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ABSTRACT 
The disruption of critical components in a transportation network can bring about severe network 

performance degradation and requires a relatively long period to recover, which would lead to 

commuters’ day-to-day route choice adjustment. Under disruptions, there would be greater travel 

time variability (objective uncertainty) and travelers’ perception error uncertainty (subjective 

uncertainty) in the transportation network. However, no vulnerability analysis method in the 

literature can consider the day-to-day network performance fluctuation under uncertainties. In 

this paper, we develop a new day-to-day dynamic network vulnerability analysis approach that 

allows the consideration of day-to-day network performance fluctuation based on a new day-to-

day dynamic model considering both objective travel time uncertainty and subjective perception 

error uncertainty. Compared to most existing day-to-day models that either adopt User 

Equilibrium (UE) or Logit-based route choice criterion, the new day-to-day model has two 

advantages: (1) the Weibit model is used to capture travelers’ subjective perception error 

uncertainty, which does not have the perfect information assumption in the UE model, or the 

identically distributed perception error assumption in the Logit model; and (2) the mean-excess 

travel time (METT) concept is used to capture the objective travel time uncertainty, which 

handles the inconsideration of travel time variability in most day-to-day models while remaining 

computational tractability. Based on the proposed day-to-day dynamic model, we develop a new 

component importance metric for network vulnerability analysis. This new metric characterizes 

the post-disruption day-dependent consequences to alleviate the limitation of only assessing the 

final static equilibrium consequence as in the existing studies of vulnerability analysis. 

Numerical examples are provided to demonstrate the features of the proposed day-to-day 

dynamic model and the new component importance metric, as well as their applicability in 

identifying the critical bridges in the Winnipeg network. The proposed approach provides a new 
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decision support tool for planners and managers in assessing the consequences of disruptions, 

identifying the critical components, and determining the recovery schedules after disruptions. 

Keywords: Vulnerability; uncertainty; day-to-day dynamics; Weibit; mean-excess travel time 

 

1 INTRODUCTION 

1.1 Motivations and Observations 

(1) Transportation Network Vulnerability Analysis 

Transportation system is one of the important lifelines that are vital to people’s health, safety, 

comfort, and economic activities. In light of the recent man-made and natural disasters frequently 

occurred in the world, disruptions to the transportation system can seriously damage the 

economic productivity of the society and cause inconvenience to peoples’ daily life. These man-

made and natural disasters have emphasized the multi-faceted importance and vulnerability of 

the transportation networks to the society, and the need for government agencies and 

communities to prepare strategies to identify and strengthen the weakness of transportation 

networks to withstand losses caused by these disruptive events.  

 

Vulnerability analysis is a powerful tool in identifying the critical components in transportation 

networks. Among the abundant studies on transportation network vulnerability analysis, the two 

widely cited definitions of vulnerability come from Berdica (2002) and D’Este and Taylor (2003). 

Berdica (2002) defined vulnerability as the susceptibility of a system to threats and incidents that 

result in operational degradation, while D’Este and Taylor (2003) used the notion of accessibility 

to define that a network link is vulnerable if the loss of the link significantly diminishes the 

accessibility of the network. According to Taylor (2017), the main task of vulnerability analysis 

is to determine the network components (e.g., nodes and links), whose failures or degradations 

could significantly affect travelers’ behaviors and network performance. Therefore, vulnerability 

analysis is also known as the identification of the weakest/critical/important/vulnerable 

components. This identification task has wide applications in both the pre-disaster planning and 

post-disaster management (e.g., targeted protection or retrofitting, strategic location of rapid 

response and repair stations, evacuation route planning, and evacuation network monitoring) to 

ensure that the critical components of the network are adequately monitored and protected.  

 

Transportation network vulnerability analysis has received a great deal of attention in the past 

decade. Different perspectives, measures, and evaluation methods have been proposed to study 

the transportation network vulnerability (see, e.g., Chen et al., 2007a,b; Murray and Grubesic, 

2007; Nagurney and Qiang, 2010; Luathep et al., 2011; Chen et al., 2012; Ho et al., 2013; El-
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Rashidy and Grant-Muller, 2014; Gedik et al., 2014; Jenelius and Mattsson, 2015; Reggiani et 

al., 2015; Oliveira et al., 2016; Wang et al., 2016a; Bell et al., 2017; Calatayud et al., 2017; 

Bababeik et al. 2018; Haghighi et al., 2018; García-Palomares et al., 2018; Xu et al., 2018b; Gu 

et al., 2020). As reviewed by Mattsson and Jenelius (2015) and Xu et al. (2018b), most existing 

methods of transportation network vulnerability analysis are based on 

enumerating/generating/simulating disruption scenarios and then evaluating the network 

performance based on some performance measures (e.g., origin-destination (O-D) connectivity, 

total system cost, efficiency, and accessibility). The most widely used model in vulnerability 

analysis is the classical (static) user equilibrium (UE) traffic assignment model. To the best 

knowledge of the authors, very few studies used within-day or day-to-day dynamic traffic 

assignment models in the network vulnerability analysis. Jenelius (2007) and Cats and Jenelius 

(2014) considered the dynamics and information effects in the vulnerability analysis of road 

networks and transit networks, respectively. The “dynamics” considered in their studies belong 

to the within-day or short-term dynamics, which may be more applicable to the disruptions 

whose impact period and the subsequent recovery process are within a few hours. However, 

many disruptions in the transportation network are usually associated with severe infrastructure 

damages and a relatively long-term reconstruction process (from a few weeks to a few months). 

Such disruptions and reconstructions will cause the travelers’ day-to-day route or mode choice 

adjustment afterwards. For example, on May 23, 2016, a truck accident damaged a four-lane 

segment in the Middle-Ring elevated expressway of Shanghai and also blocked its corresponding 

surface roads. The reconstruction lasted 14 days. This expressway segment accommodated daily 

traffic of more than 61,000 vehicles, whose route choices had to be adjusted after this truck 

accident (Tian and Chen, 2019). Empirical studies have also revealed that the traffic flow 

conditions of many elevated expressways and surface roads fluctuated dramatically during these 

14 days and also afterwards (e.g., Li, 2018; Wang, 2019). Hence, it is important and necessary 

to explicitly model the day-to-day route choice adjustment in the transportation network 

vulnerability analysis.  

 

Other than the characteristics of the considered disruption mentioned above, the widely-used 

static UE traffic assignment has the following drawbacks in the transportation network 

vulnerability analysis: (1) The existence or attainability of this theoretically ideal UE state has 

been questioned by many studies (e.g., Iida et al., 1992; Friesz et al., 1994). Instead, the network 

flows evolve from one realizable disequilibrium state to another; and (2) Managers may activate 

some recovery strategies far earlier than the long-term “final equilibrium” state after the 

disruption, which means that it is more meaningful to understand the evolution process rather 

than just the “final equilibrium” state. Ignoring the post-disaster network flow evolution process 
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may underestimate the negative consequences, and potentially lead to bias or cost-

ineffectiveness in the recovery strategy decision-making as well as the inability of differentiating 

the impact of various recovery schedules. 

 

(2) Day-to-Day Dynamic Traffic Assignment 

As mentioned above, the disruption of a network component is likely to cause fluctuations of the 

transportation network states (including both supply and demand) and change commuters’ route 

choice decisions from one day to another. To evaluate the system-wide performance after the 

disruption, an appropriate day-to-day dynamic traffic assignment model is needed to predict the 

network flow evolution.  

 

Day-to-day dynamic traffic assignment models have been extensively studied in the literature. 

They can be classified into different categories according to different dimensions, such as 

discrete-time models versus continuous-time models, link-based models versus path-based 

models, and deterministic models versus stochastic models. For a more comprehensive review 

on day-to-day models, readers may refer to Cantarella and Watling (2016) and Zhou et al. (2017). 

 

In this paper, we classify the current day-to-day models according to two dimensions: route 

choice criterion and uncertainty consideration (i.e., subjective and objective uncertainty). Herein 

the subjective uncertainty is referred to as the travelers’ perception error due to their imperfect 

knowledge about the network states. The objective uncertainty is referred to as the travel time 

variability that widely exists in transportation systems. In reality, both subjective uncertainty and 

objective uncertainty affect the travelers’ route choice decisions, especially after significant 

disruptions. Table 1 provides a selective summary of the existing models.  

 

From Table 1, we can see that the existing studies mainly adopted either deterministic or Logit-

based stochastic UE (SUE) route choice models. Also, most of them usually assumed that the 

link travel times on each day are deterministic without uncertainty. On the one hand, the 

unrealistic perfect information assumption of the deterministic UE model and the independently 

and identically distributed (IID) perception error assumption in the Logit-based SUE model, 

have been widely recognized and criticized by both researchers and practitioners. On the other 

hand, these models ignore the travel time variability that widely exists in daily travel. Many 

factors can contribute to the travel time variability, e.g., adverse weather, traffic incidents and 

accidents, work zone, special events, infrastructure disruption, etc. Empirical studies (e.g., 

Abdel-Aty et al., 1995) have revealed that travel time variability plays an important role in 

travelers’ route choice decisions, and it is either the most or second most important factor for 
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most commuters. Very few studies have considered both objective and subjective uncertainties 

simultaneously in the day-to-day dynamic models.  

 

 

Table 1 A selective summary of the existing day-to-day dynamic traffic assignment models 

Literature Route choice 

criterion 

Objective or subjective 

uncertainty considered 

Smith (1983, 1984); Friesz et al. (1994); Zhang et al. 

(2001); Yang and Zhang (2009); He et al. (2010); Han 

and Du (2012); Guo et al. (2013, 2015, 2016); Tan et 

al. (2015); Wang et al. (2015, 2016b); Xiao et al. 

(2016); Ye et al. (2018, 2021) 

UE None  

Horowitz (1984); Cascetta (1989); Hazelton (2002); 

Hazelton and Watling (2004); Huang et al. (2008);

Meneguzzer (2012); Bifulco et al. (2016); Lou et al. 

(2016); Rambha and Boyles (2016); Liu et al. (2017); 

Cheng et al. (2019); Xiao et al. (2019); Yu et al. (2020) 

Logit-based SUE Subjective uncertainty  

Zhou et al. (2017) 
Mixed UE and 

Logit-based SUE 
Subjective uncertainty  

Walting and Cantarella (2015); Cantarella and Watling 

(2016); Hazelton and Parry (2016) 
Logit-based SUE 

Subjective uncertainty and 

objective uncertainty (*) 

This paper Weibit-based SUE 
Subjective uncertainty and 

capacity degradation (**) 

Note: 

*: belongs to stochastic day-to-day dynamic model; **: belongs to deterministic day-to-day dynamic model 

 

Table 1 also shows that some limited studies indeed have developed stochastic day-to-day 

models to incorporate different sources of stochasticity, including the objective uncertainty such 

as demand or capacity uncertainty, and the subjective uncertainty such as random route choice 

behavior. Compared to deterministic models that assume the travelers’ route choice mechanism 

per day is determined in advance, stochastic models consider uncertainty in travelers’ route 

choice decisions and can provide the probability distribution of flow states (Watling and 

Cantarella, 2015; Cantarella and Watling, 2016; Hazelton and Parry 2016). Although stochastic 

models seem to be more general than deterministic models, the computational burden may hinder 

their applications in large-scale transportation networks. For example, Cantarella and Watling 

(2016) proposed a stochastic day-to-day model that considers Logit-based route choice and 

demand fluctuation, which was solved by Monte Carlo techniques due to the multinomial 

distribution of route flows. In addition, they still inherited the IID assumption of perception error 

due to the Logit-based route choice model. Note that the day-to-day dynamic network 
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vulnerability analysis addressed in this study needs to run a day-to-day dynamic model for each 

generated/enumerated disruption scenario. 

 

Hence, to support the day-to-day dynamic network vulnerability analysis, it is necessary to 

develop a new day-to-day dynamic model that can reasonably capture the effects of both 

subjective perception error uncertainty and objective travel time uncertainty on the adjustment 

of travelers’ route choice, while having computational tractability in large-scale networks.  

 

1.2 Main Contributions of This Paper 

Motivated by the above observations, this paper develops a new network vulnerability analysis 

method based on a day-to-day dynamic model under uncertainties. The proposed method 

includes the following two parts.  

 

Part I- Modeling day-to-day dynamics under uncertainties: We explicitly model two types 

of uncertainties simultaneously in the day-to-day dynamic model: objective uncertainty due to 

travel time variability, and subjective uncertainty due to the travelers’ imperfect knowledge about 

the network states. For the objective uncertainty, we use the mean-excess travel time (METT) 

concept (Chen and Zhou, 2010) as the travel cost to capture travelers’ risk-averseness against 

travel time variability. For the subjective uncertainty, we provide a new exploration using an 

advanced discrete choice model (i.e., the Weibit model with the Weibull perception error 

distribution) to alleviate the drawbacks of the Logit model. With the Weibit model, we can 

capture the route-specific perception variance in the route adjustment process, rather than 

assuming a fixed and constant perception variance among different routes as in the Logit model. 

Then, the objective uncertainty and subjective uncertainty are integrated into the day-to-day 

modeling framework. Mathematical properties of the proposed model are also examined.  

 

Part II- Day-to-day dynamic network vulnerability analysis: In evaluating the consequence 

of disruption scenarios, the existing (static) vulnerability analysis methods based on the static 

UE or Logit-SUE model only consider the consequence at the final equilibrium state, thus 

leading to the abovementioned drawbacks. To alleviate these drawbacks, we apply the proposed 

day-to-day dynamic model to develop a new metric of component importance for network-wide 

vulnerability analysis. Methodologically, the area circled by the network performance evolution 

curve derived by the proposed model and the pre-disruption normal network state is quantified. 

This new metric allows the consideration of both the performance dimension and time dimension, 

i.e., day-dependent consequence rather than the final equilibrium state. A case study in the 

realistic Winnipeg network is conducted to demonstrate the advantages of the proposed new 
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metric in identifying the critical bridges.  

 

In summary, the main contributions of this paper are twofold: (1) the development of a day-to-

day dynamic model considering both subjective perception error uncertainty (via the Weibit 

model) and objective travel time uncertainty (via the METT concept) to alleviate the drawbacks 

of the current day-to-day models that mostly adopt UE or Logit-based route choice criterion as 

well as ignore the travel time variability, and (2) the development of a component importance 

metric for day-to-day dynamic network-wide vulnerability analysis by characterizing the post-

disruption day-dependent consequence to alleviate the limitations of only considering the final 

static equilibrium consequence as in the existing studies of vulnerability analysis.  

 

The remainder of this paper is organized as follows. Section 2 presents the day-to-day dynamic 

model under uncertainties. Section 3 provides a new importance measure for network 

vulnerability analysis. Section 4 uses numerical examples to demonstrate the features of the 

proposed model and the new importance measure for network vulnerability analysis. Finally, 

conclusions and future research directions are summarized in Section 5. The notations and their 

explanations in this paper are summarized in Table D.1 in the Appendix D. 

 

2 MODELING DAY-TO-DAY DYNAMICS UNDER BOTH SUBJECTIVE AND 

OBJECTIVE UNCERTAINTIES 

In this section, we review two classical day-to-day dynamic traffic assignment models and then 

provide the proposed model under uncertainties. 

 

2.1 Reviews of Two Classical Day-to-Day Dynamic Traffic Assignment Models 

Consider a road network G = [N, A], where N is the set of nodes, and A is the set of directed links. 

Let W denote the set of O-D pairs, and 𝑅௪ is the set of routes between O-D pair w. 

 

In this paper, the discrete day-to-day dynamic model is adopted, because it can better reflect the 

reality than the continuous-time day-to-day models (Watling and Hazelton, 2003). A generic 

discrete day-to-day route flow dynamic model can be expressed as follows: 

𝐟ሺ௞ାଵሻ ൌ ൫1 െ 𝛼ሺ௞ሻ൯ ⋅ 𝐟ሺ௞ሻ ൅ 𝛼ሺ௞ሻ ⋅ 𝐲ሺ௞ሻ,                       (1) 

where f is the vector form of route flows, i.e., f ={𝑓௪,௥, ∶ 𝑟 ∈ 𝑅௪, 𝑤 ∈ 𝑊}, and 𝑓௪,௥ is the traffic 

flow on route r that connects O-D pair w; 𝐟ሺ௞ାଵሻ and 𝐟ሺ௞ሻ are the route flow patterns of day 

k+1 and day k; 𝒚ሺ௞ሻ is the target route flow pattern on day k+1 after travelers finish their travels 
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on day k; and  𝛼ሺ௞ሻ is the route flow adjustment ratio on day k.  

 

On any day k, for any feasible route flow pattern, the travel demand conservation should be 

satisfied 

  ∑
௥∈ோೢ

𝑓௪,௥
ሺ௞ሻ ൌ 𝑞௪, ∀𝑤 ∈ 𝑊,                          (2) 

where 𝑞௪ is the fixed travel demand of O-D pair w.  

 

The path flow on day k should be non-negative, i.e.,  

𝑓௪,௥
ሺ௞ሻ ൒ 0, ∀𝑟 ∈ 𝑅௪, 𝑤 ∈ 𝑊,                        (3) 

Also, the flow on link a on any day k is the summation of all route flows that pass through the 

link on day k, i.e.,  

𝑣௔
ሺ௞ሻ ൌ ∑

௪∈ௐ
∑

௥∈ோೢ
𝑓௪,௥

ሺ௞ሻ𝜌௥௔
௪ , ∀𝑎 ∈ 𝐴,                      (4) 

where 𝑣௔
ሺ௞ሻ is the flow of link a on day k; and 𝜌௥௔

௪  is the link-route incidence indicator: 𝜌௥௔
௪ ൌ

1 if link a is on route r between O-D pair w, and 𝜌௥௔
௪ ൌ 0 otherwise. 

 

Note that different day-to-day traffic assignment models differ in their choices of target flows 

and adjustment ratios. In the literature, there are two widely used principles to obtain the target 

route flow pattern: the UE principle and the Logit principle.  

 

(1) UE principle 

The UE principle was proposed by Wardrop (1952), which is perhaps the most widely used route 

choice model in urban and regional transportation planning practices. It assumes that all travelers 

are rational in terms of preferring the lower travel time routes, have perfect knowledge of 

network travel times, and are able to identify the minimum travel time route. The resulting flow 

pattern of UE is that only the minimum cost routes are used, while the routes even with travel 

cost slightly greater than the minimum cost are not used. Beckmann et al. (1956) developed an 

equivalent convex programming formulation for the UE problem with the congestion effect. In 

the day-to-day dynamic models, the UE condition can be expressed as 

 
𝑔௪,௥

ሺ௞ሻ ൝
ൌ 𝑢௪

ሺ௞ሻ, if 𝑓௪,௥
ሺ௞ሻ ൐ 0

൒ 𝑢௪
ሺ௞ሻ, if 𝑓௪,௥

ሺ௞ሻ ൌ 0
, ∀𝑟 ∈ 𝐾௪, 𝑤 ∈ 𝑊, (5)

where 𝑔௪,௥
ሺ௞ሻ  is the cost of route r between O-D pair w on day k, and 𝑢௪

ሺ௞ሻ is the minimum travel 

cost of O-D pair w on day k. The above UE principle essentially implies the all-or-nothing (AON) 
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loading under the given route cost pattern on day k.  

 

(2) Logit-based SUE principle 

The stochastic user equilibrium (SUE) suggested by Daganzo and Sheffi (1977) incorporates a 

random perception error term in the route utility to capture travelers’ imperfect knowledge of 

travel times, so that travelers do not always end up picking the minimum travel time route as in 

UE model. Different distribution assumptions on the random perception error term lead to 

different specialized probabilistic route choice models. In the literature, the Logit model (Dial, 

1971) is perhaps the most widely used SUE model due to its closed-form route choice probability 

expression. Specifically, the Logit route choice probability expression is: 

𝑃௪,௥
ሺ௞ሻ ൌ

ୣ୶୮ቀିఝ௚ೢ,ೝ
ሺೖሻ ቁ

∑
೛∈ೃೢ

ୣ୶୮ቀିఝ௚ೢ,೛
ሺೖሻ ቁ

,  ∀𝑟 ∈ 𝑅௪,   𝑤 ∈ 𝑊,                       (6) 

where 𝑃௪,௥
ሺ௞ሻ is the probability of choosing route r connecting O-D pair w on day k, and 𝜑 is the 

dispersion parameter. This model has two known drawbacks: (1) its inability to account for 

overlapping (or correlation) among routes, and (2) its failure to account for perception variance 

with respect to trips of different lengths (Sheffi, 1985). These drawbacks are due to the 

underlying assumptions that the random error terms are independently and identically distributed 

(IID) Gumbel variates with the same and fixed perception variance.  

 

2.2 The Proposed Day-to-Day Dynamic Traffic Assignment Model under Uncertainties 

In this section, we first provide the methods to model the objective and subjective uncertainties. 

Then, we introduce the proposed day-to-day dynamic traffic assignment model in detail.  

 

2.2.1 Modeling Objective and Subjective Uncertainties 

To simplify the notations, below we ignore the day index k. 

(1) Modeling Objective Travel Time Uncertainty 

In this study, we use the classical BPR (Bureau of Public Roads) function as the link performance 

function: 

 𝑇௔ ൌ 𝑡௔
଴ ൤1 ൅ 𝛾 ቀ

௩ೌ

஼ೌ
ቁ

௕
൨,                      (7)

where 𝑇௔ and 𝐶௔ are the link travel time and capacity of link a; 𝑡௔
଴ is the link free-flow travel 

time (FFTT); 𝛾and 𝑏are BPR parameters, which are usually set as 0.15 and 4 respectively. 

Different sources can contribute to the uncertainty of link travel time, such as FFTT, link capacity, 

and link flow.  
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We adopt the METT concept to capture travelers’ risk strategy for hedging against travel time 

variability. The METT concept (i.e., the unreliability consideration) can be justified by the 

empirical studies (FHWA, 2006; van Lint et al., 2008). They found that the consequences of the 

late trips located at the tail of heavily skewed distribution may be much more serious than those 

of modest delays, and have a significant impact on both travelers and freight shippers and carriers. 

 

The METT at the confidence level of 𝛿 is defined as the conditional expectation of travel time 

𝑇௔ exceeding the corresponding travel time budget (TTB) 𝜉௔ሺ𝛿ሻ (Chen and Zhou, 2010; Xu et 

al., 2017) 

𝜂௔ሺ𝛿ሻ ൌ 𝐸ሾ𝑇௔|𝑇௔ ൒ 𝜉௔ሺ𝛿ሻሿ,                         (8) 

where 𝑇௔ is the random travel time on link a, and 𝜉௔(𝛿) is the minimum threshold that satisfies 

the following 𝛿-reliability requirement, i.e.,  

𝜉௔ሺ𝛿ሻ ൌ minሼ𝜉| 𝑃𝑟ሺ𝑇௔ ൑ 𝛿ሻ ൒ 𝛿ሽ ൌ 𝐸ሾ𝑇௔ሿ ൅ 𝜖௔ሺ𝛿ሻ, ∀𝑎 ∈ 𝐴,       (9) 

where 𝜖௔ሺ𝛿ሻ is a buffer time added to the mean travel time 𝐸ሾ𝑇௔ሿ to ensure the travel time 

reliability requirement for on-time arrivals at the confidence level 𝛿. 

 

Due to the sub-additivity of link METT (Xu et al., 2017), route travel cost can be obtained by 

summing up the link METT of the links making up the route:  

𝑐௪,௥ ൌ ∑
௔∈஺

𝜂௔ሺ𝛿ሻ𝜌௥௔
௪ ,  ∀𝑟 ∈ 𝑅௪, 𝑤 ∈ 𝑊,                    (10) 

Remark 1. The link-based METT has the following desirable features in day-to-day 

vulnerability analysis. First, it has no specific assumptions on link travel time distributions, and 

hence any suitable link travel time distribution functions from empirical studies can be adopted. 

Second, the additive route cost structure allows the day-to-day model to be solved in a 

computationally tractable manner, which is quite beneficial to the day-to-day dynamic network 

vulnerability analysis that involves the evaluation of a large number of disruption scenarios.  

 

In this study, we consider the link capacity degradation as the source of travel time uncertainty. 

Link capacity degradation widely exists in transportation networks, which can be caused by 

traffic accidents/incidents, adverse weather conditions, road pavement deteriorations, etc. The 

consideration of the link capacity degradation is due to the fact that the link capacities of almost 

all links are subject to degradation every day, even for the non-disrupted links. Following Lo and 

Tung (2003) and Lo et al. (2006), we assume that link capacity follows the uniform distribution 

with a lower bound of 𝜃௔𝐶௔ and an upper bound of 𝐶௔. The formulas of mean and variance of 

link travel time under the uniformly distributed link capacity assumption are provided in the 
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Appendix A. For characterizing link travel time uncertainty, we adopt the Lognormal 

distribution, which has been recommended as one of the most well-fitted travel time distribution 

by empirical studies (e.g., Emam and Al-Deek, 2006; Kaparias et al., 2008; Rakha et al., 2010; 

Chen et al., 2014; Shen et al., 2020). With the lognormal distribution characterization of link 

travel time, following Xu et al. (2017), the METT can be analytically derived. 

 

(2) Modeling Subjective Perception Error Uncertainty 

For the subjective uncertainty, we adopt the Weibit model (i.e., with the Weibull perception error 

distribution) to capture the route-specific perception variance in the route adjustment process 

rather than assuming a fixed and constant perception variance among different routes as in the 

Logit model. The route choice probability expression of the Weibit model is: 

𝑃௪,௥ ൌ
൫௚ೢ,ೝ൯

షഁೢ

∑
೛∈ೃೢ

൫௚ೢ,೛൯
షഁೢ ,  ∀𝑟 ∈ 𝑅௪,   𝑤 ∈ 𝑊,                        (11) 

where 𝑃௪,௥ is the probability of choosing route r connecting O-D pair w; and 𝛽௪ is the shape 

parameter of Weibull random error distribution of O-D pair w. The relationship between O-D 

demand and route flow is: 

 𝑓௪,௥ ൌ 𝑃௪,௥ ⋅ 𝑞௪,  ∀𝑟 ∈ 𝑅௪,   𝑤 ∈ 𝑊,                           (12) 

Recall that in the Logit model, the trip variance is calculated by ൫𝜎௪,௥൯
ଶ

ൌ 𝜋ଶ ሺ6𝜑ଶሻ⁄ . Therefore, 

given a certain value of 𝜑, the trip variances of different routes are the same in the Logit model. 

In contrast, due to without the identically distributed perception error assumption, the Weibit 

model can resolve the issue of homogeneous perception variance in the Logit model, because 

the variance of a route is a function of the route cost 𝑔௪,௥ (Castillo et al., 2008), i.e.,   

൫𝜎௪,௥൯
ଶ

ൌ ቈ
௚ೢ,ೝ

௰ቀଵା భ
ഁೢቁ

቉
ଶ

ቂ𝛤 ቀ1 ൅ ଶ

ఉೢቁ െ 𝛤ଶ ቀ1 ൅ ଵ

ఉೢቁቃ,                    (13) 

where 𝛤ሺ⋅ሻ is the gamma function, i.e., 𝛤ሺ𝑥ሻ ൌ ׬ 𝑡௫ିଵ𝑒ି௧ା∞

଴ 𝑑𝑡. Eq. (13) shows that routes 

with different costs have different perception variances, despite the shape parameter 𝛽௪ is an 

O-D specific parameter. This is more reasonable, because travelers on the longer routes have 

larger perception variances than those on the shorter routes in reality (Sheffi 1985). Some recent 

empirical studies have also verified the superiority of the Weibit model in travel choice problems 

over the Logit model with real data (Kurauchi and Ido, 2017; Li et al., 2020; Tinessa et al., 2020; 

Wen et al., 2021).  

 

According to Kitthamkesorn and Chen (2013, 2014), in the Weibit-SUE model, the route travel 

cost is a function of multiplicative link travel costs, i.e.,  
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𝑔௪,௥ ൌ Π
௔∈ంೝ

𝜏௔ ∀𝑟 ∈ 𝑅௪, 𝑤 ∈ 𝑊                                  (14) 
where 𝜏௔ is the link travel cost on link 𝑎, which could be a function of link travel time 𝑇௔ (i.e., 

𝜏௔ ൌ 𝐹ሺ𝑇௔ሻ), and is usually specified as an exponential function of link travel time, e.g., 𝜏௔ ൌ

𝑒଴.଴଻ହ்ೌ ; and 𝛶௥ is the set of links on route r connecting O-D pair w. Then, the Weibit-based 

SUE problem can be formulated as the following optimization problem (Kitthamkesorn and 

Chen, 2013) in the route domain: 

[Weibit-based SUE] 

min
𝐟

Zሺ𝐟ሻ ൌ Σ
௔∈஺

׬ ln𝜏௔ሺ𝑤ሻ𝑑𝑤
Σ

ೢ∈ೈ
Σ

ೝ∈ೃೢ௙ೢ ,ೝఘೝೌ
ೢ

଴
൅ Σ

௪∈ௐ

ଵ

ఉೢ Σ
௥∈ோೢ

𝑓௪,௥ሺln𝑓௪,௥ െ 1ሻ   (15) 

subject to Eqs. (2) and (3). 

 

To integrate the objective uncertainty into the Weibit model (subjective uncertainty), we assume 

the link cost function 𝜏௔ to be the exponential function of link METT, i.e., 𝜏௔ ൌ 𝑒଴.଴଻ହఎೌሺఋሻ. 

The multiplicative route cost structure in Eq. (14) seems to be computationally expensive. 

However, we can perform a logarithmic transformation to calculate ln𝑔௪,௥  as a simple 

summation of ln𝜏௔  (i.e., ln𝑔௪,௥ ൌ Σ
௔∈ంೝ

 ln𝜏௔ ). Note that in the case where each route only 

consists of a single link (i.e., each link is a route), route cost equals link METT. 

 

2.2.2 The Proposed Day-to-Day Dynamic Model 

(1) Overall Structure  

After introducing how to model objective and subjective uncertainties, now we present our day-

to-day dynamic model. As mentioned in Section 2.1, the difference among different discrete day-

to-day dynamic traffic assignment models lies in the determination of the target route flow 

pattern and the flow adjustment ratio. This section will present these two aspects in detail. 

 

The overall framework of the proposed day-to-day dynamic model under uncertainties is shown 

in Fig. 1. Since the proposed model uses the Weibit model to model subjective uncertainty and 

METT to model objective uncertainty, the proposed model is referred to as the Weibit-METT 

model hereinafter. We assume that the day-to-day dynamic model will finally evolve into the 

equilibrium state. This assumption is reasonable because the travelers’ route choice behavior will 

stabilize after some time period (Zhou et al., 2017). This assumption has also been widely used 

in the literature.  
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Fig. 1. The overall structure of the proposed day-to-day dynamic model under uncertainties 

 

(2) Determination of the Target Flow Pattern 

The motivation of travelers to adjust their route choice is due to their perception of an alternative 

route with less travel cost based on their latest travel experience. To capture the Weibit-based 

cost minimization behavior of travelers, we assume that the target flow is given by the following 

minimization problem named rational target flow assumption (RTFA).  

[RTFA]: 

min
𝐟∈ஐ

 Σ
௪∈ௐ

Σ
௥∈ோೢ

ln𝑔௪,௥
ሺ௞ሻ ⋅ 𝑓௪,௥ ൅ Σ

௪∈ௐ

ଵ

ఉೢ Σ
௥∈ோೢ

𝑓௪,௥ ⋅ ሺln𝑓௪,௥ െ 1ሻ              (16) 

where Ω ൌ ሼ𝐟| ∑ 𝑓௪,௥௥∈ோೢ ൌ 𝑞௪, 𝑓௪,௥ ൒ 0, ∀𝑟 ∈ 𝑅௪, 𝑤 ∈ 𝑊ሽ.  

 

Note that Zhou et al. (2017) proposed the RTFA based on the mixed UE and Logit-SUE model, 

which is different from Eq. (16). The RTFA in their study essentially implies the implementation 

of AON loading for travelers who follow the UE, and Logit loading for travelers who follow the 

Logit-based SUE on each day. In our study, Eq. (16) is the Weibit-based stochastic loading 

problem given the fixed route travel cost on day k, 𝐠ሺ௞ሻ, which has a closed-form solution as 

shown in Eq. (17). The route cost herein reflects travel time variability via the METT. 

𝑦௪,௥
ሺ௞ሻ ൌ 𝑞௪

ቀ௚ೢ,ೝ
ሺೖሻ ቁ

షഁೢ

∑
ೝ∈ೃೢ

ቀ௚ೢ,ೝ
ሺೖሻ ቁ

షഁೢ          ∀𝑟 ∈ 𝑅௪, 𝑤 ∈ 𝑊                   (17) 

Therefore, the target route flow 𝐲ሺ௞ሻ reflects that travelers follow the Weibit-based route choice 

principle for their trips on the next day k+1. Travelers adjust their routes and choose the route 

with the minimum perceived cost. It is easy to see that the objective function of RTFA is strictly 

Link flow 

Random link 
travel time 
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convex, and the proposed day-to-day route flow dynamic model can produce a unique 

evolutionary trajectory. This means that the day-to-day evolution trajectory can be predicted in 

advance, which facilitates the day-to-day dynamic network vulnerability analysis in this paper. 

 

Next, we discuss the relationship between the RTFA and the well-known rational behavior 

adjustment process (RBAP) proposed for the continuous day-to-day flow dynamic models 

(Zhang et al., 2001; Yang and Zhang, 2009; Zhou et al., 2017) in Proposition 1. 

 

Proposition 1. If the current route flow pattern 𝐟ሺ௞ሻ is an optimal solution to [RTFA], then it is 

exactly the route flow pattern at the Weibit-SUE state. Otherwise, based on the current day’s 

route travel costs, the total generalized travel time of the network will decrease on the next day 

k + 1 if the route flows are adjusted according to Eq. (1), namely:  

𝐠෤൫𝐟ሺ௞ሻ൯
୘

൫𝐟ሺ௞ାଵሻ െ 𝐟ሺ௞ሻ൯ ൏ 0                        (18) 

where 𝐠෤ ሺ⋅ሻ  is the generalized cost operator. In the Weibit-SUE model of Eq. (15), the 

generalized cost is given by: 

𝑔௪,௥෦ ൌ ln𝑔௪,௥ ൅ ଵ

ఉೢ ln𝑓௪,௥   ∀𝑤 ∈ 𝑊, 𝑟 ∈ 𝑅௪            (19) 

Proof. See Appendix B.  

 

By comparing Eq. (18) to Zhang et al., (2009), one can find that Eq. (18) is a variation of the 

rational behavior adjustment process. The main difference lies in that here the Weibit-based 

generalized path cost operator is used (i.e., Eq. (19)) instead of the path cost operator. Therefore, 

we can infer that the proposed day-to-day dynamic model under the RTFA follows the rational 

behavior adjustment process. Note that the rational behavior adjustment process has been 

verified by Ye et al. (2018) with a virtual experiment. 

 

(3) Determination of the Flow Adjustment Ratio 

The establishment of the target flow determination strategy alone is not sufficient to ensure the 

convergence. Before presenting the flow adjustment ratio determination strategy, we present 

Proposition 2 as follows based on the property of RTFA. 

 

Proposition 2. There exists 𝛼ሺ௞ሻതതതതത ∈ ሺ0, 1ሿ  satisfying Eq. (20) and for any adjustment ratio 

𝛼ሺ௞ሻ ∈ ൫0, 𝛼ሺ௞ሻതതതതത൧, 𝑘 ൌ 1, 2, …, the proposed day-to-day dynamic model converges to the Weibit-

SUE state.  
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𝐠෤൫ሺ1 െ 𝛼ሺ௞ሻሻ𝐟ሺ௞ሻ ൅ 𝛼ሺ௞ሻ𝐲ሺ௞ሻ൯
்

൫𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ൯ ൑ 0, ∀𝛼ሺ௞ሻ ∈ ൫0, 𝛼ሺ௞ሻതതതതത൧, 𝑘 ൌ 1,2, …      (20) 

 

Proof. See Appendix C. 

 

Proposition 2 indicates that, on each day k, after the target flow 𝐲ሺ௞ሻ  is determined, if 𝛼ሺ௞ሻ 

takes a value satisfying Eq. (21), the proposed day-to-day dynamic model converges to the 

Weibit-SUE state.  

𝐠෤൫ሺ1 െ 𝛼ሺ௞ሻሻ𝐟ሺ௞ሻ ൅ 𝛼ሺ௞ሻ𝐲ሺ௞ሻ൯
்

൫𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ൯ ൑ 0                   (21) 

Based on this property, the flow adjustment determination strategy can be devised. For example, 

to find the set of 𝛼ሺ௞ሻ that satisfies Eq. (21) on each day, many line search methods can be used, 

such as the bisection method (Sheffi, 1985). For the details about calculating the flow adjustment 

ratio with the bisection method, please refer to Appendix C. 

 

Remark 2. The strategy above is both behaviorally plausible and computationally tractable. First, 

the flow adjustment ratio 𝛼ሺ௞ሻ varies on a daily basis, unlike the typically used fixed constant 

(e.g., 𝛼ሺ௞ሻ ൌ 0.1  for all days) which assumes that a predetermined and fixed proportion of 

travelers adjust their behaviors each day and hence lacks behavioral interpretation. Note that the 

flow adjustment ratio would vary day by day in the real world (Ye et al., 2018). To calibrate the 

day-dependent flow adjustment ratio in the real world, there are some previous studies that could 

be followed (e.g., Ye et al., 2018, Cheng et al., 2019). Second, similar to the Goldstein rule used 

in Zhou et al. (2017), the determination of flow adjustment ratio considers the recent network 

condition (including both flow and cost), and the feasible flow adjustment ratio on each day 

forms a continuous interval, rather than being a single or several discrete values. Therefore, it 

can provide reasonable behavioral justification. Besides, the calculation process associated with 

this strategy mainly involves calculating the generalized route cost in Eq. (19), which is much 

easier to perform than evaluating the objective function as in the Goldstein rule. Recall that the 

integral operation of METT makes the entire objective function quite complex.  

 

In summary, the proposed discrete day-to-day dynamic model has the following important 

properties. First, the route flow evolution trajectory is unique. Second, the route flow pattern 

after convergence is equivalent to the Weibit-SUE state. Third, the determination strategies of 

target flow and flow adjustment ratio together guarantee that the adjustment process converges 

towards the Weibit-SUE state. For comparison purposes, a counterpart continuous day-to-day 

dynamic model is also established as shown in Appendix E, but we focus on the discrete day-to-

day dynamic model in the following analysis. 
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3 DAY-TO-DAY DYNAMIC NETWORK VULNERABILITY ANALYSIS  

As mentioned in Section 1, most existing studies of vulnerability analysis evaluate the 

consequence of a disruption scenario based on some performance measures at the final 

equilibrium state after the disruption. However, many disruptions (especially severe 

infrastructure damages) encountered in transportation systems have a long-term negative impact 

and also requires a long period to reconstruct and recover. Commuters’ travel behavior would 

change after disruptions on a daily basis, and the network-wide performance may vary from one 

day to another. Ignoring the post-disaster network flow fluctuation may underestimate the 

negative consequences, and potentially lead to bias or cost-ineffectiveness in the recovery 

strategy decision-making as well as the inability of differentiating the impact of various recovery 

schedules.  

 

Based on the day-to-day traffic assignment model proposed in Section 2, this section develops a 

new vulnerability evaluation metric by considering the day-to-day network performance 

fluctuation after the disruption of a network component.  

 

Fig. 2 illustrates the proposed metric for network-wide vulnerability analysis. Consider that a 

disruption occurs at 𝑡଴, and the network performance degenerates to the lowest case and then 

recovers to an equilibrium state at 𝑡ଵ. The proposed metric is denoted by the area circled by the 

network performance evolution curve derived by the proposed day-to-day dynamic model and 

the curve of pre-disruption normal network state from 𝑡଴ (the occurrence time of the disruption) 

to 𝑡ଵ (the recovered equilibrium state), as sketched in Fig. 2. We refer to the proposed metric as 

the dynamic network performance (DNP) measure. Mathematically, the general formula of DNP 

is  

𝐷𝑁𝑃 ൌ ׬ ሾ𝑁𝑃ሺ𝑡଴ሻ െ 𝑁𝑃ሺ𝑡ሻሿ
௧భ

௧బ
𝑑𝑡                      (22) 

Eq. (22) is continuous with regard to 𝑡 , and thus is applicable to the continuous day-to-day 

dynamic model in Appendix E. To fit in the proposed discrete day-to-day dynamic model, Eq. 

(22) can also be discretized as 

𝐷𝑁𝑃 ൌ ∑ |ே௉ሺ௧బሻିே௉ሺ௧ሻ|ା|ே௉ሺ௧బሻିே௉ሺ௧ିଵሻ|

ଶ௧ୀሼ௧బାଵ,௧బାଶ,…,௧భሽ          (23) 

In Eqs. (22) and (23), 𝑁𝑃ሺ𝑡଴ሻ is the network performance on day 𝑡଴; 𝑁𝑃ሺ𝑡ሻ is the network 

performance on day t, which is derived from the proposed day-to-day dynamic model. 

Traditionally, the metrics used in vulnerability analysis only focus on the network performance 

at the final equilibrium state, which is denoted by 𝑁𝑃ሺ𝑡ଵሻ  in Fig. 2. Note that the network 

performance evolution curve is similar to the resilience curve or triangle (Wan et al., 2018; Zhou 
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et al., 2019) for characterizing the four dimensions of resilience, i.e., redundancy, robustness, 

rapidity, and resourcefulness. The main difference lies in that here the network performance at 

the new equilibrium state (i.e., 𝑁𝑃ሺ𝑡ଵሻ) is worse than the pre-disruption network performance 

(i.e., 𝑁𝑃ሺ𝑡଴ሻ) because no external interventions, such as the repairing procedure, are considered; 

while in the resilience curve, 𝑁𝑃ሺ𝑡ଵሻ can be higher, lower or close to 𝑁𝑃ሺ𝑡଴ሻ depending on the 

recovery schedule in question. In this study, we use DNP to identify the critical components of a 

network because it can consider the post-disaster network flow and performance fluctuation. The 

proposed method is not only limited to the case in which the equilibrium can be reached, but also 

is applicable to the case in which the equilibrium cannot be reached at the end of the investigated 

time horizon 𝑡ଵ. That is, to calculate the DNP metric within the specified time period (e.g., 𝑡଴ 

to 𝑡ଵ ) resulting from different disruption scenarios, and then rank the disruption scenarios 

according to the metric. 

 

 
Fig. 2. Illustration of the proposed DNP metric for network-wide vulnerability analysis 

 

In the literature, the total travel time (TTT), the sum of the product of link flow and link travel 

time of all links in the network (i.e., 𝑇𝑇𝑇 ൌ ∑
௔∈஺

𝑣௔𝑇௔), has been one of the most widely used 

measures for assessing transportation network performance and design (Yang and Bell, 1998; 

Xu et al., 2014; Yang et al., 2017; Wang et al., 2018). It has also been used as a typical 

performance measure in transportation vulnerability analysis (Taylor, 2017). In this study, 

considering the travel time variability, we use the expected value of TTT (ETTT) as the network 

performance measure. Note that ETTT has also been adopted as the network performance 

measure in network design problems under uncertainties (Chen and Yang, 2004). Since the 

traffic flow is deterministic in this paper, ETTT essentially equals the total expected travel time 

(TETT), namely the sum of the product of link flow and mean link travel time of all links in the 

network, i.e., 

𝐸𝑇𝑇𝑇 ൌ 𝐸ሺ𝑇𝑇𝑇ሻ                                     
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ൌ 𝐸ሺ ∑
௔∈஺

𝑣௔𝑇௔ሻ                                  

  ൌ ∑
௔∈஺

𝑣௔𝐸ሺ𝑇௔ሻ  ൌ 𝑇𝐸𝑇𝑇                      (24) 

Following the uniform link capacity distribution mentioned earlier, the mean link travel time 

𝐸ሺ𝑇௔ሻ in Eq. (24) is calculated by Eq. (A.1) in this study.  

 

4 NUMERICAL EXAMPLES 

In this section, we use two networks to demonstrate the features of the proposed day-to-day 

dynamic model and the new metric for network vulnerability analysis. Specifically, network 1 

(two-route network) is used to illustrate the advantages of the proposed day-to-day dynamic 

model. Network 2 (Winnipeg network) is used to demonstrate the property of the proposed 

metric for network vulnerability analysis. 

 

4.1 Two-Route Networks 

The two-route networks, shown in Fig. 3, are adopted to illustrate the property of the proposed 

day-to-day dynamic model from two aspects: the evolution process and the equilibrium state. 

Both networks consist of one O-D pair connected by two independent links/routes. The O-D 

demand of both networks is set to be 100, and the capacity of both links is 100. The free flow 

travel times of the two routes are 10 and 5 for the short network, and 125 and 120 for the long 

network. The parameters 𝛾and 𝑏 of the BPR function in Eq. (7) are set to be 0.15 and 4, 

respectively. The link capacity of both links is assumed to follow a uniform distribution with 

𝜃௔𝐶௔ as the lower bound and 𝐶௔ as the upper bound. 

 
Fig. 3 Two-route networks 

 

The proposed Weibit-METT day-to-day dynamic model is compared with the other five day-to-

day traffic assignment models to show its advantages. The other five day-to-day models are UE, 

Logit, Weibit, UE-METT, and Logit-METT/Logit-scaling(Logits)-METT models. For simplicity, 

we refer to UE, Logit, and Weibit models as BPR models, and UE-METT, Logit-METT, and 

Weibit-METT models as METT models hereinafter. Recall that since each link is a route in the 

two-route networks, route cost equals link METT in the METT models. 

O D

(10,100)

(5,100)
O D

(125,100)

(120,100)

(Free flow travel time, capacity)

(a) Short network (b) Long network
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For a fair comparison, the coefficient of variation (CoV) of Logit-based models (including Logit 

and Logits-METT) and Weibit-based (including Weibit and Weibit-METT) models are all set to 

be 0.3. Under this value of CoV, the dispersion parameter 𝜑 of Logit-based models is 0.85503 

and 0.03563 in the short and long networks, respectively; and Weibit models use 𝛽௪ ൌ3.7 in 

both networks. Besides, we adopt the same determination strategies of target flow (namely RTFA) 

and flow adjustment ratio for all the day-to-day models to guarantee a fair comparison. As for 

the initial flow pattern, we assume the O-D demand is equally assigned to the two paths.  

 

4.1.1 Comparison among Weibit-METT, UE, and Logit Models 

Recall that the majority of the existing day-to-day dynamic model uses either UE or Logit route 

choice principle. This example uses the short network shown in Fig. 3(a) to demonstrate the 

differences between the proposed Weibit-METT day-to-day dynamic model and the UE and 

Logit models. For the Weibit-METT model, we set 𝜃௔= 0.6 and 𝛿 = 0.8.  

 

The evolution curves of route flow and route cost are shown in Fig. 4 and Fig. 5, respectively. 

The results at the equilibrium state are presented in Table 2. We can easily verify the satisfaction 

of the corresponding equilibrium conditions. From Fig. 4 and Fig. 5, the three models converge 

within 10 days, due to the simple structure of the network. However, the flow evolution curves 

differ from each other. From Fig. 4, all travelers switch to route 2 on day 2 in the UE day-to-day 

model. Relative to that of the UE day-to-day model, the flow evolution curve of the Logit day-

to-day model is closer to the proposed model due to their similar considerations of subjective 

uncertainty.  

(a) Flow on route 1 (b) Flow on route 2 

Fig. 4. The evolution process of route flow 
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a) Cost of route 1 (b) Cost of route 2 

Fig. 5. The evolution process of route cost 

 

Table 2. Results of three models at the equilibrium state 

Item Model 

UE Logit Weibit-METT 

Flow on route 1 0 2.43 19.27 

Flow on route 2 100 97.57 80.73 

Cost of route 1 10 10 (12.21)  10.01 (3.10) 

Cost of route 2 5.75 5.68 (12.21)  6.80 (3.10) 

Note: The numbers in the parenthesis are the generalized route costs. 

 

The difference in the flow assignment results among the three models can be explained by Fig. 

6 and Fig. 7. The UE model considers neither subjective nor objective uncertainty, so it assigns 

all the demand on the shortest route (i.e., route 2). As for the Logit model, although it considers 

subjective uncertainty and hence allocates some flows on route 1, it assumes that the two routes 

have an identically distributed perception error with the same variance of 2.25 as shown in Fig. 

6. Also, the Logit model ignores the objective uncertainty. By contrast, the Weibit-METT model 

considers both objective uncertainty and subjective uncertainty. First, as shown in Fig. 7 (a), due 

to the capacity degradation assumption, the actual travel time is randomly distributed rather than 

a fixed value as in the other two BPR models (i.e., UE and Logit). The variability in the actual 

travel time lies in that, while the actual travel time of route 1 has a larger mean than that of route 

2 (10.01 versus 5.96), its variance is much smaller (1.39ൈ10-5 versus 0.33). This is because the 

travel time variance is largely dependent on the flow (see Eq. (A.2) in the Appendix A). Second, 

as shown in Fig. 7 (b), unlike in the Logit model where the two routes have identical perception 

variance, the perception variance of route 1 is more than twice that of route 2 in the Weibit-

METT model. Due to the above two factors, the flow gap between the two routes at the 
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equilibrium state is much smaller in the Weibit-METT model than in the other two models.  

 

To sum up, under the same determination strategies of target flow and flow adjustment ratio, the 

above three models can converge to their respective equilibrium state within a short period. 

However, the results at the equilibrium state are quite different. This indicates that the improper 

consideration or ignorance of subjective uncertainty and/or objective uncertainty in the 

commonly used UE and Logit models may lead to biased results of flow assignment. Intuitively, 

the flow assignment bias would further influence the vulnerability analysis result.  

 

Perception Variance

Route 1 2.25

Route 2 2.25

 
Fig. 6. Perceived travel cost distribution in the Logit model (subjective uncertainty) 

 

 

(a) Actual travel time distribution (objective uncertainty) 
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Perception 
Variance

Route 1 9.08

Route 2 4.19

 
(b) Perceived travel cost distribution (subjective uncertainty) 

Fig. 7. Distributions of actual travel time and perceived travel cost in the Weibit-METT model 

 

4.1.2 Investigating the Effects of Objective Uncertainty and Subjective Uncertainty 

In this section, we investigate the effects of objective uncertainty and subjective uncertainty on 

the flow pattern at the equilibrium state. First, we illustrate the effect of objective uncertainty by 

comparing the results produced by three METT models (i.e., UE-METT, Logit-METT, and 

Weibit-METT) with their corresponding BPR models (i.e., UE, Logit, and Weibit). Then, we 

show the advantage of Weibit model in characterizing subjective uncertainty by comparing the 

results of Weibit-METT model with those of UE-METT and Logit-METT models.  

 

4.1.2.1 Comparison between METT models and BPR counterparts 

The main difference between the two categories of models is that the METT models take into 

consideration the objective uncertainty (via link capacity lower bound 𝜃௔) as well as travelers’ 

attitudes towards risks (via confidence level 𝛿).  

 

The following two experiments are conducted to show the impacts of 𝜃௔ and 𝛿, respectively. 

We still consider the short network shown in Fig. 3(a). First, we fix 𝜃௔ at 0.5, and vary 𝛿 from 

0.5 to 0.9 with an interval of 0.1. Then, we fix 𝛿 at 0.8 and vary 𝜃௔ from 0.1 to 0.9 with an 

interval of 0.2. The flow assignment results of route 2 from the two experiments are shown in 

Fig. 8 and Fig. 9, respectively.  
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Fig. 8. Flow on route 2 produced by METT models and BPR models (𝜃௔ ൌ 0.5) 

 
Fig. 9. Flow on route 2 produced by METT models and BPR models (𝛿 ൌ 0.8) 

 

In both figures, the three panels from left to right represent the results from the UE, Logit, and 

Weibit models, respectively. In Fig. 8, in each of the three panels, as 𝛿 increases (i.e., travelers’ 

risk-averseness increases from right to left), the flow difference between the BPR model and the 

METT model increases. This is because the actual travel time distributions are both with a high 

peak and a short tail under the given 𝜃௔ (See Fig. 7 (a) where 𝜃௔ ൌ 0.6, which is close to 0.5 

here). Therefore, as 𝛿 goes up, the superiority of using the shorter route declines. A similar trend 

can be observed in Fig. 9. In each of the three categories, as 𝜃௔  decreases (i.e., travel time 

variability induced by link capacity degradation increases from right to left), the flow difference 

between the BPR model and METT model tends to increase. This is because as 𝜃௔ decreases, 

the variance of the actual travel time increases sharply, and the actual travel time distribution 

grows to have a low peak and a long tail. When travelers are conservative, (e.g., 𝛿 ൌ 0.8 in this 

case), less of them would use the shorter route (with a smaller mean but a larger variance) as 𝜃௔ 
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decreases. However, it is noticeable that when 𝜃௔  equals 0.7 and 0.9, the equilibrium flow 

patterns of the BPR model and the METT model are the same. This still can be explained by the 

perfect information assumption in the UE model. That is, when the degree of link capacity 

degradation is not large enough, the UE-METT model still assumes that all the travelers choose 

the shorter route. This further illustrates the importance of incorporating subjective uncertainty. 

 

Below we further demonstrate the effect of travel time variability. Since this paper focuses on 

the Weibit model, we select the Weibit-METT and Weibit models for comparison. Note that Fig. 

7(a) has shown the actual travel time distribution of the Weibit-METT model when 𝛿 ൌ 0.8 and 

𝜃௔ ൌ 0.6. We further mark the costs of the two routes at the equilibrium state in the Weibit model 

and the Weibit-METT model in Fig. 10. At the equilibrium state, the flows on route 1 and 2 are 

9.84 and 90.16 respectively in the Weibit model, and 19.27 and 80.73 respectively in the Weibit-

METT model. In the Weibit model, BPR function is used to calculate the deterministic travel 

time without variability. By contrast, the METT in the Weibit-METT model considers both the 

travel time variability and travelers’ attitudes towards risk, as discussed in Section 4.1.1. 

Although in this case, the costs of route 1 in the Weibit and Weibit-METT models are quite 

similar (10.01 versus 10.00), there is a larger difference in the costs of route 2 (6.80 versus 5.50). 

As a result, in the Weibit-METT model, the relative cost difference between the two routes at the 

equilibrium state is 1.47 (10.01/6.80), which is smaller than 1.82 (10/5.5) in the Weibit model. 

Hence, less flow is assigned onto the shorter route (route 2) in the Weibit-METT than in the 

Weibit model. Similar results can also be obtained between the UE-METT and UE models, and 

between the Logit-METT and Logit models. 

  
Fig. 10. Actual travel time distributions and equilibrium costs of two routes in the Weibit-

METT and Weibit models 
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From the above analysis, both 𝜃௔ and 𝛿 can have large impacts on the network flow allocation, 

especially when the objective uncertainty is high (i.e., small 𝜃௔) or travelers’ averseness towards 

risk is strong (i.e., large 𝛿). The METT day-to-day models are better than the BPR counterparts, 

because the latter only adopt a deterministic travel time calculated from BPR function to 

represent the travel cost while ignoring the widely existing travel time variability and travelers’ 

risk-averse attitude. As a result, BPR models tend to overestimate the flow on the shorter route 

at the equilibrium state. By contrast, METT models use the risk measure of METT to represent 

travel cost, which captures not only the travel time variability but also travelers’ attitudes towards 

risk. Hence, METT models give rise to more reasonable flow assignment results. In the real 

world where travelers’ risk-averseness towards uncertainty is heterogeneous and the travel time 

variability widely exists, the METT models are particularly applicable. 

 

4.1.2.2 Comparison among METT models 

Section 4.1.2.1 demonstrates the superiority of METT models over BPR models from the 

perspective of modeling objective uncertainty. Below we focus on the perspective of modeling 

subjective uncertainty by comparing the proposed Weibit-METT model with the other METT 

models (i.e., UE-METT and Logit(s)-METT models).  

 

In this example, we use both long and short networks shown in Fig. 3. We still set 𝜃௔ to be 0.6 

and 𝛿 to be 0.8. Besides, we consider two types of Logit models: Logits-METT model (i.e., 

with scaling) and Logit-METT model (i.e., without scaling). In the Logits-METT model, 𝜑 

takes different values for the two networks to keep the same CoV with the Weibit-METT model 

for a fair comparison; and in the Logit-METT model, 𝜑 is fixed at 0.1 in both networks. 

 

The results are shown in Table 3. We can see that the UE-METT model assigns more flows on 

route 2 than the other models in both networks. This phenomenon is even more pronounced in 

the short network, where the UE-METT model assigns all the demand to route 2, although there 

is only a slight cost difference between the two routes (10 and 9.29). This again is due to travelers’ 

perfect information and rational behavior assumptions. However, the results of the three SUE- 

METT models (i.e., Logit-METT, Logits-METT, and Weibit-METT) are also different. The 

difference between the Weibit-METT and Logit-METT models is larger than that between the 

Weibit-METT and Logits-METT models. Moreover, the Logit-METT model even assigns less 

flow onto the shorter route (route 2) than the Weibit-METT model in the short network. The 

reason is that in the small network, the fixed dispersion parameter 𝜑 = 0.1 leads to a much 

larger CoV in the Logit-METT model than 0.3 in the Weibit-METT model. Note that the 

difference among three SUE-METT models lies in different assumptions on the perception 



26 

variance distributions, which will be further discussed below.  

 

For a fair comparison, we plot the perceived route cost distributions of the Logits-METT model 

and Weibit-METT model which have the same CoV in both networks in Fig. 11(a) and (b). In 

both networks, the perceived travel costs of two routes have identical variance in the Logits-

METT model. Intuitively, travelers on the longer route (i.e., route 1) should have a larger 

perception variance, and this is well reflected in the Weibit-METT model. Particularly, the ratio 

of perception variance between the two routes (route 1/route 2) reaches up to 2.17 in the short 

network, which is smaller (1.05) in the long network. Also, the Logits-METT model has a smaller 

perception variance than the Weibit-METT model. These explain why the flow on the longer 

route produced by the Logits-METT model is underestimated, and why this underestimation is 

more evident in the short network (as shown in Table 3) where perception errors are smaller and 

there is a lower opportunity for “wrong” perception in the sense of choosing a longer route. Note 

that this finding is consistent with Kitthamkesorn and Chen (2013, 2014) where the objective 

uncertainty was not considered in their Weibit model. Accordingly, the Weibit-METT day-to-day 

dynamic model can better capture travelers’ route choice behavior than the UE-METT or Logits-

METT models, because it does not have the perfect information assumption in the UE-METT 

model or the identically distributed perception error assumption in the Logits-METT model. As 

for the Logit-METT model, it even assumes a fixed perception variance for the routes in two 

networks of different lengths, so it is inferior to the Weibit-METT model as well. 

 

Table 3 Results of flows and costs in the two networks 

Network 

Model

UE-METT 
Logit-METT 

(Without scaling, 
𝜑 ൌ 0.1) 

Logits-METT 
(With scaling) Weibit-METT 

Short 
network 

Flow on route 1 0 38.71 11.48 19.27
Flow on route 2 100 61.3 88.52 80.72
Cost of route 1 10 10.19 (56.75) 10.00 (14.03) 10.01 (3.10)
Cost of route 2 9.29 5.59 (56.75) 7.61 (14.03) 6.80 (3.10)

Long 
network 

Flow on route 1 44.91 46.32 47.55 47.83
Flow on route 2 55.09 53.68 52.45 52.17
Cost of route 1 129.24 129.80 (178.16) 130.33 (266.80) 130.46 (5.92)
Cost of route 2 129.24 128.33 (178.16) 127.59 (266.80) 127.43 (5.92)

Note: The numbers in the parenthesis are the generalized route costs. 
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(a) Short network (b) Long network 

Fig. 11. Comparison of the perceived cost distributions between the Logits-METT model and 

Weibit-METT model 

The experiments in the two-route networks reveal the advantages and the necessities of the 

proposed model in characterizing travelers’ route choice adjustment behavior. On the one hand, 

travelers’ risk-averseness towards travel time variability can be well captured via the METT 

concept. On the other hand, the heterogeneous perception variance can be characterized by the 

Weibit model. Ignoring the objective uncertainty or improperly considering subjective 

uncertainty can lead to bias in traffic flow assignment, which would further affect the result of 

vulnerability analysis. By combining the METT concept and the Weibit model, the proposed 

model provides a new exploration in route choice modeling, which can more comprehensively 

characterize travelers’ route choice behavior. The proposed model lays a foundation for the 

network vulnerability analysis in terms of the flow evolution prediction, network performance 

assessment as well as computational tractability. 

 

4.2 Winnipeg Network 

In this example, we adopt the Winnipeg network shown in Fig. 12 to demonstrate the property 

of the proposed method for day-to-day dynamic network vulnerability analysis. The Winnipeg 

network consists of 154 zones, 1067 nodes, 2535 links, and 4345 O-D pairs. We use a pre-

generated route set with 174491 routes. As shown in Fig. 12, there are 14 major bridges as the 

main crossings of the Red River (eastbound–westbound direction) and the Assiniboine River 

(northbound–southbound direction) in the downtown and suburban areas.  

Logits-
METT

Weibit-
METT

Route 1 2.25 9.08

Route 2 2.25 4.19

Perception variance
Logits-
METT

Weibit-
METT

Route 1 1295.74 1542.08

Route 2 1295.74 1471.28

Perception variance



28 

 
Fig. 12. Winnipeg network and locations of 14 major bridges (Source: Xu et al., 2018a). 

 

To examine the generality of the result in Section 4.1.1, we further illustrate the difference among 

the three day-to-day dynamic models (i.e., UE, Logit and Weibit-METT models) in such a 

realistic network. The root mean square error (RMSE) of link flow at the equilibrium state is 

used to measure the difference. The RMSE between models m and n is denoted by RMSE௠,௡, 

whose formulation is 

RMSE௠,௡ ൌ ට Σ
௔∈஺

ሺ௩ೌ
೘ି௩ೌ

೙ሻమ

|஺|
,                          (25) 

where m and n represent different models; and |𝐴| is the number of links in the network. A low 

value of RMSE௠,௡ implies that model m performs similarly to model n.  

 

RMSE୙୉,୐୭୥୧୲ , RMSE୙୉,୛ୣ୧ୠ୧୲ି୑୉୘୘ and RMSE୐୭୥୧୲,୛ୣ୧ୠ୧୲ି୑୉୘୘  are 142.75, 196.35, and 

106.45, respectively, which means that the difference among the three day-to-day dynamic 

models is quite pronounced. Besides, at the equilibrium state, the total travel time (TTT) of UE, 

Logit and Weibit-METT models are 8.12 ൈ 10ହ , 8.99 ൈ 10ହ , and 9.24 ൈ 10ହ , respectively. 

Obviously, the TTT difference between the UE and Weibit-METT model is the largest, followed 

by that between the UE and Logit models. This is reasonable because compared to the UE model, 

the proposed model considers both subjective and objective uncertainties.  

 

Further, the 30-day flow evolution trajectories of link 359 (i.e., westbound of bridge 1) from the 

three different models are shown in Fig. 13. The flow evolution trajectory resulting from the 

Weibit-METT model is significantly different from those generated by the other two models. 

These validate the difference among the three day-to-day models in large-scale networks.  
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Fig. 13. Flow evolution trajectories of link 359 (westbound of bridge 1) from different models 

 

In the following, 14 disruption scenarios are used to compare the results of vulnerability analysis 

(i.e., importance rankings of bridges) based on the proposed metric and the traditional metric. In 

each disruption scenario, one of the 14 bridges is disrupted at both directions. In consistence with 

the previous example, we still assume 𝜃௔ to be 0.6 for all links, and 𝛿 to be 0.8. The link travel 

cost in the Weibit-METT model follows an exponential function (Hensher and Truong, 1985; 

Mirchandani and Soroush, 1987; Kitthamkesorn and Chen, 2014): 

𝜏௔ ൌ 𝑒଴.଴଻ହఎೌ ∀𝑎 ∈ 𝐴                                      (26) 

The initial flow pattern is obtained under the same setting as in Section 4.1, and it takes around 

30 days to converge. Therefore, we take the TETT on day 30 (i.e., 1.055 ൈ 10଺ ) to be the 

network-wide performance at the pre-disruption equilibrium state. At the end of day 30, we 

destroy one bridge by setting the free-flow travel time to 999 and compute the two metrics on 

day 60 (i.e., 30 days after the disruption). Note that the bridge failure is assumed to last 

throughout the time period after disruption, i.e., from day 30 to day 60.  

 

The importance rankings of the 14 bridges using the two metrics based on the proposed day-to-

day dynamic model are presented in Table 4. Fig. 14 illustrates the difference between the 

proposed metric and the traditional metric under the disruption of bridge 1. The proposed metric 

is represented by the area (in grey color) circled by the post-disruption TETT curve in the grape 

solid line and the pre-disruption TETT at the equilibrium in the blue dashed line. By contrast, 

the traditional metric is only represented by a single point of the TETT at the final equilibrium 

state (i.e., TETT on day 60). Intuitively, the traditional metric only concerns the performance at 

the final state, ignoring the evolution of system performance after the disruption. In Fig. 14, after 

the disruption of bridge 1, TETT surges to the peak of 2.971 ൈ 10଺ one day later, recovers to 

1.05 times of the TETT at the original equilibrium state 13 days after the disruption, and then 

converges to 1.086 ൈ 10଺ on day 60. It is worth mentioning that the peak value of TETT after 

the disruption of bridge 1 is nearly 3 times that of the final state. Using only the final state may 
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significantly underestimate the cumulative impact of the bridge disruption.  

 

Table 4. The value of the two metrics and corresponding rankings of 14 bridges 

Bridge 
The proposed 

metric (ൈ 10଺) 

Traditional 

metric (ൈ 10଺) 

Ranking based on the 

proposed metric (𝑅௣) 

Ranking based on the 

traditional metric (𝑅௧) 

Bridge 1 5.169  1.086  8 3 

Bridge 2 3.546  1.057  11 12 

Bridge 3 3.384  1.055  13 14 

Bridge 4 7.490  1.078  6 4 

Bridge 5 7.751  1.072  5 6 

Bridge 6 9.821  1.086  3 2 

Bridge 7 5.032  1.0627  9 10 

Bridge 8 4.127  1.059  10 11 

Bridge 9 1.366  1.056  14 13 

Bridge 10 10.464  1.075  2 5 

Bridge 11 8.707  1.0629  4 9 

Bridge 12 5.180  1.071  7 7 

Bridge 13 15.368  1.124  1 1 

Bridge 14 3.502  1.070  12 8 

 

 

Note:(*): TETT recovers to 1.05 times of that at the original equilibrium state 13 days after the disruption 

Fig. 14. Illustrations of the proposed and traditional metrics under the disruption of bridge 1 

 

Similar to the traditional metric, the proposed metric DNP is still a scalar. In engineering practice, 

it is easier and more intuitive for managers to distinguish the relative importance of network 

components by comparing a scalar value than comparing groups of multiple numbers or 

probability distributions. Despite being a scalar, the proposed metric essentially integrates 

multiple aspects of the post-disruption network performance fluctuation. Specifically, the 
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proposed metric has three important elements, i.e., performance peak, number of days required 

to recover to an acceptable threshold, and network performance at the final state. The metric 

DNP is an accumulated metric, which is the integration of TETT over multiple days. Thus, in 

most cases, different disruption scenarios tend to generate different DNP values. However, it is 

theoretically possible to encounter the same value of the proposed metric under different 

disruption scenarios, and we can use the three abovementioned important elements as the 

secondary metrics to distinguish such scenarios. The three important elements under different 

bridge disruption scenarios are provided in Table 5.  

 

Table 5 Key factors on the evolution of TETT under different disruption scenarios 

Bridge 
The peak of 

TETT (ൈ 10଺) 
TETT on day 
60 (ൈ 10ହ)

The ratio of the TETT 
peak to TETT on day 60 

Days required to recover to 
a given threshold (*) 

Bridge 1 2.971  1.086 2.737 13 
Bridge 2 2.949  1.057 2.791 8 
Bridge 3 2.654  1.055 2.515 8 
Bridge 4 4.688  1.078 4.346 13 
Bridge 5 5.353  1.072 4.993 10 
Bridge 6 5.847  1.086 5.384 13 
Bridge 7 3.450  1.0627 3.247 10 
Bridge 8 3.012  1.059 2.843 8 
Bridge 9 1.648  1.056 1.560 5 
Bridge 10 7.287  1.075 6.781 11 
Bridge 11 6.605  1.0629 6.215 10 
Bridge 12 3.279  1.071 3.063 11 
Bridge 13 7.988  1.124 7.109 Cannot recover within 30 days
Bridge 14 2.383  1.070 2.227 9 
Note: (*) denotes the days required for TETT to recover to 1.05 times of that at the pre-disruption equilibrium state 

 

To provide a more intuitive understanding, the rankings of bridges based on the two metrics are 

demonstrated in Fig. 15. It is obvious that except for two bridges (i.e., bridges 12 and 13), all the 

remaining 12 bridges are ranked differently using the two metrics. Seven bridges (i.e., bridges 2, 

3, 5, 7, 8, 10, 11) are ranked higher based on the proposed metric, while five bridges (bridges 1, 

4, 6, 9, 14) are deemed to be more important by the traditional metric. Further, we use the metric 

r-square, which can reflect how well the dataset of rankings are fitted to the 45° line (i.e., the 

line 𝑅௧ ൌ 𝑅௣), to evaluate how large the difference between the rankings is. Note that r-square 

is usually used to evaluate the goodness of fit in statistics, which takes the value ranging from 0 

to 1, with a larger value indicating a higher goodness of fit (Cohen, 1988). In Fig.15, the r-square 

is 0.622, implying a relatively large difference between the ranking results under the two metrics. 

Due to such a large difference between the ranking results and considering that the proposed 

metric integrates multiple aspects of the post-disruption network performance fluctuation rather 

than merely focusing on the final state as in the traditional metric, it is meaningful to use the 

proposed metric for critical network components identification. 
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Besides, it is notable from Fig. 15 that, bridges 1 and 11 deviate the most from the 45° line, both 

with an absolute ranking difference of 5 under the two metrics. For a further discussion, the 

evolution trajectories of TETT under the two scenarios are plotted in Fig. 16. 

 

Fig. 15 Rankings of bridges based on two metrics 

 

 

Fig. 16 Comparison of the TETT evolution trajectories under the disruptions of bridge 1 and 11 

 

Fig. 16 together with Tables 4 and 5 can well explain the large ranking difference of the two 

bridges using the two metrics. For bridge 1, although the value of the traditional metric at the 

final state is relatively large and ranks the 3rd, the disruption impact over the whole evolution 

process is not so significant due to its relatively low peak and short recovery time. As a result, 

the traditional metric largely overestimates the importance of bridge 1. Regarding bridge 11, 
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despite the traditional metric at the final state is relatively small and ranks the 9th only, its 

cumulative impact over the whole evolution process is much larger primarily owing to the 

significantly high peak. Hence, the traditional metric largely underestimates the importance of 

bridge 11. 

 

Besides, the range of the proposed metric is much larger than that of the traditional metric. More 

specifically, in the second column of Table 4, the largest value is 1.537 ൈ 10଻ of bridge 13, which 

is more than 10 times that of the least important bridge (1.366 ൈ 10଺ of bridge 9). Even for the 

two most important bridges (i.e., bridge 13 and 10), their difference based on the proposed metric 

is around 1.5 times. This can be explained by Table 5. After the disruption of bridge 13, the TETT 

even cannot recover to 1.05 times of the pre-disruption equilibrium state. By contrast, based on 

the traditional metric, the largest relative difference between the most important bridge and the 

least important bridge is only 1.06 times (i.e., 1.124 ൈ 10଺ of bridge 13 versus 1.055 ൈ 10଺ 

of bridge 3). Obviously, the difference among the bridges is much less evident based on the 

traditional metric. The results based on the proposed metric deliver a message to transportation 

managers that bridge 13 should be given a much higher priority to than the other bridges, but the 

results based on the traditional metric fail to indicate such a large gap in the relative importance 

among bridges. What’s more, it is difficult to distinguish the relative importance of bridges 7 

and 11 based on the traditional metric (1. 0627 ൈ 10଺  versus 1. 0629 ൈ 10଺ ), while the 

disruptions of the two bridges lead to quite different peak values of network performance 

(5.032ൈ 10଺ versus 8.707 ൈ 10଺) as revealed in the proposed metric. From this perspective, the 

proposed metric has a better capability to distinguish the importance of critical components than 

the traditional metric. Note that all the above analyses are based on the discrete day-to-day 

dynamic model. The bridge importance rankings based on the continuous day-to-day model are 

also provided in Appendix E for a comparison. 

 

To sum up, the proposed metric outperforms the traditional metric in two aspects. First, the 

traditional metric only pays attention to the final state and ignores the network performance 

evolution after the disruption, which is likely to lead to a biased result of vulnerability analysis. 

The worst performance (i.e., the peak) after the disruption could be very severe relative to the 

final equilibrium state. With the day-dependent network performance information, planners and 

managers can determine the recovery strategy if needed. Besides, the proposed metric is more 

sensitive to different disruptions scenarios, and hence has a better capability of distinguishing 

the importance of different network components than the traditional metric. 
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5 CONCLUDING REMARKS 

The disruptions encountered in the transportation network vulnerability analysis are generally 

associated with severe infrastructure damages and last for a long time period (from weeks to 

months) before the complete recovery. This would inevitably affect travelers’ day-to-day route 

choice behaviors and result in day-to-day network performance fluctuation. In this paper, we 

develop a new day-to-day dynamic network vulnerability analysis approach that allows the 

consideration of day-to-day network performance fluctuation based on a new day-to-day model 

under both objective and subjective uncertainties. Compared to most existing day-to-day models 

that either adopt UE or Logit-based route choice criterion, the advantages of the new day-to-day 

model are twofold: firstly, the Weibit model is used to capture travelers’ subjective perception 

error uncertainty, which overcomes the drawback of the UE model due to the perfect information 

assumption, and the drawback of the Logit model due to the identically distributed perception 

error assumption; secondly, the METT concept is used to capture the objective travel time 

uncertainty, which overcomes the deficiency of ignoring travel time variability in most existing 

day-to-day models while remaining computational tractability, making it applicable to 

vulnerability analysis in large-scale networks. Based on the proposed day-to-day dynamic model, 

we develop a new component importance metric. The new metric characterizes the post-

disruption day-dependent consequences to alleviate the limitation of only assessing the final 

static equilibrium consequence as in the existing studies of vulnerability analysis. 

 

Numerical examples are conducted to demonstrate the superiority of the proposed day-to-day 

dynamic model and the new component importance metric, as well as their applicability in large-

scale networks. More specifically, we show that (1) improper consideration or ignorance of 

subjective uncertainty and/or objective uncertainty in the commonly used static UE and Logit 

models may lead to biased results of flow assignment, which can further influence the 

vulnerability analysis result; (2) compared to the traditional metric which only focuses on the 

equilibrium state, the new metric not only considers the performance evolution after the 

disruption but also has a better capability of distinguishing the importance of different network 

components. By introducing the day-to-day time dimension into the vulnerability analysis, the 

proposed method provides a new decision support tool for planners and managers with the 

following multiple functions: (1) identifying the critical network components and planning for 

system protection against disruptions; (2) determining the threshold of activating the recovery 

schedule, i.e., whether and when to start the recovery schedule after disruption; and (3) 

evaluating the performance of network strengthening or improvement plans. 
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A few directions are worthy of further investigations: (1) Although the Weibit model can handle 

the issue of the identically distributed perception error assumption of the Logit model, it still 

inherits the independently distributed perception error assumption. We can easily extend the 

proposed model to further consider the route overlapping issue by introducing the path-size factor. 

(2) Empirical analyses are necessary to validate our model as well as the rationality of the flow 

adjustment strategy. (3) This paper adopts the TETT as the performance measure in the 

vulnerability analysis. It would also be interesting to investigate the application of other 

performance measures, e.g., accessibility and redundancy. (4) In addition to the link disruption 

consequence, we can further consider the link disruption probability in vulnerability analysis 

with the increasing data availability (e.g., Esfeh et al., 2020). (5) We can adopt a more general 

or a more travel behavior-oriented day-to-day model to better characterize travelers’ behavior, 

e.g., the Bayesian day-to-day model recently proposed by Zhu et al. (2019) to relax the 

assumptions on supply distribution, and even the route choice criterion. 

 

APPENDIX A 

As introduced in Eq. (7), we adopt the BPR link performance function. For the case of uniformly 

distributed link capacity uncertainty, the mean and variance of link travel time have been derived 

in Lo et al. (2006). Assume the upper bound and the lower bound of the link capacity are 

respectively  𝑐௔̅ and 𝜃௔𝑐௔̅. Then the formulas of the mean and variance of link travel time are 

as follows: 

𝐸ሺ𝑇௔ሻ ൌ 𝑡௔
଴ ൅ 𝛾𝑡௔

଴𝑣௔
௕ ሺଵିఏೌ

భష್ሻ

௖̅ೌ್ሺଵିఏೌሻሺଵି௕ሻ
                              (A.1) 

𝑣𝑎𝑟ሺ𝑇௔ሻ ൌ 𝛾ଶሺ𝑡௔
଴ሻଶ𝑣௔

ଶ௕ሼ
ଵିఏೌ

భషమ್

௖̅ೌమ್ሺଵିఏೌሻሺଵିଶ௕ሻ
െ ሾ

ଵିఏೌ
భష್

௖̅ೌഁሺଵିఏೌሻሺଵି௕ሻ
ሿଶሽ            (A.2) 

We use lognormal distribution to characterize link travel time variability, i.e., 𝑇௔~LNሺ𝜇௔,௧, 𝜎௔,௧ሻ, 

and its two parameters can be inversely calculated as follows: 

𝜇௔,௧ ൌ ln൫𝐸ሺ𝑇௔ሻ൯ െ ଵ

ଶ
ln ሺ1 ൅ ௩௔௥ሺ்ೌ ሻ

ሾாሺ்ೌ ሻሿమሻ                          (A.3) 

𝜎௔,௧
ଶ ൌ ln ሺ1 ൅ ௩௔௥ሺ்ೌ ሻ

ሾாሺ்ೌ ሻሿమሻ                                      (A.4) 

Based on the two parameters (i.e., 𝜇௔,௧ and 𝜎௔,௧), the PDF of link travel time has been known. 

Then, following Xu et al. (2017), the calculation formula of link METT can be obtained. 

 

APPENDIX B 

We first show that the RTFA can be derived by partially linearizing the objective function Zሺ𝐟ሻ 

in Eq. (15). For ease of demonstration, we denote the first term in Eq. (15) (i.e., 
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Σ
௔∈஺

׬ ln𝜏௔ሺ𝑤ሻ𝑑𝑤
Σ

ೢ∈ೈ
Σ

ೝ∈ೃೢ௙ೢ ,ೝఘೝೌ
ೢ

଴
) as Wሺ𝐟ሻ, and the second term (i.e., Σ

௪∈ௐ

ଵ

ఉೢ Σ
௥∈ோೢ

𝑓௪,௥ሺln𝑓௪,௥ െ

1ሻ) as G(𝐟). 

 

By using a first-order approximation to the first term of Eq. (15), we can obtain the following 

partial linearization subproblem 

[Partial-L] 

min
𝐟∈ஐ

∇𝐟Wሺ𝐟ሺ𝑘ሻሻ்ሺ𝐟 െ 𝐟ሺ𝑘ሻሻ ൅  Gሺ𝐟ሻ                            (B.1) 

Eq. (B.1) can be rewritten as follows  

min
𝐟∈ஐ

Σ
௪∈ௐ

Σ
௥∈ோೢ

ln𝑔௪,௥
ሺ௞ሻ ⋅ 𝑓௪,௥ ൅ Σ

௪∈ௐ

ଵ

ఉೢ Σ
௥∈ோೢ

𝑓௪,௥ ⋅ ሺln𝑓௪,௥ െ 1ሻ            (B.2) 

It can be seen that Eq. (B.2) is exactly the RTFA. 

 

We now prove Proposition 1 next. It can be easily seen that the model Partial-L has at least one 

optimal solution because it is a convex program with a non-empty feasible solution set. By 

Theorem 3.4.3 in Bazaraa et al. (2006), if 𝐟ሺ௞ሻ is a minimizer to Partial-L, we have the following 

variational inequality (VI): 

ሾ∇𝐟W൫𝐟ሺ𝑘ሻ൯
்

൅ ∇Gሺ𝐟ሺ𝑘ሻሻሿሺ𝐟 െ 𝐟ሺ𝑘ሻሻ ൒ 0                     (B.3) 

By simple calculations, one can easily verified that Eq. (B.3) is equivalent to the VI formulation 

of the Weibit-based SUE. Therefore, 𝐟ሺ௞ሻ is the route flow pattern of the Weibit-based SUE.  

 

If 𝐟ሺ௞ሻ does not solve Partial-L, since 𝐲ሺ௞ሻ is a solution to this problem, then 

∇𝐟W൫𝐟ሺ௞ሻ൯
்

൫𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ൯ ൅  G൫𝐲ሺ௞ሻ൯ ൏ ∇𝐟W൫𝐟ሺ௞ሻ൯
்

൫𝐟ሺ௞ሻ െ 𝐟ሺ௞ሻ൯ ൅  G൫𝐟ሺ௞ሻ൯ ൌ G൫𝐟ሺ௞ሻ൯ (B.4) 

By the convexity of Gሺ⋅ሻ, we have  

G൫𝐲ሺ௞ሻ൯ െ G൫𝐟ሺ௞ሻ൯ ൒ ∇G൫𝐟ሺ௞ሻ൯ሺ𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻሻ                 (B.5) 

Combining Eqs. (B.4) and (B.5), we have 

ቂ∇𝐟W൫𝐟ሺ𝑘ሻ൯
்

൅ ∇Gሺ𝐟ሺ𝑘ሻሻቃ ൫𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ൯ ൏ 0                 (B.6) 

which is equivalent to  

ቂln𝐠 ൅ ଵ

ఉೢ ln𝐟ቃ ൫𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ൯ ൏ 0                      (B.7) 

where ln𝐠 ൅ ଵ

ఉೢ ln𝐟 is the generalized cost (𝐠෤൫𝐟ሺ௞ሻ൯) in the Weibit-SUE model. Substituting Eq. 

(1) into Eq. (B.7), we have 

𝐠෤൫𝐟ሺ௞ሻ൯
୘

൫𝐟ሺ𝑘൅1ሻ െ 𝐟ሺ௞ሻ൯ ൏ 0                          (B.8) 
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which is the desired result of Proposition 1. 

 

APPENDIX C 

It is obvious that when 𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ ൌ 0, i.e., the convergence is reached, Eq. (21) holds. For the 

case that 𝐲ሺ௞ሻ ് 𝐟ሺ௞ሻ, consider a function  

𝑍൫𝛼ሺ௞ሻ൯ ൌ 𝑍 ቀ൫1 െ 𝛼ሺ௞ሻ൯𝐟ሺ𝑘ሻ ൅ 𝛼ሺ௞ሻ𝐲ሺ𝑘ሻቁ ൌ 𝑍ሺ𝐟ሺ𝑘൅1ሻሻ                (C.1) 

We have the following first-order derivative 

𝑑𝑍൫𝛼ሺ௞ሻ൯

𝑑𝛼ሺ௞ሻ ൌ ሺ
𝜕𝑍ሺ𝐟ሺ𝑘൅1ሻሻ

𝜕𝐟ሺ𝑘൅1ሻ ሻ் 𝑑𝐟ሺ𝑘൅1ሻ

𝑑𝛼ሺ௞ሻ ൌ 𝐠෤ ቀ൫1 െ 𝛼ሺ௞ሻ൯𝐟ሺ𝑘ሻ ൅ 𝛼ሺ௞ሻ𝐲ሺ𝑘ሻቁ
்

ሺ𝐲ሺ𝑘ሻ െ 𝐟ሺ𝑘ሻሻ 

When 𝛼ሺ௞ሻ ൌ 0, combining Eq. (B.5), we have 

 
ௗ௓൫ఈሺೖሻ൯

ௗఈሺೖሻ ฬ
ఈሺೖሻୀ଴

ൌ 𝐠෤൫𝐟ሺ𝑘ሻ൯
்

൫𝐲ሺ𝑘ሻ െ 𝐟ሺ𝑘ሻ൯ ൏ 0                 (C.2) 

The derivative of the generalized cost 𝐠෤ሺ𝐟ሺ𝑘ሻሻ with respect to route flow is, 

𝜕𝐠෤ሺ𝐟ሺ𝑘ሻሻ

𝜕𝐟ሺ𝑘ሻ ൌ
1

𝐟ሺ𝑘ሻ 

Since route flow 𝐟ሺ௞ሻ is non-negative, 
డ𝐠෤ሺ𝐟ሺ𝑘ሻሻ

డ𝐟ሺ𝑘ሻ ൐ 0. 

Then we have  

ௗమ௓൫ఈሺೖሻ൯

ௗఈሺೖሻమ ൌ ൫𝐲ሺ𝑘ሻ െ 𝐟ሺ𝑘ሻ൯
் ଵ

𝐟ሺ𝑘ሻ ൫𝐲ሺ𝑘ሻ െ 𝐟ሺ𝑘ሻ൯ ൐ 0                (C.3) 

Furthermore, function 𝑍൫𝛼ሺ௞ሻ൯ is strictly convex when 𝛼ሺ௞ሻ ∈ ሾ0,1ሿ. It follows from Eqs. (C.2) 

and (C.3) that there is 𝛼ሺ௞ሻതതതതത ∈ ሺ0,1ሿ so that 

𝑑𝑍൫𝛼ሺ௞ሻ൯

𝑑𝛼ሺ௞ሻ ൌ 𝐠෤൫ሺ1 െ 𝛼ሺ௞ሻሻ𝐟ሺ𝑘ሻ ൅ 𝛼ሺ௞ሻ𝐲ሺ𝑘ሻ൯
𝑇

൫𝐲ሺ𝑘ሻ െ 𝐟ሺ𝑘ሻ൯ ൑ 0, ∀𝛼ሺ𝑘ሻ ∈ ൫0, 𝛼ሺ𝑘ሻതതതതത൧  

Therefore, 𝑍ሺ0ሻ ൐ 𝑍൫𝛼ሺ௞ሻ൯. Recall from (C.1) that 𝑍ሺ0ሻ ൌ 𝑍ሺ𝐟ሺ௞ሻሻ and 𝑍൫𝛼ሺ௞ሻ൯ ൌ 𝑍ሺ𝐟ሺ௞ାଵሻሻ. 

So, we have 𝑍൫𝐟ሺ௞ሻ൯ ൐ 𝑍ሺ𝐟ሺ௞ାଵሻሻ. This means that as days go on, when 𝐲ሺ௞ሻ ് 𝐟ሺ௞ሻ, namely 

when the target flow on day k+1 is not equal to the route flow on day k, the objective function 

will always decrease until 𝐲ሺ௞ሻ ൌ 𝐟ሺ௞ሻ, namely the convergence is reached. Also, recall that the 

route flow 𝐟ሺ௞ሻ that minimizes 𝑍൫𝐟ሺ௞ሻ൯ satisfies the Weibit-SUE state. Thus, the proposed day-

to-day dynamic model evolves towards the Weibit-SUE state under the flow adjustment strategy.  

 

Below we present how to calculate the flow adjustment ratio with the bisection method. The 

interpretation is as follows. First, let 𝛼ሺ௞ሻ = 1; if Eq. (21) does not hold, then we take 𝛼ሺ௞ሻ ←

𝛼ሺ௞ሻ/2 until Eq. (21) holds. According to Proposition 2, 𝛼ሺ௞ሻ can be deemed an upper bound, 
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and all the values within the interval (0, 𝛼ሺ௞ሻ] satisfy Eq. (21). Therefore, any value within the 

interval (0, 𝛼ሺ௞ሻ] can be used as the flow adjustment ratio to guarantee the global convergence 

of the flow adjustment process. Note that the interval obtained in this manner is most likely to 

be the subset of the actual interval because the upper bound obtained here is very likely to be 

smaller than the actual upper bound 𝛼ሺ௞ሻതതതതത, (i.e., 𝛼ሺ௞ሻ ൑ 𝛼ሺ௞ሻതതതതത, so the range of (0, 𝛼ሺ௞ሻ] is no larger 

than that of (0, 𝛼ሺ௞ሻതതതതത]), and we can take 𝛼ሺ௞ሻ as the flow adjustment ratio. 

Step 1. Let 𝛼ሺ௞ሻ ൌ 1. 

Step 2. Calculate 𝐠෤ ቀ൫1 െ 𝛼ሺ௞ሻ𝐟ሺ௞ሻ൯ ൅ 𝛼ሺ௞ሻ𝐲ሺ௞ሻቁ
்

൫𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ൯. 

Step 3. Check whether 𝐠෤൫ሺ1 െ 𝛼ሺ௞ሻሻ𝐟ሺ௞ሻ ൅ 𝛼ሺ௞ሻ𝐲ሺ௞ሻ൯
்

൫𝐲ሺ௞ሻ െ 𝐟ሺ௞ሻ൯ ൑ 0. If yes, go to step 4; or 

else, let 𝛼ሺ௞ሻ ൌ
ఈሺೖሻ

ଶ
 and go to step 2. 

Step 4. Output 𝛼ሺ௞ሻ. 

 

APPENDIX D 

Table D.1 Notations and explanations 
Notation Explanation 

k The day index 

N The set of nodes 

A The set of links 

W The set of origin-destination (O-D) pairs 

𝑅௪  The set of paths between an O-D pair 𝑤 ∈ 𝑊 

𝛼ሺ௞ሻ The flow adjustment ratio on day k 

𝐟ሺ௞ሻ The column vector of all the path flows on day k, 𝐟ሺ௞ሻ ൌ ሺ𝑓௪,௥
ሺ௞ሻ, 𝑟 ∈ 𝑅௪, 𝑤 ∈ Wሻ் 

𝑓௪,௥
ሺ௞ሻ The traffic flow on path 𝑟 ∈ 𝑅௪ between O-D pair 𝑤 ∈ 𝑊 on day k 

𝐲ሺ௞ሻ 
The column vector of all the target path flows on day k, 𝐲ሺ௞ሻ ൌ ሺ𝑦௪,௥

ሺ௞ሻ, 𝑟 ∈ 𝑅௪, 𝑤 ∈

𝑊ሻ் 

𝑦௪,௥
ሺ௞ሻ The target traffic flow on path 𝑟 ∈ 𝑅௪ between O-D pair 𝑤 ∈ 𝑊 on day k 

𝑞௪  The travel demand between 𝑤 ∈ W 

𝑣௔
ሺ௞ሻ The flow on link 𝑎 ∈ 𝐴 on day k 

𝜌௥௔
௪  𝛿௥௔

௪ ൌ 1 if path 𝑟 ∈ 𝑅௪ contains link a, and 𝛿௔௥
௪ ൌ 0 otherwise 

𝑇௔ The travel time function of link 𝑎 ∈ 𝐴

𝑡௔
଴ Free flow travel time of link a  

𝐶௔ The capacity of link a 

𝛾 BPR parameter, usually specified as 0.15 

𝑏 BPR parameter, usually specified as 4 

𝜃௔ Lower bound of link capacity degradation of link a 

𝛽௪ The shape parameter of O-D pair w in the Weibit model 

𝜑 The dispersion parameter in the Logit model 
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𝑃௪,௥
ሺ௞ሻ The probability of choosing route r connecting O-D pair w on day k 

𝑔௪,௥
ሺ௞ሻ  The travel cost of route r between O-D pair w on day k 

𝜂௔ሺ𝛿ሻ The METT of link a at the confidence level of 𝛿 

𝜉௔ሺ𝛿ሻ Travel time budget of link a that satisfies 𝛿-reliability requirement 

𝜖௔ሺ𝛿ሻ Buffer time of link a that satisfies 𝛿-reliability requirement 

𝜎௪,௥ The perception variance of route r connecting O-D pair w 

𝜏௔ The link travel cost on link a 

 

APPENDIX E 

The counterpart continuous-time day-to-day dynamic model is formulated as 

𝐟ሶ ൌ 𝛼ො ሺΦሺ𝐠ሻ െ 𝐟ሻ, 𝛼ො ൐ 0                         (E.1) 

where Φሺ𝐠ሻ ൌ ሺ𝑞௪
൫௚ೢ,ೝ൯

షഁೢ

∑
೛∈ೃೢ

൫௚ೢ,೛൯
షഁೢ , 𝑤 ∈ 𝑊, 𝑟 ∈ 𝑅ሻ்  is the Weibit loading functions, 𝛼ො  is the 

flow adjustment parameter, 𝐠  is the path cost vector, and 𝐟  is the path flow vector. The 

continuous day-to-day model is similar to the one in Ye et al. (2021) with travelers taking ATIS 

information as their perception (since we do not consider the learning process) and ATIS 

publishing the actual travel time, except that here Φሺ∙ሻ is the Weibit loading instead of the Logit 

loading function. Thus, the convergence property can be proved in a similar fashion as in Ye et 

al. (2021). 

 

Combining Eqs. (22), (24) and (E.1), the vulnerability analysis based on the continuous day-to-

day model can be conducted. The comparison of bridge importance rankings under discrete-time 

and continuous-time day-to-day models is shown in Table E.1. The vulnerability analysis results 

under different models are only slightly different. Specifically, among the 14 bridges, the largest 

ranking difference is no larger than 2. The MSE (mean square error) values between the 

vulnerability analysis result under the discrete-time model and those under the five continuous-

time models are respectively 1, 1, 1, 1.29, and 1.29. In addition, under the six investigated day-

to-day models, the most and the least important bridges (i.e., Bridge 13 and Bridge 9 respectively) 

are the same. The above results indicate that the version of day-to-day models does not have 

significant influence on the vulnerability analysis results. 
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Table E.6 Comparison of bridge importance rankings under discrete-time and continuous-time 

day-to-day models 
Bridges Discrete-

time model 
Continuous-time models 

𝛼ො  ൌ 0.1 𝛼ො ൌ 0.3 𝛼ො ൌ 0.5 𝛼ො ൌ 0.7 𝛼ො  ൌ 0.9 
Bridge 1 8 9 9 8 7 7 
Bridge 2 11 12 13 13 13 13 
Bridge 3 13 11 11 12 12 12 
Bridge 4 6 6 5 4 4 4 
Bridge 5 5 5 6 6 5 5 
Bridge 6 3 2 2 2 2 2
Bridge 7 9 7 8 9 9 9 
Bridge 8 10 10 10 10 10 10
Bridge 9 14 14 14 14 14 14 
Bridge 10 2 3 3 3 3 3
Bridge 11 4 4 4 5 6 6 
Bridge 12 7 8 7 7 8 8
Bridge 13 1 1 1 1 1 1 
Bridge 14 12 13 12 11 11 11
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