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Abstract

This note presents the probabilistic analyses of pile groups considering spatially variable soil

properties and superstructure-foundation interaction effects. Condensed stiffness matrices for the

superstructure and spatially variable subsurface domain are evaluated individually, and coupled

with foundation elements for holistic analyses of the system. Probabilistic assessments are then

performed using surrogate modeling method. Parametric studies show that common assumptions

of perfect or no spatial correlations in the soil may not represent the critical scenario for pile

groups. Two presented foundation case studies also reveal the significance of interactions between

superstructure and soil variability, and potentials of foundation tilting due to spatially variable soil

properties.
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1. Introduction

The designs of large pile groups or piled rafts are often controlled by differential settlements,

which may cause distortion or tilting of the structure. However, in previous studies of probabilistic

analyses of piles and pile groups [e.g., 1, 2, 3, 4, 5, 6, 7], there have been limited discussions

on the uncertainties associated with these aspects of piled foundation response, and their inter-

relationship with spatial variability of soil properties and influence of superstructure. This may be

partly attributed to the complex interaction effects in the system. Simulating all superstructure

elements, foundation components and subsurface domain using a single finite element model involves

substantial computational demands. The problem is exacerbated for probabilistic assessments that

require a large number of analyses for typical Monte Carlo approaches.

This note proposes an efficient approach to circumvent these issues, which enables the impacts of

three-dimensional soil variability and superstructure stiffening effects to be considered in probabilis-

tic analyses of large piled foundations. To reduce computational demands, stiffness components of

the spatially variable subsurface domain and superstructure are evaluated separately through matrix

condensation techniques, and then incorporated with the foundation model. Two piled raft case

studies are presented to show that the probabilistic approach may reveal deformation mechanisms

in large foundations that cannot be captured by the conventional deterministic approach.

2. Response model for pile groups in spatially variable soils

Fig. 1 illustrates the concept of matrix condensation applied to both the superstructure and

foundation soil with spatial variations, which avoids the excessive computational demands associ-

ated with modeling the entire system in a single numerical model. The pile group analysis approach

is conceptually similar to that by [8], except for the modeling of spatially variable soil domain. The

piles and the cap (or raft if in touch with foundation soil) are discretized into segments specified

by nodes. In the case of linear-elasticity, the displacements, u, is given by:

(Kp + Kr + Ks)u = pw + pg = pw − F−1u (1)
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where Kp = stiffness matrix of piles modeled as one-dimensional beam elements; Kr = stiffness

matrix of pile cap, modeled as four-node thin plate elements; Ks = condensed structure matrix;

pw = loading from superstructure; pg = ground reaction forces acting on foundation elements,

which are equal and opposite to the pile forces on soil, represented through the soil flexibility

matrix F. In this study, only the vertical displacements are considered.

The condensed matrix Ks represents the rigidity of superstructure against differential displace-

ments at its connections to the foundation, which may be columns or walls modeled as discrete

supports. Its components Ks
ij can be obtained through a finite element model of the superstructure,

where a unit displacement is applied at column j while fixing the other supports, and reaction

forces at each support i are then extracted. For a superstructure with n supports, this procedure

is repeated by n times to construct a n× n matrix [8]. To model soil nonlinearity, u consists of a

continuum component and a plastic slip component (uip), in which case Eq. (1) becomes [9, 10]:

(Ks + Kp + Kr + K∗)u = pw + K∗F∗〈pin〉+ K∗uip

where 〈pin〉i = min {[pw − (Ks + Kp + Kr)u]i , flim} (2)

and K∗ = local soil stiffness matrix and is diagonal (K∗
ii = 1/Fii), F∗ = soil flexibility matrix

without the main diagonal, and flim = limit force at the nodes, evaluated based on the raft bearing

capacity or pile shaft or base resistance; uip = plastic displacements when the soil-pile interface

force exceeds flim, and Eq. (2) can be solved by an iterative process [10]. Derivation from Eq. (1)

to Eq. (2), and its validation for deterministic analysis are presented in [8].

The objective of this study is to incorporate spatial variability of soil properties into analyses of

large pile groups. For this purpose, formulation of soil flexibility matrix, F, is modified here. This

matrix represents the pile-soil-pile interaction effects and is often evaluated using elastic solutions

[11, 12]. There is, however, no closed-form solution for three-dimensional random fields of spatially

variable modulus. The finite element method is therefore adopted. The procedure is essentially a

matrix condensation technique: when a unit force is applied at pile node location j, displacements
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Figure 1: Formulation of probabilistic pile group analysis approach

at other pile node locations are extracted as a vector {F1j , F2j , F3j , . . . , Fij}T , and this is repeated

at all pile nodes to obtain the complete F matrix. In a probabilistic assessment, each random field

realization is associated with a different F matrix.

In the proposed approach (Fig. 1), the superstructure stiffness (Ks) and subsurface soil flexibility

(F) matrices are evaluated separately by matrix condensation technique, and then coupled to the

stiffness of foundation elements through Eq. (2). Therefore, it is not necessary to simulate the

piles or raft in the three-dimensional subsurface model, which is streamlined to evaluate only the

pile-to-pile and pile-to-raft interaction effects. A finite element program is written in this study for

such purpose, adopting eight-node hexahedral elements with two Gauss points in each direction,

i.e., 8 Gauss points per element. Each element involves a different stiffness matrix, Ke, due to

differences in both element geometries and deformation moduli. The global subsurface stiffness

matrix, Kg, is then assembled for evaluation of F. As discussed, nonlinearity of pile behavior is
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modeled through the slip displacement uip, by limiting flim at soil-pile interface, while interaction

effects between the piles are modeled as linear-elastic. This is consistent with [13], who stated that

soil nonlinearity is confined to a narrow zone around the pile, and soil response remains essentially

elastic outside this zone. This phenomenon is further discussed in [9, 14, 15, 16, 17].

3. Probabilistic analyses of pile groups with rigid or flexible caps

In this study, the soil properties are represented as a combination of the trend (t) and residuals

(e). The residuals (or deviations from trend) are often observed to be correlated spatially [18, 19],

with their uncertainties represented by the spatial covariance matrix V, which can be factored

as V = σ2R, where σ2 = variance of e across the domain; R = spatial correlation matrix, with

components Rij represented by a squared exponential function describing correlation of parameters

at various locations:

Rij = exp

[
− (xi − xj)2

θ2
x

− (yi − yj)2

θ2
y

− (zi − zj)2

θ2
z

]
(3)

where x, y, z = Cartesian coordinates at locations i and j; θx, θy, θz = autocovariance distances

(or θln x, θln y and θln z for lognormally distributed properties). Probabilistic analyses are performed

using the approach developed by [20], which combines the stratified sampling method called Latin

Hypercube Sampling with Dependence (LHSD) [21] with surrogate modeling technique of poly-

nomial chaos expansion (PCE) [22, 23, 24, 25], briefly described in the appendix. LHSD ensures

the spatially correlated random variables are evenly spread across the multi-dimensional sampling

domain, while PCE effectively approximates the system response and reduces the computational

demands of probabilistic assessment. The derivation and implementation of the LHSD-PCE ap-

proach can be found in [20], where its effectiveness in handling large numbers of random variables

for random field modeling is illustrated through shallow footing and slope stability problems.

The proposed approach is first validated through comparisons with results by [2], who analyzed

the settlement uncertainty of pile groups with a rigid cap, embedded in linear-elastic soils with

modulus varying in the vertical (z) direction. Normally distributed soil properties were considered
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by [2], and the corresponding coefficient of variation (CV) in settlements (CVm) is presented as a

ratio of CV in Young’s modulus (CVE). The same pile geometry (length-to-diameter ratio, L/D)

and properties (pile to soil modulus ratio, Ep/Es) are analyzed in this study, and Fig. 2 shows that

the two approaches generally produce very similar results. At higher values of θz (comparable to

L), CVm estimated by the proposed approach is larger than that by [2]. This may be attributed

to the first-order second-moment approach they adopted, which involves truncation of higher order

variation terms. The effect is more apparent when the model response involves large variability.
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Figure 2: Probabilistic analyses of 3×3 pile group with rigid pile cap

For pile groups with caps of various thickness, the design concern becomes the differential

settlements (∆). A recent study [7] investigated the differential settlements between two piles

installed in spatially variable soils, and suggested that ∆ is largest when θ is approximately equal

to the spacing (s) between the piles. In their study, the soil is elastic and the spatial variation of

Young’s modulus is isotropic (θln x = θln y = θln z). This two-pile scenario is also analyzed using

the proposed approach for comparison with their simplified formula, where CVE values of 0.3 and

0.5 are adopted and θ varies from 0.5s to 3s (Fig. 3). The mean and standard deviations of ∆ are

normalized by deterministic estimates (assuming homogeneous soil) of single pile settlement. In
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general, the two approaches produce similar results, and the worst case scenario with maximum ∆

occurs when θ is about 1 to 2s.

This study also investigates 3×3 and 5×5 pile groups with a ‘flexible’ cap, founded on elastic

soils with anisotropic spatial variation patterns. Various combinations of θln z and θln x(= θln y) are

studied, with θln z ranging from 0.15L to 1L, and θln x equals 0.5B, 1B (B =width of foundation) or

∞ (a large value exceeding the size of domain). Fig. 4 shows the coefficients of variation in average

settlement (CVm) and differential settlement (CV∆), with the ∆ defined herein as the difference

between maximum and minimum settlements across the pile group. CVE values of 0.25 or 0.5 are

adopted. While the results appear to line up for normalized CVm/CVE (Figs. 4a and c), wider

ranges are noted for CV∆/CVE (Fig. 4b and d), especially for small values of θln x. This ‘band’

arises mainly due to the fact that ∆ is not only a function of Es. It is also heavily influenced by

geometry of the foundation, pile configurations and θln x, causing the uncertainty in ∆ to increase

at a lower rate than uncertainty in Es. On the contrary, the average settlement is largely dominated

by Es, so the rates of change in CVm and CVE are similar and a ‘band’ does not appear.

While CVm increases with θln x, CV∆ does not display a monotonic trend with θln x. CV∆ is

smallest in a layered soil profile with θln x =∞, and increases as the soil involves higher variability

in horizontal directions. When the spatial variation features match with the foundation geometry,

the impacts on differential settlements can be magnified, as the settlement trough (i.e., settlement

profile across the horizontal dimensions) can be distorted by sudden changes in Es along lateral

directions. Some combinations of soil variability features (θln x) and foundation width (B) can

lead to the value of CV∆/CVE exceeding one. For a 5 × 5 pile group, the maximum CV∆ occurs

at θln x = B, while 3 × 3 pile group may demonstrate largest CV∆ when θln x = B or 0.5B,

depending on the spatial variability features. As θln x decreases further, the variations in modulus

become ‘averaged out’ within foundation footprint and CV∆ decreases. This is a vivid example

of the phenomenon that the worst case scenario often lies between assumptions of perfect spatial

correlation (θ =∞) and no spatial correlation (θ = 0) between soil properties.
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4. Case study 1: Hyde Park Cavalry Barracks tower foundation, London

Two piled raft case studies are re-analyzed using the proposed approach, to illustrate the sig-

nificance of probabilistic assessments and potentials of their implementation in foundation designs.

The first case involves the Hyde Park Cavalry Barracks (HPCB) tower in London, UK, with the

foundation and superstructure details reported in [26] and [8]. The tower is 90 m tall with 31

storeys and a two-storey basement, with the structural floor plan consisting of core walls running

across the building footprint. It is founded on a 1.52-m thick raft supported by 51 under-reamed

piles, each with length of 24.8 m, shaft diameter of 0.91 m and base diameter of 2.44 m. The piled

raft is embedded in London Clay, with groundwater level approximately 4 m below the surface.

Based on findings by [26], the following relationships are adopted as trends of Young’s modulus (tE

in MPa) and undrained shear strength (tcu in kPa) of London Clay at the site:

tE = 27 + 3.9zclay (4)

tcu = 100 + 11zclay (5)

where zclay = depth (in m) measured from top of the clay surface, 5 m below ground surface. The

pile shaft and base resistance (flim) are estimated by the total stress method, adopting α = 0.5.

In this study, the coefficient of variation for Es and cu is assumed to be 40%, which broadly

agrees with the data in [26], and the two properties are assumed to be lognormally distributed with

perfectly-correlated residuals (cross-correlation coefficient equals 1 between Es and cu). θln x and

θln y are assumed to be 26 m, which is equal to the foundation width; θln z is assumed to be half of the

pile length. These are also comparable to typical values reported in various studies [27, 28]. In the

numerical analyses, each pile is discretized into ten 2.5-m long elements. The finite element mesh for

evaluation of F matrix consists of about 8700 elements, with lateral boundaries located more than

40 m away from the foundation edges. Fig. 5 shows two realizations of subsurface spatial variations

of Es, with linearly increasing trend described by Eq. (4) and spatially correlated residuals. The

mesh is finer near the piles, with element sizes gradually increasing from 1.4 m×1.6 m×2.5 m around
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the piles to approximately 6.5 m×6.5 m×9 m (elongated, inclined element) near the boundaries of

model domain, far away from the piles. The subsurface models do not involve piles or superstructure

elements, as their stiffness matrices are evaluated separately.

With these spatial correlation parameters, 1,000 realizations are simulated by LHSD. The

simulated Es and cu values are mapped directly to the midpoint of each element, as local averaging

produces negligible variance reduction (less than 1%) for elements near the piles. Each soil profile

realization leads to a corresponding F matrix, which is then combined with the pile and raft

stiffness, and the system responses are analyzed by Eq. (2). Two separate scenarios are analyzed,

with and without consideration of Ks matrix that represent stiffening effects of the superstructure.

In both scenarios, the PCE coefficients are determined through the sparse PCE procedure, utilizing

the analysis results of 1,000 realizations. The probability densities for piled raft response are then

generated through 10,000 evaluations of the surrogate model.

The measured center settlement and diagonal differential settlements are 21 mm and 6.6 mm,

respectively [26]. The pile forces at two instrumented piles are presented in this study, where

the measured forces are 3.4 MN at the center pile, and 2.9 MN at the pile denoted as P2 by

[26] and [8]. These are compared with the probability density obtained from the probabilistic
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analyses in Fig. 6, which represent the probable ranges of piled raft response considering soil spatial

variations. In cases where the measured response lies outside this range, the discrepancies between

predicted and measured behaviors cannot be explained by soil variability alone. The results from

probabilistic analyses incorporating Ks generally agree with the measurements, which are broadly

covered by the mean estimate ±1 standard deviation (SD), except for the center pile force, with the

measured value equal to mean estimate minus 2 SD. On the contrary, ignoring Ks in the analyses

leads to substantial discrepancies from the measurements, particularly for differential settlements

and pile force estimates. Such discrepancies cannot be ‘enveloped’ by geotechnical variability, as

the foundation response is fundamentally different under the influence of a stiff superstructure.
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This illustrates the capabilities of the probabilistic approach in providing prediction ranges of

piled raft response considering soil spatial variability, and also highlights the importance of proper

considerations of structure interactions, especially when the raft is flexible (1.52 m thick) compared

to the superstructure, which involves a number of stiff shear walls in this case.

5. Case study 2: Westendstrasse 1 tower foundation, Frankfurt

The second case involves the Westendstrasse 1 tower in Frankfurt, with information on the tower

and its foundation reported in [29, 30, 31]. The tower is 208 m tall with 51 storeys, adjacent to a

60-m tall side building supported on a raft, with the two buildings separated by settlement joints.

The tower is supported by a piled raft with the raft founded at a depth of 14.5 m. The raft footprint

is parallelogram in shape, and approximated as rectangular in subsequent analyses. The foundation

consisted of 40 piles with diameter of 1.3 m and length of 30 m, and pile load measurements are

available for six piles. The central part of the raft is 4.5 m thick, with thickness reducing to 3 m at

the edges. Details of the superstructure layout of the tower are not available, but it is unlikely to

have substantial influence on the foundation response considering the raft thickness. The effective

structural load is 957 MN. Due to the lack of information on the superstructure column layout, the

building load is uniformly distributed as a vertical stress of 338 kPa, which is consistent with the

assumptions of [31].

The piled raft is embedded in the Frankfurt Clay stratum which is highly heterogeneous [30, 31].

The depth to the stiff Frankfurt limestone is uncertain, and is assumed to be 70 m below the surface

of Frankfurt Clay. There are some discrepancies over its stiffness reported in different studies

[29, 31]. Considering the previous investigations, the following relationships are adopted for the

trend values of Young’s modulus (in MPa) and undrained shear strength (in kPa) of Frankfurt clay:

tE =


60 if zclay ≤ 25

60 + 2.45zclay if zclay > 25

(6)
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tcu = 127 + 3.93zclay (7)

which lies between the values suggested by [29] and [31]. The total stress method is adopted for

estimation of pile shaft resistance, with α assumed to be 0.45.

Variability of the Frankfurt clay is known to be significant, with coefficients of variation for

shear strength parameters as high as 50% [32]. This CV value is adopted for both Young’s modulus

and undrained shear strength, assumed to be lognormally distributed with perfectly correlated

residuals. The autocovariance distances at the site are not reported in the literature. Two sets of

analyses are therefore performed. In the first modeling scenario, θln x and θln y are assumed to be

equal to width of the raft, i.e., 47 m. θln z is assumed to be 15 m, which equals half of the pile

length. In the second scenario, ‘layered’ soil profiles are generated with θln x = θln y = ∞, and

θln z = 7.5 m. Each pile is discretized into ten elements, and the finite element mesh for evaluation

of F matrix consists of about 9460 elements. Lateral boundaries of the model are more than 70 m

away from the foundation edges. 1,000 realizations are generated for each scenario, and analyzed

by Eq. (2) to construct the PCE. After determining the PCE coefficients, probability density for

various aspects of the response are obtained with 10,000 evaluations of the surrogate model.

Fig. 7 shows the probability densities for center settlement, minimum and maximum pile forces,

compared with the measured data. The measured center settlement was 110 mm, and the maximum

and minimum pile forces are 16.6 and 12.0 MN, respectively. Foundation tilt of ω = 1/1600 was also

observed, while Fig. 7b shows the probability density of log(1/ω). In general, the predicted mean

values are close to the measured response. More importantly, probabilistic analyses allow prediction

of the potential tilting due to spatial variations in soils, when θln x and θln y are comparable to the

foundation dimensions (first scenario). For example, Figs. 7(e) and (f) show the settlement profiles

estimated for two realizations (from the first scenario) with notable tilt. On the contrary, ‘layered’

soil profiles predict much smaller foundation tilt, which arise solely due to asymmetry of the pile

configuration. Predicted pile force variations are also smaller in the second modeling scenario.
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Figure 7: Probabilistic analyses of Westendstrasse 1 foundation: (a) center settlement; (b) tilting; (c) maximum pile

force; and (d) minimum pile force; (e,f) Settlements (in mm) for two example realizations with notable tilting

6. Conclusion

This note introduces an approach for probabilistic analyses of large pile groups and piled rafts

founded on soils with spatially correlated properties varying in three dimensions. The method
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involves condensation of stiffness matrices representing contributions from the superstructure and

spatially variable subsurface domain. This is implemented with the LHSD-PCE approach, which

allows efficient probabilistic assessments for complex soil-structure interaction problems involving

different patterns of soil variability. For example, 3×3 and 5×5 pile group analyses showed that the

critical scenarios for differential settlements involve the horizontal autocovariance distance being

comparable to the foundation dimensions. The enhanced computational efficiency also makes the

approach suitable for practical large-scale foundation projects. The two case studies illustrate

the importance of stiffening effects of the superstructure, and the capabilities of the approach in

estimating potentials of tiling response that cannot be captured by deterministic analyses.

Assumptions have been made regarding the spatial correlation features in the two case studies.

These are necessary due to the lack of published data for site-specific characterization of spatial

variability. Such information, if available, will improve the random field models and lead to better

representations of the site conditions.

Appendix: surrogate modeling by PCE

The concept of PCE technique involves the approximation of system response g, which may be

foundation settlements or internal forces on the piles, by an analytical equation [22, 25, 33]:

g(ξ) =

P−1∑
β=0

aβΨβ ; where P =
(M + 2)!

M !2!
(8)

where aβ are PCE coefficients; P is the number of coefficients; Ψβ are polynomials constructed by

ξ, which is a (M × 1) vector of independent standard normal variables. ξ is related to the residuals

(e) of soil properties by the linear transformation: e = HΛ1/2ξ, with H and Λ obtained from

spectral decomposition of the spatial correlation matrix: R = HΛHT . Originally, M equals to the

length of e, but M can be reduced significantly by only keeping the ξ components that contribute

to most (e.g., 95%) of the variance in e [20].

The coefficients aβ are computed through a regression approach [23], which involves simulation
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of n sets of ξ (ξ(1), ξ(2), . . . , ξ(n)). For example, n = 1000 for the two presented case studies. ξ

are generated using LHSD method, which is an efficient stratified sampling scheme. Readers are

referred to [20] for the details of implementation of LHSD. For each of the n realizations, a different

F matrix is obtained, followed by the foundation analyses through Eq. (2), resulting in n system

responses (g(1), g(2), . . . , g(n)). The aβ coefficients can be grouped as a vector â, and estimated as

the least square estimator of the regression analysis:

â =
(
ηTη

)−1
ηTΓ

where ηij = Ψj−1(ξ(i)) i = 1, 2, . . . , n; j = 1, 2, . . . , P

Γ =
{
g(1), g(2), . . . , g(n)

}T
(9)

With aβ determined, the probability density of g(ξ) can be constructed by evaluating Eq. (8)

directly with a large number (much larger than n) of simulated ξ. This step is efficient as Eq. (8)

approximates the response and does not involve additional geotechnical analyses.
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