method and equivalent extreme
performance function. The proposed approach allows consideration of various uncertainties
(e.g., external loads, deterioration scenarios, maintenance models) and the associated
correlation effects. In the proposed approach, both the progressive deterioration and sudden
damages are considered in the modeling of the performance function. Besides, different types
of maintenance schemes are assessed. The equivalent performance function is established, and
the proposed PKDE method is used to address the first passage problem and non-differentiable
performance function within time-dependent reliability analysis. An illustrative example is
made to demonstrate the feasibility and accuracy of the proposed PKDE method. The
computational results using the proposed method are verified by comparing with those from

Monte Carlo simulations (MCS).
Keywords: Time-dependent reliability; Point-evolution kernel density estimation; Equivalent
extreme performance function; Multiple deteriorations; Maintenance.
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Introduction

The performance of civil infrastructure may degrade due to the impacts caused by aggressive
environments (e.g., concrete carbonization, chloride ingress) and/or catastrophic events (e.g.,
hurricanes, earthquakes) (Dong et al. 2020; Guo et al. 2021; Wang et al. 2020). Degradation of
infrastructure impairs structural resistance and safety. Therefore, maintenance actions might be
needed during the infrastructure’s service life. In 2019, a report from the non-profit Volcker
Alliance indicated that the total maintenance cost of infrastructures in the US exceeds $1 trillion,
about 5% of US GDP (Zhao et al. 2019). Thus, it is of great importance to assess the life-cycle
performance and safety of civil infrastructure, which could help civil engineers carry out
rational structural design and maintenance schemes (Barone and Frangopol 2014; Jia and
Gardoni 2019a; Joanni and Rackwitz 2008).

Up to now, many approaches for life-cycle performance assessment have been developed
based on probabilistic methods incorporating uncertainties in structural resistance and loading
effects (Frangopol et al. 2017; Guo et al. 2020a). Initially, condition-based approaches were
applied for life-cycle performance assessment (Denton 2002; Saydam et al. 2013; Thompson
et al. 1998). However, it is challenging to apply condition-based methods in the identification
of external load effects and quantification of structural safety. As a result, reliability-based
methods were widely used to conduct comprehensive life-cycle assessments of conditions and
safeties of infrastructures (Lu et al. 2020; Tran et al. 2012; Wang et al. 2016, 2018). However,
most previous reliability-based studies focused on the single deterioration mechanism and

lacked the consideration of multiple deterioration mechanisms and their possible interactions.
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Therefore, Jia and Gardoni (2018a; b, 2019b) proposed a general framework of probabilistic
performance and reliability analysis considering both progressive deterioration and sudden
damages. Also, Kumar et al. (2009) developed a life-cycle assessment method for RC bridges
subjected to corrosion and earthquakes. Jia and Gardoni (2019a; b) developed a stochastic life-
cycle analysis and performance optimization of deteriorating systems using renewal-theory.
However, most previous studies focused on the modeling of the resistance process and did not
consider the correlation between the deterioration process and the load effect (Bastidas-Arteaga
2018; Kumar et al. 2015). Then, Wang and Zhang (2018) and Liu et al. (2020) proposed the
use of the copula function to account for the dependence between the resistance and the external
load. As a result, to date, the existing studies have achieved a comprehensive reliability analysis
by considering complex deterioration mechanisms and loading effects. However, more studies
should be conducted to assess the time-dependent reliability analysis by considering multiple
deterioration mechanisms and the correlation between load effects and deterioration.

Though the reliability analyses of aging structures have undergone tremendous
developments, most of the existing reliability-related studies do not address maintenance issues,
including preventive and essential maintenance, which might limit their application in real-
world engineering (Bastidas-Arteaga 2018; Stewart and Al-Harthy 2008; Wang et al. 2017;
Wang and Zhang 2018). In the existing life-cycle maintenance, condition-based maintenance is
a common strategy based on the deterioration model of a gamma process and an inspection
model (Frangopol et al. 2004). Reliability-based maintenance is more practical than condition-

based maintenance concerning the effects of loading and structural safety. Although some
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previous work associated with reliability-based maintenance has been conducted (Enright and
Frangopol 1999; Kong and Frangopol 2003; Kumar and Gardoni 2014), the processes of
external loads were not well modeled as stochastic processes. Thus, these studies were still
based on specific deterioration models, and there is still a lack of a general and robust method
to comprehensively evaluate the temporal performance of aging structures under multiple
deteriorations and different maintenance scenarios.

On the other hand, several reliability analysis methods have been used in the context of
life-cycle performance, such as the first-order reliability method (FORM) (Frangopol et al.
1997), first-passage method (Sanchez-Silva et al. 2011; Wang et al. 2017), Monte Carlo
simulations (MCS) (El Hassan et al. 2010; Zhang et al. 2019), and renewal-theory (Jia and
Gardoni 2019b). However, although FORM and first-passage method can be efficiently applied
in specific scenarios, it is still necessary to use MCS to conduct reliability analysis for complex
scenarios involving multiple deteriorations and nonlinear modes (Akiyama et al. 2019; Jia and
Gardoni 2018a). Due to the inefficiency and computational burden of classical MCS, some
studies have been undertaken to improve the computational efficiency of specific scenarios (e.g.,
importance sampling, (Au and Beck 2003; Jia and Gardoni 2018a) or semi-sampling semi-
analytical methods (Kumar et al. 2015; Kumar and Gardoni 2014; Wang et al. 2017). However,
these case-specific improvements may not be as generally applicable as traditional MCS. Thus,
it is of great significance to develop a novel and general method for time-dependent reliability
analysis. In the past decades, several methods based on the probability density function (PDF)

have been proposed to perform reliability analysis by estimating a target PDF. For example, Li
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and Chen (2009) proposed a probability density evolution method (PDEM) for reliability
analysis by solving the generalized density evolution equation (GDEE). However, PDEM relies
on the establishment and computation of GDEE, and it is challenging to build and solve GDEE.
The PDEM cannot be directly used to solve the cases of the non-differentiable performance
function (Guo et al. 2020b). Thus, the applicability of PDEM might be limited, and there is a
need to propose a new method for PDF oriented analysis to avoid solving GDEE. On the other
hand, some nonparametric evaluation approaches, such as the kernel density estimation method
(KDEM), are applied to assess the target PDF (Colbrook et al. 2020; Jia et al. 2017a; Sheather
and Jones 1991; Silverman 1986). Existing studies related to KDEM focused on the optimal
selection of bandwidth for KDEM. For instance, Botev et al. (2010) suggested an adaptive
bandwidth selector through the smoothing property of the linear diffusion process. Besides,
Alibrandi and Mosalam (2018) developed a KDEM based on the principle of maximum entropy
to estimate the long-tailed distribution from a small number of samples. However, classical
KDEMs are mostly based on the idea of MCS, where each sample is equally weighted. Thus,
the accuracy of classical KDEMs is highly dependent on the sampling number. In this paper,
the point-evolution method is applied to reduce the sampling number in KDEM. To the best
knowledge of the authors, there have been no studies focusing on the application of KDEM
within the time-dependent reliability analysis by incorporating the point-evolution method.
Therefore, this study develops a point-evolution kernel density estimation (PKDE) based
framework for time-dependent reliability analysis by considering multiple deterioration

mechanisms, the correlation between load effects and deterioration, and maintenance schemes.
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The proposed PKDE can improve the computational efficiency of the reliability analysis. The
“Time-Dependent Performance Function with Multiple Deteriorations and Maintenance Action”
section introduces the concepts of the proposed framework. The “PDF oriented Reliability
Analysis” section reviews the classical PDEM and KDEM, describes the proposed PKDE in
detail, and compares the algorithms of the three PDF-oriented methods. Then, in the
“Illustrative Example” section, the feasibility and accuracy of the framework are demonstrated
using an example. Meanwhile, different maintenance schemes and their influences on reliability
are investigated. Also, the results of the reliability analysis are compared with other methods.

Finally, conclusions are drawn, and future work is pointed out.

Time-Dependent Performance Function with Multiple Deteriorations and Maintenance
Action
Over the life of an engineering system, it may undergo multiple deteriorations. To estimate the
stochastic performance of the system, it is necessary to assess its time-dependent capacity and
demand (Jia and Gardoni 2018a, 2019a; b; Kumar et al. 2015). Therefore, in this study, a
performance function involving the capacity and demand of a degrading engineering system
under multiple deterioration scenarios is introduced. Meanwhile, the effect of maintenance
action on performance action is also discussed, as shown in Fig.1.

Given the random total input variables ® = [@1, Oz, ..., Os] (s is the number of variables),
the performance function G(®, t) at time t is defined as

G(0,t)=R(0O,,t)-S(0;,t) (1)

where R(®r, t) and S(®s, t) are the stochastic processes of instantaneous resistance R and load
7
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effect S, in which ®r and ®s are the random input variables of R and S, respectively (@ = [Or,
Os]). For S(@s, t), it consists of dead load Sq(@sq) and live load Si(@s, t).

S$(0,1)=5, (0, )+5,(05,t) )
where @sd and @s are the random input variables of Sq and Si, respectively (@s = [@sd, Osi]).
In previous studies, the dependence between deterioration and the occurrence of stochastic
loads was usually ignored (Kumar et al. 2015). In practice, stochastic loads not only cause
demands for the engineering system but may also lead to shock deterioration (Jia and Gardoni
2018a).

Concerning both the progressive deterioration and shock deterioration caused by external
loads, the resistance function R (@r, t) is described by a model as

R(©p,t) =R, ~ Dy (O] Dy (O, ) 3)
where Ro is the random initial resistance; Dr (®pp, t) and Ds (@np;, t) are the damages due to
the progressive deterioration and shock deterioration, respectively; and ®pp and @ps are the
random input variables of Dp and Ds, respectively (®r = [Ro, @pp, Obs]).

For the modeling of Dp (@pp, t), Kumar et al. (2015) proposed to use a combination of
deterministic functions to model progressive deterioration, and Jia and Gardoni (2018a)
suggested a nonhomogeneous state-dependent Markov process model that considers
uncertainties and time-dependent deterioration process. For Ds (@ps, t), the characteristics of
the shock, such as the occurrence rate and intensity, should be modeled. A stochastic model,
such as the Poisson process, either homogeneous or nonhomogeneous, was usually applied to

model the shock occurrence (Jia and Gardoni 2019b; Kumar et al. 2015). Since Eq. (3) does
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not require specifying the format of deterioration models, the forms of progressive and shock
deterioration are not identified in Eq.(3). As long as the damages caused by progressive and
shock deterioration can be quantified, the performance function could be built and the proposed
framework could be implemented. In general, given the performance function, the performance
of the investigated engineering structure can be assessed.

The performance function can be improved by maintenance actions. In this study, the
relevant maintenance actions are determined through a time-varying performance indicator, i.e.,
the time-varying reliability index £ (Jia et al. 2017b). Given the relevant threshold (e.g., fc1 and
[c2), the timing for different maintenance types can be determined. The i-th maintenance time
instants of preventive maintenance and essential maintenance are denoted as tp,i (i =1, 2, ...,
np) and tei (i = 1, 2, ..., ne), respectively, where np and ne are the numbers of preventive
maintenance and essential maintenance. As an illustration, in Fig. 2, the solid line, dotted,
dashed, and dot-dash lines denote the f associated with no maintenance, replacement,
enhancement, and preventive maintenance & replacement, respectively. If no maintenance is
applied, S decreases continuously with time and the initial f is supposed to be fo. Concerning
the scenario of preventive maintenance & replacement, when f reaches the threshold value fci,
the first preventive maintenance is initiated and the corresponding time is denoted as tp1.
Furthermore, when g further reaches the threshold value fc2, the first essential maintenance,
i.e., replacement, is activated and the corresponding time is denoted as te 1. After performing
replacement, the investigated structure would be fully recovered and g returns to So. Then,

another preventive maintenance occurs once f reaches the threshold value fc1 again, and the
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corresponding time instant is denoted as tp,2. Besides, concerning the scenarios of replacement
and enhancement, te1 and te2 are the first and second-time instants, when the g reaches the
threshold value fc2, and corresponding essential maintenance can be performed, where
enhancement could increase the S after essential maintenance.

The effect of different maintenance actions (i.e., preventative, replacement, and
enhancement) is introduced as follows:

Concerning the changing rate of the performance function after preventive maintenance, a
factor ¢ (<1) is introduced to consider the effect of preventive maintenance actions on the time-
variant structural performance. Given the detailed information of preventive maintenance
action, the value of ¢ can be determined. The performance function after preventive

maintenance could be updated as R*(Or, t):

R'(®g.,t) =R, —D; (0,,t)- D, (Og,1)
=R,—¢-D; (0,,t)- D, (0,t), 4)

te(ty, +o) orte(t,,t, ;1i=12.,j=12..t, <t

where tn,i is the i-th time instant when £ is reduced to fc1; (tpi, +o0) (i = 1, 2,...) is the time
interval between the i-th preventive maintenance and end of service life; and (tpi, tej] (j = 1,
2,....) is the time interval between the i-th preventive maintenance and the j-th essential
maintenance. In this study, a preventive maintenance is assumed to be effective until the next
essential maintenance. If no essential maintenance is applied, the preventive maintenance is
assumed to be effective until the end of the service life.

Besides, when f is reduced to fc2 at the time tei and replacement occurs, the structural

resistance R*(®g, t) can be updated to the initial value, which can be expressed as

10



219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

R'(®,1) =R(Op,t-t,;),

: ()
te(t,;,+o)te(t,;t...]i=12,..

e,i’

where (tei, +) (i = 1, 2,...) is the time interval between i-th essential maintenance and end of
service life; and (te,i, tei+1] (j = 1, 2,....) denotes the time interval between the i-th essential
maintenance and the (i+1)-th essential maintenance. For enhancement as indicated in Fig. 2,
the structural resistance is enhanced and exceeds the initial value where the increased value is

denoted as Ren and R”(@®r, t) can be computed as:

R'(®;,1) =R(O,t-t,;)+R
te(t

en’

boo) te (tt, al i =12, ©)

e,i’

where Ren is the value of performance enhancement (O for replacement).

On the other hand, denoting external load and shock deterioration at time t as Sit and Dsy,
a copula function (e.g., Gaussian) can be employed to consider the correlation between Syt and
Ds.t at time t with marginal cumulative density functions (CDFs) of Fsit and Fost, respectively
(Wang et al. 2017):

Fo 0., (S0 Dy ) = @ [CD‘l(FSM (5.)) 07 (Fo, (stt)ﬂ %
where Fsitpst IS the joint CDF of (Sit, Dsy); ®c is the joint CDF of a multivariate standard
normal distribution; and @ is the inverse cumulative distribution function (CDF) of standard
normal distribution.

After modeling the resistance and external load, the failure probability Pt (t) and reliability
index f(t) at time t can be evaluated. In general, the estimation of Ps (t) and £(t) depends on
their definitions. For instance, ignoring the temporal correlation of G(®, t) and supposing that

no essential maintenance is applied, P+ (t) can be defined as the probability that G(@®, t) is below

11
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zero:
P, (t)=P(G(0,t)<0) (8)
Then, f(t) can be calculated through P (t) as (Ditlevsen and Madsen 1996):
)= (1-P, (1)) ©)
However, such a definition cannot take into account the first passage problem and may
underestimate the failure probability. Thus, a rigorous definition of Ps (t) can be written as
(Lutes and Sarkani 2004):
P (t) = P(G(@,r)<0,§|re[0,t]) (10)
Regarding the first passage problem, some strategies like up-crossing rate methods (Hu
and Du 2013; Li and Melchers 2005), outcrossing rate methods (Andrieu-Renaud et al. 2004;
Sudret 2008), and MCS methods (Gu et al. 2018; Tu et al. 2017) have been employed in
previous studies. The former two methods might be limited by the adopted models associated
with resistance and load effect and are hard to be employed in the scenarios of multiple
deterioration mechanisms. Although the latter one could avoid the mathematical difficulties in
reliability estimation, it might cause a substantial computational burden. Besides, if essential
maintenances are applied, the resistance R(®r, t) would increase, but the P (t) and p(t)
calculated by Eqgs.(10) and (9) would remain unchanged. To ensure the reliability returns to or
exceed the initial status after the essential maintenance, P (t) should be redefined as:
P, () =P(G(®,7) <0,3z e (t,; t]),t & (t,; tosy )i =12,... (11)
Thus, being different from the traditional first passage problem, the probabilistic
information that was in the failure domain could return to the safety domain after the

implementation of essential maintenance. With respect to generality and computational
12
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efficiency in reliability analysis, conventional methods might not be appropriate and a more

flexible reliability analysis method should be adopted.

PDF oriented Reliability Analysis
The main thought of PDF oriented reliability analysis is to calculate Ps (t) by the integration of
the PDF of performance function:

P ()= ,pe(g.t)g (12)
in which pc (g, t) is the PDF of the performance function. Thus, the main objective of PDF
oriented method is to perform the reliability analysis by capturing the time-dependent PDFs of
the performance functions.

To obtain pe (g, t), Li and Chen (2008, 2009, 2014) proposed a probability density
evolution method (PDEM), which initially aims at performing the dynamic reliability of
nonlinear structures. In terms of a series of mathematical derivations, the generalized density
evolution equation (GDEE) can be obtained as follows:

Peo(9.0.1) | 5@ 1) Poe(8:.0.0) _ (13)
ot g
where pce (g, 6, t) denotes the joint PDF of G and ® at time t. Besides, the boundary

condition and analytical solution of Eq.(13) can be written as:

Pee(9,6,0) = 5[g - G(©,0)]pe (0),
Peo(9,6,1) = 619 —G(O,1)]pe (6)

(14)
in which pe(8) denotes the joint PDF of random vector ® and o(-) is Dirac’s delta function.

Since the closed-form solution of Eq.(13) is difficult to obtain, the total variation diminishing

(TVD) scheme-based finite difference method (FDM) can be used to solve it (Li et al. 2012; Li
13
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and Chen 2009). Regarding FDM, the first step is to choose appropriate time step At and space
step Ag and build the difference grid, in which At and Ag are subjected to Courant-Friedrichs-

Lewy (CFL) condition (Courant et al. 1928).

<1 (15)

where v is the derivative function of the sampled performance function which limits the
selection of At and Ag. Then, pc (g, t) could be computed by integrating out @ (e.g., by
consistency rule) (Ang and Tang 2007):
Pe(9.)=[, Poo(9.6.1) 46 (16)
Regarding the first-passage problem and the scenario of no maintenance, an absorbing
boundary condition needs to be imposed, which means that a representative point that comes to
the failure zone will not return to the safety zone. By employing an absorption boundary, some
probabilistic information of pc (g, t) will be lost due to the failure representation points. The

updated pc (g, t) can be denoted as the residual PDF, p“c (g, t), and computed using Eq.(17).

Pe (9.t)={ps (9.t)ls0= O} (17)

Then, P+ (t) could be solved through the integration of p“c (g, t) as in Eq.(18).
P (t)=1-[ " ps(g,t)dgy (18)
Besides, P+ (t) can be calculated by Eq. (18) for preventive maintenance, though a reduced
deterioration rate brings the reduction of the changing rate of g(t). However, for essential
maintenance, R(@Or, t) and the PDF of performance function are updated when f(t) is reduced
to fc2. Regarding the absorbing boundary condition, once a sample fails, the associated
probability does never return to the safety domain (Li and Chen 2009). Thus, although R(®r, t)

can be updated after repair actions, S(t) does not increase and becomes a non-increasing
14
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function. Thus, this method cannot be used to solve the time-dependent reliability by

considering the effect of maintenance action.

Equivalent extreme performance function

For the first-passage problem and the maintenance effect, absorbing boundary condition seems
unpractical, and then a more general approach is developed to build an equivalent extreme
performance function g” as indicated in Eq.(19) and Fig. 3. In Fig. 3, it can be found that in
each interval [0, te,1), [te1, te2), and [te2, +o0), the original performance function g is fluctuating
but g” is a nonincreasing function. Due to the monotonic nature of g*, there exists no difficulty
in solving the first-passage problem, and time-dependent reliability can be handled similarly to
Eq.(12). Thus, Ps (t) can be calculated through the integration of the PDF of g*, pc™(g”,t), via
Eq.(20).
9 =G'(@,)=min{G(®,7),r e (t,;,t]} , t e (t,; t,;, )i =12,... (19)
P(t)=]. P (9" t)g" (20)
Besides, Eq.(19) can also be applied to the scenarios of no maintenance or preventive
maintenance if tni is assumed as zero, which indicates that the equivalent extreme performance
function is appropriate for all scenarios. However, the min{-} in Eq.(19) is an abstract function
so that pc (g”,t) is not a differentiable function and the GDEE of g” is unavailable. Similar
phenomena usually occur in time-dependent systems, such as the structural resistance suffering
from sudden damage and the performance function subjected to the stochastic loading process.
According to CFL condition Eq. (15), dramatic changes in the performance function will
severely limit the choice of Ag and At reducing the accuracy of the FDM, further compromising

15
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the accuracy of PDEM analysis (Guo et al. 2020b), which might make it challenging to perform
PDF-oriented analysis. Therefore, the current PDEM cannot be widely used within the life-
cycle assessment process. Particularly, it may not be appropriate to apply PDEM in the scenario
with equivalent extreme performance function due to the difficulty in obtaining PDF via GDEE.
Therefore, in this study, instead of establishing and solving GDEE as PDEM, the nonparametric
density estimation method would be adopted to evaluate the PDF. More detailed information

can be found in the following section.

Kernel density estimation-based method (KDEM)

The main demerit of PDEM is that a differentiable performance function should be established.
In this study, an alternative strategy for capturing PDFs is to apply a nonparametric density
estimation method to evaluate the PDF directly without capturing the differentiable function.
Such a method is called kernel density estimation (KDE), and the basic idea is to evaluate the
target PDF through a series of samples and kernel density estimators (Silverman 1986).

Regarding the target PDF f (x), its estimation f(x, h) can be written as

f(x,h):l/M-iK(x,xi,h) (21)

=]
where Xi is the i-th sample; M and h are the number of samples and the bandwidth; and K is the
kernel function, which could be selected according to the distribution region and characteristics
of samples (Alibrandi and Ricciardi 2008; Rawa et al. 2011). For instance, if the target
distribution is an infinite region, i.e., X € (-0, +0), K could be the PDF of a Gaussian distribution

whose mean is the value of sample xi and the standard deviation is h

16
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K(x, x;,h) :ﬁexp[—%(%j } (22)

Moreover, for finite regions, such as x € [a, b], the kernel function could be a beta
distribution; for semi-bounded region, i.e., Xx€ [0, +w), the kernel function could be a
lognormal or gamma distributions. Besides, if h is infinitely close to 0, the kernel function
becomes o(-), and if M is close to infinity, f(x, h) becomes infinitely close to f(x).

Thus, employing the KDEM in time-dependent reliability analysis, the PDF of the

equivalent extreme performance function G at time t, pc™(g”, t), can be estimated as

B (9 t):iﬁK(g,G*(ﬂi,t),h) (23)

i=1
However, in most cases, it is not possible to apply a large number of samples due to the
limitations of experimental conditions and computational burden. Then, a common problem for
KDE is to select an appropriate bandwidth h based on a limited number of samples. In general,
the optimal bandwidth h is determined based on the criterion of mean integrated square error
(MISE), which can be decomposed into integrated squared bias and integrated variance
components. f(X, h) denotes the estimator of f (x) for a given h. Since f (x) is unknown, it is
difficult to obtain the h satisfying the minimum of MISE. If the target distribution is close to a
Gaussian distribution, and the kernel is chosen as a Gaussian kernel, the choice of h could be
determined according to Silverman’s optimum bandwidth h (Silverman 1986):
h=6(4/(3M))"” (24)
where & is the sample standard deviation. If the target distribution is far from a Gaussian

distribution, Eq.(24) might cause the inaccurate results of KDE. Thus, to obtain the appropriate
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bandwidth, Botev et al. (2010) proposed a plug-in bandwidth selection method based on the
Sheather-Jones algorithm (more details refer to Appendix A). Although Botev’s approach
suggests a practical way to obtain the appropriate bandwidth, the accuracy of such a method
still strongly relies on the randomly sampled data. Essentially, it is still a MCS-based method
that requires a large amount of sampling. To overcome this demerit and increase the

computational efficiency, the PKDE is proposed in the following section.

Point-evolution kernel density estimation

As mentioned earlier, in PDEM, there is no need to generate as many samples as in MCS, but
rather there is a need to select representative points by the point-evolution method. However,
for PDEM, the target PDF must be solved by computing the GDEE. For KDEM, the target PDF
can be captured using KDE without solving the GDEE, but a large amount of sampling is
required. Therefore, a new method of point-evolution kernel density estimation (PKDE) is
proposed to combine the ideas and merits of classical KDE and PDEM to evaluate the target
PDF.

The main idea of PKDE is to apply the point-evolution method for the selection of
representative points and then evaluate the PDFs by means of kernel density estimators. The
principal idea of the point-evolution method is to partition the random space into nNsel
subdomains through selecting representative points (Chen et al. 2009). In general, a low-
discrepancy sequence, such as the number-theoretical method (NTM) (Li and Chen 2007) or
Sobol sequence (Radovi¢ et al. 1996), can be used to generate a uniform point set K. Then, K
will be transformed into target point set ® in terms of its marginal input distribution where each
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target point Aw,i (the w-th random variable and i-th representative point) is written as:
O, =F. (x,)Ww=12,..,5i=12.,n, (25)
in which Fw}(-) denotes the inverse cumulative distribution function (CDF) of the w-th random

variable in ©. Then, the point set can be further improved, and the new point &'w,j could express

as (Chen et al. 2016).

g, = Fw‘l{i P, -1{0,; <0, }+0.5P, J} (26)

i1
where 1{-} is the indicator function that 1{-} = 1 if the condition in {-} is satisfied and Pa,i is the
assigned probability of i-th representative point calculated by integrating pe (&) over the region
of Vi
P,=P{®cV}= jvi Pe(f) dd,a=12,..,n, (27)
where Vi denotes the volume of Voronoi cell of the random space of i-th representative point
(Chen and Zhang 2013).
Then, according to the point-evolution method, the estimation of target PDF can be

expressed as the sum of a series of representative points with assigned probabilities:
f(x)=>P,5(x-x) (28)

In PKDE, ¢ in Eq.(28) is estimated through a kernel density estimator. Comparing Eq.(28)
with Eq.(21), the difference between KDE and PKDE is that 1/M is replaced by the assigned

probability Pai. Then, the estimation of the target PDF can be rewritten as follows:

~ M

f(x,h)=> P K(xx,h) (29)

i=1

where K(-) is the kernel function that can be selected according to the “Kernel density
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estimation-based method (KDEM)” subsection; and h is the bandwidth that can be evaluated
by Botev’s approach. However, concerning the influences of assigned probability Pa, i on the

selection of optimal bandwidth, the initial boundary condition of Eq.(A-1) is revised as
a M
f(x,0)~ Y P, -H(Ax-|x-x]) (30)
i=1

in which Ax is an extremely small value and H(y) is a Heaviside function that equals 1 if y is
not less than 0, otherwise, it equals 0. For the Gaussian kernel function, the optimal estimation
of h can be obtained by solving Eq.(A-4).

To demonstrate the efficiency and accuracy of the proposed PKDE, two simple cases are
made to evaluate the PDFs of x1 and x2:

X, =0 +0,,% =06,-H(|6|-|6,])+6,-(1-H (|6, -|6])) (31)
where 61, 62, and &5 follow N(-2,1), N(1,3), and N(2,3), respectively; and H(:) is a Heaviside
function which equals one if the value in parentheses is not less than 0, otherwise equals 0.

An illustrative example is introduced here to demonstrate the feasibility and efficiency of
the proposed method. By employing a Gaussian kernel, the PDFs of x1 and x2 are evaluated
through different methods: 10° times sampling from Botev’s KDEM, 256 times sampling from
Silverman’s KDEM, Botev’s KDEM, and the proposed PKDE. The samples of the former three
methods are generated by brute MCS, but the last one is based on the Sobol sequence (Radovi¢
et al. 1996).

Comparisons of the estimation results for the two cases are shown in Fig. 4. It can be found
that, both in Figs.4a and b, the PDF from 108 times sampling from Botev’s KDEM is close to

the proposed PKDE but quite different from others. Besides, in both Figs.4a and b, subgraphs
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are plotted in log scale to magnify the tail of the negative portion of the PDFs. Although the
subgraphs in Fig. 4 show that the tail distribution of PKDE slightly deviates on the negative
axis, the proposed PKDE can basically provide well-estimated tails of the PDF. Accuracy of the
tails of the PDF is crucial for reliability analysis as the modeling of PDF tails generally
determines the accuracy of the reliability results. Therefore, the proposed PKDE exhibits
significant effects regardless of whether it is a Gaussian-like or multi-peak distribution. These
results show the feasibility and accuracy of the proposed PKDE.

On the other hand, regarding time-dependent reliability analysis, PKDE should be applied
based on the value of performance function for each representative point at each time instant.
Moreover, considering the first passage problem, the PDF of the equivalent extreme

performance function at time t pc”(g”,t) can be estimated as

M

Be (97.t)=> P K(9.G"(6,,1),h) (32)

=

Comparing with PDEM, p_. (g*,t) can be easily and efficiently obtained by Eq.(32)
without the process of FDM and absorbing boundary condition. Therefore, the proposed PKDE
can be flexibly applied in the time-dependent reliability analysis of aging structures, especially
for the scenarios with different deterioration scenarios and maintenance actions within the
service life.

The main algorithms of the proposed reliability analysis framework, including PDEM,
KDEM, and PKDE, are briefly summarized in Algorithm 1. The main inputs of the algorithms
are the name of applied method *method’, the number of representative points or samples Nesel,

the random variables ® (dimension s), the performance function G(®, t), the time period [0,
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Ttot] and the time interval dt; and the outputs are time-dependent reliability index £(t) and failure
probability P+ (t). The fundamental difference between those three methods is the process of
capturing the target PDF of performance function. For PDEM, the main steps are: generating
Nsel representative points, calculating the assigned probability of each representative point, then
capturing PDF through FDM. For KDEM, the main steps are: generating Nsei Samples,
assessing the optimal bandwidth through Botev’s approach, and then estimating the target PDF
through Eq.(23). For the proposed PKDE, the Nsel representative points are selected, optimal
bandwidth is also evaluated through Botev’s approach, and then estimating the target PDF
through Eq.(29). Once the target PDF is captured, P+ (t) could be obtained by integrating the

PDF.

Algorithm 1. PDF oriented Reliability Analysis including three methods

1. Switch (method):

2: Case ‘PDEM’

3 Generate N representative points via Sobol Sequences

4; for i=1: N do

5: fort=1: dt: T do

6 Solve i-th p'c(g,t) through finite difference

7 Set the absorbing boundary condition p'c(g, t)|g<0=0 to obtain pic+(g", t)
8 end do

9: end do

10: Sum all p'e+(g”, t) to obtain pe«(g”, t)

11: Calculate the P (t) through 1 — f0+°° pe(g,t)dg and B(t)=®(1-P+(t))

12: Case ‘KDEM’

13: Generate N random samples

14: fort=1:dt: Ty do

15: Set initial error variable €0 = 1e3, precision ¢, initial zo = €, n = 0 and initial guessh =0
16: while o > ¢ do

17: Set zn1=&y1(z,)

18: €0=| Zn+1- Zn|, @and n: = n+1

19: end do

20: Obtain the optimal bandwidth h = \/z,,,; and pc*(g"t) through Eq.(23)
21: Calculate the Ps (t) through f_ooo pe-(g*, t)dg* and B(t)=(1-P:(t))

22: end do
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23: Case ‘PKDE’

24: Generate N representive points via Sobol Sequences

25: for i=1: Ns do

26: Compute the assigned probability of i-th representative point P,

27: end do

28: fort=1:dt: Ty do

29: Set initial error variable g, = 108, precision &, initial zo = &, n = 0 and initial guessh =0
30: while o > ¢ do

31: Set zns1=y1(z1)

32: €0=| Zn+1- Znl, and n:= n+1

33: end do

34: Obtain the optimal bandwidth h = \/z,,, and pc*(g"t) through Eq.(29)
35: Calculate the Ps (t) through f_ooo e+ (g™, t)dg* and B(t)=D(1-P«(t))

36: end do

Ilustrative Example

This section presents numerical example to illustrate the feasibility and capability of the
proposed method. Both progressive and sudden damage are considered in the resistance model,
while the load model is associated with both dead and live loads. Also, different maintenance

schemes and their effects on structural performance are investigated.

Time-dependent resistance and load effect

To conduct a reliability analysis, the first step is to model the resistance and load effect.
Consider a structure subjected to dead load Sq, live load S, progressive deterioration, and Si
induced sudden damage with a service life of 40 years. In this case, Sq is assumed as a lognormal
distributed random variable with mean value uq and coefficient of variation (COV) dq; and Si
is modeled by a stationary Poisson process with a mean occurrence rate of 1. Denoting the
occurrence times of load event within t years as m(t), the probability that k times of load events

occur is
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(L: ﬁdt)k exp(—j; Adt

o ),k:O,l,Z,... (33)

P(m(t)=k)=

The intensity of each live load event follows Gumbel distribution (Wang et al. 2017). The
mean value and COV are denoted as 1 and 6.

The progressive deterioration is modeled by a function of time and a random variable of
initial capacity for illustrative purposes, while shock deterioration is represented by the sum of
a series of independent random variables. Besides, the shock deterioration and live load event

are assumed to occur simultaneously, and then the resistance function is written as:

m(t)

R()=R,-d(®)- Y. AD,, (34)

i=m;+1
where Ro follows a lognormal distribution with the mean value gro and COV dro; ADskii Is the
i-th shock deterioration following the lognormal distribution whose mean value and COV are
usk and dsk; mi is equal to O, if no essential maintenance is applied, or the number of sudden
damage when essential maintenance is applied; and d(t) is the progressive deterioration function
which is assumed as (Mori and Ellingwood 1993)

d(t)=1-a-t" (35)
where a and b are the shape parameters of the progressive deterioration function. Concerning
the correlation between ADski and Sii (i-th live load event), ADski and Si;i are converted into

correlated standard normal variables U1 and U2 through

Fs,,i (Sl,i):q)(ul)’ FDSKi (Dsk,i)zq)(uz) (36)

The correlation coefficient matrix of (U1, U2) is denoted as Wi:

|1~
qji_[ﬂ 1} 0
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Employing the Cholesky decomposition of Pi, Ai can be obtained as a 2 x 2 matrix such

that Wi = Ai Ai". Then, based on Ai, (U1, Uz) is transformed into (V1, V2) by

(Vl'VZ): Ai_l(Ul'UZ) (38)

Then, ADsk,i and Sii are obtained through
ADgy ; = FD‘i‘i V,).S,; = FST'il (V) (39)
The parameters used in the computational process are summarized in Table 1. Also,
various maintenance schemes are considered: no maintenance, preventive maintenance, and

essential maintenance (i.e., replacement only, enhancement only, and both preventive

maintenance & replacement).

Time-dependent reliability analysis

Based on the methods presented in the “PDF oriented Reliability Analysis” section, 999
representative points are selected based on Sobol’ sequences (Radovi¢ et al. 1996) for the PDF
oriented reliability analysis, whose principal algorithms are in Algorithm 1. All scenarios are
coded using MATALB and run on Intel (R) Core (TM) i7-7700 CPU@3.6 GHz and 20 GB of

RAM.

Time-dependent reliability without maintenance

Given no maintenance, the PDF of ps(g, t) (Eq.(16)) and p“c(g, t) (Eq.(17)) could be computed
through the PDEM and imposing absorbing boundary condition, and that of pe=(g”, t) (Eq.(20))
could be calculated by the proposed PKDE and establishing equivalent extreme performance
function. The computation times for solving Eq.(16), Eq.(17), Eq.(20), and MCS are 199 s, 193
s, 13 s, and 7406 s, respectively, indicating that PKDE is the most efficent, followed by PDEM,
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for the scenarios of no maintenance. Figs. 5a,b,c, and d show that p“c(g, t) is close to ps(g, t),
but the former does not have a negative part. Besides, comparing Figs.5¢ and d with e and f,
the surface and contour of pe=(g”, t) are rougher than those of p“c(g, t). This is due to the fact
that the intensity of Si varies with time, which causes fluctuations in the performance function.
Besides, the equivalent extreme performance function could make the performance function
monotonic and stable.

Furthermore, Ps(t) is calculated by integrating pc(g, t), p'c(g, t), and pe=(g”, 1),
respectively, which are compared with MCS, as presented in Fig. 6. As shown, all P#(t) and f(t)
of PDEM and PKDE except for ps(g, t) are consistent with those from MCS. Although Px(t)
and S(t) of pa(g, t) are initially consistent with other results, they gradually differ significantly
from those from p“s(g, t), pe=(g”, t), and MCS.

For instance, Pr (40) for pc(g, t) is only 0.060, which is much lower than that of other
methods (0.131); and £(40) for pc(g, t) is 1.554, which is higher than that of other methods
(1.122). Thus, the failure probability of aging structures might be underestimated if the first-
passage problem is not considered. In addition, the P+(t) and A(t) for both p*c(g, t) and pe*(g",
t) are the same with the results calculated using the MCS, indicating that both the absorption

boundary condition and the equivalent limit performance can handle the first-passage problem.

Effect of preventive maintenance on time-dependent reliability

With respect to preventive maintenance, the computational times of PDEM, PKDE, and MCS
are 145 s, 22 s, and 6884 s, respectively, which also suggests the efficiency of PKDE is the

highest. In addition, results show that p“c(g, t) is different from pe+(g", t), as illustrated in Fig.
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7. By considering maintenance, the PDF of p“c(g, t) changes abruptly in the 5th year as
indicated in Figs. 7a and b, while there exists no apparent change between ps+(g”, t) in Figs.
5e and f and Figs. 7c and d. Despite that preventive maintenance is applied, the PDF surface of
pe=(g”, t) still looks smooth.

Then, Ps(t) and B(t) calculated by p“c(g, t) and pe=(g”, t) are compared with MCS. As
indicated in Fig. 8, it can be seen that both P+(t) and (t) calculated using p“s(g, t) and pe=(g",
t) agree well with the results from MCS. This shows that the absorption boundary condition and
the equivalent limit performance can handle the first-passage problem by considering
preventive maintenance. However, in Fig. 8, the Ps(t) calculated using pe=(g”, t) is closer to
MCS than p“c(g, t), which shows the accuracy of PKDE may be higher than that of PDEM. In
addition, compared to Fig. 6a, Pr after 40 years decreases 0.0399 from 0.131 to 0.092, and S

after 40 years increases by 0.207 from 1.122 to 1.329.

Essential maintenance on time-dependent reliability

With respect to the effects of replacement on structural performance, the computational times
of PDEM, PKDE, and MCS are 1995, 24 s, and 5213 s, respectively and PKDE is still the most
efficient. Besides, the PDF surface and contour of p“c(g, t) with those of pe=(g”, t) are compared
in Fig. 9. Due to the involvement of absorbing boundary condition, the second time of
maintenance can not be identified by using PDEM as indicated in Figs. 9a and b. Thus, there
is only one time (i.e., at the 15" year) maintenance-induced change as indicated in Figs. 9a and
b, but there are two maintenance-induced changes in the 15th and 29th years in Figs. 9c and d

by using PKDE. Apart from that, the PDF of pe«(g”, t) is associated with some cyclical
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phenomena.

Also, Fig. 10 shows the comparison between the P(t) and A(t) calculated by p“c(g, t) and
pe=(g”, t) with MCS. The P+(t) and A(t) of pe=(g”, t) and MCS show periodically repeat between
0-14 years, 14-29 years, and 29-40 years, but those of p“c(g, t) is a monotonic function. Also,
the P+(t) and A(t) of pe=(g”, t) are consistent with MCS. Thus, PDEM with absorbing boundary
condition is inappropriate in the scenarios with essential maintenance. Besides, Pt(t) might be
underestimated if the absorbing boundary condition is not applied in PDEM, as illustrated in
Fig. 6. The primary reason is that PDEM relies on the computation of GDEE and relating
boundary conditions. However, unlike PDEM, the proposed PKDE requires only the
performance functions of representative points without extra conditions. Thus, it proves that
PKDE is more practical and flexible in reliability analysis, especially for the scenarios of
essential maintenance.

In addition, two types of combined maintenance actions: enhancement and preventive
maintenance & replacement are investigated, where for the former scenario, PKDE and MCS
cost 10 s and 3634 s, respectively; for the latter one, PKDE and MCS cost 12 s and 1602 s,
respectively. Comparing the PDF of enhancement (Figs. 11a and b) with that of replacement
(Figs.9c and d), the PDF after the 15th year is upwardly increased by 0.2. In addition,
comparing preventive maintenance (Figs. 11c and d) with PDFs of replacement (Figs. 9¢c and
d), the first maintenance is deferred by two years and the second one is by four years. Thus, it
can be indicated that the effect of essential maintenance on PDF surfaces can be obtained by

establishing equivalent extreme performance.
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Moreover, Fig. 12 shows that the P (t) and A(t) calculated by pc”(g”, t) with MCS under
different scenarios of essential maintenance. Before the 15th year, all the curves are similar, but
after the 15" year, the results are different for the two essential maintenance scenarios, where
P+(t) and j(t) are monotonic functions for replacement, but periodic between years 16-33 and
33-40 for the other one. Furthermore, the calculations indicate that the proposed PKDE can
accurately compute not only the reliability index but also the time instances of maintenance

actions.

Conclusions
In this paper, a general framework for time-dependent reliability analysis is established by
integrating various deterioration mechanisms, maintenance, and the correlation between load
effects and deterioration. Within the framework, a novel PKDE-based reliability analysis
method is proposed and validated by numerical cases. The following conclusions are drawn:
(1) According to the numerical analysis, the efficiency and accuracy of the proposed
framework are demonstrated by MCS. Both progressive and sudden shocks and their
effects on the performance function and reliability are captured by PDF oriented
approaches. Also, both the classical PDEM and the proposed PKDE are applied for
reliability analysis in the no maintenance cases. However, for PDEM, the structural
reliability might be highly overestimated without imposing the absorbing boundary
condition.
(2) The PDF surface of PKDE is much smoother than PDEM due to the establishment of

an equivalent extreme performance function; also, both the results of reliability analysis
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by PKDE and PDEM agree with MCS for the scenarios with preventive maintenance.
For the scenarios with essential maintenance, the reliability of PDEM as a function of
time is a non-increasing function, unlike MCS and PKDE. Thus, for the cases
considering essential maintenance, PKDE is more appropriate than PDEM.

(3) Calculation results demonstrate that compared with replacement, enhancement can
effectively reduce the times of maintenance times during the service life. Furthermore,
once the preventive maintenance and replacement are performed, the timing of
maintenance can be postponed. With PKDE, the critical time instants when
maintenances occur can be accurately recognized.

Overall, it is feasible to apply the proposed framework and PKDE to the life-cycle design
and maintenance of civil infrastructure by considering different deterioration scenarios and
maintenance actions within the service life. In the future, a more advanced and complex
deterioration model and complicated load stochastic processes can be implemented in time-
dependent reliability analysis to improve the robustness of the proposed framework. Besides,
the proposed method might cause oscillations in the PDF tails, which might affect the precision
of rare event estimation, and more improvements to the proposed method are needed in the
future. In addition, a single-loop strategy will be adopted to integrate with surrogate model-

based reliability analysis and reliability-based optimization design.

Appendix:

A. Botev et al. ’s Plug-in bandwidth selection method

Botev et al. (2010) pointed out that the Gaussian kernel is the unique solution to the diffusion
30



617

618

619

620

621

622

623

624

625

626

627

628

629

630

631
632

633

634

partial differential equation (Botev et al. 2010):

of (x,n) 1% -
==2_f(x,h),xe xz,h>0 A-1
oh 2o eMxexh> (A-D

where y =R and initial condition f(X,O) is the sum of a series of § function. Assuming that

f” is a continuous square-integrable function, the square of the optimal value h of Gaussian

kernel density estimator is the minimum of the first-order asymptotic approximation of MISE:

N7 = (2N |

2

e )70.4 (A-2)

The main issue is to estimate the | f|* in Eq.(A-2). Considering the ||f j||2 for arbitrary

2

—

f j+1l

integer j > 1 and denoting unknown ||f i1)® g H , the square of bandwidth *ﬁj can be

evaluated as
2/(3+2))

~ | 141/27Y21x3x5.--x(2j -1
= (2j-Y) (A-3)

3 N7z /2 f/JTl

2
needs the estimation of .h.

/_\1
j+
‘f j+1e

in which ‘ Thus, it proves that estimating ~h needs the

A

and *ﬁ

estimation of a sequence {*ﬁj+k,k 21}. Denoting the relationship between .h;, i as
*ﬁj =7, ( Am), the estimation of ~h? can be written as:
2/5
- - 623
*hzgy['l(*hm),g:( - J ~0.90,1 >0 (A-4)
where ¥¥(-) is the composition, which can be expressed by:
0= 772 (1 (7 (%)) k22 (A5)

By employing the fixed-point iteration or the Newtonian method, the estimates of h can

be calculated by solving the nonlinear equation Eq.(A-4).
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Figure Captions

Fig. 1. Framework for modeling the performance function in a life-cycle context

Fig. 2. Time-dependent performance indicator (e.g., reliability index) by considering
deterioration and maintenance

Fig. 3. Schematic diagram of equivalent extreme and original performance functions

Fig. 4. Comparison of PDF estimation by using different methods

Fig. 5. Comparisons of PDF surface and contour in the scenario of no maintenance: PDF surface
of (@) pe(@, 1), (b) Pe(@, 1), () P"c(9, 1), (d) P"e(9, 1), (€) Pe+(g™, 1), and (f) pe+(g”, 1)

Fig. 6. Comparison of MCS, PDEM, and PKDE: (a)P+(t) and (b) A(t)

Fig. 7. Comparisons of PDF surface and contour in the scenario by considering preventive
maintenance: PDF surface by (a) p*s(g, t), (b) p*c(g, t), (¢) pe+(g”, t), and (d) pe=(g”, t)

Fig. 8. Comparison of MCS, PDEM, and PKDE in the scenario by considering preventive
maintenance: (a) P+(t) and (b) j(t)

Fig. 9. Comparisons of PDF surface and contour in the scenario by considering replacement:
(@) pe(9, 1), (b) p"(g, 1), (¢) Pe~(9”, 1), and (d) pe<(g’, )

Fig. 10. Comparison of MCS, PDEM, and PKDE in the scenario by considering preventive
maintenance: (a) P (t) and (b) S(t)

Fig. 11. Comparisons of PDF surface and contour of pe+(g”, t) in the different scenarios: (a)
PDF surface of enhancement, (b) PDF contour of enhancement, (c) PDF surface of preventive
maintenance & replacement, and (d) PDF contour of preventive maintenance & replacement

Fig. 12. Comparison of MCS, PDEM, and PKDE in the scenarios by considering enhancement
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and preventive maintenance & replacement: (a) P+(t) and (b) A(t)

857

858 Table

859 Table 1 Parameters used in the example
Values | Parameters  Values | Parameters Values
0.05 a 2x10°® b 3
0.3 Pa 2.5 Pe2 2.0
0.3 A 0.1/year Ren 0.2
0.3 p 0.5
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861
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