1

2

10

11

12

13

14

15

16

17

18

19

20

This is the Pre-Published Version.

This material may be downloaded for personal use only. Any other use requires prior permission of the American Society of
Civil Engineers. This material may be found at https://doi.org/10.1061/(ASCE)GT.1943-5606.0001852.

RELIABILITY ASSESSMENT OF SLOPES CONSIDERING
SAMPLING INFLUENCE AND SPATIAL VARIABILITY BY
SOBOL’ SENSITIVITY INDEX

M.K. Lo!, and Y.F. Leung?

ABSTRACT

This paper presents an extended formulation of the Sobol’ sensitivity index for geotech-
nical reliability assessments involving spatially variable soil properties. It incorporates the
subsurface spatial correlation structure with the response surface method, which is then
assimilated into the context of the Sobol’ index approach. A Sobol’ index map can be gen-
erated for the entire subsurface domain, identifying the sensitive zones which also represent
the optimal sampling locations. In addition, the approach allows the derivation of the mean
and variance of system response conditional to any sample value, without the needs to con-
duct separate conditional random field simulations. This is adopted for the assessment of
reliability of slopes, where design charts are established for cases where a single sample is
obtained within slopes of ¢, or ¢ — ¢ soils, with various conditions of geometries and spatial
variability. The approach can also be applied to multiple sampling points, thereby facilitat-
ing a feedback mechanism where the planning of geotechnical investigation and evaluation
of performance uncertainty can be considered in a holistic manner.
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INTRODUCTION

Reliability of geotechnical systems depends heavily on the uncertainty of soil and rock
properties. Recently, reliability approaches such as first-order second-moment (FOSM)
method (Duncan 2000) and the Hasofer-Lind approach (first-order reliability method) (Ha-
sofer and Lind 1974) have gained popularity in the field of geotechnical engineering. However,
many of these methods do not explicitly consider the spatial variations in material properties,
which is an important source of uncertainty in geotechnical engineering. For example, the
significance of such has been discussed by Christian and Baecher (2011), who also suggested
that traditional assumptions of perfect (or no) spatial correlations in geotechnical proper-
ties do not always yield conservative estimates. The characterization of spatial variability
in geotechnical properties has been discussed in Phoon and Kulhawy (1999), Baecher and
Christian (2003), Liu et al. (2017b), Liu and Leung (2017), etc. A spatially variable soil
profile can be modeled by the random field theory (Vanmarcke 1984), which considers the
geotechnical property as a set of spatially correlated random variables, and its applications
include shallow foundations (Fenton and Griffiths 2003; Al-Bittar and Soubra 2014), slope
stability (Cho 2010; Jiang et al. 2015), soil liquefaction (Popescu et al. 2005), etc. Mean-
while, the geotechnical profession has long recognized the importance of obtaining samples
or conducting in situ tests at ‘representative’ locations, and the spatial uncertainty can be
reduced considerably when such information is incorporated into the probabilistic analyses
(Lloret-Cabot et al. 2012; Li et al. 2016a). Accordingly, conditional random field modelling
is a numerical approach that can assess the influence of known sample values at designated
locations. In particular, some recent studies quantified the reductions in performance un-
certainty considering the available sample values and their locations. These include the
probabilistic assessments of footing settlements by Lo and Leung (2017a), and those for
slope stability by Li et al. (2016b) and Liu et al. (2017a).

Despite being a powerful approach to utilize existing field data, conditional random

field modelling suffers from some key limitations from the risk management perspective.
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Essentially, the approach requires sample values and locations to be specified prior to the
analyses, and each probabilistic assessment involves hundreds to thousands of realizations,
based on one set of such samples. This exercise becomes impractical if the objectives are to
explore multiple options for future sampling locations, and to evaluate how the additional,
currently unknown, sample values may affect the performance uncertainty.

A complete assessment of the performance uncertainty should be based on all possible
random field realizations. Also, it is desirable to develop an efficient strategy to obtain the
optimal sampling pattern tailored to the specific application, allowing assessments of the
influence of future sample values to the overall system reliability. To this end, this paper
extends the formulation of Sobol” sensitivity index for geotechnical reliability assessments
involving spatial variability in soil properties. It facilitates a feedback mechanism so that
the planning of geotechnical investigation and evaluation of performance uncertainty can
be considered in a holistic manner. While the approach is potentially applicable to various
geotechnical problems, this study focuses on slope stability and presents design charts to
illustrate the relationships between sample values and associated uncertainty in factor of

safety.

RELIABILITY ASSESSMENT THROUGH SENSITIVITY ANALYSIS BY SOBOL’
INDEX

Sobol” sensitivity index is a probabilistic tool developed by Sobol’ (2001) to assess the
influence of each input parameter in a physical model. In general, each model parameter
can be regarded as a random variable. A Sobol’ index can then be associated with each
parameter, and used to quantify its contribution to the variance of the model response. This
concept has been applied to a number of geotechnical applications, including investigations
on the parameters affecting the consolidation process (Houmadi et al. 2012) and ground
settlements induced by tunneling (Miro et al. 2014). Others have combined the Sobol’
index approach with the response surface (or surrogate modeling) method to enhance the

computational efficiency, and studied the parameters associated with footing displacements
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and stability of pressurized tunnels (Mollon et al. 2011).

These previous studies mainly focused on the influence of parameters in ‘deterministic’
models, where spatial variability of the concerned parameters was not considered. In fact, the
Sobol’ index was originally developed for independent input variables, and cannot be directly
applied to spatially correlated fields of soil properties. Therefore, this study extends the
original theory for applications to correlated random variables, which represent the correlated
properties at various locations. The Sobol” index can be evaluated for each location, resulting
in a ‘Sobol” index map’ that reveals the relative importance of soil properties at all location to
the system response. The maximum index value corresponds to the most influential location,
which is equivalent to the optimal sampling location.

The proposed Sobol’ index approach enables site-specific geotechnical reliability assess-
ments to be performed with considerations of spatial variability and information from soil
samples. Details of the assessment strategy are shown in a flowchart in Fig. S1, while the key
elements are briefly described herein. Based on existing soil samples or experience at the site,
the mean, variance and spatial correlation features of the parameters can be estimated. A
set of unconditional (or conditional if prior samples are available) random field analyses can
be performed for system response g. The Sobol’ indices throughout the subsurface domain
are then evaluated to (1) identify optimal locations for additional samples; and (2) derive the
relationships between system reliability (mean and variance of g) and potential values of the
future samples (referred to as ‘sensitivity functions’ herein). These can provide guidance on
the adequacy of the design, and whether more samples should be planned to further reduce
the uncertainty or risk levels. In this process, only one set of random field simulations is
required unless major revisions of the original design are involved. In the following sections,
the formulation of Sobol” index approach for spatially variable soils are presented, together

with its application to single and multiple sample points in slope stability assessments.
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FORMULATION FOR GEOTECHNICAL RELIABILITY ASSESSMENT

Single sample point
In general, the properties of a spatially variable soil can be represented by a trend com-

ponent and the residuals, or deviations from the trend:
z=p+e (1)

where z = {21, 29, . .., zd}T is a vector of soil properties at d different locations. € represents
the random deviation of the property at each location, and has a constant variance o2.
represents the trend, or expected value, at each location. In this study, p is assumed to be
a constant vector, i.e., the random field is statistically stationary. z represents lognormal
random fields of soil properties in this study, i.e. z; = In(z}), where 2/ is the original value of
the concerned property. The z; components are correlated with each other, and the spatial

correlation structure is described herein by a squared exponential function:

2 2
T — Ty Yi — Y
Rij—eXp [—( o J) —( o J)] (2)
n,x n,Yy

where R;; is the spatial correlation (autocorrelation) between z; and z;, which also represents

the ij-th element of the correlation matrix R. The spatial coordinates of z; and z; are (x;, y;)
and (x;,y;,), respectively, while 6, , and 6),, are the autocorrelation distances in = and y
directions. The system response of a geotechnical model can be represented as g(z), which
is also a random variable since the model input z is random. Alternatively, to facilitate the
formulation of the proposed approach, g can be treated as a function of the standardized
residual instead, i.e. g(e), where e = /0.

The Sobol” index can be adopted to assess the influence of property at each soil location,

e;, to the variance of g. By the law of total variance, the first order Sobol” index can be
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defined as:
Var,, [Ee_i(g|ei)} 1 Ee, [Vare_i(glei)}
Var(g) Var(g)

S(e:) = (3)

In the context of spatially variable subsurface domain, E,,[Vare_,(gle;)] is the expected
value of system variance if sample value (e;) is known for location i. Such variance arises from
the fact that properties are unknown at other locations (—i). Var,,|[Ee_,(g|e;)] represents the
variance in expected system response, due to all possible values of e;. These two terms are
denoted as E[Var(g|e;)] and Var[E(g|e;)] hereafter. In other words, the Sobol’ index can
be interpreted as the variance reduction in model response, when a soil sample is obtained
at the i-th location. To facilitate the calculation of the Sobol’ index, the response surface
method may be used to reduce the number of simulations of the geotechnical model. In
this study, the second order Polynomial Chaos Expansion (PCE) is adopted (Ghanem and

Spanos 1991), which is given by:

M M M
g=ao+ Y @&+ > > ainl(€i& — i) (4)
J=1 J1=1j2=j1
where &1, ..., &y are independent standard normal variables, which may be grouped as a vec-
tor £ with M principal components, representing a realization of soil profile. 9, ;, is the Kro-
necker delta. The unknown PCE coefficients (ao, a;, aj, j,) are determined by a non-intrusive
approach, which involves generating and simulating N realizations of the geotechnical model
for g, followed by a linear regression analysis. The prediction accuracy of the coefficients
is measured by an indicator known as Q?. Meanwhile, an adaptive algorithm proposed by
Blatman and Sudret (2010) is adopted, whereby only the PCE coefficients that can increase
the Q? are kept in the expansion (Eq. (4)). Once the PCE coefficients are determined, the

expectation and variance of g can be evaluated as below:

E(g) = ao (5a)
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M
Var(g :Za§+z Z @, (1 + 04,) (5b)
J=1

J1=1j2=mn

To utilize the PCE for evaluation of S(e;), it should be noted that although the vectors

& and e are not equivalent, they are related by the following transformation:
e=HA2¢ = C¢ (6)

where H and A are obtained from spectral decomposition of the correlation matrix (R =
HAH"Y), with H = [hy, hy, ..., hy] being a matrix containing d orthonormal eigenvectors,
and A is a diagonal matrix with d descending eigenvalues (A1, A2, ..., Ag). The residual at
the i-th location is therefore e; = C;&. C; is the i-th row of C, and is abbreviated as ¢ in
the subsequent formulation. Taking a conditional expectation on both sides of Eq. (4), the

mean response of g conditioned on sample value e; can be represented by:

E(gle;) = ao + a; Z E(&ler) + ajje Z Z (&1 &sled) — 015 (7)

J1=1j2=mn

Since £ is multivariate normal and e is standard normal, the conditional distribution of &
given e; is multivariate normal with mean of cTe; and covariance of I — cTe (I is the identity

matrix). Therefore,

E(&jlei) = cjei (8a)

(5)15]2 |€1) J1J2 — €5, Gy + C41Cjs 6? (8b>
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Substituting (8) into (7), E(gle;) can be rewritten as:

E(gle;) = 1o + rie; + 7‘26?

M
where ry = E a;c;

J=1
M
r2 = § : § :ajlj2cjlcj2
J1=1j2=51
To= Qo — T2 (9)

Using Eq. (9), the mean response can be evaluated efficiently for any sample value, with-
out resorting to additional conditional random field simulations. To evaluate Var[E(gle;)],
it should be noted that e; is a standard normal variable, and Var(e;) = 1; Var(e?) = 2;
Cov(e;, e?) = 0. Therefore,

Var [E(gle)] = 72 + 213 (10)

With Egs. (9) and (10), the Sobol” index S(e;) can be computed by Eq. (3). A Sobol’
index map can be generated once S(e;) are calculated for all locations, and can be used to
identify the most influential location, where the S(e;) value is maximum.

While Eq. (9) represents the conditional mean of g for normal random variable e, the
soil property in this study is modeled as lognomal random variable. In other words, e in
Eq. (9) represents the residual in log-transformed space: e = (Inz' — p,./)/0m ., but the
residual in original space is ¢/ = (2' — p./)/o.. Conversion between the original residual e’

and transformed residual e is given by:

. In(e’'CV(2') + 1)
V(1 + CV(2)?)

- %\/ln(l + CV(2)2) (11)
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where CV(z2') = 0./ /p,,. Substituting (11) into (9), the conditional mean in terms of €’ is:

E(gle}) = so + 51 In [efCV(2)) + 1] + so(In [e,CV(2)) + 1])?

where  so =1y + %\/In(l +CV(z)?) + %ln(l + CV(2)?)

™
S1 = +T2

V(L + CV(=)?)

T2

(1 + CV(2)2)

Sg = (12)

From the risk assessment perspective, a key concern is the remaining uncertainty in sys-
tem response after a sample value has been obtained. This is represented by the conditional
variance, E[Var(g|e;)], or the conditional standard deviation (SD). There are two methods to

estimate the conditional SD. The first method is to estimate directly from the Sobol’ index:

E [SD(gle;)] = v/E [Var(gle;)] = /[1 — S(e;)] Var(g) = /1 — S(e&;)SD(g (13)

This method has been employed by Lo and Leung (2017b) to investigate the uncertainty
reduction in footing displacement, and is accurate if the conditional SD is insensitive to the
sample value. If the sample value heavily influences the conditional SD, an explicit function
for conditional SD is required. Therefore, a conditional variance function Var(gle;) = V (6, ¢;)
is proposed, with 0 being a vector of parameters describing the variance function. During
the construction of PCE, N combinations of model response and sample values (g;, e;) are
obtained. @ can then be obtained by maximizing the following log-likelihood function (Da-
vidian and Carroll 1987):

)

N N
Y Ve, e) - 3 8 Elledl "* (14)
=1 =1 V 9 6

where E(gle;) is evaluated from Eq. (9). The maximization is performed in this study by

an evolutionary searching algorithm known as Differential Evolution (Storn and Price 1997),
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which is not prone to converging at local maxima. Once Var(gle;) is obtained, it can be

converted to Var(gle;) through Eq. (11).

Multiple sample points

Geotechnical investigation usually involves multiple samples being retrieved from bore-
hole(s). It is therefore beneficial to extend the sensitivity analysis framework, for determi-
nation of multiple sample locations and the corresponding reduction in system uncertainty.
This can be achieved by evaluating the n-th order Sobol’ sensitivity index S(e). The defi-
nition of the n-th order Sobol” index is similar to the 1st order index in Eq. (3), with the
standardized residual e; being replaced by a residual vector, e = {ej, eq, . .., en}T, represent-
ing samples from n locations. S(e) can be interpreted as the averaged variance reduction of
the system response, when soil samples are available from n locations.

From a second order PCE, S(e) can be formulated by first considering the joint distri-

bution of vectors £ and e:

&1 0 1 o - 0 Cn Cu -+ Cn

&2 0 0 1 -+ 0 Cig Cy - C,

&v | oy l]0 o 0o Cir Com -+ Camt || _ v | [0 | I CT
el 0 Cn Ci2 -~ Civ 1 Ry -+ Ry, 0 Cs R,
€2 0 Coyr Co -+ Coy Ry 1 -+ Ry

€n i 0 Cnl Cn? v CnM R Ry -+ 1 ]

(15)
with covariance between € and e being Cov(e;,&;) = Cov(C;&,¢;) = Cy5. C, and Ry in
Eq. (15) is a subset of the full C (Eq. (6)) and R matrices, and they are not identical. By
multivariate normal theory, the conditional distribution of £ given e is also multivariate nor-
mal with mean of CTR;'e and covariance of I— CIR_'C,. Hereafter, they are expressed as
Ke and I — Q, respectively. Based on this conditional distribution, the following conditional
expectations can be obtained:

E(¢le) = Kje (16a)

10
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(5]1512‘ ) = Ojrja — Qj1j2 + (Kjle>(Kj26> (16b)

Substituting Eq. (16) into the conditional mean of a 2nd order PCE, the conditional

mean of g can be written as:

E(gle) —7’0+E rie; + g E Ti1iz€iy €is

i1=110=11
where To = ap — E E , aj1j2Qj1j2
J1=1j2=71
M
Ty = E a; K;
Jj=1 i

Tirig =

Pi1i2 + PiQil if Z.l 7£ 7:2
M M
)3 e 1
j1=1 jo=Jj1

It is also possible to represent the conditional mean in terms of residuals in original space (€’),
and derive the s coefficients similar to Eq. (12). However, the corresponding formulation is
complex, and it may be easier to directly apply Eq. (17) with log-transformed e. Meanwhile,

Var[E(g|e)] is given by:

Var [E( ZmeCOV ei, ex) + Z Z Z Z TiviaTkiky, COV(€s €410y €1 €8,)  (18)

=1 k=1 i1=1142=t1 k1=1 ko=

To evaluate the components in Eq. (18), it should be noted that the components in e are
spatially correlated. The following covariance can be obtained by the theory of characteristic

functions (with details in the Appendix):

Cov(e;, er) = Rix (19a)

11
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Cov(e;, e, ex,) =0 (19Db)
COV(eh Ciyy Chy ekQ) = Ri1/€1 Rizkz + Ri1k2 Riz’ﬂ (190)

and Var[E(g|e)] can then be used to calculate the n-order Sobol” index.

To obtain the maximum index S(e), the spatial configuration of the sample vector e has
to be optimized. The n locations for vector e may be searched simultaneously using various
optimization algorithms. Alternatively, the multiple sample locations can be determined
sequentially. For example, starting with ¢+ = 1, the Sobol’ index is evaluated across the
domain to identify the location that corresponds to the maximum value of S(e;). Once
this location is decided for the first sample, the Sobol’ index is evaluated again with ¢ = 2,
based on the selected location of sample 1, to identify the second sample location leading to
the maximum value of S(eq, ey). This stepwise procedure is then repeated until the target
number of samples is reached. It is also possible to impose various constraints when searching
for the optimal sample locations. For example, when multiple samples are retrieved from a
single borehole, they need to share the same horizontal coordinates.

The proposed Sobol” index approach is essentially a post-processing technique for ran-
dom field analyses, performed in this study through the PCE. The benefits of the proposed
approach are multifold. Contrary to previous conditional random field modeling techniques,
the Sobol’ index is a global sensitivity index, which means it encompasses all possible values
of an uncertain input parameter. In addition, by constructing a Sobol’ index map, all po-
tential sample locations are assessed simultaneously for the formulation of optimal sampling
strategy. There are no needs for pre-determined sample values or sampling patterns, and it
is not necessary to perform separate conditional random field simulations to investigate mul-
tiple scenarios, thereby reducing the computational demands substantially. In the following
sections, the Sobol” index approach will be validated through comparisons with conditional

random field simulations, and then applied to reliability assessments involving slope stability.

12
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APPLICATIONS IN RELIABILITY ASSESSMENTS OF SLOPES

Comparisons with conditional random field simulations

The proposed Sobol’ index approach can be validated by comparisons with conditional
random field simulations, through which the advantages of the approach are also illustrated.
Essentially, it allows efficient evaluation of the mean and standard deviation of factor of
safety (FS) from any sample value ¢/, which can then be used to obtain the reliability index
or failure probability of the slope. This section considers a 35° slope with a height of 5 m,
simulated in FLAC with a model boundary 15 m below the top of the slope. The soil is
idealized as Tresca material, with mean undrained shear strength (c,) of 36.3 kPa, which
would correspond to a ‘deterministic’ F'S of 2.0, if the soil profile was assumed to be uniform.
Instead, the ¢, profile is simulated as lognormally distributed in the model, with coefficient
of variation of 0.4, horizontal autocorrelation distances of 6y, , = 14.3 m and 6y,, = 2.5 m.
Throughout this study, the element size in the FLAC model is about 0.5 m (vertical) x
1.0 m (horizontal), which are always smaller than half of the autocorrelation distances in the
corresponding directions. The influence of element size on F'S values of slopes was studied by
Dawson et al. (1999), who showed that for a 10-m slope with slope angles between 15°-45°,
the difference in F'S values obtained by a fine mesh (60 x 60) and a coarse mesh (20 x 20)
is smaller than 4%. As part of the verification process in this study, a separate analysis
was conducted with 4 times the number of elements (each 0.25 m x 0.5 m in size), and the
subsequent changes to the Sobol” indices, conditional mean and SD curves are mostly under
5%.

Based on these spatial variability features, unconditional random field simulations are
first performed without specifying any sample locations in the domain. 1,000 realizations
of ¢, profiles are generated by Latin Hypercube Sampling with Dependence (LHSD), which
is an extension of LHS and aims to introduce stratification while maintaining the spatial
correlation of random variables. Details of LHSD and its incorporation into Cholesky de-

composition are described in Packham and Schmidt (2010) and Lo and Leung (2017a), who

13
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also showed that when LHSD is coupled with PCE, 1,000 realizations are sufficient to obtain
robust estimates of the PCE coefficients and hence probability density of the FS for slopes
with similar features of spatially variable soils.

Using this approach, the unconditional mean and standard deviation of FS are found to
be E(FS)= 1.697 and SD(FS)= 0.308 in this case. Through decomposition of the R matrix
and Eqgs. (9) and (10), the Sobol” index map is then derived, and is shown in Fig. 1(a). The
optimal sample location is found at the depth of 6.25 m from the slope top, with horizontal
separation of 5.8 m from the slope toe, where the Sobol’ index is at the maximum of 0.397.
This means that on average (considering all possible sample values), an approximate SD
reduction of 22.3% can be achieved if a sample is obtained at this location. The concentric
shape of the Sobol” index variation is related to the ratio between 6y, , and 6y, ,. Since 6y, , is
more than 5.5 times larger than 6, , in this example, the corresponding contour is elongated
in the z-direction. In case of a layered soil profile with 6, , = oo, the Sobol’ index contour
will also display a ‘layered’ feature as all locations at the same depth are equally important
because of the highly correlated properties.

The conditional mean equation, considering standardized residuals in original space
(E(FSle’)), is then calculated from the PCE through Eq. (12) and plotted in Fig. 1(b),
where the coefficients are found to be (sg,s1,$2) = (1.76,0.47,—0.175) for this case. As
mentioned earlier, the conditional variance equation can be obtained by maximizing the
log-likelihood function (Eq. (3)) involving V' (6, e). In this study, the generalized logistic
function (Richards 1959) is adopted for V (0, e) since it has a flexible functional form with
an asymmetric S-shape:

u—1

Var(BSle) =V(0.¢) = I+ e o — m7

(20)

The shape of the function is controlled by the parameters 8@ = {l,u,t,b,m}, where [ is

the lower bound, u is the upper bound, ¢ is the asymmetry parameter, b is the growth rate,
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and m is the point of inflection. The maximization is performed by Differential Evolution,
with the following optimized parameters: {l,u,¢,b,m} = {0.013,0.12,1.6,1,0.56} in this
case. Through this ‘sensitivity function’, the relationship between uncertainty in FS and the
potential sample values can be developed. For example, the conditional variance Var(FS|e)
is converted to the conditional SD curve in terms of original residual, i.e. SD(FS|e’), and
plotted in Fig. 1(c). The function allows rapid determination of the system reliability once
the sample value becomes available.

These results by the Sobol” index approach can be validated through conducting sepa-
rate conditional random field simulations, where sample values are assigned at the optimal
sampling point mentioned earlier. Eight individual sets of analyses are performed, with dif-
ferent sample values assigned at that location: ¢ = (—1.5,—1,-0.5,0,0.5,1,1.5,2), which
corresponds to about 95% of the possible cases considering the lognormal distribution of
¢, For each set of analysis, 1,000 realizations of the conditional random field are simulated
and assessed using the LHSD-PCE approach. The corresponding conditional mean and SD
results are also plotted in Figs. 1(b) and (c), showing close agreements with the relationships
developed by the proposed Sobol’ index approach, and therefore validating its accuracy. It
is important to note that an additional 8,000 FLAC analyses are required by conditional
random field modeling, whereas the proposed Sobol” index approach only requires 1,000 un-
conditional random field simulations. The associated reductions in computational demands
are substantial.

In fact, the influence of sampling at any (non-optimal) location can be evaluated by
the proposed approach, by adopting another ¢ vector corresponding to the intended sample
location ¢. To illustrate such effects, a sensitivity analysis is performed with another sample
location indicated in Fig. 1(a). The prediction intervals, taken as E(FS|e)£SD(FS|e’), are
shown in Fig. 1(d) for both sample locations. The prediction interval arising from the
optimal location is steeper and narrower than that of the non-optimal location, which again

demonstrates that F'S is more sensitive to the ¢, value at the optimal location.
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Design charts for slopes in ¢, soils

Based on the proposed Sobol’ index approach, a series of design charts can be developed
for efficient assessments of slope reliability according to the available sample value of shear
strength parameters. For example, a long embankment may be designed based on mean
shear strength parameters across the site. Making use of the charts in this study, the failure
probabilities of individual sections can be easily evaluated when a soil sample is retrieved at
any of those locations.

Table 1 presents the various slope geometries and subsurface conditions considered in
this study. For slopes in ¢, soils, the FLAC model geometries are similar to those described
earlier, with slope height H = 5 m, and model boundary 15 m below the top of the slope.
Four different slope angles are considered: [ = 20°, 30°, 35° and 40°, and the width of
the slope is therefore W = H/tan . ¢, is modeled as a lognormal random field, with the
mean values (f,) chosen such that deterministic analyses (assuming uniform soil profiles)
would lead to F'S of 1.0, 1.5 or 2.0. Such ‘deterministic F'S’ provides a useful indicator of the
degree of strength mobilization, which can be easily applied by most practitioners in a typical
design process. Various patterns of spatial variability for ¢, are considered in developing the
design charts. The coefficient of variation (i.e. CV,,) is assigned to be 0.15 or 0.4, while the
autocorrelation distance 6, , = 0.5W, 2W or oo, and 6,, = 0.25H or 0.5H. Considering
these variations, 36 series of probabilistic analyses are performed for each slope angle.

For each series of analyses, a PCE is constructed using 1,000 ¢, profile realizations. It
should be noted that for all analyses in this study, the value of %, which measures accuracy
of PCE coefficients, exceeds 0.92. With the coefficients determined, the optimal sampling
locations are then obtained using the Sobol” index approach. It was found that the sampling
locations are insensitive to the mean values of the property, and therefore cases with different
ey Values are averaged. According to Fig. 2(a), the optimal sampling depths D are all below
the slope, i.e., D/H > 1, which is expected since deep-seated failures are more common for

slopes in ¢, soils. In general, D becomes shallower as 3 increases or with higher variability
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in ¢,, since the possibilities of shallow slope failures increase with potential weak spots at
shallow depths. Fig. 2(a) also shows the horizontal distance between the optimal sampling
location and the slope toe (L), normalized by the width of slope (W). In most cases, it
would be reasonable to adopt L = 0.5W.

Based on these optimal sample locations, the sensitivity functions (conditional mean
E(FS|e’) and conditional standard deviation SD(FS|e’) relationships) can be evaluated by
the procedures described earlier. Fig. 3 shows that under the same deterministic FS (of
1.5) and spatial variability conditions (i.e. CViy, Oz, Oiny), the sensitivity functions are
relatively insensitive to the slope angle (from 20° to 40°), with a narrow range around the
average value. Therefore, the obtained functions are averaged across various slope angles in
the subsequent figures. Also, various sets of analyses are performed with the model scale
doubled, as illustrated in Table 1. The results are also shown in Fig. 3 and indicated that
the sensitivity functions are scale-invariant. In other words, regardless of the size of the
slope, the functions will be identical for the same 6y, ,/W and 6,,,/H ratios. Meanwhile,
the intention of Fig. 3 is not to imply that autocorrelation distances will be scaled up or
down with the slope geometries at a particular site. In fact, for site-specific applications, it
is necessary to evaluate the 6y, ,/W and 6y,,/H ratios based on the site conditions, and use
the corresponding sensitivity functions pertaining to those conditions.

For example, Fig. 4 represents the design charts with sensitivity functions for different
values of deterministic F'S, and demonstrates the influence of spatial correlation features
on slope reliability. In particular, the E(FS|e’) function becomes steeper with larger values
of Oz, Oy and/or CV,,, which means the sample has a larger conditioning effect to F'S
in these cases. In Figs. 4(a) and (b), the E(FS|e¢’) functions for ), , = 2W are omitted
for brevity, but the curves lie approximately midway between those of 61, , = 0.5 and
O = oo for positive €’ values, and are close to the latter for negative €’ values. The
corresponding SD(FS|e’) curves are also shown in Figs. 4(c) to (h), and they are found to

increase with CV,, 0, and 6y,,. Using these relationships, the reliability of a slope can
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be quickly assessed for any sampled value of ¢, represented as standardized residual €¢’. For
other values of deterministic FS, it is reasonable to interpolate the results as a monotonic
trend is observed among the various curves. As discussed earlier, these relationships are

independent of the problem scale and may also be applied to other slope dimensions.

Design charts for slopes in ¢ — ¢ soils

Similar procedures are applied to slopes in ¢— ¢ soils to establish the corresponding design
charts. In this section, a slope height of H = 10 m is adopted, and the model boundary is
15 m below the top of the slope. The H to model boundary ratio is smaller than that for
¢, soils, since slopes in ‘sandy’ soils often fail with relatively shallow slip surfaces, and this
phenomenon will be discussed here in terms of sensitivity analyses. This section will focus
on the variability of friction angle ¢, while ¢ is assumed to be a constant of 5 kPa. As shown
in Table 1, ¢ is modeled as a lognormal random field, with mean values (1,) designated to
achieve deterministic FS of 1.0, 1.5 or 2.0. The coeflicient of variation of ¢ (i.e. CV,) is
assigned to be 0.05 or 0.1, while other variations are similar to those adopted for ¢, slopes.
‘Dry’ slopes are first investigated and the influence of water table will be discussed later.

Again, the optimal sampling locations are found to be insensitive to the p4 values, and
therefore cases with different p4 are averaged. The normalized sampling positions are shown
in Figs. 2(c) and (d), where the optimal sampling depths are all within the slope, with
D/H < 1. In other words, stability of ¢ — ¢ slopes are mostly influenced by shear strength
close to the slope face, which is another manifestation of the shallow slip surfaces usually
observed in these slopes. Similar to the ¢, slopes, a larger slope angle or CVy4 value would
lead to a shallower optimal sampling depth, and D/H ranges from around 0.75 to 0.95 for
all the studied cases. Meanwhile, L is approximately 0.4W for most cases.

Fig. 5 shows the conditional mean and SD curves for ¢ — ¢ slopes with sample obtained
from the optimal location. Similar to the case of ¢, slopes, additional analyses are performed
with a double model size, and the results are found to be invariant to the model scale (Fig. 3).

In addition, the curves are found to be insensitive to the horizontal autocorrelation distance
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of ¢ once O, , exceeds 2W. This may be attributed to the relatively shallow slip surfaces,
which tend to intercept several horizontal soil layers, making 6y, , generally more influential
when 6, , extends beyond the width of the slope. On the other hand, Figs. 5(a) and (b)
shows that the E(FS|e’) curves becomes steeper with increasing values of 6y, ,, which means
the sample significance increases as the soil becomes more uniform.

Interestingly, the SD(FS|e’) curves in Figs. 5(c) to (h) are shifted downwards with in-
creasing 6, ,, which is an opposite trend compared to ¢, slopes. In fact, the conditional SD
curves depend both on the value of 6y,,, and the conditioning effects of the sample. For a
probabilistic assessment without any sample value, the ‘unconditional’ SD of slope perfor-
mance will always increase with 6, ,, since there are less random effects that ‘average out’
the soil variability, leading to more uncertain performance. This trend is, however, counter-
acted by the knowledge of sample value at a designated location, in which case a larger 6y, ,
means a greater conditioning effect of the sample, as a thicker layer becomes associated with
that value. The conditioning effects appear to be less dominant for ¢, slopes that involve
deep-seated failure mass, but are more influential for ¢ — ¢ slopes with shallow slip surfaces.
Similar influence of conditioning to the trend reversal of SD is also observed in probabilistic
assessments of footing performance presented by Lo and Leung (2017a).

The influence of water table to the reliability of ¢ — ¢ slopes is also investigated in
this study, where the water level is modeled such that 3/4 of the slope is submerged, as
shown in the inset of Fig. 6(a). The scenario with deterministic FS=1.5 and slope angle of
30° is selected for comparisons of E(FS|e¢’) and SD(FS|e¢’), as shown in Fig. 6. It should be
noted that the mean friction angles are different for dry and submerged slopes in order to
achieve the same deterministic F'S, with uys = 32.5° for the former case and p4 = 42.5° for
the latter. Fig. 6 shows that the E(FS|e') relationships are steeper for submerged slope,
resulting in higher E(FS|e’) for positive ¢ and lower E(FS|e’) for negative ¢/. Meanwhile,
the SD(FS|e’) relationships are shifted upwards when water table is present. However, the

differences in both mean and standard deviation of FS are not substantial comparing the
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dry and submerged cases. In general, the optimal sampling depths for the submerged slope

is slightly deeper (by about 0.05H) compared to the dry slope case.

Example applications of the design charts

To illustrate the application of the presented charts, this section considers a scenario
where a 5 m high cut slope of 30° is to be constructed. Based on previous geotechnical
investigation and/or knowledge of the site, suppose the mean ¢, of the clayey deposits is
estimated to be 27 kPa, with CV,, = 0.4. The standard deviation of ¢, (i.e., 0,) is therefore
10.8 kPa, while 6,, = 17.3 m (= 2W) and 6),, = 2.5 m. With this mean ¢, value, the
deterministic F'S is 1.5. To refine the estimates of failure probability for a particular section
of the slope, a soil sample is to be obtained. Making use of Fig. 2, the optimal location of
the sample would be about 7.5 m deep from the top of slope, and 4.3 m away from the toe
of the future slope profile. Suppose a clay sample is then retrieved from this location with
¢, determined to be 22.7 kPa. This would correspond to ¢/ = —0.4 (the sampled value is
—0.40, away from the mean). From the design charts in Fig. 4, taking deterministic FS= 1.5,
O,y = 0.5H and with ¢’ = —0.4, the conditional mean and SD of F'S become 1.27 and 0.18,
respectively. Assuming the F'S has a normal distribution, the slope has a failure probability
of 0.067.

Consider another possible scenario at the same site, where prior samples or knowledge
of the soil properties are limited, and the mean ¢, at the site cannot be determined with
confidence. Nonetheless, the optimal sample location is still the same since it does not
depend on the mean property value. Suppose a sample is retrieved and the ¢, of that sample
is determined to be 22.7 kPa. Without other information, this is taken as the mean value
and the deterministic F'S is found to be 1.26. Making use of the design charts in Fig. 4, the
conditional mean and SD of FS may be further approximated, assuming ¢/ = 0 and with
estimates of CV,, and 6, , according to published literature or the engineers’ judgement. It
is also possible to test how the failure probability changes with different CV or # assumptions,

and these estimates may provide useful information to support the engineering decisions.
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Applications for multiple sample points

This section illustrates the application of Sobol” index approach considering multiple
sample points, making use of the sequential algorithm described earlier. The slope is in ¢,
soils with a slope height of 5 m and slope angle of 35°. The FLAC model boundary is 15 m
below the top of the slope. ¢, is simulated as a lognormal random field with a mean value
27.3 kPa, corresponding to a deterministic FS of 1.5. CV,, = 0.4, while 0}, , = 2W = 14.3 m
and 0,, = 0.25 H = 1.25 m. Based on these parameters, the unconditional mean and
standard deviation of F'S are E(FS)=1.28 and SD(FS)=0.18.

Considering the scenario where six soil samples are to be obtained from two boreholes
in the slope, the optimal sample locations and resulting conditional F'S distribution can be
evaluated by the proposed approach. The first sample is determined by searching throughout
the entire slope profile, and the corresponding lateral coordinates become those of the first
borehole. If the optimal location of subsequent samples falls within a close horizontal distance
(taken as 3 m in this case) from the first borehole, then a constrained search is performed
such that the sample would share the same lateral coordinates as this borehole. Otherwise
this sample indicates the location of the second borehole.

Fig. 7(a) shows the location of the six samples thus determined, while Table 2 summarizes
their coordinates and the corresponding Sobol’ index values. The cumulative reductions in
SD(FS) are also shown in percentages as the number of samples increases, approximated by
100[1 — y/1 — S(e)](%) as indicated in Eq. (13). The vertical spacing between the samples
is 2 to 2.5 m, which is about 2 times 6y,,. The horizontal spacing between the two boreholes
is 7.3 m, which is about 0.5 times 6y, ,, which is consistent with the recommendation by Li
et al. (2016b). Once the sample locations are determined, sensitivity analysis is conducted
to obtain the conditional mean equation E(FS|e), according to Eq. (17). The coefficients of
the conditional mean equation are given in Table 3.

The improvements in response prediction through the proposed sampling strategy are

further illustrated through 1,000 realizations of ¢, profiles, simulated by the LHSD technique
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described by Lo and Leung (2017a). The profiles are then analyzed by FLAC to obtain the
F'S values, denoted by FS;,FSs, ... FSige. If an unconditional random field assessment was
performed, the prediction errors can be represented by FS;—E(FS) (i from 1 to 1,000). On
the other hand, the conditional predictions can be performed using the sampling strategy
presented in Table 2, and 1,000 sample combinations can be realized as ey, es, . .., e1900. The
associated prediction errors are therefore FS;—E(FS|e;), where the coefficients of E(FS|e;)
are given in Table 3 and no separate conditional random field simulations are required.
Fig. 7(b) shows the density plots of the unconditional errors and the conditional errors,
with their standard deviations being 0.184 and 0.102, respectively, and hence the percentage
reduction in SD is about 44.3%. This SD reduction is identical to the value shown in Table 2,
which is calculated using a different approach, i.e., directly through the Sobol” index. In other
words, this numerical testing also verifies the accuracy of the proposed approach for multiple

sample points.

EXAMPLE APPLICATION OF DESIGN CHARTS TO CASE STUDY

The case study of the James Bay hydroelectric project in Quebec was described in detail
by Christian et al. (1994), and is revisited in this study to illustrate the application of the
proposed design charts and their differences with the FOSM method. The project involved
construction of embankments on soft sensitive clays, with the first stage consisting of two
berms with a total height (H) of 12 m. The two berms are separated from each other in
the horizontal direction and the total width (W) is approximately 90 m (Fig. 8a). Field
vane shear tests had been conducted in 35 boreholes across the site to characterize ¢, of the
marine clay and lacustrine clay below the embankment, and the details are also shown in
Fig. 8b. The spatial variability features were investigated by DeGroot and Baecher (1993)
and Christian et al. (1994) (Fig. 8c), with the autocorrelation distances in horizontal and
vertical directions estimated to be 37.3 m and 1.1 m from their results, assuming similar
spatial correlation features for marine and lacustrine clays.

Some approximations are inevitable when applying the design charts for the case study.
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Based on the slope geometries and spatial correlation features, the charts for 6y, , = 0.25H
and O, , = 0.5 are adopted. The deterministic FS was estimated to be 1.453 (=~ 1.5)
by Christian et al. (1994), with the critical failure plane intersecting the lower lacustrine
clay that has CV,, = 0.272. Therefore, when applying the design charts, the results from
CV, = 0.15 and CV,, = 0.4 are averaged. Considering the total H and W of the two
berms, the average slope angle would be 8°, and the corresponding optimal (single) sample
location is at L = 0.5W and D = 2.4H by extrapolating Fig. 2. The sampled value at that
depth is very close to the mean ¢,, and therefore ¢ = 0.

Based on these approximations and by averaging the results from Figs. 4(a) and 4(b),
the conditional mean F'S is estimated to be 1.382, and the conditional SD of F'S is 0.083 from
Figs. 4(g) and 4(h). This SD value is lower than the value estimated with FOSM by Christian
et al. (1994), which was 0.205 considering only the contributions from spatial variations of
¢, (total SD was 0.257, which included factors such as variations in the fill and crust layers).
The discrepancy can be attributed to two main reasons. Firstly, the FOSM method assumes
the soil to be homogeneous (6),, = 0., = 00) when the partial derivative 0FS/dc, was
evaluated, which leads to an increase in SD estimates. For example, if the design charts are
applied to the scenario of 0, , = 0o and 6, , = 0.5H, with other conditions being the same
(i.e., Figs. 4(c) and 4(d)), the estimated SD will become 0.154, and will increase further as
O, approaches the assumptions of FOSM. In addition, the proposed approach and design
charts explicitly considered the influence of the soil sample, which also reduces the SD in FS
estimates. It should be noted, however, that the James Bay project involves multiple samples
which cannot be accounted for only by using the design charts. Yet, the estimates through
the charts can be useful indicators for practitioners. If all samples need to be considered in

a more rigorous manner, the approach presented in Eqgs. (15) to (19) can be adopted.

CONCLUSION
This paper extends the Sobol’ index approach for the simulation of spatially variable soil

properties, and explores its applications to the reliability assessment of slopes. The approach
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can be used to identify the optimal locations of samples which will bring maximum reduction
to the uncertainty in system performance. It also allows the derivation of sensitivity functions
for site-specific risk assessment of system performance, which is computationally efficient
since the influence of different sample values can be evaluated without performing additional
conditional random field simulations.

Design charts are presented for the case of a single sample in ¢, slopes and ¢ — ¢ slopes.
These charts enable efficient assessment of the failure probability of slopes, represented as
the conditional mean and standard deviations under various conditions of slope geometries
and spatial variability. It should be noted, however, that probabilistic methods should not
be taken as replacement of the understanding of local geology, which can be helpful in
identifying potential anomalously weak layers that could be one of the main causes of slope
failures. Also, the charts are developed based on the assumption of statistical stationarity in
the shear strength parameters of the soil, with constant mean values of ¢, or ¢. They should
be applied with proper engineering judgement, especially when the geotechnical conditions
deviate significantly from these assumptions. In those cases, it is also possible to conduct
detailed risk assessments through the proposed Sobol” index approach.

The proposed approach is extended to consider multiple sampling points through evalua-
tion of multi-ordered Sobol” index. This is illustrated through an example where the optimal
locations of six samples along two boreholes are determined. A significant reduction in the
performance uncertainty can be achieved, and is verified by the much smaller prediction
errors in the F'S of slope, compared to the case when no samples are available. The proposed
Sobol’ index approach is shown to be a useful post-processing tool on the existing random
field simulation results, and is capable of revealing high risk zones related to the specific
geotechnical applications. This can be integrated into a risk assessment framework to assist
the decision-making process associated with the uncertainty of system performance arising

from spatial variability of geotechnical properties.
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SUPPLEMENTAL DATA
Descriptions on the details of risk-based design process utilizing the proposed Sobol” index

approach, together with Fig. S1, are available online in the ASCE Library (www.ascelibrary.org).
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APPENDIX
According to Anderson (1984), if X = {X;,...,X,}" is a multivariate normal distribu-

tion, i.e. X ~ N(u,X), then the characteristic function ¢ is given by:
1
¢(t) = E [exp(it" X)| = exp (itTu — étTEt) (21)

The n-th non-central moment of X can be obtained by differentiating ¢:

1 9

E[Xl”'X"]:z'_natl...at

(22)

t=0

The first four non-central moments are hence derived:

E[Xi] = m
1 0¢

BA Y] =5 O, 01,

=012 + 12
t=0

1_0¢
00,0t

1 ¢
X X X X = o or. 0000

E[X1 X, X3 = = 01243 + O13ft2 + O23fi1 + [ fl2fl3

t=0

= 012034 + 013024 + 014093
t=0 (23)

+ O12i3bs + 01302t + O14fio2ft3 + Ooz i1 b + O24fb1 43 + O3401 42
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which lead to these covariances:

COV[Xl, X2X3] = E[X1X2X3] — E[Xl]E[X2X3] = 0'12[L3 + 0'13[,62

Cov[X1Xs, X3X4| = E[ X1 X0 X3X,] — E[X; Xo]E[X3X,] (24)

= 0130924 + 014023 + O13Uafls + T1afbofts + Oo3ft1la + O2afl1 43

Since e ~ N(0,R),

Cov(e;, ep,ex,) =0

COV(€i1€i27 €k1ek2) - Ri1k1 Ri2k2 + Ri1k2Ri2k1 (25)
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TABLE 1. Slope geometries and shear strength variability parameters adopted in Sobol’
index analyses

Parameters ¢y Soils ¢y Soils c — ¢ soils c — ¢ soils
(double scale) (double scale)
Slope angle, 3 (for all cases) 20°, 30°, 35°, 40°
Soil unit weight (for all cases) 20 kN/m?
Slope Height, H 5 m 10 m 10 m 20 m
Deterministic FS 1,1.5,2 1.5 1,1.5,2 1.5
Variability of shear CV, 0.15, 0.4 0.15, 0.4 - -
strength parameters CV, - - 0.05, 0.1 0.05, 0.1
O, (for all cases) 0.5W, 2W, oo
O,y (for all cases) 0.25H, 0.5H

31



TABLE 2. Six sample locations from two boreholes for a slope in ¢, soils

n Borehole  Depth from  S(ey,...,e,)  Cumulative %
(No. of samples) number slope top (m) reduction in SD

1 1 6.25 0.24 12.8

2 1 8.75 0.37 20.6

3 2 4.2 0.47 27.2

4 1 10.75 0.56 33.7

5 1 13.25 0.63 39.2

6 2 2.2 0.69 44.3

32



TABLE 3. Conditional mean coefficients for multiple samples in ¢, slope

Order of coeflicient r Value
Oth order r0 1.318
1st order 71 0.080

ro 0.057
r3 0.050
T4 0.047
s 0.038
re 0.039
2nd order 11 -0.0078
r19 0.0012
r13 -0.0097
r14 0.0105
r15 0.0098
r16 -0.0095
799 -0.0103
ro3 0.0046
ro4 -0.0019
Tos 0.0118
ro6 -0.0028
r33 -0.0026
734 0.0078
r35 0.0137
736 -0.0073
T44 -0.0096
r45 0.0016
T46 0.0056
55 -0.0090
56 0.0085
r66 0.0023
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