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Abstract

Sparse models and their variants have been extensively investigated, and have

achieved great success in image denoising. Compared with recently proposed

deep-learning-based methods, sparse models have several advantages: 1). Sparse

models do not require a large number of pairs of noisy images and the corre-

sponding clean images for training. 2). The performance of sparse models is less

reliant on the training data, and the learned model can be easily generalized to

natural images across different noise domains. In sparse models, `0 norm penalty

makes the problem highly non-convex, which is difficult to be solved. Instead,

`1 norm penalty is commonly adopted for convex relaxation, which is considered

as the Laplacian prior from the Bayesian perspective. However, many previous

works have revealed that `1 norm regularization causes a biased estimation for

the sparse code, especially for high-dimensional data, e.g., images. In this pa-

per, instead of using the `1 norm penalty, we employ an improper prior in the

sparse model and formulate a hierarchical sparse model for image denoising.

Compared with other competitive methods, experiment results show that our

proposed method achieves a better generalization for images with different char-

acteristics across various domains, and achieves state-of-the-art performance for

image denoising on several benchmark datasets.
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1. Introduction

Noise is unavoidably introduced into modern imaging systems due to camera

sensor settings and other hardware issues. Therefore, algorithms for noise re-

moval are indispensable for obtaining high-quality images in an imaging system.

Image denoising is one of the fundamental low-level tasks in computer vision,5

and has been extensively studied by researchers in the past. In the early stages,

researchers focused on the synthesized noise, such as additive white Gaussian

noise (AWGN) [1–7], Poisson noise [8–10], and mixed Poisson-Gaussian noise

[11–15]. However, the assumption of synthesized noise is too ideal, and those

proposed methods based on the synthesized noise hardly achieve satisfactory10

performance in realistic noisy images. Realistic noise is spatially variant and

channel correlated, so it is much more challenging than synthesized noise. In

recent years, many denoising methods [16–19] for real-world noisy images have

been proposed to handle with realistic noise.

Image denoising aims to obtain a clean image x from its noisy observation y.

Even though noise has different characteristics, we commonly assume the for-

ward imaging process can be modeled as a linear system, i.e. y = x+σ, where σ

denotes the noise term. In fact, this linear system is underdetermined, and thus

image-denoising problems have an intrinsically ill-posed property. There are

infinite possible solutions for the image-denoising problems. From the Bayesian

perspective, the clean image x can be obtained by maximizing a posterior distri-

bution, which is to find the maximum mode of the posterior distribution. Based

on the Bayesian theorem, we have

p(x|y) ∝ p(y|x)p(x). (1)

By applying the logarithm to both sides of Eq. (1), it can be rewritten as

log p(x|y) ∝ log p(y|x) + log p(x), (2)

where p(x|y) is the posterior distribution of the clean image x, p(y|x) repre-15

sents the forward imaging process, which is usually fixed in the image-denoising
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problem, and p(x) denotes the prior knowledge of the clean image x. There-

fore, we can see that the image prior is crucial for designing a noise-removal

algorithm, and many algorithms have been proposed to better exploit image

priors for the image-denoising problem. For example, the well-known bilateral20

filter [20] utilizes spatial information and intensity information simultaneously,

yielding a promising result for image denoising. In general, image-denoising

approaches can be divided into two categories, i.e. learning-based methods and

model-based methods.

Generative learning-based methods and discriminative learning-based meth-25

ods are the two major learning-based approaches. Generative learning refers

to learning image priors from either an external, clean image dataset [21] or

given noisy images [4], and the learned prior is utilized to perform image de-

noising. Recently, researchers have turned their attention to the deep convo-

lutional neural network (CNN), because CNN-based methods have witnessed30

many unprecedented successes in the computer-vision fields, due to the signif-

icant learning capacity of CNN. CNN-based methods learn the image priors

from given pairs of noisy images and the corresponding clean images, and per-

form image denoising simultaneously [22–24]. Given pairs of noisy and clean

images, CNN-based methods learn a highly nonlinear function to map degraded35

images to clean images. This learning strategy is viewed as discriminative learn-

ing. Specifically, DnCNN [16] is a competitive approach, based on CNN, which

demonstrates the effectiveness of residual learning and batch normalization. To

address the speed issue and obtain further improved performance, FFDNet [17]

was proposed to concatenate the noise-level map with the noisy image to form40

the input of a CNN. This approach achieved state-of-the-art performance for

image denoising, in the presence of both AWGN and realistic noise. CBDNet

[18] is a two-stage denoising network, which consists of a noise estimator and a

denoiser. CBDNet first simulates the noise by training a network to function

as the noise estimator, whose output is a noise-level map. This noise-level map45

represents the noise information, which is concatenated with the corresponding

noisy image to feed into the denoiser. The performance is further improved
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by using the FFDNet. However, the performance of the CNN-based models

highly relies on the training data, and the performance becomes poor on other

noise types that have not been considered in the training process. This leads to50

limited capacities for generalization and flexibility.

Instead of learning the prior from training data, model-based methods in-

vestigate the intrinsic characteristics of natural images, such as the nonlocal

self-similarity and the sparsity, which can be utilized as useful image priors.

Compared with CNN-based methods, model-based approaches have several ad-55

vantages: 1). They do not require a large number of pairs of noisy images

and clean images for training. 2). Their performances are robust and have

good generalization ability across different domains, without requiring any fine-

tuning techniques. 3). They are efficient and can achieve real-time performance

if fast algorithms are adopted, or the analytical solution exists. The sparse60

model or low-rank model has been widely used in image-restoration problems

[25–35]. The sparse model assumes that the main energy of an image is dis-

tributed sparsely in some transformed domains, such as wavelet domain [36, 37],

curvelet domain [2], or a generalized over-complete dictionary [5]. Most of the

existing sparse representation models are essentially based on the l0 norm regu-65

larization. However, the l0 norm penalty leads to a highly non-convex property,

and solving the l0 norm regularization problem is NP-hard. Therefore, the l1

norm penalty is commonly adopted for convex relaxation in the sparse model,

while the sparsity of the solution is preserved. Combined with the nonlocal self-

similarity property, Zhang et al. [3] proposed to encode similar image patches70

as atoms in the dictionary, and this gives rise to a better result. Besides that,

Gu et al. [38] characterized the nonlocal self-similarity property of images by

minimizing a weighted nuclear norm model (WNNM), and achieved state-of-

the-art performance for AWGN denoising. Furthermore, to focus on the statis-

tical properties of the noise in different channels, Xu et al. [39] adopted different75

weights in the respective RGB channels in WNNM, called multi-channel WNNM

(MCWNNM), and improved the performance of WNNM. Xu et al. [40] consid-

ered noise, with different characteristics, in the RGB channels, and proposed
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a trilateral weighted scheme for the sparse coding model (TWSC), leading to

state-of-the-art performance for denoising AWGN and realistic noise removal.80

All the methods above mentioned are based on using a soft-threshold operator.

However, many previous works [41–43] have shown that using a soft-threshold

operator may result in forming a biased estimator, and this biased estimator

cannot achieve satisfactory results for high-dimensional data.

In this paper, we follow the Bayesian analysis and adopt the improper prior85

distribution for image denoising, leading to a Bayesian hierarchical sparse model.

The major contributions of this paper are summarized as follows:

1. Instead of setting the threshold values as a hyper-parameter, our proposed

prior distribution treats it as a random variable and is affected by another

underlying distribution.90

2. Our proposed method imposes different threshold values and feature-

selection ranges onto denoised images. Moreover, we propose an adaptive

weight-updating scheme for image denoising.

3. Compared with the other state-of-the-art models, our proposed Bayesian

hierarchical sparse model with the adaptive weighting strategy, can achieve95

state-of-the-art performance for image denoising.

The rest of this paper is organized as follows. In Section 2, related works will

be reviewed. In Section 3, our proposed method will be introduced in detail,

and the experimental results are shown in Section 4. The conclusion is given in

Section 5.100

2. Related Works

Over the past decades, sparse models and their variants have shown their

effectiveness for image denoising. The sparse model assumes that given the

observed corrupted image y, the goal is to recover a latent clean image x, which

can be encoded by using a dictionary D with the corresponding sparse code

θ. Hence, the problem of image denoising based on the sparse model can be
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formulated as a l0 regularized problem, as follows:

min
θ,D
‖y −Dθ‖22 + ‖θ‖0. (3)

From Eq. (3), we can see that the image-denoising problem is composed of two

subproblems: 1). dictionary learning, and 2). sparse-code estimation.

Dictionary learning aims to learn an effective dictionary, a transformed do-

main of the training data, such that a latent, clean image can be effectively105

represented by a linear combination of a few atoms of the dictionary. To solve

this problem, the K-SVD algorithm was proposed in [5], which generalizes the

K-mean clustering method to update the sparse code and the dictionary alterna-

tively. However, the method is very time-consuming and cannot be generalized

to a large-scale dataset. In [44], an online model was proposed, which can solve110

these two subproblems efficiently. In [45], a tree structure is adopted for sparse

representation, so the computational complexity is reduced by a great margin.

Instead of learning a dictionary to adapt the image domain each time, [3, 44]

utilized the nonlocal self-similarity property of natural images for encoding sim-

ilar image patches as atoms of the dictionary, and achieved promising results115

for image denoising. Xu et al. [4] proposed to use the Gaussian mixture model

(GMM) to describe the statistical properties of image patches, and the dictio-

nary is learned from the covariate matrix of the GMM model by performing

singular value decomposition (SVD). Xu et al. [21] proposed a hybrid dictio-

nary learning method for image denoising. A dictionary, based on the external120

image prior, is learned from external datasets of clean images, while the other

dictionary, based on the internal image prior, is learned from the noisy input

image, under the guidance of the external image prior.

Apart from the dictionary learning problems, another issue of the sparse

model is how to accurately estimate the sparse code given a dictionary. The l0

regularization gives rise to the solution of the sparsity, but solving the l0 regular-

ized problem is equivalent to solving the best subset-selection problem. To the

best of our knowledge, the best-subset selection problem is NP-hard. Thus, it is

impractical to employ `0 regularization in the sparse model for real-world appli-
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cations. Instead of `0 norm penalty, some tractable penalty functions have been

proposed as alternatives of the l0 norm penalty, while the sparsity of the solution

can still be preserved. The l1 norm penalty is one well-known regularization,

and commonly adopted as convex relaxation of the l0 norm penalty in the sparse

model [46]. The `1 is convex, and it makes the solution of the regularized prob-

lem more tractable. Given a fixed dictionary, solving the l1 regularized problem

is equivalent to solving the problem of least absolute shrinkage and selection

operator (LASSO) problem. Besides that, many algorithms have been devel-

oped to solve this problem efficiently, such as LARS [47], coordinate-descent

algorithm [48], etc. One advantage of considering the `1 regularized problem

is that an analytical solution can be obtained by performing the soft thresh-

old operator, when the dictionary is orthogonal. Unfortunately, the LASSO

estimator suffers from several drawbacks. In particular, a LASSO estimator

over-penalizes the estimated value in the far region, and causes a biased esti-

mation of the sparse code [41–43], leading to degraded performance. To solve

such an issue in the `1 regularized image-denoising problem, a weighted sparse

model [4] is adopted, and the sparse code is obtained by weighted shrinkage.

This weighted scheme is based on the significance of similar image patches. By

considering the realistic noise with characteristics of the spatial variance and

the channel variance, a trilateral weighted scheme for the sparse model was

proposed in [40], and it gives rise to a state-of-the-art performance for image

denoising. In order to achieve a better approximation for the l0 norm penalty,

some non-convex penalty functions have been proposed, such as the smoothly

clipped absolute deviation (SCAD) penalty [49], the log penalty [50], and the

minimax concave penalty (MCP) [51]. In particular, MCP has shown

its effectiveness when it approximates th L0 norm, which is defined

as follows:

p(t;λ) = λ

∫ t

0

(1− x

λγ
)+dx (4)

where the regularization parameter γ > 0 and (x)+ = max(0, x). MCP

is a highly non-convex function, but enjoys a better sparsity property,125
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compared with the `1 norm. The sparse model with MCP has achieved

a promising performance, compared to other non-convex penalties and the l1

penalty. However, this method cannot be generalized to a large-scale image

dataset, because it is not computationally efficient. Moreover, it does not con-

sider the noise with spatial variances, and adopts the same threshold for all the130

patches of an image in the denoising process, which is not suitable for realistic

noise.

In this paper, we follow the Bayesian analysis like previous works, but we

adopt a hierarchical improper prior in the sparse model, leading to a Bayesian

sparse hierarchical model for image denoising. This hierarchical structure of135

the sparse model allows us to impose an adaptive weight strategy on different

images based on the noise characteristics within the image. Additionally, we

show that such a hierarchical sparse model with adaptive weight is equivalent

to a generalized MCP regularized model. Our proposed method is different from

[51] in two aspects: 1) The threshold value and the selection range of the penalty140

function in [51] remain constant in the denoising process, but they are varying

in our proposed method, and adaptive in the denoising process according to the

noise characteristics within an image. 2) We show that our proposed prior term

is more general, and the l1 norm penalty function and MCP are the special

cases of our proposed method. The details of our proposed method are given in145

Section 3.

3. The Proposed Method

In this section, we introduce our proposed Bayesian sparse hierarchical model

in detail. First, we consider the image-denoising problem as the MAP problem,

and the assumptions behind our proposed method will be described. Then,150

dictionary learning, combined with the nonlocal self-similarity property, will be

introduced. After that, the proposed hierarchical improper prior, adopted in the

sparse model, will be described. The image-denoising problem is formulated as

the MAP problem of a scale mixture of normal distributions under the Bayesian
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analytical framework. Finally, the overall denoising algorithm will be described.155

3.1. Problem Formulation

Our proposed sparse model is learned on image patches, and the local noise

contained in an image local patch is assumed to be approximated by AWGN,

i.e. a local noisy image patch yn ∼ N (xn, σ
2
n), where xn is its corresponding

clean image patch, and σ2
n denotes the noise level of the n-th image local patch.

In addition, the clean image patch xn is assumed to be encoded by a sparse

code θ based on a dictionary D, i.e. xn = Dθn. Therefore, we have the

statistical model of the local noisy image patch, i.e. yn ∼ N (Dθn, σ
2
n). We aim

to estimate the clean image patch xn based on the Bayesian perspective. That

is

p(xn|yn) =
p(yn|xn)p(xn)

p(yn)

∝ p(yn|xn)p(xn).

(5)

We take the logarithm of both sides of Eq. (5), leading to

log p(xn|yn) ∝ log p(yn|xn) + log p(xn). (6)

Based on the assumption, the above objective function for determining xn =

Dθn can be rewritten as follows:

min
D,θn

‖yn −Dθn‖22 + log p(θn). (7)

We can see that the dictionary D and the prior knowledge p(θn) are the key

elements in Eq. (7). The Laplacian distribution is widely used prior

knowledge in most of the existing sparse models, which is defined as:

p(θn|λ) =

(
λ

2

)d
exp

(
−λ

d∑
i=1

|θi|

)
, (8)

where d denotes the dimension of the sparse code, and λ is regarded

as a known hyperparameter. However, this is not suitable for realistic

noise, because it is spatially variant. Rather than treating λ to be
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fixed in the denoising process, which causes biased estimation, we160

maximize the conditional joint prior distribution of θn and λ. In the

following the section, we will explicitly describe how to learn the

dictionary and the prior term adopted in our proposed method.

3.2. Dictionary Learning

Given a noisy color image Iy ∈ RH×W×3, where H and W represent the165

height and width of the image, respectively, an image local patch is extracted

from the noisy image Iy with the size of p × p × 3, with a patch size of p × p.

Image local patches are densely extracted with the step size of s, and then

each image local patch is stretched into a vector. Let yn ∈ R3p2 denote the

n-th image local patch vector. For each local patch, the N most similar image170

patches are searched around the current local patch based on a window size of

W ′ ×W ′. For each current image local patch, N similar patches form a patch

group (PG), denoted as Y = {yn}Nn=1. For each PG, each patch is subtracted

by its mean vector µn = 1
N

∑N
n=1 yn, to form a mean subtracted PG Ȳ , which

is defined as Ȳ = {ȳn = yn − µn}Nn=1.175

Assume that we have obtained M mean-subtracted PGs from the

given noisy image, and the m-th mean-subtracted PG is denoted as

Ȳm = {ȳn,m}Nn=1,m = 1, 2, · · · ,M . In order to better describe the sta-

tistical property of each PG, singular value decomposition (SVD) is

applied to each mean-subtracted PG Ȳm, as follows:

Ȳm = UmSmV
T
m , (9)

where Um ∈ R3p2×3p2 is the left eigenvector matrix, Vm ∈ RN×N is the

right eigenvector matrix, and Sm ∈ R3p2×N is the diagonal matrix of

singular values. The columns of the matrix Um are the principal com-

ponents of the local patches of the m-th PG, and sorted in descending

order according to their corresponding eigenvalues. The matrix Um180

projects a mean-subtracted image local patch into a low-dimensional

space to form a compact representation, and thus is adopted as the
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dictionary in our proposed method. This is then used to estimate the

sparse code of an image local patch in the patch group. The singular

values represent the significance of the corresponding eigenvectors in185

Um, and are used as the prior in our proposed sparse model.

3.3. Hierarchical Prior

For estimating the high-dimensional sparse code θ ∈ R3p2 , we use

the conditional joint probability in θ and γ, where γ is a parameter of

the threshold value. In contrast to being a fixed value in the Laplacian

distribution, it is considered as a random variable in the proposed

prior. Furthermore, we expand the joint distribution by using the

improper prior distributions, leading to a hierarchical structure. The

hierarchical prior is defined as follows:

p(θ,γ|w, α, λ) ∝ p(θ|γ)p(γ|w, α, λ), (10)

where the prior term p(θ|γ) is defined as follows:

p(θ|γ) =

3p2∏
i=1

p(θi|γi) ∝
3p2∏
i=1

γi exp (−γi|θi|), (11)

and the improper prior p(γ|w, α, λ) is formulated as follows:

p(γ|w, α, λ) =

3p2∏
i=1

p(γi|wi, α, λ)

∝
3p2∏
i=1

(wiα)1/2γ−1i exp (−wiα(γi − λ)2),

(12)

for γi ≥ 0, i = 1, 2, · · · , 3p2. α and λ are the scaling and location pa-

rameters, respectively, which determine the threshold value of the

corresponding dimension. The multiplicative term γ−1i in Eq. (12)190

is introduced in order to offset the contribution γi in Eq. (11). The

weight wi is the decay factor for γi, where wi > 0, for i = 1, 2, · · · , 3p2.

This improper prior imposes different threshold values in different

dimensions, and hence, it can be viewed as a kind of scale mixture
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prior. In this formulation, we assume that the sparse code θn is in-195

dependent of w, α and λ. The threshold value γ in each dimension is

considered as a variable, which is implicitly captured through the im-

proper prior p(γ|w, α, λ). In such a way, we introduce more flexibility

into the denoising algorithm.

Let α = αI, α̂i = wiαi, and λ = λI ∈ R3p2 , then Eq. (12) can be rewritten

as follows

p(γ|α̂,λ) ∝
3p2∏
i=1

α̂1/2γ−1i exp (−α̂i(γi − λi)2). (13)

When γi = λi, for i = 1, 2, · · · , 3p2, the hierarchical prior distribution with the200

improper prior is degenerated to the Laplacian prior, which is a proper prior.

In order to adopt this improper prior under the Bayesian framework, we

should first verify that the posterior distribution is well-defined under the im-

proper prior. Theorem 1 provides a sufficient and necessary condition to guar-

antee the existence of posterior distribution under the improper prior.205

Theorem 1. Let the prior term be as follows:

p(θ,γ) ∝
N∏
i=1

α1/2 exp (−γi|θi|) exp (−αi(γi − λi)2). (14)

The posterior distribution based on the prior p(θ,γ) is defined as follows:

p(θ,γ|z) =

N∏
i=1

φ(zi − θi)p(θi, γi)

p(z)
. (15)

where φ(·) is the standard Gaussian distribution. The evident term p(z) is

defined as follows:

p(z) =

N∏
i=1

∫
R

∫ ∞
0

φ(zi − θi)p(θi, γi)dγidθi, (16)

If p(zi) < ∞,∀zi ∈ R, then it implies that the posterior distribution p(θ,γ|z)

exists.

The proof of Theorem 1 can be found in Appendix A.
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3.4. Image-Denoising Model

For each mean-subtracted PG Ȳm = {ȳn,m}Nn=1, m = 1, 2, · · · ,M , we

obtain the dictionary Dm = Um, and the improper prior is adopted in

the sparse model to form a Bayesian sparse model with hierarchical

priors, which is

p(θn,m|yn,m,Dm) ∝p(yn,m|θn,m,Dm)× p(θn,m|γn,m)× p(γn,m|w, α, λ).

(17)

Eq. (17) can be represented by a probabilistic graphical model, as210

shown in Figure 1, which demonstrates the generation procedure of

each observed image local patch in the PGs. In particular, the n-th

clean image local patch in the m-th group, i.e., xn,m, is corrupted

by the noise σn,m, leading to the corresponding observed image local

patch yn,m. In addition, the underlying image local patch xn,m can215

be represented as a linear combination of the dictionary Dm and the

sparse code θn,m. θn,m follows the distribution of γn,m, and the γn,m

is controlled by the distribution of αn,m,λn,m and wn,m, forming a

hierarchical structure.

In this case, the forward image process is assumed to be a normal distribution220

with a scale mixture of improper priors. The image-denoising problem is formu-

lated as a MAP estimation problem of a scale mixture of normal distributions.

The MAP estimator can be obtained by jointly minimizing an optimization

problem, as follows:

min
θ,γ
‖yn,m −Dmθn,m‖2 +

3p2∑
i=1

γi|θi|+
3p2∑
i=1

α̂i(γi − λi)2. (18)

Eq. (18) is an optimization problem in terms of θ and γ, which is non-convex225

and difficult to be solved. Rather than solving the primal problem, Theorem 2

shows that the problem of Eq. (18), with the improper prior, can be converted

to the problem regularized by the generalized weighted MCP penalty.
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Figure 1: The probabilistic graphical model of Eq. (17). The shaded node denotes the observ-

able data.

Theorem 2. Let λ > 0, and α > 0, then

∫ |xi|

0

(λi −
t

α̂i
)dt = min

γi≥0
(γi|x|+

α̂i
2

(γi − λi)2),

= min
γi≥0

(γi|x|+
wiαi

2
(γi − λi)2),

(19)

and the optimal γ̂i = ν(λi − |x|
wiα

)+ is the unique solution to the right-hand side230

of Eq. (19), where ν(x)+ = max(x, 0).

By Theorem 2, Eq. (18) can be rewritten as follows:

min
θ
‖yn,m −Dmθn,m‖2 +

3p2∑
i=1

pλi,αi(θi), (20)
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where

pλi,αi
(θi) =

∫ |θi|
0

ν(λi −
t

wiαi
)+dt

=

λi|θi| −
θ2i

2wiαi
, if |θi| ≤ wiαiλi,

1
2wiαiλ

2
i , if |θi| > wiαiλi,

(21)

for αi = α > 1, λi = λ > 0, for i = 1, 2, · · · , 3p2. When wi = 1, for all i =

1, 2, · · · , 3p2, Eq. (21) is reduced to the MCP function. Compared to the MCP

function, our derived penalty function considers that the different dimensions

of an image local patch have different contributions in image denoising, and

thus, we impose different threshold values and selection ranges for different

dimensions. Due to the orthogonality of the dictionary D, and with the i.i.d

assumption, we can obtain an analytical solution, as follows :

θi =


wiαi

wiαi−1Tλi(d
T
i yn,m), if |dTi yn,m| ≤ wiλiαi,

dTi yn,m, if |dTi yn,m| > wiλiαi,

(22)

where Tλ(·) is the soft-threshold operator, which is defined as follows:

Tλ(x) = sgn(x) ·max(x− λ, 0). (23)

More details of the derivation is shown in Appendix B.

We can see that the solution consists of two parts. Within the neighborhood

of the original point, the soft threshold function, with the scale factor of wiai
wiai−1 ,235

is performed to shrink the variables, while for a region far from the origin,

the ordinary regression is performed, which is an unbiased estimation under

the Gauss-Markov assumption. Therefore, the obtained solution can achieve a

better approximation, compared with the LASSO estimator, derived from the

l1 norm penalty. A different weight wi corresponds to a different selection scale.240

When αi → ∞, Eq. (22) will become a soft threshold. When αi → 1, Eq. (22)

will become the hard threshold. In particular, when wi = 1, for i = 1, 2, · · · , 3p2,

Eq. (22) will become the firm threshold derived from the MCP function. Another

hyperparameter λi decides the shrinking value of the threshold function.
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The weight wi is set based on the matrix of singular values obtained from

the SVD decomposition of the PG, and the matrix of singular values contains

the information of the nonlocal self-similarity of the PG. Diagonal values in the

singular matrix S are extracted to form a vector s = [s1, s2, · · · , s3p2 ]T , where

s1, s2, · · · , s3p2 are the diagonal values in the singular matrix S, and the weight

wi is computed as follows

wi = 1− si∑3p2

i=1 si
. (24)

This weight setting implies the nonlocal self-similarity property. A small selec-245

tion scale is imposed on more significant atoms, and the unbiased estimation is

performed on these atoms as much as possible.

3.5. The denoising Algorithm

When we obtain the solution of the sparse coding vectors {θ̂n,m} in Eq. (22),

the clean image patch ŷn,m of the n-th noisy patch in the PG Ym is reconstructed

as follows:

ŷn,m = Dθ̂n,m + µm, (25)

where µm is the group mean of Ym. The clean image is then reconstructed by

aggregating all the reconstructed image local patches in all PGs, with Gaussian250

weights. Given a noisy image, we perform the denoising algorithm iteratively

for achieving better denoising outputs. In each iteration, we propose a decay

scheme for αi, and λi, based on the noise variation. Therefore, αi, and λi can

be adjusted adaptively, based on the noise level for each image local patch.

We adopt the noise-estimation method used in [40]. In the t-th iteration, we

assume that the noise level of an image local patch is computed iteratively as

follows:

σ2
t,n = max(σ2 − ‖yn,m − xt−1n,m‖22, 0), (26)

where yn,m is the n-th image patch in Ym, xt−1n,m is the n-th patch in Ym recov-

ered in the (t− 1)-st iteration, and σ2 is the initial noise level of the n-th patch

of Ym, which is computed as follows:

σ2 = (σ2
r + σ2

g + σ2
b )/3. (27)
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The variation of noise level is defined as follows:

δ =
|σ2
t − σ2

t−1|
σ2
t−1

. (28)

To update w of that local PG, where

wt+1 = wtf(δ, δlow, δhigh), (29)

where f(·) is a weight decay function, with its lower bound value δlow, and

upper bound value δhigh. In this paper, we use the clipped function as the

weight decay function in our model, which is defined as follows:

f(x) =


xlow, if x ≤ xlow,

xhigh, if x ≥ xhigh,

x, otherwise.

(30)

The update of λi and αi in the (t+ 1)-st iteration is as follows:

λt+1
i = wt+1

i λti, (31)

αt+1
i =

αti
wt+1
i

. (32)

We can see that λt+1
i at+1

i = λtia
t
i, and hence the selection range is consistent in255

all iterations. Specifically, the shrinking threshold parameter λ is adaptive to

the noise level. The proposed denoising algorithm is summarized in Algorithm

1.

4. Experiments

In this section, we evaluate our proposed Bayesian sparse hierarchical model260

on several denoising datasets, including one synthesized AWGN dataset and

three publicly available real-world noisy image datasets. Different types of sen-

sors can capture images under different light conditions and camera settings,

which may cause varying characteristics of the noise. Therefore, it is challenging

to adopt a single set of parameters in our proposed sparse model for all images265
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Algorithm 1 Bayesian sparse hierarchical model for image denoising.

Input: Noisy image y

Initialization: x̂(0) = y, α0, λ0

for i=1:Num of iterations

1. Extract PGs {Ym}Mm=1;

for each PG Ym

2. Compute the mean µm and the mean-subtracted PG Ȳn;

3. Apply SVD to each mean subtracted PG via Eq. (11);

4. Compute the noise increment, via Eq. (28) and Eq. (29), and the corre-

sponding αIte and λIte;

5. Recover each patch in all PGs, via Eq. (25).

end for

6. Aggregate the recovered PGs of all the subspaces to form the recovered image

x̂(Ite).

end for

Output: The denoised image x̂
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across different domains. However, it is impractical to tune all parameters of

the model to obtain the best performance for each image. In this experiment,

the patch size is set to 6 × 6 for all datasets. The size of the searching win-

dow is set to 20 × 20, and 100 similar image patches are searched to form a

PG. Furthermore, image patches are densely extracted with a step size of 3.270

The upper bound value and the lower bound value of the weight decay factor

are fixed at 0.75 and 0, respectively. We implement the denoising algorithm

in fixed iterations under the Matlab2017b environment on a computer with In-

tel(R) Core(TM) i7-8700K CPU of 3.70GHz and 32 GB RAM. The code will

be released with the publication of this paper.275

4.1. Ablation Study

Our proposed Bayesian sparse hierarchical model can be considered as a

sparse model with a generalized weighted MCP function. In order to evaluate

the effectiveness of our proposed sparse hierarchical model and weight decay

scheme based on noise variation, we adopt the sparse model with MCP prior280

proposed by [51] as the baseline, denoted as MCP. In this model, the threshold

value and the feature-selection range are fixed for all image patches, independent

of the noise level. In addition, we adopt two settings of the weight decay scheme

in our proposed method for self-comparison. For the proposed model without

the weight decay scheme, we denote it as WMCP. For the proposed model with285

the weight decay scheme, we denote it as Ada-WMCP.

All the parameters of these three models are set the same, and we apply them

to the CC15 dataset [52] for denoising, with ten iterations. The CC15 dataset

[52] contains 15 cropped real-world noisy images from the CC dataset. Since

the image size of the CC dataset is about 7000 × 5000, smaller images with a290

size of 512×512 are cropped for conducting our experiments. The noisy images

of the CC15 dataset include 11 static scenes, which are controlled under the

indoor environments. Each scene was shot 500 times, under the same camera

settings. The mean image of these 500 shots is taken as the ground truth.

The average result, in terms of peak signal-to-noise ratio (PSNR),295
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up to 10 iterations, are shown in Figure 2. We can see that our

proposed WMCP model and Ada-WMCP model can achieve a bet-

ter performance than the MCP model, because the use of adaptive

weights leads to different selection scales, so the denoising perfor-

mance can be effectively improved. Furthermore, the performance of300

the Ada-WMCP model converges eventually, while the performance

of WMCP and MCP increases in the first several iterations, and then,

drops gradually after the 3rd iteration. Images in the CC15 dataset

contain realistic noise, and the noise is not uniformly distributed in

the whole image. This means that those image patches, with strong305

high-level noise, will require more iterations for the fixed-threshold

scheme, while those image patches, with weak low-level noise, re-

quires less iterations. In this case, both WMCP and MCP easily

cause oversmoothing, and lead to degraded performance. Compared

with MCP, WMCP imposes different threshold values, and feature-310

selection ranges based on the estimated noise level. Thus, this gives

rise to better results. By considering the weight decay scheme in

the denoising processing, the threshold values and feature-selection

ranges are adaptive to the noise within each image patch, so Ada-

MCP can effectively prevent the images from being oversmoothed315

or undersmoothed, leading to the best performance. In real-world

applications, the adaptive weight decay scheme is indispensable, be-

cause no ground-truth images are referred to measuring the quality

of denoising images, so the optimal number of iterations for image

denoising is unknown. In the rest of the paper, we employ Ada-MCP320

for comparison without explicitly mentioning it.

4.2. Evaluation on Synthesized AWGN Corrupted Images

In this work, the Set12 dataset is adopted to verify our proposed method

for AWGN corrupted images. The dataset consists of 12 grayscale images and

is widely used in image denoising. The noisy image y is synthesized by adding325
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Figure 2: The PSNR of MCP, WMCP, and Ada-MCP on the CC15 dataset in 10 iterations.

AWGN with the noise level σ to the corresponding clean image x, following the

degradation process y = x + σ, where σ is the noise component. The noise

level σ is set to {15, 25, 50} for evaluating our proposed algorithm.

We compare our proposed method with BM3D [53], EPLL [54], PGPD [4],

and ACPT [55]. The BM3D is a classic two-stage denoising method, and its330

effectiveness has been proven. EPLL, PGPD, and ACPT are variants of the

sparse model based on the soft-threshold estimator. Specifically, EPLL and

PGPD are patch-based processing methods, which apply clustering methods to

construct the dictionary for noise removal. EPLL used extra datasets, which

can be considered as a kind of extra image prior, while our proposed method335

only adopts the property of nonlocal self-similarity of an image to construct the

dictionary for image-denoising. This is viewed as a kind of internal image prior,

and the condition of the internal image in our proposed method is weaker than

PGPD and EPLL. ACPT is a recently proposed method, which is effective in

preserving the texture and detail information in image denoising, and thus it340

can prevent images suffered from oversmoothing in the denoising process. All of

these methods have their models publicly available as released by the authors,

and we use their default settings in our experiments. We adopt the PSNR as

our criterion in the evaluation. The average PSNR results of different denoising

methods for AWGN removal are tabulated in Table 1, where the best average345
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Table 1: Average PSNR(dB) results of different methods on the Set12 dataset. The best

average results are highlighted in bold.

No. BM3D [53] PGPD [4] EPLL [54] ACPT [55] Ours

15 25 50 15 25 50 15 25 50 15 25 50 15 25 50

01 31.69 29.07 26.06 30.46 27.27 23.05 31.74 29.15 26.19 31.84 29.35 25.93 32.01 29.04 26.12

02 34.60 32.28 29.08 30.46 27.27 23.05 34.19 32.24 28.87 35.11 32.90 28.86 34.73 32.77 29.34

03 32.50 29.92 26.39 31.12 27.66 23.01 32.58 30.13 26.70 32.58 29.86 26.16 32.84 30.31 26.65

04 30.84 28.05 24.59 30.10 26.42 21.82 31.16 28.39 24.98 31.44 28.80 25.07 31.53 28.77 24.97

05 31.56 28.93 25.39 30.62 26.94 22.27 31.98 29.45 25.86 32.19 29.41 25.60 32.36 29.50 25.77

06 30.79 28.16 25.17 29.97 26.58 22.22 31.21 28.50 25.22 31.08 28.40 24.76 31.29 28.64 25.18

07 31.28 28.75 25.71 30.25 26.94 22.66 31.34 28.76 25.79 31.41 28.80 25.51 31.54 29.02 25.83

08 34.09 31.88 28.44 31.88 28.54 23.92 33.85 31.56 28.36 33.94 31.45 27.78 34.26 31.92 28.48

09 32.80 30.32 26.83 31.14 27.76 23.19 31.30 28.53 24.84 33.00 30.14 25.82 33.39 30.78 26.69

10 31.95 29.61 26.53 30.79 27.55 23.15 31.89 29.63 26.62 31.94 29.51 26.13 32.20 29.82 26.46

11 31.79 29.46 26.58 30.79 27.58 23.27 31.92 29.55 26.69 31.74 29.26 26.11 32.05 29.54 26.47

12 31.96 29.48 26.30 30.86 27.54 23.06 31.85 29.41 26.16 31.78 29.15 25.58 32.09 29.55 26.49

Avg. 32.15 29.66 26.42 30.85 27.47 22.98 32.09 29.61 26.36 32.34 29.75 26.11 32.52 30.00 26.49

performance on the 12 grayscale images is highlighted in bold. It is worth not-

ing that BM3D is a two-step estimator, and we show the final estimated results

in Table 1. All the sparse models are a one-step estimator by performing the

threshold function. In particular, compared with EPLL and PGPD, our pro-

posed method only uses the internal image prior, i.e., nonlocal self-similarity,350

and gives rise to the best performances, with the dictionary constructed under

weak conditions. The reason is that our proposed method leads to a more ac-

curate estimation of the sparse code than the soft-threshold estimator. Overall,

we can see that all the denoising performances are degraded with increasing

noise levels. Our proposed method does not achieve the best denoising result355

for some images in the Set12 dataset, but the average denoising performance,

under three different noise levels, is the best compared with BM3D, PGPD,

EPLL, and ACPT.

4.3. Evaluation on Realistic Noise Removal

Due to the complexity of real-world noise, we adopt three real-world noisy-360

image datasets to validate our proposed method on the different characteristics

of the realistic noise. We evaluate our proposed model on CC15 dataset and

CC60 dataset [60]. CC60 dataset is a large-scale dataset and contains more
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Table 2: PSNR(dB) results of different methods on 15 cropped real-world noisy images. The

best results are highlighted in bold.

Setting CBM3D [56] WNNM [38] CSF [57] TNRD [58] DnCNN [16] FFDNet [17] NI NC [59] EI [21] TWSC [40] Ours

Cannon 5D
ISO=3200

39.76 37.51 35.68 39.51 37.26 40.27 37.68 38.76 40.50 40.55 41.32

36.40 33.86 34.03 36.47 34.13 37.24 34.87 35.69 37.05 35.93 37.40

36.37 31.43 32.63 36.45 34.09 37.03 34.77 35.54 36.11 35.15 37.24

Nikon D600
ISO=3200

34.18 33.46 34.84 34.79 33.62 35.26 34.12 35.57 34.88 35.36 35.57

35.07 36.09 35.16 36.37 34.48 36.82 35.36 36.70 36.31 37.09 37.27

37.13 39.86 39.98 39.49 35.41 40.94 38.68 39.28 39.23 41.13 41.34

Nikon D800
ISO=1600

36.81 36.35 34.84 38.11 35.79 39.34 37.34 38.01 38.40 39.36 39.47

37.76 39.99 38.42 40.52 36.08 41.78 38.57 39.05 40.92 41.91 42.20

37.51 37.15 35.79 38.17 35.48 39.44 37.87 38.20 38.97 38.81 39.89

Nikon D800
ISO=3200

35.05 38.06 38.36 37.69 34.08 40.11 36.95 38.07 38.66 40.27 40.20

34.07 36.04 35.53 35.90 33.70 37.58 35.09 35.72 37.07 37.22 37.86

34.42 39.73 40.05 38.21 33.31 41.83 36.91 36.76 38.52 42.09 41.52

Nikon D800
ISO=6400

31.13 33.29 34.08 32.81 29.83 35.34 31.28 33.49 33.76 35.53 34.85

31.22 31.16 32.13 32.33 30.55 34.01 31.38 32.79 33.43 34.15 34.02

30.97 31.98 31.52 32.29 30.09 34.04 31.40 32.86 33.58 33.93 34.19

Average 35.19 35.77 35.33 36.61 33.86 38.07 35.49 36.43 37.15 37.89 38.29

characteristics of natural images, compared with the CC15 dataset. The third

dataset is the PolyU-Xu dataset [61], which contains 100 different pairs of im-365

ages of 40 scenes. The size of each image is 512 × 512, and these images were

captured by different camera settings, including Canon Mark 5D, Canon Mark

80D, Canon Mark 600D, Nikon D800, and Sony A7 II. Each scene was captured

with three lighting conditions, including the indoor normal lighting condition,

dark lighting condition, and outdoor normal light condition. Six different ISO370

settings were used, which are 800, 1600, 3200, 6,400, 12,800, and 25,600. Each

static scene was shot at about 500 to 1000 times under the same camera setting,

and the captured images were averaged to obtain the ”ground-truth” image. We

compare our proposed method with other state-of-the-art denoising methods,

including CBM3D [56], WNNM [38], MCWNNM [39], CSF [57], TNRD [58],375

External and internal prior hybrid method (EI) [21], TWSC [40], Noise clinic

(NC) [59], Neat Clinic (NI), DnCNN [16] and FFDNet [17]. Among these meth-

ods, NC is a blind image-denoising method, and NI is commercial software for

image denoising. Both methods have been embedded in Photoshop and Core

Paintshop. WNNM, CSF, and TNRD are effective for grayscale image denois-380
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure 3: Visualization of the denoised image “Cannon5D ISO=3200” and its cropped region

by different methods. (a) Ground-truth image, (b) CBM3D, (c) TWSC, (d) NI, (e) NC, (f)

Noisy, (g) CSF, (h) DnCNN, (i) FFDNet, and (j) ours.

ing, and hence, these three methods are applied to each channel of the color

images for denoising. CBM3D, MCWNNM, TWSC, DnCNN, and FFDNet can

be directly used for color image denoising, and all of them have publicly avail-

able models, released by the authors. We adopt the default settings in this

work.385

Table 3: PSNR(dB) results of different methods on the CC60 dataset. The best result is

highlighted in bold.

CBM3D [56] MCWNNM [39] NI NC [59] CSF [57] TNRD [58] TWSC [40] DnCNN [16] FFDNet [17] Ours

PSNR 39.40 39.03 36.53 37.57 37.40 38.32 39.66 34.99 39.73 40.27

a). Results of the CC15 dataset. Detailed results, in terms of PSNR,

of different methods, are listed in Table 2. (The results of CBM3D, WNNM,

CSF, TRND, DnCNN, NI, NC, and EI are copied from [21], with the same

parameter settings). The best performance of each image is highlighted in bold.

We can see that our proposed method can achieve the best PSNR results on390

11 out of 15 images, and TWSC achieves the best PSNR results on 4 out of

15 images. The performance of deep-learning-based methods, i.e., DnCNN and

24



(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure 4: Visualization of the denoised image “NikonD600 ISO3200 C37” and its cropped

region, by different methods. (a) Ground-truth image, (b) CBM3D, (c) TWSC, (d) NI, (e)

NC, (f) Noisy, (g) CSF, (h) DnCNN, (i) FFDNet, and (j) ours.

FFDNet, degrades on the CC15 datasets because the performance of deep-

learning-based methods greatly depends on the training data, i.e., the types

of noise in the training images. These domain-specific characteristics limit the395

generalization of deep-learning-based methods for those images across different

domains. On average, our proposed method gains an improvement of 0.22 dB

in terms of PSNR over the second-best method, i.e. FFDNet, and outperforms

other competitive methods by a large margin. The visualized results of the

denoised image “Cannon5D ISO=3200”, by different methods, are shown in400

Figure 3. We can see that NI and NC tend to oversmooth the image, while

CBM3D and CSF cannot effectively preserve the edges, and some visible ripples

are generated along the edges. In fact, our proposed method can preserve the

edges and texture better than other competitive methods, i.e., TWSC, DnCNN,

and FFDNet. More visually pleasant outputs are generated by our proposed405

method.

b). Results on the CC60 dataset. Average PSNR on the CC60 dataset, by

the different methods, are shown in Table 3. On average, we can see that our

proposed method can achieve state-of-the-art performance compared with other
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competitive methods. Compared with the second-best method (FFDNet), our410

proposed method gains an improvement of 0.54dB. The performance of DnCNN

is worse than TWSC, but FFDNet outperforms TWSC. This reflects that deep

learning methods are domain-specific. Figure 4 shows the denoised results of the

image “NikonD600 ISO3200 C37”, generated by different methods. NI and CSF

generate oversmoothed images and lose texture information. NC can reduce the415

noise effectively, but produce artifacts in the denoising process. Compared with

CBM3D, TWSC, DnCNN, and FFDNet, our proposed method can reduce noise

effectively, and maintain the texture information as much as possible, leading

to better visual quality.

c). Results on the PolyU-Xu dataset. The performance, in terms of PSNR on420

the PolyU-Xu dataset, is shown in Table 3. On average, our proposed method

achieves much better PSNR results than other competitive methods. Com-

pared with the second-best method (TWSC), the improvement of our proposed

method is 0.33dB. Specifically, we can see that the deep learning methods, i.e.,

DnCNN and FFDNet, obtain worse results than the sparse models (TWSC and425

ours). This shows that the generalization capacity of the sparse models for im-

ages across different domains is much better than deep-learning-based methods.

Figure 5 shows the visual results of the image ”Canon5D2 5200 3200 toy1”. NI

and CSF generate oversmoothed images, and lose the texture in the images.

DnCNN and FFDNet can effectively remove the noise, but generate artifacts.430

Compared with TWSC, our proposed method suppresses the noise and preserves

the texture simultaneously. A visually better result is produced by our proposed

method.

Table 4: PSNR(dB) results of different methods on the PolyU-Xu dataset. The best result is

highlighted in bold.

CBM3D [56] MCWNNM [39] NI NC [59] CSF [57] TNRD [58] TWSC [40] DnCNN [16] FFDNet [17] Ours

PSNR 38.69 38.51 35.70 36.76 37.07 37.48 38.62 34.74 38.56 38.95
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(f) (g) (h) (i) (j)

Figure 5: Visualization of the denoised image “Canon5D2 5200 3200 toy1” and its cropped

region by different methods: (a) Ground-truth image, (b) CBM3D, (c) TWSC, (d) NI, (e)

NC, (f) Noisy, (g) CSF, (h) DnCNN, (i) FFDNet, and (j) ours.

5. Conclusion

In this paper, the image-denoising problem is formulated as the maximum-435

a-posteriori estimator of a scaled mixture of normal distributions. Instead of

employing the commonly used `1 norm penalty in the sparse model, we propose

a hierarchical model with an improper prior distribution for image denoising.

We have shown that our proposed hierarchical prior distribution results in a

more general model for noise removal. The soft-threshold operator, derived440

from the `1 norm, and the firm-threshold operator, derived from the `0 norm

can be obtained from our proposed prior distribution under some specific con-

ditions. In the denoising process, we have proposed a strategy for adaptively

updating the weights in the sparse model based on the noise characteristics.

Shrinking threshold values and the feature-selection range can be adaptive to445

the noise level within image patches, so the issues of oversmoothing and un-

dersmoothing can be avoided effectively. Compared with other competitive

methods, experiment results on several benchmark datasets demonstrate that

our proposed method achieves a promising result for additive white Gaussian
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noise (AWGN) removal, and obtains state-of-the-art performance for real-world450

image denoising.

Appendix A. Proof of Theorem 1

Based on the Bayes theorem, the posterior distribution p(θ,γ|x,α,λ) is

defined as follows:

p(θ,γ|x,α,λ) =
p(x|θ,γ,α,λ)p(θ|α,λ)

p(x|α,λ)
, (A.1)

where θ,x,α,λ ∈ Rn, and γ ∈ Rn+. In order to show the existence of the

posterior distribution p(θ,γ|x,α,λ), we need to prove that the evidence term

p(x|α,λ) <∞, which is defined as follows:

p(x|α,λ) =

∫
Rn

∫
Rn

+

p(x,θ,γ|α,λ)dθdγ. (A.2)

By the Fubini theorem, Eq. (A.2) can be rewritten as

p(x|α,λ) =

n∏
i=1

∫
R

∫ ∞
0

p(xi, θi, γi|αi, λi)dθidγi. (A.3)

We utilize the conclusion claimed in [62]. For i = 1, · · · , N , there exists

Mi ∈ R+ such that ∫
R

∫ ∞
0

p(xi, θi, γi|αi, λi)dθidγi ≤Mi. (A.4)

Therefore, we have

p(z|α,λ) =

n∏
i=1

∫
R

∫ ∞
0

p(xi, θi, γi|αi, λi)dθidγi

≤
N∏
i=1

Mi

<∞.

(A.5)

Then, the posterior distribution p(θ,γ|x,α,λ) exists.455
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Appendix B. Derivation of Analytical Solution

Given y ∈ Rp,D ∈ Rp×N ,x ∈ RN , where DTD = I, the optimization

problem is defined as follows:

min
xi

p∑
i=1

(yi −
N∑
j=1

dijxj)
2 +

N∑
j=1

pγj (xj ;λj), (B.1)

where

pγi(xi;λi) =

λi|xi| −
x2
i

2γi
, if |xi| ≤ γiλi,

1
2γiλ

2
i , if |xi| > γiλi.

(B.2)

Let L(x) =
∑p
i=1(yi −

∑N
j=1 dijxj)

2 +
∑N
j=1 pγj (xj ;λj). We consider

1. For the case of |xj | ≤ γiλi, ∀j, we have

L(x) =

p∑
i=1

(yi −
N∑
j=1

dijxj)
2 +

N∑
j=1

(λj |xj | −
x2j
2γj

). (B.3)

We take the derivative of both sides of Eq. (B.3), that is

∂L(x)

∂xj
=

p∑
i=1

(−dij)(yi −
N∑
j=1

dijxj) + λjsgn(xj)−
xj
γj
. (B.4)

Let r
(j)
i = yi −

∑N
k 6=j dikxk, then

∂L(x)

∂xj
=

p∑
i=1

(−dij)(r(j)i − dijxj) + λjsgn(xj)−
xj
γj

=

p∑
i=1

(dijdijxj − dijr(j)i ) + λjsgn(xj)−
xj
γj

= xj − dTj r(j) + λjsgn(xj)−
xj
γj
,

(B.5)

where sgn(·) is the sign function. We expand the term dTj r
(j) as follows:

p∑
j=1

dijr
(j)
i =

p∑
i=1

dij(yi −
N∑
k 6=j

dikxk)

=

p∑
i=1

dijyi −
p∑
i=1

N∑
k 6=j

dijdikxk

=

p∑
i=1

dijyi

= dTj y.

(B.6)
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Therefore, Eq. (B.4) can be rewritten as follows:

∂L(x)

∂xj
= xj − dTj y − λjsgn(xj)−

xj
γj
. (B.7)

Soft thresholding is performed to solve Eq. (B.7),

x̂j =
γj − 1

γj
· sgn(dTj y) ·max(1− λj

dTj y
, 0), (B.8)

for |dTj y| ≤ γjλj .

2. For the case of |xj | > γjλj , ∀j, we have

L(x) =

p∑
i=1

(yi −
N∑
j=1

dijxj)
2 +

N∑
j=1

1

2
γjλj . (B.9)

Solving Eq. (B.9) is equivalent to solving the ordinary regression, and

hence, the solution can be obtained as follows:

xj = dTj y, (B.10)

for |dTj y| > γjλj .

Based on the above analysis, the solution of the sparse model with the general-

ized MCP has an analytical form, as follows:

xj =


γj−1
γj
· sgn(dTj y)max(1− λj

dT
j y
, 0), if |dTj y| ≤ γjλj ,

dTj y, if |dTj y| > γjλj .

(B.11)
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