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Abstract: An external heat source and a Stirling cycle are proposed for performance 

improvement of a direct carbon solid oxide fuel cell (DC-SOFC) system. The amount of the 

heat released in the DC-SOFC is determined based on a previously validated 2D tubular 

DC-SOFC model, in which the electrochemical reaction, chemical reactions, ion/electronic

charge transport, mass transport and momentum transport are fully considered. Numerical 

calculations show that the overall heat released in the cell may be smaller than, equal to or 

larger than the heat required by the internal Boudouard reaction, and accordingly, three 

different operating modes of the system are given. The analytical expressions for the 

equivalent power output and efficiency for the DC-SOFC, Stirling cycle and the hybrid system 

are specified under different operating conditions. The results show that the power density and 

efficiency of the proposed system allow 4000 W m-2 and 30% larger than that of the 

stand-alone DC-SOFC at 30000 A m-2, respectively. Parametric studies also show that a 

higher operating temperature and a smaller distance between carbon layer and anode will 

increase the overall power density and efficiency of the proposed system. 
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1. Introduction 

    Despite the tendency in reducing reliance on fossil fuels as energy resources due to 

environmental problems, coal remains to be a main resource due to its wide availability and 

low price. Solid carbon like coal is usually directly burned in traditional thermal power plants 

for electricity generation in an inefficient way with emission of hazardous gases. Thus, there is 

an urgent need to develop new methods for coal utilization. Direct carbon fuel cells (DCFCs) 

are promising electrochemical devices that enable to directly convert the chemical energy of 

solid carbon into electricity with high efficiency and low emissions [1-7]. 

    DC-SOFCs operate on the same electrochemical principles as conventional solid oxide 

fuel cells (SOFCs) but use solid carbon as fuel [8, 9]. As the solid carbon particles are larger 

than the pores of SOFC anode, they cannot reach the triple phase boundary (TPB) of anode. It 

is well accepted that the operation of DC-SOFC is based on the “CO2 shuttling theory”: the 

solid carbon is gasified by CO2 to produce CO, which subsequently participates in the 

electrochemical reactions for electricity power generation. The dense oxygen-ion-conducting 

electrolyte and high-temperature operation characteristic of DC-SOFC provide the possibility 

to easily handle the exhaust gas emission control and use the low cost catalyst such as Ni [10, 

11]. 

Based on the “CO2 shuttling theory”, extensive experimental and modeling works have 

been conducted to further improve the DC-SOFC performance [12]. In a study conducted by 

Lee et al. [13], a thermodynamic model was developed to analyze the efficiency of DC-SOFC, 

which was considerably higher than that of the traditional thermal power plants. The 
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performance of DC-SOFC is limited by the carbon gasification kinetics as the kinetics of 

chemical reactions is usually much slower than that of electrochemical reactions [14-17]. To 

improve the DC-SOFC performance, various catalysts for carbon gasification have been 

developed [18-20]. In a recent study, a power density of 434 mW cm-2 at 1123 K has been 

achieved, which is only slightly smaller than that with H2 fuel (480 mW cm-2) [17]. As CO is 

generated in the anode chamber, CO and electricity co-generation in DC-SOFCs was proposed 

by Xie et al [21] and an overall efficiency of 76.5% was achieved with CO and electricity as 

energy output. Mathematical modeling studies were conducted to understand the 

physical/chemical processes in DC-SOFC for CO and electricity cogeneration [22, 23].  It was 

found that the heat generation from the irreversible losses in DC-SOFC is sufficient to sustain 

the required temperature of the cell at a large operating current density, while an external 

heating is needed at a high operating potential. Therefore, the efficiency of DC-SOFCs could 

be further improved if the excess waste heat is utilized at a larger operating current density.  

Obviously, the high-quality waste heat generated in DC-SOFC can be recovered for 

combined heat and power (CHP) generation. Based on various analysis approaches [24-26], 

extensive studies have been conducted on SOFC-based hybrid systems fueled with diverse 

fuels [27, 28] for different applications [29, 30]. A number of thermodynamic devices have 

been employed to utilize the waste heat from SOFCs including heat engines [31-33], gas 

turbines [34, 35], and thermoelectric generators [36], etc. Among various bottoming thermal 

devices, Stirling cycle engines are referred as the external combustion heat engines, which are 

based on a regenerative closed power cycle named Stirling cycle[37]. Stirling cycle engines 
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enable efficient conversion of waste heat into mechanical work, which have drawn much 

attention recently because of their low emission, low vibration, high reliability and low 

maintenance cost [38-40]. Although a few studies have been conducted to recover the waste 

heat from SOFC through Stirling cycle [41-43], the study on the heat management of 

DC-SOFC is still lacking. 

In this work, a previously developed 2D tubular DC-SOFC model is adopted to study the 

DC-SOFC system integrated with an external heat source and a Stirling cycle for heat 

management. Based on the modeling analysis, different operating modes of this new system 

are specified under different operating conditions. The performance of the proposed system is 

evaluated based on the power output and efficiency mathematical expressions. The advantages 

of the new system layout are shown by numerical predictions. Finally, the effects of some 

design parameters and the operating conditions on the performance of the system are 

discussed. 

2. System description 

The proposed hybrid system consists of a DC-SOFC, an external heat source, a Stirling 

cycle engine and a regenerator, as shown in Fig. 1. The DC-SOFC electrochemically converts 

the chemical energy of solid carbon into electrical power SOFCP . To ensure the normal 

operation of the DC-SOFC, an amount of heat Q  (J S-1) should be provided to or extracted 

from the DC-SOFC. When the DC-SOFC is operated in the endothermic mode, the external 

heat source should be connected. When the DC-SOFC is operated in the exothermic mode, the 
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Stirling cycle should be connected to produce additional power SHEP . The regenerator preheats 

the inlet reactants with the help of the heat contained in the outlet high-temperature products.  

For simplification, the following assumptions are adopted [23, 44]: 

 The distribution of electrochemical reaction sites is uniform in the porous 

electrodes. Electronic- and ionic-conducting materials are continuous and 

homogeneous; 

 Ionic and electronic charge transport processes take place in the Positive 

Electrode-Electrolyte-Negative electrode assembly, and the charge transfer 

reaction can take place at TPB throughout the porous electrode; 

 All gases involved in the DC-SOFC are ideal gases and the gas flows are 

incompressible; 

 Operating temperature of the DC-SOFC is uniform and constant; 

 Volume and shape of solid carbon fuel do not change with time; 

 Working substance inside the Stirling cycle is ideal gas; 

 Heat transfers between the Stirling cycle and the DC-SOFC and the environment 

obey Newton’s law. 

 

2.1 DC-SOFC 

    The schematic of the electrolyte-supported tubular DC-SOFC is shown in Fig. 2. Solid 

carbon and air are supplied to the anode and cathode channels, respectively. CO molecules are 

produced through Boudouard reaction in anode chamber and then diffuse into the porous 

electrode, where they react with O2- ions at the TPB sites to generate electricity and form CO2 

molecules. The generated CO2 molecules subsequently diffuse back from TPB to the anode 
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chamber to continue the Boudouard reaction for CO molecules generation. These processes 

repeat between the carbon layer and the porous electrode to generate electricity. 

The well-developed 2D DC-SOFC model consisting of chemical reaction, electrochemical 

reaction, mass transport, momentum transport and heat transfer sub-models is adopted to 

describe the chemical reaction, electrochemical reaction, ionic/electronic charge transport, 

mass transport, momentum transport and heat transfer [23]. The model has been validated in 

the previously study [23], in which it showed good agreement between the simulation results 

and the experimental data [17]. In the following, each sub-model will be briefly introduced. 

2.2.1 Chemical reaction model 

The key chemical reaction in DC-SOFC is the Boudouard reaction (Eq. (1)), which 

converts solid carbon into CO by consuming CO2. Its reaction rate can be calculated as Eq. (2) 

[39]. 

     C + CO2 = 2CO               (1) 

     𝑅𝑟𝑏 = 𝑘𝑟𝑏exp⁡(−𝐸𝑟𝑏/𝑅𝑇)𝑐𝐶𝑂2           (2) 

2.2.2 Electrochemical reaction model 

    CO gas produced from Boudouard reaction will transport to anode TPB sites where it 

reacts electrochemically with O2- and release electrons as shown in Eq. (3). The O2- ion is 

reduced in cathode and transported through the electrolyte as shown in Eq. (4). 

    CO + O2− → CO2 + 2e−               (3) 

    O2 + 4e− → 2O2−                 (4) 

The related equilibrium potential (𝐸𝐶𝑂) for above equations can be calculated as Eq. (5), 

     𝐸𝐶𝑂 = 𝐸𝐶𝑂
0 +

𝑅𝑇

2𝐹
ln [

𝑃𝐶𝑂
𝐿 (𝑃𝑂2

𝐿 )
1
2⁄

𝑃𝐶𝑂2
𝐿 ]             (5) 
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where R and F are the universal gas constant (8.3145 J mol-1 K-1) and Faraday’s constant 

(96485 C mol-1), respectively. T is cell temperature (K) and 𝑃𝐿  is local gas partial pressure 

(Pa). 𝐸𝐶𝑂
0  is the standard potential (V), which can be calculated by Eq. (6) [40] 

   𝐸𝐶𝑂
0 = 1.46713 − 0.0004527𝑇 (V)                  (6) 

As local gas partial pressure is used in the calculation, only activation overpotential loss 

(𝜂𝑎𝑐𝑡 ) and ohmic overpotential losses (𝜂𝑜ℎ𝑚𝑖𝑐 ) are considered for the calculation of the 

operating potential (E) as shown in Eq. (7): 

     𝐸 = 𝐸𝐶𝑂
0 − 𝜂𝑎𝑐𝑡 − 𝜂𝑜ℎ𝑚𝑖𝑐             (7) 

The relationship between current density and these two overpotentials are described by 

Butler-Volmer equation (Eq. (8)) and Ohm’s law (Eq. (9)), respectively [41]. 

    𝑖 = 𝑖0 {exp (
𝛼𝑛𝐹𝜂𝑎𝑐𝑡

𝑅𝑇
) − exp (

(1−𝛼)𝑛𝐹𝜂𝑎𝑐𝑡

𝑅𝑇
)⁡ }        (8) 

  𝑖 = −𝜎𝑒𝑓𝑓𝛻(𝜙)               (9) 

where 𝑖 and 𝑖0 are operating current density (A m-2) and exchange current density (A m-2), 

respectively.⁡ 𝛼 is the electron transfer coefficient, 𝑛 is the number of transferred electrons per 

electrochemical reaction, 𝜎𝑒𝑓𝑓 and 𝜙 are effective conductivity (S m-1) and electric potential 

(V), respectively. 

2.2.3 Mass and momentum transport model 

Mass transport (𝑁𝑖, 𝑚𝑜𝑙⁡ 𝑚
−3⁡ 𝑠−1) is calculated by the extended Fick’s model (Eq. (10)) 

and momentum transport is calculated by the Navier-Stokes equation (Eq. (11)) [40]. 

  𝑁𝑖 = −
1

𝑅𝑇
(
𝐵0𝑦𝑖𝑃

𝜇

∂P

∂z
− 𝐷𝑖

𝑒𝑓𝑓 ∂(𝑦𝑖P)

∂z
)⁡ (𝑖 = 1,… , 𝑛)      (10) 

  𝜌
𝜕𝑢

𝜕𝑡
+ 𝜌𝑢∇𝑢 = −∇𝑝 + ∇[𝜇 (∇𝑢 + (∇𝑢)𝑇) −

2

3
𝜇∇𝑢] −

𝜀𝜇𝑢

𝑘
    (11) 
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where 𝐵0  is the permeability (m2) of the porous electrodes, 𝑦𝑖  is the mole fraction of 

component i, ⁡ 𝜇  is the gas viscosity (N m-1 s-1), 𝐷𝑖
𝑒𝑓𝑓

 is the overall effective diffusion 

coefficient (m2 s-1) of component i, 𝜌 (kg m-3) is the gas density and u (m s-1) is the velocity 

vector. 

2.2.3 Heat transfer model 

General heat balance equation is used to calculate the heat transfer process in DC-SOFC 

as [40]: 

    ρ𝐶𝑝𝑢 ∙ ∇𝑇 + ∇ ∙ (−𝜆𝑒𝑓𝑓∇𝑇) = 𝑄                     (12) 

where 𝐶𝑝 (J·K-1) is the heat capacity of fluid, u is the fluid velocity field, 𝜆𝑒𝑓𝑓 (W·m-1K-1) is 

the effective heat conductivity and Q (J s-1) is the heat source term. 

    To evaluate the electrical efficiency of DC-SOFC (𝜂𝑆𝑂𝐹𝐶), both electrical power output 

(𝑃𝑆𝑂𝐹𝐶) and heat (Q) should be considered. 𝜂𝑆𝑂𝐹𝐶  is defined as  

SOFC
SOFC

SOFC

P

P Q
 


        (13) 

    The overall rate of heat rejection 𝑄 in the DC-SOFC is positive at a high current 

density (the value of heat released from DC-SOFC is defined as positive in the present 

paper). The heat 𝑄 in DC-SOFC can be further given by 

e cQ Q Q            (14) 

where 
c

Q (J s-1) is rate of heat absorption by chemical reactions which equals to the enthalpy 

change of the Boudouard reaction and 
e

Q (J s-1) includes heat released from the 
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electrochemical reaction ( / 2IT S F  , J s-1) and the heat resulted from overpotential losses 

( ( )E V I , J s-1). Thus, 
e

Q  can be calculated as  

( )
2

e

I
Q T S E V I

F
             (15) 

    When e cQ Q , i.e., 0Q  , one may obtain the thermal neutral current tnI  as follows: 

/ 2

c
tn

Q
I

T S F E V

   

        (16) 

Based on the DC-SOFC model and the relative parameters given in Table 2, one may 

generate the curves of Q  varying with i  ( /i I A , A is the effective area of DC-SOFC), as 

shown in Fig. 3. It is seen that Q  changes from negative to positive values as the DC-SOFC 

operating current density increases. When tni i , i.e., 0Q  , the heat produced by the 

irreversible losses is less than the heat required for the Boudouard reaction. An amount of heat 

| |Q  should be provided from the external heat source to the DC-SOFC to ensure the normal 

operation, and the left external heat source in Fig. 1 should be switched on. When tni i , i.e., 

0Q  , the heat generated due to irreversible losses is equal to the required heat for Boudouard 

reaction. The DC-SOFC is thermally self-sustained without absorbing or releasing any heat. 

Therefore, both the left external heat source and the right Stirling cycle in Fig. 1 are 

unnecessary. When tni i , i.e., 0Q  , the heat generated due to the irreversible losses exceeds 

the required heat for the Boudouard reaction. The Stirling cycle in Fig. 1 should be switched on, 

and an amount of heat Q  is transferred to the Stirling cycle to produce power SHEP . It can be 

also found from Fig. 3 that tni
 
is larger at a higher operating temperature. Thus, more heat can 

be generated for the endothermic Boudouard reaction. In addition, less heat is generated for the 

given current density at higher operating temperature as the faster Boudouard reaction at 
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higher temperature consumes more heat from DC-SOFC. 

2.2 Stirling cycle 

    Stirling cycle consists of four processes including two isothermal processes and two 

isochoric processes. Considering the finite-rate heat transfer and regenerative losses in the 

cycle, the performance of the Stirling cycle can be evaluated based on the non-equilibrium 

thermodynamics. For a given amount of heat Q , the maximum efficiency and the 

corresponding power output of the Stirling cycle are, respectively, given by [44]  

 

 
0

0

/ 1

2 / 1
SHE

Q K a T aT d

aT a Q K a T aT d


   


      
         (17) 

and  

 

 
0

0

/ 1

2 / 1
SHE SHE

Q K a T aT d
P Q Q

aT a Q K a T aT d


   
   

      
      (18) 

where 2 1/ [ ln( / )]a xC R V V ,  
2

0 0( 1) / 4 ( 1)d a T aT Q K a a TT      ,  

 
2

1 1 2[(1 ) 1 / ]K k b k k    (J s-1 K-1), x  is the fractional deviation from ideal regeneration, 

C  is the molar heat capacity (J mol-1 K-1) of the working substance in the regenerative 

processes, 1V  and 2V  are the volume (m3) of the working substance along the 

constant-volume heating and cooling processes, 1k  and 2k  are the thermal conductance (J s-1 

K-1) between the Stirling cycle and the DC-SOFC and the environment, b  is the heat-transfer 

time ratio between the regenerative processes and the isothermal processes. The parameters of 

the Stirling cycle can be found in Table 3. For comparison, the power density of the Stirling 

cycle is given based on the same surface area (A) of DC-SOFC. 
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2.3 The regenerator 

The regenerator in Fig. 1 functions as a counter-flow heat exchanger that continuously 

preheats the inlet activated carbon and air using the heat contained in the outlet products. The 

products are cooled down to the environmental temperature and the solid carbon and oxygen 

are heated to the operating temperature of the SOFC. According to the parameters given in 

Table 4, one can prove that 

 
2

1 0CO C OQ Q Q                    (19) 

 
2 2

2 0CO C OQ Q Q                   (20) 

where 
0

T

CO CO
T

Q m C d


   , 
0

T

C C
T

Q m C d


   , 
2 2

0

1 0.5
T

O O
T

Q m C d


   ,
2 2

0

2
T

O O
T

Q m C d


   ,

2 2
0

T

CO CO
T

Q m C d


   , m


 is the molar consumption rate of solid carbon, T0 is the ambient 

temperature (K), Cj is the isobaric molar heat capacities (J mol-1 K-1) for species j (j = solid 

carbon, CO, O2 or CO2). As there is only CO or CO2 in the anode outlet gas, it can be concluded 

that the heat contained in the products is always enough to preheat the reactants to attain the 

operating temperature of the DC-SOFC regardless of the molar fraction of CO and CO2 (the 

inlet N2 in air is supposed to be preheated by the outlet N2). Since some high-effectiveness 

regenerators have already been reported [45], it is proper to assume that the regenerator in Fig. 

1 performs perfect regeneration. 

 

2.4 The performance of the hybrid system 

    As the waste heat from DC-SOFC is used to preheat the solid carbon and air at the inlet of 

the cell, the heat loss from the DC-SOFC system to the environment is negligible against the 

electrical power SOFCP . Adding the contribution of the Stirling cycle, the overall power output 
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P  and equivalent efficiency   of the hybrid system can be, respectively, expressed as:  

 

 

SOFC tn

SOFC SHE tn

P i i
P

P P i i

 
 

  

            (21) 

and 

 

 

SOFC
tn

SOFC

SOFC SHE
tn

SOFC

P
i i

P Q

P P
i i

P Q




  

 
 

 
            (22) 

 

3. Results and discussion 

According to the above mathematical models and parameters given in Tables 1-3, the 

performance characteristics of the hybrid system can be analyzed. The parameters are taken as 

default ones unless specified elsewhere.  

3.1 Performance characteristics of the Stirling cycle 

As the size of the Stirling cycle engine is often different from that of the DC-SOFC, one 

may define the equivalent power density of the Stirling cycle as . Fig. 4 clearly 

demonstrates the performance characteristics of the Stirling cycle. The Stirling cycle within the 

hybrid system can only work in the region of tni i . It is found that the equivalent power 

density of the Stirling cycle decreases but the efficiency increases with increasing temperature 

of the DC-SOFC. 

As seen from Fig. 4(a), the equivalent power density of the Stirling cycle engine increases 

with the increasing operating current density since more heat is generated at a larger operating 

current density. In addition, more heat is generated at a given current density at a lower 

* /SHE SHEP P A
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temperature because less heat is required by the boudouard reaction at a lower temperature. 

Those increased heat leads to the higher power generation from the Stirling cycle. When the 

DC-SOFC works at a current density of 30000 A m-2, the equivalent power density of the 

Stirling cycle approximately increases from 3900 W m-2 at 1173 K to 4600 W m-2 at 1073 K. 

Different from the power density characteristic of Stirling cycle, its equivalent efficiency is 

only related to the operating temperature of DC-SOFC. Although the available heat Q  

decreases at an elevated operating temperature T , a higher operating temperature improves the 

heat-to-power efficiency. As a result, a higher operating temperature positively improves the 

Stirling cycle performance, and the effect of the operating temperature on the performance of 

the Stirling cycle becomes more significant as the operating current density increases.  

3.2 Power density improvement in hybrid system 

Fig. 5 shows the equivalent power densities of the DC-SOFC, Stirling cycle and hybrid 

system at different operating temperatures, where 
* /SOFC SOFCP P A  and 

* /P P A  are the 

power densities for the DC-SOFC and the hybrid system, respectively. When tni i , the curves 

of 
* ~P i  and 

* ~SOFCP i  are overlapped because the Stirling cycle is not involved in electrical 

power production. When tni i , the power density of the Stirling cycle keeps growing as more 

heat is generated at a higher current density. While for the DC-SOFC, its power density first 

increases rapidly and then decreases slowly with the increasing operating current density. As a 

result, the Stirling cycle offers more power density than the DC-SOFC at a relative high 

operating current density. Due to the monotonically increasing power density of Stirling cycle, 

the power density of the hybrid system keeps increasing with the rising of current density.  
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The elevated operating temperature not only improves the performance of the DC-SOFC 

by promoting its electrochemical reactivity, ionic conductivity and gas effective diffusion but 

also enhances the power output and efficiency of the Stirling cycle. Therefore, a higher 

operating temperature is favored for the hybrid system to obtain a higher output power density. 

3.3 Efficiency characteristics of hybrid system 

Fig. 6 shows the equivalent efficiencies of the DC-SOFC, Stirling cycle and hybrid system 

under different operating temperature. Similarly, the curves of ~ i  and ~SOFC i  are 

overlapped in the region of tni i . The efficiency of the DC-SOFC is quite high at a small 

operating current density and reaches 100% when the DC-SOFC is working at a current density 

of 𝑖𝑡𝑛. The efficiency of the DC-SOFC rapidly decreases with a further increase in operating 

current density. With the help of Stirling cycle, more than 30% improvement of efficiency can 

be achieved. Due to the higher efficiency of Stirling cycle at higher operating temperature, the 

efficiency improvement is more significant at higher operating temperatures. 

3.4 Effect of distance between carbon layer and anode electrode 

In DC-SOFCs, the distance between carbon layer and anode will increase with the 

consumption of solid carbon. Thus, the transport of CO from carbon layer to anode could be a 

limiting factor for its power output and has great effect on the heat generation. 

The effects of distance between carbon layer and anode electrode on the performance of the 

hybrid system are shown in Fig. 7. When the distance decreases from 559 μm to 59 μm, a 

significant performance improvement of the hybrid system is found with the peak power 

density increasing from 6000 W m-2 to 10000 W m-2. As analyzed in our previous papers [22, 
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23], a smaller distance between carbon layer and anode helps to maintain a higher fuel 

concentration in the anode, which results in a higher power density of DC-SOFCs. Meanwhile, 

more heat is generated in DC-SOFCs at a higher electrochemical reaction rate mainly due to 

the increased entropy change. Thus, more power can be generated from the bottoming Stirling 

cycle. As a result, both the equivalent power density and efficiency of the hybrid system 

increase with decreasing distance and this effect becomes more pronounced at a larger current 

density.  

4. Conclusions 

The previously developed 2D tubular DC-SOFC model shows that the overall heat 

generated in the cell could be smaller than, equal to or higher than the heat required by the 

internal Boudouard reaction. An external heat source and a Stirling cycle are proposed to deal 

with the heat management problem of the DC-SOFC. Three operation modes are presented 

based on the different operating conditions. The analytical expressions for the DC-SOFC 

system under different operating conditions are derived to evaluate its performance. The results 

show that the proposed system is technically feasible and effective, and the equivalent power 

density and efficiency of the proposed system could be increased by 4000 W m-2 and 30%, 

respectively. Parametric studies show that the increase of operating temperature would 

decrease the amount of waste heat and more power would be delivered from the Stirling cycle. 

Consequently, a higher operating temperature would increase the overall power density and 

efficiency of the DC-SOFC system. Furthermore, both the equivalent power density and 
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efficiency of the DC-SOFC system are increased with decreasing distance between carbon 

layer and anode electrode. The results obtained in this work may provide some theoretical 

bases for the heat management of a real DC-SOFC. 
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Nomenclature 

Abbreviation 

CHP Combined heat and power 

DC-SOFC Direct-carbon solid oxide fuel cell  

LSM Strontium-doped lanthanum manganite 

SCCM  Standard cubic centime per minute 

SHE Stirling cycle 

SOFC Solid oxide fuel cell 

TPB  Triple phase boundary 

YSZ Yttrium stabilized zirconium 

 

Roman 

a Constant in Eqs. (6) and (7) 

b Heat-transfer time ratio 

𝐵0 Permeability coefficient, m2 

𝑐𝐶𝑂2  Molar concentration of carbon dioxide, mol·m-3 

C Mole heat capacity of the working substance, J mol-1 K-1 

𝐶𝑗 Isobaric molar heat capacities for species j , J mol-1 K-1 

d Temperature-dependent parameter in Eqs. (6) and (7), K 

𝐷𝑖
𝑒𝑓𝑓

 Effective diffusivity of species 𝑖 , m2·s-1 

𝐷𝑖𝑘
𝑒𝑓𝑓

  Knudsen diffusion coefficient of 𝑖 , m2·s-1 

𝐷𝑖𝑚
𝑒𝑓𝑓

  Molecular diffusion coefficient of 𝑖, m2·s-1 

E Output voltage, V 

𝐸𝑎𝑐𝑣  Activation energy, J·mol-1 

𝐸𝐶𝑂  Equilibrium potential for carbon monoxide oxidization, V 
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𝐸𝐶𝑂
0   Standard equilibrium potential for carbon monoxide oxidization, V 

𝐸𝑒𝑞  Equilibrium Nernst potential, V 

𝐹 Faraday constant, 96485 C·mol-1 

𝑖𝑜 Exchange current density, A·m-2 

k Thermal conductance, J s-1 K-1 

m


  Molar consumption rate of solid carbon, mol· s
-1  

n Number of electrons transferred per electrochemical reaction 

𝑁𝑖  Flux of mass transport, kg·m-3·s-1 

P Power density, W m-2 

𝑝 (partial) Pressure, Pa 

Q Heat, J s-1 

𝑅 Gas constant, 8.314 J·mol-1·K-1 

𝑅𝑐𝑒  Reaction rate of Boudouard reaction, mol·m-3·s-1 

T Temperature, K 

𝑢 Velocity field, m3·s-1 

V Output voltage, V 

V1, V2 Volume of the working substance along the constant-volume heating and 

cooling processes, m3 

x   Fractional deviation from ideal regeneration 

𝑦𝑖  Molar fraction of component i 

 

Greek letters 

 

𝛼  Charge transfer coefficient 

𝛽𝐻2  Electrochemical kinetics parameter for H2 

𝜀  Porosity 

𝜂  Efficiency 

𝜂𝑎𝑐𝑡  Activation polarization, V 
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𝜂𝑜ℎ𝑚𝑖𝑐  Ohmic polarization, V 

𝜅  Permeability, m2 

𝜆  Thermal conductivity, W·m-1K-1 

𝜇  Dynamic viscosity of fluid, Pa·s 

𝜌  Fluid density, kg·m-3 

σ Conductivity, S/m 

τ  Tortuosity 

∅  Potential, V  

  

Subscripts  

an Anode 

ca Cathode 

co Carbon monoxide 

f fraction 

H2 Hydrogen 

l Ionic phase 

s Electronic phase 

  

Superscripts  

0 Parameter at equilibrium conditions 

eff Effective 

L Local 
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Table 1. Parameters used in DC-SOFC model [23, 46, 47] 

Parameters Value or expression Unit 

Ionic conductivity 

GDC 100

𝑇
× 10(6.66071⁡ −⁡

5322.92

𝑇
)
  S m-1 

YSZ 
3.34 × 104𝑒

−10300

𝑇   S m-1 

Electronic conductivity 

Ag 1.59𝑒8

(0.0038𝑇−0.1134)
  S m-1 

Porosity 

Cathode  0.46  

Anode  0.46  

Electrode volume fraction 

GDC 0.21  

Ag 0.79  

STPB 

Cathode layer  2.14 × 105  m2 m-3 

Anode layer 2.14 × 105  m2 m-3 

Tortuosity 

Cathode  3  

Anode  3  

Exchange current density 

CO 450 A m-2 

O2 400 A m-2 

Charge transfer coefficient 

CO 0.5  

O2 0.5  

Equilibrium constant of 

Boudouard reaction 

6 × 1013  
s-1 

Activation energy of Boudouard 

reaction  
𝐸𝑟𝑏 = 248  

𝑘𝐽⁡ 𝑚𝑜𝑙−1 
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Table 2. Parameters used in Stirling cycle [39, 48] 

Parameter Value 

Mole heat capacity of the working substance 𝐶 (J mol-1 K-1) 15 

Working substance volume ratio, 𝑉2 𝑉1⁄  2 

Thermal conductance, 𝑘1 (W K
-1) 200 

Thermal conductance, 𝑘2 (W K
-1) 200 

Fractional deviation from ideal regeneration, 𝑥 20% 

Heat-transfer time ratio, 𝑏 1 

Environment temperature, 𝑇0 (K) 298 

 

Table 3. Isobaric molar heat capacities for the involved species[49, 50] 

Species Isobaric molar heat capacity K)(J/mol,lpC  

CO2 3724 105788.6107133.42046.03669.4 TTT    

617513410 105992.3101458.210199.5 TTT    

O2 37242 100037.3100368.2107975.585.34 TTT  

617514410 104776.1101821.9103172.2 TTT  
 

CO 
3 6 2 8 330.429 8.1781 10 5.2062 10 4.1974 10T T T       

11 4 14 5 18 66.6346 10 3.7756 10 7.6538 10T T T         

Solid 

carbon 
144 105324.41021838.121876.27   TT  

4103826 1021429.71099859.7101815.2   TTT  
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Fig. 1. Schematic diagram of a DC-SOFC based hybrid system. 
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Fig. 2. 

 

 

Fig.2. Schematic of electrolyte supported DC-SOFC. 
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Fig. 3. 
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Fig. 3. The curves of Q versus current density under different operating temperature, where 

/tn tni I A , A  is the polar plate area of the DC-SOFC. 
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Fig. 4. 
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Fig. 4. The (a) equivalent power density, and (b) efficiency of the Stirling cycle under different 

operating temperature, where 
* /SHE SHEP P A  is the equivalent power density of the Stirling 

cycle. 
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Fig. 5. 

0 10000 20000 30000 40000 50000

0

2000

4000

6000

8000

10000

12000

 

 

P
o

w
e
r 

d
e
n

s
it
y
 (

W
 m

-2
)

Current density (A m
-2
)

 P
*

SOFC

 P
*

SHE

 P
*

T = 1073 K

(a)

0 10000 20000 30000 40000 50000

0

2000

4000

6000

8000

10000

12000
 

 

P
o

w
e

r 
d

e
n

s
it
y
 (

W
 m

-2
)

Current density (A m
-2
)

 P
*

SOFC

 P
*

SHE

 P
*

T = 1123 K

(b)

 



33 

 

0 10000 20000 30000 40000 50000

0

2000

4000

6000

8000

10000

12000

 

 

P
o
w

e
r 

d
e
n
s
it
y
 (

W
 m

-2
)

Current density (A m
-2
)

 P
*

SOFC

 P
*

SHE

 P
*

T = 1173 K

(c)

 

Fig. 5. Equivalent power densities of the DC-SOFC, Stirling cycle and hybrid system at (a) 

1073 K, (b) 1123 K and (c) 1173 K. 
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Fig. 6. 
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Fig. 6. Equivalent efficiencies of the DC-SOFC, Stirling cycle and hybrid system at (a) 1073 K, 

(b) 1123 K and (c) 1173 K. 
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Fig. 7. 
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Fig.7. Effects of distance between carbon layer and anode electrode on the performance of the 

hybrid system. 




