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Abstract 

The plastic deformation of materials is affected by external boundaries and microstructures, both 

of which can induce a serious phenomenon, viz., “size effects” in mircroforming process. The 

interaction of these two kinds of size effects, however, is still not clear, thus significantly 

obstacles the understanding and development of microforming process. In this study, the co-

effect of microstructure and surface constraints on the plastic deformation of material was 

investigated by using the barreling compression tests (BCT) of micro- and meso- scaled 

cylindrical pure copper specimens. Through comparing the barreling degree and the distribution 

of deformation bands of compressed specimens in different size scales, a size effect on plastic 

deformation caused by the interaction of microstructure and surface constraints was observed. To 

determine the mechanism of the observed size effect, an extended upper bound solution of 

barreling was firstly developed by employing surface layer theory and validated by comparing 

the predicted average and scatter values of barreling magnitude with the experimental 

measurements in different size scales. Based on the validated solution, the energies dissipated by 

inter-grain restrictions and surface constraints in the deformation of different scaled specimens 

were obtained and compared, and the mechanism of size effect on plastic deformation was 

determined as the change of dominating restrictions to grain rotation from inter-grain restriction 

to surface constraints. Furthermore, the critical size scale point for the transformation of 

dominating restrictions as well as the dependence of the critical size scale point on the shape of 
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specimen and surface friction was obtained. The research thus provides an in-depth 

understanding of the plastic deformation in micro- and meso-scaled deformation and thus 

facilitates the forming of the desired geometry and shape and achieving of the tailored quality of 

the micro- and meso-scaled deformed parts.  

 

Keywords: Surface constraints, Inter-grain restrictions, Size effect, Micro-scaled deformation, 

Meso-scaled deformation 

 

Nomenclatures 

Ai Area of section i 

b Barreling parameter 

bopt Optimized barreling parameter 

d Average grain size 

D1, D2, D3 Size dependent parameters 

Dcb Diameter of the bottom contact surface 

Dcu Diameter of the upper contact surface 

Dm Diameter of the middle plane 

f Friction factor 

H Initial height of workpiece 

Hi Height of section i 

Hr The obtained height after compression 

J The dissipated energy 

K Shear stress of material 
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Ki Shear stress of the inner grains 

Ks Shear stress of the surface grains 

Ls Slip length 

m Orientation factor of single crystals 

M Tayler factor 

pave Average forging pressure 

R Initial radius of workpiece 

re Height reduction in compression 

Ri Equivalent radius of section i 

Rr The average radius of workpiece after compression 

Rre Shares of the dissipated energy by external restriction 

Rri Shares of the dissipated energy by inter-grain restriction 

S0 The initial area of interface 

Si Area of the interface of the inner grains 

S
s
 Area of the interface of the surface grains 

u̇ Punch velocity 

ẇf Frictional dissipation 

ẇIi Strain energy dissipation of the inner grains 

ẇIs Strain energy dissipation of the surface grains 

ẇr Dissipated energy caused by restrictions 

ẇre Dissipated energy caused by surface constraints 

ẇri Dissipated energy caused by inter-grain restrictions 
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ΔR The difference between the maximum and the top radii 

εyi Y-axial strain of the inner grains 

εys Y-axial strain of the surface grains 

η Scale factor 

ηs Proportion of the surface grains 

σ Flow stress of material 

σ
i
 Flow stress of the inner grains 

σ
s
 Flow stress of the surface grains 

τR Micro-scaled shear stress 

τs Friction stress on the contacting surface 

φ Barreling shape parameter 

1  Introduction  

Due to the overwhelming trend of product miniaturization in many industrial clusters, micro-

manufacturing technologies such as micromachining, micro laser machining and LIGA 

technology, etc., have been widely studied and well developed. Microforming is one of the most 

attractive approaches to fabricating micro-parts for its unique advantages such as high 

productivity, low cost and the good mechanical properties of microformed parts [1-4]. Compared 

with other fabricating methods, the accuracy in dimension and geometry of microformed part is 

still not competitive, since with a significant reduction of specimen size, the process parameters 

are significantly affected by the “size effect”, and the conventional knowledges are no longer 

applicable in micro- and meso-scaled forming process[5].  

The so called “size effect” in metal forming process refers to the variation of deformation 

behaviors including material flow, fracture, friction, springback, etc. induced by the scaling of 
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specimen size, the change of microstructure grain size, etc. Attentions have been paid to this 

field for a few decades and conclusions such as the flow stress and fracture strain of material 

decreases with the specimen size at the micro-scale of metal working[1], and surface irregularity 

increases with scaling down of size [6]. Generally, the reason of size effect in metal forming 

process is the size of some intrinsic structures does not decrease with specimen size, and with the 

scaling down of specimen size, the behaviors of these intrinsic characters become more 

dominating [3].  

The best known size effect in polycrystalline metals is caused by microstructures such as grains. 

Since the size of grain is not decreased with the scaling of specimen size, the behavior of 

individual grains becomes more and more important in influencing the overall behavior of 

material [7]. The ratio of grain size to specimen or feature size, dG/d, is usually proposed as the 

scale factor, because with the increase of the ratio from a very small number to 1, any state from 

polycrystal to single crystal can be represented [5]. The flow stress of material is found to be 

significantly dependent on dG/d. With the increase of dG/d from 0 to 1, the average flow stress of 

material in uniaxial tension tests is reported to decrease. The physical mechanism of the size 

effect is considered to be the difference in the restrictions to surface and inner grains [8-12]. 

Inner grains are restricted by neighbor grains, while surface grains have free surfaces which are 

not restricted by neighbor grains. Thus the deformation of surface grains is easier than inner 

grains, indicating a lower resistance to the deformation in surface grains than in inner grains. 

With the increase of dG/d, the share of surface grains in the tensile specimen increases, which 

leads to the descending of the measured flow stress. Another property of material affected by 

microstructural size effect is fracture. The variation of fracture strain with dG/d was studied using 

uniaxial tensile tests, and it was found the fracture strain decreases rapidly with the increase of 
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dG/d. From SEM fractography, it can be seen that the amount of microvoids seen at the fracture 

region decreases with the increase of dG/d [13, 14]. The physical mechanism of microstructural 

size effect on fracture strain is still not so clear. Some researchers attributed it to the difference in 

the restrictions to surface and inner grains. As the surface grains are less restricted, the stress 

state is more close to plane stress condition than inner grains. The difference in stress condition 

leads to different processes of void nucleation, growth and coalescence in surface and inner 

grains. Then the increasing share of surface grains can lead to the variation of fracture strain [15]. 

Some other researchers took the crystalline anisotropy as the mechanism of microstructural size 

effect on fracture behavior. With the increase of dG/d, the influence of crystalline anisotropy of 

individual grains becomes more significant, which could cause strain localization and speed up 

the fracture [16]. In addition, the increasing influence of crystalline anisotropy can cause the 

increase of the scatter of the measured flow stress and fracture strain as well as the surface 

irregularity with dG/d [17, 18]. 

Another widely discussed size effect to explain the strengthening of metals in small scales is 

“gradient effect”. Keeping all geometrical proportions identical, downscaling the geometry of 

workpiece will naturally lead to an increase of strain gradient in some deformation scenarios 

such as micro-bending [19]. The gradient has to be accommodated geometrically in the lattice by 

curvature, which is intrinsically limited through the lattice structure. To accommodate the 

curvatures, extra geometrically necessary dislocations (GND) must be introduced to lattice, 

which obstruct plastic slip and contribute to additional hardening [20]. Experimental observation 

of this kind of size effect can be found in the processes, such as micro torsion [21], micro- and 

nano-indentations [22] and micro bending [23], in which different deformation modes such as 

tension, compression and shear co-exist.  
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Besides the microstructures and strain gradient, the interaction of the carriers of plastic slip with 

the external boundaries or with interfaces with a different material can also induce size effect 

[20]. The physical condition at the boundary or interface may either restrict or freely facilitate 

the deformation nearby the boundary. For polycrystalline metals, plastic slip is carried by 

dislocations which can either be blocked at the boundary (constrained) or glide out of it 

(unconstrained), leaving behind a surface step. As the external constraints are applied to the 

boundary of materials and the influence of the boundary layer generally covers a certain volume, 

which explains the importance of the surface-to-volume ratio as found in experimental analyses 

[24]. In the case of small, thin or multi-layered structures, all materials are relatively close to the 

physical boundary or interface. These size effects therefore naturally induce the dimensional 

constraint [25]. 

However, the study of individual size effect is not enough for the prediction of plastic 

deformation in microforming process, since in most of the real forming process, different kinds 

of size effects take effects simultaneously, and the interactions of different size effect should be 

considered. A typical example of the co-effect of different kinds of size effects is springback 

angle in microbending process. Experimental results reveal that for the small thickness ratios, the 

springback angle increases with the decreasing t/d ratio, however, when the thickness ratio 

becomes larger, the springback angle increases with increasing sheet thickness [26, 27]. 

According to the microstructural size effect, the increasing surface grains can cause a reduction 

in the springback angle; however, the increasing strain gradient effect can cause an increase in 

springback angle [28]. Hence, the variation of sprinback angle with the decrease of t/d ratio can 

be regarded as the co-effect of strain gradient and microstructure size. For small thickness ratios, 
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the microstructural size effect is dominant, and for large thickness ratios, strain gradient effect 

becomes dominant [3].  

Similarly, the co-effect of microstructure and surface constraint can also be imagined. As surface 

constraint is applied to the surface grains thus the surface grains are more restricted than inner 

grains. However, according to the theory of microstructural size effect, the surface grains are less 

restricted, because there are less neighbor grains around the surface grains. Both of restrictions 

are unavoidable in miroforming process, but how the grains behave with these two kinds of 

restriction is not able to be predicted by either of the size effects. Till now seldom study can shed 

lights to the co-effect of these two kinds of size effects, which significantly obstacles the 

application of microforming process in the industry. This study tries to be the pioneer work to 

determine the co-effect of different size effects. In order to focus on the co-effect of 

microstructures and surface constraints, the barreling compression tests (BCT) of cylinder pure 

copper specimens were conducted, due to the relatively simple strain distribution in BCT and the 

influence of strain gradient can be neglected. More importantly, barreling is defined as the 

heterogeneous deformation caused by interfacial friction in compression process, which reflects 

the volume and strain distribution of the compressed parts and effect of surface friction on 

overall plastic deformation [29].  

The barreling phenomenon in conventional scale is well studied experimentally [30-33] and 

theoretically [34-43]. In micro- and meso- forming process, on the other hand, the studies on 

barreling are not as comprehensive as in conventional scale due to the more irregular barreling 

shape of the small scaled specimens [12, 17, 44]. The irregularity or the inhomogeneous 

deformation observed in micro- and meso-scaled compressed specimen is caused by the 

anisotropy of individual grains. With the decrease of specimen size and the increase of grain size, 
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the number of grains across the section of specimen decreases, and the deformation behavior of 

every single grain plays a more important role in the overall deformation. Such a size effect is 

also reflected in the measured flow stress since the increase of grain size and the decrease of 

specimen size increases the scatter of flow stress [18]. From the view of definition, however, the 

irregularity in the shape of compressed specimen is not a part of barreling as the magnitude of 

irregularity is not affected by interfacial friction. The final shape of compressed specimen is thus 

constructed by barreling and irregularity. In macro scale, the irregularity is not so significant and 

the specimen shape is approximately the barreling shape, thus the degree of barreling can be 

obtained directly by measurement of the shape of side wall. With the decrease of specimen size, 

irregularity gets more significant, and there is a bigger difference between the barreling shape 

and the real shape of the side wall.   

To explore the barreling phenomenon in micro- and meso-scaled deformation, the effect of grain 

anisotropy on the final shape of specimen should be treated carefully. The most common way to 

deal with the problem is crystal plasticity finite element (CPFE) method. By using CPFE Method, 

the phenomenon caused such as the anisotropy in yielding and hardening [45], the surface 

roughening [46], and the earing  [47] in deformation process are well studied. The general 

procedure of CPFE method to simulate the forming process includes  firstly modeling the grain 

size and orientation distribution in the workpiece, secondly, applying the crystal plasticity 

constitutive relation to the grains, and then by taking advantage of finite element method, 

calculating the deformation of workpiece [48]. As the crystal plasticity constitutive model is 

derived based on the generation and slip of dislocations, CPFE method can be used to analyze 

the micro mechanisms of deformation. But the general relations of parameters such as scale 

factor and surface friction with the deformation degree is hard to obtain by using the method.  



10 

 

In this study, micro- and meso- scaled BCT was conducted to study the co-effect of 

microstructure and surface constraints on plastic deformation. To deal with the effect of grain 

anisotropy, a new method of calculating the barreling shape was particularly proposed. The 

physical phenomenon of co- effect was obtained by comparing the barreling shape of the 

samples with different grain and geometry sizes. An analytical model of barreling was 

established based on the upper bound method and was validated with the physical experiments. 

Based on the model, the energies dissipated by inter-grain restriction and surface constraints 

were calculated and compared to reveal the mechanism of co-effect on plastic deformation. The 

study provides an in-depth understanding of the effect of interfacial friction on the overall 

deformation of material and its evolution with size scale, which helps improving the efficiency 

of microforming process and the accuracy of microformed parts. 

2  Research methodology 

The research methodology is proposed and presented in Fig. 1. 
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Fig. 1. Methodology for study of the co-size effect of microstructure and surface 

constraints  

Barreling compression tests of cylindrical pure copper specimens from meso- to micro-scales 

with different grain sizes were conducted. The profiles of the compressed specimens were 

scanned and the distribution of deformation bands in different scaled specimens were observed 
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to determine the phenomenon of size effect. To reveal the effect of inter-grain restrictions and 

surface constraints on the plastic deformation, an extended up bound solution was firstly 

established by employing surface layer constitutive model and velocity field proposed by Avitzur 

et al. [38], and then validated by comparing the predicted barreling parameter with the 

experimental measurements. In tandem with the validated up bound solution, the deformation 

energy dissipated by inter-grain restrictions and surface constraints in compression processes 

from micro-scale to meso-scale were obtained respectively. And a theoretical analysis of the 

mechanisms for the size effect on plastic deformation is conducted based on the dissipated 

energies. Finally, the co-size effect of microstructure and surface constraints was concluded, 

according to the theoretical analysis.   

3  Experiments and results 

3.1 Experimental setup 

In this study, a series of barreling compression tests using the cylindrical specimens with 

different dimensions and grain sizes were conducted in dry friction condition. The experiment 

process includes three steps, viz., specimen preparation, compression test and measuring 

barreling profile.  

3.1.1 Material preparation  

Pure copper was selected as the testing material for its good plasticity and the simplicity of 

microstructure. Three scaled samples with the same height/diameter ratio of 1.5:1 were prepared 

using super precision wire cutting. The diameter of the samples is 0.5, 1.0 and 2.0 mm, 

respectively. To obtain different grain sizes, heat treatment of the samples was conducted under 

different temperatures and holding times in an argon gas filled chamber. Table. 1 shows the heat 

treatment specifications. After annealing, the metallographic examination was done with the 
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specimens etched in a solution of 5 g of FeCl3, 15 ml of HCl and 85 ml of H2O for 15 s.  Fig. 2 

presents the microstructures and the average grain sizes of the samples. The grain size was 

measured according to ASTM, using the mean intercept distance method. More than three 

sections were chosen for one sample to measure the grain size. The average grain size and the 

deviation are listed in Table. 1. It was found that recrystallization took place in all the specimens, 

and equiaxed grains were formed. 

 

 

Table. 1. Heat treatment process and the obtained grain sizes  

Diameter 

(mm) 

Temperature 

(°C) 

Dwelling time (h) Average grain size 

(µm) 

Grain size 

deviation (µm) 

2 700 2 17.4 2.1 

800 1 53.1 5.3 

850 3 111.4 24.1 

1 700 2 23.5 3.5 

800 1 49.1 3.4 

850 3 96.7 20.7 

0.5 550 1 16.9 6.6 

650 3 40.1 10.6 

850 3 123.4 23.2 
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Fig. 2. Microstructures of the copper cylindrical samples heat treated by different 

processes 

3.1.2 Barreling compression tests  

The compression tests were conducted in a MTS testing machine with the load cell capability 

from 1 to 50 KN to measure the forming load of the sample. The displacement of punch was 

recorded and well controlled with an extensometer. Fig. 3 shows the testing platform. Before the 

test, all the dimensions and heights of the samples were measured with a micrometer. Three 

compression reductions of 25, 50 and 75% were selected for the compression.  
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Fig. 3. Test platform of workpieces compression  

3.1.3 Measurement of the barreling shape of the compressed workpiece 

The most widely used method is to measure the radius of different sections of the sample in 

height direction and plot the obtained radius according to the location of the section to find the 

shape of geometry. Such a kind of method is applicable in macro-scaled deformation test, since 

the geometry shape in that scenario is approximately the barreling shape and the shape of the 

contact surface is almost a circle. So the radius can be measured directly. However, in micro-

scaled deformation test, the deformation of the sample is quite irregular due to the crystal 

anisotropy [18], which makes the geometry shape quite different from the barreling shape. Thus 

the direct measurement of radius is not reasonable.  

In order to deal with the problem, the distribution of the section area Ai was employed to 

represent the barreling shape in this study.  An equivalent radius 𝑅𝑖 was calculated based on the 

section areas, as shown in Fig. 4. Eq.(1) is the expression of 𝑅𝑖. 

 
i

i

A
R


   (1) 

where 𝐴𝑖 is the area of section i.  
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According to the volume constancy, the distribution of the section areas in the direction of height 

reflects the distribution of the average compression strain. It is more related to the definition of 

barreling than the geometry shape. In addition, the section area contains the message of both the 

interfacial friction and crystal anisotropy, since the peak and valley contribute to the section area, 

which further affect the calculated barreling parameter. The equivalent radius calculated in this 

study is thus reliable in the study of barreling. 

To measure the section area, all the compressed samples were scanned with a laser scanning 

microscope, and the 3D models of the samples were established via combining the front and 

back halves together, as shown in Fig. 4. To ensure the accuracy of the measurement, the side 

face was well chosen.  

With the 3D models of the samples, the compressed samples were divided into 10 parts 

averagely according to the height. The total 11 data points (9 intersections, top and bottom 

surfaces) were obtained in one sample. The section area of the cutting sections was measured 

using the post-processing software.   
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Fig. 4. Measurement of section areas 

3.2 Phenomenon of size effect 

3.2.1 Shape of side wall 

Fig. 5 presents the SEM images of specimens upon the compression of 50%. The valleys and 

peaks were found on the side surface of the strained workpieces with different grains and 

dimensions. It is believed to be caused by the inhomogeneous orientation distribution of grains 

inside the specimens and the anisotropy of grains [17, 44]. The significance of the 

inhomogeneous deformation decreases with the increase of workpiece size as well as the 

decrease of grain size of material.  
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Fig. 5. SEM images of the specimens compressed of 50% with different grains and 

dimensions  

Fig. 6 shows the ratio of equivalent radius after compression to initial radius of the specimen, 

𝑅𝑖/𝑅, of the different sized workpieces with different grains upon compression reduction of 25, 

50 and 75%. It is obvious that the equivalent radius is about 2 times the initial radius at the 

compression reduction of 75%, 1.4 times at 50% and 1.1 times at 25%. The equivalent radius of 

the section near the end surface is mostly smaller than that at the middle of the workpiece. More 

importantly, both the value and the comparison of the radius of middle section and the side 

section is similar to the observations in macro scaled compression scenario [49]. For the cases of 
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the small size and coarse grains, there are only 3~5 grains across the diameter of the workpieces, 

and even a concave is observed at the middle of geometry, the equivalent radius of the middle 

section is still larger than the side one. Since the profile on one side is depressed, it must bulge 

more on the other side. It means the interfacial friction still causes heterogeneous deformation 

(barreling) in micro- and meso-scaled samples, regardless of the irregularity of geometry shape 

caused by the crystalline anisotropy.  
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Fig. 6. The barrel shape of workpieces:  a) Large workpiece with coarse grains, b) 

Medium workpiece with coarse grains, c) Small workpiece with coarse grains, d) 

Medium workpiece with medium grains, and e) Medium workpiece with fine grains 

3.2.2 Size effect on heterogeneous deformation caused by surface friction. 

To make the results comparable for different samples, a non-dimensional barreling shape 

parameter, φ , was employed to have an in-depth study of size effect on heterogeneous 

deformation caused by surface friction. It is designated as follows [41] 

 
m ( ) / 2cu cb

r

D D D

H


 
   (2) 

where 𝐷𝑚 , 𝐷𝑐𝑢  and 𝐷𝑐𝑏  represent the diameters of middle plane, upper and bottom contact 

surfaces, respectively. 𝐻𝑟 is the obtained height after compression. For the macro scaled samples, 

the middle plane is always the largest bulging plane. While for micro scaled samples, due to the 

inhomogeneous deformation, the equivalent radius obtained in Eq. (1) is used, and as the largest 

bulging plane is probably not in the middle, the maximum section diameter is thus used instead 
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of the diameter of middle plane to make the parameter more available for both the meso- and 

micro- scaled samples. The expression of barreling parameter in this study is given as follows: 

 m

2 ( )
2 ( )

m cu cb

cu cb

r r

A A A

R R R

H H

  

 
 

    (3) 

Fig. 7 shows the grain size effect on the barreling of different sized samples with all the 

compression reductions. A similar phenomenon that the barreling parameter increases with the 

decrease of grain size is easy to be observed in the large and medium sized samples. In Fig. 7 a) 

and b), a monotonically increasing tendency of the barreling parameter is obvious for both the 

sized samples upon the compression of 25%.  

However, the relation between grain size and barreling degree becomes uncertain when the 

compression is increased to 50 and 75% for the large and medium workpieces, as shown in Fig. 

7 a) and b). Although the monotonically increasing tendency was also observed for the large 

workpieces with the compression ratio of 75% and the medium workpieces under the 

compression of 50%, the large error bar makes the dependency of barreling on grain size to be 

weaker. The samples with coarse grains deformed at the compression of 50% for the large 

workpieces and 75% for the medium workpieces reveal the opposite results to those deformed at 

the compression of 25%.  

For the small workpiece, the grain size effect is quite different. As shown in Fig. 7 c), when the 

workpieces undergo the compression of 25%, the barreling shape parameter, φ decreases first, 

and then increases, with the grain size decreases from 123.4 to 16.9 µm. When the compression 

reduction is increased to 50% and 75%, however, the barreling shape parameter of the coarse 

grained samples seems smaller than that with medium grains. Actually, it is due to the cracks in 
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the samples with the large grain size.  Fig. 8 shows the SEM image of the cracks on the surface 

of a small workpiece with large grains and the compression reduction is 50%. The cracks 

released the stress on the surface, and extended the diameter of the surface. Thus the barreling 

shape parameter decreases.  
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Fig. 7. Effect of grain size on relative barrel dimension under different compressions a) 

large workpieces, b) medium workpieces, c) small workpieces 

 

Fig. 8. SEM image of the cracks on the surface of small workpieces with large grains 
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To have a direct view of size effect on barreling phenomenon, the evolution of barreling shape 

parameter from micro- to meso-scale is represented by a function of scale factor d/R, as 

illustrated in Fig. 9. It is found that when the compression is 25%, the average value of barreling 

shape parameter decreases first and then increases with the reciprocal of scale factor, R/d, 

increases from 2 to 60, while the scatter of the measured value increases first then decreases. 

And the case with the lowest average value reveals the largest scatter. Obviously, the dependence 

of barreling degree on the scale factor changes, which means more than one reasons should be 

responsible for the size effect. And these reasons are probably the microstructure size and 

surface constraints. Notably, the barreling shape parameter obtained with the compression of 50% 

and 75% is not compared here because the crack and foldover makes the reasons for barreling 

shape more complex [31]. 
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Fig. 9. The evolution of barreling from micro scale to macro scale under a) average value, 

b) scatter value 

3.3 Microstructures after deformation 

The samples as shown in Fig. 9 a) are classified into three categories according to the barreling 

shape parameter indicated by the dashed lines in the figure. The representative sample of each 

category is chosen to be further tested using metallography observation, and the microstructures 

are shown in Fig. 10. For the large workpiece, deformation bands are observed in the inner 
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grains and distributed along the diagonal lines, as shown by the dashed line in Fig. 10 a). It is 

similar to the observations in the macro-scaled upsetting deformation [30]. Seldom deformation 

bands are found in surface grains of large workpieces. For the medium workpiece, as shown in 

Fig. 10 b), the surface grains take a large part in the section, and thus few deformation bands are 

observed in the section of workpiece. Grains seem to be rotated to form the bulge shape. For the 

small workpiece, with the further decrease of dimension, the surface grains takes a larger part in 

the section than medium workpiece, as shown in Fig. 10 c), however, much more deformation 

bands are observed over the section of workpiece.  

 b)  
200µm

Surface 

grains

Deformation 

bands

 c)  

500µm

 a)  

 Small bulges  

 Small bulges  

Deformation bands

100µm

Deformation 

bands

 

Fig. 10. Microstructures of the samples with large grains under the compression of 25% a) 

large workpiece, b) medium workpiece and c) small workpiece. 

As is known, the deformation bands always take place in the deformation of polycrystalline and 

constrained single crystalline materials.  Since in such a kind of materials, grain rotation is 

always constricted and the deformation is not satisfied with the primary main slip only, but also 

with extra minority secondary slip. The appearance of secondary slip is the main reason of the 



29 

 

formation of deformation bands [50]. However, for a free grain without any constraint, it tends to 

rotate firstly to have a preferred orientation compatible with the applied stress, so that few 

secondary slips are started, and thus few deformation bands are observed.  

 

Fig. 11. Size effect on plastic deformation under the co-effect of microstructure and 

surface constraints 

Thus the distribution of deformation bands reveals the restrictions to grains. In the uniaxial 

compression process, the restrictions to grains mainly come from external boundary condition 

and neighbor grains. As shown in Fig. 11, for micro scaled specimen, as there are only a few 
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grains exist in the specimen, the grains are mainly restricted by the tooling. To satisfy the 

displacement of tools, the secondary slip must occur and thus the deformation bands appear. 

With the increase of grain number in the specimen, there are more strain directions for the main 

slip of grains. As the side walls of the specimen are free surfaces and the specimen is mostly 

constructed with surface grains, the overall deformation can be satisfied by the compatibility of 

the slip of soft oriented grains and the rotation of hard oriented grains. Therefore, the number of 

deformation bands is decreased with the increase number of grains. With the further increase of 

grain number, inner grains increase in the specimen. As inner grains are restricted by neighbor 

grains, in order to satisfy the overall deformation, the secondary slip of hard oriented grains must 

occur. In this period, the increase of grain number results in an increasing deformation bands.  

In Fig. 10, the large workpiece is polycrystalline and the small workpiece is similar to the 

constrained single crystalline materials. Thus both of them contain deformation bands. However, 

the medium workpiece is different since it is in the middle of single crystalline and 

polycrystalline materials, where both of the constraints may be the weakest and the grain rotation 

is much easier than that in other cases.  

4  Extended upper bound solution  

In order to have a direct view of the interaction of different constrains, an extended upper bound 

solution of the barreling degree in compression process considering both effects of inter-grain 

restrictions and external constraints was established.  

4.1 Modeling 

4.1.1 Descriptions of the constraints 

(1) Inter-grain restrictions 
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Fig. 12. Distribution of the surface grains in the section of cylindrical samples 

The inter-grain restriction can be generally described using the surface layer model, as shown in 

Fig. 12. According to surface layer model [10], the inner grains are covered by a layer of surface 

grains. With the decrease of workpiece size, the proportion of the surface grains increases. It is 

claimed that the grains located at the free surface are less restricted than the interior grains. It 

leads to the lower resistance against the deformation of surface grains, since the dislocations 

moving through the grains during the deformation process do not pile up at the free surface. So 

when the share of surface grains increases, the flow stress of surface grains contributes more to 

the overall flow stress of the sample.  

Based on the surface layer model [10], the flow stress of the workpiece can be expressed as: 

  1s s i i
s s s i

N N

N

 
    


      (4) 

where σ is the flow stress of the material;  Ns and Ni  are the numbers of surface grains and inner 

grains; N=Ns+Ni is the total number of grains; σs is the flow stress of the surface grains and σi is 
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the flow stress of the inner grains. ηs is the ratio of the surface grains to the overall grains, viz., 

Ns /N.  

According to Peng et al. [11], the surface grains can be regarded as single crystal, while the inner 

grains are considered as polycrystal. Based on crystal plastic theory and Hall-petch equation, the 

flow stresses of surface and inner grains are designated as: 
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M and m are the orientation factors of polycrystal and single crystal respectively, which are not 

related to the grain size or strain [51, 52]. 𝜏𝑅(𝜀) is the lattice friction stress of single crystal. k(ε) 

is the locally intensified stress needed to propagate general yield stress across the polycrystal 

grain boundaries [53] and d is the grain size. As both 𝜏𝑅(𝜀) and k(𝜀) can be represented by 

exponential function of 𝑦 = 𝑘𝑥𝑛 [54], Eq.(4) is further deduced to 
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1 1
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 
  (6) 

where 𝑘0, 𝑘𝑚, 𝑛1and 𝑛2 are the constants independent of dimension or grain sizes. 

(2) External constraints 

The external constraints are mainly from the tool-workpiece interface. The interfacial friction 

stress can be described by constant friction factor theory, which is expressed as follows: 

 s fK    (7) 

where f is the friction factor and K is the shear stress of the material. If Mises yielding criterion 

is used, K = σ/√3. So the friction stress is obtained as: 
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 / 3s f    (8) 

4.1.2 Upper bound solution 

The upper bound theorem states that among all the kinematically admissible strain rate fields, the 

actual one minimizes the following function, which is the dissipated energy of the deformation 

body represented by different dissipated energies consumed in different deformation sources  [39] 
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J dV K V dS fK V dS TV dS             (9) 

The first term in Eq. (9) is the internal power of deformation represented by strain rate. The 

second and third terms express the power consumed due to the shearing deformation over the 

surface of velocity discontinuities and the power to overcoming the friction at the interfaces 

between the tool and the material, respectively. The last term reflects the power done by the 

predetermined body traction. 

Fig. 13 shows the compression of a workpiece in a cylindrical coordinate system. The specimen 

with a height of H and a radius of R is compressed by the upper and the bottom platens, which 

move toward each other at the same velocity of 𝑢̇. The radial velocity at the contact layer of the 

disk is smaller than that at the middle due to friction, resulting in the barreling effect. The 

equivalent barreling shape obtained in this study (shown in Fig. 6) confirms this velocity 

assumption. Avitzur [38] used an exponential law to approximate the velocity boundary, and the 

velocity field in the cylindrical workpiece can be expressed as follows: 

 

/

/2

/

/2

1

4 1

1

2 1

0

by H

r b

by H

y b

b r
u u e

e H

u e
u

e

u













 





  (10) 



34 

 

In the above velocity field, R and H are the geometry parameters representing the diameter and 

height of workpiece respectively. b is the barreling parameter for describing the degree of 

barreling. 

 

Fig. 13. A Schematic diagram of the cylindrical coordinate system in the workpiece 

compression 

Based on the assumed velocity field, the strain rate is obtained in the following:  
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  (11) 

The equivalent strain rate is thus determined as: 
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In compression process, as there is no velocity discontinuities or body tractions, internal 

deformation and friction loss at the specimen-workpiece interfaces are the main energy 

dissipation. Thus Eq.(9) is simplified as follow: 

 
I m

e

I i sV S
J dV fK V dS      (13) 

where 𝑉𝐼 represents the volume of the workpiece. 𝑆𝑚 is the face of the tool-workpiece contacting 

surface. The sliding velocities on the tool-workpiece interface are obtained from Eq.(11).  

On the contacting surface, the sliding velocity is expressed as: 
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Hence, for the compression of macro scaled workpiece, the total energy required can be 

calculated by substituting Eqs. (12) and (14) into Eq.(13).  

If the dimension of the specimen is scaled down to micro scale, where the proportion of surface 

grains, 𝜂𝑠, is unneglectable, the power equation should be further extended due to the difference 

between the flow stress of surface grains and inner grains. If the width of the surface region is 

uniform in both the head and side faces of the workpiece, ηs can be formulated as:  
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where η =
𝑑

𝑅
 is the scale factor in this study.  

As shown in Fig. 13, the workpiece contains both the surface and inner regions, thus the internal 

deformation energy covers the surface and inner parts. Eq.(13) is thus further extended into 

Eq.(16) in the following: 
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where 𝜎𝑠, 𝜎𝑖, 𝐾𝑠, 𝐾𝑖 are the flow and shear stresses of the surface and inner grains, respectively.  

For a given geometry of H >R, the terms in the right hand of Eq.(16) are formulated as: 
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By substituting Eqs. (12), (15) and (17) into Eq.(16), the total required energy for compression is 

denoted as a function of material parameters (M and m), scale factor (η), friction factor (f), and 

the barreling parameter (b). The detailed expressions are listed as follows. 

The strain dissipation energy of the surface grains is 
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The strain dissipation energy of the inner grains is: 
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The frictional dissipation is 
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The total dissipation energy is obtained: 
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  (21) 

According to the conservation of energy, the external work is equal to the dissipated energy. 

Thus the following equation is obtained: 
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The normalized average forging pressure is obtained by substituting Eq. (21) into Eq. (22) and is 

further formulated as: 
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In Eq. (23), the specimen dimension , material parameters, scale factor and the friction factor are 

intrinsic parameters for compression deformation. Therefore, the principle of minimum energy is 

employed to determine the velocity field parameter, b. The following equation is thus satisfied: 
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According to Eq. (24) the optimized parameter is determined as follows (the details are in 

Appendix I). 
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where  𝐷1, 𝐷2 and 𝐷3 are size-dependent parameters and given by 
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4.2 Validation 

4.2.1 Parameters determination  

According to Eqs. (25) and (26), the barreling parameter is determined by friction factor f, the 

flow stress ratio of the surface and inner grains 
𝜎𝑖

𝜎𝑠, and the scale parameter η, respectively. Based 

on Eq.(5), 
𝜎𝑖

𝜎𝑠 can be expressed as: 
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where 𝜀𝑖𝑛𝑛𝑒𝑟 and 𝜀𝑠𝑢𝑟𝑓𝑎𝑐𝑒 refer to the strains in the inner and surface grains, respectively. It is 

found that the ratio increases with the increase of inner strain and the decrease of grain size. 

However, there is an interaction between these two factors. Since the decrease of grain size 
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makes the inner grains stronger and the inner grains will have a smaller strain. Thus 𝜀𝑖𝑛𝑛𝑒𝑟  

decreases and 𝜀𝑠𝑢𝑟𝑓𝑎𝑐𝑒 increases, which will reduce the value of  
𝜎𝑖

𝜎𝑠 .   

An approximate relation between  
𝜎𝑖

𝜎𝑠  and compression ratio for the small deformation cases is 

derived based on the equilibrium of force in y direction in this study, as follow (details are in 

Appendix II):  
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  (28) 

The material constants can be obtained by fitting Eq. (6) to the measured strain-stress curve in 

compression tests [15]. Particularly, the value of orientation factor of polycrystals, M, is 3.06, 

determined theoretically by Taylor [55].  Recently, this value is widely adopted in surface layer 

models [11, 15, 54, 56, 57], to describe flow stress of inner grains. For surface grains, the 

orientation factor, m, is defined as the reciprocal of Schmid factor as [10]: 

 
1

cos cos
m

 
   (29) 

where ϕ is the angle between normal stress and normal direction of slip plane, and λ is the angle 

between slip direction and normal stress. According to the Schmid law, the minimum value of m 

is 2, which represents the best grain orientation for lattice slip with the applied stress. Although 

in most surface layer models, m=2 is employed to describe the flow stress of surface grains 

approximately and the hybrid model is always fitted with the average stress-strain curve in 

experiment. But such a kind of comparison is statistically unreasonable. Since it is impossible 
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that all the tested samples have the same surface grain orientation, which is just the best one for 

deformation.  

On the other hand, the scatter effect of experimental measured flow stress curve is unavoidable. 

And with the decrease of sample size, the scatter effect caused by the crystal anisotropy of 

materials becomes more significant [17]. The scaling down of specimen size makes each grain 

play a more significant role in plastic deformation. The lowest flow stress curve measured based 

on the experiments indicates that the specimen contains a largest grain size and a best grain 

orientation for deformation. While the highest flow stress curve represents the smallest grain size 

and the worst grain orientation. To describe the scatter of flow stress accurately, a new fitting 

procedure is employed in this study, as shown in Fig. 14. 

 

Fig. 14. Fitting procedure of flow stress curve 

The first step in the fitting process is to determine the model parameters (𝑘0, 𝑘𝑚, 𝑛1, 𝑛2). The 

minimum value of orientation factor (M=3.06 and m=2) is adopted in this step, and the 
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parameters are obtained by fitting the hybrid model with the lowest flow curve measured in 

experiment. The second step is to determine the highest and average value of orientation factor. 

In this step, the model parameters obtained in the first step is used, and the orientation factor of 

single crystal is obtained by fitting the hybrid model with the highest and average flow curves 

measured in experiment respectively. The fitted curves are shown in Fig. 15, and parameters are 

listed in Fig. 15.   
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Fig. 15. Strain-stress curve of the medium workpieces with different grains  
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Table. 2. The parameters of the hybrid model 

Given parameters Fitted parameters 

ml M k0 km n1 n2 mh ma 

2 3.06 160.1 25.2 0.51 0.54 2.57 2.33 

 

By substituting these parameters into Eq. (28), the flow stress ratio can be formulated as: 
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  (30) 

where 
𝜎𝑖

𝜎𝑠
|𝑙 𝑎𝑛𝑑 

𝜎𝑖

𝜎𝑠
|ℎ represent the lowest and highest limit of the flow stress ratio, and 

𝜎𝑖

𝜎𝑠
|𝑎 is 

the average flow stress ratio. Solving Eq. (30), the ratio is obtained and designated as follows: 
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4.3 Numerical results 

As the velocity field is assumed based on the initial shape of workpiece and the application of 

the model is limited to a small deformation range, the experimental results for the case with the 

reduction of 25%  was used to validate the model. Actually, the calculated barreling parameter, b, 

is not a direct observation in the experiments. Ebrahimi and Najafizadeh [39] formulated an 

expression for representation of b based on the assumption that there is no significant barreling 

and the expression is given by: 

 4 r

r

HR
b

R H





  (32) 

where ∆R is the difference between the maximum and top radius. 𝑅𝑟 is the average radius of the 

workpiece after reduction, and can be calculated using 𝑅𝑟 = 𝑅√
𝐻

𝐻𝑟
. ∆H is the reduced height in 

compression. Considering Eqs. (2) and (32), the following is obtained: 

 
 

5/2
2 1 e

e

r H
b

r R

 
   (33) 



45 

 

Fig. 16 shows the predicted average barreling parameter at compression of 25% as a function of 

scale factor with friction factor varying from 0.1 to 0.15. It is found that with the increase of 

friction factor, the barreling phenomenon increases. With the increase of size factor, the barreling 

parameter decreases first and then increase, and the extreme point is around 𝜂−1=3, which is in 

accordance to the experimental observation. Moreover, it seems the interfacial friction only 

affects the value of barreling but not the size dependence of barreling, since all the cases with 

different friction factor reveals the same tendency with the increase of size factor.  

The experimental and predicted upper and lower limits as well as the average value of barreling 

parameter at the compression of 25% with f=0.13 are presented in Fig. 17. It seems that the 

predicted average, upper and lower limit lines reveal the same tendency as the experimental 

results as a function of scale factor and fit most of the experimental results well. It indicates that 

the interfacial friction factor is close to 0.13 in the experiments. According to the theoretical 

model, the minimum value of barreling is obtained around the point of η−1=3 for the reduction 

of 25%. It means that the strain distribution that caused by interfacial friction is the most uniform 

throughout the specimen at this size scale from micro- to meso-scale upon the compression of 

25%. 
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Fig. 16. Barreling parameter under different friction factors based on the proposed model 



47 

 

 

Fig. 17. Comparison of the experimental results and the ones based on the proposed model 

with f=0.13  

The difference between the upper and lower limit curves in Fig. 17a) represents the scatter of 

barreling parameter caused by the flow stress deviation. As is the knowhow, the scatter in flow 

stress is caused by the crystal anisotropy, the scatter in the barreling shape is thus intrinsic. 

According to the proposed model, with the increase of size scale, the scatter in barreling 

parameter increases first and then decreases. The scale point where the scatter has the largest 
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value is just the same as the point with the lowest barreling parameter. It reveals that at this scale 

point the scatter in individual grain properties plays the most significant role in the deformation 

of specimen from micro- to meso-scale. There is theoretically no scatter in barreling for single 

crystal and macro-scaled specimens. It means the deformation of specimen is not influenced by 

the change of the individual grain properties at these scales. Fig. 17b) shows the comparison of 

the predicted and measured scatter of barreling parameter. It is found the both the scatter value 

and its variation with size scale are well predicted. However, the scale point of the extremum is a 

little different. This may be due to the experimental error in measuring the grain sizes.  

5  Theoretical analysis and discussion  

5.1 Dissipated energy caused by restrictions 

Taking advantage of the proposed model, the dissipated energies caused by the surface and inter-

grain restrictions in different scales are calculated in this section.  

Generally, the dissipated energy caused by restrictions, 𝑤̇𝑟, is considered by.  

 r sw J w    (34) 

Here, J is the total deformation energy in compression process, given by eq.(21).  𝑤𝑠̇  refers to the 

deformation energy of the specimen with all the grains free to rotate without surface friction. If 

the energy of grain rotation is eliminated, 𝑤𝑠̇  equals to the rate of deformation work of the ideal 

scenario, where all the grains in the specimen are in the best grain orientation for lattice slip with 

the applied stress. Thus the following equation can be deduced based on Eq.(21).  
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where  𝜎0 is the flow stress of single crystal in the best grain orientation for lattice slip with the 

applied stress. According to Eqs.(5) and (29), the following equation can be obtained: 

 10

1

n

l=m k    (36)  

As inter-grain restriction only applies to inner grains, the dissipated energy caused by inter-grain 

restriction, 𝑤̇𝑟𝑖, is given by: 

 ri Ii siw w w    (37) 

where 𝑤̇𝐼𝑡 is the deformation work of inner grains given by Eq.(19), and  𝑤̇𝑠𝑖 is the ideal 

deformation work when all the inner grains are assumed in the best grain orientation of lattice 

slip with the applied stress. Thus, based on Eq.(19), 𝑤̇𝑠𝑖 can be expressed as follows: 
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  (38) 

The dissipated energy caused by surface constraints can be obtained as follows: 

 re r riw w w    (39) 

The shares of the dissipated energy by surface constrictions, 𝑅𝑟𝑒, and inter-grain restriction, 𝑅𝑟𝑖, 

in the total ratio of deformation work can be expressed as follows: 
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By substituting Eqs.(34), (35), (36), (38) and (39) into (40), the following equation is obtained 
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Fig. 18. The shares of dissipated energy rate caused by external restriction and inter-grain 

restriction in the total deformation energy rate as a function of scale factor 

Taking the parameters listed in Table. 2, 𝑅𝑟𝑒  and 𝑅𝑟𝑖  can be calculated. Fig. 18 shows the 

evolution of 𝑅𝑟𝑒  and 𝑅𝑟𝑖  with the change of size scales. Obviously, 𝑅𝑟𝑒  decreases with the 

increase of scale factor. It means the influence of surface constraints on the overall deformation 

become less significant in macro scale than in micro scale specimen. However, the influence of 

inter-grain restriction is more significant in larger scale, because 𝑅𝑟𝑖 increases with scale factor. 

A critical scale point, 𝜂𝑐
−1 = 4 , can be obtained at the cross point of the lines in Fig. 18. 
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Generally, when the scale factor is smaller than 𝜂𝑐
−1, 𝑅𝑟𝑒 > 𝑅𝑟𝑖, and when the scale factor is 

larger than , 𝜂𝑐
−1 , 𝑅𝑟𝑒 < 𝑅𝑟𝑖 . It indicates that the dominating restriction in forming process 

changes with size scale. In micro scale, surface constraints is dominating. However, in the macro 

scale, the dominating restriction changes into inter-grain restriction. It is accordance to the 

experimental observations mentioned above, and it further explains the reason of the difference 

in the distribution of deformation bands with the decrease of size scale.  

Based on the experimental observations and the theoretical analysis, the co-effect of 

microstructure and external constraints on plastic deformation in micro- and meso- scale forming 

process can be obtained as shown in Fig. 19. Based on the value of R/d, the size scale can be 

divided into two parts. When scale factor R/d is smaller than 4, the size effect on plastic 

deformation is mainly induced by the external constraints. The dominating mechanism of size 

effect in this period of scale is the share of interface decreases with the increase of specimen size. 

When scale factor R/d is larger than 4, microstructure size effect becoming more important than 

interface.  And the dominating mechanism is the increase share of inner grains with the increase 

of specimen size.  
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Fig. 19. Co-effect of microstructure and external constraints on plastic deformation in 

micro- and meso scale forming process 

 

6  Conclusions  

The co-effect of microstructure and surface constraints on plastic deformation in the micro- and 

meso-scaled forming process was studied by barreling compression experiments and analytical 

modeling. The following concluding remarks can be drawn accordingly.  

1. The barreling compression tests showed that the barreling shape in compression process is 

affected by the scale factor η. With the decrease of η
 
from 1 to 0.05, the significance of barreling 

firstly decreases to an extremal point and then increases.  

2. The mechanism of the size effect on barreling in compression process is found to be the 

transformation of dominating restriction to grain rotation from inter-grain restriction to surface 

constraints, with the decrease of size scale. By considering both of the constraints, an extended 

upper-bound solution of barreling considering surface layer model was established. The 

comparison between the theoretical analysis and experiments also validates the mechanism of 

size effect.  

3. The size effect on plastic deformation induced by the co-effect of microstructure and surface 

constraints takes place when there are 8 grains in diameter of the cylinder, if the ratio of diameter 

to height is 2/3. When there are fewer grains in the diameter, surface constraints dissipate more 

energy than inter-grain restrictions, and the size effect mainly induced by surface constraints. 

When there are more than 8 grains inter-grain restrictions dissipate more energy, and 

microstructure become the source of size effect.  
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Appendix I 

Eq. (23) can be further written as: 
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And the parameters are given by 
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According to the upper boundary theory in the following 
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The following equation is thus obtained 
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For cylinders with a larger height than the diameter, the term  
𝑏2𝑅2

12𝐻2 <
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≪ 1 . Similarly, 

𝑏2𝑅2

12𝐻2
(1 − 𝜂)2 ≪ 1 is also obtained, since  𝜂 < 1. Thus the approximation can be deduced using 

Taylor expansion and ignoring the small terms. 
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Similarly, the terms of exponential functions can also expanded using Taylor series. And 

considering the condition that |𝜂
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𝑏| < 1, the exponential terms can be approximated 
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Substituting Eqs. (a5) (a6) into Eq. (a1), the following equation is obtained: 
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Thus their partial derivatives are established as follows 
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Substituting Eqs. (a7) and (a8) into Eq. (a4), the following relation is generated: 
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Solving the above equation, the optimized barreling parameter is obtained as follows: 
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Appendix II 

The axes are chosen and shown in Fig. 13. Assuming that the deformation is small and no 

significant barrel occurs on the profile of the workpiece, the y-axial force equilibrium on the 

interface of inner and surface grains is given by: 

 i i s sS S     (b1) 

where 𝑆𝑖 and 𝑆𝑠 are the areas at inner and surface grain sides, respectively. Due to the volume 

constancy, the areas can be expressed as: 
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where 𝜀𝑦𝑖  and 𝜀𝑦𝑠  are the y-axial strain of inner and surface grains. 𝑆0  is the initial area of 

interface. Substituting Eq.(b2)  into Eq.(b1), the following relation is obtained: 
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The compression reduction of the workpiece is given as: 
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where 𝐻𝑖, 𝐻𝑠, ∆𝐻𝑖 and ∆𝐻𝑠 are the original and reduced heights of the inner and surface grains. 

As the deformation is small, Eq. (b4) can be further formulated according to Taylor expansion.  



62 

 

    
2 2

1 1 1 1e yi ys

R R
r

H H
   

  
       

  
  (b5) 

Substituting Eq. (b3) into Eq.(b5), the following expression is given: 
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As no barreling is assumed, the distribution of the strain in the surface and inner grains is unique, 

thus 
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Substituting Eq.(b7) into Eq.(27), the following expression is obtained: 
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where r is the compression reduction of the workpiece. Considering that the surface grains are 

much easier to be deformed than inner grains, most deformation is distributed in the surface 

grains with small r, thus 𝜀𝑖𝑛𝑛𝑒𝑟 ≈ 0. If r >
2𝑅

𝐻
𝜂 (1 −
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|<1. In tandem with 

Taylor expansion, Eq. (b8) is approximated to  
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