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Abstract

A continuous-time consumption-investment model with constraint is considered
for a small investor whose decisions are the consumption rate and the allocation of
wealth to a risk-free and a risky asset with logarithmic Brownian motion fluctua-
tions. The consumption rate is subject to an upper bound constraint which linearly
depends on the investor’s wealth and bankruptcy is prohibited. The investor’s ob-
jective is to maximize the total expected discounted utility of consumption over
an infinite trading horizon. It is shown that the value function is (second order)
smooth everywhere but a unique possibility of a known exception point and the
optimal consumption-investment strategy is provided in a closed feedback form of
wealth. According to this model, an investor should take the similar investment
strategy as in Merton’s model regardless his financial situation. By contrast, the
optimal consumption strategy does depend on the investor’s financial situation: he
should use a similar consumption strategy as in Merton’s model when he is in a bad
situation, and consume as much as possible when he is in a good situation.
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1 Introduction

The publication of the monumental 1952 article Portfolio Selection and the 1959 book
of the same title by Harry M. Markowitz (1952, 1959) heralded the beginning of modern
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finance. To develop a general theory of portfolio choice, Samuelson (1969) and Merton
(1969, 1971) initiated the study of dynamic optimal consumption-investment problems.
The problem concerning optimal consumption-investment decisions involves the decisions
of an investor endowed with some initial wealth who seeks to maximize the expected (dis-
counted) utility of consumption over time. The decisions (called consumption-investment
strategy) are the consumption rate and the allocation of wealth to risk-free and risky as-
sets over time. According to Merton (1975), studying this type of problems is the natural
starting point for the development of a theory of finance.

Samuelson and Merton’s pioneering papers prompted researchers to contribute a con-
siderable volume of new work on the subject in various directions. The literature has
extensively covered the optimal consumption-investment problems in the financial mar-
kets that are subject to constraints and market imperfections. For example, the book
authored by Sethi (1997) summarized the research conducted by Sethi and his collabo-
rators on the optimal consumption-investment problems under various constraints such
as bankruptcy prohibited, subsistence consumption requirement, borrowing prohibited,
and random coefficients market. Fleming and Zariphopoulou (1991) considered the opti-
mal consumption-investment problem with borrowing constraints. Cvitani and Karatzas
(1992, 1993) considered the scenario in which the investment strategy of an investor is
restricted to take values in a given closed convex set. Zariphopoulou (1994) considered
the problem under the constraint that the amount of money invested in a risky asset
must not exceed an exogenous function of the wealth, and bankruptcy is prohibited at
any time. Elie and Touzi (2008) considered the optimal consumption-investment problem
with the constraint that the wealth process never falls below a fixed fraction of its running
maximum. Davis and Norman (1990), Zariphopoulou (1992), Shreve and Soner (1994),
Akian, Menaldi, and Sulem (1996), and Dai and Yi (2009) considered proportional trans-
action costs in the study of optimal consumption-investment problems. These optimal
consumption-investment models focus on the constraints on the wealth process and the
investment strategy.

Bardhan (1994) considered the optimal consumption-investment problem with con-
straint on the consumption rate and the wealth. The constraint is that the investor must
consume at a minimal (constant) rate throughout the investment period, which is known
as the subsistence consumption requirement, and must maintain their wealth over a low
bound at all times. However, in financial practice, an upper boundary constraint on the
consumption rate typically exists in addition to the subsistence consumption requirement.
An example of such scenario is an investment firm with cash flow commitments that is
subject to regulatory capital constraints. No study in the extant literature has consid-
ered an upper boundary constraint on the consumption rate in the theory of optimal
consumption-investment in intertemporal economies.

Harry Markowitz, a Nobel laureate in economics, stated, “It remains to be seen whether
the introduction of realistic investor constraints is an impenetrable barrier to analysis, or
a golden opportunity for someone with a novel approach; and whether progress in this
direction will come first from discrete or from continuous-time models,” in the foreword
of the book by Sethi (1997). Research on the optimal consumption-investment problem
that considers the upper constraint on the consumption rate is scant, although exten-



sive research has been conducted on the problem involving other constraints, such as no
bankruptcy or limits on the amount of money borrowed. Consequently, this research
topic has not been sufficiently explored. This motivated us to investigate the optimal
consumption-investment problems with constraint on consumption rate.

In this paper, we consider a continuous-time consumption-investment model with an
upper bound constraint on the consumption rate, which linearly depends on the amount
of wealth of an investor at any time. The problem is considered in a standard Black-
Scholes market with a risk-free and a risky asset over an infinite trading horizon. We
make the usual assumption that shorting is allowed but bankruptcy is prohibited in the
market. We will primarily use techniques derived from the theories of free boundary
and viscosity solution in the field of differential equations to solve the problem (See e.g.,
Crandall and Lions (1983), Lions (1983), Fleming and Soner (1992), Dai, Xu and Zhou
(2010), Dai and Xu (2011), Chen and Yi (2012)). As is well-known, the value function
is the unique constrained viscosity solution of the associated Hamilton-Jacobi-Bellman
(HJB) equation. Using this fact, we first prove that the viscosity solution of the equation
is smooth everywhere but a unique possibility of (known) exception point. The detailed
descriptions of an unconstrained and a constrained trading regions are then provided.
Finally, we derive the optimal consumption-investment strategy in a closed feedback form
of wealth. In particular, the optimal consumption strategy is explicitly derived and its
expression does not involve the value function. The results also show that an investor
should use a similar optimal consumption-investment strategy as in the unconstrained
case when his financial situation is bad and should consume at the maximum possible
rate when his situation is good.

The paper is organized as follows. We formulate a continuous-time optimal consumption-
investment model with constraint on the consumption rate in Section 2. A case without
constraint is studied in Section 3. In Section 4, the associated Hamilton-Jacobi-Bellman
equation to the problem is introduced and a case with homogeneous constraint is investi-
gated. Using the techniques in the theory of viscosity solution, we show some properties
of the value function of the problem in Section 5. The descriptions of an unconstrained
and a constrained trading regions are provided in Section 6. Finally, we derive the optimal
consumption-investment strategy in a closed feedback form of wealth in Section 7. We
conclude the paper in Section 8.

2 Model Formulation

We consider a standard Black-Scholes financial market with two assets: a bond and a
stock. The price of the bond is driven by an ordinary differential equation (ODE):

dP, = rP, dt,

where 7 is the risk-free interest rate. While the price of the stock is driven by a stochastic
differential equation (SDE):

dSt = OéSt dt + USt th,



where « is the mean return rate of the stock, ¢ is the volatility of the stock, and W(-)
is a standard one-dimensional Brownian motion on a given complete probability space
(Q,F,P). We denote by {F; = o(Ws,s < t),t > 0} the filtration generated by the
Brownian motion. The interest rate r, the mean rate of return «, and the volatility o are
constants satisfying » > 0, ¢ > 0, and p := o —r > 0. There are no transaction fees or
taxes and shorting is also allowed in the market.

Let us consider a small investor in the market. The investor’s trading will not affect
the market prices of the two assets. His trading strategy is self-financing meaning that
there is no incoming or outgoing cash flow during the whole investment period. Then it
is well-known that the wealth process of the investor is driven by an SDE:

X, — . (1)

{dXt = (’T‘Xt + T — Ct) dt + mo th,
where x > 0 is the initial endowment of the investor, m; is the amount of money invested
in the stock at time ¢, ¢; > 0 is the consumption rate at time ¢. In this paper, we assume
that no bankruptcy is allowed, namely

X =20, Vt>0, (2)

almost surely (a.s.). The target of the investor is to choose the best consumption-
investment strategy (c(:),n(-)), which is subject to certain constraints specified below,
to maximize the total expected (discounted) utility from consumption over an infinite

trading horizon
E [ / P (e,) dt] | (3)
0

where U : RT = RT is the utility function of the investor, which is strictly increasing,
and 4 > 0 is a constant discounting factor. In this paper, we consider risk-averse investor
only, this is equivalent to that U(-) is concave.

The consumption-investment strategy (c(:),n(-)) is required to satisfy the following
integrability constraint

T
E {/ e P (rt 4 ¢)dt| <oo, VT >0, (4)
0

in which case, SDE (1) admits a unique solution X(-) satisfying
T
E U e P X | dt] <oo, VT >0.
0

If no other constraint on the consumption rate and investment strategy exists, the
problem (3) becomes the classical Merton (1971) consumption-investment problem. How-
ever, in practice, constraint on the consumption rate always exists; for example, the
consumption rate cannot be too low because an investor has basic needs, which are the
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minimal amount of resources necessary required for long-term physical well-being; this is
the so-called subsistence consumption requirement. Another practical example is when
the manager of a fund requests a fixed salary and a proportion of the managed wealth as
a bonus. However, most of the wealth still belongs to the owner, and consequently, the
manager cannot take excessive amounts from the total wealth. These scenarios motivated
us to consider an upper constraint on the consumption rate.

In this paper, specifically, we assume that the consumption rate is upper bounded by
a time-invariant linear function of wealth X; at any time:

OéctékXt—i—E, t}(), (5)

where k and ¢ are nonnegative constants, at least one of which is positive.
Our problem is summarized as

sup E [ /0 h e PU(¢y) dt] . (6)

(c(-);m())

where the wealth process is subject to (1), and the consumption-investment strategy
(c(+),m()) is subject to the constraints (2), (4) and (5). Denote by V(x) the optimal
value of the problem (6).

Same as Merton (1971)’s model, we focus on the constant relative risk aversion (CRRA)
type utility function

xp

Uz)="—, z>0 (7)

for a constant 0 < p < 1. It is well-known that the logarithmic utility function can be
treated as a limit case of CRRA type utility function as log(z) = lin% -1 50 the results
p—

of this paper can be extended to covering the case of logarithmic utility function.

3 Merton’s Model: A Case without Constraint

We first recall the well-known result of Merton (1971) for the scenario without constraint.
Let

12

. 202(1 —p) >0,

and

oo PO+
I—p



Theorem 3.1 If Kk > 0 and there is no constraint on the consumption rate, i.e., k+{ =
+o0, then the optimal consumption-investment strategy for the problem (6) is given by

(Ct, 7Tt) = </€Xt, ﬁ)ﬂg) y t 2 O,

and the optimal value is

1
Ve (x) = —KkP 1P, (8)
p
The optimal value V*°(z) = é/{pflxp will serve as an upper bound for the optimal
value in scenarios with constraint.

4 Hamilton-Jacobi-Bellman Equation

We adopt the viscosity solution approach in differential equations to solve the problem
(6). To this end, we need to prove some basic properties of the value function.

Proposition 4.1 If k > 0, then the value function V(-) of the problem (6) satisfies

1
V(z) < kP12, x> 0. (9)
p

Moreover, V (+) is continuous, increasing, and concave on [0, +o0c) with V(0) = 0.

PROOF. Both the set of admissible controls and the optimal value of the problem (6)
are increasing in /. And consequently, an upper bound of the optimal value is given by
the scenario ¢ = +o0. So the inequality (9) follows from (8).

If the initial endowment of the problem (6) is 0, then the unique admissible consumption-
investment strategy is (c(-),7(:)) = (0,0), so V(0) = 0; and consequently, V(-) is contin-
uous at 0 from the right by (9). By the definition of V (), it is not hard to prove its the
concavity and monotonicity. The continuity of V'(-) on (0, +00) follows from its finiteness
and concavity. O

With this proposition, using the theory of viscosity solution in differential equations
(See Crandall and Lions (1983), Lions (1983), Fleming and Soner (1992)), one can prove

Theorem 4.2 If k > 0, then the value function V(-) of the problem (6) is the unique
viscosity solution of its associated HJB equation

BV (z) — stlrp (%g%ﬂ%x(m) + Wu%(m)> — sup (U(c) - ch(:p)) —rzV,(x)

_ 2V o)
=BV (x) + 202 Voo (1) + (c(z) — ra)Vy(z) — P 0, z>0, (10)

in the class of increasing concave functions on [0, +00) with V(0) = 0, where

¢(x) := min {(Vx(x))p%l, kx + f} , x>0.

6



PROOF. The proof is standard (See e.g., Zariphopoulou (1992, 1994)). We leave the
details to the interested readers. 0]

4.1 A Case with Homogeneous Constraint

We first consider the scenario with a homogeneous constraint on the consumption rate.
The results will be useful in studying general scenarios in the following sections.

Theorem 4.3 If k > 0, { = 0, and k > 0, then the optimal consumption-investment
strategy for the problem (6) is given by

(Ct, 7Tt) = (mln {li, k} Xt7 ﬁ){t> s t 2 O, (1].)
and the optimal value s
: kP )
V(z) = min {x, k}" P = p(ﬁ(l—p)+kp)xp’ k< (12)
p(k(1 —p) + min {k, k} p) %,{pflxp’ k> k.

PROOF. Suppose £ > 0. Let V(-) be defined as in (12). Then

¢(x) = min {(Vx(a:))rll, kx + E} = min {(Vx(x))r%l, kx}
: A=
_ min min {x, k}
(5(1 — p) + min {x, k} p
where we used the fact that
min{m b min {x, k}7 — = min{x, k} = k,
(k(1 —p) +min{x, k}p)»=1  (min{x, k} (1 —p) + min {x, k} p)7=1

when k < k. It is easy to check that V'(-) and ¢(-) satisfy the HJB equation (10). Because
V(+) is increasing and concave with V' (0) = 0, by Theorem 4.2, V(-) is the value function
of the problem (6). It is easy to verify that the value (12) is achieved by taking the
consumption-investment strategy (11). O

)l,k} r =min {k, k} z,
p—1

The financial meaning of this result is quite clearly. The optimal consumption rate in
the Merton case is ¢; = kX;. If this strategy also satisfies the constraint in the problem
(6), then it must be optimal for the problem. If it does not satisfy the constraint, then
the best strategy is chosen, subject to the constraint, to be as close as possible to the
optimal consumption rate in the Merton case, in other words, ¢; = kX;.

Corollary 4.4 Ifk > k > 0 and £ > 0, then the optimal consumption-investment strategy
for the problem (6) is given by

(Ct, 7Tt> = (HXt, ﬁ)ﬁg) s t 2 O, (13)



and the optimal value s
Lo
V(z) = =P 2P (14)
p
If K <0 and ¢ > 0, then the problem (6) is ill-possed, i.e., its optimal value is infinity.

PROOF. Both the set of admissible controls and the optimal value are increasing in /;
and consequently, the scenario ¢ = +00 gives an upper bound, V(z) < V*°(x) = %Hp_ll'p.
It is easy to verify that the upper bound Ilj/fp_lxp is achieved by taking the consumption-
investment strategy (13).

If k goes down to 0, then the optimal value V(z) = %/fp_lxp goes to infinity. Because

the optimal value of the problem (6) is decreasing in 3, we conclude that V(z) = 400 if
k< 0and?>0. L]

By Theorem 4.3 and Corollary 4.4, we only need to study the scenario
k>k>0, (>0,

which are henceforth assumed unless otherwise specified.

Remark 1 We will address the scenario k >k =0 and ¢ > 0 in Remark 2.

5 The Value Function: Continuity of the First Order
Derivative

Theorem 5.1 The value function V(-) of the problem (6) is in C[0,+o0c) N C*(0, +00)
if r < k; and in C[0,+00) N CH((0, +00)\{z.}) if r > k, where

o = (15)

is the unique possibility of the exception point, in which case, Vy(r.—) < (kx. +£)P~" and
V(z.) = %(/{:xe + 0)P.

PROOF. It is proved that V() € C[0,+00) in Proposition 4.1. Note that V(:) is
increasing and concave, so we can define the right and left derivatives as

o Viete)—-Vi(x
Va(w) ::€1_1>%1+ | :I:)e =

20,

for all z > 0. Moreover, both V,.(-+) are decreasing functions and 0 < V. (z+) < V. (z—) <
+oo for all z > 0.



Now we show that V'(-) is continuously differentiable on (0, +00)\{x.}. By Darboux’s
Theorem, it is sufficient to show that V(-) is differentiable on (0, +o00)\{x.}, which is
equivalent to V,(x—) = V,(x+) for all positive x # ..

Per absurdum, suppose V. (zo+) < V,(zo—) for some zq > 0. Let £ be any number
satisfying V.. (xo+) < £ < Vi(zo—). Define

¢(x) = V(w0) + &(x — 20) — N(x — 20)?,
where N is any large positive number. Then by the concavity of V (-),
V(x) < V(wo) + Va(wo—)(x — 20) = d(x) + (Valwo—) — )(x — x0) + N(z — 0)*

<o(x), f0<zg—x< %(vx<x0_) — &),

and

V(@) < V(o) + Valzot) (@ — 0) = 6(2) + (Va(wot) — €)@ — ) + N(z — 20)°
<or), H0<z—120< %(f — Vi(zo+)).

Therefore, V(z9) = ¢(x¢) and V() < ¢(z) in a neighbourhood of xy. By Theorem 4.2,
V (+) is a viscosity solution of the HIB (10), noting ¢(-) € C*°(0, +0), so

0> Bp(xg) — sup (30°7° Gau(@0) + TpGe(x0)) =  sup  (U(c) — ca(x0)) — rzods(zo)

0<ce<kzo+4
— V(o) ~ Ao = s (U(0) €)= g = BV ()~ o — (e
where
g(&) == sup (Ulc) —c€) +razof, 0<E< +oo.
0<ce<kzo+4
Letting N — 400, we get
9(&) = BV (o), (16)

for all £ € (Va(zo+), Va(zo—))-

On the other hand, because V(-) is concave, it is second order differentiable almost
everywhere. Thus, there exists a sequence {x,, : n > 1} going up to zo such that V(-) is
second order differentiable at each x,,. By Theorem 4.2,

0=pV(x,)— sgp (30°1* Ve (2y) + 7pVo(xn)) —  sup  (U(c) — cVilzn)) — 1z, Va(zy)

0<Lc<krn+4

<BV(zn) — sup  (Ulc) — cVe(wn)) — raznVe(w,)

0<c<kn+2L
= BV (zn) — 9(Va(zn)) + r(zo — 20) Vi (20).



So
9(Va(zn)) < BV (zn) + 1(20 — 20) V().
Note that g(-) is convex on (0, +00), so it is continuous on (0, +00). Hence

9(Ve(zo—)) = lim g(Vi(zn)) < lim (BV(zn) +7(20 = 2n)Ve(zn)) = BV (o). (17)

n—-+o0o n—-+o00

Similarly, we have

9(Va(zot)) < BV (20). (18)

Noting that g(-) is convex on (0,400) and (16), we obtain

max{g(Vz(20—)), 9(Va(zo+))} = 9(§) = BV (w0),  Valzot) <& < Valwmo—).  (19)

By (17), (18), and (19), we conclude that g(§) = 5V (z0) for all £ € [Vi(xo+), Va(zo—)].
Note

g(§) = sup (U(c) = c) +rxo§

0<Lc<Lkao+L
Ulkzo+ ) — (kxo + € — rx0)E, if & < (kxo+£)P7Y
o (}%_1> gﬁ—i—r@’o& if &€ > (k’xo—i-f)p_l.
Therefore, g(-) is a constant on [V, (xo+), V,(zo—)] if and only if kxg + ¢ — rzy = 0 and
Vo(ro—) < (kwo + £)P7'. Tt could only happen in the scenario r > k, o = z. and

Vo(z.—) < (kzo + £)P7!, in which case, 8V (z.) = g(§) = %(/{:me + £)P. The proof is com-
plete. O

Although V() may not be differentiable at z. when r > k, we can still define V. (z.—).
From now on, we denote V,(z.) := V,(x.—) unless otherwise specified.

6 The Value Function: Properties

Proposition 6.1 The value function V (-) of the problem (6) has the following properties:

(a). V(x)/xP is decreasing, and hence

2Vy(x) < pVi(z), x> 0;

(b). we have




(c). V(-) is strictly concave on (0,400) and V,(+) is strictly decreasing on (0, +00);
(d). we have

k

— kPP V() < KPP 2> 0.
K= )+ kp S VS

PROOF. We first consider the scenario x # x..

(a). Let V(z,¢) denote the value function V(z) with constraint (5). Given the form of
CRRA type utility function (7), the dynamics (1) and constraint (5), a standard
argument can show that V'(-,-) is homogeneous of degree p, i.e.,

VM) = NV (z,0), A> 0.
Letting A = 271,
V(1,27 %) = 27V (2, 1),
the property (a) follows from V(1,27!/) is decreasing in z.

(b). The upper bound is given by (9). The lower bound given by the scenario ¢ = 0 is
(12).

(c). Note V,(+) is decreasing by the concavity of V(). Suppose it is not strictly decreasing.
Then V,(z) = A, x € (x1,x9) for some constant A > 0 and (x1,z2) C (0,400).
It follows that V,,(z) = 0, € (x1,22). If A = 0, because V(-) is concave and
increasing, V,(x) = 0, x € (x1,4+00) which contradicts the property (b). Suppose
A > 0. Applying the HJB equation (10),

BV (x) — sup (2o*m*Vou(2) + 7pVo(z)) — sup  (U(c) — eViu(w)) — raVi(z) =0,

0<c<Lkz+4

T, < T < Ty,
we get

pV(z) =sup(rpA) + sup (U(c) — cA) +raA =400, w1 <z < 29,

0<c<Lkz+4
which contradicts the property (b).

(d). The upper bound follows from the properties (a) and (b). Note V(-) is concave and
apply the property (b),
Viz+y)—V(z)
Y

Va(x) >

>

kP 1
(p(n(l — ) (x +y)? — ]—)/i”_lxp) , x>0, y>0.

< |

11



Let y = %"’x in the above inequality,

L kP KNP » 1,0,
w2 (e ()5 )

k K
_ — 1) ZgpLgp
(k —k)x (K(l—p)—{—kp )pl{ .

_k ( kp — kp ) Loy pa
- kP g
k—k\k(l—p)+kp/)p

k

S ELL——C Y
k(1 —p)+kp

, x>0.

Thus the property (d) is proved.

For the scenario x = x., all the properties can be proved by a limit argument. The proof
is complete. O

Define an unconstrained trading region ¢/ and a constrained trading region C as follows:
U={z>0:V,(2)7T < kz+ 0}
_1
C:={x>0:Vy(x)r1 = kax +(}.

One of the main results of this paper is providing detailed descriptions of these two regions.
It follows from Theorem 4.2 that

BV (x) + %\‘//((?) —raVo@) + (1= D) V@) =0, zeu;  (20)
BV (x) + ,u_2 Vo) + (kx + € —ra)Vy(x) — %(kzx +0)P =0, zeC. (21)

202 V. (2)

Proposition 6.2 We have

(% +oo) cc, (22)

and

12



PROOF. By the property (d) in Proposition 6.1, we have
Vo(z) < kP12t x>0,

and hence,

V;(m)ﬁ>m:>kx+£, if:ve( Ek’ +oo),
H_

thus (22) follows.
Similarly, we have

k

V, > p—1,p—1 _ p—1 >0
and hence,
1 l
Ve(x)r T <mrx<kx+4{, ifzxe (0, —k;) ,
n—
thus (23) follows. O

Corollary 6.3 Ifxk >r >k, thenx. € C. If r > n, then x. € U.

ProOoOF. If Kk >r >k , then

14 - 14
r—k  k—Fk

Te =

Similarly, notting n > k > k, if r > n, then r > k, and

l - l
r—k n—k

Te =
The claim follows from the above result. O

Now we are ready to provide the detailed descriptions of the regions & and C.

Theorem 6.4 If kK > k + r, then there exists a constant

= (24)
such that
U = (0,z%), (25)
and
C = [z, +00). (26)

13



PROOF. In order to prove the claim, we first derive the formula of the solution in the
unconstrained region U, although the problem does not admit a closed form solution on
(0, +00).

Let Z(-) : (c1,¢2) — U be uniquely determined by

Vo(Z(c)) =, e <ec<c. (27)

By Corollary 6.3, x. ¢ U, so V,(-) is continuous and strictly decreasing on Y. Thus Z(+)
is well-defined and strictly increasing. It follows that

Ve (Z(e)Z'(c) = (p— D)2, ¢ <c<ey. (28)

Applying (27) and (28), equation (20) becomes

BV (Z(c)) — O 7' (¢) — rcP =1 Z(c) + p;lcp =0, ¢ <c<ocs.
p
Differentiate the above equation with respect to c,
BV (Z(c)) Z (c) — 0(cP Z"(c) + pcP~ 1 Z/ (¢)) — r(P 1 Z/ (c)
+(p =1 ?Z(e) + (p— 1) =0,

and apply (27) again and eliminating P~
BeZ!(c) —0(c*Z" (¢) +pcZ(c)) —r(cZ(c)+ (p—1)Z(c)) + (p — 1)c = 0.
Now we obtain an ordinary differential equation (ODE) for Z(-):
L7=0 ¢ <c<ecy, (29)
where
L7 :=—-0c7"(c)+(B—0p—r)cZ(c)+r(l—p)Zic)—(1—p)e.

Now we are ready to prove (25). Per absurdum, suppose the unconstrained region U
contains more than two separate intervals. Then by (22) and (23), there exist x; and x9
such that

_1

< <@g < (x1,22) CU, V;c(ﬂﬁl)ﬁ =kxy+ 0, Vip(xg)r T = kag + ¢,

n—k k—k’

where the last two identities are from the continuity of V,(-) and Corollary 6.3. Let
¢y = 77 (z1) and ¢y = Z7' (). Then recalling (27),

1 1

V;C(ZL‘l)Pj —E ‘/I(Z(Cl))ﬁ —E C1 —f

Z(Cl) =X = 2 = 2 = 2 > 0, (30)
T Z(cy)) T — —
Z(er) = 0y = Vx(“)k G (Cz? o = foo (31)



Thus
c>c >0 ife<c<eoe.

We now confirm ¢ — £ is a supersolution of the ODE (29) with boundary conditions
(30) and (31). In fact, c — < satisfies boundary conditions (30) and (31), thus we only
need to confirm £ (C—;g) > 0. Note

k k i
B (6—9p—7‘+r(1—p)

() == t-nf -t - -

~E) (=g - r -
- (M=) a-pg-ra-p

= (=B (1= p) s (1= p)] > (5= ) (1= p)p — (1 —p)] >0,

Eral RN

where we used the assumption x > k + r in the last inequality. Thus we proved % is a
supersolution of the ODE (29) with boundary conditions (30) and (31). Therefore,

c—V/
k )

Z(c) <

1 < ¢ <y,

and consequently, Vm(Z(c))Til = ¢ > kZ(c) + ¢ that contradicts Z(c) € U, ¢; < ¢ < 3.
Thus we proved (25). By the definitions of & and C, (26) follows immediately.
The claim (24) follows from (22) and (23). O

7 The Value Function: Continuity of the Second Order
Derivative and the Optimal Strategy

Theorem 7.1 Suppose k = k+1r. If k > r, then V.(-) € C(0,+00). If k < r, then
Vi (+) € C((O, +oo)\{xe}), where x. defined in (15) is the unique possibility of exception
point.

Our main idea to prove the above result is to consider the dual function of the value
function V(). Make dual transformation

v(y) == max(V(z) — zy), y>0. (32)

x>0

Then v(-) is a finite decreasing convex function on (0,4o00). Since V,(-) is strictly de-
creasing, we denote the inverse function of V,(z) = y by

Iy) = 2. (33)

15



By the property (d) in Proposition 6.1, I(-) is decreasing and mapping (0, +00) to itself.
From (32),

v(y) = [V(z) — 2Va(z)] =V({I(y)) —yl(y). (34)

z=I(y)
By differentiating the above equation with respect to y, it follows that
vy(y) = VaL()I'(y) —yI'(y) — I(y) = —1(y), (35)

o) = ~T'(y) = —m

Insert (35) into (34),
V(I(y)) = v(y) — yoy(y).

Make the transformation (33), apply (34), (35), (36), and V,(x) = y, then the HJB
equation (10) becomes

Bv(y) —yv,(y)) — %y%y(y) +yd(y) + ryvy(y) — %d”(y) =0, y>0, (37)

where
d(y) := min {yp%l, l— kvy(y)}-
The equation (37) is a quasilinear ODE, which degenerates at y = 0. It follows that
v € C%(0,4+00) NC>((0, +c0)\{y*}),

where y* = V,(z*) and z* is defined in Theorem 6.4.

Remark 2 We remark that the problem (6) can be solved in the scenario k >k =0 and
¢ > 0. In fact, in this scenario,

d(y) = min{yﬁ, 6} =

l, ify <t
yr T, ify > L

and (37) reduces to
Bw(y) =y, (1) — 2oy, (y) + by + ryv,(y) — 1P =0 ify <t
Bu(Y) = yvy(y)) — 35290y (y) + y7=1 +ryvy(y) — sy =0, ify >

This ODE can be solved explicitly via applying the smoothing fit condition. So we will
not only have an explicit optimal consumption-investment strategy in a feedback form, but
also have an explicit expression of the optimal value for the problem (6). We leave the
details to the interested readers.
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Theorem 7.1 will follow from the following two propositions.

Proposition 7.2 Suppose k > k+r. Let x* be defined as in Theorem 6.4. If k > r, then
Via(+) € Cla* + 00). If k <1, then Vi, (+) € C([z* + 00)\{ze}), where x. defined in (15)
18 the unique possibility of the exception point.

PROOF. By (36), to prove V,,(-) € C([z* 4 00)\{z.}) is equivalent to prove vy, (y) > 0
for all y € (0, y"]\{ye}, where yo = Vi (z.—).

Suppose there exists a point 0 < yg < y* such that v,,(yo) = 0, which is the minimum
value of v, (-) by the convexity of v(-). It follows that vy,,(yo) = 0. Differentiating (37)
with respect to y yields

2

Bl=y23(9)) = 35 200(y) + 0 (1)) + € = kv, (y) = kyv,, (y)

+ (v (y) + Yy (y)) + k(€ — kvy(y))ﬁvyy(y) =0, O0<y<y" (38)

Applying vy, (yo) = 0 and vy, (yo) = 0, we get (k — r)v,(yo) = ¢ which is equivalent to
(r—k)xog = £ where xo = I(yy). Hence xg = x. is the unique possibility of exception point
which can only happen in the scenario r > k.

It remains to show v, (y*) > 0. If v,,(y*) = 0 which is the minimum value of vy,(-).
It follows that vy, (y*—) < 0. By (38), it follows (k — r)v,(y*) > ¢ which is impossible
if & > r because v(-) is decreasing. If r > k, then (r — k)x* > ¢, * > x. which is also
impossible because x. is in the interior of C by the proof of Corollary 6.3. O

Proposition 7.3 Suppose k > k+r. Let x* be defined as in Theorem 6./. Then V. (-) €
C(0, z*].

PROOF. It is proved that vy, (y*) > 0 in the proof of Proposition 7.2. Suppose there
exists a point yp > y* such that v,,(yo) = 0, which is the minimum value of vy, () by the
convexity of v(-). It follows that vy, (yo) = 0. Differentiating (37) with respect to y yields

2
L *

B(—yvyy(y)) — %(Zyvyy(y) + Y70y () + (v (y) + Yoy (1) +y7 T =0,y >y

1
Applying vy, (yo) = 0 and v,,,(yo) = 0, we get rv,(yo) = —yg~' which is equivalent to
1
Vi(xg)?=1 = ray where xy = I(yo). However, by the property (d) in Proposition 6.1, we
1
have V. (zo)»~T > kxg > rxo. The proof is complete. d

Before proving the global continuity of the first order derivative of the value function,
we recall a result in convex analysis. For the completeness of this paper, a proof is given
in the Appendix.

Lemma 7.4 Let h(-) be a finite concave function on (0,400). Define its convex dual

h(y) := max(h(z) —zy), y>0.

Let yo = inf{y > 0 : /ﬁ(y) < 4+o0}. Then the following two statements are equivalent:
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1. ﬁ() is strictly conver on (Yo, +00).
2. h(-) is continuous differentiable on (0,400).

Corollary 7.5 Suppose k > k + r. The value function V(-) of the problem (6) is in
C[0, +00) N CH(0, +00).

PROOF. It is proved that v,,(y) > 0 if y # V,(x.—) in the proofs of Proportions 7.2 and
7.3. This implies that v(-) is a strictly convex function on (0,400). Consequently, V(-)
is continuous differentiable on (0, +00) by Lemma 7.4. O

To give an explicit optimal consumption-investment strategy for the problem (6), we
derive the formula of Z(-) in the unconstrained region U, although we cannot obtain a
closed form solution on (0, +00), but it is adequate for our purpose.

Proposition 7.6 Suppose k > k +r. Let Z(-) be defined as (27) and z* be defined as in
Theorem 0.4, then

c
kx* + ¢

Z(c)zlc—l((k—m)x*—l—f)( ) , 0<e<ka"+14, (39)

kK K
where X\ is the unique positive root of the polynomial OA(A — 1)+ (r — B+ pO)A+r(p—1).
PROOF. Let ¢* = Z7'(2*). Because V,(+) is in C*(0, +o0) and (27),

¢ = Vo(Z(c)7T = Vy(a*)rT = ka* + £, (40)

Consider the equation (29). The general solution of its corresponding homogeneous
equation is Be* + Be), where B and B are constants, X is the unique negative root of
fOA) =0AAN—=1)+ (r—B8+pd)A+r(p—1). Observer f(1) = -3+ p(f +r) < 0 and
f(4+00) = 4o0. It follows that A > 1 and A < 0. Note a particular solution to the
inhomogencous equation (29) is tc. Thus the general solution to the equation (29) is
given by

1

Z(c) = —c— Bc* — Be), 0<c<c.
K

Because Z(0+) = 0 and A < 0, we conclude that B = 0, and hence
1
Z(c) = —c— Bc*, 0<c<c
K

Using Z(¢*) = z* and by (40), we obtain B = % ((k—k)z*+0)(kz*+¢)~*; and consequently,

A
Z(c)zlc—l((k—ra)x*w)( > C O<e<cr=ka + L.

c
K K kx* + /¢

The proof is complete. O
The main result of the paper is stated as follows.
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Theorem 7.7 Suppose k > k + r. Let x* be defined as in Theorem 6.4. The optimal

consumption-investment strategy (c*(-),7*(-)) for the problem (6) is given by a closed
feedback form of wealth:

(ci,mp) = (€(Xy), 7 (Xe)), 120,

where

Z—l 0 * ., ‘/’x
c*(z) = { (), SESTS O nd m(z) = Ve (@) x>0,

kx +¢, T > Tk, _JQ%x(:c)’
and Z71(-) is the inverse function of Z(-) defined in (39).
PROOF. It is evident that

¢ () = Vx(x)z)%l, 0 << a*
kx + ¢, x> k.

We only need to show Vx(x)v%l = 7 !(x) which follows from (27). By the preceding
analysis, (¢*(+),7*(+)) is indeed an optimal pair for the HJB equation (10), so the value
function V' (z) is achieved at (¢*(-),7*(:)). A standard verification theorem argument can
show that the consumption-investment strategy (¢*(X;), 7*(X:)) defined above is optimal
for the problem (6). We leave details to the interested readers. O

8 Concluding Remarks

The problem is still open in the scenario k < k < k + r. Our proof of Theorem 6.4 needs
the condition k > k + r so as to apply the comparison principle. To handle the scenario
k < k < k+r, it may require other techniques. We will continuous work on this scenario
and hope to fill the gap in the near future.

Appendix

PROOF OF LEMMA 7.4. 1. = 2.”: Per absurdum, suppose h(-) is not differentiable at
some xg > 0, then

h(z) — h(zo) < y(z —x9), Vx>0,
for all y € [hy(xo+), he(xo—)]. Then it follows
h(z) —yx < h(xg) — yzo, Vx>0,

and hence h(y) = h(zo) — yxo for all y € [hy(zo+), ha(zo—)]. This contradicts that h(-) is
strictly convex. Therefore, h(-) is differentiable. Because h,(-) is increasing, by Darboux’s
Theorem, h,(-) is also continuous.
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"2. = 1.": Because h(-) is continuous differentiable on (0, +00),

~

h(h' (z)) = h(z) — ' (x)z, = >0.
For any b > a > v, we need to show 25((a +b)/2) < /f;(a) + /f;(b) Note that there
exists 0 < x; < x9 such that b = h'(x;) > h'(z2) = a, and y € (21, x2) such that
W(y) = 3(I(z1) + 1 (22)) = 3(a+ b) by the continuity of A'(-). It is sufficient to show
2(H(y)) < h(H (1)) + h(H (22),
ie.,
2h(y) — 2K (y)y < h(z1) — W' (z1)z1 + h(z2) — I (22)22. (41)

Because h(+) is concave,

h(y) = h(zr) < (y — z)l (21),
h(y) = h(wz) < (y — 22)l (z2).
If both of them are identities, then h(-) is linear on [z1,25], and h'(z1) = h'(x9), a

contradiction. So at least one of them is strict, and consequently,
2h(y) — h(z2) — h(z1) < (y — 21)W (21) + (y — 22)0'(22)
=20 (y)y — I (x1)x1 — b (29) 2o,

which is equivalent to the desired inequality (41). O
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