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Abstract. For signal enhancement, beamforming remains to be an essential

technique for many applications. In the design process, the microphone loca-
tions are prescribed and the signal from a target location is being enhanced.

While the filter coefficients can be readily optimized, it is found that the sig-

nal enhancement capability depends significantly on the array configuration.
Therefore, it is advantageous to consider both filters and microphone positions

as design variables. In this paper, this problem is addressed. We formulate the

beamformer design problem as a non-linear least square problem and propose
Gauss-Newton algorithm to update both filters and configuration simultane-

ously during iterations. We illustrate by several designs to demonstrate the

effectiveness of the proposed method.

1. Introduction. Beamforming [25, 9] is a signal processing technique to filter
noise spatially so that the received signals from a desired location can be enhanced.
It has been studied extensively due to their wide applications in many areas such
as biomedicine, speech recognition, acoustics and wireless communications in which
especially multiuser MIMO systems [12, 13]. In the literature, various techniques
[1, 7] have been developed to design beamformer coefficients under certain prede-
fined design conditions. One traditional method is to collect calibration signals and
optimize on the least-squares error and signal-to-noise ratio. If the array configu-
ration is fixed, the steering vectors of the desired signals can be estimated together
with their direction-of-arrivals [22]. This leads to another way of exploring the sig-
nal variance matrix to suppress interference, such as the Capon beamformers and
the linearly constrained minimum variance (LCMV) beamformers [16, 14, 15]. The
noise signal can be blocked as well with a procedure similar to echo cancellation,
which is the generalized sidelobe canceler (GSC) beamforming technique [20, 6].
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The near-field-far-field reciprocity relationship can be explored for designing near-
field beamformers [8]. More elaborated acoustic signal propagation models have
also be employed. The beamformer design problem can be formulated as an semi-
infinite optimization problem similar to the design of multidimensional digital filters;
various optimization methods, such as linear programming techniques [19, 23], qua-
dratic programming techniques [21, 11] and second-order cone programming [2] and
semi-definite programming [4] have been applied.

It is known that the array response changes significantly when the microphone po-
sitions change (see, for example, [24]). For example, the performance of the designed
beamformers can be enhanced significantly if the configuration of the beamforming
array is optimized [5, 17] which ends up in an end-fire array. On the other hand,
for hanging microphones in three-dimensional design, the spherical array provided
better performance [18]. The design of spherical array has been further studied in
[10]. Clearly the positioning of microphones plays an important role in the beam-
forming design problem. However, unlike optimizing the filter coefficients, in which
the problem is convex, the objective function is highly nonlinear when the posi-
tion is considered in the optimization process. As a result, existing methods for
filter design are not applicable. In the literature, the current approaches in opti-
mizing microphone positions are employing a two-level cycles with the outer cycle
being the positioning optimization while the inner cycle design the beamformer for
a fixed configuration. Indeed, the design process can be carried out in a way that
the filter coefficients and the microphone positions are optimized simultaneously in
a single cycle. In this way, the method can converge rapidly to obtain the design.
In view of this, in this paper, we formulate the beamformer design problem as a
non-linear least square problem to optimize on the filters and microphone positions
simultaneously. The gradient information is derived analytically with respect to the
positions and a Gauss-Newton algorithm is proposed to solve the problem. Unlike
Newton’s method, the Gauss-Newton algorithm can only be used to minimize a
sum of squared functions with the advantage that second derivatives, which can
be challenging to compute, are not required. We demonstrate that the resulting
method can converge very fast comparing with other methods. By adding micro-
phone positions to be the design variables, we can obtain much better frequency
responses.

The rest of the paper is organized as follows. In Section 2, we formulate the
beamforming design problem together with microphone location problem. In Sec-
tion 3, The algorithm for beamforming design problem is presented. For illustration,
several examples are solved in Section 4.

2. Formulation. Denote the position vector of the source signal by s and the
position vector of the i-th microphone by ri. Let γ = (r1, r2, · · · , rN ), the region
of all possible locations is given by ΓN = Γ×· · ·×Γ. Figure 1 depicts the structure
of a near-field beamformer. The sound signal is received by the microphone array
and processed by the FIR filters. Using a sound propagation model, the transfer
function from the source to the i-th microphone is given by

Hi(s, f,γ) =
1

‖s− γi‖
e−j2πf‖s−γi‖/c. (1)

The array response is therefore given by

H(s, f,γ) = (H1(s, f,γ), . . . ,HN (s, f,γ))ᵀ. (2)
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Figure 1. The structure of a near-field beamformer

Denote the filter response by

d0(f) =
(

1, e−j2πf/fs , . . . , e−j2πf(L−1)/fs
)ᵀ
, (3)

where fs is the sampling rate. Let the filter coefficients be

w = (wᵀ
1 , . . . ,w

ᵀ
N )ᵀ, (4)

where each wi has a length of L, the beamformer response is given by

G(s, f,γ) = wᵀd(s, f,γ)

with

d(s, f,γ) = H(s, f,γ)⊗ d0(f),

where ⊗ is the Kronecker product.
Let Gd(s, f,γ) be a desired response imposed on the beamformer, and consider

a region Ω = ∪mi=1Ωi in the space-frequency domain where each Ωi is a convex set
and Ωi ∩ Ωj = ∅ for i 6= j. Here, we choose the desired response function as

Gd(s, f) =

{
e−j2πf(

‖s−rc‖
c + L−1

2 T), if (r, f) is in passband region
0, if (r, f) is in stopband region

where rc = 1
N

∑N
i=1 ri is the coordinate for the center element. Following [23], we

expand the complex functions as

d(s, f,γ) = d1(s, f,γ) + jd2(s, f,γ),

Gd(s, f,γ) = Gd1(s, f,γ) + jGd2(s, f,γ),

and denote

u(s, f,γ) = wᵀd1(s, f,γ)−Gd1(s, f,γ),

v(s, f,γ) = wᵀd2(s, f,γ)−Gd2(s, f,γ).

Let Ωd = {(s1, f1), . . . , (sp, fp)} ⊂ Ω is a set of dense grid points. The design
problem can be formulated as

min
w∈RNL,γ∈ΓN

∑
(si,fi)∈Ω

u2(si, f i,γ) + v2(si, f i,γ). (5)

After rearranging the terms, the beamforming design problem can be summarized
in the following.
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Problem. Find a coefficient vector w ∈ RNL and a position vector γ ∈ ΓN such
that the cost function

‖D(s, f,γ)w −Gd(s, f,γ)‖22
is minimized, where

D(s, f,γ) = (d1(s1, f1,γ), · · · ,d1(sp, fp,γ),d2(s1, f1,γ), · · · ,d2(sp, fp,γ))T ,

Gd(s, f,γ) = (Gd1(s1, f1,γ), · · · , Gd1(sp, fp,γ), Gd2(s1, f1,γ), · · · , Gd2(sp, fp,γ))T .

Due to γ (the unknown positions) being the decision variables, this is a nonlinear
least-squares optimization problem. In order to solve the problem iteratively, the
first order gradient information is needed. Define

 L(z) = D(s, f,γ)w −Gd(s, f,γ),

where z = (wT , x1, · · · , xN , y1, · · · , yN )T . The first order Taylor expansion of L(z)
about the kth iterate z(k) at each iteration where k is

 Li(z) =  Li(z
(k)) +

∑
j

∂Li(z
(k))

∂zj
(zj − z(k)

j ).

In the following section, the gradients are established.

3. Algorithm. In this section, we describe the use of the Gauss-Newton algorithm,
which is a modification of Newton’s method, for finding a minimum of the beam-
former design problem. Unlike Newton’s method, the Gauss–Newton algorithm can
only be used to minimize a sum of squared functions with the advantage that second
derivatives, which can be challenging to compute, are not required.

Lemma 3.1. For  L(z) = D(s, f,γ)w −Gd(s, f,γ), let J ij = ∂  Li(z
(k))

∂zj
. Then we

have
J =

(
D K

)
where Dij(s, f,γ

(k)) = ∂  Li

∂wj
(z(k)), and

K =



∂L1R

∂x1
· · · ∂L1R

∂xN

∂L1R

∂y1
· · · ∂L1R

∂yN
...

. . .
...

...
. . .

...
∂LpR

∂x1
· · · ∂LpR

∂xN

∂LpR

∂y1
· · · ∂LpR

∂yN
∂L1I

∂x1
· · · ∂L1I

∂xN

∂L1I

∂y1
· · · ∂L1I

∂yN
...

. . .
...

...
. . .

...
∂LpI

∂x1
· · · ∂LpI

∂xN

∂LpI

∂y1
· · · ∂LpI

∂yN


.

Proof. Let J ij = ∂  Li(z
(k))

∂zj
and the vector of increments 4zj = zj − z(k)

j , then we

have
 Li(z) =  Li(z

(k)) +
∑
j

J ij4zj .

To minimize the cost function ‖ L(z)‖2, the gradient is set to zero to obtain

2
∑
i

( Li(z
(k)) +

∑
s

J is4zs)J ij = 0.

That is ∑
i

∑
s

J ijJ is4zs = −
∑
i

J ij  Li(z
(k)).
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Then we have

4z = −(JTJ)−1JT  L(z(k)),

z(k+1) = z(k) +4z = z(k) − (JTJ)−1JT  L(z(k)).

Define

βij1 = cos aij · cos bi − sin aij · sin bi, βij2 = −sin aij · cos bi − cos aij · sin bi,

βij3 = sin aij · cos bi · 2πf i

c
, , βij4 = cos aij · sin bi ·

2πf i

c
,

βij5 = cos aij · cos bi · 2πf i

c
, , βij6 = sin aij · sin bi ·

2πf i

c
,

βi7 =
1

N
sin2πf i(

‖si − rc‖
c

+
L− 1

2
T ) · 2πf i

c
· s

i
x − rcx
‖si − rc‖

,

βi8 =
1

N
sin2πf i(

‖si − rc‖
c

+
L− 1

2
T ) · 2πf i

c
· −rcy
‖si − rc‖

.

βi9 =
1

N
cos2πf i(

‖si − rc‖
c

+
L− 1

2
T ) · 2πf i

c
· s

i
x − rcx
‖si − rc‖

,

βi10 =
1

N
cos2πf i(

‖si − rc‖
c

+
L− 1

2
T ) · 2πf i

c
· −rcy
‖si − rc‖

,

where aij =
2πfi‖si−rj‖

c , bi = 2πfi(q−1)
fs . If (r, f) in the stopband region, we can

derive

∂  LiR
∂xj

=

L∑
q=1

wjq

(
βij1

six − rjx
‖si − rj‖3

+
βij3

‖s− rj‖
· s

i
x − xj
‖s− rj‖

+
βij4

‖si − rj‖
· s

i
x − xj
‖si − rj‖

)

∂  LiR
∂yj

=

L∑
q=1

wjq

(
βij1

−yj
‖si − rj‖3

+
βij3

‖s− rj‖
· −yj
‖s− rj‖

+
βij4

‖si − rj‖
· −yj
‖si − rj‖

)

∂  LiI
∂xj

=

L∑
q=1

wjq

(
βij2

six − rjx
‖si − rj‖3

+
βij5

‖s− rj‖
· s

i
x − xj
‖s− rj‖

+
βij6

‖si − rj‖
· s

i
x − xj
‖si − rj‖

)

∂  LiI
∂yj

=

L∑
q=1

wjq

(
βij2

−yj
‖si − rj‖3

+
βij5

‖s− rj‖
· −yj
‖s− rj‖

+
βij6

‖si − rj‖
· −yj
‖si − rj‖

)
If (r, f) in the passband region, since xc = 1

N

∑N
j=1 xj and yc = 1

N

∑N
j=1 yj , we

have

∂  LiR

∂xj
=

L∑
q=1

wjq

(
βij
1

six − rjx
‖si − rj‖3

+
βij
3

‖s− rj‖
· s

i
x − xj
‖s− rj‖

+
βij
4

‖si − rj‖
· six − xj
‖si − rj‖

)
− βi

7

∂  LiR

∂yj
=

L∑
q=1

wjq

(
βij
1

−yj
‖si − rj‖3

+
βij
3

‖s− rj‖
· −yj
‖s− rj‖

+
βij
4

‖si − rj‖
· −yj
‖si − rj‖

)
− βi

8.

∂  LiI

∂xj
=

L∑
q=1

wjq

(
βij
2

six − rjx
‖si − rj‖3

+
βij
5

‖s− rj‖
· s

i
x − xj
‖s− rj‖

+
βij
6

‖si − rj‖
· six − xj
‖si − rj‖

)
− βi

9.
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∂  LiI

∂yj
=

L∑
q=1

wjq

(
βij
2

−yj
‖si − rj‖3

+
βij
5

‖s− rj‖
· −yj
‖s− rj‖

+
βij
6

‖si − rj‖
· −yj
‖si − rj‖

)
− βi

10.

Using Lemma 3.1, we can summarize the final algorithm as follows:

Algorithm 3.1. The Gauss-Newton algorithm for beamformer design:

Step 1: Choose a z(0). Set k = 0.
Step 2: Compute

 L(z(k)) = D(s, f,γ(k))w(k) −Gd(s, f,γ
(k)),

and

J =
(
D K

)
.

Step 3 :
Let z(k+1) = z(k) − (JTJ)−1JT  L(z(k)), if ‖ L(z(k+1) −  L(z(k)‖ < ε,

then stop. Otherwise we set k = k + 1 and return to step 2.

4. Numerical Examples. In this section we provide examples to demonstrate the
performance of the algorithm which is implemented in MATLAB. We choose the
desired response function as

Gd(r, f) =

{
e−j2πf(

||r−rc||
c + L−1

2 T), if (r, f) is in passband region,
0, if (r, f) is in stopband region,

where rc is the reference central microphone location.

stopband 

region

stopband 

region

stopband region

passband

region

Figure 2.

In the first example, we consider that the initial microphone array is an eq-
uispaced linear array with five elements that can be seen in Figure 3, where the
diamond point denotes the speaker position and the circle points denote the micro-
phone array positions. Here we consider each filter has 7 taps. The passband region
is defined as

{(x, f) : −0.4m ≤ x ≤ 0.4m, 0.5kHz ≤ f ≤ 1.5kHz}
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while the stopband region is the union of several parts as

{(x, f) : 1.5m ≤ |x| ≤ 2.5m, 0.5kHz ≤ f ≤ 1.5kHz},
{(x, f) : −2.5m ≤ |x| ≤ 2.5m, 2.5kHz ≤ f ≤ 4kHz}.

−0.5 0 0.5
−0.5

0

0.5

1

1.5

2

Figure 3. Initial array configuration (Ex1)

After using the proposed Gauss-Newton method, the final array configuration can
be found in Figure 4. In this example, Table 1 shows the advantages of using Gauss-
Newton method instead of the package in Matlab for solving non-linear least squares
problems. The convergence history of the algorithm is shown in Figure 5. We can
find that the running time of using Gauss-Newton method is significantly less than
using the package in Matlab. The amplitude of the actual response G(r, f) is shown
in Figure 6 with -16.9637(dB) stopband ripple. Actually, if we do not consider
microphone positions which means we just use the microphone configuration in
Figure 3, the amplitude of the actual response G(r, f) is shown in Figure 7 with
-11.3925(dB) stopband ripple.

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-0.5

0

0.5

1

1.5

2

Figure 4. Final array configuration (Ex1)
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Gauss-Newton Matlab Nonlinear LS
running time 8.7995(s) 1073.2(s)

Table 1. Comparison of the running times (Ex1)

iteration
0 2 4 6 8 10 12 14

lo
g

(|
|L

||
2
)

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

Figure 5. Convergence history of the algorithm
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Figure 6. Amplitude of G(r, f) where N = 5, L = 7 (Ex1) with
considering microphone positions.

In the second example, we extend the length of the filters significantly so that
each filter has 26 taps. The initial configuration is showed in Figure 8 for this
example. The passband region is defined as

{(x, f) : −0.4m ≤ x ≤ 0.4m, 0.3kHz ≤ f ≤ 2.5kHz}
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3210

x (m)

-1-2-3
4000

3000

2000

1000

f (Hz)

-70

-60

-50

-40

10

0

-10

-20

-30

0

2
0

 l
o

g
|G

| 
(d

B
)

Figure 7. Amplitude of G(r, f) where N = 5, L = 7 (Ex1) with-
out considering microphone positions.

while the stopband region is the union of several parts as

{(x, f) : 1.8m ≤ |x| ≤ 2.5m, 0.3kHz ≤ f ≤ 2.5kHz},

{(x, f) : −2.5m ≤ |x| ≤ 2.5m, 3kHz ≤ f ≤ 4kHz}.

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-0.5

0

0.5

1

1.5

2

Figure 8. Initial array configuration (Ex2)

After using the proposed Gauss-Newton method, the final array configuration
can be found in Figure 9. The amplitude of the actual response G(r, f) is shown
in Figure 10 with -29.7699(dB) stopband ripple. Actually, if we do not consider
microphone positions which means we just use the microphone configuration in
Figure 8, the amplitude of the actual response G(r, f) is shown in Figure 11 with
-12.1544(dB) stopband ripple.
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-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-0.5

0

0.5

1

1.5

2

Figure 9. Final array configuration (Ex2)
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Figure 10. Amplitude of G(r, f) where N = 5, L = 26 (Ex2)
with considering microphone positions.

5. Concluding remarks. In this paper, we have formulated beamformer design
problem with simultaneous design of filter coefficients and array configuration. The
problem is formulated as a nonlinear least-squares optimization problem. First
order gradient is derived analytically and a Gauss-Newton method is applied for
solving the problem. Numerical examples have demonstrated that the designs have
improved significantly when the configuration is added as a decision variable, and
the computational time is much faster than existing solver. As a future extension,
it would be of interest to investigate global optimization techniques for solving the
problem and the accelerated gradient method [13, 3].
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3
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Figure 11. Amplitude of G(r, f) where N = 5, L = 26 (Ex2)
without considering microphone positions.
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