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Abstract— This paper analyzed transient magnetic fields generated by the lightning current in the presence of 3D conductive plates.
An extended PEEC method was introduced to establish an equivalent circuit with frequency-variant parameters for time-domain
simulation. Several techniques were proposed to reduce the computational complexity in the large-plate simulation. These include the
analytical function of current density, non-uniform meshing scheme, and vector fitting technique. Numerical and experimental results

were presented to validate the proposed method. Good agreements were observed.

Index Terms— transient magnetic field, lightning, plate, PEEC.

I. INTRODUCTION

ightning generates substantial transient electromagnetic

fields in buildings, and induces transient voltages and
currents in power and signal equipment or systems. Such
transients could cause malfunctions, faults or even physical
damages to sensitive equipment. Transient electromagnetic
fields in buildings are greatly affected by building structures,
such as columns, beams, metal decking and other large plates.
To provide appropriate protection for the equipment, it is
necessary to develop an efficient mean for the evaluation of
transient magnetic fields or shielding performance of planar
structures.

Electromagnetic  shielding is generally addressed
analytically and numerically in the frequency domain.
Analytical methods are applicable to simple shielding structures
possessing 2D geometry or symmetrical properties [1-2].
Recently, significant advances in numerical electromagnetics
have been made in providing numerical solutions to shielding
problems. Both the boundary element method and the finite
element method [3-4] have been successfully applied to address
shielding problems in the frequency domain. These methods can
deal with complex geometry and material characteristics of
conductive bodies.

Recently the partial element equivalent circuit (PEEC)
method has been introduced for field or shielding analysis. The
uniform meshing model was presented in [5] for a conductive
plate at low frequency, and in [6] for magnetic materials in
transient field analysis. In these studies, the current density is
constant inside a cell. To reach a considerable accuracy, a large
full matrix equation needs to be established, and a considerable
amount of computational resources be required. In [7] an
analytical function was introduced to represent the current
distribution across the plate thickness at low frequency. A two-
dimensional meshing scheme would then is sufficient for
modeling 3D plates. This significantly reduces the number of
unknown variables in solving such field problems. A transient
analysis of magnetic fields associated with thin layers was also
presented in [8]. As the 1D diffusion equation was applied, this
approach is limited to the problems with 2D geometry only.

This paper introduces an extended PEEC method for
analyzing transient magnetic fields generated by a lightning
discharge current in the presence of three-dimensional
conductive plates. The plates are modeled as a set of
interconnected and coupled circuit components. The current

within the plate is solved with a circuit analysis technique,
subsequently the transient magnetic fields around the plates with
the Bio-Savart law. In this paper several techniques are proposed
to reduce the computation complexity in the large-plate
simulation. These include the analytical function of current
density, non-uniform meshing scheme, and vector fitting
technique. Numerical results of the magnetic fields in testing
cases are presented, and are compared with the frequency-
domain results obtained from the finite-element-method. A
laboratory experiment is introduced finally for validating the
proposed method in calculating transient magnetic fields.

Il. EQUIVALENT CIRCUIT MODEL OF PLATES

The problem under investigation consists of a conductive
plate excited by an external source associated with a lightning
discharge current, as shown in Fig.1(a). The plate is made from
linear non-ferromagnetic material, and has a conductivity of o
and permeability of . Note that plate thickness d is very small,
compared with its surface dimensions. The induced current,
therefore, is negligible in the z direction, and flows in the x-y
plane only.
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Fig.1 Conductive plate for transient field analysis

A. Grid generation

In order to solve for the induced current numerically, the
plate is divided into a number of cuboids called voltage cells
over its planar surface, as shown in Fig.1(b). Current cells are
formed by taking the volume between the centers of adjacent
voltage cells. The current cells are classified into two types: x-
dir. cells and y-dir. cells, which carry the currents in these two
orthogonal directions, as shown in Fig. 1(b). In each current cell,
the current density is uniform on the x-y plane, but varies along
the plate thickness. Current density across the plate thickness
can be described with an analytical function given in Section
11(B).
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It is known that the induced current in the plate is unevenly
distributed over its planar surface due to skin effect. To solve
the problem efficiently a non-uniform meshing scheme is
proposed. In this scheme, the plate is divided into a number of
identical small voltage cells (elements) first. In Fig. 2(a), the
grey squares represent the voltage elements, and the black dots
represent the element centers. If the current in a local area does
not change significantly, voltage elements in this area are
merged into a bigger cell, as illustrated in Fig.2(b). The current
cells then are generated from adjacent merged voltage cells.
Each merged current cell consists of a number of basic current
cells (current elements). Fig. 2(c) and 2(d) illustrate some of
generated x-dir. cells and y-dir. current cells. Both i and j in
Fig.2(a) denote the row and column indices of an element.
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Fig.2 Non-uniform meshing scheme

Consider a plate with n x n current elements. Impedance
matrix Z, = {z{;}nxn for current elements can be established.
zj; represents the impedance between the reference element
(row 1 and column 1) and the element in row i and column j on
the plate. Note that the sizes of all elements are identical. Mutual
impedance of two elements is determined by their relative
positions in the plate, and can be obtained from impedance
matrix Z,. Circuit parameters of merged current cells can then
be constructed with matrix Z, directly. For example, mutual
impedance of two cells is obtained by adding mutual impedance
among elements in these two cells, then dividing the result by
the element numbers of these cells in the direction transverse to
the current. Assume two x-dir. cells a and b have respectively
elements in row i, (igq ***ig2) s ip (ip1 =" ip2), and column
Ja Ga1 = jaz) Jb Gp1 = Jp2), mutual impedance z¢, of these
two cells is expressed by

ib2 Jaz a2
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Zc — Jb=1b1 Ja=Ja1 I =iy la=las . (1)
® (Jaz - J a1+1)(Jb2 - b1+1)
Now consider to build impedance matrix Z.=

{Z{;Ym2xm2 form x m merged cells without using Z. . The

computational complexity would be greater if m > vn, and will
be significantly increased when m approaches n.

B. Equivalent circuit model

The equation for magnetic vector potential A(r) and electric
scalar potential (voltage) ¢ (r) enforced at point r on a plate is

given by:
vy -2

where @ is the angular frequency of the exciting current, and

J(r) is the current density in the plate. Vector potential A(r) is

contributed by both induced current in the plate and external

source current |, and is expressed by
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In current cell i, current density J,(z) varies along the z

direction only. It can be expressed approximately by an
analytical function [7], as follows:

J,(2) =3/ ™) 4 3 e e ) (4)
where J7 and Ji are respectively the current densities on the
upper and lower surfaces of the cell. In (4) a = \/-wu,o and
Z, is the position of the middle x-y plane of the cell. Total cell
current 1, can then be obtained by integrating (4) over its cross-
section area, as follow:

I =sJ+sJ; =1 +I (5)
where effective cross-sectional area s; =0.5w-sinh(ad)/« ,

and w is the cell width. Both I; and I are the currents
associated with the upper and lower cell surfaces.

Integrating (2) along a line segment on both upper and lower
surfaces of cell i yields two integral equations, as follows:
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where r* and r-are respeotlvely the positions of observation
points in the integrand on the upper and lower surfaces. Both N
and Ns are respectively the numbers of plate cells and source
wires. (6) can be further transformed into two circuit equations

using cell currents I and 1}, and source current | , as follows:
N N,
AV =R +RTIT 4D jo( 1 +1571)+ ) jels 1
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where R{? and L] (p,q="+"or"-") are respectlvely the
mutual resistance and inductance between the upper and lower
surfaces in cells i and j, and L7 is the inductance associated with
the source current wires. They are expressed by

p-g-ad
R = A 7
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and z° (p="+"or"—") is the coordinate of the upper or
lower cell surface in the z direction. (7) and (8) are applicable to
both x-dir. and y-dir. current cells.

It is noted from (6) that voltage in a current cell is balanced
by resistive and inductive voltages generated by the current in
its cell, and inductive voltage generated by other cells. In cell i

both V."and V.™ remain the same as there is no z-dir. current. An

equivalent circuit for cell i then is established, as shown in Fig.3.
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Fig. 3 Equivalent circuit of a current cell
In Fig. 3, V5 and VJ; represent the inductive voltages

contributed by currents in other cells and source currents,
respectively. The vertical arrow means the resistive or indurative
voltage controlled by the current in the opposite surface.
According to the topology of voltage and current cells, this
branch is connected to other branches at voltage cells a and b.
Therefore, an equivalent circuit network, which consists of a
number of interconnected and coupled branches, is formulated.

I1l. TIME DOMAIN IMPLEMENTATION

It is noted from (8) that circuit parameters of the equivalent
circuit are generally frequency-dependent. Further investigation
into (8) reveals that self impedance of a cell varies with
frequency significantly, while mutual inductance between cells
or between cells and source wires generally does not.

In order to perform the transient analysis in the time domain,
the frequency-dependent network has to be converted into a
modified circuit with frequency-invariant parameters. This can
be possibly done with a curve fitting technique [9]. For example,
self impedance Z5? = RE? + sLE of cell i in s-domain is
expressed approxmately by

S
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After all the poles are identified this rational function can be
realized with an equivalent cascade circuit consisting of
frequency-invariant resistors RL? and inductors L}, as shown
in Fig. 4. Now the plate is represented by an extended network
with frequency-invariant parameters. Time-domain network
equations can be established using any circuit analysis approach
including a modified nodal analysis approach.

For numerical solution, a discretization scheme with the
backward Euler method is employed to generate a time discrete
solver. In order to reduce the size of network matrix, this
discretization scheme is applied directly to convert the cascade
RL circuit shown in Fig.4 into a time discrete equation. This
discretion equation then is integrated into the time discrete
solver for the network. Fig. 4 (c) shows the time discrete

equivalent circuit for a parallel RL circuit. Its time discrete
equation is expressed by

Vil = R - 1L [n] =Vegk[n] (10)
where
Ree  _ RECLTIAT
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Veilnl =R
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For the cascade RL circuit shown in Fig. 4(a), the time discrete
equation is given by

VPNl = (X R 1] - Y Ve n] (11
where M is the number of parallel RL circuits. The timer-domain
current density in the plate can then be obtained numerically.
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(c) Time discrete equivalent circuit of a parallel RL circuit
Fig. 4 Equivalent circuit of frequency-dependent impedance

IV. NUMERICAL AND EXPERIMENTAL RESULTS

The proposed method has been implemented on the platform
of MATLAB, and been applied to solve transient magnetic fields
in the presence of conductive plates. The results are compared
with numerical results calculated with a commercial FEM
software package in the frequency domain, and time-domain
measurement results obtained in the laboratory experiment.

Fig. 1(a) shows the configuration of a model under the
evaluation. In this model, an aluminum plate is excited by an
external magnetic field generated from a wire loop underneath.

The aluminum plate has the conductivity of o =3.75x10”S/m,
and the dimensions of 400x400x2mm?3. The square loop is
located at the distance of 200mm from the plate, and has a side
length of 200mm. It carries either an AC current or an impulse
current similar to the lightning discharge current. The magnetic
fields along a horizontal line (L1) are evaluated, which is
200mm above the plate as shown in Fig. 1(b). The non-uniform
meshing scheme described in Section Il is applied. The plate is
divided into 100x100 identical voltage elements. After merging
some of elements, the cell number is reduced to 39x39.

Fig.5 shows the calculated magnetic field along the
measurement line (L1) in the frequency range from 50Hz to
50kHz. The source current has the magnitude of 1A. Note that
the 1% lightning return stroke current has a representative
waveform of 10/350ps. The primary spectrum of lightning
current is covered in this frequency range. The simulation results
using the FEM method are also presented in the figure. It is
found that these results match generally, and the difference is
less than 3%. The computation time is 16 h 27 sec. on a
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workstation (Inter®Xeon 2xCPU E5-2650 V3 @ 2.3GHz) with
the FEM method, and is 34 min. 25 sec. on a PC (Inter@Core™
i7-2600 CPU @ 3.4GHz) with the proposed method.
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Fig. 5 Magnetic fields along Line L1 in the frequency range of 50Hz-50kHz

Transient magnetic field along the line was calculated as
well. To validate the simulation results, a laboratory experiment
was carried out. The wire loop made with a 10-turn coil was
connected to a combination wave generator. The transient
magnetic field was measured with a tailor-made search coil. This
1000-turn coil has the diameter of 45mm and height of 35mm.
It is loaded with a 3.8 ohm resistor. The calibration was
conducted by placing the search coil in the centerofal mx1m
square loop. Both current in the square loop and voltage on the
coil were measured with Techtronic MDO3054 and Pearson
CT4977. Fig. 6 shows the normalized current and voltage in the
calibration. It is found that both curves match well under the
surge waveform. The coil voltage can then represent the surge
current. Note that the transient magnetic field is linearly
proportional to the surge current. The magnetic field can be
obtained with measured coil voltage Vcoir using the formula of
B = 3.625 x 102V,,;; UT after the calibration.
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Fig. 6 Measured impulse current in the loop and impulse voltage on the coil
In the validation experiment, the 10-turn wire loop carried
an impulse current with the peak value of 327A generated from
the combination wave generator. Magnetic field B, in the z
direction was measured with the search coil at three points on
L1, as shwon in Fig. 1(a). The surge current was recorded by
the MDO3054 and was loaded into the matlab rouitne as an
input to calculate the transient magnetic field in the prsence of
the plate. Both measured and computed time-domian
waveforms are presented in Fig. 7. It is found that these
waveforms match well, and the difference of peak values is

generally less than 5%. The computation time for 1334 time
steps is 37 min 17 sec. on the PC.
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Fig.7 Comparison between calculated and measured transient results

V. CONCLUSIONS

This paper presented an equivalent circuit method for
analyzing lightning—induced magnetic fields in the presence of
conductive plates. In this method, an analytical function was
introduced to deal with eddy current across plate thickness, and
a non-uniform meshing scheme was proposed to reduce
computational complexity. To perform the time-domain
simulation in a network with frequency variant parameters, the
vector-fitting technique was applied. This proposed method has
been validated in the frequency domain using the results
obtained from the BEM. An experiment has been conducted as
well, and the proposed method in calculating transient magnetic
fields generated by the lightning current has been validated.
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