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Abstract:

This paper presents a new analytical multilayer cylindrical heat source model for
vertical ground heat exchangers (GHES) installed in layered ground using the integral-
transform method. The analytical model was validated by model degradation,
numerical simulation, and a laboratory-scale experiment. Results indicate that
temperature profiles of vertical GHEs in layered ground are quite different from those
in homogeneous ground. The temperature differences would increase with time. Also,
thermal property differences between ground layers would result in additional vertical
heat transfer across layer interfaces, which is not observed in homogeneous ground.
This cross-layer thermal interaction is stronger when thermal property differences are
larger. The role of the cylindrical heat source model was also evaluated through a
comparison with a line heat source. Larger GHE thermal load, and smaller ground
thermal conductivity would all lead to greater differences in the comparison. However,
the error was observed to decrease with time. Therefore, it is recommended to consider
the ground stratification in the design of vertical GHEs and the new multilayer

cylindrical heat source model can be an effective tool for quick estimation.
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A new analytical heat source model for vertical GHE installed in layered ground
Employing the new integral-transform method to develop the analytical model
Extending multilayer line heat source models to the cylindrical heat source model

Analysis on the thermal interactions between different ground layers



Nomenclature

r, dimensional radius of vertical GHE [m]

r’ dimensional radial axis in cylindrical coordinate [m]
r dimensionless radial axis in cylindrical coordinate [1]
z' dimensional vertical axis in cylindrical coordinate [m]
z dimensionless vertical axis in cylindrical coordinate [1]
h’ dimensional depth of disk heat source [m]

h dimensionless depth of disk heat source [1]

h; dimensional depth of vertical GHE [m]

h, dimensionless depth of vertical GHE [1]

h' dimensional depth of soil layer [m]

h dimensionless depth of soil layer [1]

t" dimensional time [S]

t dimensionless time [1]

q. dimensional vertical heat flux [W/m?]

q, dimensionless vertical heat flux [1]

T' dimensional temperature [K]

T dimensionless temperature [1]

Q, thermal load per GHE length  [W/m]

k; thermal conductivity [W/(m-K)]

p; density [ kg/m? |



¢, specific thermal capacity [J/(kg-K)]
«a; thermal conductivity ratio [1]

S, thermal capacity ratio [1]
S Laplace variable

¢ Hankel variable
Superscript

~ Laplace transformed variable

- Hankel transformed variable
Subscript
0 reference value

i property of the corresponding ground layer



1. Introduction
1.1 Background

Ground coupled heat pump (GCHP) technology is a promising technology that can
contribute to low energy buildings. As integrating energy systems on the consumer side
is becoming a current trend, GCHP systems can also be effective units in the distributed
energy systems [1, 2], due to the high efficiency in providing spacing cooling and
heating of GCHP systems. Also, researchers recently have been studying the optimal
design and control strategy of hybrid systems that integrate GCHP systems with solar
energy [3, 4], as the hybrid systems may alleviate the cumulative ground thermal
unbalance in heating dominant regions.

GCHP technology uses of ground as heat source or sink. Due to the more stable
temperature and higher thermal capacity of ground, GCHP systems always have higher
energy efficiency than traditional air source heat pumps [5]. Ground heat exchangers
(GHESs) are one of the key components in GCHP systems, through which the heat
carried by the circulating fluid in GHE pipes is injected into or extracted from the
ground. The thermal response of GHE, representing the heat transfer performance of
GHE, is hence an importance factor to the design and operation of GCHP systems [6].
In the thermal response tests (TRT) of GHE, heat source models of GHE are needed
[7]. GHE heat source models are necessary for the design of GCHP systems. In the past
two decades, many analytical and numerical heat transfer models for vertical GHEs
have been proposed, for both conventional borehole GHEs consisting of closed-loop
heat exchange pipes within a borehole backfilled with sand-bentonite grout and the new
pile GHEs, or energy piles combining the pipes with pile concrete and having relatively
larger diameters [8-11]. For example, Yang et al. [6] reviewed the various models for
heat conduction outside and inside boreholes. Park et al. evaluated the effects of grout
material on the analytical heat source solutions along with experiments and numerical
simulations [12, 13]. Li et al. [14] compared the analytical models for vertical GHE

with respect to time and space scales. An observation from these previous studies is



that most existing analytical models assume that the ground surrounding GHE is
homogeneous, i.e., ground thermal properties are uniform. However, the real ground is
always layered, especially in the context of GHEs with lengths greater than 100 m.
Vertical GHEs might pass through different strata of soil or rock having large
differences in thermal properties. Further, the degree of saturation of soil or rock near
the ground surface may fluctuate with time, influencing the thermal properties by up to
an order of magnitude [15-18]. It was also found that the saturation degree variation
above the groundwater table leads to nonuniform temperature profiles with depth [19].
In the cases of layered ground, assuming a homogeneous ground may result in large
errors in predicting temperature profiles of vertical GHEs [20, 21]. Although numerical
models permit the consideration of multiple ground layers, analytical models provide a

simpler and quicker tool to provide heat transfer information.

1.2 Experimental and numerical studies of vertical GHEs in layered ground

Recently, researchers have performed experimental studies on heat transfer
processes of vertical GHEs installed in multilayered soils. For example, Li et al. [20]
studied the effects of the heat transfer rate on vertical GHEs in layered subsurface and
found that temperature stratification between sand and clay close to GHE could be
drastic, and the difference increases with larger heat load and lower ground thermal
diffusivity. Guo et al. [21] conducted a thermal response test (TRT) on a full-scale
energy pile (pile GHE) in multilayered strata. The system thermal conductivity of the
ground calculated through TRT with the use a homogeneous cylindrical model
assuming is about 2 times larger than the values measured in the laboratory for
individual soil layers. They noted that the relatively short fitting time and high heating
power applied in TRT may be responsible for the error.

Some researchers also have performed numerical simulations of heat transfer
processes of GHE installed multilayered soils. For example, Luo et al. [22] compared

the results from two numerical models: one is homogeneous ground model using the



effective thermal conductivity, and the other is stratified model. It was found that the
heat transfer amount can be differed due to different thermal and hydraulic properties
of ground layers. The length of borehole GHESs can be reduced due to the lower thermal
performance of the bottom layer. Florides et al. [23] studied the thermal performance
of GHEs in multilayer soils numerically. They found that the thermal energy disperses
more easily in top layers for the tested cases. So that if the substrates are sequenced in
the way that top layers have higher thermal conductivity, GHEs would have better
thermal performance than the case when the strata are sequenced oppositely. Therefore,
it is concluded that the effect of layered subsurface on the thermal performance of

GHEs cannot be neglected in analysis.

1.3 Existing analytical multilayer heat source models

With respect to analytical heat transfer models, researchers have extended the
homogeneous heat source models to multilayer heat source models. Abdelaziz et al. [24]
developed a multilayer line source model based on Green’s function. The line heat
source was divided by the boundary of each soil layer or segment. The soil segment
where the point of interest is located is defined as primary segment and the other soil
segments are defined as secondary segments. Firstly, by assuming that heat will only
conduct radially, the thermal response by point heat sources in the primary segment is
calculated, and the thermal response of secondary segments are calculated with the
composite section concept. Then, the total thermal response is obtained by summing up
the contributions from primary and secondary segments. Finally, the solutions are
adjusted by using a two-layer composite section to account for interlayer heat transfer
due to vertical temperature gradients. Using the same principle, Erol et al. [25] extended
the multilayer line heat source model to consider groundwater seepage. The analytical
heat source models considering groundwater seepage may induce significant errors as
the borehole diameter becomes larger [26]. The effects of impermeable materials of

grout on analytical solutions of the heat transfer model may also need to be considered



[27]. Hu [28] also provided a line heat source model for borehole GHE in multilayer
substrates with groundwater flow. His model is also based on the linear superposition
principle. The line heat source is firstly divided by the boundary of soil layers, and then
effects of each divided line heat source are added up. However, Hu [28] simplified the
calculation that when integrating the point heat source (Green’s function) in each layer,
the thermal properties of other soil layers are considered as the same as the layer where
the point heat source is being integrated.

In summary, the existing analytical multilayer line heat source models for GHE in
multilayer soils were generally based on the Green’s function method. And all these
multilayer line heat source models involve some certain assumptions in model
derivations as we described above: simplifying the actual axial heat transfer across
ground layers or neglecting it. Also, obviously, the multilayer heat source models
mentioned above consider vertical GHE as a line heat source. However, the line heat
source models might only be acceptable for borehole GHE that are small enough in
radius and long enough in depth. It is not accurate for vertical GHE which are relatively
larger in radius or shorter in depth. On the other hand, while homogeneous cylindrical
heat source models for vertical GHE have been developed, the development of
multilayer cylindrical heat source models for vertical GHE is very limited.

In view of this, Zhou et al. [29] extended the solid cylindrical and the ring-coil
heat source model for pile GHE in a double-layered ground using Green’s function
method and variable separation technique. The model derivations involve the
constrained Newton method to solve nonlinear eigenvalues equations. Their model was
validated by model degradation (setting the same thermal properties for two soil layers
in their model), and then comparing the results with the existing solid cylindrical heat
source model proposed by Man et al. [30]. However, it might not be feasible to further
extend the model for PGHE installed in ground soil with more than two layers.

Therefore, this paper aims to develop a new analytical multilayer heat source

model that considers vertical GHE as a cylinder heat source, rather than a line heat



source. Instead of being based on Green’s function method, the integral-transform
method is newly employed. The integral transform method is especially suitable for
addressing the issue of the layered ground and permits rapid calculations. More
importantly, the model derivation involves no assumption on the nature of heat transfer
(e.g. radial heat transfer only), a limitation of existing analytical multilayer line heat
source models. Using the newly developed analytical multilayer cylindrical heat source
model, temperature profiles of vertical GHE in homogeneous and inhomogeneous
ground are compared. The vertical heat fluxes through soil layer interface, i.e., thermal
interactions between soil layers are also investigated. Moreover, the error of using
multilayer line heat model to predict temperature response of vertical GHE is analyzed

by comparing with the results of the new multilayer cylindrical heat source model.



2. Model development
2.1 Assumptions

A schematic of a vertical GHE installed in layered ground is shown in Figure 1.
The vertical GHE is considered as a cylindrical heat source, which passes through
several ground layers. The initial temperature of the ground is assumed to be uniform.
The temperature of ground surface is assumed to be the same as initial temperature and
remain constant. These assumptions are common when developing analytical heat
transfer models for vertical GHESs used in engineering practice [30]. Also, the existing
“solid” cylindrical heat source model assumes that heat flux evenly distributes on the
cylindrical surface [30]. In this paper, the cylindrical heat source is divided into
numerous disk heat sources overlapping along the depth of vertical GHE. This method
of treating the cylindrical heat source is related with the layered ground and the integral-
transform method that this paper employed to develop the multilayer cylindrical heat

source model. The details of model derivation are presented in the following sections.
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Figure 1 The schematic of vertical GHE in layered ground

2.2 Pretreatments on heat transfer equations

The model development starts from the basic heat conduction equation:
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The subscript i denotes variables in the corresponding soil layer. The superscript '
denotes the dimensional variables.

As shown in Figure 1, each separate soil layer contains the “partial” cylindrical
heat source in that layer between the upper and lower boundaries. If the temperature
and heat flux on the upper and lower boundary of each soil layer are determined, then

the temperature in each soil layer can be determined. Staring from this idea, the vertical

’

heat flux q, = -k % Is introduced into the model derivation for determining the heat
z

flux on soil layer interfaces. With the vertical heat flux, Equation (1) can be rewritten

in the following set of equations:
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According to the assumptions mentioned above, the initial condition, and

boundary conditions of the ground are:

T'(r',2,0)=T, 3
T(r,0,t) =T, )
T/(r' oot =T, 5)

Also, as mentioned above that the cylindrical heat source is divided into numerous

disk heat sources, the expression of a disk heat source is:

Qs =%dh’ O0<h' <h)) (6)

0
where Q, is the thermal load per length of vertical GHE (W/m), dh' is the differential

of the cylindrical heat source.

The following dimensionless variables can be defined:
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Using these variables, Equations (2) to (6) can be nondimensionalized to form
Equations (16) to (20) respectively.
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T(r,0,t)=0 (18)

T(r,oo,t)=0 (19)
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The definition of Laplace transform is L[F (t)]= F(s) = I: e " F(t)dt, where s is
Laplace variable. Writing Equation (16) in matrix form and applying Laplace transform
on time t using the Laplace transform property: L[% F(t)] = sF(s) — F(+0) results in

the following equation:
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The definition of Hankel transform is H[F(r)] = E(gp) = J.: rJ,(er)F(r)dr, where

J,(X) is 0-order first kind Bessel function: Jo(x)=lj'”eix°°s"d9:ij”cos(xsin 0)do
70 70
and ¢ is Hankel variable.

The Hankel transform is then applied on Equation (21) with respect to r using the

property that for lim F(x)=0, H [8 aFr EX) +%al;(rx)] = —*HIF(X)]=-¢*F (¢) [31],
resulting in:
_ 1 _
i(T(gp,z,s)J: 0 —— (T(cp,z,s)J 22)
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Letting X (@,2,8) = [l (.2, S)J, A(p,s) = a; |, Equation (22)
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can be rewritten as:
d = = =
EX(¢1Z1S): Ai(q),S)X(Q),Z,S) (23)

Equation (23) is an ordinary differential equation of the first order. The general

solution of this equation is:

X (¢.2,5) = exp[A(,5)- (2—h_)IX (p.h_,.5) (24)



h._, is the depth of each soil layer (h, =0). exp[f,((p, s)-(z—h._,)] can be calculated
with a1 +biz(go,s) according to Cayley-Hamilton theorem [32]. The two eigenvalues

of matrix z(q), s) can be obtained by solving its proper equation, which gives

Vi, =% |0 +ﬂs: +y,. The two coefficients a;,b, can be determined as follows.

. exp| 7 (z—h_) |+exp[-x(z-h_)]
| 2

o _ exp| 7 (z—h_) |-exp[-x(z-h_)]

| 2y,

(25)

Let B.(¢,z—h ,,s) denotes exp[i(qy,s)-(z—hi,l)], for each soil layer, the

general solution is

X (¢,2,5) = B,(p.2-h_,9)X(p.h,,5) (26)
b
where B (p,z—h _,,s)= ' o,
_aﬂ’izbi g

Also, the disk heat source in Equation (20) after Laplace and Hankel transform is

J,(¢)dh
Qs

and Hankel transform

(the property of Laplace transform F(t) =1, L[1] :1
S

F(r) =1 ] rd(pr)dr =% have been utilized).

2.3 Derivation of multilayer cylindrical heat source model

The model derivation for vertical GHE surrounded by two ground layers is
presented as a case to demonstrate the model derivation procedure. The model can
certainly be extended to a specific number of soil layers according to practical
applications. The example extending the model to three-layer ground is presented in

Appendix A.



The entire cylindrical heat source in the two-layer ground is firstly separated into
two cylindrical heat sources according to the boundaries of ground layers as shown in
Figure 2. Each separated cylindrical heat source composes of numerous disk heat
sources. Firstly, solution for each separated cylindrical heat source will be derived.
Then, solution of the entire cylindrical heat source will be obtained by adding up the
solution of each separated cylindrical heat sources.

The solution derivation for each separated cylindrical heat source undergoes the
same three steps. Step 1: deriving vertical heat flux and temperature on all the ground
layer boundaries. Step 2: deriving the temperature solutions of disk heat source in all
ground layers. Step 3: integrating the solutions of disk heat source along the depth of
each separated cylindrical heat source to get the solutions of each separated cylindrical

heat source in all ground layers.

Ground surface L — p Ground surface
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Figure 2 The separated cylindricval heat source in each soil layer

For the separated cylindrical heat source in layer 1 (Figure 2), the range of disk

heat source is 0 <h <h,.

Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'F(go, h,s),

q,(e.h;,9)

According to Equation (26), at z=o0

T(p,0,5)=(a,), T:(co,hl,S)—(b—zj q,(e.h,,s) (27)

2w

The subscript outside the parenthesis denotes the value of z inside the parenthesis and



so does the followings. With boundary conditions, Equation (27) gives:
.7, (p,1,5) = T, (¢, y,5) (28)

Also, at Z=h
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With Equations (28) and (29), T, (¢,0,S) can be obtained:
7.(p,0,5) =, 22N (30)
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q J,(p)dh
6. (p:hy,5) = [_(ai)hl G, +(a1)m_h}7(rL¢)S

where C, = . And T(p,h,s),T,(p,h,s) can also be obtained

K

respectively.

Step 2: solutions of disk heat source in all layers

Using the solution of ,(¢,0,s),T (¢,h,,5),,(¢.h,s), the solution of disk heat
source in each layer can be obtained. According to Equation (26), in layer 1 (0<z<h)

For z<h<h

T (go,z,s)=%c1% (32)

For h<z<h



Flo2.5) = {QQ _(EJ }M (33)

o, a, Qs

In layer 2 (h, <2)

= b, J,(p)dh
T(p,z,5)= {az [[%jhl C, [%ljwla—z[(al)hl C +(ai)hlh}}#)s (34)

1

Step 3: solutions of separated cylindrical heat source

For 0<z<h,, adding up integration of Equation (33) from 0 to z and Equation (32)

from z to h, and the result is:

[(1—6‘1)(‘3‘1),11 +b1(bl)hl 712}051 +[b1(a1)hl +(1—a1)(bl)hl —bl}%% 31(0)
0{17/12 [Oll(ai)h1 T 0,0, (bl)hj 7Ps

T(p.2,5)=
(35)
For h, < Z, integrating Equation (34) from 0 to h, gives:

exp[ 7, z-m)][1+(a), | 1 (o)
[azyz (bl)hl +0‘1(a1)hj7/12 s

T(p.2,5)= (36)

For the separated cylindrical heat source in layer 2 (Figure 2), the range of disk

heat source is hy <h<hj.

Step 1: solving for heat flux and temperature on boundaries: @, (¢,0,s), 'F(gp,hl,s),

q,(e.h,9)

According to Equation (26), at z =00

Tz(w,oo,s)=(a2)wT:(¢ h,s)- (a—zj q,(p.h,s)- s (Z)Sdh(a J (37)

With boundary conditions, it gives:

0=, (9.1, 8) + T (D, 5) + 1“;) exp(—7,h) (38)



Also, at Z=h

T(p.h,5)= —{ij 7,(9.0,s)
hy

] (39)
q.(p.h.5)=(a,), T@.(.0,5)
With Equations (38) and (39), T,(¢,0,S) can be obtained:
T.(p.0,5) = -C, 12 (40)
QS
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respectively.
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Step 2: solutions of disk heat source in all layers

Using the solution of T, (¢,0,5),T (¢, h,,5)., (e, h,s), the solution of disk heat

source in each layer can be obtained. According to Equation (26), in layer 1 (0<z<h)

T(p,2,5) :ﬂczm (42)
o QS
In layer 2 (h, <Z)
For h<z<h
Tz(w,z,s){az (ij C,+2(a), Cz}%((p)dh )
Ay, @, Qs
For h<z

a, Ps

T=<¢,z,s)={a2 (ﬁ} ¢+ e, cz_(b_zJ }M "
“ h z-h



Step 3: solutions of separated cylindrical heat source

For 0<z <h,, integrating Equation (42) from 0 to h, —h, gives:

b, [1—exp[-7,(h, —h)]]
ay, (al)hl +a27/22 (bl)hl

(45)

For h <z <h, adding up integration of Equation (44) form 0 to z—h, and Equation

(43) from z—h, to h, —h,, and the result is:

=72 |:a1b2 (ai)hl +a,a, (bl)hl}e)(p[_?/z (hy =h)1+7, |:0‘1b2 (ai)hl +Q, (bl)hl}_%(aﬁ)hl (a,-1)
R ALSACYETACHN

(46)
The solution of the entire cylindrical heat source can be obtained by adding up the

solutions in each layer by the two separated cylindrical heat sources, as shown in Figure
3. For 0<z<h , adding up Equations (35) and (45). For h <z <h,, adding up

Equations (36) and (46).

Ground surface
h P| Layer 1

h,
Layer 2

Iz

Equation: (35) + (45)

Equation: (36) + (46)

Figure 3 Solution of assembled cylindrical heat source
The solution equations contain the Laplace variable and Hankel variable. To
obtain the solution in physical domain, the solution equations need to be converted.
Due to the complexity of the solution equations, it is difficult to find analytical
inversions. Numerical inversion methods were chosen to accomplish the inversion
process. Two different numerical inverse Laplace transforms methods [33, 34] and two

different numerical inverse Hankel transforms methods [35, 36] were adopted



respectively. Adopting either combination of the numerical inversion methods yields
the same result, so that the result can be believed to be independent of inversion method.

The calculation process typically requires one or two minutes.



3 Model validation

The model was validated in three ways: degrading the model to the case of
homogeneous ground and comparing its results with an established homogeneous
cylindrical heat transfer model; comparing the results of the analytical multilayer
cylindrical heat source soil model with that of numerical simulations, and comparing

with the results of a laboratory-scale experiment.

3.1 Model degradation

For homogeneous soil, the thermal conductivity and specific thermal capacity in

the solution equations would be identical, ie: o =a,=1, f=4,=1 and

7, =7, =y =+¢" +s.And obviously, the sum of Equations (35) and (45), and the sum

of Equations (36) and (46) should give the same expression. The degradation results of

Equations (35), (36), (45), and (46) are the following equations respectively:

T(p,2,5) = [L- exp(~r2) —exp(—rh)7b] 1(? @7)
= _ avnf_ 1 3:(e)

T (,2,5) = exp( }/Z)[( ) 1}”(057 (48)

T(o.2.9)=[-exp(-rh,) +exp(-r)ly 2 1“”’ (49)

Tl.2.9=11-op(-72)(a), ~o(-)m] 22 (50

Obviously, the sum of Equations (47) and (49), and the sum of Equations (48) and

(50) give the same result:

T(0.2.9)= 2 2rl1-op(-72) ()] 1)

The results calculated with Equation (51) should almost be the same as the existing

homogeneous cylindrical heat source model. The cylindrical heat source model by Man



et al. [30] is selected as the reference model. Comparison of the dimensionless

k(T =T, : : i i k.t'
temperature (T :M) at different dimensionless time (t = ot -

| PoColo

) on vertical

GHE wall (r =1) with dimensionless depth of 100 (z :Z—,) are shown in Figure 4.
r

0

Temperature solutions calculated by degraded multilayer model and the homogeneous
model agree well, except for very limited error at the beginning. This error is believed
to be related with the different treatment of heat source: heat is released from the
cylindrical surface in Man et al.’s model, whereas the cylindrical heat source is

considered as a solid heat “rod” in the new multilayer model.
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Figure 4 Comparison between degraded and homogeneous model

3.2 Numerical simulation

The results of the multilayer cylindrical heat source model were also compared
with those of numerical simulation for validation purpose. The numerical simulation
was conducted using COMSOL Multiphysics, assuming heat transfer by conduction
only. The physical model in numerical simulation is 2D axisymmetric. Two simulation

cases are shown in Figure 5. The cylindrical heat source is 50 m deep with a radius of



0.25 m, and the simulation domain is a cylinder 75 m in height and 50 m in radius. This
domain was verified to be large enough within the simulated time ranged that applying
either fixed temperature boundary conditions or insulation boundary conditions on

domain boundaries gives the same results. The vertical GHE is defined as a body heat
source in the numerical simulations, and the thermal load of vertical GHE is 50 W /m .

The ground is considered as two layers with different thermal properties. Upper layer

(layer 1) is 25 m deep and below is layer 2. For simulation case 1, thermal conductivity
of layer 1 and layer 2 is 1 W/(m-K) and 2 W/(m-K) respectively, and density and
thermal capacity in simulation case 1 are set to be the same. For simulation case 2,
thermal capacity of layer 1 and layer 2 is 800 J/(kg-K) and 1600 J/(kg-K)

respectively, and thermal conductivity and density in simulation case 2 are set to be the

same.
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(b) Case 2: different thermal capacities
Figure 5 Numerical simulation cases using COMSOL

The dimensionless temperature solutions calculated with the multilayer cylindrical
heat transfer model were converted to dimensional temperature solutions using the
parameters values defined in numerical simulations. The comparisons of numerical and
analytical results for the two cases are shown in Figure 6. Clearly, the results of
multilayer cylindrical heat source model and that of numerical simulations match well.
The temperature differences due to different thermal conductivities increase with time.
In contrast, the temperature differences caused by different thermal capacities would
vanishes in the long term. The reason why the thermal conductivity and the thermal

capacity have different effect on ground temperature change is explained in chapter 4.
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Figure 6 Comparisons of numerical and analytical models

3.3 Laboratory-scale experiment

A Laboratory-scale experiment of a cylindrical heat source buried in two soil
layers was conducted. The experimental rig is shown in Figure 7 (a). The schematic
diagram of the soil layer arrangement, the cylindrical heat source, and resistance

thermometers (Pt 1000) are shown in Figure 7 (b). The soil box is cylinder made of 5



mm thick acrylic material. The inner sizes of the soil box is 300 mm in height and 300
mm in diameter. The custom-made thermal probe, functioning as the cylindrical heat
source, is 200 mm long and 6 mm in diameter. It was made of alloy resistance wire
uniformly coiled (tightly wrapped) around a metal cylinder and covered with stainless

steel tube. The resistance of the thermal probe was measured to be 171.1 €. The power

supply was 16 V direct current. So that the heat rate of the thermal probe is 7.48 W /m .

The thermal probe was inserted in the middle of soil box. Soil layer 1 (silt) was 100
mm thick, and below (200 mm thick) was the soil layer 2 (sand). The depth of soil is
half length deeper than the length of thermal probe to avoid the bottom boundary effect
on temperature in the short term experiment. To avoid possible thermally induced
moisture migration during the experiment, the silt and sand were saturated. There were
three columns of resistance thermometers, the distance between the three columns and
the central axis of the cylindrical soil box was 10 mm, 60 mm, and 140 mm respectively.
The reason for the vertical arrangement of the resistance thermometers was to measure

the vertical temperature profiles across the soil layers.

(N
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(a) Experimental rig
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(b) Schematic diagram
Figure 7 Laboratory-scale experiment of cylindrical heat source in a double layered soil deposits

To compare the experimental data with the analytical solution, the bulk density,
thermal properties of the two soil layers need to be obtained. The cutting ring method
was used to measure the soil bulk density following the standard ASTM D7263-09. The
test rig for measuring soil thermal conductivity is shown in Figure 8. The rig (TC3000E
from XIATECH) is based on the transient hot wire technique [37]. The rig is capable
of measuring the thermal conductivity of various materials with a accuracy of 3%. For
the measurement of specific thermal capacity, we adopted an indirect method, i.e, the
thermal probe method [38, 39]. For a thermal probe installed in homogenous soil, the

temperature response of soil surrounds the thermal probe is proportional to the soil
thermal diffusivity (k/pc), as can be seen from the basic Fourier heat condition

equation in Equation (1). The experimental rig shown in Figure 7 was used to obtain
the soil thermal diffusivity of the two different soils by filling only one type of soil in
the soil box. The measurement results of soil properties are given in Table 1. The values
of soil total bulk density and thermal conductivity are the average values of the three

repeated measurements.
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Figure 8 Test rig for soil thermal conductivity measurement

bulk density thermal conductivity specific thermal capacity

soil layer

Y g/m’ W/(m-K) 1/(kgK)
layer 1 (silt) 1834.6 1.09 1656.57
layer 2 (sand) 1989.1 2.12 1557.83

Table 1 Measured soil properties

The room where the experiment was conducted was air-conditioned at about
23.5 °C. Before starting the experiment, the soil was left to stabilize until its initial
temperature was the same as the room temperature. The duration of the experiment was
30 days under continuous heating. Due to the limitation of the size of experimental rig,

it was expected that the boundary effect caused by the acrylic soil box (the thermal
conductivity of the acrylic material is 0.20 W/(m-K) ) would gradually build up and

affect the temperature measurement as heat conduct radially with time. Since how
significant the boundary effect would affect the temperature measurement was not sure
before the experiment, the experiment during lasted for 30 days, which later was found
to be long that the temperature had been significant affected. The comparison between

the results of the analytical multilayer model and the experiment are shown in Figure 9.



After 24 hours of heating, the temperature profile at the radius of 10 mm measured by
resistance thermometers agrees reasonably well with that of analytical model.
Temperature rise at the radius of 60 mm is marginal while at r =140 mm, there is
barely any temperature rise. Also, after 10 days’ heating, the temperature profile at
r=10 mm is almost the same with that after 24 hours of heating, meaning that
temperature at r =10 mm has reached near steady state after 24 hours of heating.
However, temperatures at r =60 mm and r =140 mm continue to rise. At day 10, the
differences between the experimental results and that of the analytical model is
generally larger than that at day 1. This is probably caused be the boundary effects of
the limited soil box. Also, the temperatures near surface is generally larger than that at
deeper locations. This is probably caused by the surface boundary effects, since the
analytical model has assumed a constant ground surface temperature. In summary, the
deviation of temperature profile along the depth of cylindrical heat source was captured
experimentally and agrees reasonably well with that of the analytical multilayer

cylindrical heat source model.
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Figure 9 Comparisons between analytical model and experimental results



4 Study on effect of layered ground

In this section, temperature solutions in homogeneous and inhomogeneous ground
are firstly compared. Then, the thermal interactions between soil layers are analyzed by
plotting the temperature profile along the depth of vertical GHE and the heat flux across
ground layer interfaces. Finally, the error of using multilayer line heat source model to
calculate temperature solutions is analyzed by comparing its results with the results of

multilayer cylindrical heat source model.

4.1 Temperature solutions in homogeneous and layered ground

Figure 10 compares the dimensionless temperature solutions on the wall of vertical
GHE at different dimensionless times in homogeneous and layered ground. The
dimensionless depth of vertical GHE is 200. For a direct comparison of temperature
profile along the depth of vertical GHE, the vertical GHE is surrounded by two layers

with same thickness but different thermal properties. The parameter values of the four

cases compared in Figure 10 are given in Table 2, where ¢; and £, is the thermal

conductivity ratio and thermal capacity ratio respectively as defined in Equation (14)
and Equation (15). In case 1 and case 2, thermal conductivities in upper and lower
layers are opposite (twice the value of the other layer), while the thermal capacities of
the two layers are the same. To further analyze the effect of thermal conductivity, the
thermal conductivity of upper layer and lower layer is set to be 0.75 and 2.25
respectively while the thermal capacities of the two layers are the same in case 3 in
comparison to case 1. In case 4 and case 5, the thermal capacities of upper and lower

layers are opposite, while the thermal conductivities of the two layers are the same. For
the homogeneous case calculated for comparisons, the values of « and £ all equal 1.5

as a mean value of thermal conductivity in the range of the depth of vertical GHE. The
comparisons of temperature solutions in layered ground with that in homogeneous

ground demonstrate the effects of layered ground on the temperature profile along



vertical GHE.

thermal properties of layered ground

Figure 10
a a, By s,
Case 1 1 2 1 1
Case 2 2 1 1 1
Case 3 0.75 2.25 1 1
Case 4 1 1 1 2
case 5 1 1 2 1

Table 2 Thermal properties of layered ground

In Figure 10 (a) and Figure 10 (b), it can be seen that due to the differences in
thermal conductivities, the dimensionless temperatures are significantly different
compared with that in homogeneous ground with equivalent thermal conductivity. The
differences get larger with time. For case 1, the dimensionless temperature difference
at dimensionless time 10000 is 0.20 for upper layer and 0.11 for lower layer
respectively. For case 2, the difference is 0.11 and 0.21 respectively. Comparing
temperature solutions in layered ground in Figure 10 (a) and Figure 10 (b), it can be
found that at relatively early state ( t=1), the maximal dimensionless temperature is the
same, though in different layers. However, the maximal dimensionless temperature in
layer 2 in case 2 is about 0.02 higher than that in layer 1 in case 1 at t=10000. This is
probably caused by the fixed temperature boundary condition of ground surface. When
the thermal conductivity of upper soil layer close to ground surface is lower and the
resulting temperature is higher, the heat flux through ground surface will also be larger.
Therefore, the peak temperature is lower for the case when the upper soil has lower
thermal conductivity.

In case 1, the thermal conductivity ratio of lower layer to upper layer is 2. In case
3, the ratio is 3. Comparing corresponding temperature solutions in Figure 10 (a) and
Figure 10 (b), it can be seen that at t=10000, the maximal temperature difference in
upper layer and lower layer is 0.4 and 0.14 respectively, in comparison to 0.2 and 0.11

respectively in case 1. Therefore, the temperature differences would be larger when



thermal conductivity difference between soil layers is larger.

The effects of differences in thermal capacity of layered ground are shown in
Figure 10 (c) and Figure 10 (d). Unlike the effects of thermal conductivity, the
dimensionless temperature differences would not simply get larger with time. The
differences get larger with time in both layers firstly, as can be seen by comparing the
temperature profiles at t=100 and t=1. Then, the differences diminish with time. At
t=10000, there is almost no difference for both case 3 and case 4, since dimensionless
time 10000 is close to steady state. This can be explained by the different physical
meaning of thermal conductivity and thermal capacity. While thermal conductivity
means the ability to conduct heat, thermal capacity refers to the amount of heat that can
be stored in the mass. When the thermal conductivities of the two layers are the same
but the thermal capacities are different, the temperature differences would increase first,
since after absorbing same amount of heat, the layer with higher thermal capacity would
have lower temperature rise. However, the temperature difference would gradually

vanish, since there in the long term would be enough released heat for the mass to

absorb.
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Figure 10 Temperature solutions in homogeneous and layered ground

4.2 Thermal interactions between ground layers
4.2.1 Temperature solutions

Considering thermal property differences of layered ground brings about an
additional heat transfer process which is not considered in homogeneous models: the

thermal interaction between ground layers. This interaction is analyzed by comparing



temperature solutions in two ground layers with different ratios of thermal conductivity,
and by plotting the vertical heat flux across ground layers.

As shown in Figure 11, the solid line represents the dimensionless temperature
solutions of the case that thermal conductivities of upper layer and lower layer equals
1 and 2 respectively. The dash line stands for the case that thermal conductivities of
upper layer and lower layer equals 1 and 3 respectively. Comparing the solid line and
dash line at t=10000, it is clear that the dimensionless temperature in upper layer is
more affected by the lower layer when thermal conductivity ratio is 1:3. The maximal
temperature in upper is 0.02 smaller when thermal conductivity ratio is 1:3 compared
with 1:2. This is because when the lower layer has higher thermal conductivity, the
resulting temperature would be lower. And due to larger temperature difference, the
vertical heat flux from upper layer to lower layer would be larger. The vertical heat flux

is further analyzed below.
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Figure 11 Thermal interaction between ground layers
4.2.2 Vertical Heat flux
One of the advantages of the integral-transform method is that the vertical heat

flux across ground layers can be calculated with explicit expressions. For the disk heat

source in layer 1, the resulting vertical heat flux across layer interface @, (p,h,,s) has



been given in Equation (31). Integrating G, (¢,h,,s) in Equation (31) from 0 to h,

gives the vertical heat flux across layer interface caused by the separated cylindrical

heat source in layer 1:

a7, [712 (bl); _(ai)ri +(a1)hlj| ‘]1((0)

q,(p.hy,8) =
7| (b), +a(a), | 7S

(52)

Also, for the disk heat source in layer 2, the resulting vertical heat flux across layer

interface T,(¢,h,,s) has been given in Equation (41). Integrating T, (p,h,,s) in

Equation (41) from 0 to h, —h gives the vertical heat flux across layer interface

caused by the separated cylindrical heat source in layer 2:

al(al)h1 [1—eXp[_72 (hy - hl)]] J,(p)
a7, (al)hl +a2722(b1)hl ps

az (¢’ hl’ S) == (53)

Adding the results calculated by Equations (52) and (53) gives the vertical heat flux
across the layer interface caused by the entire cylindrical heat source.
The calculation results are shown in Figure 12. The dark line is the result when the

ground is homogeneous (thermal conductivity ratio is 1:1). Clearly, in homogeneous
ground, the vertical heat flux is almost zero at depth of h, . In contrast, the vertical heat

flux gets larger with time in layered ground. And the value is clearly larger when
thermal conductivity ratio is larger. This explains the temperature profile in Figure 11
that when the lower layer has larger thermal conductivity, the temperature profile in

upper layer is more affected.
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Figure 12 Vertical heat flux across ground layers

Therefore, it can be concluded that thermal interaction between soil layers is
determined by two factors: time and thermal conductivity ratio between ground layers.
On one hand, a larger thermal conductivity ratio between ground layers results in bigger
temperature differences between ground layers, which would cause stronger thermal
interaction between soil layers. On the other hand, temperature difference between
ground layers increases with time, resulting in stronger vertical heat flux across layer

interface in the long term.

4.3 Error analysis of multilayer line heat source model

The heat source model for vertical GHE assuming a homogeneous ground have
improved from line heat source model to cylindrical heat source model. It is generally
believed that cylindrical heat source models are more accurate than line heat source
models for vertical GHE, since cylindrical models consider the real GHE radius. As
most of current multilayer heat source models for vertical GHE are line heat source
models, the temperature solutions calculated by multilayer cylindrical and line heat
source are compared. Four parameters, i.e., time, thermal conductivity, thermal load,
and GHE radius are chosen to study their effects on the error of multilayer cylindrical

line heat source independently.



4.3.1 Effect of time and thermal conductivity

In Figure 13 (a), the thermal conductivity of upper layer and lower layer is 1

W/(m-K) and 2 W/(m-K) respectively, while in Figure 13 (b), the thermal

conductivity of the upper layer and lower layer is 1 W/(m-K) and 2 W/(m-K)
respectively. Density and specific thermal capacity for both layers in both figures is
2000 kg / m* and 800 J/(kg-K) respectively. The temperature rises on the GHE wall

at the three different time are compared between multilayer line and cylindrical heat
source model. It can be seen in Figure 13 (a) and Figure 13 (b) that the temperature
solutions of line source model are always smaller at the three times, but the differences
narrow down with time. This can be explained that heat concentrates on the line in line
heat source model which neglect the radial dimension of GHE but heat evenly
distributes on the cylindrical heat source model which consider the radial dimension of
GHE. Therefore, at early stage when heat just travels from the line heat source to the
radial location 0.25 m, the values calculated by line heat source are smaller than that
calculated by cylindrical heat source. The differences narrow down with time because
in the long term, heat would have enough time to fully reach the radial location.

Also, in both Figure 13 (a) and Figure 13 (b), the differences between multilayer
line and cylindrical heat source model are larger in layers with smaller thermal
conductivity, which is more obvious in early stage at t =1x10° s. This can also be
explained that heat concentrates on the line in line heat source model which neglect the
radial dimension of GHE but heat evenly distributes on the cylindrical heat source
model which consider the radial dimension of GHE. Therefore, when the thermal
conductivity is smaller, it is harder for heat to reach the radial location 0.25 m. So, the
difference is larger in the layer with smaller thermal conductivity than in the layer with

larger thermal conductivity.
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Figure 13 Effect of time and thermal conductivity

4.3.2 Effect of thermal load
Figure 14 compares the tempreature differences between multilayer line and

cylindrical hear source model when GHE has different thermal loads. the thermal

conductivity of upper layer and lower layer is 1 W/(m-K) and 2 W/(m-K)
respectively. Density and specific thermal capacity for both layers is 2000 kg / m® and

800 J/(kg-K) respectively. It can be seen in Figure 14 that the differences in both



layers are proportional to the difference in thermal load. This can be explained that
larger thermal load means larger heat release from the heat source. Therefore, the heat
released from the line heat source and transferred to the radial location 0.25 m is less
under smaller thermal load than larger thermal load. So, the temperature solutions of
line heat source is proportionally smaller to that of cylindrical heat source according to

thermal load.
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Figure 14 Effect of thermal load

4.3.2 Effect of GHE radius
Figure 15 compares the tempreature differences between multilayer line and

cylindrical hear source model when GHE has different radiuses. One is 0.25 m and the

other is 0.5 m. The thermal conductivity of upper layer and lower layer is 1 W /(m- K)
and 2 W/(m-K) respectively. Density and specific thermal capacity for both layers is

2000 kg/m3 and 800 J/(kg-K) respectively. Comparing the black solid line and red

solid line, it can be found that when GHE radius is 0.25 m, the temperature differences
is 0.6 °C and 0.3 °C in upper layer and lower layer respectively. Comparing the black
dashed line and red dashed line, it can be found that when GHE radius is 0.50 m, the
temperature differences is also 0.6 °C and 0.3 °C in upper layer and lower layer

respectively. So, the GHE radius has no effect on the temperature differences between



line and cylindrical heat source model. This should be explained that even when line
heat source model neglects the radial dimension of GHE, the temperature solutions at

the real corresponding radial location are used when conducting the comparisons.
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Figure 15 Effect of GHE radius



5 Conclusion

This paper successfully developed a new cylindrical heat source model for vertical
GHEs in layered ground by employing the integral-transform method. The new
multilayer cylindrical heat source model was validated by model degradation,
numerical simulation, and laboratory-scale experiments. Using the new multilayer
cylindrical model, temperature solutions of vertical GHE in layered ground were
compared with that in homogeneous ground. Temperature profiles on the GHE wall
were found to change significantly due to differences in thermal properties between
ground layers. Also, differences in thermal property between ground layers were found
to result in thermal interaction between ground layers. This interaction was investigated
by comparing temperature profiles in two-layer ground with different thermal
conductivity ratios and plotting vertical heat flux across layer interface. For larger
thermal conductivity ratio between two layers, the temperature difference between the
layers and vertical heat flux across the layer interfaces are both larger. Also, the thermal
interaction between ground layers was found to increase with time, gradually
influencing the temperature in each individual layer.

The error of using a multilayer line heat source model to calculate the temperature
solutions of vertical GHE was also studied through comparison with the results from
the multilayer cylindrical heat source model. It is demonstrated that as the error
diminishes with time. Also, the error is larger in soil layers with smaller thermal
conductivity, however, this error near the soil interface would be narrowed down by
adjacent layer with larger thermal conductivity due to thermal interactions. In addition,
when vertical GHE have higher thermal load, the error of using multilayer line heat
source model would also be larger. On the other hand, GHE radius is unlikely to affect
the error.

In conclusion, homogeneous heat source models fail to give the real temperature
profiles along the depth of vertical GHE in layered soils, and the error may increase

with time. Also, compared with multilayer line heat source model, the multilayer



cylindrical heat source model is more accurate to predict temperature solutions for
vertical GHEs. This new analytical multilayer heat source model can be an effective

quick-calculation tool to consider ground stratification in the design of vertical GHEs.
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Appendix A

Ground surface P Ground surface
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Figure Al The separated cylindrical heat source in each soil layer
Appendix A.1

For the separated cylindrical heat source in layer 1, the range of disk heat source is

0<h<h.

Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'F(go, h,s),

T, (p.h,5), T(ph,,9), T,(p,h,,9)

According to Equation (26), at z =0

T(p.,5)=(3), T(p.h,,9) _(&j q,(p.h,,s) (A1)

3w

With boundary conditions, Equation (A1) gives:

oyt (p.1,,8) =T, (p.h,,5) (A2)
Also, at Z=h,
'ﬂamsrw%n?wnsr{ﬂﬂ q, (¢, 1)
2, (A3)
0, (p.h,,5) ==(b,), 7T (p,h,5)+(a,), T,(ph,s)
At Z=h
T:(co,hl,S)=—(%] az(w,O,S)—%(%j
1/ ®» 1/h-h (A4)

_ _ 3,(¢)dh
G0 h9=(a), 8009+ 220 (),



With Equations (A2) to (A4), T, (¢,0,S) can be obtained.

(0,05 = ¢, AN (A
Qs
b, by
{a37/3 (azj +(a2 )h2] [051] +C(a1)hth
Where C = : » ,and C, = = '
[ reriCh ] (B) o),
L/
And T (¢,h,,5),T,(2.h,5),T (@.h,,5),,(e.h,,s) can also be obtained respectively.
'F((/’: h,s) = !(ij C - [EJ o) (A6)
L Jh, o, hh | Tps
_ 12.(e)dn
0.(p.0u9) =] ~(a), Cot@hn ™ s (A7)

-
{(az)hz[ 2. c(%”((j—] [~(a), c1+<a1)w}}%>j“ 49

Step 2: solution of disk heat source in all layers

Using the solution of T,(¢,0,s), T (¢.h,s),q.(¢.h,5),T (@,h,,5),T.(@.h,,5), the

solution of disk heat source in each layer can be obtained. According to Equation (26),

inlayer 1 (0<z<h)

For Zz<h<h

For h<z<h

T(p.2,9) =%cl%;)sdh (A10)



Flo2.5) = {QQ _(EJ }M (A11)

o, a, Qs

In layer 2 (h, <z <h,)

bl e (B] | by I(p)dh  (Al2)
azl[aljhlcl (aljhlh:l a2|: (ai)hlcl_'_(al)hlh}} 7[(0_5

In layer 3 (h, <7)

_ a_zjhz [—(al)hl Cﬁ(ai)hl—h} Ji()dh

e (2] (2] |
+a,), [-(a), C+(a),, |

Step 3: solution of separated cylindrical heat source

—j

((ﬂ, Z, S) = (A13)

For 0<z<h, adding up integration of Equation (A11) from 0 to z and Equation

(A10) from z to h,, and the result gives

_ B (g vcE) |
T(p2,5) = ‘;‘11 —E, %? (A14)
_[%]m+c(a1)fh

For h <z <h,, integrating Equation (A12) from 0 to h, gives

[az[zlj +fj(a1)hl] ;
2 (e +CE)-aE -2 E, (2D (a1g)
(04 TT
hy

o

—

(p,2,8)=




For N, <7, integration Equation (A13) from 0 to h, gives

—

(p,2,8) =

a,

{ag(az)hz D), W;} E +

And expressions of E,E,, E; are

[2};0(%

ag(b_z] oh
A, ), %

E, = johl (%j dh = 2a1y2 [-2+exp(yhy) +exp(=y;h,)]
1 h—h 1/1

£, = [} (@), 8= {e0t) -exp(-7n)]

z b1 J 1
E.=||—=+| dh= —2+exp(y,z) +exp(-y,2)
’ .[0 ( z-h 2&1}/12 [ ' ' ]

Appendix A.2

(E,+CE,)

J,(9)

(A16)

For the separated cylindrical heat source in layer 2, the range of disk heat source is

h <h<h,.

Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), T=((0, h,s),

T, (p.h,5), T(ph,,9), T,(p,h,,9)

According to Equation (26), at z =0

T(p,%,9)=(), T (o, h218)—(2—3j q, (. h,,9)

(A17)



With boundary conditions, Equation (A17) gives:

@.7sT (@, 1,,9) =T, (p,h,,5) (A18)
Also, at Z=h,
T(ph,9)=(a,), Tz(«/),m,s)—(b—Zj qi(qo,m,s)—be—Zj
? 2 Tps a, )
" wh (AL9)
G09) = (0,), @ iT(o 0,9 +(2,), o, 9+ 200 ),
At Zz=h
T(p.h,9)= —[&j q,(»,0,s)
»s (A20)
T.(0.h.9)=(a,), T.(0.0.5)
With Equations (A18) to (A20), T, (#,0,S) can be obtained.
q,(¢,0,5)=-C, h(p)dn (A21)

P

sl

(&) c(a), [ontea rerite, ]
h

@

Where C, =

And T:((D’ h,s), @, (e, h, 3),T= (p,h,,8),T, (@, h,,s) can also be obtained respectively.

T(p.h.9) ={ij cz% (A22)
1/n
Goh9)=-(a), C; 22T (A23)

T=(¢,h2,s)={[(az)hz(% +(2—J (al)m]CZ[Z—ZJ }%ﬁfh (n29)
L 2 /h, 2 /hy-h

T.(0.1,.9) {[—(m)m @’ i} ~(ay), (aq)m]cz +(a2)h2h}M (A25)
hy

7S

Step 2: solution of disk heat source in all layers



Using the solution of T, (go,O,S),'l;(go,l’ll,S),az (o, hl,S),T:((p, h,,s),q,(e.h,,s), the

solution of disk heat source in each layer can be obtained. According to Equation (26),

inlayer1 (0<z<h)

b o Ji(g)dh
2
o, Qs

'I?(go, z,8) =

In layer 2 (h, <z <h,)

For hy<z<h

a, a,

'?(go, z,8)= [az [ij +b_2(a1)rh]C2 d(e)dn
h

For h<z<h,

T b b J,(p)dh
Fioo={a[2] 2w o 2]_faa

In layer 3 (h, <7)

'?(go, z,8) =

ferll Bk Bl |

Z—z{w»m 0’ (%]m<a2>h2<a1>m]cz+<az>hzh} ”

1

Step 3: solution of separated cylindrical heat source

For 0<z<h,, integrating Equation (A26) from 0 to h, —h, gives

J
bl (a3y3E4+E5) 1(¢)
a, VAON]

(bllh +C(a1)hl][a3;/3(az)h2 rai (by), |

a,

'F(go,z,s)_{

(A26)

(A27)

(A28)

(A29)

(A30)

For h <z <h,, adding up integration of Equation (A28) from 0 to z— h, and Equation

(A27) from z—h, to h,—h;, and the result gives



_ {az(zlj +22(a1)*h](“373E4+E5)
[(aljhl +C(a1)h1]|:a37/3 (a‘Z)h2 +0{27/22 (bz)h2i|

For h, <7, integrating Equation (A29) from 0 to h, —h, gives

'F(go, z,8) =

2, {(az)hz (zlljm {SZL (ai)“l]

+

J
(a373 E,+ Es) 1) (A32)
7S

[(bl] +C (ai)hl][aa}/?' (a,), +a;(b), }

alhl

—[asE4 +&E5]M

a, TQps

And expressions of E,, E;, E; are

£, =" (b_j dh = {expl,(h, ~ )]+ expl7, (h, ~h)] -2}
0 % )y 20,75

£ = [} (@), 0= (el ~l-el7, ()

{exply,(z—h)]+exp[-y,(z-h)]-2}

2
,h a,y,

Appendix A.3

For the separated cylindrical heat source in layer 3, the range of disk heat source is

h,<h<h,.



Step 1: solving for heat flux and temperature on boundaries: T, (¢,0,s), 'F(qo,hl,s),

(o h,s), T(p.hy,9), T,(p.h,,s)

According to Equation (26), at z =0

'F(go, 0,8) = (a3 )w 'F(go, h,,s)— (&] q,(p,h,,s) _M(%]

a; ), TS

With boundary conditions, Equation (A33) gives:

O__a:s?/sT (o, h2v5)+q (p,hy,s) + l(¢) exp(—y;h)
Also, at Z=h,

T(p.h,.5)=(a, )., T(p.h,s) —[b—zj q,(p,hy,s)

0,1y, 8) =—(b,), @2 (9.1, 9)+(3,), T,(p.h;,5)
At z=h

T(p.h,5)= —[&j 7,(9.0,s)
hy

1

q.(p.h.5)=(a,), T@.(2.0,5)

With Equations (A34) to (A36), T,(¢,0,s) can be obtained.

— J dh
5.(0.0,5)=—C, 2 QN ey
Qs

Where C, = 1

3 {[bl]m +c<a1)@[a373(a2>h2 el

a,

(A33)

(A34)

(A35)

(A36)

(A37)

And 'F(go, h,s),q, (o, h, s),'?(go, h,,s),q, (¢, h,,s) can also be obtained respectively.

T(p.h.s) {% 1@ o h)

1

J,(p)dh
) 7ps

J (p)dh
. —————exp(-y;h)

q,(p.h,8)=—(a),C

(A38)

(A39)



'?((0,h2,5)=[(3.2)h2 (%} +(2_2) (al)hl]C 17(2_(/;)3 exp(—y;h) (A40)
1 hy 2 hy

T = [_<b2)h2 07 [Ejm (@), (ai)hl]cs 2Ny e

1

Step 2: solution of disk heat source in all layers
Using the solution of @, (¢,0, s),'F(go,hl,s),q:Z((p,hl,s),'F((p, h,,s),q, (¢,h,,s), the
solution of disk heat source in each layer can be obtained. According to Equation (26),

inlayer 1 (0<z<h)

Tip.2,5) =2, 2PN ey (A42)
al Qs
In layer 2 (h, <Z<h,)
T:(co,z,s)—[az[i] +&(ai)mlc LOD oy (ad3)
al by aZ (0
In layer 3 (h, <7)
For h,<z<h
'F((/),Z,S)=
by b,
ae!(az)hz(_J +[_J (ai)hllcg
D)y \ %2, J (go)dhe X () (A44)
b, 2
7 { (b,),, “272[b1j (az)hz(ai)hl]CS
3 1 hy

For h<z



————exp(-=7;h)
7

a, [(az)hz (%]hl +{Z—22]h2 (ai)m]Cs (o)

a; 1
(b} Ji(p)dh
a3 2-h 7T¢S

Step 3: solution of separated cylindrical heat source

For 0<z <h,, integrating Equation (A42) from 0 to h, —h, gives

b ¢ ()
'F(go, z,8) = 4 i
bl 2
AENe

For h <z <h,, integrating Equation (A43) from 0 to h, —h, gives

b | b Ji(9)
[az [al ]hl " a, (ai)hl] = 7TpsS

(blll +C (ai)m][agn (8g),, + a7 (b,), |

a,

(A45)

(A46)

(A4T)

For h, <z <h,, adding up integration of Equation (A45) from 0 to z—h, and Equation

(A44) from z—h, to h, —h,, and the result gives



b,

jm {

a,

lz(ai)hl]

I—I
1

0‘373

), et (0,), ]

o

0‘373

)y, i (0,), ]

_l_

7

g h@) ¢ Ao (A%)

Qs s

I—I
1

For h, <, integrating Equation (A45) from 0 to h, —h, gives

'?((p, z,8) =

L) o (e (A49)

E7 - Eg

And expressions of E,, Eg, E, are

hg —h, 1
E, =, exp(-y;h)dh= el (0 )] T
3

2 5 1eXply3(z— )] +exp[-y;(z—h,)]- 2}

EQZIM(&} dh=— {_
0 a ) . 20,2 |-

The final solution of the entire cylindrical heat source can be obtained by adding

exply;(z—hy)]+exply;(z—h,)] }
exp[-y;(z—hy)]+exp[-y,;(z—h,)]

up the temperature in each layer by the three separated cylindrical heat sources. For

0<z<h, adding up Equations (A14), (A30), and (A46). For h <z <h,, adding up



Equations (A15), (A31), and (A47). For h, <z <h,  adding up Equations (A16), (A32),

and (A48). For h, <Z, adding up Equations (A16), (A32), and (A49).
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