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ABSTRACT

In this paper, vortex-dynamical perspectives were adopted to interpret the recently reported observation that the total viscous dissipation
of off-center droplet bouncing varies nonmonotonically with the impact parameter [C. He, X. Xia, and P. Zhang, “Non-monotonic viscous
dissipation of bouncing droplets undergoing off-center collision,” Phys. Fluids 31, 052004 (2019)]. The particular interest of this study is
on analyzing the velocity and vorticity vector fields and their correlations, such as helicity and enstrophy. The helicity analysis identifies a
strong interaction between the “ring-shaped” vortices and the “line-shaped” shear layers in the non-axisymmetric droplet internal flow. A
general relation between the total enstrophy and the total viscous dissipation rate for an unsteady free-surface flow was theoretically derived
and numerically verified. It shows that the equality between the total enstrophy and the total viscous dissipation rate holds for a single-phase
flow confined by stationary boundaries but is not satisfied for a gas-liquid two-phase flow due to the interfacial movement. Both the total
enstrophy and a defined “half-domain” helicity show the nonmonotonic variation with the impact parameter, implying their interrelation
with the nonmonotonic viscous dissipation.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0003057

I. INTRODUCTION

Collision of two liquid droplets in a gaseous environment
occurs frequently in many natural and industrial processes involving
dispersed gas-liquid two-phase flows. A large number of experi-
mental studies on the droplet collision have been reported in the
literature' "' and summarized in a few excellent reviews.'”'* The
majority of the previous studies”” ' were focused on identify-
ing and interpreting various outcomes of droplet collision, such as
coalescence, bouncing, separation, and shattering. 15,16

Extensive studies have been done to investigate the influence of
a few controlling parameters on the collision outcomes. The widely
adopted parameters are the collision Weber number, We, which
measures the relative importance of the droplet inertia compared
to the surface tension; the droplet Ohnesorge number, Oh, which
measures the relative importance of the liquid viscous stress com-
pared to the capillary pressure;'”'"'”'® and the size ratio, 4, for the
influence of size disparity.”'**’ The collision outcomes can also be

significantly affected by the gas environment as such increasing the
gas pressure promotes droplet bouncing and decreasing the gas pres-
sure promotes droplet coalescence.”” A practically significant impli-
cation of the gas pressure effect is that colliding fuel droplets tend to
bounce off under high pressure in real combustion chambers, and it
has been verified both experimentally and numerically.”*

In addition to the above list of controlling parameters, the
impact parameter, B, which measures the deviation of the trajectory
of droplets (B < 1) from that of the head-on collision (B = 0), has
been taken into account since the very beginning of the drop col-
lision study,"” manifested by the well-known collision nomogram
in the We — B parameter space and its many variants. Although it
has been fully recognized that the impact parameter has a signif-
icant influence on the collision outcomes, its role is insufficiently
and often intuitively understood, for example, through the effective
collision Weber number, We.g = We(1 — B?), because it produces
the correct limiting cases for head-on collision (B = 0) and grazing
collision (B=1).
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In the authors’ recent computational study”’ about the off-
center collision of two liquid droplets of equal size, the total viscous
dissipation (TVD for short hereinafter) during droplet bouncing
does not linearly depend on We.g. Instead, a nonmonotonic TVD
with varying B was discovered and verified. Specifically, a prolonged
entanglement time and an enhanced internal-flow-induced viscous
dissipation were found for bouncing droplets at intermediate B,
compared with those at smaller or larger B. This was understood
as the competition between the viscous dissipation rates (VDR for
short hereinafter) induced by normal strains and shear strains. Fix-
ing We while increasing B from 0 to 1, the VDR in the droplet
interior being away from the interaction region decreases because
of the reduced droplet deformation (mainly due to the decreased
Weeg), whereas the VDR in the vicinity of the droplet interac-
tion region increases, owing to the enhanced droplet shear flow.
The competition between these two parts of VDR accounts for the
enhanced TVD at intermediate B in the early stages of droplet col-
lision. Furthermore, the enhanced droplet oscillation owing to the
unbalanced capillary pressure distributions results in the further
increase of TVD at intermediate B in the late stages of droplet
collision.

Although the above interpretation provides us a sound descrip-
tion of the observed nonmonotonic viscous dissipation, we found
that it is quite phenomenological and has not adequately unveiled
the fluid-dynamical physics underlying the problem. Specifically, the
TVD is the integration of VDR, ¢(x, t), over the entire droplet vol-
ume, V, and the entire time duration of droplet bouncing, T, and
given by

TVD(T) = fo ! fv Bl v (1)

¢(x, t) in turn is a complicated nonlinear function of components of
strain rate tensor as

oo (Ge) () (2]

+ %+@ 2+ @+8—W 2+(8—W+@)2 2)
¥ dy Ox 9z Oy ox 0z) |

where x = (x, y, z) is the coordinate vector and u = (u, v, w)
is the velocity vector. It is not physically clear that how the
nonmonotonicity is correlated with the unsteady velocity field
of droplet internal motion. Apparently, owing to the three-
dimensional nature of off-center collision, it is practically clumsy
to track the nine velocity gradients in Eq. (2). Applying the prin-
ciple of Helmholtz decomposition to the droplet internal flow,
which is incompressible and, therefore, has a divergence-free
velocity field, we can simplify the problem by tracking the vor-
ticity vector. Consequently, we were motivated to further ana-
lyze the problem by exploring the vortex-dynamical implications
of the nonmonotonic viscous dissipation of off-center droplet
bouncing.

First, droplet bouncing was investigated by a few recent stud-
ies. Al-Dirawi and Bayly'' experimentally studied the binary col-
lision between two identical droplets with different viscosities and
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proposed an improved model for the prediction of bounc-
ing regimes in the We and B space. Farokhirad et al’® and
Attarzadeh and Dolatabadi’’ numerically studied the phenomenon
of coalescence-induced binary droplets jumping on homogeneous
and heterogeneous superhydrophobic surfaces. The dynamics of
the interfacial gas layer’’ and viscous effects’’ on the bouncing-
to-merging transition in droplets impacting on the liquid film
were studied; the droplet impacting on the liquid film can be
considered as a limiting case of binary droplet collision with
infinite size ratio. Blanchette’> proposed a model to describe
droplet bouncing on an oscillated reservoir with various bouncing
modes.

Second, vortex dynamics perspective was adopted by many
previous studies”””** to understand the droplet collision. Behera
et al.”’ experimentally studied the effects of drop impingement
height and drop shape on the vortex ring formation and explained
why a prolate shaped droplet would induce a most penetrating
vortex ring. A mechanism based on the generation of vortic-
ity by accelerated flows at curved liquid-free surfaces was pro-
posed to explain the formation of the vortex ring’*” upon the
droplet merged into a liquid pool.”” Tsai et al.”® reported that
the traveling of a single large droplet or two-coupled droplets
on the oscillatory liquid bath with an inclined bottom was asso-
ciated with the induced asymmetric vortex flow underneath the
liquid surface. Xia et al” interpreted the internal jet forma-
tion upon the coalescence of two initially stationary droplets of
unequal sizes in terms of main vortex-ring growth and detach-
ment and proposed a vortex-ring-criterion for the appearance of
the “mushroom-like” jet. Sun et al”’ also numerically observed
the vortex generation and vortex detachment mechanism to form
the internal jet-like mixing between merging droplets, although
the intensity of the jet induced by collision at large We is sig-
nificantly weaker than that induced by surface tension force at
small We.

In this paper, we shall present a computational and theoret-
ical study on off-center droplet bouncing with particular inter-
est on analyzing the velocity and vorticity vector fields and their
correlations, on unveiling the vortex-dynamical implications of
the nonmonotonic TVD with varying impact parameters, and on
exploring general characteristics of enstrophy and viscous dissi-
pation for 3D unsteady free-surface flows. To be distinct from
the authors’ recent study,” the significances of the present work
are highlighted as follows: (1) correlations between the veloc-
ity and vorticity vector fields, such as the helicity (whose inte-
grand is the dot product of velocity and vorticity vectors) and
enstrophy (whose integrand is the dot product of vorticity vec-
tors) analysis, were found to be useful measures for 3D droplet
internal flow; (2) a general relation between the total enstrophy
and the total viscous dissipation rate for an unsteady free-surface
flow was theoretically derived and numerically verified; (3) both
the total enstrophy and a defined “half-domain” helicity show
the nonmonotonic variation with the impact parameter, imply-
ing their interrelation with the nonmonotonic viscous dissipation.
The numerical methodology and specifications are briefly intro-
duced in Sec. II. The correlation between velocity and vorticity
vectors and helicity analysis are given in Sec. III, followed by the
enstrophy analysis and its correlation with viscous dissipation in
Sec. IV.
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1. NUMERICAL METHODOLOGY AND SPECIFICATIONS
A. Numerical method

The continuity and incompressible Navier-Stokes equations,

V-u=0, (3)

p(Ou/dt +u-vVu) = -Vp +V - (2uD) + oknd,, 4)

are solved by using the classic fractional-step projection method,
where u is the velocity vector, p is the density, p is the pressure, y
is the dynamic viscosity, and D is the deformation tensor defined
as Djj = (Ojui + Oju;)/2. In the surface tension term oxnds, s is a
Dirac delta function, o is the surface tension coefficient, x is the local
curvature, and the unit vector # is normal to the local interface.

The present simulation adopts the Volume-of-Fluid (VOF)
method. The conventional VOF approach is strongly influenced
by the mesh resolution near the interface, and the successful sim-
ulation of droplet bouncing requires an extremely fined mesh
and thereby a substantial computational cost. Consequently, we
adopted the approach of two VOF functions,” "' namely, ¢; and
2, to separately track the interface of each liquid droplet, which
can avoid interface coalescence on a coarse mesh. The method
with two VOF functions would always enforce droplet bounc-
ing and, thus, is applied in this study to those droplet bouncing
cases that have been verified by experiment. It can produce nearly
the same droplet deformation and minimum interface distance on
relatively coarse mesh as does the conventional VOF approach
on a substantially refined mesh. Furthermore, the droplet inter-
faces can be advected in the two immediately neighboring inter-
face cells, making the minimum interface distance smaller than the
minimum mesh size. More details about the VOF methods and
their comparison have been sufficiently discussed in our previous
paper.”’

To solve both the gas and liquid phases, the density and viscos-
ity are constructed by the volume fractionas p = (c1 + c2)p; + (1 — 1
—c2)pgand p = (c1 + )y + (1 — 1 — ¢2)pg, in which the subscripts
I'and g denote the liquid- and gas-phases, respectively. The volume
fraction ¢;(i = 1, 2) satisfies the advection equation

9ciot +V - (ciu) =0, (5)

with ¢; = 1 for the liquid phase, ¢; = 0 for the gas phase, and 0 <
¢i < 1 for the gas-liquid interface. The present VOF method had
been implemented in the open source code, Gerris, " >" featuring
the 3D octree adaptive mesh refinement, the geometrical VOF inter-
face reconstruction, and the continuum surface force (CSF) model
with height function curvature estimation. Gerris has been demon-
strated to be competent for solving a wide range of multiphase flow
problems, 1202223274044

B. Numerical specifications and validations

Following the dimensional analysis,”” the present problem for
the off-center bouncing of two droplets of equal size is controlled
by three varying parameters, We, Oh, and B, with fixed gas-liquid
density and viscosity ratios and a fixed gas pressure. The 3D compu-
tational domain is illustrated in Fig. 1. The domain is 6D in length
and 4D in both width and height, and all boundaries are specified

ARTICLE scitation.org/journal/phf
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FIG. 1. Computational domain and setup for 3D simulation of off-center droplet
collision.

with the free outflow boundary conditions. Two droplets of diam-
eter D are specified to collide along the x-direction with a relative
velocity, U, and with zero velocities along the y- and z-directions.
The x-velocity component for each droplet has the same magnitude
of U/2 but opposite sign so that the linear momentum of the entire
system remains zero. The x-z plane is established by the x-axis and
the connection line denoted as OOQ’, in which O and O’ are the mass
centers of the colliding droplets. The midpoint of OO is located at
the origin of the Cartesian coordinate system. It is noted that the
x-z plane is always a plane of symmetry for the colliding droplets.
The deviation of the off-center collision from the head-on collision
is qualified by , which is defined as the projection of OO’ in the
z-direction. The non-dimensional time is defined as T = t/t,, where
t is the physical time and toc = +/p;D3/0 is proportional to the
natural oscillation time of the droplet.

In this study, we used 6 x 4 x 4 = 96 boxes with length L
to constitute the entire computational domain, with 6 boxes in the
x-direction and 4 boxes in the y- and z-directions, respectively. The
droplet diameter is initialized as D = L. Given the relative error of
integration“‘“‘ for each dimension S » (AL/L)kJrl =22x107%, in
which AL = 1/27 is the cell size of the interface zone, L = 6 is the
domain size, and k = 2 is the order of accuracy of the numerical
scheme (second-order convergence in space and time of the code,
Gerris“), the total error is Serr ~ 3§ = 6.6 x 107 for the present three-
dimensional problem. The accumulation of errors*>*" is generally
satisfied with Serr - /1 < S™, where n is the number of compu-
tational time steps and S™** is the maximum allowable error that
presumed to be between 1% and 5%. Then, the maximum allow-
able number of computational time steps for solving the present
problem can be determined as #mayx = (S™/Serr)? = 1.1 x 10",
Considering that the total number of time steps is about n ~ 10 000
with the time step about At = 2.75 x 1071, the ratio nmax/n is
thereby sufficiently large to ensure a lower accumulated error and
reliable results.

To validate the present numerical setup, the head-on droplet
bouncing at two critical transitions We, corresponding to the
so-called “soft” and “hard” collisions, and an off-center droplet
bouncing have been simulated and compared with the experimental
results of Pan et al.” and Qian and Law,’ respectively. To improve
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computational efficiency, the computational domain is divided into
three physical zones, namely, the gas, the droplet, and the inter-
face, and each zone has its own mesh refinement level denoted by
N, which corresponds to a minimum mesh size of 02™). Accord-
ingly, (Ng, N4, N;) is used to describe the refinement level in the
three zones. A typical simulation run with the mesh refinement level
(3, 5, 7) results in 514204 grid points in the entire domain, which
is equivalent to about 2.0 x 10° grid points if applying a uniform
mesh with a size of O(277). It takes about 100 h of real time to run
the simulation up to T = 2.0 on an Intel Xeon(R) E5-2630 processor
with 16 cores. As a balance between computational cost and accu-
racy, the intermediate mesh refinement level of (3, 5, 7) has been
used for all simulations. More details about the mesh, experimen-
tal validations, and grid independence analysis can be found in our
previous paper.27

I1l. DROPLET INTERNAL FLOW, VORTEX LINES,
AND HELICITY

A. Velocity and vorticity fields

A representative case of off-center bouncing at B = 0.3, We
= 9.3, and Oh = 2.8 x 1072 is shown in Fig. 2. To analyze the

123 45 6 7 8

2z ol I
,

scitation.org/journal/phf

velocity and vorticity field, the velocity (streamline) and the vortic-
ity magnitude (Jw|) on the symmetry (x-z) plane and on the YOO
plane, where the y-axis and the line 00’ lie, are shown in the sec-
ond and third rows of each time instant. The vorticity vector w is
given by

(Bw ov Ou Ow Ov Bu)
w=VXxu=

It is seen that the entire collision process can be divided into
three stages, namely, the impacting stage (about T = 0.00-0.32) as
reaching the maximum droplet deformation driven by the iner-
tia force, the bouncing stage (about T = 0.32-1.00) as recover-
ing to the initial spherical shape driven by the surface tension
force, and the oscillating stage (beyond T = 1.00, not included
in Fig. 2 for clarity). The large vorticity is normally accompa-
nied by the intensive interface deformation with a large curva-
ture gradient change in the interface. There are two apparent
parts of vorticity observed in the vicinity of the droplet interaction
region accompanied with the vortical flow, owing to the stretching
deformation (as shown by the streamline only for off-center colli-
sions”’), and in the droplet interior being away from the interac-
tion region close to the interface, respectively. This is qualitatively

FIG. 2. Droplet deformation, velocity (streamline), and vor-
ticity magnitude (|w|) field (on the symmetry x-z plane at
first two rows and on the plane YOO’ consisting of the y-
axis and mass center connection line OO’ at the last row)
for the representative off-center droplet bouncing at B= 0.3,
We = 9.3, and Oh = 2.8 x 10~2. The contours of vorticity
have been blanked with a low threshold value of 1.0 for clear
comparison.
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consistent with the observations of the VDR distribution”” and
implies their possible correlations by the interaction between veloc-
ity and vorticity fields.

B. Three-dimensional vortex lines

To better visualize the 3D vorticity field, Fig. 3 shows vor-
tex lines for four cases at We = 9.3 and Oh = 2.8 x 107 but
with different impact parameters. It is seen that the vortex lines
for the head-on collision are always a series of concentric cir-
cles, which are centered along the line connecting the mass cen-
ters of the droplets. This is because the flow is axisymmetric and
the vortices are in ring shape. These “ring-shaped” vortices should
be attributed to the shear flow formed by the “squeezing” defor-
mation in the axial direction and the “stretching” deformation in
the radial direction. For the off-center collision, the “ring-shaped”
vortex lines can still be observed in the droplet interior being
away from the interaction region between two droplets, although
their coaxiality is broken because of the asymmetric shear flow
in the radial direction, as shown in the contour at T = 0.12 in
Fig. 3.

An interesting finding is the “line-shaped” vortex lines in
the vicinity of the droplet interaction region, shown in Fig. 4,
which corresponds to a narrow viscous shear layer generated by
the stretching deformation of the two droplets. These vortex lines
imply that the direction of the shear layer is parallel to both
the x-z plane and the droplet interacting surface. We can further
observe that both ends of a “line-shaped” vortex line stem from
the droplet surface. This can be explained by that, in a finite vor-
ticity field, a vortex filament must either form a closed vortex ring
or terminate on the fluid boundaries where the flux of vorticity
is not zero."’

=0.0

(a)B

=0.3

(b) B

=0.6

(c)B

(d)B=09

scitation.org/journal/phf

2 Shear layer region

X

FIG. 4. Close-up of the “line-shaped” shear layers for off-center droplet bouncing.

C. Helicity analysis

The correlation between the vortical structures and the flow
field for off-center droplet bouncing can be further understood by
considering the “non-orthogonality” of the velocity and vorticity
vectors, which is conventionally measured by helicity defined by

H- /u-de, )

FIG. 3. Evolution of vortex lines between (a) head-on and
[(b)-(d)] off-center droplet bouncing for the cases at We =
9.3and Oh=2.8 x 1072,

Phys. Fluids 32, 032004 (2020); doi: 10.1063/5.0003057
Published under license by AIP Publishing

32, 032004-5


https://scitation.org/journal/phf

Physics of Fluids ARTICLE

0.4

0.2 4

-0.2 1

L e N B s B I
0.0 02 04 06 0.8 1.0 1.2 1.4 1.6 1.8 2.0
T

FIG. 5. Evolution of the defined “helicity,” H:, for the cases at We = 9.3 and
Oh=2.8x 1072,

where u = (u, v, w) is the velocity vector and w is the vorticity vector
given by Eq. (6).

Evidently, the helicity density, # - w, remains zero everywhere
for the head-on collision because the axisymmetric flow has only one
vorticity component normal to the velocity plane. The local helicity
density is nonzero in general for the off-center collision. However,
its integration over the entire droplets [namely, applying Eq. (7)
to the droplets] is zero because the x-z plane is always a symme-
try plane. The velocity components and the velocity derivatives are

=03

(@B

(b)yB=10.6

=03

©B

dB=0.6

scitation.org/journal/phf

reversed on both sides of the x-z plane, expressed as v, = —(v-) and
(0/0y)+ = —(0/0y)-, where the positive and negative symbols denote
two sides of the x-z plane, respectively. Thus, we have

) — (o (20, B 00w 0y o
R 8y 0z 0z Ox  Ox Oy

= (). ®)

Consequently, if we define the “helicity” of liquid droplets in a half
space as

H, = fv (w@av, (9a)

H_ = /Vz, (u- - w-)dv, (9b)

in which V;, and V;_ denote the droplet mass on each side of the x-z
plane toward positive and negative directions of the y-axis, respec-
tively, we have H =H, + H_ = 0. The zero integral helicity also
indicates that the rotational motion of the entire droplet after off-
center collisions that was observed in previous experiments' ~ and
numerical simulations ™ is always perpendicular to the plane that the
droplet’s mass center trajectory lies, in which the plane must be the
symmetry (x-z) plane.27

Regardless of the zero helicity, useful information can be
obtained by examining either H, or H_. Figure 5 shows the evo-
lution of H, with time for different impact parameters. It is seen
that H., is significantly larger at intermediate B values of 0.3 and 0.6
than at both smaller and larger B, clearly indicating a nonmonotonic

FIG. 6. Contour of helicity density (u - w), vortex line (solid
arrows), and streamline (dashed arrows) on different paral-
lel planes (1-4) for B= 0.3 and B = 0.6 at two time instants
of [(a) and (b)] T4 and [(c) and (d)] T, already indicated in
Fig. 5, respectively.
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variation of H, with an increase in B. This may be understood
as that, at intermediate B, both the “ring-shaped” vortices and
the “line-shaped” shear layers present a strong influence on their
surrounding flows, which translates into strong helicity in the
current context. For the cases of small or large B, either “ring-
shaped” vortices or the “line-shaped” shear layers are weakened;
thus, the entanglement between different types of vortices is sup-
pressed, resulting in the reduced helicity. Furthermore, we note that
H, can be either positive or negative with several local extrema,
owing to the interaction between velocity and vorticity fields, as
shown in Fig. 5, in which the values of H, at two representa-
tive time instants, T; and T,, are the minimum and maximum,
respectively.

To further trace the source of helicity, the contours of the
helicity density, u - w, vortex lines, and streamlines on several cross
sections parallel to the droplet interacting surface are plotted in
Fig. 6 at two time instants, T; and T, already indicated in Fig. 5,
respectively, to show the transition of vortex lines from “line-
shaped” to “ring-shaped.” We can see that the nonzero u-w is
mainly distributed in the vicinity of the droplet interaction region
or near the interfacial region where the shear layer structure (char-
acterized by the “line-shaped” vortex lines) encounters radial flow
induced by the “ring-shaped” vortices. It serves as an indicator
of the strong correlation between the velocity field and the vor-
ticity field. For both off-center collisions at B = 0.3 and B = 0.6,
the helicity density on the right-hand part of each slice changes
from negative at T| to positive at T,, which is attributed to the
change in velocity vectors from droplet impacting to droplet bounc-
ing, but the vorticity vector inside the droplet remains nearly
unchanged.
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IV. VORTICAL IMPLICATIONS OF VISCOUS
DISSIPATION

A. Evolution of ® and ¥

As this study was motivated by looking for a possible rela-
tion between the non-monotonic viscous dissipation and the vortical
flow structure, it is a natural question to ask how to form a scalar
quantity based on the velocity and vorticity vectors. In Sec. 111, we
have shown that the dot product of the velocity and vorticity vectors
produces the helicity scalar, which nonmonotonically varies with
the impact parameter and, therefore, implies the possible correla-
tion with the viscous dissipation scalar quantity. We recognized that
another scalar quantity based on the vorticity vector can be formed
by its own dot product, resulting in the well-known enstrophy,”’
defined by

Y= /yw-wdv, (10)

where w is the vorticity vector given by Eq. (6) and the viscosity
coefficient y is omitted in some definitions.”

It is noted that ¢ and y have the same dimension, where ¢
is the viscous dissipation rate given by Eq. (2) and v = pw” is the
enstrophy density. Considering an arbitrary closed domain V' con-
fined by stationary boundaries,” the total viscous dissipation rate
and total enstrophy are the volume integrals of ® = [, ¢dV and
¥ = [, ydV, respectively. It is well known that @ = ¥ holds for a
single-phase flow, but it does not guarantee the equality between ¢
and y everywhere inside V.

The evolution of @ and ¥ for droplet collision is shown in
Figs. 7(a) and 7(b), respectively. It is clearly seen that the equality
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FIG. 7. Evolution of (a) total viscous dis-
sipation rate (@), (b) total enstrophy ('7),
and (c) three scalar parts, ¥y, ¥y, and
¥,, of total ¥ for the cases at We = 9.3
and Oh=2.8 x 1072,
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between @ and ¥ does not hold because of the presence of the gas-
liquid free interface. @ has one peak value during the impacting
stage, one peak value during the bouncing stage, and several peak
values during the oscillating stage. However, ¥ shows only one sig-
nificant peak at the late impacting stage. It is interesting to see that
¥ is enhanced for intermediate B values of 0.3 and 0.6, also show-
ing a nonmonotonic variation with an increase in B. Specifically,
¥ for B = 0.6 is larger than other three Bs at early stage, but ¥
for B = 0.3 is the largest among all four Bs during the oscillating
stage, which is consistent with the previous observation of largest
D of B=0.3.

It is further noted that the volume integral ¥ can be decom-
posed into three scalar parts, ¥, ¥y, and ¥,, which are given

by
v, = f p2dv, ¥, = [ uoldv, v, = f petdv. (1)

As shown in Fig. 7(c), ¥, is about one order larger than ¥, and
¥, and has nearly the same trend as the total enstrophy V. This
indicates that the droplet internal flow responsible for the vortic-
ity vector field is mainly located on these planes that are parallel to
the symmetry x-z plane, owing to the stretching deformation in the
z-direction by off-center collisions.

B. A general relation between @ and ¥

To further understand the difference and similarity between @
and ¥, we shall attempt to explore their relation in a general 3D
two-phase flow. Following the derivation of Davidson," we found
that for the present problem involving gas-liquid interfaces, the
relationship between ¢ and y could be expressed as

¢-—v=V-(u-1)-2u-D-Vu—(uxVy) - w-V- (yuxw),
(12)
where the viscous stress tensor 7 is related to the strain rate tensor D

as 7 = 2uD. Then, we calculated the volume integral of Eq. (12) for
the present two-phase flow system shown in Fig. 8, where V' is the

Q
2

<z
2
N
S
!

N\ Liquid p, pu /

FIG. 8. The schematic of a general two-phase flow system with different models of
the (a) ideal interface and (b) numerical interface.
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volume of the entire domain including both gas and liquid phases
and V| denotes the volume occupied by the liquid phase enclosed by
the surface S;. V' is assumed to be large enough such that the flow
becomes stagnant at the domain boundary S’

First, we considered the gas-liquid interface S; as an ideal math-
ematical interface with discontinuous properties across it, as illus-
trated in Fig. 8(a). Then, the integrals associated with 2u - D- Vy and
(u x Vy) - w vanish because Vy = 0 is satisfied in both liquid- and
gas-phases constituting the entire integral domain V. To obtain the
volume integrals of V- (u-7) and V- (uu x w), we noted that the
Gauss theorem in the present case takes the form of

fV~FdV:fF~ndAg§[[F~n]]sdA, (13)

\d

where the jump of a function g is defined as [g]], = g(n = 0")
— g(n =07), with n = 0 denoting the location of the free interface
S1» as shown in Fig. 8(a).

Applying Eq. (13), the volume integral of V - (u - 7) can be
derived as

/V~(u-r)dV:—j§[Iu~r-n]]SdA:5g(|Ip]]s—aK)undA,
v 5 5

(14)

where the surface integral on S’ is eliminated because of the stagna-
tion boundary condition. The second equation of Eq. (14) is derived
by taking advantage of the stress boundary conditions across the free
interface”’ S that [t-7-n]; = 0 and [n-7-n]; = —[pJ + ox,
where n and t, respectively, denote the unit vectors in the normal
and tangential directions of S;. So, u, = u- n is the normal velocity
component of S).
Similarly, the integral of V - (uu x w) can be derived as

[V Gux@av =~ § Lutuxw) nlda = § Tuoluda,
v S S

(15)

where w = w(t x n) and u; = u -t is the velocity component in the
tangential direction of the interface S,. It is noted that the derivation
of Eq. (15) requires the no-slip boundary condition at the gas-liquid
interface so that u; is continuous across S;.

We combined Egs. (12), (14), and (15) to have

S T

S

where [ p]lg denotes the pressure jump across the interface Sj; u, and
u; are the normal and tangential velocity components, respectively;
and w is the vorticity in the liquid phase. The pwu; term pertaining
to the gas phase is dropped out because of the negligible gas viscosity
compared with fluid viscosity.

Furthermore, we noted that the interface between different
phases is modeled by a VOF method as a finite-thickness surface
with continuously varying properties in the normal direction, as
illustrated in Fig. 8(b). Thus, the interface location in the normal
direction is extended from #n = 0 to [y, nz], where n; < 0 to ny > 0.
In this case, the Gauss theorem has its original form so that the vol-
ume integrations of V - (#- 7) and V - (uu x w) vanish again. “ How-
ever, since Vy now becomes finite throughout the finite-thickness
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interface, the integrations of 2u-D-Vyu and (u x Vu)-w can be,
respectively, derived as

/2u«D~Vde=yg/n22u~D-n%dndA:y§[[u-r~n]]sdA
v 5 " 5

(17)
and

dndA

/(uxVy) wdV = ﬁf (uxn) w

- }5 [p(u x @) - n]sdA, (18)
N

where the jump of g here is defined as [ g]|y = g(n = n2) — g(n = n1).
Combining Egs. (12), (17), and (18), we again attained Eq. (16).

The physical meaning of Eq. (16) describes that the deviation
between @ and ¥ for two-phase flow is attributed to two sources at
the gas-liquid interface: the first is related to the work done by the
normal component of the viscous stress, which equals [ p]lg — o%,
and the second is related to the work done by a virtual shear stress,
wiw;. It should be noted that, in this study, the outer air phase is
insignificant and has a negligible effect on momentum or energy
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transfer, owing to the large liquid-to-gas ratios of density and vis-
cosity. Thus, the free outflow boundaries in simulations may be con-
sidered as approximately stationary boundaries without losing much
accuracy in the liquid phase.

C. Evolution of @ - ¥ for droplet bouncing

Figure 9 shows the evolution of ¢ — ¥ for different impact
parameters. Snapshots of contours of local ¢ and y at the x-z plane
are plotted at the instants corresponding to local maxima and min-
ima of the main curve for the representative case of B = 0.3. Figure 9
verifies that @ — ¥ is indeed non-zero for the present two-phase
flow problem as predicted by Eq. (16). It can be further observed
that @ — ¥ oscillates and the amplitude decreases gradually after
several periods of droplet oscillation, in a manner similar to the evo-
lution of @ shown in Fig. 7, and with the same time instants for
each local extremum. It is, therefore, consistent with the interpre-
tation from Eq. (16) that @ — ¥ is closely related to the interfacial
movement, which is synchronized with the oscillation of the entire
droplet.

To further verify the correlation between @ — ¥ and droplet
interfacial movement, we plotted @ — ¥, the change rates of the
normalized kinetic energy (KE) and surface energy (SE) for dif-
ferent impact parameters in Fig. 10. It shows that the KE and the
SE always change synchronously during the droplet collision pro-
cess, and their difference is the total viscous dissipation rate. For
the head-on collision, as shown in Fig. 10(a), the time instants
with @ — ¥ = 0 and those with d(SE)/dt = —d(KE)/dt = 0 corre-
sponding to the maximum droplet deformation are approximately
matched, indicating that ® — ¥ = 0 occurs at maximum droplet
deformation and thereby nearly stationary interfacial movement.
However, the mismatch between the time instants with d(SE)/dt
= —d(KE)/dt = 0 and @ — ¥ = 0 for off-center collisions, as
shown in Figs. 10(b)-10(d), is observed and probably attributed
to the fact that maximum droplet deformation does not guaran-
tee stationary interfacial movement everywhere for any stretching
or oscillating droplets, hence resulting in a hysteresis between the
zero points.

V. CONCLUDING REMARKS

To further understand our previous finding of the nonmono-
tonic viscous dissipation”’ with varying impact parameters for
the off-center droplet bouncing, the vortex-dynamical implications
of this finding were explored by computationally and theoreti-
cally analyzing the velocity and vorticity vector fields and their
correlations.

The helicity analysis provides a correlation between velocity
and vorticity fields, which shows similar nonmonotonicity of the vis-
cous dissipation. The local helicity density is zero for the head-on
collision because of the axisymmetric flow with only “ring-shaped”
vortices, but it is nonzero for off-center collisions. Although the
integral helicity over the entire droplets is zero due to the pres-
ence of the symmetry plane, the nonzero “half-domain” source
helicity is mainly distributed in the vicinity of the droplet inter-
action region or the interfacial region with the strong interaction
between the “ring-shaped” vortices and the “line-shaped” shear lay-
ers. Such an interaction becomes significant at intermediate impact
parameters.

ARTICLE scitation.org/journal/phf

The enstrophy analysis provides another correlation between
velocity and vorticity vectors, which again shows a nonmonotonic-
ity trend with an increase in the impact parameter. We derived a
general relation between the total enstrophy (¥) and the total vis-
cous dissipation rate (@) for the unsteady free-surface flow. The
important conclusion from the derivation is that ¥ is generally dif-
ferent from @ in a two-phase flow, whereas there is equality between
the two terms for a single-phase flow. This difference is analytically
attributed to two terms that originated from the phase interface: the
work done by the viscous stress along the normal direction and the
work done by the virtual shear stress along the tangential direction.
Both terms are caused by the unbalanced flow and vorticity across
the interface, and the deviation of @ — ¥ is verified to be closely
related to the interfacial movement in this study of off-center droplet
bouncing.

Although there is no exact one-to-one correspondence of time
evolution between the total viscous dissipation rate, the total enstro-
phy, and the helicity, they all show the same nonmonotonic varia-
tion with B, which verifies the hypothesis that motivated this study.
Future studies are merited to understand other three-dimensional
droplet impact problems from the present vortex-dynamical per-
spectives.
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