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Abstract: Different from previous discrete element methods (DEM) where irregular 3D 26 

particle shapes are approximated by subspheres, vertices or voxels, this study aims to develop 27 

an innovative and computationally effective DEM method directly employing spherical 28 

harmonic functions for simulations of 3D irregular-shaped particles. First, the discrete surface 29 

points of a 3D irregular-shaped particle are represented by spherical harmonic functions with 30 

only a limited number of harmonic coefficients to restore the particle morphology. Then, the 31 

intrinsic physical quantities are computed directly using spherical harmonic functions. Next, 32 

specific algorithms for interparticle overlapping detection and contact resolution involving the 33 

spherical harmonic functions are developed. Subsequently, the interparticle contact forces, 34 

moments, and particle movements are computed. The feasibility and capability of the proposed 35 

3D method is verified by simulating random deposition of superellipsoids, repose angle tests 36 

and triaxial tests on particles with various shapes. The proposed method could pave a viable 37 

pathway for realistic modeling of granular media pertaining to various engineering and 38 

industrial processes. 39 

Keywords: Spherical harmonics; discrete element method; irregular shaped particles; 40 

micromechanics; contact detection and resolution 41 

  42 
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1 Introduction 43 

Granular materials, such as sands, gravels and rock aggregates, comprise of particles with 44 

various irregular shapes that to a large extent determine the materials’ complicated mechanical 45 

behaviors and properties [1]-[6]. Different DEM approaches were developed to consider 46 

various levels of particle shapes. For instance, for form-scale shape features, ellipses [7], 47 

ellipsoids [8][9], elongated particle models with rounded caps [10][11], and spherocylindrical 48 

particle models [12] were developed to consider the elongation effects of particles in DEM. 49 

Considering the roundness-scale shape features of realistic granular materials, superellipsoid 50 

[13], super-quadric [14], egg-shaped particles [15], polyellipsoid [16], and polysuperellipsoid 51 

[17] were developed to simulate symmetric and asymmetric shape particles with different 52 

corner sharpness. To capture the random irregularities of the granular particles, the 53 

polygon/polyhedron-based DEMs were developed by many researchers [18]-Error! Reference 54 

source not found.. For instance, Feng and Tan [19] used Minkowski-difference to model 55 

convex polygon/polyhedron particles. Their proposed method was very effective and also 56 

energy-conserving. The Minkowski difference and GJK algorithms have also been 57 

implemented for convex polyhedrons in an open-source code SudoDEM [20]. However, these 58 

DEMs can hardly replicate the concave and convex surface morphologies of realistic irregular-59 

shaped particles. 60 

To simulate concave and convex irregular-shaped particles, the clump-based DEM was first 61 

developed based on the ODEC algorithm [21][22]. Although the clump method enables the 62 

investigation of particle-shape effects on various behaviour of particle systems [23][24], the 63 
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unrealistic multiple contacts between clump-based particles could result in unreasonable 64 

simulation results [25]-[27], e.g., over-stiff and over-damped responses. Moreover, some other 65 

alternative DEM programs to improve the weakness of clump-based DEM were also proposed, 66 

e.g., the granular element method (GEM) [28], the improved NURBS-based DEM [29], the 67 

LS-DEM [30]. Nevertheless, when dealing with particles with distinctive sizes and huge 68 

numbers, these methods would be computationally expensive.  69 

To overcome the abovementioned problems, Lai et al. [31] first developed the FS-DEM to 70 

simulate 2D irregular-shaped particles. In the FS-DEM, the arbitrary 2D particle outlines can 71 

be continuously described using the Fourier series. However, their study was constrained in 2D 72 

plane. There are very limited studies on exploring the possibility of incorporating the harmonic 73 

series into DEM to simulate 3D irregular-shaped particles [2][6]. Furthermore, Feng et al. 74 

established a generic contact theory for arbitrary shaped particles [32]. Recently, more advanced 75 

algorithms were proposed by Feng [33][34] to ensure that the energy is conserved for elastic 76 

impact, leading to robust simulations of real problems involving arbitrarily shaped particles. 77 

Some successful implementations in both FDEM [35]-[38] and DEM [39][40] have also been 78 

conducted to resolve the explicit dynamics of irregular and real shape particles. Overall, it 79 

remains a challenge to model arbitrary shapes of realistic particles in DEM.  80 

Accordingly, in this study, spherical harmonics, as a well-known higher-dimensional analogy 81 

of the Fourier-series, is employed to develop an innovative spherical harmonics-based discrete 82 

element method (SH-DEM) for simulating 3D irregular-shaped particles. First, the discrete 83 

surface points of a 3D irregular-shaped particle are represented by the spherical harmonic 84 
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function, where only a limited number of harmonic coefficients are required to restore the 85 

particle morphology. Then, the intrinsic physical quantities, which are necessary for 86 

computational mechanics, are computed directly using the spherical harmonic function. Next, 87 

specific algorithms for overlapping detection and contact resolution are developed for SH-based 88 

particles. Subsequently, the computation of the interparticle contact forces, moments, and 89 

particle movements is implemented. Finally, several numerical simulations are performed to 90 

illustrate the feasibility and capability of the proposed SH-DEM. 91 

2 SH-based irregular-shaped particle model in DEM 92 

2.1 Spherical-harmonic-transform of the particle surface 93 

Several advanced techniques, such as X-ray tomography [1] and 3D laser scanning [6], have 94 

been employed to acquire the 3D surface information for realistic particles. Since the early 95 

2000s, researchers have started to implement the acquisition and modelling of particle systems 96 

with real shapes [41]. As illustrated in Fig. 1 (a), the obtained 3D surface data is commonly in 97 

the format of triangular meshes, which is a typical discretized 3D surface model. As illustrated 98 

in Fig. 1 (b), the discrete vertices coordinate of the triangular mesh model determines the 99 

morphology of the irregular-shaped particle. In order to implement spherical harmonic 100 

transformation, the geometrical center of the particle is set as the origin of the spherical 101 

coordinate system and the coordination transformation process is performed to transform all 102 

the discrete vertices (𝑥, 𝑦, 𝑧) of triangular meshes into spherical coordinates (𝜃, 𝜑, 𝑟). Once 103 

the spherical coordinates of a particle are obtained, the spherical harmonic function can then be 104 
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used to process the data. The spherical harmonic function is a well-known higher-dimensional 105 

analogy of Fourier series, defined on the surface of a sphere. Based on the spherical harmonic 106 

function, the surface coordinates 𝑟(𝜃, 𝜑) of a particle can be expressed as the superimposition 107 

of a series of spherical harmonic basis functions: 108 

𝑟(𝜃, 𝜑) = ∑ ∑ 𝑎𝑛
𝑚𝑌𝑛

𝑚(𝜃, 𝜑)

𝑛

𝑚=−𝑛

𝑁

𝑛=0

 (1) 

where 𝑁 is the highest order number of the spherical harmonic basis functions; 𝜃 ∈ [0, 𝜋] 109 

and 𝜑 ∈ [0,2𝜋]; 𝑌𝑛
𝑚(𝜃, 𝜑) represents the harmonic basis function of order 𝑛 and degree 𝑚; 110 

𝑎𝑛
𝑚  is the coefficient corresponding to 𝑌𝑛

𝑚(𝜃, 𝜑) . A group of 𝑁  harmonics contains 111 

(𝑁 + 1)2 number of 𝑎𝑛
𝑚 and 𝑌𝑛

𝑚(𝜃, 𝜑). The basic function 𝑌𝑛
𝑚(𝜃, 𝜑) is defined as: 112 

𝑌𝑛
𝑚(𝜃, 𝜑) = √

(2𝑛 + 1)(𝑛 − |𝑚|)!

4𝜋(𝑛 + |𝑚|)!
𝑃𝑛

𝑚(cos 𝜃)𝑒𝑖𝑚𝜑 (2) 

where 𝑃𝑛
𝑚(𝑥) is the related Legendre polynomial: 113 

𝑃𝑛
𝑚(𝑥) = (−1)|𝑚| ∙ (1 − 𝑥2)

|𝑚|
2 ∙

𝑑|𝑚|𝑃𝑛(𝑥)

𝑑𝑥|𝑚|
 (3) 

in which 𝑃𝑛(𝑥) is the 𝑛𝑡ℎ order Legendre polynomial: 114 

𝑃𝑛  (𝑥) =
1

2𝑛𝑛! 
𝑑𝑛[(𝑥2 − 1)𝑛]

𝑑𝑥𝑛
 (4) 

Assume that there are a total of 𝑁𝑃  points on the particle surface. Substituting these 𝑁𝑃  115 

spherical coordinates 𝑟(𝜃, 𝜑) into Eq. (4), we can obtain 𝑁𝑃 linear equations: 116 
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{
 
 
 
 
 
 

 
 
 
 
 
 𝑟1 = ∑ ∑ 𝑎𝑛

𝑚𝑌𝑛
𝑚(𝜃1, 𝜑1)

𝑛

𝑚=−𝑛

𝑁

𝑛=0

⋮
⋮

𝑟𝑖 = ∑ ∑ 𝑎𝑛
𝑚𝑌𝑛

𝑚(𝜃𝑖, 𝜑𝑖)

𝑛

𝑚=−𝑛

𝑁

𝑛=0

⋮
⋮

𝑟𝑁𝑃
= ∑ ∑ 𝑎𝑛

𝑚𝑌𝑛
𝑚(𝜃𝑁𝑃

, 𝜑𝑁𝑃
)

𝑛

𝑚=−𝑛

𝑁

𝑛=0

 (5) 

In Eq. (5), 𝑟1  ~ 𝑟𝑁𝑃
  and 𝑌𝑛

𝑚(𝜃1, 𝜑1)  ~ 𝑌𝑛
𝑚(𝜃𝑁𝑃

, 𝜑𝑁𝑃
)  are all known while there are 117 

(𝑁 + 1)2 unknown coefficients 𝑎𝑛
𝑚. It is worth noting that, according to the previous studies 118 

[1], N = 15 is probably sufficient to represent the particle morphology. Since 𝑁𝑃 can always 119 

be much larger than (𝑁 + 1)2, it is easy to solve these coefficients with 𝑁𝑃 equations through 120 

least-squares estimation. 121 

2.2 Representation of particle surface by inverse SHT 122 

After (𝑁 + 1)2 harmonic coefficients are obtained for the discrete surface points of a target 123 

particle, as detailed in Section 2.1, we can use the (𝑁 + 1)2 harmonic functions to represent 124 

the discretized surface points as a continuous closed surface. This process, namely the inverse 125 

operation of spherical harmonic transformation, is described as follows: 126 

(1) Assume a random point 𝑃𝑖(𝑟𝑖, 𝜃𝑖 , 𝜑𝑖) with polar radius 𝑟𝑖 and polar angle (𝜃𝑖 , 𝜑𝑖) is on 127 

the particle surface. When 𝑁𝑃  surface points are required, 𝑁𝑃  unit vertices 128 

[(1, 𝜃1, 𝜑1),⋯ , (1, 𝜃𝑖 , 𝜑𝑖),⋯ , (1, 𝜃𝑁𝑃
, 𝜑𝑁𝑃

)] uniformly surrounding the origin of the spherical 129 

coordinate system is determined based on the antipodal symmetry based scheme as adopted in 130 
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the our previous work [3]. These unit vertices can be regarded as a series of points equally 131 

distributed on a sphere. Then, based on the spherical harmonic function, compute the 132 

corresponding surface points [(1, 𝜃1, 𝜑1),⋯ , (1, 𝜃𝑖 , 𝜑𝑖),⋯ , (1, 𝜃𝑁𝑃
, 𝜑𝑁𝑃

)] on the particle. It 133 

should be noted that 𝑁𝑃 needs to be sufficiently large if a high-quality 3D triangular mesh 134 

model is required. 135 

(2) Substitute (𝜃𝑖, 𝜑𝑖)  into Eq. (3) to obtain the corresponding 𝑌𝑛
𝑚(𝜃𝑖 , 𝜑𝑖) . For a certain 136 

harmonic order 𝑛 , superimpose (2𝑛 + 1)  𝑎𝑛
𝑚𝑌𝑛

𝑚(𝜃, 𝜑)  together, where 𝑚  is the integer 137 

varying from −𝑛 to 𝑛. Repeat this process from 𝑛 = 1 to 𝑁, and superimpose them to obtain 138 

the final result of 𝑟(𝜃, 𝜑). 139 

(3) Finally, the coordinate transform can be used to obtain the Cartesian coordinates (𝑥𝑖 , 𝑦𝑖, 𝑧𝑖) 140 

of the particle surface. Fig. 1 (c) illustrated the reconstructed SH-based model. Since the above-141 

detailed inverse SHT process can be used to calculate the coordinates of any surface points 𝑃𝑖, 142 

the 3D irregular-shaped particle surface can thus be continuously represented by the spherical 143 

harmonic function. 144 

2.3 Intrinsic physical quantities of SH-based particle 145 

The intrinsic physical quantities, such as the mass and moment of inertia, for each SH-based 146 

particle, can be directly calculated from the adopted spherical harmonic functions that are used 147 

to generate the corresponding particle. 148 

(1) Mass of a 3D irregular-shaped particle 149 
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The mass of a 3D irregular-shaped particle with uniform density 𝜌 can be computed by: 150 

𝑚 = 𝜌 ∙ 𝑉 (6) 

where 𝑉  is the volume of the SH-based particle. In the proposed SH-DEM approach, the 151 

volume of the particle can be calculated by integrating the radical distance 𝑟 over the spherical 152 

angles 𝜃, 𝜑: 153 

𝑉 =
1

3
∫ ∫ 𝑟(𝜃, 𝜑)3

2𝜋

0

𝜋

0

sin(𝜃)𝑑𝜑 𝑑𝜃 (7) 

where the radical distance 𝑟  at any spherical angle pair (𝜃, 𝜑 ) can be obtained using the 154 

spherical harmonic function, as given in Eq. (1). 155 

(2) Moment of inertia 156 

For an SH-based particle, the moment of inertia around three Cartesian coordinate axes can be 157 

expressed as a tensor 𝑰: 158 

𝑰 = [

𝐼𝑥𝑥 −𝐼𝑥𝑦 −𝐼𝑥𝑧

−𝐼𝑥𝑦 𝐼𝑦𝑦 −𝐼𝑦𝑧

−𝐼𝑥𝑧 −𝐼𝑦𝑧 𝐼𝑧𝑧

] (8) 

where 𝐼𝑥𝑥, 𝐼𝑥𝑦, 𝐼𝑦𝑧, 𝐼𝑦𝑦, 𝐼𝑥𝑧 and 𝐼𝑧𝑧 can be calculated by: 159 

𝐼𝑥𝑥 =
1

5
𝜌∫ ∫ 𝑟(𝜃, 𝜑)5

2𝜋

0

𝜋

0

sin(𝜃) ((sin(𝜃) sin(𝜑))2 + (cos(𝜃))2)𝑑𝜑𝑑𝜃 

(9) 

𝐼𝑦𝑦 =
1

5
𝜌∫ ∫ 𝑟(𝜃, 𝜑)5

2𝜋

0

𝜋

0

sin(𝜃) ((sin(𝜃) cos(𝜑))2 + (cos(𝜃))2)𝑑𝜑𝑑𝜃 
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𝐼𝑧𝑧 =
1

5
𝜌∫ ∫ 𝑟(𝜃, 𝜑)5

2𝜋

0

𝜋

0

sin(𝜃)3 𝑑𝜑𝑑𝜃 

𝐼𝑥𝑦 =
1

5
𝜌∫ ∫ 𝑟(𝜃, 𝜑)5

2𝜋

0

𝜋

0

sin(𝜃)3cos(𝜑)sin(𝜑) 𝑑𝜑𝑑𝜃 

𝐼𝑥𝑧 =
1

5
𝜌 ∫∫ 𝑟(𝜃, 𝜑)5

2𝜋

0

𝜋

0

sin(𝜃)2cos(𝜃) cos(𝜑) 𝑑𝜑𝑑𝜃 

𝐼𝑦𝑧 =
1

5
𝜌 ∫∫ 𝑟(𝜃, 𝜑)5

2𝜋

0

𝜋

0

sin(𝜃)2cos(𝜃)sin(𝜑) 𝑑𝜑𝑑𝜃 

It is worth noting that, the tensor I needs to be computed first based on a coordinate system 160 

(whatever it is), then the principal moment axes are obtained to form a local coordinate system. 161 

Finally, the SH-based particles will always be rotated at the local frame where each principal 162 

moment of inertia is along one coordinate axis. 163 

3 Computation of interactions between SH-based particles 164 

In this section, we develop unique algorithms for overlapping detection and contact resolution 165 

of SH-based particles. First, the spherical harmonic function is combined with the node-to-166 

surface approach to examine the overlapping condition between two collision candidate 167 

particles. Second, the contact point and contact normal vector of each penetration node can be 168 

quickly calculated based on the proposed scheme in the SH-DEM. Third, the normal contact 169 

force is computed for each penetration node based on the volumetric normal contact stiffness 170 

and local overlapping volume. 171 
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3.1 Overlapping detection for 3D irregular-shaped particle 172 

(1) Global overlapping detection 173 

In the first stage, irregular-shaped particles are circumscribed by the axis-aligned bounding 174 

boxes (AABBs). The boundaries (𝑋𝑚𝑖𝑛, 𝑋𝑚𝑎𝑥, 𝑌𝑚𝑖𝑛, 𝑌𝑚𝑎𝑥, 𝑍𝑚𝑖𝑛, 𝑍𝑚𝑎𝑥) of the AABB for a 3D 175 

irregular-shaped particle are illustrated in Fig. 2. Then, the modeling domain is divided into 176 

𝑁𝑏𝑥 × 𝑁𝑏𝑦 × 𝑁𝑏𝑧 cubic bins. Next, the obtained AABBs are entered into cells (i.e., spatial bins) 177 

in the cell space based on an enlarged extent (i.e., cell extent). Once the cell extents of two 178 

particles overlap, the two particles are considered as a collision candidate. More specifically, if 179 

a particle shares at least one single cell bin with one of its neighbors, further detection is 180 

required to examine the potential collision between them. 181 

(2) Local overlapping detection 182 

The spherical harmonic function is combined with the node-to-surface approach to examine the 183 

local overlapping condition if two neighboring particles are detected as potentially overlapped 184 

using the global overlapping detection algorithm. The node-to-surface scheme has previously 185 

been employed in finite element methods [42][43] as well as discrete element methods [30][44] 186 

to deal with the contact problems between irregular-shaped particles where the contact interface 187 

is non-convex shape and multiple contact points may exist. The detailed procedure for the local 188 

overlapping detection is as follows: 189 

Step 1: If two neighboring particles are detected as potentially overlapping at the global 190 

overlapping detection stage, select the particle with a smaller volume as a Master Grain (MG), 191 
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while the other is regarded as the Slave Grain (SG). Then, as illustrated in Fig. 3, under the local 192 

spherical coordination system of the MG (in blue), determine the potential overlapping range 193 

(in red) of spherical angles where the circumscribed spheres of the two particles intersect. 194 

Step 2: As illustrated in Fig. 4, the SG is represented by the spherical harmonic function 195 

𝑟𝑆(𝜃, 𝜑), while the particle surface of the MG in the potential overlapping range is discretized 196 

into triangular meshes with a certain number of vertices 𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)], which are seeded on 197 

the particle surface at a uniform interval based on the antipodal symmetry based scheme as 198 

adopted in our previous work [3]. It is worth noting that the density of the discretized nodes on 199 

the MG can be quantitatively controlled and easily increased if more accurate modeling 200 

resolution is required. 201 

Step 3: Transform each of the discretized vertices on the MG from its local coordinate system 202 

into the local spherical coordinate system of the SG, 𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)]. Then, as illustrated in Fig. 203 

5, the overlapping condition is determined by checking each 𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)] against the SH-204 

based surface function 𝑟𝑆(𝜃, 𝜑) of the SG for penetration. If 𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)] > 𝑟𝑆(𝜃𝑖 , 𝜑𝑖), the 205 

vertex 𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)]  is outside the surface of the SG. If 𝑄𝑖[𝑟𝑖

𝑀(𝜃𝑖, 𝜑𝑖)] = 𝑟𝑆(𝜃𝑖, 𝜑𝑖) , 206 

𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)]  lies on the surface of the SG. If 𝑟𝑖

𝑀(𝜃𝑖, 𝜑𝑖) < 𝑟𝑆(𝜃𝑖, 𝜑𝑖) , vertex 207 

𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)]  penetrates the boundary of the SG. If any of the node 𝑄𝑖  is detected to 208 

penetrate the SG, the overlap between MG and SG is then identified. It is noted that the density 209 

of the discretized vertices on the potential overlapping region of the MG will not influence the 210 

underlying surface morphology of the original particle, which is represented by its spherical 211 

harmonic function, but the accuracy and computational cost will be affected. 212 
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3.2 Contact resolution for 3D irregular-shaped particle 213 

As mentioned in the previous subsection, if overlapping is identified, the penetrating vertices 214 

𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖, 𝜑𝑖)] of MG with 𝑟𝑖

𝑀(𝜃𝑖, 𝜑𝑖) < 𝑟𝑆(𝜃𝑖 , 𝜑𝑖) can be extracted for the computation of 215 

contact points and inter-particle forces. For each penetrating vertex 𝑄𝑖[𝑟𝑖
𝑀(𝜃𝑖 , 𝜑𝑖)] of the MG 216 

inside the SG, there is a corresponding vertex 𝑃𝑖[𝑟
𝑆(𝜃𝑖, 𝜑𝑖)] on the SG by directly substituting 217 

(𝜃𝑖 , 𝜑𝑖) into the spherical harmonic function of 𝑟𝑆(𝜃, 𝜑) of SG. For each pair of vertices 𝑄𝑖 218 

and 𝑃𝑖, the contact point 𝐶𝑖, contact normal vector 𝑛⃑ 𝑖, and local overlapping volume 𝑉𝑖 can 219 

be defined as follows: 220 

(1) Contact point 𝐶𝑖 221 

As illustrated in Fig. 6, the midpoint of the penetration points 𝑄𝑖 and 𝑃𝑖 is defined as the 222 

contact point 𝐶𝑖 for the local overlapping region of 𝑄𝑖𝑃𝑖, i.e., 𝐶𝑖 = (𝑄𝑖 + 𝑃𝑖) 2⁄ . 223 

(2) Contact normal vector 𝑛⃑ 𝑖 224 

As illustrated in Fig. 7, the sum of the outward normal vector 𝒏⃑⃑ 𝑖
𝑄

 at vertex 𝑄𝑖 on the surface 225 

of MG and the inward normal vector 𝒏⃑⃑ 𝑖
𝑃 at 𝑃𝑖 on the surface of SG are computed to define 226 

the contact normal vector 𝑛⃑ 𝑖: 227 

𝒏⃑⃑ 𝑖 =
𝒏⃑⃑ 𝑖

𝑄 + 𝒏⃑⃑ 𝑖
𝑃

‖𝒏⃑⃑ 𝑖
𝑄 + 𝒏⃑⃑ 𝑖

𝑃‖
 (10) 

where 𝒏⃑⃑ 𝑖
𝑄

 is the inward normal vector at vertex 𝑄𝑖 on the MG, and 𝒏⃑⃑ 𝑖
𝑃 is the outward normal 228 

vector at vertex 𝑃𝑖 on the SG. 229 
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The contact normal vector is simple and easy to compute due to the formulation of the spherical 230 

harmonic function, whose outward normal vector at any spherical angle (𝜃, 𝜑) can be easily 231 

obtained by: 232 

𝒏⃑⃑ (𝜃, 𝜑) = (−
𝜕 𝑹⃑⃑ (𝜃, 𝜑)

𝜕𝜃
×

𝜕 𝑹⃑⃑ (𝜃, 𝜑)

𝜕𝜑
) (11) 

where 𝑹⃑⃑ (𝜃, 𝜑)  is the position vector of the vertex, which is represented in the Cartesian 233 

coordinate system as: 234 

𝑹⃑⃑ (𝜃, 𝜑) = [𝑟(𝜃, 𝜑) cos 𝜃 cos𝜑 , 𝑟(𝜃, 𝜑) cos 𝜃 sin𝜑 , 𝑟(𝜃, 𝜑) sin 𝜃] (12) 

(3) Local overlapping volume 𝑉𝑖 235 

As illustrated in Fig. 8, the local overlapping volume 𝑉𝑖 can be computed by: 236 

𝑉𝑖 =
1

3
∑𝑉

𝑃𝑖𝑃𝑖
𝑘𝑃𝑖

𝑘+1𝑄𝑖𝑄𝑖
𝑘𝑄𝑖

𝑘+1 (13) 

where (𝑄𝑖
𝑘, 𝑄𝑖

𝑘+1) is the 𝑘𝑡ℎ pair of the one-ring neighboring vertex of 𝑄𝑖 on the MG, the 237 

definition of one-ring neighboring vertex has been detailed in our previous work [5]; 238 

(𝑃𝑖
𝑘, 𝑃𝑖

𝑘+1) are the vertices on the SG that correspond to (𝑄𝑖
𝑘, 𝑄𝑖

𝑘+1), which can be obtained 239 

by directly substituting (𝜃𝑖
𝑘 , 𝜑𝑖

𝑘 ) and (𝜃𝑖
𝑘+1, 𝜑𝑖

𝑘+1 ) into the spherical harmonic function of 240 

𝑟𝑆(𝜃, 𝜑) of SG. As shown in Fig. 8 (d), 𝑉
𝑃𝑖𝑃𝑖

𝑘𝑃𝑖
𝑘+1𝑄𝑖𝑄𝑖

𝑘𝑄𝑖
𝑘+1 is the volume of the polyhedron 241 

formed by the six vertices. As shown in Fig. 8 (e), the local overlapping volume 𝑉𝑖 is formed 242 

by 𝑄𝑖, 𝑃𝑖, and the midpoints between their one-ring neighboring vertices. 243 



15 

 

3.3 Force and moment for 3D irregular-shaped particle 244 

Different from the existing clump-based [21] and polyhedral-based [20] DEM, in the proposed 245 

SH-DEM, the contact forces between the identified neighboring particles are computed based 246 

on the defined contact point, normal contact direction, and local overlapping volume at each 247 

penetration node. The volume-based contact model is employed in the proposed SH-DEM to 248 

compute the normal contact force. It is worth noting that, as suggested by Feng [32]-[34], the 249 

conventional volume-based contact models may have a problem of energy increase for an 250 

elastic impact and thus becomes a source of potentially numerical instability. Thus, the energy-251 

conserving contact theory [32]-[34] will be incorporated into the SHDEM in the future work to 252 

enhance the reliability and accuracy of the simulation. 253 

The normal contact force at the contact point 𝑄𝑖
′ resulting from the corresponding SG to MG 254 

is formulated as: 255 

𝑭⃑⃑ 𝑛,𝑖
𝑀 = 𝑘𝑛𝑉𝑖

′𝒏⃑⃑ 𝑖
′ (14) 

where 𝑘𝑛  is the volumetric normal contact stiffness. If the material properties of the two 256 

touching irregular-shaped particles are different, 𝑘𝑛 can be determined by: 257 

𝑘𝑛 =
𝑘𝑛

𝑀𝑘𝑛
𝑆

𝑘𝑛
𝑀 + 𝑘𝑛

𝑆 (15) 

where the superscripts 𝑀 and 𝑆 denote the master grain and slave grain in contact. 258 

By action and reaction, the resulting normal contact force at the contact point 𝐶𝑖
′ from the 259 

corresponding MG to SG can be computed as: 260 
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𝑭⃑⃑ 𝑛,𝑖
𝑆 = −𝑭⃑⃑ 𝑛,𝑖

𝑀  (16) 

Similar to other existing DEM algorithms, the tangential contact force is determined by the 261 

Coulomb friction model. To calculate the resultant tangential contact force 𝑭⃑⃑ 𝑡,𝑖
𝑀  at the contact 262 

point 𝐶𝑖
′ from SG to MG, the relative velocity 𝒗⃑⃑ 𝑖

𝑀 of 𝐶𝑖
′ to the SG is: 263 

𝒗⃑⃑ 𝑖
𝑀 = 𝒗⃑⃑ 𝑀 + 𝝎𝑀 × (𝑪𝑖

′ − 𝒄𝑀) − 𝒗⃑⃑ 𝑆 − 𝝎𝑆 × (𝑪𝑖
′ − 𝒄𝑆) (17) 

where 𝒗⃑⃑ 𝑀 and 𝝎𝑀 are the translational and angular velocities of the MG, 𝒗⃑⃑ 𝑆 and 𝝎𝑆 are 264 

the translational and angular velocities of the SG, 𝒄𝑀 and 𝒄𝑆 are the mass centers of the MG 265 

and SG, respectively.  266 

Then, the incremental tangential displacement ∆𝑢 of the MG at the contact point 𝐶𝑖
′ relative 267 

to the SG is: 268 

∆𝑢 = [𝒗⃑⃑ 𝑖
𝑀 − (𝒗⃑⃑ 𝑖

𝑀𝒏⃑⃑ 𝑖
′)𝒏⃑⃑ 𝑖

′]∆𝑡 (18) 

Next, the tangential force from the SG on the MG at the contact point 𝐶𝑖
′ after ∆𝑡 is updated 269 

as: 270 

𝑭⃑⃑ 𝑡,𝑖
𝑀 =

𝒁𝑭⃑⃑ 𝑡,𝑖
𝑀

′

‖𝒁𝑭⃑⃑ 𝑡,𝑖
𝑀

′
‖

min {‖𝒁𝑭⃑⃑ 𝑡,𝑖
𝑀

′
− 𝑘𝑡∆𝑢‖ , 𝜇‖𝑭⃑⃑ 𝑛,𝑖

𝑀 ‖} (19) 

where Z is the rotation matrix that rotates the normal vector 𝒏⃑⃑ 𝑖
′ at the current time step to the 271 

normal vector at the previous time step, 𝑘𝑡 is the tangential contact stiffness, and 𝜇 is the 272 

inter-particle friction coefficient. The occurrence of slide events at the contact is determined by 273 

the sliding friction model. If ‖𝒁𝑭⃑⃑ 𝑡,𝑖
𝑀𝑆′

− 𝑘𝑡∆𝑢‖ is greater than 𝜇‖𝑭⃑⃑ 𝑛,𝑖
𝑀𝑆‖, the slide event occurs 274 
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at the contact and 𝑭⃑⃑ 𝑡,𝑖
𝑀𝑆 is reduced to 𝜇‖𝑭⃑⃑ 𝑛,𝑖

𝑀𝑆‖. 275 

By action and reaction, the tangential force from MG on SG at the contact point 𝐶𝑖
′ is 276 

𝑭⃑⃑ 𝑡,𝑖
𝑆 = −𝑭⃑⃑ 𝑡,𝑖

𝑀  (20) 

The moment 𝑴⃑⃑⃑ 𝑖
𝑀  contributed by the normal and tangential contact force 𝑭⃑⃑ 𝑛,𝑖

𝑀  , 𝑭⃑⃑ 𝑡,𝑖
𝑀   at the 277 

contact point 𝐶𝑃𝑖
M, resulting from the SG to the MG, is formulated by: 278 

𝑴⃑⃑⃑ 𝑖
𝑀 = (𝑪𝑖

′ − 𝒄𝑀) × (𝑭⃑⃑ 𝑡,𝑖
𝑀 + 𝑭⃑⃑ 𝑛,𝑖

𝑀 ) (21) 

Similarly, the moment 𝑴⃑⃑⃑ 𝑖
𝑆 contributed by the normal and tangential contact force 𝑭⃑⃑ 𝑛,𝑖

𝑆 , 𝑭⃑⃑ 𝑠,𝑖
𝑆  279 

at the contact point 𝐶𝑖
′, resulting from the MG to the SG, is formulated by: 280 

𝑴⃑⃑⃑ 𝑖
𝑆 = (𝑪𝑖

′ − 𝒄𝑆) × (𝑭⃑⃑ 𝑡,𝑖
𝑆 + 𝑭⃑⃑ 𝑛,𝑖

𝑆 ) (22) 

3.4 Particle kinematics and computational scheme 281 

To simulate the kinematics of a large number of 3D irregular-shaped particles, the explicit time 282 

step approach is employed to compute the motion of the SH-based particles. The law of force-283 

displacement (constitutive contact law) and the law of motion (Newton's second law) are used 284 

to calculate the contact force between particles and the movement of each particle at each time 285 

step, respectively. The computation of particle kinematics in the SH-DEM is detailed in 286 

Appendix A. 287 

It is important to note that, to minimize the computational cost, the spherical harmonic function 288 

and corresponding discretized vertices of each SH-based particle are never updated as the 289 
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particle moves; each spherical harmonic function remains in a reference configuration. To 290 

accommodate this constraint, when computing the contact, the discretized nodes of the MG are 291 

first transformed temporarily from its local spherical coordinate system into the global 292 

Cartesian coordinate frame and are subsequently transformed temporarily into the reference 293 

configuration of the SG. In the local spherical coordinate system of the SG, the contact forces 294 

and moments are computed and then tranformed back to the global coordinate system. 295 

The whole computation procedure for irregular-shaped particle kinematics in the SH-DEM, 296 

which follows conventional DEM codes, is detailed in Appendix B. The proposed SH-DEM 297 

exhibits great efficiency in updating the irregular particle information at each time-step. Since 298 

each particle is represented by the spherical harmonic function, it only requires a few variables 299 

(i.e., the position of the particle center and the rotation angle of the local particle coordinate 300 

with reference to the global specimen coordinate) to restore the irregular 3D particle shapes. 301 

The harmonic coefficients remain constant and are independent of the particle motion and 302 

kinematics. 303 

4 Numerical examples 304 

4.1 Random packing of superellipsoid particles 305 

Simulating the random packing of aspherical particles, e.g., superellipsoids, has been a hot issue 306 

among granular researchers [13][50][51] for many years. Through various laboratory 307 

experiments and numerical simulations, it has been revealed by many researchers that 308 

elongation and flatness play a significant role in both packing density and microscopic 309 
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structures of super-ellipsoid particles. Therefore, before simulating realistic irregular-shaped 310 

particles, we first focus on the random packing of ellipsoid particles to examine the consistency 311 

of SH-DEM simulations with existing studies. In this section, we focus on a typical type of 312 

super-ellipsoid particles with various form and blockiness shapes, which are determined by the 313 

shape control parameters 𝜂 and 𝜁: 314 

|
𝑥

𝜂𝑐
|

2
𝜁
+ |

𝑦

𝜂𝑐
|

2
𝜁
+ |

𝑧

𝑐
|

2
𝜁
= 1 (23) 

where 𝜂 determines the form shape, 𝜁 determines the blockiness shape, and 𝑐 determines 315 

the particle size. The adopted shapes generated by Eq. (23) are all special cases of super-316 

quadrics [50][51]. 317 

In this section, we aim to reproduce the packing features of superellipsoid particles with 𝜂 318 

varying from 0.4 to 2.5 while 𝜁 varying from 0.5 to 1.5. To ensure that the simulated packing 319 

features are only affected by the shape, the other particle properties are set to the same values 320 

for all simulation scenarios. The particle size 𝑟 , defined as the radius of the sphere with 321 

equivalent volume) for each particle, is set as 10mm. The DEM simulation parameters are listed 322 

in Table 1, which are typical values for the simulation of rock aggregates in previous works 323 

[13][45]. To balance the modeling accuracy and the computational cost, N is set to 20 and Np 324 

is set to 8000. 325 

The gravitational layer-by-layer deposition approach is employed to simulate the random 326 

packing of superellipsoid particles. Each sample consists of 1200 non-overlapping particles, 327 
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i.e., 12 layers of 100 particles are sequentially added to a box. The box used to contain the 328 

particles is 100 mm in width and 100 mm in length. The height is set to 150 mm to facilitate 329 

enough space to allocate each layer of non-overlapping particles above existing particles. For 330 

each layer, 100 particles of 10 mm in diameters with random locations and orientations are 331 

distributed without overlapping in the box. When the existing particles reach an assumed 332 

equilibrium state, the next layer of particles is added sequentially. Fig. 9 shows some final 333 

packings for an initial observational comparison. 334 

In the present study, two groups of particle shapes controlled by 12 values of 𝜂 (Group A) and 335 

12 values of 𝜁 (Group B) are simulated to examine the macroscopic property - packing density. 336 

The simulation results are detailed as follows: 337 

The packing density 𝜌 of a granular particle assembly can be calculated as the volumetric 338 

percentage of the solid particles versus the total volume of the particle assembly, including 339 

particles and voids. As shown in Fig. 10 (a), for group A, the evolution of packing density versus 340 

increasing value of 𝜂 for superellipsoid particles with 𝜁 = 1 are plotted and compared with 341 

the existing studies [13][46][47]. It can be seen in the figure that the trend is consistent with the 342 

results of other simulation studies in the previous literature. In general, all studies show two 343 

peak values of packing density. The first peak value of packing density exists when 𝜂  is 344 

approximately 0.6, and the second peak value of packing density can be observed when 𝜂 345 

reaches approximately 1.5. This evolution trend of packing density versus 𝜂 can be described 346 

as an “M” shaped relationship. This “M” shaped relationship between packing density and 𝜂 347 

is obviously observed in both the present and existing simulations. As shown in Fig.10 (b), for 348 
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group B, the evolution of packing density versus increasing value of 𝜁  for superellipsoid 349 

particles with 𝜂 = 1  are plotted and compared with the existing studies [13][48][49]. It is 350 

observed that there is a valley in the 𝜁-𝜌 curve, i.e., the particles with 𝜁 = 1 exhibit the lowest 351 

packing density. When 𝜁  increases from 0.3 to 1.0, the packing density shows a negative 352 

relationship with 𝜁 . When 𝜁  further increases to be larger than 1.0, the packing density 353 

becomes positively related to 𝜁 . This “V” shaped trend was also reported in previous 354 

simulations [13][48][49]. 355 

4.2 Repose angle tests of real crushed rock aggregates 356 

The repose angle is a well-acknowledged physical property that has been employed by many 357 

researchers to calibrate the inter-particle friction coefficient of granular materials needed for 358 

DEM analysis. In this study, laboratory experiments for measuring the repose angle of crushed 359 

rocks are conducted, and the results are used to verify the validity of the developed SH-DEM 360 

program. The repose angle tests are conducted inside a container with glass sidewalls and a 361 

stone base, whose dimensions are 10 cm in width, 40 cm in length, and 20 cm in height, as 362 

shown in Fig. 11 (a). The crushed rocks are granite, with average aggregate sizes of 20 mm in 363 

diameter. In the test, approximately 300 crushed rocks are poured into the right part of the 364 

container, which is supported by a sidewall (baffle) at right, as shown in Fig. 11 (b). The 365 

dimensions of the rock assembly are kept as 10 cm in width, 10 cm in length, and 20 cm in 366 

height. Then, to ensure an optimal spreading of the material, the sidewall is lifted using a small 367 

velocity, as shown in Fig. 11 (c). During wall lifting, the crushed rocks collapse, roll and form 368 

a slope under gravity. Finally, after the collapsed crushed rocks stabilized, the repose angle is 369 
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measured using an angular ruler, as illustrated in Fig. 11 (d). The tests are repeated 20 times, 370 

and the experimental results reveal that the tested crushed rocks have an average repose angle 371 

of approximately 38.9°. 372 

A numerical analysis of the angle of repose is performed using the proposed SH-DEM. As 373 

shown in Fig. 12, the real crushed rocks are first scanned using the 3D laser scanner, and the 374 

surface cloud points are imported into the SH-DEM to obtain realistic SH-based rock 375 

aggregates. The simulation process follows the same sequence as the laboratory experiment. 376 

First, the initial numerical samples for testing are prepared by sequentially adding the randomly 377 

selected SH-based real rocks into the right-side container, which consists of four virtual 378 

sidewalls in the DEM. At this stage, contact frictions are all set to 0.0 to guarantee a relatively 379 

dense packing condition. Other DEM simulation parameters follow previous studies, as listed 380 

in Table 1. As shown in Fig. 13 (a), the dimension of the initial sample is the same as the real 381 

case. During the simulation, the contact friction coefficient between rocks (aggregate to 382 

aggregate and aggregate to base-wall) is set to a specific value, and then the simulated baffle 383 

(in red) is slowly lifted, as shown in Fig. 13 (b). For each value of the contact friction coefficient, 384 

the tests are repeated 20 times to compute a mean repose angle, and the contact friction 385 

coefficient is incrementally changed to bring the simulated mean repose angle close to the 386 

average laboratory-measured value. Fig. 14 illustrates the repose angles of the samples with 387 

different contact friction coefficients. The results indicate that the contact friction coefficient 388 

should be taken as approximately 0.3 to simulate the realistic repose angle of crushed rocks. 389 

The macroscopic and microscopic properties of rock aggregate assemblies are of great 390 
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importance to assessing engineering behaviors of the geo-body and the construction-body, e.g., 391 

slope, foundation, embankment, etc. Many researchers have reported that there are many factors, 392 

e.g., confining pressure, initial void ratio, and aggregate shape can significantly influence on 393 

the macro- and micromechanical properties of crushed rocks. In this section, we aim to examine 394 

the shape effects on the macro- and micromechanical properties of the rock assemblies during 395 

repose angle tests. Three simulations were conducted with crushed rock aggregates of various 396 

shapes. Fig. 15 shows the ranges of shapes and the snapshots of example aggregates, where 397 

sample S1 consists of spherical aggregates with AR=1.0, sample S2 consists of ellipsoidal 398 

aggregates with AR=0.65, and Sample S3 consists of real crushed rocks with mean AR=0.65. 399 

In the simulation, the material properties are consistent with the previous section, while the 400 

contact friction between rocks is kept as 0.3 during the baffle lifting and rock collapsing stages. 401 

The simulation results are detailed as follows: 402 

(1) Fig. 16 illustrates the measured repose angles for each sample. It can be seen from the results 403 

that the spherical aggregates have the smallest repose angle (15°), the ellipsoid aggregates have 404 

an intermediate repose angle (28°), and the real crushed rock aggregates have the largest repose 405 

angle (37°). This trend occurs because more elongated and more irregular-shaped aggregates 406 

tend to have more considerable rolling resistance. 407 

(2) The mean coordination number, Z, is a scalar parameter that provides macroscopic 408 

information on the internal structural features (fabric) of granular materials. The evolution of 409 

𝑍 during baffle lifting and rock collapsing for all assemblies is illustrated in Fig. 17. In all cases, 410 

𝑍 exhibits a gradual drop versus the increasing simulation time during the aggregate collapsing 411 
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stage. When the aggregates form a stable heap, 𝑍 slightly increases and then reaches a stable 412 

value. Among the three samples, sample S3 (with real crushed rocks) always exhibits larger 413 

values of 𝑍 during the whole testing period, compared with S1 (with smallest 𝑍) and S2 (with 414 

intermediate 𝑍). The results for 𝑍 reveal that more irregular-shaped aggregates tend to have 415 

denser packing structures during the test. Besides, S1 (spherical aggregates) shows an earlier 416 

drop at the initial stage, while the samples with more irregular aggregate shapes show more 417 

delayed decreasing trends. 418 

(3) The rotation motions are governed by the rolling resistance of the aggregates. In the 419 

simulated repose angle tests, the rotational movements of the aggregates during collapsing 420 

mostly occur around the x-axis. Thus, the mean accumulated rotational displacement around 421 

the x-axis, 𝜗𝑥 , is computed. The results, as shown in Fig. 18, display the evolution of 𝜗𝑥 422 

versus simulation times for different samples. In general, for all numerical cases, the 𝜗𝑥 values 423 

increase during the repose angle tests. For sample S1, the 𝜗𝑥  of spherical aggregates rises 424 

sharply and gradually converges to a stable value. For samples S2 and S3, the 𝜗𝑥 of ellipsoid 425 

and crushed rocks increase gradually and converge to a relatively small amount. It can be seen 426 

in the figure that aggregate shapes play a significant role in the rotational movements. During 427 

the whole process of the repose angle test, the spherical aggregates (AR=1.0) always exhibit a 428 

significantly larger 𝜗𝑥, at approximately 5 times the value for the ellipsoids (AR=0.65) and 7 429 

times the value for the crushed rocks (AR=0.65). 430 



25 

 

4.3 Triaxial shear tests of real crushed rock aggregates 431 

The macroscopic and microscopic properties of rock particle assemblies are of great importance 432 

to the engineering behaviors of the geo-body and the construction-body, e.g., slope, foundation, 433 

embankment, etc. Many researchers have reported that there are many factors, such as confining 434 

pressure, initial void ratio, and particle shape, that can significantly influence on the macro- and 435 

micromechanical properties of crushed rocks. In this section, three simulation groups of triaxial 436 

shear tests on realistic crushed rocks are performed to numerically examine the effect of 437 

confining pressure, preshear void ratio, and particle shapes. Group A consists of three samples 438 

with confining pressures of 50 kPa, 100 kPa, and 200 kPa, respectively. Group B consists of 439 

three samples with various initial void ratios prepared by preshear contact friction of 0.00, 0.15, 440 

and 0.30. Group C consists of three samples with various mean aspect ratios ( 𝐴𝑅̅̅ ̅̅ =441 

0.95, 0.80, 0.65). Fig. 19 shows the ranges of shapes and snapshots of crushed rock examples 442 

in Group C. The procedure to conduct a triaxial shear test in the SH-DEM is summarized as 443 

follows: 444 

(1) For the random allocation of non-overlapped particles, the particle models of crushed rocks 445 

in the “STL” file format are first imported into the spherical harmonic transformation 446 

subroutine of the present SH-DEM program to obtain the harmonic coefficients for each particle. 447 

Then, as shown in Fig. 20 (a), nonoverlapping particles are allocated into a prescribed sample 448 

domain, which is a cubic container consisting of six rigid walls. Each sample consisted of 449 

approximately 1500 particles of monodispersed sizes (𝑑𝑎𝑣𝑒 = 20 𝑚𝑚). 450 
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(2) In the stage of isotropic compression, before activating external force to the assembly, the 451 

properties of the material are assigned to all particles and walls to facilitate dynamic modeling 452 

in the SH-DEM. The input parameters are consistent with those used in the former section for 453 

real crushed rocks, except the wall friction (𝜇𝑤𝑎𝑙𝑙=0 and 𝜇𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒=0.5) and the preshear contact 454 

friction between particles (𝜇𝑝𝑟𝑒𝑠ℎ𝑒𝑎𝑟=0 for Groups A and C, 𝜇𝑝𝑟𝑒𝑠ℎ𝑒𝑎𝑟=0, 0.15, 0.30 for Group 455 

B). The gravitational force is set as zero during the simulation. Then, the consolidation 456 

procedure is performed with the given confining stress to enable the assembly to reach an 457 

isotropic stress state. The stress-control wall servo scheme is employed to move the six rigid 458 

walls to maintain constant confining pressure, which shows an example of the preshear 459 

numerical samples of crushed rocks in the SH-DEM. Fig. 20 (b) shows an example of the 460 

preshear numerical sample of crushed rocks in the SH-DEM. 461 

(3) During the triaxial shear stage, both the top and bottom walls move toward each other at a 462 

constant strain rate, while the four lateral sidewalls move individually to maintain a constant 463 

confining stress with the stress-control servo. The shear strain rate is set sufficiently low to 464 

obtain quasi-static behavior during shearing. Fig. 20 (c) shows an example of a numerical rock 465 

aggregate sample at shear strain of 50% in the SH-DEM. 466 

In the present simulation, both macroscopic properties, e.g., deviatoric stress 𝑞, volumetric 467 

strain 𝜀𝑣 , and microscopic quantities, e.g., mean coordination number, and percentage of 468 

sliding contact are calculated at different axial strains 𝜀𝑎. The results are detailed and discussed 469 

as follows: 470 
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(1) The deviatoric stress 𝑞 is computed to study the shear strength of the assemblies.  471 

Fig. 21 shows the deviatoric stress 𝑞 as a function of axial strain 𝜀𝑎 for all specimens with 472 

different AR, preshear contact friction, and confining pressure. For specimens with different 473 

AR, all curves behave in a similar fashion, showing peak stress, i.e., the stress softening. AR 474 

tends to have a greater influence on postpeak behaviors. For peak state, the sample with AR=0.8 475 

has the highest deviatoric stress, while in the residual state, the deviatoric stress increases with 476 

the smaller value of AR. For specimens with different preshear contact friction, the smaller 477 

value of PF leads to stress softening, while a larger value of PF leads to stress hardening. For 478 

the peak state, the deviatoric stress increases with decreasing PF, while in the residual state, PF 479 

shows a negligible influence on the deviatoric stress. For specimens with different confining 480 

pressures, all curves show significant peak deviatoric shear stress. 481 

(2) The volumetric changes of different specimens during shearing are investigated. Given that 482 

the present cubic samples are bounded by rigid walls, the axial strain 𝜀1 and the volumetric 483 

strain 𝜀𝑣 can be approximately calculated based on the displacement of the boundary walls. 484 

As shown in Fig. 22, for groups A and C, the volumetric strain increases with increasing axial 485 

strain, and the specimens deform at constant volume after reaching the critical state at an axial 486 

strain ranging from 40% to 50%, which indicates that all specimens display shear-induced 487 

dilatancy behavior with stress softening. For Group B, according to the difference between the 488 

volumetric strain at the initial and residual states, the total volume change during shearing 489 

appears to increase as PF decreases, indicating that an assembly with a smaller preshear contact 490 

friction shows higher dilatancy during shearing. 491 
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(3) The coordination number is a scalar parameter that provides macroscopic information on 492 

the internal structural features (fabric) of granular materials. The mean coordination numbers 493 

of all samples, Z, are computed and compared. The evolution of 𝑍 against axial strain for all 494 

assemblies is illustrated in Fig. 23. In all cases, 𝑍  exhibits an exponential drop versus the 495 

increasing axial strain during the initial shearing process. When the axial strain is larger than 496 

10%, 𝑍 reaches a low plateau with small fluctuations. 497 

For Group A, the values of 𝑍  are always positively related to AR during the whole shear 498 

process, i.e., 𝑍 increases from 7 to 8 at the initial state and shifts from 4.3 to 5.7 at the residual 499 

state when AR varies from 0.65 to 0.95. For Group B, 𝑍 is only negatively related to PF during 500 

the initial shear process. At the initial state, 𝑍 increases from 5.3 to 7.2 when PF decreases 501 

from 0.3 to 0.0. When shear strain is larger than 10%, all samples with different PF show the 502 

same values of 𝑍 and converge to a constant value of about 4.7. As for Group C, similar to 503 

Group A, the values of 𝑍 are always positively related to the CP during the whole shear process. 504 

The values of 𝑍 vary from 7.1 to 7.6 at the initial state and shift from 4.2 to 4.9 at residual 505 

state when CP increases from 50 kPa to 200 kPa. 506 

Besides, the sliding contacts are governed by Coulomb’s friction law. We can denote the sliding 507 

ratio (𝑅𝑠𝑐) using the ratio between shear force 𝑓𝑡 and normal force 𝑓𝑛 at each contact: 508 

𝑅𝑠𝑐 = |𝑓𝑡| (𝜇𝑐𝑓𝑛)⁄  (24) 

We assumed that sliding event occurs at contact when 𝑅𝑠𝑐 > 0.99. Then, the percentage of 509 

sliding contact 𝑃𝑠𝑐 can be defined as: 510 
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𝑃𝑠𝑐 = ∑𝐺(𝑅𝑠𝑐)

𝑁𝑐

𝑖=1

𝑁𝑐⁄  

(25) 

𝐺(𝑅𝑠𝑐) = {
0 𝑅𝑠𝑐 ≤ 0.99
1 𝑅𝑠𝑐 > 0.99

 

where 𝑁𝑐 is the total number of contacts. 511 

Fig. 24 displays the evolution of 𝑃𝑠𝑐 versus axial strain 𝜀𝑎. In general, for all numerical cases, 512 

𝑃𝑠𝑐  increases sharply to a peak value, and then gradually decreases to a steady state. 513 

Additionally, for Group A, 𝑃𝑠𝑐 increases from 59% to 70% at the peak state, and increases 514 

from 40% to 47% at the steady state, when AR increases from 0.65 to 0.95. For Group B, the 515 

samples only show negative relationships between peak 𝑃𝑠𝑐 and 𝑃𝐹, i.e., 𝑃𝑠𝑐 increases from 516 

55% to 65% when 𝑃𝐹  decreases from 0.3 to 0.0. The preshear contact friction shows the 517 

negligible influence on 𝑃𝑠𝑐 at a steady state. For Group C, compared with 𝐴𝑅 and 𝑃𝐹, 𝐶𝑃 518 

shows less influence on 𝑃𝑠𝑐. 519 

5 Conclusion 520 

In this paper, a novel 3D SH-DEM approach has been developed for the simulation of 3D 521 

realistic irregular-shaped particles. In the 3D SH-DEM, the spherical harmonic transformation 522 

is first employed to represent particle shape in the local spherical coordination system. Then, 523 

using the SH-based particle model, the intrinsic physical properties can be easily computed. 524 

The novel numerical algorithms for identification of particle overlapping and contact 525 

resolutions are developed based on the spherical harmonic function and the node-to-surface 526 

scheme. The innovative features of the computational algorithms in the proposed 3D SH-DEM 527 
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are summarized as follows: 528 

(a) The overlapping detection between SH-based irregular-shaped particles is implemented by 529 

conventional global overlapping detection and unique local overlapping detection. 530 

Conventional global overlapping detection is conducted by the combination of AABBs and the 531 

spatial bins algorithm. The unique local overlapping detection is accomplished by (1) 532 

discretizing the master particle into surface vertices, (2) substituting the discretized surface 533 

vertices into the local spherical coordinate of slave particle, and (3) determining the penetration 534 

condition of discretized surface vertices based on the spherical harmonic function of the slave 535 

particle. 536 

(b) The contact points are defined as the midpoints of the penetration vertices on the master 537 

particle surface and the corresponding vertices on the slave particle surface with the same polar 538 

angle at the local spherical coordinate system of the slave particle. The contact normal vector 539 

at each contact is determined by the combination of the surface normal vectors of both the 540 

master penetration vertices and corresponding vertices on the slave particle, which can be easily 541 

and accurately computed based on the spherical harmonic functions. 542 

(c) To determine the contact stiffness, the overlapping volume at each contact is computed based 543 

on the local polyhedra, which are formed by the target penetration vertex and its one-ring 544 

neighboring vertices. 545 

Using the developed approach, three numerical examples were conducted to illustrate its 546 

feasibility and capability. The simulation results are summarized as follows: 547 
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(a) Through simulations of the random deposition of superellipsoids with various shapes, the 548 

evolutions of packing densities versus particle shapes are investigated and found to be 549 

qualitatively consistent with the existing literature. The numerical results indicate that the 550 

present SH-DEM model is reasonable for the simulation of non-spherical particles. 551 

(b) Through simulating repose angle tests of realistic rock aggregates, it is indicated that the 552 

contact friction coefficient between rocks should be taken as around 0.3 to simulate the realistic 553 

repose angle of rocks in SH-DEM. Besides, the shape effects on macro- and micromechanical 554 

properties of rock aggregate assemblies are primarily investigated through numerical repose 555 

angle tests of spheres (AR=1.0), ellipsoids (AR=0.6), and realistic rock aggregates (AR=0.6) 556 

using the SH-DEM. The shape effects on the angles of repose, mean coordination numbers, and 557 

rotational motions are presented and compared.  558 

(c) Through triaxial tests on rock aggregate assemblies, the effects of preshear contact friction, 559 

particle aspect ratio, and confining pressure on the macroscopic and microscopic properties of 560 

rock aggregates are presented. The simulation results of repose angle tests and triaxial tests 561 

demonstrate that the developed SH-DEM approach is useful to investigate the shape effects on 562 

the mechanical behaviors of realistic granular materials. 563 

Indeed, compared with the simplified shape models such as disk-clump, the proposed method 564 

can consider more realistic contact mechanics between irregular shape particles. The capability 565 

and efficiency of the proposed SH-DEM program will pave a viable pathway for the researchers 566 

to conduct more quantitative and credible studies on how the realistic particle shapes would 567 
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affect the macro- and micro-mechanical properties of granular materials. The method will be 568 

further be developed to incorporate more advanced computational algorithms, e.g., the effective 569 

energy-conserving contact modelling strategy [55], as future work. 570 
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Tables 712 

 713 

Table 1  DEM simulation parameters 714 

Parameter Value 

Particle density, 𝜌 (kg/m3) 2700 

Damping coefficient, 𝛼 0.3 

Volumetric normal contact stiffness, 𝑘𝑛 (N/m3) 1 × 1011 

Shear contact stiffness, 𝑘𝑡 (N/m) 1 × 107 

Contact friction 0.48 

 715 

 716 

  717 
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Appendix A  Motion of particles in SH-DEM 718 

In the proposed SH-DEM, for each particle, the motion can be divided into two parts: translation 719 

in the global coordinate system and rotation in the local coordinate system. To facilitate 720 

numerical processing, the global coordinate system is usually the world coordinate system of 721 

the particle system, while the local coordinate system is fixed on the individual particle and 722 

moves synchronously with the particle.  723 

The translational motion of a particle in the global coordinate system is governed by Newton 724 

equations: 725 

𝑚
𝑑𝒗𝒊

𝑑𝑡
= 𝑭𝒊 (A1) 

where 𝑚 is the particle mass; 𝒗𝒊 is the translational velocity along the 𝑖 axis of the global 726 

coordinate system; 𝑖 ∈ {1,2,3} represents the axis of the global coordinate system, and 𝑭𝒊 is 727 

the total resultant force acting on the particle centroid (mass center), which can be calculated 728 

as: 729 

𝑭𝒊 = ∑ 𝑭𝑘
𝑐

𝑁𝑐

𝑘=1

+ 𝑭𝑏 + 𝑭𝑑 (A2) 

where 𝑁𝑐 is the contact number of the particle; 𝑭𝑏 is the body force, e.g., gravitational force; 730 

𝑭𝑑 is the damping force; and 𝑭𝑘
𝑐  is the contact force acting at the 𝑘𝑡ℎ contact.  731 

Compared with the contact force between the spherical particles, a remarkable feature of the 732 

contact force between irregular-shaped particles is that the normal component of the contact 733 

force (normal contact force) usually does not pass through the particle's center of mass, so the 734 

torque around the center of mass can be generated. The torque can promote or inhibit the 735 

rotation of the irregular-shaped particle. In a local coordinate system, Euler’s equations are 736 

applied to particle rotations: 737 
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𝐼𝑖
𝑑𝜔𝑖

𝑑𝑡
− (𝐼𝑗 − 𝐼𝑘)𝜔𝑗𝜔𝑘 = 𝑀𝑖 (A3) 

where 𝑖, 𝑗, 𝑘 ∈ 1,2,3  is the principal axis; 𝐼𝑖  is the principal moment of inertia; 𝜔𝑖  is the 738 

angular velocity, and 𝑀𝑖 is the 𝑖𝑡ℎ component of the total resultant torque 𝑀, which can be 739 

calculated as: 740 

𝑀 = ∑ 𝑭𝑘
𝑐

𝑁𝑐

𝑘=1

× 𝒓𝑘 + 𝑀𝑑 (A4) 

where 𝒓𝑘 is the radical vector of the 𝑘𝑡ℎ contact; and 𝑀𝑑 is the damping moment. 741 

To stabilize the system after a reasonable number of iterations, following general DEM codes, 742 

artificial numerical damping is used to dissipate the kinetic energy. In this study, two types of 743 

damping are facilitated: local damping and viscous damping. Local damping provides damping 744 

to reduce the particle speed through adjustment of the resultant external force. Note that the 745 

resultant force discussed here includes the resultant force moment, and the velocity includes 746 

the angular velocity of rotation. Generally, a fixed coefficient, i.e., the damping coefficient, is 747 

used to adjust the resultant external forces and a corresponding damping force 𝐹𝑖
𝑑 is added to 748 

the right-hand side of the Newton equation and Euler’s equations, given as: 749 

𝐹𝑖
𝑑 = −α𝐹𝑖Sign(𝐹𝑖 (𝑣𝑖

(𝑡−∆𝑡 2⁄ )
+

𝑑𝑣𝑖
𝑡

𝑑𝑡

∆𝑡

2
)) 

(A5) 

𝑀𝑖
𝑑 = −α𝑀𝑖Sign (𝑀𝑖 (𝜔𝑖

(𝑡−∆𝑡 2⁄ )
+

𝑑𝜔𝑖
𝑡

𝑑𝑡

∆𝑡

2
)) 

where α  is the damping coefficient; ∆t  is the time step; 𝑣𝑖
(𝑡−∆𝑡 2⁄ )

  and 𝜔𝑖
(𝑡−∆𝑡 2⁄ )

  are the 750 

previous mid-step translational velocity and angular velocity, respectively; 
𝑑𝑣𝑖

𝑡

𝑑𝑡
 and 

𝑑𝜔𝑖
𝑡

𝑑𝑡
 are 751 

the current on-step translational acceleration and angular acceleration, respectively; and 752 

Sign(𝑥) is the signum function: 753 
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Sign(𝑥) = {
−1
0 
1

     
if   𝑥 < 0,
if   𝑥 = 0,
if   𝑥 > 0.

 (A6) 

Viscous damping is a kind of damping applied at the contact of particles, which can reduce the 754 

relative velocity of two contact particles by adjusting the contact force. The normal and 755 

tangential viscous damping forces 𝐹𝑛
𝑑 and 𝐹𝑡

𝑑 are calculated by: 756 

𝐹𝑛
𝑑 = 2√𝑚̅𝑘𝑛𝛽𝑛𝑉𝑛 

(A7) 

𝐹𝑡
𝑑 = 2√𝑚̅𝑘𝑡𝛽𝑡𝑉𝑡 

where 𝑚̅ = 𝑚𝑀𝑚𝑆 (𝑚𝑀 + 𝑚𝑆)⁄   is the equivalent mass of the two contacted particles; 𝛽𝑛 757 

and 𝛽𝑡 are the normal and tangential viscous damping coefficients, respectively; and 𝑉𝑛 and 758 

𝑉𝑡 are the normal and tangential components of the relative velocity of the two particles at the 759 

contact. It should be noted that the viscous damping force should not exceed the corresponding 760 

contact force. The Eq. (A7) is based on the previous work [45]. Similar approach can be referred 761 

to [52][53]. 762 

 763 

Appendix B  Scheme of computation in SH-DEM 764 

The computational iteration of the proposed SH-DEM includes two components: the particle 765 

system and the contact system. In the particle system, the change in the particle position is 766 

accompanied by the appearance or disappearance of interparticle contact. The computation 767 

scheme can be concluded as: (1) Given the position of particles in the system, determine the 768 

corresponding geometric information of the contact between particles through contact detection 769 

between particles; (2) According to the given contact model, calculate the contact force at each 770 

contact and the resulted moment acted on each particle; (3) Based on the given movement law 771 

(Newton's second law), calculate the motion of the particles and drive the particles to the new 772 

positions; (4) continue the next computation cycle from (1) to (3). 773 
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The so-called central difference method is done to solve the particle motion (Newton’s and 774 

Euler’s equations. A brief description of the solution process of Newton’s equation based on the 775 

standard leapfrog algorithm is adopted. 776 

(1) Given a specific position vector 𝒙𝑡 at time 𝑡 and the position vector 𝒙𝑡−∆𝑡 at time 𝑡 −777 

∆𝑡, calculate the translational velocity 𝒗𝑡−
∆𝑡

2  at time 𝑡 −
∆𝑡

2
: 778 

𝒗𝑡−
∆𝑡
2 =

𝒙𝑡 − 𝒙𝑡−∆𝑡

∆𝑡
 (B1) 

(2) Calculate the translational acceleration 𝒂𝑡 at time 𝑡: 779 

𝒂𝑡 =
𝑭

𝑚
 (B2) 

(3) Calculate the translational velocity 𝒗𝑡+
∆𝑡

2  at time 𝑡 +
∆𝑡

2
: 780 

𝒗𝑡+
∆𝑡
2 = 𝒗𝑡−

∆𝑡
2 + 𝒂𝑡∆𝑡 (B3) 

(4) Calculate the position vector 𝒙𝑡+∆𝑡 at time 𝑡 + ∆𝑡: 781 

𝒙𝑡+∆𝑡 = 𝒙𝑡 + 𝒗𝑡+
∆𝑡
2 ∆𝑡 (B4) 

For Euler’s equations, based on the previous development [54], the extending leapfrog 782 

algorithm is employed as follows: 783 

(1) Given a specific angular momentum 𝐿𝑡−
∆𝑡

2  at time 𝑡 −
∆𝑡

2
 and external resultant moment 784 

𝑀𝑡 at time 𝑡, the angular momentum at time 𝑡 and 𝑡 +
∆𝑡

2
 can be calculated as: 785 

𝐿𝑡 = 𝐿𝑡−
∆𝑡
2 + 𝑀𝑡

∆𝑡

2
 (B5) 

𝐿𝑡+
∆𝑡
2 = 𝐿𝑡−

∆𝑡
2 + 𝑀𝑡∆𝑡 (B6) 

(2) The corresponding local angular velocity 𝜔̂𝑡  at the local coordinate system can be 786 

calculated by: 787 

𝜔̂𝑡 = 𝑰−1𝑇𝐿𝑡 (B7) 
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𝜔̂𝑡+
∆𝑡
2 = 𝑰−1𝑇𝐿𝑡+

∆𝑡
2  (B8) 

where 𝑇 is the rotation matrix transformed from global coordinates to local coordinates at time 788 

𝑡, which can be obtained by the quaternion matrix 𝑞𝑡.  789 

(3) The change rate of 𝑞𝑡 with respect to time 𝑡, denoted as 𝑞̇𝑡, can be calculated as: 790 

𝑞̇𝑡 =

[
 
 
 
 
𝑞̇𝜔

𝑡

𝑞̇𝑥
𝑡

𝑞̇𝑦
𝑡

𝑞̇𝑧
𝑡 ]
 
 
 
 

=
1

2

[
 
 
 
 𝑞𝜔

𝑡 −𝑞𝑥
𝑡

𝑞𝑥
𝑡 𝑞𝜔

𝑡

−𝑞𝑦
𝑡 −𝑞𝑧

𝑡

−𝑞𝑧
𝑡 𝑞𝑦

𝑡

𝑞𝑦
𝑡 𝑞𝑧

𝑡

𝑞𝑧
𝑡 −𝑞𝑦

𝑡

𝑞𝜔
𝑡 −𝑞𝑥

𝑡

𝑞𝑧
𝑡 𝑞𝜔

𝑡 ]
 
 
 
 

[
 
 
 
0
𝜔̂𝑥

𝑡

𝜔̂𝑦
𝑡

𝜔̂𝑧
𝑡]
 
 
 

 (B9) 

and the quaternion matrix 𝑞𝑡+
∆𝑡

2  can be calculated as: 791 

𝑞𝑡+
∆𝑡
2 = 𝑞𝑡 + 𝑞̇𝑡

∆𝑡

2
 (B10) 

(4) The global angular velocity 𝜔𝑡+
∆𝑡

2  at time 𝑡 +
∆𝑡

2
 can be calculated by: 792 

𝜔𝑡+
∆𝑡
2 = 𝑇−1𝜔̂𝑡+

∆𝑡
2  (B11) 

The solution involves explicit finite difference with incremental time steps, which is dependent 793 

on the incremental time step ∆t. On the one hand, in the particle system, the movement of a 794 

single particle at each time step needs to be small enough so that the movement of a single 795 

particle only affects the surrounding particles. On the other hand, when using the central 796 

difference method, the time step ∆𝑡 needs to be small enough to keep the error in the particle 797 

motion solution as small as possible. Therefore, scholars have put forward the concept of the 798 

critical time step that the maximum time step should satisfy the numerical stability. However, 799 

due to the complexity of the particle system, there is no unified theoretical derivation for the 800 

determination of the critical time step. The smaller the time step is, the more accurate the 801 

particle motion calculation is, and the more stable the numerical value is. The very accurate 802 

calculation of the movement of each particle will not change (or improve) the simulation results 803 

substantially, but will significantly increase the calculation time, which is obviously of no 804 
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practical significance. Hence, to make simulation numerically stable, the present timestep in 805 

this study will be tentatively selected based on empirical trials. 806 

  807 
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Figure captions 808 

Fig. 1  The digitalized models of realistic rock particle: (a) triangular mesh model obtained from 3D 809 

laser scanning, (b) transform discrete surface vertices from Cartesian Coordinate to Spherical 810 

Coordinate, (c) continuously representation of the discrete particle surface using the spherical harmonic 811 

function 812 

Fig. 2  AABB of an example particle in the global Cartesian coordinate system 813 

Fig. 3  determine the potential overlapping range of spherical angles: (a) Circumscribed spheres of MG 814 

and SG, (b) Potential overlapping range 815 

Fig. 4  Example of surface discretization with vertices in white seeded on the within the identified 816 

potential overlapping region: (a) full-space view, (b) half-space view 817 

Fig. 5  Location of 𝑄𝑖
′[𝑟𝑖

𝑀′(𝜃′𝑖, 𝜑′𝑖)] of MG with respect to SG: (a) when MG vertex Qi outside SG, 818 

(b) when MG vertex Qi inside SG, (a) when MG vertex Qi on SG surface 819 

Fig. 6  Definition of contact point 𝐶𝑖 for a pair of penetration points 𝑄𝑖 and 𝑃𝑖 820 

Fig. 7  Definition of contact normal vector 𝒏⃑⃑ 𝑖 at contact point 𝐶𝑖 821 

Fig. 8  Definition of local overlapping volume 𝑉𝑖 at contact point 𝐶𝑖: (a) whole particle view, (b) local 822 

region view, (c) one-ring-neighbor vertices, (d) Example of 𝑉
𝑃𝑖𝑃𝑖

𝑘𝑃𝑖
𝑘+1𝑄𝑖𝑄𝑖

𝑘𝑄𝑖
𝑘+1, (e) the local overlapping 823 

volume 𝑉𝑖, (f) the top and base facets of 𝑉𝑖 824 

Fig. 9  Packing of some example superellipsoid particles (a) 𝜂=2.0; (b) 𝜂=1.25; (c) 𝜂=0.8; (d) 𝜂=0.5; 825 

(e) 𝜁=0.5; (f) 𝜁=0.8; (g) 𝜁=1.2; (h) 𝜁=1.5 826 

Fig. 10  Packing density for superellipsoid (a) with different η and (b) with different ζ 827 

Fig. 11  Mean coordination number Z for superellipsoid (a) with different η and (b) with different ζ 828 

Fig. 12  Laboratory test of the angle of repose (a) container; (b) test step, (c) lift side-wall (d) 829 

measurement of the repose angle 830 

Fig. 13  Illustration of (a) the real crushed rock for testing and (b) the 3D virtual model obtained by the 831 

3D laser scanner 832 

Fig. 14  Numerical test of repose angle in SH-DEM: (a) Initial sample; (b) During testing 833 

Fig. 15  Repose angles of samples with different contact friction coefficients: (a) contact friction = 0.1; 834 

(b) contact friction = 0.2; (c) contact friction = 0.3; (d) contact friction = 0.5 835 

Fig. 16  Ranges of shapes and the snapshots of example crushed rocks 836 

Fig. 17  Repose angles of samples with different particle shapes: (a) spherical particle with AR=1.0; 837 

(b) ellipsoid particle with AR=0.65; (c) crushed rocks with AR=0.65 838 

Fig. 18  Evolution of mean coordination number during repose angle tests for different samples 839 

Fig. 19  Evolution of mean rotational displacement during repose angle tests for different samples 840 

Fig. 20  Ranges of shapes and the snapshots of example crushed rocks in Group C 841 

Fig. 21  (a) non-overlapped rock aggregates; (b) consolidated rock aggregate sample; (c) Sheared rock 842 

aggregate sample 843 

Fig. 22  Comparison of deviatoric stress between (a) samples of different AR; (b) samples of different 844 

preshear contact friction; (c) samples of different confining pressure 845 

Fig. 23  Comparison of volumetric strain between (a) samples of different AR; (b) samples of different 846 

preshear contact friction; (c) samples of different confining pressure 847 
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Fig. 24  Comparison of volumetric strain between (a) samples of different AR; (b) samples of different 848 

preshear contact friction; (c) samples of different confining pressure 849 

Fig. 25  Comparison of percentage of sliding contact between (a) samples of different AR; (b) samples 850 

of different preshear contact friction; (c) samples of different confining pressure 851 

 852 

  853 
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(a)  854 

 855 

(b)  856 

(c)  857 

 858 

Fig. 1 The digitalized models of realistic rock particle: (a) triangular mesh model obtained from 3D 859 

laser scanning, (b) transform discrete surface vertices from Cartesian Coordinate to Spherical 860 

Coordinate, (c) continuously representation of the discrete particle surface using the spherical 861 

harmonic function 862 
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 864 

Fig. 2  AABB of an example particle in the global Cartesian coordinate system 865 

 866 

 867 

 868 

(a)     (b)  869 

 870 

Fig. 3  determine the potential overlapping range of spherical angles: (a) Circumscribed spheres of 871 

MG and SG, (b) Potential overlapping range 872 

 873 

 874 

(a)     (b)  875 

 876 

Fig. 4  Example of surface discretization with vertices in white seeded on the within the identified 877 

potential overlapping region: (a) full-space view, (b) half-space view 878 
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(a)  880 

 881 

(b)  882 

 883 

(c)  884 

 885 

Fig. 5  Location of 𝑄𝑖
′[𝑟𝑖

𝑀′(𝜃′𝑖, 𝜑′𝑖)] of MG with respect to SG: (a) when MG vertex Qi outside SG, 886 

(b) when MG vertex Qi inside SG, (a) when MG vertex Qi on SG surface 887 
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 890 

Fig. 6  Definition of contact point 𝐶𝑖 for a pair of penetration points 𝑄𝑖 and 𝑃𝑖 891 

 892 

 893 

 894 

     895 
 896 

Fig. 7  Definition of contact normal vector 𝒏⃑⃑ 𝑖 at contact point 𝐶𝑖 897 
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(a)         (b)  899 

 900 

(c)         (d)  901 

 902 

(e)         (f)  903 

 904 

 905 

Fig. 8  Definition of local overlapping volume 𝑉𝑖 at contact point 𝐶𝑖: (a) whole particle view, (b) 906 

local region view, (c) one-ring-neighbor vertices, (d) Example of 𝑉
𝑃𝑖𝑃𝑖

𝑘𝑃𝑖
𝑘+1𝑄𝑖𝑄𝑖

𝑘𝑄𝑖
𝑘+1, (e) the local 907 

overlapping volume 𝑉𝑖, (f) the top and base facets of 𝑉𝑖 908 

 909 
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(a)                  (b)                   (c)                  (d) 912 

       913 
(e)                  (f)                   (g)                  (h) 914 

 915 

Fig. 9  Packing of some example superellipsoid particles (a) 𝜂=2.0; (b) 𝜂=1.25; (c) 𝜂=0.8; (d) 916 

𝜂=0.5; (e) 𝜁=0.5; (f) 𝜁=0.8; (g) 𝜁=1.2; (h) 𝜁=1.5 917 
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 920 

(a)                                       (b) 921 

 922 

Fig. 10  Packing density for superellipsoid (a) with different 𝜂 and (b) with different 𝜁 923 

 924 

 925 

 926 

 927 

(a)                                       (b) 928 

 929 

Fig. 11  Mean coordination number Z for superellipsoid (a) with different 𝜂 and (b) with different 𝜁 930 

 931 
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(a)                                    (b) 934 

     935 

(c)                                    (d) 936 

 937 

Fig. 12  Laboratory test of the angle of repose (a) container; (b) test step, (c) lift side-wall (d) 938 

measurement of the repose angle 939 

 940 

 941 

 942 

     943 

(a)                                     (b) 944 

 945 

Fig. 13  Illustration of (a) the real crushed rock for testing and (b) the 3D virtual model obtained by 946 

the 3D laser scanner 947 

 948 
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(a)                                        (b) 951 

 952 

Fig. 14  Numerical test of repose angle in SH-DEM: (a) Initial sample; (b) During testing 953 

 954 
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     957 

(a)                                        (b) 958 

     959 

(c)                                        (d) 960 

 961 

Fig. 15  Repose angles of samples with different contact friction coefficients: (a) contact friction = 962 

0.1; (b) contact friction = 0.2; (c) contact friction = 0.3; (d) contact friction = 0.5 963 
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 966 

Fig. 16  Ranges of shapes and the snapshots of example crushed rocks 967 
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(a) 969 

   970 

(b) 971 

   972 

(c) 973 

Fig. 17  Repose angles of samples with different particle shapes: (a) spherical particle with AR=1.0; 974 

(b) ellipsoid particle with AR=0.65; (c) crushed rocks with AR=0.65  975 
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 977 

Fig. 18  Evolution of mean coordination number during repose angle tests for different samples 978 
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 982 

 983 

Fig. 19  Evolution of mean rotational displacement during repose angle tests for different samples 984 
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 988 

Fig. 20  Ranges of shapes and the snapshots of example crushed rocks in Group C 989 
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(a)                             (b)                          (c) 994 

 995 

Fig. 21  (a) non-overlapped rock aggregates; (b) consolidated rock aggregate sample; (c) Sheared 996 

rock aggregate sample 997 
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(a)    999 

(b)    1000 
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 1002 

 1003 

Fig. 22  Comparison of deviatoric stress between (a) samples of different AR; (b) samples of 1004 

different preshear contact friction; (c) samples of different confining pressure 1005 
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Fig. 23  Comparison of volumetric strain between (a) samples of different AR; (b) samples of 1012 

different preshear contact friction; (c) samples of different confining pressure 1013 
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Fig. 24  Comparison of volumetric strain between (a) samples of different AR; (b) samples of 1020 

different preshear contact friction; (c) samples of different confining pressure 1021 
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 1027 

Fig. 25  Comparison of percentage of sliding contact between (a) samples of different AR; (b) 1028 

samples of different preshear contact friction; (c) samples of different confining pressure 1029 
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