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Abstract: The influence of soil variability on three-dimensional (3D) probabilistic 1 

slope stability analysis has been previously investigated for soils that display isotropic 2 

spatial variability features or anisotropic horizontal fabric patterns. However, due to 3 

various soil deposition processes, weathering, filling or tectonic movements, the 4 

assumptions of isotropy or horizontal layering may not always be realistic. This study 5 

presents 3D analyses of slopes with spatially variable soils associated with rotated 6 

transverse anisotropy features. The results show that for cross-dip slopes where the 7 

strike direction of soil strata is perpendicular to the out-of-plane direction of the slope, 8 

the reliability depends on various factors including strata rotation angle and 9 

autocorrelation distances, and differs significantly from slopes with horizontally 10 

deposited soil fabric. The influence of strata orientation is also pronounced for dip 11 

slopes and reverse dip slopes, and these are presented in terms of reliability indices of 12 

the slopes and statistics of the length of sliding mass, and elaborated by considering 13 

the failure mechanism under different scenarios. Through these analyses, this paper 14 

discusses the key features of slope reliability considering rotated transverse anisotropy 15 

in soil properties, and their major differences in situations involving horizontal soil 16 

layers or two-dimensional probabilistic assessments.   17 

 18 

Keywords: Rotated transverse anisotropy; 3D probabilistic slope stability analyses; 19 

Soil spatial variability; Reliability index; Slide length.   20 
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Introduction  21 

Spatial variability in soil properties is a prominent source of uncertainty in slope 22 

reliability analysis. Through random field theory (Vanmarcke 1984), its effects on 23 

slope stability have been extensively investigated over the past few decades (Griffiths 24 

and Fenton 2004; Griffiths et al. 2009a; Cho 2010; Hicks and Spencer 2010; Huang et 25 

al. 2010; Wang et al. 2011; Jha and Ching 2013; Li et al. 2013; Jiang et al. 2014; 26 

Hicks et al. 2014; Jiang et al. 2015; Li et al. 2015a; Li and Chu 2015; Jiang and 27 

Huang 2016; Li et al. 2016; Lo and Leung 2017; Hicks and Li 2018; Liu et al. 2018; 28 

Lo and Leung 2018). While previous studies mainly focused on soils with isotropic or 29 

horizontally deposited fabric pattern, slopes with tilted stratifications are often 30 

observed in nature. For example, Zhu and Zhang (2013) discussed five typical 31 

patterns of spatial variability of rocks and soils (i.e. isotropy, horizontal transverse 32 

anisotropy, rotated transverse anisotropy, general anisotropy and general rotated 33 

anisotropy), and their combinations in various geological conditions. The influence of 34 

rotated transverse anisotropy in soil correlations has been discussed by Hicks and 35 

Onisiphorou (2005), who investigated the potential for liquefaction in a slope with 36 

spatially variable properties in two dimensions. Later, Griffiths et al. (2009b) studied 37 

the effects of rotated transverse anisotropy on the probability of 2D slope failure, 38 

where the autocorrelation distance in one direction was set to infinity. Later, Zhu et al. 39 

(2019) investigated the stability and failure mechanism of a slope using 2D random 40 

fields with rotated transverse anisotropy. Despite these previous works, the influence 41 
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of rotated transverse anisotropy on three-dimensional (3D) probabilistic slope stability 42 

analyses has not yet been investigated or reported in detail. 43 

 Horizontal transverse anisotropy (i.e. where soils display a horizontally deposited 44 

fabric pattern) has been considered in 3D probabilistic slope stability analyses in a 45 

number of studies (e.g., Hicks and Spencer 2010; Hicks et al. 2014; Li et al. 2015b; 46 

Hicks and Li 2018; Varkey et al. 2019). In general, three failure modes can be 47 

observed, depending on the ratio of the horizontal autocorrelation distance [i.e., major 48 

autocorrelation distance (θh)] to the slope length (L) and slope height (H): (a) when 49 

the ratio is small, e.g., θh < H as suggested by Hicks and Spencer (2010), the result is 50 

similar to conventional 2D deterministic analysis, and this is referred to as failure 51 

mode 1; (b) when the ratio falls within an intermediate range of H < θh < L/2, discrete 52 

failure zones can be observed along the slope length, and this is known as failure 53 

mode 2; (c) when the ratio is large enough, e.g., θh > L/2, the soil properties are 54 

similar at different locations along the horizontal directions, and this leads to failure 55 

mode 3, where the 3D probabilistic slope stability analysis tends to produce similar 56 

results to the 2D counterparts under plane strain conditions.  57 

Assumptions of horizontal soil fabric pattern may not always be realistic since 58 

rotation of soil strata can result from various geological processes, leading to the 59 

rotated transverse anisotropy. In a three-dimensional model, this can be represented 60 

by the strike direction, dip direction and dip angle (Fig. 1). The relationship between 61 

orientations of soil stratigraphy and slope geometry is an important factor that can 62 
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affect slope stability. In practice, three scenarios are often encountered, as shown in 63 

Figs. 1(a), (b) and (c). The cross-dip slope (i.e., dip direction of strata is perpendicular 64 

to that of the slope) (Fig. 1(a)) and the reverse-dip slope (i.e., dip direction of strata is 65 

in the opposite direction to that of the slope) (Fig. 1(c)) are often considered as 66 

favorable scenarios for slope safety, whereas the dip slope (i.e., dip direction of strata 67 

is the same as that of the slope) (Fig. 1(b)) usually constitutes adverse conditions. 68 

These scenarios cannot be considered by assuming horizontally deposited soil strata. 69 

Besides, the findings regarding the three failure modes in 3D probabilistic slope 70 

stability analyses may be different when considering rotated transverse anisotropy, 71 

since the soil bedding planes are no longer in the horizontal orientation. 72 

This study considers three categories of 3D rotated transverse anisotropy: (1) 73 

where the strike direction of strata is perpendicular to the out-of-plane direction of the 74 

slope (“rotated anisotropy around the x axis” as shown in Fig. 1(a)); (2) where the 75 

strike direction of strata is in the out-of-plane direction of the slope (“rotated 76 

anisotropy around the y axis” as shown in Figs. 1(b) and (c)); and (3) “rotated 77 

anisotropy around the z axis” as shown in Fig. 1(d). Compared to categories (1) and 78 

(2), category (3) may be less common, but can be found in saprolitic soils resulted 79 

from preferential weathering of rocks (Liu and Leung 2018). In this study, 3D slope 80 

stability analyses are presented with the soil idealized as a Tresca material. Effects of 81 

soil variability were investigated using the 3D random finite element method (RFEM), 82 

which combines the finite element method with random field modelling under the 83 
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Monte Carlo framework.  84 

Methodology 85 

Spatially correlated variables can be represented by the following linear equation that 86 

combines the fixed effect and the random effect: 87 

(1)                        eμz +=                                       88 

where z denotes the spatially variable soil properties at different locations, and the 89 

fixed effect and random effect are represented by the deterministic trend μ and the 90 

residual e, respectively. When a prevalent trend is not observed in the data, μ is often 91 

assumed to be a constant mean vector, with e being the deviations from this mean (or 92 

trend). If the standard deviation σ is assumed to be constant for z, the covariance 93 

matrix (V) of the residual e can be factored as follows: 94 

(2)                        RV 2σ=                                95 

where R is the spatial autocorrelation matrix. To avoid generating non-physical 96 

negative values, a log-normal distribution is often adopted for some soil properties, in 97 

which case the random field can be modeled through the following transformation: 98 

(3)                         )exp( lnln εz zz σμ +=                        99 

where ε  = vector of correlated random variables; zμln  = mean of the logarithm of 100 

the soil property; zlnσ  = standard deviation of the logarithm of the soil property. 101 
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Many approaches, such as Cholesky decomposition, local average subdivision 102 

(Fenton and Vanmarcke 1990) and Karhunen-Loeve expansion (Li and Der 103 

Kiureghian 1993), etc., can be adopted to generate ε for the random field in Eq. (3). 104 

The Cholesky decomposition is adopted in the current study, with the property value 105 

of the random field assigned to each element based on the location of its midpoint. 106 

Through the Cholesky decomposition:  107 

(4a)                        TLLR =                                108 

(4b)                         sLε =                                 109 

where L = Cholesky factor of R; and s  = vector of independent standard normal 110 

random variables.  111 

The autocorrelation matrix R is formulated based on spatial variability features of 112 

the soil properties, which can be expressed mathematically by various forms of 113 

autocorrelation functions (single exponential function, squared exponential function, 114 

etc.). To incorporate rotated transverse anisotropy, the autocorrelation structure can be 115 

derived through rotation of the coordinate system (Zhu and Zhang 2013; Liu and 116 

Leung 2018). For instance, for rotated anisotropy around the x axis, the 117 

autocorrelation function is expressed as: 118 
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For rotated anisotropy around the y axis, the autocorrelation function is given by: 120 

(5b)     ( ) ( )
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For rotated anisotropy around the z axis, the autocorrelation function is given by: 122 

(5c)     
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In the above equations, xΔ , yΔ  and zΔ  are separation distances between two 124 

locations in the x, y and z directions, respectively. θh denotes the major autocorrelation 125 

distance (i.e. two orthogonal directions in the bedding plane with one of them along 126 

the strike direction), and θv is the minor autocorrelation distance perpendicular to the 127 

bedding plane. α is the angle of rotation of the fabric pattern. Some typical 128 

realizations of random fields of rotation around the x and y axes are shown in Figs. 2 129 

and 3, respectively. 130 

With the autocorrelation structure determined by Eqs. (5a), (5b) or (5c), the 131 

autocorrelation matrix R can be formulated as follows: 132 
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where ne is the number of elements of the domain (e.g., finite element mesh), and the 134 

separation distances are those between the midpoints of two elements denoted by the 135 
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subscripts.  136 

 The current study adopts 3D RFEM to conduct probabilistic slope stability 137 

analyses. With the use of a commercial finite element software (i.e. ABAQUS), the 138 

RFEM is implemented in a non-intrusive manner, where the random fields are 139 

generated by MATLAB and then mapped onto the finite element model constructed 140 

using ABAQUS. For each parametric setting (i.e., α, θh, and L), 500 realizations are 141 

generated by the Monte Carlo approach with the Latin hypercube sampling technique, 142 

and then analyzed using the finite element method. The implementation procedure is 143 

summarized as follows: 144 

Step 1: Construct the slope model using ABAQUS and define the input parameters of 145 

the random field (e.g., mean, standard deviation, probability distribution of soil 146 

properties, and autocorrelation structure).  147 

Step 2: Formulate the autocorrelation matrix R using Eqs. (5a), (5b), and (5c). 148 

Step 3: Generate 500 realizations of random fields using Eq. (3), and map the random 149 

fields onto the finite element mesh to construct 500 models with spatially variable 150 

soils.  151 

Step 4: Conduct slope stability analysis for each of the 500 models and then evaluate 152 

the mean and standard deviation of the factor of safety (FS), reliability index (β) and 153 

the statistics of the length of the sliding mass (in the y-direction).   154 
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Illustrative example 155 

Fig. 4(a) shows a cross-section of the 3D slope model. The slope has a height of 5 m 156 

and a slope angle of 45°. The base case involves a slope length (L) of 60 m, while 157 

various other slope lengths will also be considered later. As shown in Fig. 4(b), the 158 

finite element mesh with L = 60 m contains 9300 elements and the element size is 0.5 159 

m × 0.5 m × 1 m (y-direction). Griffiths and Marquez (2007) suggested that a finer 160 

mesh would result in a smaller FS in the 3D finite element analysis of slopes, but the 161 

difference is usually small. Meanwhile, for random field generation, a smaller element 162 

size would lead to a more realistic simulation of spatially variable soils. Huang and 163 

Griffiths (2015) recommended that the element size in RFEM should be less than half 164 

of the spatial autocorrelation distance using an element-level averaging method. 165 

However, they also pointed out that only 2D random fields of undrained shear 166 

strength (cu) were simulated in their studies, and the recommendations on element 167 

size could be different in more general cases (e.g., 3D models). Besides, their study 168 

only considered isotropic random fields. In contrast, Ching and Phoon (2013) 169 

considered both isotropic and anisotropic random fields to investigate the influence of 170 

element size on the mobilised shear strength, which is defined by the yield stress 171 

recorded before FEM fails to converge. They found that when discretizing the random 172 

field with a single exponential autocorrelation structure, the element size should be 173 

smaller than 0.05θv to avoid excessive spatial averaging for an element-level 174 

averaging method, and a similar element size requirement also applied for the 175 
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mid-point method. Since θv is usually small in practice, this requirement would be 176 

computationally demanding for RFEM, especially for 3D problems where the 177 

requirement may not be realistic. Although the element size adopted in this study is 178 

larger than 0.05θv, Ching and Phoon (2013) described that in such cases, the 179 

mid-point method leads to conservative results (smaller values) of mobilized shear 180 

strength when assigning shear strengths to elements, while the element-level 181 

averaging method would produce unconservative estimates with higher shear 182 

strengths than reality. Therefore, the mid-point method is suggested for engineering 183 

practice.  184 

In the RFEM analyses of this study, the base of the model is fully fixed, and the 185 

back face is prevented to move in the x-direction using roller boundaries. For the two 186 

end sections along the y-direction, the following three types of boundary settings are 187 

usually adopted (Chugh 2003; Shen and Karakus 2014): (1) smooth boundary 188 

preventing movement in the y – direction. This is adopted when there is no side shear 189 

resistance at the boundary; (2) preventing the movement in the x and y directions, 190 

considering side shear resistance; (3) fully fixed boundary preventing the movement 191 

in the x, y, and z directions, representing a contact without any movements. Hicks and 192 

Spencer (2010) discussed that when smooth boundaries are adopted, the two end 193 

conditions would tend to exaggerate the failure zones over a suit of Monte Carlo 194 

simulations, and biases would occur in these areas. Therefore, they adopted the 195 

boundary condition with movements fixed in the x and y directions. This boundary 196 
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setting is also adopted in the current study. 197 

In this study, the soil is modeled as an elastic-perfectly plastic Tresca material. 198 

The undrained shear strength cu is characterized statistically by a log-normal 199 

distribution with the mean and coefficient of variation (COV) being 19 kPa and 0.3, 200 

respectively. The unit weight, Young’s modulus (E) and Poisson’s ratio (ν) are 201 

20 kN/m3, 100 MPa and 0.3, respectively. For slope stability analysis under undrained 202 

conditions, ν = 0.5 is more appropriate for total stress analysis. This study considers a 203 

combination of E = 100 MPa and ν = 0.3, as this was used in many previous studies of 204 

probabilistic slope stability analyses (Hicks and Spencer 2010; Hicks et al. 2014; Xiao 205 

et al. 2016; Hicks and Li 2018). Indeed, E and v have little influences on the FS 206 

results by finite element analysis with the strength reduction method (Griffiths and 207 

Lane 1999). For comparison, simulations of a 60-m long slope (θh = 12 m) are 208 

performed using E = 20 MPa and ν = 0.495, and the results for the standard deviation 209 

of FS are almost identical to the corresponding cases with E = 100 MPa and ν = 0.3, 210 

as shown in Fig. 5. Also, the results for the mean FS under the two settings (i.e., E = 211 

20 MPa; ν = 0.495, and E = 100 MPa; ν = 0.3) are almost identical (not shown). In 212 

this study, the minor autocorrelation distance is fixed to 1 m, while the major 213 

autocorrelation distance varies from {2 m, 12 m, 24 m, 60 m}. The rotational angle of 214 

the strata varies from {-30°, -60°, 0°, 30°, 60°, 90°}, where the negative values 215 

represent clockwise rotation and the positive rotational angles represent anticlockwise 216 

rotation.  217 
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A deterministic slope stability analysis is first conducted as a benchmark, using 218 

the strength reduction method with a non-convergence criterion (Griffiths and Lane 219 

1999). The undrained shear strength is set to be the mean value (i.e. cu = 19 kPa), and 220 

the deterministic FS is 1.214 for the 2D model and 1.244 for the 3D model. It is 221 

deemed to be reasonable that the FS by 3D analysis is slightly larger than that by 2D 222 

analysis, due to additional constraints imposed by the boundary conditions in the 3D 223 

model.  224 

Results 225 

Statistical characteristics of FS  226 

Figs. 5 and 6 show the standard deviation and mean of FS for various scenarios of 227 

strata rotation. Considering the rotation around the x and z axes, the statistical 228 

characteristics of FS tend to be symmetrical about α = 0°. This is expected, as the 229 

same angles with opposite directions of rotation would lead to scenarios that are 230 

mirror images of each other, around the plane parallel to the slope cross-section (Figs. 231 

7(a) and (b)). Besides, Figs. 6(a) and (c) show that the mean of FS decreases with 232 

larger major autocorrelation distance, for rotated anisotropy around the x and z axes 233 

(except with α = 90º around the z axis, which is equivalent to α = 90º around the y 234 

axis, and α = 0º around the x axis, which indicates horizontal transverse anisotropy). 235 

This phenomenon can be explained by the influence of θh on the failure mechanism, 236 

which will be discussed in later sections. 237 
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For rotated anisotropy around the y axis, a maximum value of the standard 238 

deviation (Fig. 5) and a minimum value of the mean FS (Fig. 6(b)) can be observed 239 

for all θh when the rotational angle is 30°. This indicates that the critical angle of 240 

rotation would be around 30o, considering the slope angle of 45o in this study. In 241 

contrast, the negative angles of rotation would lead to a smaller standard deviation 242 

and a higher mean FS, which correspond to lower risk levels. For dip slopes with 243 

positive angles of rotation around the y axis, failure through a weak zone occurs more 244 

easily (compared to cross-dip or reverse-dip slopes) since it would pass through fewer 245 

bedding planes, or only one bedding plane in some cases. Therefore, a dip slope 246 

generally constitutes an adverse condition for slope stability. This is also consistent 247 

with the observations of Zhu et al. (2019), from their 2D probabilistic slope stability 248 

analyses.   249 

When θh = 1.5 m and 2 m, the means and standard deviations of FS show small 250 

differences at various rotation angles and among the three scenarios of rotated 251 

transverse anisotropy. With a small value of θh, a continuous weak zone is more 252 

difficult to develop, and the potential failure surface would pass through both weak 253 

and strong zones alike. Therefore, there would be significant averaging effects on the 254 

soil property over the large 3D failure surface, and the average cu over the failure 255 

surface would be close to the mean value over the entire soil mass (i.e., 19 kPa in this 256 

study). Consequently, there are smaller dispersions of FS estimates, with the 3D 257 

probabilistic results approaching those of the deterministic analyses. In addition, when 258 
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the value of θh approaches θv (i.e., 1 m), the spatially variability pattern becomes 259 

similar to the isotropic pattern, and this is also reflected in the trends of the statistics 260 

of FS as θh decreases (Figs. 5 and 6). This explains why different scenarios of rotated 261 

transverse anisotropy lead to similar results at small values of θh.  Fig. 6 shows that 262 

the means of FS for small θh values (i.e., θh = 1 m, 1.5 m and 2 m) are slightly below 263 

the FS from 3D deterministic analyses, with the differences generally less than 4 %. 264 

Despite the averaging of cu over the failure surface, the sliding mass would still pass 265 

through the weakest path in each realization of the probabilistic analyses, leading to 266 

lower FS values than deterministic estimates. Similar phenomena are also observed in 267 

various probabilistic assessments of geotechnical systems (e.g., Cho 2010; Kasama 268 

and Whittle 2011; Xiao et al. 2016).  269 

Reliability index 270 

This section investigates the influences of the major autocorrelation distance and 271 

the length of the slope model on the results of reliability assessments, through the 272 

reliability index (β). The 3D results are also compared with those by 2D probabilistic 273 

analyses, to give insights on the potential limitations of plane strain assumptions. 274 

Assuming the evaluated FS are normally distributed, the reliability index is given by: 275 

(7a)                            
(FS)

1-E(FS) β
σ

=         276 

If FS is assumed to be log-normally distributed, the reliability index is given by 277 
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(7b)                           
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where E(FS) = mean of factor of safety; σ(FS) = standard deviation of factor of safety; 279 

and V(FS]) = σ(FS) / E(FS).  280 

Effects of major autocorrelation distance 281 

Since the undrained shear strength is the only parameter modeled as random 282 

variable, and is assumed to be log-normally distributed, Eq. (7b) is used in the 283 

subsequent sections to estimate the reliability index. As the COV of FS is not large, 284 

the reliability indices estimated by Eqs. (7a) and (7b) are almost identical. Fig. 8(a) 285 

shows the reliability index versus various rotational angles when θh = 2 m, and the 286 

values of β are found to be very high (β > 6) in the 3D analyses for all scenarios of 287 

rotated transverse anisotropy. When β > 5, the corresponding probability of failure is 288 

below 3 × 10-7, and the expected performance level of a structure could be defined as 289 

“High”, according to the U.S. Army Corps of Engineers (1997). This echoes the 290 

previous discussions that 3D probabilistic slope stability analyses would resemble 291 

deterministic analyses when θh and θv are small enough, and with the deterministic FS 292 

exceeding 1.2, there is a very small chance of slope failure. In contrast, the β values 293 

estimated by 2D probabilistic slope stability analyses are much smaller. For both 2D 294 

and 3D slope model geometries, failure through a weak zone is difficult to develop 295 

when the spatial autocorrelation distances are small, as the soil properties vary rapidly 296 
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among adjacent elements. Such averaging effects are more pronounced within the 297 

failure surface of a 3D slope geometry, compared to that of the corresponding 2D 298 

cross-section, since the 3D rupture surface involves a much larger area (arising from 299 

the additional dimension) than the 2D slip line. Hence, when θh is small, the response 300 

of 3D probabilistic slope stability analysis is similar to that by deterministic analysis.  301 

Fig. 8 also shows that when θh ≥ 12 m, with a consideration of rotated anisotropy 302 

around the x and z axes, two slopes entail similar β values when the same degrees of 303 

strata rotation are involved in opposite rotational directions (i.e. symmetrical about α 304 

= 0º). For rotated anisotropy around the y axis, the results of β using 3D probabilistic 305 

slope stability analyses approach the corresponding 2D probabilistic analysis results 306 

when θh is large. This is because when θh is large, the soil strata would appear as a 307 

continuous layer. Considering rotated anisotropy around the y axis, slope failures tend 308 

to occur along the entire slope length (y-direction) through weak layers, and therefore 309 

become similar to those by 2D probabilistic slope stability analyses (Hicks and 310 

Spencer 2010) (i.e., failure mode 3). In contrast, considering rotated anisotropy 311 

around the x and z axes, the β values estimated by 3D probabilistic slope stability 312 

analyses are significantly larger than those by 2D analyses, showing no tendency to 313 

approach the 2D results even with large θh values.  314 

In practice, the cross-dip slope (Fig. 1(a)) and reverse-dip slope (Fig. 1(c)) are 315 

generally favorable scenarios in slope stability assessment, while the dip slope (Fig. 316 

1(b)) constitutes an adverse condition. Fig. 9 also shows that the reliability indices for 317 
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dip slopes are smaller than those in reverse-dip and cross-dip slopes. Meanwhile, it 318 

can be seen from Fig. 8 that when θh ≥ 12 m, for a given α, the reliability of a 319 

cross-dip slope is higher than those of a dip slope and a reverse-dip slope. Also, for 320 

most of the cases shown in Fig. 9, at a given θh, cross-dip slopes generally have a 321 

higher reliability than reverse-dip slopes. It should be noted that only the cases with θh 322 

≥ 12 m are included in comparisons of reliability among various slope scenarios in 323 

Fig. 9. This is because with very small θh values (≤ 2 m), the layering effects are not 324 

pronounced in the soil profiles. 325 

Effects of slope length  326 

In 3D probabilistic slope stability analysis considering isotropy and horizontal 327 

transverse anisotropy in soil variability, slope reliability was found to be sensitive to 328 

the length of the slope model (in the y-direction). Generally, the increase of slope 329 

length would lead to a reduction in the slope reliability, due to the diminished 330 

constraining effects from the boundaries and the increased probability of occurrence 331 

of a critical weak zone (Griffiths et al. 2009a; Hicks and Spencer 2010). In the current 332 

work, various slope lengths are considered with θh = 24 m, as shown in Figs. 10(a) 333 

and (b). According to Fig. 10(a), with horizontal soil strata (i.e. α = 0°) and rotated 334 

anisotropy around the y axis, the reliability index decreases as the slope length 335 

increases, and β values from 3D analyses would eventually fall below the results from 336 

2D analyses. In contrast, β values estimated by 3D analysis under rotated anisotropy 337 

around the x axis are much larger than those by 2D analysis even when the slope 338 
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length is large, and the change of β with various slope lengths is more modest.  339 

Length of sliding mass   340 

Fig. 11 illustrates the definition of the length of sliding mass (or slide length), 341 

while its mean value can be obtained over a suite of Monte Carlo simulations. In this 342 

study, a slide length in each realization is obtained by the total number of elements 343 

along the y-direction, located in the row immediately above the slope toe, that have an 344 

average nodal x-displacement exceeding a threshold value. To determine this 345 

threshold value, an approach conceptually similar to that by Hicks et al. (2014) is 346 

adopted. A 3D slope model is first constructed with homogeneous soil properties (cu = 347 

19 kPa), and the cross-section at mid-length (𝐿/2) is considered in the 3D analyses. 348 

Making use of the displacement response at this mid-length cross-section, a 349 

relationship (Fig. 12) can be established between a certain displacement δ  (expressed 350 

as a percentage of the maximum nodal x-displacement) and the number of elements 351 

(or percentage of elements in that cross-section) with an average nodal x-displacement 352 

exceeding δ.  353 

Meanwhile, the volume of the sliding mass in this cross-section can be defined as 354 

the volume (or area in 2D) of soil above the slip surface. Herein, the slip surface is 355 

determined by a polynomial curve fitting the points of maximum plastic strain in each 356 

column of the strain contour. In this case, as shown in Fig. 13, the volume of the 357 

sliding mass is estimated to be 58.9% of the entire mesh volume. According to Fig. 12, 358 

this volume corresponds to the value of δ which is 32% of the maximum displacement 359 
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in the model. This δ value is then treated as the threshold when determining the length 360 

of sliding mass.  361 

The mean slide lengths estimated by this approach are compared against previous 362 

studies by Li et al. (2015b) for horizontally deposited soils, as shown in Table 1. Apart 363 

from the homogeneous benchmark model, additional simulations were performed 364 

with spatially variable soils for different α values. For these cases, 2D slope models 365 

were adopted, since the cross-sections of 3D models at mid-length may not always 366 

provide representative information of the slip surface due to the spatially variable soil 367 

properties. Using these 2D models with different α values, it was found that the 368 

thresholds for various cases were within the range of 31% - 34% of the maximum 369 

nodal displacement. This means that in general, adopting the calibrated threshold 370 

value (32%) would not affect the trends of slide length variations under different α. 371 

Under horizontal transverse anisotropy, Hicks et al. (2014) proposed that when θh 372 

is large relative to the slope height H, the mean of slide length is positively correlated 373 

to θh. This is because in this case, a sliding mass is attracted to a pocket of weak soils, 374 

and a large value of θh usually indicates a larger extent of a weak zone (Griffiths et al. 375 

2009a). In this study, the mean estimates of slide length and influences of θh and α are 376 

investigated under rotated transverse anisotropy.   377 

Figs. 14(a), (b), and (c) show the mean estimates of slide length with various 378 

rotational angles under rotated anisotropy around the x, y, and z axes, respectively. 379 

Similar to the previous results for the reliability indices, under rotated anisotropy 380 
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around the x and z axes, the mean slide length is similar for two slopes having the 381 

same degrees of strata rotation but in opposite rotational directions. Considering 382 

rotated anisotropy around the y axis, the rotation of strata (i.e., α ≠ 0°) can result in 383 

larger mean values for slide length. Fig. 14 also shows the changes in slide lengths 384 

with different major autocorrelation distances. It can be seen from Fig. 14(b) that 385 

under rotated anisotropy around the y axis, when θh ≥ 12 m, the mean of slide length 386 

increases with larger major autocorrelation distance, which is consistent with the 387 

above-mentioned observations for horizontal fabric pattern. A similar pattern is also 388 

observed with α = 0º around the x axis (Fig. 14(a)) and α = 90º around the z axis in 389 

Fig 14(c). In these cases, the soil variations along the y-direction are controlled by θh, 390 

and a larger value of θh leads to a longer mean slide length. In contrast, when 391 

considering other cases of rotated anisotropy around the x and z axes (Figs. 14(a) and 392 

(c)), an increase in the major autocorrelation distance would lead to smaller mean 393 

estimates of the slide length. In these cases, soil variability along the y-direction is 394 

controlled by θv. As θv is usually too small for a continuous weak zone to develop 395 

along the direction of slide length, the formation of a potential sliding mass would be 396 

mainly controlled by the cumulative effects of weak paths from all the cross-sections 397 

within the sliding mass. In this case, a larger major autocorrelation distance would 398 

usually result in the easier formation of the weak path for each cross-section, and 399 

hence fewer cross-sections may be involved to form a sliding mass. Consequently, for 400 

cases of strata rotation around the x and z axes, the mean value of slide length usually 401 

shows a modest decrease as θh increases. Moreover, as the formation of a rupture 402 
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surface is generally easier with larger θh, the reliability of the slope tends to decrease, 403 

manifested as lower mean estimates of FS shown in Figs. 6(a) and (c). 404 

Conclusion 405 

This paper investigates the effects of three categories of rotated transverse 406 

anisotropy on 3D probabilistic slope stability analyses. Their influences on slope 407 

reliability can be summarized as follows: 408 

(1) When the major autocorrelation distance (θh) is small compared to the slope 409 

dimensions, the potential slip surface would pass through weak and strong elements 410 

and it is more difficult for a continuous weak zone to emerge. Consequently, the soil 411 

properties, when averaged over a large rupture surface, would approach their mean 412 

value. Meanwhile, the spatially variability features also approaches the isotropic 413 

pattern, and hence the effects of rotated transverse anisotropy are mitigated. 414 

(2) As θh increases, a continuous, or semi-continuous, weak zone of soils can form 415 

within a slope. For rotated transverse anisotropy around the x and z axes, the slope 416 

reliability revealed by 3D analyses shows no tendency to approach the results by 2D 417 

analyses. Besides, under these scenarios, when the major autocorrelation distance 418 

increases, the mean value of slide length would slightly decrease. These findings 419 

differ from those for horizontal transverse anisotropy reported in previous studies. 420 

(3) For rotated transverse anisotropy around the y axis, the slope reliability by 3D 421 

analyses tends to be similar to that in 2D analyses with large values of θh. The mean 422 
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slide length in this case would increase with the major autocorrelation distance. These 423 

observations are similar to those reported in previous studies considering horizontal 424 

transverse anisotropy. 425 

(4) Considering rotated transverse anisotropy around the x axis, the changes in the 426 

slope reliability are relatively insensitive to the length of the slope in the out-of-plane 427 

direction. Conversely, the reliability of a slope would reduce considerably with slope 428 

length when soils display horizontally deposited fabric pattern or with pronounced 429 

rotated anisotropy around y axis. 430 

(5) Cross-dip slopes and reverse-dip slopes are usually regarded as favorable features 431 

for slope stability. In this study, it is found that in general, cross-dip slopes could be 432 

more favorable scenarios for slope reliability, when spatial variability of soil 433 

properties in various directions are considered.   434 
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cu      Undrained shear strength 
 
e     Residual of soil properties in spatially variable soils 
 
E(FS)  Mean of FS 
 
FS   Factor of safety 
 
H     Slope height  
 
L     Slope length 
 
L    Cholesky factor of R 
 
ne       Number of elements of random field  
 
R     Autocorrelation matrix 
 
s      Independent standard normal random vector  
 
u     Deterministic trend of spatially variable soil properties 
 
V     Covariance matrix 
 
z     Vector of spatially variable soil properties 
 
α     Dip angle of strata 
 
β      Reliability index 
 

    Separation distance between two locations in x-direction 

 

    Separation distance between two locations in y-direction 

 

    Separation distance between two locations in z-direction 

 
ε      Standard Gaussian random field 

xΔ

yΔ

zΔ
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θh     Major autocorrelation distance 
 
θv     Minor autocorrelation distance  

 

  Mean of the logarithm of soil property 

 
ρ     Correlation coefficient 
 
σ2      Variance 
 
σ(FS)   Standard deviation of FS 
 

  Standard deviation of the logarithm of soil property 

 
 
 
 
 
 
 
 
 
 

 

 

zμln

zlnσ
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Table 1  Comparison of mean slide lengths of slopes with horizontally deposited soils under 

undrained conditions with θv = 1 m. 

θh 

(m) 

Current study 

of a 60-m slope 

(% of total slope length) 

Li et al. (2015b) 

of a 50-m slope 

(% of total slope length) 

2 60.84 Around 60 

12 38.97 Around 38 

24 41.7 Around 40 
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Fig. 1   (a) Strata rotating around x axis (cross-dip slope); (b) strata rotating around y axis (dip 

slope); (c) strata rotating around y axis (reverse-dip slope); (d) strata rotating around z axis. 
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Fig. 2  Typical realizations of random fields of undrained shear strength under rotation around x 
axis: (a) α = 30°; (b) α = 90°. 
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Fig. 3  Typical realizations of random fields of undrained shear strength under rotation around y 
axis: (a) α = 45°; (b) α = 90°. 
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Fig. 4  Slope geometry and finite element mesh: (a) cross-section through mesh; (b) finite 
element mesh for a 3D slope.   
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Fig. 5  Standard deviation of FS versus angle of rotation.       .  
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Fig. 6  Mean of FS versus angle of rotation under: (a) rotated anisotropy around x axis; (b) 

rotated anisotropy around y axis; (c) rotated anisotropy around z axis. 
 

-60 -30 0 30 60 90
0.95

1.00

1.05

1.10

1.15

1.20

1.25

Angle of rotation (degree)

M
ea

n 
of

 F
S

 

 

Deterministic FS 3D
Deterministic FS 2D
θ

h
 = 1 m

θ
h
 = 1.5 m

θ
h
 = 2 m

θ
h
 = 12 m

θ
h
 = 24 m

θ
h
 = 60 m

-60 -30 0 30 60 90
0.95

1.00

1.05

1.10

1.15

1.20

1.25

Angle of rotation (degree)

M
ea

n 
of

 F
S

 

 

Deterministic FS 3D
Deterministic FS 2D
θ

h
 = 1 m

θ
h
 = 1.5 m

θ
h
 = 2 m

θ
h
 = 12 m

θ
h
 = 24 m

θ
h
 = 60 m

-60 -30 0 30 60 90
0.95

1.00

1.05

1.10

1.15

1.20

1.25

Angle of rotation (degree)

M
ea

n 
of

 F
S

 

 

Deterministic FS 3D
Deterministic FS 2D
θ

h
 = 1 m

θ
h
 = 1.5 m

θ
h
 = 2 m

θ
h
 = 12 m

θ
h
 = 24 m

θ
h
 = 60 m

Page 40 of 47

© The Author(s) or their Institution(s)

Canadian Geotechnical Journal



Draft

      

 

 
 
 
 
 
 

 
(a) 

     
   

(b)  

    
 

Fig. 7  (a) Two slopes under rotated anisotropy around x axis with the same degrees of rotation 
and opposite rotational directions; (b) two slopes under rotated anisotropy around z axis with the 

same degrees of rotation and opposite rotational directions. 
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Fig. 8  Reliability index β by Eq. (7b) versus angle of rotation : (a) θh = 2 m; (b) θh = 12 m; (c) θh 
= 24 m; (d) θh = 60 m. 
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Fig. 9  Reliability index β by Eq. (7b) versus major autocorrelation distance. 
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Fig. 10  Reliability index β by Eq. (7b) with θh = 24 m versus: (a) slope length; (b) angle of 
rotation. 
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Fig. 11  Slide length of a slope. 
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Fig. 12  Relationship between displacement δ and the volume of soil mass with displacements 
exceeding δ. 

 

 

Fig. 13  Slip surface and plastic strain contour (darker zones indicate higher shear strain). 
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Fig. 14  Mean of slide length versus angle of rotation considering the threshold of 32 % of the 
maximum computed displacement: (a) rotated anisotropy around x axis; (b) rotated anisotropy 

around y axis; (c) rotated anisotropy around z axis.  
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