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Abstract

In this paper, we study a free boundary problem, which arises from an optimal
trading problem of a stock whose price is driven by unobservable market status and
noice processes. The free boundary problem is a variational inequality system of three
functions with a degenerate operator. We prove that all the four switching free bound-
aries are no-overlapping, monotonic and C*°-smooth by the approximation method.
We also completely determine their relative localities and provide the optimal trading
strategies for the stock trading problem.
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1 Introduction

This paper considers a free boundary problem arising from a stock trading model. The stock
price is driven by a two-state market status process which is unobservable to the trader. The

details of the financial and stochastic background of the problem are given in Appendix A.
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The model reduces to finding a triple of value functions (vo(p,t), v1(p,t), v_1(p,t)) that

satisfies the following variational inequality (VI) system

;

Hlil’l{at?)o—ﬁ'ljo, Vg — V1 + (1+K)7 Vo — V-1 — (1 _K)} = 07

min{@tvl—ﬁvl, V1 — Vg — (1—K)} :0, (11)

\ min {(?tv,l —Lu_q, v —ve+ (1 + K)} =0, (p,t) € Q,

with the initial conditions

(

UO(pa 0) = 07

v1(p,0) =1—- K, (1.2)

| v-1(p,0) = —(1+K), 0<p<L

where the domain is

Q=(0,1) x (0,77,

and the operator £ is defined by

[ % ((ul —uz;p(l —p)>28pp

+ (= M+ 2A)p+ Ao+ (11— pa)p(1 = )0y + (1 — p2)p + pia — p.

The parameters, including the percentage of transaction fee K, the expected return rates of
the stock, py1 and s, in the different market statues, the volatility rate of the stock o, the
discount rate of the investor p, and the coefficients of transition probabilities of the market

states A\; and Ao, are all constants and satisfy
0<K<1, n1 > p > U, 0',)\1,/\2>O.

Note that the operator £ is degenerate on the boundaries p = 0 and p = 1. According
to Fichera’s theorem (see [10]), we must not put the boundary conditions on these two
boundaries.

Partial differental equation (PDE) technologies are widely used in the economic literature
to study similar regime-switching models. For instance, Yi [12] considered the pricing prob-
lem of American put option with regime-switching volatility and its related excising region;

Khaliq, et al. [6] studied the numerical solution of a class of complex PDE systems about

2



American option with multiple states regime-switching. Dai, et al.. [3] provided theoretical
analysis on the variational inequalities as well as numerical simulations.

Dai, et al. [4] considered the optimal stock trading rule with two net positions: the flat
position (no stock holding) and the long position (holding one share of stock); the model can
be expressed by a variational inequality system of the corresponding two value functions.
The two variational inequalities are reduced to one double obstacle problem on the difference
of the two value functions, and then the one-dimensional problem and the properties of its
free boundary can be obtained by well-known results on the double obstacle problem in the
PDE literature.

Our model is an evolutionary model of Dai, et al. [4]. We introduce the third financially
meaningful position - short position. This is not a trivial extension of Dai, et al. [4] in the
following sense. Because the stock are allowed to be short in our model, there is one extra
(short) position than that of [4]. As a consequence, the Hamilton-Jacobi-Bellman equation
(HJB) system involves three variational inequalities and three value functions, which could
not be amalgamated into a single one as previous works [1, 2, 4] did, so it calls for completely
new technologies to deal with.

Our model is also similar to Ngo and Pham [8]. They considered the problem of deter-
mining the optimal cut-off of the pair trading rule for a three-state regime-switching model.
However their model is infinity time horizon, so there is no time variable and the system is
an ordinary differential equation system for which standard smooth-fitting technique can be
applied and a closed-form solution is available. By contrast, we consider a finite time model,
so the HJB system becomes a PDE system for which the existence and smoothness of the
solution is much harder to establish.

In this paper, we prove the VI system (1.1) with the initial condition (1.2) has four
switching free boundaries which are no-overlapping, monotonic and C*°-smooth; we also
completely determine their relative localities and provide the optimal trading strategies for
the stock trading problem. The main technical contribution of this paper is that, the prop-
erties of the free boundaries of the variational inequality system with coupling appearing in
obstacle constraints are studied thoroughly for the first time.

The rest of the paper is arranged as follows. In Section 2, we first construct a penalty
approximation system and obtain some estimations of its solution, then completely solve the
VI system (1.1) by a limit argument. Section 3 is devoted to the study of the properties
of the four switching free boundaries of the VI system (1.1). In Appendix A we give the
financial and stochastic background of the problem; and in Appendix B we give the proof of

uniqueness for the VI system (1.1).



2 Existence and uniqueness by penalty approximation
method

In this section, we show the problem (1.1) admits a solution by the approximation method.
The uniqueness of the solution is given in Appendix B.

For this, we first construct an approximation equation system for the VI problem (1.1).

For sufficiently small € € (0,1/2), consider

p

Ovg — Lo+ Be(vg —vi + 14+ K) + B.(v§ —v2, — (1 — K)) =0,

v — L + B(vf —vs — (1 — K)) =0, (2.1)

| Oty — Lo + Be(viy —vi+ (14 K)) =0, (p,t) €,

with the initial condition

"

vG(p,0) =0,

vi(p,0) =1—- K, (2.2)

[ v5(p0)=—-(1+K), 0<p<l

where [.(-) is any penalty function satisfying the following properties
B.(-) € C*(—00,+00), [B:(0) = —cy, B.(e)=—c1, PBe(x)=0 for x> 2e,

0, x >0,
Be() <0, B() =0, BI() <0, limp(x) =
—o0, =<0,

and
co =2 — )1+ K)+2, e = (1 — ) (1 + K) + 1.

Clearly ¢y > ¢; > 0. Figure 1 demonstrates such a penalty function f.(-).
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Figure 1: A penalty function f.(-).

We first, using the technique of Dai and Yi [2], reduce the problem (2.1) of three functions

to a problem of two functions. Let

By (2.1) and (2.2), we have

atui - ‘Cui +ﬂa(ui +1+ K) - /Ba(_ui - (1 - K)) +ﬁe(uil - (1 - K)) = 07
(2.3)

Oty — Luy + Be(usy — (1= K)) = Be(—u"y + (1 + K)) + B(uf + 1+ K) =0,

and

ui(p,0) = —(1 - K),
(2.4)

u®,(p,0) =1+ K, 0<p<l.

Since the operator £ is degenerated on the boundaries p = 0 and p = 1, we first consider
the problem (2.3) in the bounded domain

Q.= (e,1—¢) x (0,7,

with the initial condition (2.4) and the additional boundary condition

Opui(e, t) = Opui(l —&,t) =0,
(2.5)

Oput (e, t) = Opus (1 —g,t) =0, 0<t<T.
We now provide the following existence result for the approximation problem (2.3).
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Lemma 2.1 The system (2.3), restricted to the domain )., with the initial condition (2.4)

and boundary condition (2.5), admits a solution (u5,us,) € C*1(Q.) x C*1(Q.). Moreover,
the solution satisfies

—(14+ K)+e<uj < —(1-K), (2.6)

1-K+e<u’, <L+K, (2.7)

i ..

PROOF: The existence of W>'(€.) solution can be proved by the Schauder fixed point
theorem and the comparison principle for nonlinear equation. Because the process is standard

(see [12]), we omit the details. Furthermore, by the Schauder estimation, we also have
(u,u ) € C*H(Q.) x CZ1().
We come to prove the first inequality in (2.6). Denote

p=—(1+K)+e.
Then by simple calculations and recalling the definition of ¢y,

O — Lo+ B(p+1+K) = Be(—¢— (1= K)) + B(uZ; — (1-K))

= [(p1 — p2)p+ p2 — pl[1 + K — €] + B.(e) — B-2K — &) + B-(u?, — (1 — K))
=[(p1 — p2)p+p2 — pl1 + K —e] —c1 + Be(uly — (1 = K))
< (1 — p2) + po — po][1L + K — €] — (1 — p2)(1+ K) + 1)
<0,
so by (2.3),
Ko — Lo+ B¢+ 1+ K)—B.(—¢p— (1 - K))
< Qi — Lu + Be(uf + 1+ K) — Be(—uj — (1 — K)).

By the comparison principle, we obtain uj > ¢ = —(1 + K) + ¢, proving the first inequality
n (2.6). Similarly, using ¢; > (p — p2)(1 — K +¢€), we can prove 1 — K +¢ < u®, in (2.7).

Now, we prove the second inequality in (2.6). Denote

o =—(1-K).



Then

P —LO+ (P +1+K) = B(-P— (1 - K)) + B-(ul; — (1 - K))
[( MQ)p+ﬂ2 p](l - K) +ﬁ€(2K) - 58(0) +5€(u5—1 - (1 - K))
(1 — p2)p + p2 — pl(1 — K) + o+ Bo(uZ, — (1 - K))

> (e —p)1—K)+co+B.(1—K+e—(1-K))
2 (p2—pm)(1 - K)+co—a
> 0,

where the first inequality is due to §° > 0 and the first inequality in (2.7). It follows from
(2.3) that

D —LO+L(P+1+K)—B.(—® — (1 - K))
> i — Lu] + fo(uf + 14+ K) — B(—ui — (1 — K)).

By the comparison principle, we have u; < ® = —(1 — K), giving the second inequality in

(2.6). Similarly, using ¢y > ¢1 + (11 — p)(1 + K), we can prove u®; < 1+ K in (2.7). O
Lemma 2.2 Let (uj,u®,) be given in Lemma 2.1, we have
opu; <0, Jhus, = 0. (2.8)

PROOF: Denote w; = dyus, for i =1, —1. After differentiating (2.3) w.r.t. p and we get

;

Oywy — Twy — (p1 — po)ui + BL(uf + 14 K)w,
+B(—ui — (1 = K))wy + BL(uy — (1 = K))w-y =0,
(2.9)
Ow_1 = Tw-1 — (p — po)usy + BL(uly — (1 = K))wy

+AU(—uzy + (1 + K))wy + B(uf + 1+ K)wy =0,

\

where the operator 7T is defined by
_ (b —po)® o 3 B B
Ti= Lt ———p(L =p)(1 = 2p)0p + [~ (A + A2) + (1 — p12) (1 = 2p)]

_ % ((m - uzip(l —p)>23pp

(=02 =t =)+ 0 - 2)) g,

+ 12 — p— (M + X2) + (1 — p2) (1 — p).



Define

_ At -
Wi=e "w;, 1=1,-1,

where A is a constant that will be determined latter. To prove (2.8), it suffices to prove
Wy <0, W_>=0. (2.10)

Using u§ < 0, u®; > 0 and gy > o, we get from (2.9) that

(

atl/Vl — TWl + )\Wl + ﬁé(u‘i + 1 + K)W1

+8L(—ui — (1= K))Wi + BL(uZ, — (1 - K))W_y <0,
(2.11)

atW_l - TW_1 + )\W_l + 6;(“5_1 — (1 — K))W_l

+AL(—usy 4+ (1 + K)Woy + BL(u§ + 1+ K)W,; > 0.
Clearly, there exist (p1,t1), (p_1,t_1) € Qe such that

Wi(p1,t1) = max Wi(p,t), W_i(p_1,t-1) = min W_4(p,t).
(p,t) €. (p,t)€Ne

Suppose (2.10) was not true, then we would have
max{Wi(p1,t1), —W_1(p_1,t_1)} > 0.
Without loss of generality, we may assume that
Wi(p1,t1) = —W_1(p_1,t1) and Wi(py,t1) > 0.

Notice Wy = 0 on 0,£2. (the parabolic boundary of €2.), so (pi,t;) is inside the domain €2,
or at the upper boundary of €)., and thus,

OWi(p1,t1) =0, OpWi(p1,t1) <0, O Wi(p1,t1) > 0.

Choosing A > s — p — (A1 + Aa) + (1 — p2)(1 — p) + 1, the above, after simple calculation,
implies that

8tW1 — TWl + ()\ — B;(O)) W, > 0. (212)

(p1,t1)



One the other hand, together with Wi(py,¢;) > 0 and ' > 0, the first inequality in (2.11)

leads to

oW, = TWy + AW,

(p1,t1)

< =Pluy + 14+ K)Wh = Bi(—ui — (1 = K))Wh = B(u2, — (1 = K))W_,

(p1,t1)

< Lty — (1 K)W-,

(p1,t1)

Because —W_1(p1,t1) < —W_i(p-1,t-1) < Wi(p1,t1), f/ 20, 8" <0, and u® |, > 1 - K, the

above is

AW, —(1—K)W| < B0

(p1,t1)

)
(p1,5t1)

contradicting to (2.12). Therefore, (2.10) holds true and the claim is proved. O
Lemma 2.3 Let (uj,u®,) be given in Lemma 2.1, we have

u; +usy = 0. (2.13)
PROOF: Denote U = uj + u® ;. Adding up the two equations in (2.3), we have

AU — LU + [Bo(u; + 1+ K) — Bo(—u, + (1+ K))]
F[Be(uly = (1= K)) = Bo(—uf = (1 = K))] + B(ui + 1+ K) + B.(u2; — (1 - K)) =0,

Using the mean value theorem, there exit {(p,t) between uj + 1+ K and —u®; + 1 + K,
n(p,t) between u®; — (1 — K) and —u®; + (1 + K), such that

Be(ui +1+ K) = (—usy + (14 K)) = BLEU,
Be(usy — (1= K)) — Be(—ui — (1 - K)) = BL(n)U.

It follows that
U — LU+ BLOU + B.(U = —B:(ui + 1+ K) — B-(uZ; — (1 - K)) >0,

Using the maximum principle we get U > 0, that is (2.13). O



Proposition 2.4 The system (2.1) with the initial condition (2.2) and the following bound-

ary condition
O (e, t) = Opv5(1 —e,t) =0,

Opvi(e,t) = Opvi(1 —¢e,t) = 0, (2.14)

Opve(e,t) = 00 (1 —¢,t) =0,

\

has a solution (v, v, ve,) € C?HQ.) x C*H(Q.) x C*Y(Q.), and it is bounded by some

constant independent of €.

PROOF: Let (uj,u,) be given in Lemma 2.1. Then the following linear problem of v§,
oy — Log+ B-(u5 +1+ K) + p.(u"; — (1 — K)) =0,

Opvi(e,t) =0, Oui(l —e,t) =0, v5(p,0)=0, (p,t) € Q,

has a unique solution v§ € C%1(€2,). Let v§ = v§ — u5 and v°, = v§ — u® |, then it is easy to
verify that (v, v$,v%,) is a solution to the system (2.1) with the initial condition (2.2) and
the boundary condition (2.14).

Moreover, using the first inequality in (2.6) and the first inequality in (2.7), it is easy to

prove
0 < v§ < 2¢peM (2.15)

by the comparison principle. Together with (2.6) and (2.7), we conclude |v5|, i = 0,1,—1
are bounded by some constant independent of ¢. 0
Our first main result, which completely characterizes the solution of the system (1.1), is

given below.

Theorem 2.5 The variational inequality system (1.1) with the initial condition (1.2) has a
unique bounded solution (vy,v1,v_1) such that v; € C*r 2" (QU{t = 0}) WL (QU{t =

q,loc

0}), for any ¢ >3, 1=0,1,—1, where « = 1 — 3/q. Furthermore,

—(14+ K) <vg—v; < —(1 - K), (2.16)
1-K<y—v4,<1+K, (2.17)
Op(vg — 1) <0, Op(vg —v_q) = 0. (2.18)
vo — v + vy —v_q1 = 0. (2.19)
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PROOF: Let (v§,v5,v%;) be given in Proposition 2.4. Fix r € (0,1/2), apply W' interior
estimate (see [7]) to (2.1), we have for any ¢ > 3,

[volwz 1) Pilwzi,), [W2ilwei ) < O,
where C, is independent of . For any r € (0,1/2), ¢ > 3 and i = —1,0, 1, by the Sobolev
Embedding Theorem, i.e., W2'(Q,) CC CYe 5 (Q,), with @ = 1 — 3/q, there exists a
1+

subsequence of Uf c C’l"'a’T(Q U{t = O}) sz’l (Q U{t = O})7 which we still denote by

q,loc
v5, such that
v — v; uniformly in e s® (), weekly in W2'(€,).
Since |vf], i = 0,1,—1 are bounded by some constant independent of ¢, so are |v;|, i =
0,1,-1.
By (2.1), we have
8tUZ-€ — ,CUZE 2 0 in Q.
Letting ¢ — 0, we have

ow; — Lv; >0 in Q. (2.20)
Moreover, from (2.6), (2.7), (2.8) and (2.13), we obtain (2.16), (2.17), (2.18) and (2.19),

respectively.

Now, we prove the first variational inequality in (1.1). From (2.20), (2.16) and (2.17) we
obtain

min{@tvo — Lvg, vo—v1+(1+K), vg—v_g — (1 - K)} > 0.

In the following, we come to prove the equality holds.

Suppose vg — vy + (1 + K) > 2¢¢ and vg — v_1 — (1 — K) > 2, hold at some point
(p,t) € QU{t = 0} for some g7 > 0. By the continuity of v; and the uniformly convergence
of v in M3 (Q{t = 0}), we have

(0 — o), t) + (1 + K) > 20, (15— 05,)(p,8) — (1= K) > o,
for small enough € > 0. Thus by the first equation in (2.1),
(Opvg — Lvg)(p, t) = 0.

Let € — 0 we get (Oyvg — Lvg)(p,t) = 0. Therefore, we proved (v, v1,v_1) satisfies the first
variational inequality in (1.1). The other two variational inequalities in (1.1) can be proved
similarly.
The proof of uniqueness is a slight modification of the standard proof, so we put it in
Appendix B. O
From now on, let (vg, v1,v_1) denote the unique solution of the VI system (1.1), given in
Theorem 2.5.
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3 Free boundaries and optimal trading strategies

In this section, we study the free boundaries for the VI system (1.1), and provide the optimal
trading strategies for the stock trading problem given in Appendix A.
Define four trading regions S; ;, switching from position i to position j, i # j € {0, —1, 1},

as
So1={(p,t) € Q| vy —vy + 14+ K =0},
So-1={(p, 1) € [ vo—v_1 — (1 - K) =0},
Sio={(p,t) € Q[ v1—vy— (1 - K) =0},
S10={(p,t) €Q| vy —vo+ 1+ K =0}

Define the free trading boundaries for 0 <t < T as

por(t) = inf{p [ (p,t) € Soa},
p-10(t) =inf{p | (p,t) € S-1,0},
po—1(t) = sup{p | (p.t) € So.—1},

pio(t) =sup{p | (p,t) € Si,}.

Since d,(vo — v1) < 0, Op(vg —v_1) = 0 in Q, we see that

So1={(p,t) €Q|p=pos(t)},
S0=1p:t) €Q|p=pap)},
So,-1=1{(p,t) €| p<po-1(t)},
S0 ={(p,t) € [ p < pro(t)}.
Define a critical threshold
P — M2

a M1 — M2
The second main result of this paper is the completely characterization of the free bound-

Do - € (071)

aries defined above.

Theorem 3.1 The free boundaries po—1(t) and p_10(t) are strictly increasing, and po(t)

and p1o(t) are strictly decreasing; and they have no-overlapping,
0 < po,—1(t) < pro(t) < po < p-10(t) <pos(t) <1,

12



with
P1,0(04+) =po, P-1,0(0+) = po.

Also, they are C'*° smooth, i.e.,

po~1(t), pro(t), p-10(t), poalt) € C((0,T7).

Moreover, there exists t; > ml_p log % such that po1(t) =1 ift <ty; andty > p%Q log £

such that po_(t) = 0 if t < to.

Theorem 3.1 is an immediately consequence of Propositions 3.2 - 3.9 in the rest part of

this section. Figure 2 demonstrates the shapes and locations of these free boundaries.

tq

Lo

Figure 2: The free boundaries.

We summarize the optimal trading strategies in all the positions and status in Table 1.

status in short position | in flat position | in long position
0<p<po-1(t) do nothing sell 1 share sell 2 shares
Po.—1(t) < p < pro(t) do nothing do nothing sell 1 share
Pro(t) <p < p_1p(t) do nothing do nothing do nothing
p_10(t) < p <poq(t) buy 1 share do nothing do nothing
po1(t) <p<1 buy 2 shares buy 1 share do nothing

Table 1: The optimal strategy
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Proposition 3.2 We have

So1 € S-10 C [po,1) x (0,77, (3.1)
and
So,-1 € S1,0 C (0, 0] x (0,77 (3.2)
As a consequence,
0 < po—1(t) <pro(t) <po<p-1p(t) <poa(t) <1, 0<t<T. (3.3)

PRrOOF: We only prove (3.1) as the proof of (3.2) is similar.
Due to (2.19) and (1.1), we have

UO—’U1+1+K>'U,1—’UO—|—1+K>O.

This implies the first part of (3.1), namely, Sp1 C S_1.
Now, we prove the second part of (3.1), i.e., S_19 C [po, 1) x (0,T]. For any (p,t) € S_1,
we have v_; —vg + (1 + K) = 0. Thus by (1.1),

aﬂ)_l — £U_1 2 0.

Suppose (p,t) € S_10\ So1, i.e. vg—v;+1+ K > 0. Noticing vg—v_1 — (1 — K) = 2K > 0,
we have by (1.1),
aﬂ)g - £U0 =0.

So

0< (at—£><v—1—vo) = <8t_['><_(1+K)> = [(p1 — p2)p + p2 — p(1 + K)

leading to

p> L2y (3.4)
1 — M2
Otherwise, (p,t) € Sp1,1.e. vg—v;+14+ K =0, then v; —vy— (1 — K) =2K > 0. By (1.1),
aﬂ)l — ,CUl =0.
Note that v_y —v; +2(1 + K) = 0, thus
0< (00— £)(vr—v) = (8= £) (= 200+ K)) = 2[m = oo+ 2 = pl(1 + K)

which also implies (3.4). So we proved the second part of (3.1). O
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The financial significance of this proposition is obvious. For instance, the first part of
(3.1) means that if the trader wants to transfer from the present short position to the long
position, he must first enter the flat position before going to the long position. The second
part of (3.1) means that the trader should not buy the stock when the (estimated) chance of
the market status being bull, p, is too small (that is, less than the constant py). The others
can be explained similarly. In one sentence, the higher the chance to be a bull market, the

more the stock holding.

Lemma 3.3 We have

<0
8t(v0 - U_l) < 0. (36)

PRrOOF: Come back to (u§, uc ), the solution of (2.3). It only needs to prove that, for i = 1,
—1, and any fixed At € (0,7,

U (1) = ui (p,t + At) <ui(p,t) +[3c —’p(1 —p)le™ inQ:=[e,1 —¢] x [0,T — At
where A = p; + o is a constant. Define

U = e Mauc.

Our problem reduces to proving (A]Z-(p, t) := U;(p,t + At) satisfies

MU (p, 1) < Uglp,t) + 3 — £2p(1 — p)]er T in Q. (3.7)

Suppose (3.7) was not true when i = 1. Denote by (p*,¢*) a maximum point of A, —
Uy — [3e — &°p(1 — p)] in @, then we have

(e’\Atﬁl - U, — 25) (p*,t") > 0,
which implies
(ai - 25) (p*, ) > 0. (3.8)

Since 9, <e’\Atl71 — Uy — [3e — ?p(1 —p)]) =¢e?(1—-2¢)>0on {p = ¢} and 8p(emt(71 —
Uy — [3e — &p(1 —P)]) =e?(2e —1) < 0on {p=1-¢}, (p*,t*) does not lie on the two

boundaries. Also since
<6W(71 — U1 —[3e—e’p(1 - p)]) (p,0) = ui(p, At) = [=(1 = K)] = e — £*p(1 = p)] <0,
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we conclude that (p*,t*) is inside the domain @) or at the upper boundary of @) so that
Op (e’\Atﬁl —U;—[3e — %p(1 — p)]> (p*,t*) =0,
Oy (22T = Uy =32 = (1 = p)] ) (0", 1) <0,
0 (T, = Ur=[32 — 2(1 = p)] ) (5", ) > 0,
The above implies that if ¢ is small enough,

(0-0)(5 )

On the other hand, since both u§ and u5 satisfy the first equation in (2.3), we have

T (0 - £+ 1) (T - Uf)

> 0. (3.9)

(p*t*)

(0 = £) @ = u)) = = 5@ + 1+ K) + B~ — (1= K)) = B(@, - (1 - K))
305 + 1+ K) = fu(—u5 — (1= K)) + Be(us, = (1= K). (3.10)

By (3.8) and (2.6), we get
() — (1= K) > — T, ) — (1= K) +2¢ > 2=,

And by (2.13),

Thus, by the definition of .,

Pe(uZy — (1= K))

=B~ -(1-K)| =0,

(p*,t*) (p*t*)

€

Moreover, due to . > 0, —uj < @° 4, and u5(p*, t*) < uj(p*,t*), we have

B&(_ai - (1_K)) _Bs(as—l_ (1_K))

<0, Be(uj+14+K)—p(uj+1+K) < 0.
(p*t*) (p* )

Therefore, by (3.10) we have

(0-)(5 )

which contradicts (3.9). Therefore, (3.7) is true.
Letting € — 0 in (3.7), we get

(vo - v1> (p,t + At) < (vo - v1> (p,t),

which implies (3.5). The proof of (3.6) is similar. O

By Lemma 3.3, we obtain

<0,
(p*,t*)

16



Proposition 3.4 The free boundaries py—1(t) and p_10(t) are increasing, and po.(t) and

p1o(t) are decreasing.

The financial significance of this proposition is clear. Because the investor must take the flat
position at maturity, the investor is getting less likely to transfer from the flat position to
the short or long position, and more likely to move from the short and long positions to the
flat position.

When ¢ is very small, we know the exact values of po1(t) and po_1(t).

Proposition 3.5 There exists t, = — log }*g such that po1(t) = 1 if t < t1; and, there
exists tog = —— log i+§ such that pgy_l( ) =0ift <t

Proor: We will only prove the first assertion as the proof of the other one is similar. Note

that u; = vg — vy satisfies
mm{@ﬂy—ﬁuhu1+(y+53}=0 in [po,1] x [0,7]. (3.11)

Especially, at the right boundary p = 1, we have

(

Orur(1,t) — (1 — plur(1,t) = =N 0pur(1,t), ifuy(1,8) > —(1+ K);

§ Aur(1,1) — (1 — p)us(1,8) = —=MBpu (1,1), if uy(1,8) = —(1 4 K); (3.12)

ui(1,0) = —(1 - K).

\

Define

Z(t) = —(1 — K)em=nt if ¢ <5 log }”g,

K

Zt)y=—(1+K), if t=> loglJr

m—

Then

/

OZ(t)— (u —p)Z(t)=0, if Z(t)> -1+ K);
OZ(t) = (m—p)2(t) 20, if Z(t) = -1+ K);

Z(0) = —(1 - K).

\

Since d,uq(1,t) < 0, we see that Z(t) is a sub-solution of (3.12). Therefore, ui(1,t) > Z(t).
In particular, when t < ——log K we have ui(1,t) > Z(t) > —(1 + K), which implies

poa(t) = 1. O
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Proposition 3.6 The free boundaries p1o(t) and p_1o(t) are continuous. Moreover, both

their initial points are pg, i.e.,

P1,0(0+) =po, p-10(0+) = po.

PrOOF: We first prove the continuity property of p;o(¢). By contrary, suppose p;o(t) is
discontinuous at a point ¢y € (0,77, then by the decreasing property of p; o(f), we have

P1o(to+) < pro(to—) < po.

Then u; = vy — v; satisfies

ur(p,to) = —(1-K), Vpe (pl,o(t0+)7p1,0(t0_)>'

Using (1.1), we have
<8tu1 — ﬁul) (p,to) =0, p € (pro(tot),p1o(to—)).

So Qyui (p, to) = Lua(p, to) = [(11—p2)p+p2—pl[—(1—K)] > 0 for p € (p1,o(tot), p1o(to—)) C
[0, po), which contradicts (3.5). Similarly, we can prove p; o(0+) = py and the corresponding
properties of p_y o(%). O

This result is some surprising to us. It tells us when the time is close to the maturity
(that is, t < t1), the investor should not transfer from the flat position to the other positions
at all. Such phenomenon has also been observed in Dai, et al. [1]. Both of them, we think,

are due to the presence of transaction costs.
Proposition 3.7 The free boundaries po1(t) and py _1(t) are continuous.

PRrROOF: We just prove the continuity property of po1(t). If not, suppose ¢, was the discon-

tinuous point, by the decreasing property of pg ;1 (t), we would have
po.1(tot) < pon(to—),
thus, u; = vy — v satisfies
ur(p,to) = —(1+ K), Vp € (poa(tot),po(to—))- (3.13)
Let D := [po1(to+), poa(to—)] X [to — €, to]. Using (1.1), we have
(atul — Eul)(p, t)y=0, (p,t)€D.

Since (po1(to+), to) is the minimal point of u; in D, by the strong maximum principle, (3.13)
is impossible. [l
Based on (3.3) and the monotonicity of the four free boundaries, we further have the

no-overlapping property.
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Proposition 3.8 For the four free boundaries, we have,
0 < po,—1(t) <pro(t) <po < p-10(t) <poa(t) <1, te€(0,T]
Moreover, they are strictly monotone.

PROOF: We just prove the first strict inequality. Suppose there exits ¢y € (0,7 such that

p07_1(t0) = pl,O(tO)- Denote ¢ = p07_1(t0) = pl,O(t(])‘ Since p07_1(t) is increasing, pl,O(t) is
decreasing and po _1(t) < p1o(t), we have

p07,1<t) = pl,O(t) =C, Vt € [to, T]
Thus u; = vy — v; satisfies

u(et)=—1-K), dhu(ct)=0, 0ui(c,t)=0, Opui(c,t)=0, Ytelty,T].
(3.14)

By (3.5), dyuy < 0, the above means 0yu; gets its maximum value 0 at (¢, t) for any ¢ € [to, T').
On the other hand, note that

(0= £)ur =0, ¥ (p.1) € e.p] x [t0, 7],
differential it w.r.t. ¢ we have

(075 - L)@tul =0, V(pt)€ e pol x [to,T].
Since Jyu; gets its maximum value at (¢, t) for any ¢ € [ty, T, by the Hopf lemma, we have

Oppur(c,t) <0,
which contradicts (3.14). The remaining conclusions can be proved similarly. UJ
Proposition 3.9 We have
po,,l(t), Pl,o(t)> Pﬂ,o(t)a pO,l(t) € COO((0>T]>-

PROOF: The proof of the smoothness is fairly long and technical, we refer interested reads
to [4, 5. O
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Appendix A Financial background

Let (92, F, (Ft)i=0,P) be a fixed filtered complete probability space on which is defined a
standard one-dimensional Brownian motion W. It represents the financial market. A stock
is given in the market and its price process S = (S;)i>0 satisfies the following stochastic
differential equation (SDE):

dSt = ,u([t)St dt + O'St th,

where the volatility o > 0 is a known constant, but the market status process [; and the
noice process W; are unobservable to an investor. The investor can only observe the stock
price process, so his information F; is equal to 0{S(s) : 0 < s < ¢} augmented by all the
P-null sets and Fr C F.

To model the drift uncertainty, we assume I; € {1,2} is a two-state Markov chain. At
each time s, I, = 1 indicates a bull market status and I, = 2 a bear market status. Suppose

the transition probabilities are given by

]P)([SJrh:j‘[S:i): iaj:1727

1— Nh+o(h), j=1i,

as h — 0. We assume [ and W are independent processes and p; > pe where p; = (i),
1 =1,2. If u1 = uo, then the market status uncertainty disappears and our financial market
becomes the classical Black-Scholes market.

The investor is allowed to trade the stock at any time. But, at each time, the investor can
only take one of the three positions: {—1,0,1}, where i = 0 corresponds to a flat position
(no stock holding), ¢ = 1 to a long position (holding one share of the stock), while i = —1
to a short position (short sale one share of the stock).

The investor’s trading strategy beginning at time ¢ is modeled by a sequence (7, tn)nez, ,
where t = 79 < 73 < --- is a strictly increasing sequence of (Fj)s>-stopping times, and ¢,
valued in {—1,0,1}, required to be F, measurable, represents the position decided at 7,
until the next trading time. By misuse of notation, we denote by o/ the value of the position

at any time s (begin with time ¢), namely,

00
lezt9 = 501{t<s<71} + Z Lnl{Tn<S<Tn+1}7 S 2 t.

n=1

Since (7y,, t)nez, and o' are one-to-one, we will not distinguish them and call them switching

controls starting from time ¢.
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Let 0 < K < 1 denote the percentage of transaction fee. We denote by g; ;(S) the trading
gain when switching from a position i to j, ¢,5 € {—1,0,1}, j # i, for a current stock price

S. The switching gain functions are given by:

90,1(5) = 971,0(5‘) = _S(l + K),
90,—1(5) = 91,0(S> =S(1 - K).

This means the investor needs to pay a proportional transaction costs when purchasing or

selling the stock. For integrity, set

90,0(5) = 91,1(5) = 971,71(5) =0,
9-11(8) = g-10(9) + go1(S) = —25(1 + K),
91,71(5) = 9170 S) + 90771<S) = 25(1 — K)

By misuse of notation, we also set ¢(5,1,j) = ¢;,(95).
At initial time t, given the stock price S; = S, the reward functions of the decision

sequences for a switching control « starting from time ¢, is given by

J(S,t, ) [Ze =t g (Sr s r ) r <y + €7 (Tt (ST,OéT,O)

St = S‘| >
where p > 0 is a constant discount factor satisfying

Mo < p < H1.

If p is out of the above range, the problem admits trivial solutions only. The last term in
the reword function means that at the maturity time 7" the net position must be flat.

Note that only the stock price Ss is observable to the investor at time s. The market
status Iy is not directly observable. Thus, it is necessary to convert the problem into a
completely observable one. One way to accomplish this is to use the Wonham filter [11]. Let
ps = P(Is = 1| Fs). Then we can show (see [11]) that ps satisfies the following SDE:

dps = [—(M1 + A2)ps + Ao]ds + (1 — pi2)ps(1 — ps)ods,
where v, given by

dy. — dlog(Ss) — [(p1 — p2)ps + p2 — 0% /2]ds

o

is called the innovation process and is a standard Brownian motion under the filtration

(Ft)eso (see, e.g., [9]).
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Given S; = S and p; = p, the investor’s problem is to choose a switching control (a%)s;

starting from ¢, to maximize the reward function
J(S,p,t,al)
subject to

dSs = Ss[(p1 — po)ps + polds + Ssodvg, Sy =S,

dps = [— (M1 4+ Ao)ps + Ao]ds + (1 — p2)ps(1 — ps)odvs,  py = p.

Indeed, this new problem is a completely observable one, because the conditional probabilities
can be obtained using the stock price up to time s.

Let Vi(S,p,t) denote the value function with the state (S,p,t) and net position i €
{=1,0, 1} at time ¢t. That is,

Vi(S,p,t) = sup J(S,p,t,a"),
acAl

where A’ denotes the set of admissible switching controls o! starting from ¢ with the initial
position ¢y = 1.

Define an operator

1 — 1—p)\2 1
T = §<(M1 Hz;p( p)) app + 50252855 + S(Nl - M2)p(1 - p)@sp

+ [=(A 4 A2)p + A2]0p + S[(p1 — p2)p + 12]0s — p-

The HJB equation associated with our optimal stopping time problem can be given formally

as follows
min { — OV — TV, Vo~ Vi + S(L+ K), Vo~ Vg = S(1L— K)} =0,

0<p<l,
min { — 9,V = TVi, Vi = Vo - S(L— K) } =0,

0<t<T,

\ min{ — V1 —=TV_{, V4 —‘/0+S(1+K)} =0,

with the terminal condition

’

Vo(S,p,T) =0,

Vi(S,p,T) = S(1 - K), 0<p<l

Vfl(svpa T) = _S(l + K)7

\
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It is easy to see from the model that the value functions V;(S,p,t), i = —1,0,1, are
affine in S. This motivates us to adopt the following transformation l//\;(p, t) =Vi(S,p,t)/S.
Further, for convenience of discussion, we transform the terminal value problem to an initial

value problem. Let v;(p,t) = Vi(p, T —t), then v; satisfies the following variational inequality

system

;

min{atvo—ﬁvo, Vg — V1 + (1+K)7 Vo — V-1 — (1 _K)} = 0’

min{@tvl ~ Loy, o1 — o — (1 — K)} —0, (p,1) € Q= (0,1) x [0,7),

\ min{@tv,l — Loy, vy —vo+ (1 + K)} =0,

with the initial condition

/

Uo(Pa O) = 07

Ul(p,O):l—K, O<p<1’

oo (p0) = —(1+ K),

\

where

[ %((,Ul —uip(l —p)>2app

+ [+ X2)p+ Ao+ (1 — p2)p(1 — p)|0p + (1 — p2)p + p12 — p-

This is the variational inequality system (1.1) investigated in this paper.

Now, we would like to provide an upper and a lower bounds for the value function. For
the flat position, if we choose the strategy of not trading, the final reward is 0, which gives
Vo(S,p,t) = 0. On the other hand, if we set us = py and p = 0, K = 0, namely there is
no difference in stock returns, no transaction cost or discount, then obviously, the optimal
strategy for the investor in the flat position is to buy the stork immediately and hold it to
maturity and then sell it, the corresponding reward is S(e*("=* — 1), which gives an upper

bound for V4(S, p,t). Moreover, according to the trading rules, we have
SA-K)<Vi-W<S(A+K), SA-K)<Vy—V, <51+ K),

so |vi(p,t)| = |Vi(S,p,t)|/S, i = 0,1, —1, are bounded.
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Appendix B The proof of the uniqueness

Suppose (vg, v1,v-1) and (Vp,v1,0-1) are two bounded solutions of (1.1) with the initial
condition (1.2). Let

)\t ~ )\t~ .
Vi:e)‘vi, Vi:e’\tvi, 1=0,1,—-1,

with A = pq + po. Then (v, v1,v_1) and (v, V1, V1) are solutions of

min {(at — L+ N, v, — max(v; + hm-)} -0, (pt)eQ, i=-1,0,1,
J

#i

with the initial condition (1.2), where

hog =h_19=—e (14 K),
hio=ho_1=e¢ (1 - K),
ho11="h_10+ho1 = —2¢ M1+ K),
hi1=hig+ho_1 =21~ K).

For any sufficiently small € > 0, we come to prove
Vi él/)z—f—gzﬁg, i:O,17—1, (B].)

where
¢.(p) = € — &*(logp + log(1 — p)).

We argue by contradiction. Suppose (B.1) was not true, denote by (p*,t*) a maximum
point of

= i — U — ’
eyt o

then we have ®(p*,t*) > 0. Since lilgl+ o-(p) = lirln ¢-(p) = +00 and P(p,0) = —¢.(p) < 0,
p— p—1-
(p*,t*) is inside the domain € or at the upper boundary of €.

Note that L (1 2 )
pH1 — p2)p{l —p o (M1 — M2
- <2
‘2( o ) appgbg S ( o )
and
lim [—(A; + Ag)p + Ag + (p1 — p2)p(1 — p)|Oppe = —00,
p—0+
plif{li[—()\l +X2)p+ Ao + (1 — p2)p(1 — p)|Opoe = —o0,
we have

(0, — L+ No. > 0.
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Now, suppose ®(p*,t*) = (v; — v; — ¢)(p*, t*) for some i € {0,1,—1}. If (v; — m;?;((l/j +
hi;))(p*,t*) > 0, by the VI system of v;, we have (0, — £ + N)y;(p*,t*) = 0 ;nd thus
(O — L+ N(v; — Ui — ¢)(p*,t*) < 0. On the other hand, since v; — U; — ¢. takes its
positive maximum value at the point (p*,t*), we have (0; — L + \)(v; — U; — ¢-)(p*, t*) >
0, a contradiction. So there exists a j # ¢ such that (v; — v; — h;;)(p*,t*) = 0. Since
v —v; = U; —V; = hyj, we conclude (; — U; — h;j)(p*,t*) = 0. Consequently, (v; —
v; — @) (p", t*) = (vi — U — ¢2)(p*, t*) = ®(p*,t*), namely (p*,t*) is a maximum point of
vj
have (0, — L + \)(v; — V; — ¢-)(p*,t*) < 0 which contradicts that (p*,t*) is a maximum
point of v; — U; — ¢.. So there exists a k # j such that (v; — vy — h;x)(p*,t") = 0. But
h;;+ hij <0, so we conclude k # i. Repeating the above argument, (p*,t*) is a maximum
point of v, — U — ¢.. Note that (v, — v; — hy;)(p*,t*) = —(hjr + he;)(p*,t*) > 0 and
(v — vi — hiei)(p*,t") = —(hij + hjp + hii)(p*,t*) > 0, so by the VI system we have
(O — L+ N (v; — U — @) (p*, ") < 0, which contradicts that v, — U, — ¢. takes its positive
maximum value at (p*, t*)

Letting ¢ — 0 in (B.1)

— U; — ¢ as well. Again, if (v; — Iilgx(l/k + hj))(p*,t*) > 0, by the VI system we
J

Hence we prove (B.1).

, we get v; < 7, i = 0,1, —1, which implies the uniqueness.
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