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Abstract: Different from previous discrete element methods (DEM) where irregular 3D
particle shapes are approximated by subspheres, vertices or voxels, this study aims to develop
an innovative and computationally effective DEM method directly employing spherical
harmonic functions for simulations of 3D irregular-shaped particles. First, the discrete surface
points of a 3D irregular-shaped particle are represented by spherical harmonic functions with
only a limited number of harmonic coefficients to restore the particle morphology. Then, the
intrinsic physical quantities are computed directly using spherical harmonic functions. Next,
specific algorithms for interparticle overlapping detection and contact resolution involving the
spherical harmonic functions are developed. Subsequently, the interparticle contact forces,
moments, and particle movements are computed. The feasibility and capability of the proposed
3D method is verified by simulating random deposition of superellipsoids, repose angle tests
and triaxial tests on particles with various shapes. The proposed method could pave a viable
pathway for realistic modeling of granular media pertaining to various engineering and

industrial processes.

Keywords: Spherical harmonics; discrete element method; irregular shaped particles;

micromechanics; contact detection and resolution
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1 Introduction

Granular materials, such as sands, gravels and rock aggregates, comprise of particles with
various irregular shapes that to a large extent determine the materials’ complicated mechanical
behaviors and properties [1]-[6]. Different DEM approaches were developed to consider
various levels of particle shapes. For instance, for form-scale shape features, ellipses [7],
ellipsoids [8][9], elongated particle models with rounded caps [10][11], and spherocylindrical
particle models [12] were developed to consider the elongation effects of particles in DEM.
Considering the roundness-scale shape features of realistic granular materials, superellipsoid
[13], super-quadric [14], egg-shaped particles [15], polyellipsoid [16], and polysuperellipsoid
[17] were developed to simulate symmetric and asymmetric shape particles with different
corner sharpness. To capture the random irregularities of the granular particles, the
polygon/polyhedron-based DEMs were developed by many researchers [18]-Error! Reference
source not found.. For instance, Feng and Tan [19] used Minkowski-difference to model
convex polygon/polyhedron particles. Their proposed method was very effective and also
energy-conserving. The Minkowski difference and GJK algorithms have also been
implemented for convex polyhedrons in an open-source code SudoDEM [20]. However, these
DEMSs can hardly replicate the concave and convex surface morphologies of realistic irregular-

shaped particles.

To simulate concave and convex irregular-shaped particles, the clump-based DEM was first
developed based on the ODEC algorithm [21][22]. Although the clump method enables the

investigation of particle-shape effects on various behaviour of particle systems [23][24], the
3
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unrealistic multiple contacts between clump-based particles could result in unreasonable
simulation results [25]-[27], e.g., over-stiff and over-damped responses. Moreover, some other
alternative DEM programs to improve the weakness of clump-based DEM were also proposed,
e.g., the granular element method (GEM) [28], the improved NURBS-based DEM [29], the
LS-DEM [30]. Nevertheless, when dealing with particles with distinctive sizes and huge

numbers, these methods would be computationally expensive.

To overcome the abovementioned problems, Lai et al. [31] first developed the FS-DEM to
simulate 2D irregular-shaped particles. In the FS-DEM, the arbitrary 2D particle outlines can
be continuously described using the Fourier series. However, their study was constrained in 2D
plane. There are very limited studies on exploring the possibility of incorporating the harmonic
series into DEM to simulate 3D irregular-shaped particles [2][6]. Furthermore, Feng et al.
established a generic contact theory for arbitrary shaped particles [32]. Recently, more advanced
algorithms were proposed by Feng [33][34] to ensure that the energy is conserved for elastic
impact, leading to robust simulations of real problems involving arbitrarily shaped particles.
Some successful implementations in both FDEM [35]-[38] and DEM [39][40] have also been
conducted to resolve the explicit dynamics of irregular and real shape particles. Overall, it

remains a challenge to model arbitrary shapes of realistic particles in DEM.

Accordingly, in this study, spherical harmonics, as a well-known higher-dimensional analogy
of the Fourier-series, is employed to develop an innovative spherical harmonics-based discrete
element method (SH-DEM) for simulating 3D irregular-shaped particles. First, the discrete

surface points of a 3D irregular-shaped particle are represented by the spherical harmonic
4
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function, where only a limited number of harmonic coefficients are required to restore the
particle morphology. Then, the intrinsic physical quantities, which are necessary for
computational mechanics, are computed directly using the spherical harmonic function. Next,
specific algorithms for overlapping detection and contact resolution are developed for SH-based
particles. Subsequently, the computation of the interparticle contact forces, moments, and
particle movements is implemented. Finally, several numerical simulations are performed to

illustrate the feasibility and capability of the proposed SH-DEM.

2 SH-based irregular-shaped particle model in DEM

2.1 Spherical-harmonic-transform of the particle surface

Several advanced techniques, such as X-ray tomography [1] and 3D laser scanning [6], have
been employed to acquire the 3D surface information for realistic particles. Since the early
2000s, researchers have started to implement the acquisition and modelling of particle systems
with real shapes [41]. As illustrated in Fig. 1 (a), the obtained 3D surface data is commonly in
the format of triangular meshes, which is a typical discretized 3D surface model. As illustrated
in Fig. 1 (b), the discrete vertices coordinate of the triangular mesh model determines the
morphology of the irregular-shaped particle. In order to implement spherical harmonic
transformation, the geometrical center of the particle is set as the origin of the spherical
coordinate system and the coordination transformation process is performed to transform all
the discrete vertices (x,y,z) of triangular meshes into spherical coordinates (6, @, 7). Once

the spherical coordinates of a particle are obtained, the spherical harmonic function can then be
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used to process the data. The spherical harmonic function is a well-known higher-dimensional
analogy of Fourier series, defined on the surface of a sphere. Based on the spherical harmonic
function, the surface coordinates (6, @) of a particle can be expressed as the superimposition
of a series of spherical harmonic basis functions:

r(e,@:i Z azy(6,9) M

n=0m=-n

where N is the highest order number of the spherical harmonic basis functions; 6 € [0, ]

and ¢ € [0,2r]; Y7*(0, @) represents the harmonic basis function of order n and degree m;

m

ayt is the coefficient corresponding to Y;"(8,¢). A group of N harmonics contains

(N + 1)? number of a™ and Y;™(8, ¢). The basic function Y;™(8,¢) is defined as:

e \/ (2n4:(1z)in|;1ll)17|)! P (cos )e™™? )

where P*(x) is the related Legendre polynomial:

Iml dI™ B, (x
PM™(x) = (-DI"M -1 -x2)7z - ¢ 3)
dx!ml
in which P,(x) is the n'"* order Legendre polynomial:
1 d"[(x?—-1)"]
B x) = o 4)

dx™m
Assume that there are a total of Np points on the particle surface. Substituting these Np

spherical coordinates (6, @) into Eq. (4), we can obtain Np linear equations:
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In Eq. (5), r; ~ ry, and Y7"(01,¢,) ~ Y,{"(HNP, <P1vp) are all known while there are
(N + 1)? unknown coefficients al. It is worth noting that, according to the previous studies
[1], N = 15 is probably sufficient to represent the particle morphology. Since Np can always
be much larger than (N + 1)2, it is easy to solve these coefficients with Np equations through

least-squares estimation.

2.2 Representation of particle surface by inverse SHT

After (N + 1)? harmonic coefficients are obtained for the discrete surface points of a target
particle, as detailed in Section 2.1, we can use the (N + 1) harmonic functions to represent
the discretized surface points as a continuous closed surface. This process, namely the inverse

operation of spherical harmonic transformation, is described as follows:

(1) Assume a random point P;(r;, 8;, ¢;) with polar radius r; and polar angle (6;, ;) is on
the particle surface. When Np surface points are required, Np unit vertices
[(1, 01, 91),,(1,0;,¢),, (1, Onp, (pNP)] uniformly surrounding the origin of the spherical

coordinate system is determined based on the antipodal symmetry based scheme as adopted in
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the our previous work [3]. These unit vertices can be regarded as a series of points equally
distributed on a sphere. Then, based on the spherical harmonic function, compute the
corresponding surface points [(1, 01, 01), -+, (1,0, 0),, (1, HNP,cpNP)] on the particle. It
should be noted that Np needs to be sufficiently large if a high-quality 3D triangular mesh

model is required.

(2) Substitute (6;, ;) into Eq. (3) to obtain the corresponding Y"(8;, ;). For a certain
harmonic order n, superimpose (2n+ 1) an'¥,™(6, @) together, where m is the integer
varying from —n to n.Repeat this process from n = 1 to N, and superimpose them to obtain

the final result of (8, ).

(3) Finally, the coordinate transform can be used to obtain the Cartesian coordinates (x;,y;, z;)
of the particle surface. Fig. 1 (c) illustrated the reconstructed SH-based model. Since the above-
detailed inverse SHT process can be used to calculate the coordinates of any surface points P;
the 3D irregular-shaped particle surface can thus be continuously represented by the spherical

harmonic function.

2.3 Intrinsic physical quantities of SH-based particle

The intrinsic physical quantities, such as the mass and moment of inertia, for each SH-based
particle, can be directly calculated from the adopted spherical harmonic functions that are used

to generate the corresponding particle.

(1) Mass of a 3D irregular-shaped particle
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The mass of a 3D irregular-shaped particle with uniform density p can be computed by:

m=p-V (6)

where V is the volume of the SH-based particle. In the proposed SH-DEM approach, the
volume of the particle can be calculated by integrating the radical distance r over the spherical

angles 6, @:

wlv—x

.ff (8, )3 sin(8)dp db (7)
00

where the radical distance r at any spherical angle pair (8, ¢) can be obtained using the

spherical harmonic function, as given in Eq. (1).
(2) Moment of inertia

For an SH-based particle, the moment of inertia around three Cartesian coordinate axes can be

expressed as a tensor I:

Ixx _Ixy _Ixz
1=|-1y, 1, -I, (8)
_Ixz _Iyz Izz

|

yVz> I

where I, | yys

xy> I, and I,, can be calculated by:

21

pj j (8, 9)° sin(8) ((sin(8) sin(p))? + (cos(8))?)dpds
00

U‘lIH

)

21

pj j (8, 9)° sin(8) ((sin(8) cos(¢))? + (cos(8))?)dpdb
00

U‘lIH
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pJ.J. (8, ¢)° sin(8)3 dpdb
00

U‘llb—\

21

pJ.J. (8, )° sin(8)3cos(¢)sin(¢) dedo
0 0

U‘llb—\

ul| =

p (8, )° sin(8)?cos(8) cos(¢) dedo

Ly,

2T

pf] (8, ®)° sin(8)%cos(6)sin(p) dpdb
00

t.nlr—x

It is worth noting that, the tensor I needs to be computed first based on a coordinate system
(whatever it is), then the principal moment axes are obtained to form a local coordinate system.
Finally, the SH-based particles will always be rotated at the local frame where each principal

moment of inertia is along one coordinate axis.

3 Computation of interactions between SH-based particles

In this section, we develop unique algorithms for overlapping detection and contact resolution
of SH-based particles. First, the spherical harmonic function is combined with the node-to-
surface approach to examine the overlapping condition between two collision candidate
particles. Second, the contact point and contact normal vector of each penetration node can be
quickly calculated based on the proposed scheme in the SH-DEM. Third, the normal contact
force is computed for each penetration node based on the volumetric normal contact stiffness

and local overlapping volume.

10
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3.1 Overlapping detection for 3D irregular-shaped particle

(1) Global overlapping detection

In the first stage, irregular-shaped particles are circumscribed by the axis-aligned bounding
boxes (AABBs). The boundaries (X;in, Xmaxr Ymins Ymax: Zmins Zmax) Of the AABB for a 3D
irregular-shaped particle are illustrated in Fig. 2. Then, the modeling domain is divided into
Npyx X Npy X Np, cubic bins. Next, the obtained AABBs are entered into cells (i.e., spatial bins)
in the cell space based on an enlarged extent (i.e., cell extent). Once the cell extents of two
particles overlap, the two particles are considered as a collision candidate. More specifically, if
a particle shares at least one single cell bin with one of its neighbors, further detection is

required to examine the potential collision between them.

(2) Local overlapping detection

The spherical harmonic function is combined with the node-to-surface approach to examine the
local overlapping condition if two neighboring particles are detected as potentially overlapped
using the global overlapping detection algorithm. The node-to-surface scheme has previously
been employed in finite element methods [42][43] as well as discrete element methods [30][44]
to deal with the contact problems between irregular-shaped particles where the contact interface
is non-convex shape and multiple contact points may exist. The detailed procedure for the local

overlapping detection is as follows:

Step 1: If two neighboring particles are detected as potentially overlapping at the global

overlapping detection stage, select the particle with a smaller volume as a Master Grain (MG),
1
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while the other is regarded as the Slave Grain (SG). Then, as illustrated in Fig. 3, under the local
spherical coordination system of the MG (in blue), determine the potential overlapping range

(in red) of spherical angles where the circumscribed spheres of the two particles intersect.

Step 2: As illustrated in Fig. 4, the SG is represented by the spherical harmonic function
r5(8, ), while the particle surface of the MG in the potential overlapping range is discretized
into triangular meshes with a certain number of vertices Q;[r(8;, ¢;)], which are seeded on
the particle surface at a uniform interval based on the antipodal symmetry based scheme as
adopted in our previous work [3]. It is worth noting that the density of the discretized nodes on
the MG can be quantitatively controlled and easily increased if more accurate modeling

resolution is required.

Step 3: Transform each of the discretized vertices on the MG from its local coordinate system
into the local spherical coordinate system of the SG, Q; [riM (6;, ®;)]. Then, as illustrated in Fig.
5, the overlapping condition is determined by checking each Q;[r(6;, ¢;)] against the SH-
based surface function 75(8, @) of the SG for penetration. If Q;[r(8;, 9,)] > r5(6;, ¢;), the
vertex Q;[rM(6;, ;)] is outside the surface of the SG. If Q;[rM(8;,9)] =156, ),
Qi[vM(6;,¢))] lies on the surface of the SG. If 7M(6;,¢;) <75(6;¢;) , vertex
Q:[rM(6;, ¢;)] penetrates the boundary of the SG. If any of the node Q; is detected to
penetrate the SG, the overlap between MG and SG is then identified. It is noted that the density
of the discretized vertices on the potential overlapping region of the MG will not influence the
underlying surface morphology of the original particle, which is represented by its spherical

harmonic function, but the accuracy and computational cost will be affected.
12



213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

3.2 Contact resolution for 3D irregular-shaped particle

As mentioned in the previous subsection, if overlapping is identified, the penetrating vertices
Q[ (6;, ;)] of MG with ™ (6;, ;) < 15(6;,¢;) can be extracted for the computation of
contact points and inter-particle forces. For each penetrating vertex Q;[r(8;, ¢;)] of the MG
inside the SG, there is a corresponding vertex P;[r5(8;, ;)] onthe SG by directly substituting
(6;, @;) into the spherical harmonic function of 75(8, ¢) of SG. For each pair of vertices Q;
and P;, the contact point C;, contact normal vector 7n;, and local overlapping volume V; can

be defined as follows:
(1) Contact point C;

As illustrated in Fig. 6, the midpoint of the penetration points Q; and P; is defined as the

contact point C; for the local overlapping region of Q;P;,i.e., C; = (Q; + P;)/2.

(2) Contact normal vector n;

Q

As illustrated in Fig. 7, the sum of the outward normal vector ﬁi at vertex (; on the surface
of MG and the inward normal vector .} at P; on the surface of SG are computed to define
the contact normal vector 7;:
2Q | =P

M R w

(10)

where ﬁ? is the inward normal vector at vertex Q; onthe MG, and M} is the outward normal

vector at vertex P; on the SG.

13
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The contact normal vector is simple and easy to compute due to the formulation of the spherical
harmonic function, whose outward normal vector at any spherical angle (6, ¢) can be easily

obtained by:

(11)

~ dR(6, dR(6,
n(9,<p)=(— geq))x (g(pq)))

where R(8, @) is the position vector of the vertex, which is represented in the Cartesian

coordinate system as:
ﬁ(e, @) =[r(8,p)cosBcosep, 10, ¢)cosBsing, r(6,¢)sinb] (12)
(3) Local overlapping volume V;

As illustrated in Fig. 8, the local overlapping volume V; can be computed by:

1
V= §Z Virkeitiaiakal™ (13)

where (Q{‘, {”1) is the k" pair of the one-ring neighboring vertex of Q; on the MG, the
definition of one-ring neighboring vertex has been detailed in our previous work [5];
(P¥, P}*1) are the vertices on the SG that correspond to (QF, Q¥*1), which can be obtained

by directly substituting (85, p¥) and (6)**,@¥*1) into the spherical harmonic function of

r5(8,9) of SG. As shown in Fig. 8 (d), V, Kk k+1 1S the volume of the polyhedron

kpk+1
P PTQiQ:70Q;

formed by the six vertices. As shown in Fig. 8 (e), the local overlapping volume V; is formed

by Q;, P;, and the midpoints between their one-ring neighboring vertices.

14
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3.3 Force and moment for 3D irregular-shaped particle

Different from the existing clump-based [21] and polyhedral-based [20] DEM, in the proposed
SH-DEM, the contact forces between the identified neighboring particles are computed based
on the defined contact point, normal contact direction, and local overlapping volume at each
penetration node. The volume-based contact model is employed in the proposed SH-DEM to
compute the normal contact force. It is worth noting that, as suggested by Feng [32]-[34], the
conventional volume-based contact models may have a problem of energy increase for an
elastic impact and thus becomes a source of potentially numerical instability. Thus, the energy-
conserving contact theory [32]-[34] will be incorporated into the SHDEM in the future work to

enhance the reliability and accuracy of the simulation.

The normal contact force at the contact point Q; resulting from the corresponding SG to MG

is formulated as:
FY, = k,v/7, (14)

where k, is the volumetric normal contact stiffness. If the material properties of the two

touching irregular-shaped particles are different, k, can be determined by:

kn' kn

k, = —2"T 15
kM 4 kS (19)

where the superscripts M and S denote the master grain and slave grain in contact.

By action and reaction, the resulting normal contact force at the contact point C; from the

corresponding MG to SG can be computed as:

15
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Ffl,i = _F%i (16)

Similar to other existing DEM algorithms, the tangential contact force is determined by the
Coulomb friction model. To calculate the resultant tangential contact force f’t"’l at the contact

point C/ from SG to MG, the relative velocity M of C] to the SG is:
M =9 + M x (C] — M) — V5 — w5 X (C; — ¢%) (17)

where D" and w" are the translational and angular velocities of the MG, ¥° and w® are
the translational and angular velocities of the SG, ¢ and ¢° are the mass centers of the MG

and SG, respectively.

Then, the incremental tangential displacement Au of the MG at the contact point C; relative

to the SG is:
Au = [v) — (Wn)n;]At (18)

Next, the tangential force from the SG on the MG at the contact point C; after At is updated

as:

M _ ZFQTIL', : oM’ ™

F/; = —| ZFM,” mln{”ZFtli ktAu” uu”Fn,i”} (19)
ti

where Z is the rotation matrix that rotates the normal vector m; at the current time step to the
normal vector at the previous time step, k. is the tangential contact stiffness, and u is the
inter-particle friction coefficient. The occurrence of slide events at the contact is determined by

the sliding friction model. If ||ZFYS - k.Au|| is greater than u FMs$ , the slide event occurs
g t,i ni

16
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at the contact and flt‘f’is is reduced to /1||F%f ||
By action and reaction, the tangential force from MG on SG at the contact point C; is
TS — _FM
Fi; = —Fy; (20)

The moment ﬁf” contributed by the normal and tangential contact force F% i F’t”l at the

contact point CPM, resulting from the SG to the MG, is formulated by:
MY = (C; — ") x (Fii + Fl; (21)

Similarly, the moment ﬁf contributed by the normal and tangential contact force ffw Ff i

at the contact point C;, resulting from the MG to the SG, is formulated by:

M3 = (€} —c5) x (ff,i + ﬁi,i (22)

3.4 Particle kinematics and computational scheme

To simulate the kinematics of a large number of 3D irregular-shaped particles, the explicit time
step approach is employed to compute the motion of the SH-based particles. The law of force-
displacement (constitutive contact law) and the law of motion (Newton's second law) are used
to calculate the contact force between particles and the movement of each particle at each time
step, respectively. The computation of particle kinematics in the SH-DEM is detailed in

Appendix A.

It is important to note that, to minimize the computational cost, the spherical harmonic function

and corresponding discretized vertices of each SH-based particle are never updated as the

17
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particle moves; each spherical harmonic function remains in a reference configuration. To
accommodate this constraint, when computing the contact, the discretized nodes of the MG are
first transformed temporarily from its local spherical coordinate system into the global
Cartesian coordinate frame and are subsequently transformed temporarily into the reference
configuration of the SG. In the local spherical coordinate system of the SG, the contact forces

and moments are computed and then tranformed back to the global coordinate system.

The whole computation procedure for irregular-shaped particle kinematics in the SH-DEM,
which follows conventional DEM codes, is detailed in Appendix B. The proposed SH-DEM
exhibits great efficiency in updating the irregular particle information at each time-step. Since
each particle is represented by the spherical harmonic function, it only requires a few variables
(i.e., the position of the particle center and the rotation angle of the local particle coordinate
with reference to the global specimen coordinate) to restore the irregular 3D particle shapes.
The harmonic coefficients remain constant and are independent of the particle motion and

kinematics.

4 Numerical examples

4.1 Random packing of superellipsoid particles

Simulating the random packing of aspherical particles, e.g., superellipsoids, has been a hot issue
among granular researchers [13][50][51] for many years. Through various laboratory
experiments and numerical simulations, it has been revealed by many researchers that

elongation and flatness play a significant role in both packing density and microscopic

18
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structures of super-ellipsoid particles. Therefore, before simulating realistic irregular-shaped
particles, we first focus on the random packing of ellipsoid particles to examine the consistency
of SH-DEM simulations with existing studies. In this section, we focus on a typical type of
super-ellipsoid particles with various form and blockiness shapes, which are determined by the

shape control parameters 7 and {:

2 2
| r |r:1 (23)
C

where 1 determines the form shape, { determines the blockiness shape, and ¢ determines
the particle size. The adopted shapes generated by Eq. (23) are all special cases of super-

quadrics [50][51].

In this section, we aim to reproduce the packing features of superellipsoid particles with 7
varying from 0.4 to 2.5 while ¢ varying from 0.5 to 1.5. To ensure that the simulated packing
features are only affected by the shape, the other particle properties are set to the same values
for all simulation scenarios. The particle size r, defined as the radius of the sphere with
equivalent volume) for each particle, is set as 10mm. The DEM simulation parameters are listed
in Table 1, which are typical values for the simulation of rock aggregates in previous works
[13][45]. To balance the modeling accuracy and the computational cost, N is set to 20 and Np

1s set to 8000.

The gravitational layer-by-layer deposition approach is employed to simulate the random

packing of superellipsoid particles. Each sample consists of 1200 non-overlapping particles,
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1.e., 12 layers of 100 particles are sequentially added to a box. The box used to contain the
particles is 100 mm in width and 100 mm in length. The height is set to 150 mm to facilitate
enough space to allocate each layer of non-overlapping particles above existing particles. For
each layer, 100 particles of 10 mm in diameters with random locations and orientations are
distributed without overlapping in the box. When the existing particles reach an assumed
equilibrium state, the next layer of particles is added sequentially. Fig. 9 shows some final

packings for an initial observational comparison.

In the present study, two groups of particle shapes controlled by 12 values of n (Group A) and
12 values of { (Group B) are simulated to examine the macroscopic property - packing density.

The simulation results are detailed as follows:

The packing density p of a granular particle assembly can be calculated as the volumetric
percentage of the solid particles versus the total volume of the particle assembly, including
particles and voids. As shown in Fig. 10 (a), for group A, the evolution of packing density versus
increasing value of 7 for superellipsoid particles with { = 1 are plotted and compared with
the existing studies [13][46][47]. It can be seen in the figure that the trend is consistent with the
results of other simulation studies in the previous literature. In general, all studies show two
peak values of packing density. The first peak value of packing density exists when 7 is
approximately 0.6, and the second peak value of packing density can be observed when n
reaches approximately 1.5. This evolution trend of packing density versus 7 can be described
as an “M” shaped relationship. This “M” shaped relationship between packing density and 7

is obviously observed in both the present and existing simulations. As shown in Fig.10 (b), for
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group B, the evolution of packing density versus increasing value of ¢ for superellipsoid
particles with 1 =1 are plotted and compared with the existing studies [13][48][49]. It is
observed that there is a valley in the {-p curve, i.e., the particles with ¢ =1 exhibit the lowest
packing density. When ( increases from 0.3 to 1.0, the packing density shows a negative
relationship with {. When { further increases to be larger than 1.0, the packing density
becomes positively related to ¢. This “V” shaped trend was also reported in previous

simulations [13][48][49].

4.2 Repose angle tests of real crushed rock aggregates

The repose angle is a well-acknowledged physical property that has been employed by many
researchers to calibrate the inter-particle friction coefficient of granular materials needed for
DEM analysis. In this study, laboratory experiments for measuring the repose angle of crushed
rocks are conducted, and the results are used to verify the validity of the developed SH-DEM
program. The repose angle tests are conducted inside a container with glass sidewalls and a
stone base, whose dimensions are 10 cm in width, 40 cm in length, and 20 cm in height, as
shown in Fig. 11 (a). The crushed rocks are granite, with average aggregate sizes of 20 mm in
diameter. In the test, approximately 300 crushed rocks are poured into the right part of the
container, which is supported by a sidewall (baffle) at right, as shown in Fig. 11 (b). The
dimensions of the rock assembly are kept as 10 cm in width, 10 cm in length, and 20 cm in
height. Then, to ensure an optimal spreading of the material, the sidewall is lifted using a small
velocity, as shown in Fig. 11 (c¢). During wall lifting, the crushed rocks collapse, roll and form

a slope under gravity. Finally, after the collapsed crushed rocks stabilized, the repose angle is
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measured using an angular ruler, as illustrated in Fig. 11 (d). The tests are repeated 20 times,
and the experimental results reveal that the tested crushed rocks have an average repose angle

of approximately 38.9°.

A numerical analysis of the angle of repose is performed using the proposed SH-DEM. As
shown in Fig. 12, the real crushed rocks are first scanned using the 3D laser scanner, and the
surface cloud points are imported into the SH-DEM to obtain realistic SH-based rock
aggregates. The simulation process follows the same sequence as the laboratory experiment.
First, the initial numerical samples for testing are prepared by sequentially adding the randomly
selected SH-based real rocks into the right-side container, which consists of four virtual
sidewalls in the DEM. At this stage, contact frictions are all set to 0.0 to guarantee a relatively
dense packing condition. Other DEM simulation parameters follow previous studies, as listed
in Table 1. As shown in Fig. 13 (a), the dimension of the initial sample is the same as the real
case. During the simulation, the contact friction coefficient between rocks (aggregate to
aggregate and aggregate to base-wall) is set to a specific value, and then the simulated baffle
(inred) 1s slowly lifted, as shown in Fig. 13 (b). For each value of the contact friction coefficient,
the tests are repeated 20 times to compute a mean repose angle, and the contact friction
coefficient is incrementally changed to bring the simulated mean repose angle close to the
average laboratory-measured value. Fig. 14 illustrates the repose angles of the samples with
different contact friction coefficients. The results indicate that the contact friction coefficient

should be taken as approximately 0.3 to simulate the realistic repose angle of crushed rocks.

The macroscopic and microscopic properties of rock aggregate assemblies are of great
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importance to assessing engineering behaviors of the geo-body and the construction-body, e.g.,
slope, foundation, embankment, etc. Many researchers have reported that there are many factors,
e.g., confining pressure, initial void ratio, and aggregate shape can significantly influence on
the macro- and micromechanical properties of crushed rocks. In this section, we aim to examine
the shape effects on the macro- and micromechanical properties of the rock assemblies during
repose angle tests. Three simulations were conducted with crushed rock aggregates of various
shapes. Fig. 15 shows the ranges of shapes and the snapshots of example aggregates, where
sample S1 consists of spherical aggregates with AR=1.0, sample S2 consists of ellipsoidal
aggregates with AR=0.65, and Sample S3 consists of real crushed rocks with mean AR=0.65.
In the simulation, the material properties are consistent with the previous section, while the
contact friction between rocks is kept as 0.3 during the baffle lifting and rock collapsing stages.

The simulation results are detailed as follows:

(1) Fig. 16 illustrates the measured repose angles for each sample. It can be seen from the results
that the spherical aggregates have the smallest repose angle (15°), the ellipsoid aggregates have
an intermediate repose angle (28°), and the real crushed rock aggregates have the largest repose
angle (37°). This trend occurs because more elongated and more irregular-shaped aggregates

tend to have more considerable rolling resistance.

(2) The mean coordination number, Z, is a scalar parameter that provides macroscopic
information on the internal structural features (fabric) of granular materials. The evolution of
Z during baffle lifting and rock collapsing for all assemblies is illustrated in Fig. 17. In all cases,

Z exhibits a gradual drop versus the increasing simulation time during the aggregate collapsing
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stage. When the aggregates form a stable heap, Z slightly increases and then reaches a stable
value. Among the three samples, sample S3 (with real crushed rocks) always exhibits larger
values of Z during the whole testing period, compared with S1 (with smallest Z) and S2 (with
intermediate Z). The results for Z reveal that more irregular-shaped aggregates tend to have
denser packing structures during the test. Besides, S1 (spherical aggregates) shows an earlier
drop at the initial stage, while the samples with more irregular aggregate shapes show more

delayed decreasing trends.

(3) The rotation motions are governed by the rolling resistance of the aggregates. In the
simulated repose angle tests, the rotational movements of the aggregates during collapsing
mostly occur around the x-axis. Thus, the mean accumulated rotational displacement around
the x-axis, 9,, is computed. The results, as shown in Fig. 18, display the evolution of 9,
versus simulation times for different samples. In general, for all numerical cases, the 9, values
increase during the repose angle tests. For sample S1, the 9, of spherical aggregates rises
sharply and gradually converges to a stable value. For samples S2 and S3, the 9, of ellipsoid
and crushed rocks increase gradually and converge to a relatively small amount. It can be seen
in the figure that aggregate shapes play a significant role in the rotational movements. During
the whole process of the repose angle test, the spherical aggregates (AR=1.0) always exhibit a
significantly larger 9,, at approximately 5 times the value for the ellipsoids (AR=0.65) and 7

times the value for the crushed rocks (AR=0.65).
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4.3 Triaxial shear tests of real crushed rock aggregates

The macroscopic and microscopic properties of rock particle assemblies are of great importance
to the engineering behaviors of the geo-body and the construction-body, e.g., slope, foundation,
embankment, etc. Many researchers have reported that there are many factors, such as confining
pressure, initial void ratio, and particle shape, that can significantly influence on the macro- and
micromechanical properties of crushed rocks. In this section, three simulation groups of triaxial
shear tests on realistic crushed rocks are performed to numerically examine the effect of
confining pressure, preshear void ratio, and particle shapes. Group A consists of three samples
with confining pressures of 50 kPa, 100 kPa, and 200 kPa, respectively. Group B consists of
three samples with various initial void ratios prepared by preshear contact friction of 0.00, 0.15,
and 0.30. Group C consists of three samples with various mean aspect ratios ( AR =
0.95,0.80, 0.65). Fig. 19 shows the ranges of shapes and snapshots of crushed rock examples
in Group C. The procedure to conduct a triaxial shear test in the SH-DEM is summarized as

follows:

(1) For the random allocation of non-overlapped particles, the particle models of crushed rocks
in the “STL” file format are first imported into the spherical harmonic transformation
subroutine of the present SH-DEM program to obtain the harmonic coefficients for each particle.
Then, as shown in Fig. 20 (a), nonoverlapping particles are allocated into a prescribed sample
domain, which is a cubic container consisting of six rigid walls. Each sample consisted of

approximately 1500 particles of monodispersed sizes (dgye = 20 mm).
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(2) In the stage of isotropic compression, before activating external force to the assembly, the
properties of the material are assigned to all particles and walls to facilitate dynamic modeling
in the SH-DEM. The input parameters are consistent with those used in the former section for
real crushed rocks, except the wall friction (t,yq;;=0 and Uy qrtic1¢=0.5) and the preshear contact
friction between particles (Upresnear=0 for Groups A and C, fprespear=0, 0.15, 0.30 for Group
B). The gravitational force is set as zero during the simulation. Then, the consolidation
procedure is performed with the given confining stress to enable the assembly to reach an
isotropic stress state. The stress-control wall servo scheme is employed to move the six rigid
walls to maintain constant confining pressure, which shows an example of the preshear
numerical samples of crushed rocks in the SH-DEM. Fig. 20 (b) shows an example of the

preshear numerical sample of crushed rocks in the SH-DEM.

(3) During the triaxial shear stage, both the top and bottom walls move toward each other at a
constant strain rate, while the four lateral sidewalls move individually to maintain a constant
confining stress with the stress-control servo. The shear strain rate is set sufficiently low to
obtain quasi-static behavior during shearing. Fig. 20 (c¢) shows an example of a numerical rock

aggregate sample at shear strain of 50% in the SH-DEM.

In the present simulation, both macroscopic properties, e.g., deviatoric stress ¢, volumetric
strain ¢&,, and microscopic quantities, e.g., mean coordination number, and percentage of
sliding contact are calculated at different axial strains &,. The results are detailed and discussed

as follows:
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(1) The deviatoric stress g is computed to study the shear strength of the assemblies.

Fig. 21 shows the deviatoric stress g as a function of axial strain &, for all specimens with
different AR, preshear contact friction, and confining pressure. For specimens with different
AR, all curves behave in a similar fashion, showing peak stress, i.e., the stress softening. AR
tends to have a greater influence on postpeak behaviors. For peak state, the sample with AR=0.8
has the highest deviatoric stress, while in the residual state, the deviatoric stress increases with
the smaller value of AR. For specimens with different preshear contact friction, the smaller
value of PF leads to stress softening, while a larger value of PF leads to stress hardening. For
the peak state, the deviatoric stress increases with decreasing PF, while in the residual state, PF
shows a negligible influence on the deviatoric stress. For specimens with different confining

pressures, all curves show significant peak deviatoric shear stress.

(2) The volumetric changes of different specimens during shearing are investigated. Given that
the present cubic samples are bounded by rigid walls, the axial strain &; and the volumetric
strain &, can be approximately calculated based on the displacement of the boundary walls.
As shown in Fig. 22, for groups A and C, the volumetric strain increases with increasing axial
strain, and the specimens deform at constant volume after reaching the critical state at an axial
strain ranging from 40% to 50%, which indicates that all specimens display shear-induced
dilatancy behavior with stress softening. For Group B, according to the difference between the
volumetric strain at the initial and residual states, the total volume change during shearing
appears to increase as PF decreases, indicating that an assembly with a smaller preshear contact

friction shows higher dilatancy during shearing.
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(3) The coordination number is a scalar parameter that provides macroscopic information on
the internal structural features (fabric) of granular materials. The mean coordination numbers
of all samples, Z, are computed and compared. The evolution of Z against axial strain for all
assemblies is illustrated in Fig. 23. In all cases, Z exhibits an exponential drop versus the
increasing axial strain during the initial shearing process. When the axial strain is larger than

10%, Z reaches a low plateau with small fluctuations.

For Group A, the values of Z are always positively related to AR during the whole shear
process, i.e., Z increases from 7 to 8 at the initial state and shifts from 4.3 to 5.7 at the residual
state when AR varies from 0.65 to 0.95. For Group B, Z is only negatively related to PF during
the initial shear process. At the initial state, Z increases from 5.3 to 7.2 when PF decreases
from 0.3 to 0.0. When shear strain is larger than 10%, all samples with different PF show the
same values of Z and converge to a constant value of about 4.7. As for Group C, similar to
Group A, the values of Z are always positively related to the CP during the whole shear process.
The values of Z vary from 7.1 to 7.6 at the initial state and shift from 4.2 to 4.9 at residual

state when CP increases from 50 kPa to 200 kPa.

Besides, the sliding contacts are governed by Coulomb’s friction law. We can denote the sliding

ratio (R, ) using the ratio between shear force f; and normal force f,, at each contact:

Rse = |fel/(uefn) (24)

We assumed that sliding event occurs at contact when Ry, > 0.99. Then, the percentage of

sliding contact P;. can be defined as:
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Nc¢
P = z G(Rsc)/Nc
i=1

(0 Ry <099
G(Rse) = {1 R.. > 0.99

(25)

where N, is the total number of contacts.

Fig. 24 displays the evolution of P,. versus axial strain &,. In general, for all numerical cases,
P;. increases sharply to a peak value, and then gradually decreases to a steady state.
Additionally, for Group A, P, increases from 59% to 70% at the peak state, and increases
from 40% to 47% at the steady state, when AR increases from 0.65 to 0.95. For Group B, the
samples only show negative relationships between peak P;. and PF,i.e., P increases from
55% to 65% when PF decreases from 0.3 to 0.0. The preshear contact friction shows the
negligible influence on P, at a steady state. For Group C, compared with AR and PF, CP

shows less influence on P;,.

5 Conclusion

In this paper, a novel 3D SH-DEM approach has been developed for the simulation of 3D
realistic irregular-shaped particles. In the 3D SH-DEM, the spherical harmonic transformation
is first employed to represent particle shape in the local spherical coordination system. Then,
using the SH-based particle model, the intrinsic physical properties can be easily computed.
The novel numerical algorithms for identification of particle overlapping and contact
resolutions are developed based on the spherical harmonic function and the node-to-surface

scheme. The innovative features of the computational algorithms in the proposed 3D SH-DEM
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are summarized as follows:

(a) The overlapping detection between SH-based irregular-shaped particles is implemented by
conventional global overlapping detection and wunique local overlapping detection.
Conventional global overlapping detection is conducted by the combination of AABBs and the
spatial bins algorithm. The unique local overlapping detection is accomplished by (1)
discretizing the master particle into surface vertices, (2) substituting the discretized surface
vertices into the local spherical coordinate of slave particle, and (3) determining the penetration
condition of discretized surface vertices based on the spherical harmonic function of the slave

particle.

(b) The contact points are defined as the midpoints of the penetration vertices on the master
particle surface and the corresponding vertices on the slave particle surface with the same polar
angle at the local spherical coordinate system of the slave particle. The contact normal vector
at each contact is determined by the combination of the surface normal vectors of both the
master penetration vertices and corresponding vertices on the slave particle, which can be easily

and accurately computed based on the spherical harmonic functions.

(c) To determine the contact stiffness, the overlapping volume at each contact is computed based
on the local polyhedra, which are formed by the target penetration vertex and its one-ring

neighboring vertices.

Using the developed approach, three numerical examples were conducted to illustrate its

feasibility and capability. The simulation results are summarized as follows:

30



548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

(a) Through simulations of the random deposition of superellipsoids with various shapes, the
evolutions of packing densities versus particle shapes are investigated and found to be
qualitatively consistent with the existing literature. The numerical results indicate that the

present SH-DEM model is reasonable for the simulation of non-spherical particles.

(b) Through simulating repose angle tests of realistic rock aggregates, it is indicated that the
contact friction coefficient between rocks should be taken as around 0.3 to simulate the realistic
repose angle of rocks in SH-DEM. Besides, the shape effects on macro- and micromechanical
properties of rock aggregate assemblies are primarily investigated through numerical repose
angle tests of spheres (AR=1.0), ellipsoids (AR=0.6), and realistic rock aggregates (AR=0.6)
using the SH-DEM. The shape effects on the angles of repose, mean coordination numbers, and

rotational motions are presented and compared.

(c) Through triaxial tests on rock aggregate assemblies, the effects of preshear contact friction,
particle aspect ratio, and confining pressure on the macroscopic and microscopic properties of
rock aggregates are presented. The simulation results of repose angle tests and triaxial tests
demonstrate that the developed SH-DEM approach is useful to investigate the shape effects on

the mechanical behaviors of realistic granular materials.

Indeed, compared with the simplified shape models such as disk-clump, the proposed method
can consider more realistic contact mechanics between irregular shape particles. The capability
and efficiency of the proposed SH-DEM program will pave a viable pathway for the researchers

to conduct more quantitative and credible studies on how the realistic particle shapes would
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affect the macro- and micro-mechanical properties of granular materials. The method will be
further be developed to incorporate more advanced computational algorithms, e.g., the effective

energy-conserving contact modelling strategy [55], as future work.
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712  Tables

713

714 Table 1 DEM simulation parameters
Parameter Value
Particle density, p (kg/m?) 2700
Damping coefficient, a 0.3
Volumetric normal contact stiffness, k, (N/m?) 1x 1011
Shear contact stiffness, k; (N/m) 1x 107
Contact friction 0.48
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Appendix A Motion of particles in SH-DEM

In the proposed SH-DEM, for each particle, the motion can be divided into two parts: translation
in the global coordinate system and rotation in the local coordinate system. To facilitate
numerical processing, the global coordinate system is usually the world coordinate system of
the particle system, while the local coordinate system is fixed on the individual particle and

moves synchronously with the particle.

The translational motion of a particle in the global coordinate system is governed by Newton
equations:

dvi

where m is the particle mass; v; is the translational velocity along the i axis of the global
coordinate system; i € {1,2,3} represents the axis of the global coordinate system, and F; is

the total resultant force acting on the particle centroid (mass center), which can be calculated

as:
Nc¢

Fi=ZF§+Fb+Fd (A2)
k=1

where N, is the contact number of the particle; F? is the body force, e.g., gravitational force;

F% is the damping force; and F§ is the contact force acting at the k,, contact.

Compared with the contact force between the spherical particles, a remarkable feature of the
contact force between irregular-shaped particles is that the normal component of the contact
force (normal contact force) usually does not pass through the particle's center of mass, so the
torque around the center of mass can be generated. The torque can promote or inhibit the
rotation of the irregular-shaped particle. In a local coordinate system, Euler’s equations are

applied to particle rotations:
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dwi

g ~

where i,j,k € 1,2,3 is the principal axis; [; is the principal moment of inertia; w; is the
angular velocity, and M; is the i;;, component of the total resultant torque M, which can be
calculated as:

N¢

M=ZF§xrk+Md (Ad)
k=1

where 7, is the radical vector of the k,, contact; and M is the damping moment.

To stabilize the system after a reasonable number of iterations, following general DEM codes,
artificial numerical damping is used to dissipate the kinetic energy. In this study, two types of
damping are facilitated: local damping and viscous damping. Local damping provides damping
to reduce the particle speed through adjustment of the resultant external force. Note that the
resultant force discussed here includes the resultant force moment, and the velocity includes
the angular velocity of rotation. Generally, a fixed coefficient, i.e., the damping coefficient, is
used to adjust the resultant external forces and a corresponding damping force Fid is added to

the right-hand side of the Newton equation and Euler’s equations, given as:

. _ dvf At
Ff = —aF;Sign (Fl- <vi(t At/2) 4 d_tl7>>

(A5)
dw! At
d _ ; (t-At/2) i
M; = —aM;Sign (Mi (wi + W?))
where a is the damping coefficient; At is the time step; vi(t_At/ 2 and a)i(t_At/ 2 are the
. . . . . . dvf dwf
previous mid-step translational velocity and angular velocity, respectively; o and —, are

the current on-step translational acceleration and angular acceleration, respectively; and

Sign(x) is the signum function:
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-1 if x<0,
Sign(x) =70 if x=0, (A6)
1 if x>0.
Viscous damping is a kind of damping applied at the contact of particles, which can reduce the

relative velocity of two contact particles by adjusting the contact force. The normal and

tangential viscous damping forces E and F& are calculated by:

El = 2~/ Mk B Vny

(A7)

Ftd = 2\/ mktﬁtVt

where m = mMmS/(m™ + m5) is the equivalent mass of the two contacted particles; S,
and [, are the normal and tangential viscous damping coefficients, respectively; and V,, and
V, are the normal and tangential components of the relative velocity of the two particles at the
contact. It should be noted that the viscous damping force should not exceed the corresponding
contact force. The Eq. (A7) is based on the previous work [45]. Similar approach can be referred

to [52][53].

Appendix B Scheme of computation in SH-DEM

The computational iteration of the proposed SH-DEM includes two components: the particle
system and the contact system. In the particle system, the change in the particle position is
accompanied by the appearance or disappearance of interparticle contact. The computation
scheme can be concluded as: (1) Given the position of particles in the system, determine the
corresponding geometric information of the contact between particles through contact detection
between particles; (2) According to the given contact model, calculate the contact force at each
contact and the resulted moment acted on each particle; (3) Based on the given movement law
(Newton's second law), calculate the motion of the particles and drive the particles to the new

positions; (4) continue the next computation cycle from (1) to (3).
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The so-called central difference method is done to solve the particle motion (Newton’s and
Euler’s equations. A brief description of the solution process of Newton’s equation based on the

standard leapfrog algorithm is adopted.

At

(1) Given a specific position vector x* at time t and the position vector x4t at time t —
At
. . U A
At, calculate the translational velocity v* ™2 attime t — é:
At xt — yt—At
vt_T = (Bl)
At
(2) Calculate the translational acceleration a® at time t:
F
pF (B2)
m
At
. . ac A
(3) Calculate the translational velocity v**z at time t + f:
At At
v'7 =177 +alAt (B3)
alculate the position vector x at time :
4) Calculate the posit tor x4 attime t + At
e+5t
xtTAt = xt + T2 AL (B4)

For Euler’s equations, based on the previous development [54], the extending leapfrog
algorithm is employed as follows:

. . _a . At
(1) Given a specific angular momentum L™z at time t — - and external resultant moment

. . A
M?' at time t, the angular momentum at time t and ¢t + 7t can be calculated as:

At At

=172 + Mt= (B5)
At At

L2 = L7 + MtAt (B6)

(2) The corresponding local angular velocity @° at the local coordinate system can be

calculated by:

ot =T11TL (B7)
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At At
otz =11rLtt 2 (B8)

where T is the rotation matrix transformed from global coordinates to local coordinates at time

t, which can be obtained by the quaternion matrix q°¢.

(3) The change rate of q¢ with respect to time t, denoted as ¢, can be calculated as:

[%] —q; —4y ][ 0
_|ax| 1 qx a, -4t 4 [w{c] (9)
=|7 ~
[qyJ 2|qy % qi —ak laA));J
qt -¢5 qt q |l@;
42t
and the quaternion matrix q 'z can be calculated as:
LAt . At
"7 =q"+¢" > (B10)
At
(4) The global angular velocity w‘*z attime ¢ +— can be calculated by:
W T = 7157 (B11)

The solution involves explicit finite difference with incremental time steps, which is dependent
on the incremental time step At. On the one hand, in the particle system, the movement of a
single particle at each time step needs to be small enough so that the movement of a single
particle only affects the surrounding particles. On the other hand, when using the central
difference method, the time step At needs to be small enough to keep the error in the particle
motion solution as small as possible. Therefore, scholars have put forward the concept of the
critical time step that the maximum time step should satisfy the numerical stability. However,
due to the complexity of the particle system, there is no unified theoretical derivation for the
determination of the critical time step. The smaller the time step is, the more accurate the
particle motion calculation is, and the more stable the numerical value is. The very accurate
calculation of the movement of each particle will not change (or improve) the simulation results

substantially, but will significantly increase the calculation time, which is obviously of no
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805  practical significance. Hence, to make simulation numerically stable, the present timestep in

806 this study will be tentatively selected based on empirical trials.
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Figure captions

Fig. 1 The digitalized models of realistic rock particle: (a) triangular mesh model obtained from 3D
laser scanning, (b) transform discrete surface vertices from Cartesian Coordinate to Spherical
Coordinate, (c) continuously representation of the discrete particle surface using the spherical harmonic
function

Fig.2 AABB of an example particle in the global Cartesian coordinate system

Fig.3 determine the potential overlapping range of spherical angles: (a) Circumscribed spheres of MG
and SG, (b) Potential overlapping range

Fig. 4 Example of surface discretization with vertices in white seeded on the within the identified
potential overlapping region: (a) full-space view, (b) half-space view

Fig. 5 Location of Q{[r'(6';,¢'))] of MG with respect to SG: (a) when MG vertex O; outside SG,
(b) when MG vertex Q; inside SG, (a) when MG vertex Q;on SG surface

Fig. 6 Definition of contact point C; for a pair of penetration points Q; and P;

Fig. 7 Definition of contact normal vector n; at contact point C;

Fig. 8 Definition of local overlapping volume V; at contact point C;: (a) whole particle view, (b) local

region view, (c) one-ring-neighbor vertices, (d) Example of VPi k+1, (€) the local overlapping

PfPI*1Qi0f 0]

volume V;, (f) the top and base facets of V;

Fig.9 Packing of some example superellipsoid particles (a) n=2.0; (b) n=1.25;(c¢) n=0.8;(d) n=0.5;
(e) {=0.5; (f) ¢=0.8;(g) ¢=1.2;(h) {=1.5

Fig. 10 Packing density for superellipsoid (a) with different n and (b) with different {

Fig. 11 Mean coordination number Z for superellipsoid (a) with different n and (b) with different
Fig. 12 Laboratory test of the angle of repose (a) container; (b) test step, (c) lift side-wall (d)
measurement of the repose angle

Fig. 13 Illustration of (a) the real crushed rock for testing and (b) the 3D virtual model obtained by the
3D laser scanner

Fig. 14 Numerical test of repose angle in SH-DEM: (a) Initial sample; (b) During testing

Fig. 15 Repose angles of samples with different contact friction coefficients: (a) contact friction =0.1;
(b) contact friction = 0.2; (c) contact friction = 0.3; (d) contact friction = 0.5

Fig. 16 Ranges of shapes and the snapshots of example crushed rocks

Fig. 17 Repose angles of samples with different particle shapes: (a) spherical particle with AR=1.0;
(b) ellipsoid particle with AR=0.65; (c) crushed rocks with AR=0.65

Fig. 18 Evolution of mean coordination number during repose angle tests for different samples

Fig. 19 Evolution of mean rotational displacement during repose angle tests for different samples
Fig. 20 Ranges of shapes and the snapshots of example crushed rocks in Group C

Fig. 21 (a) non-overlapped rock aggregates; (b) consolidated rock aggregate sample; (¢) Sheared rock
aggregate sample

Fig. 22 Comparison of deviatoric stress between (a) samples of different AR; (b) samples of different
preshear contact friction; (c) samples of different confining pressure

Fig. 23 Comparison of volumetric strain between (a) samples of different AR; (b) samples of different
preshear contact friction; (c) samples of different confining pressure
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Fig. 24 Comparison of volumetric strain between (a) samples of different AR; (b) samples of different
preshear contact friction; (c) samples of different confining pressure
Fig. 25 Comparison of percentage of sliding contact between (a) samples of different AR; (b) samples

of different preshear contact friction; (c) samples of different confining pressure
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Fig. 2 AABB of an example particle in the global Cartesian coordinate system
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¥
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Fig. 3 determine the potential overlapping range of spherical angles: (a) Circumscribed spheres of
MG and SG, (b) Potential overlapping range
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Discretized Surface Points
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Fig. 4 Example of surface discretization with vertices in white seeded on the within the identified

potential overlapping region: (a) full-space view, (b) half-space view

48



880
881

882
883

884
885

886
887
888

(64, 9:) > 1505, 91)
MG vertex Q; outside SG
(@)

(0, 9:) <7506, 9)
MG vertex Q; inside SG
(b)

rM(8;,0:) =56, 97)
MG vertex Q; on SG surfac
(©)

Fig. 5 Location of Q;[r (6;,¢':)] of MG with respect to SG: (a) when MG vertex O outside SG,
(b) when MG vertex Q; inside SG, (a) when MG vertex Q;on SG surface
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Fig. 12 Laboratory test of the angle of repose («) container; (b) test step, (c) lift side-wall (d)
measurement of the repose angle

Fig. 13 Illustration of (a) the real crushed rock for testing and () the 3D virtual model obtained by
the 3D laser scanner
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Fig. 14 Numerical test of repose angle in SH-DEM: (a) Initial sample; (b) During testing
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Fig. 15 Repose angles of samples with different contact friction coefficients: (a) contact friction =
0.1; (b) contact friction = 0.2; (¢) contact friction = 0.3; (d) contact friction = 0.5
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