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Abstract:

Sparse polynomial chaos expansion (PCE) can be used to emulate the stochastic model output
where the original model is computationally expensive. It is a powerful tool in efficient
uncertainty quantification and global sensitivity analysis. Structural systems are usually
associated with high dimensional and probabilistic input. The number of candidate basis
functions increases significantly with input dimension, resulting in high computational burden
for establishing sparse PCE. In this study, acceleration techniques are integrated to formulate
an algorithm for efficient computation of sparse PCE (ASPCE). The integrated algorithm can
improve efficiency of computational process compared with conventional greedy algorithm
while ensuring the satisfying predictive performance. Once the sparse PCE model is obtained,
the statistic moments, probability density function of stochastic output, and global sensitivity
index could be computed efficiently. Traditional PCE based global sensitivity analysis only
assesses the sensitivity on individual structural performance criterion. Assessing the global
sensitivity considering multiple criteria is challenging as the sensitive parameters may not be
consistent for different performance criteria. To address this issue, a two-stage multi-criteria
global sensitivity analysis algorithm is proposed herein by coupling ASPCE and the technique
for order preference by similarity to ideal solution (TOPSIS). A holistic global sensitivity index
is proposed to identify the sensitive parameters incorporating multiple performance criteria. In
order to illustrate the efficiency, accuracy, and applicability of the proposed approach, two

illustrative cases are presented.

Keywords: Uncertainty quantification; multi-criteria global sensitivity analysis; structural
systems; sparse polynomial chaos expansion; acceleration algorithm.
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1. Introduction

The input parameters of modeling structural systems are associated with uncertainties resulting
in stochastic output. Uncertainty quantification aims to assess the uncertainty propagation from
input to output. The Monte Carlo simulation (MCS) is a commonly used approach for
uncertainty quantification. However, the computational expense of MCS could become
unaffordable if the computational time of the original model is high. The surrogate model,
representing the complex relationship between the input and output, can be used to emulate the
output of a model efficiently. The uncertainty quantification can be conducted efficiently by
using surrogate models. The surrogate models have been used in several engineering
applications. For instance, Ebad Sichani and Padgett [ 1] assessed the collision between vertical
concrete dry casks using surrogate models, and the polynomial response surface with stepwise
regression was found to be suitable among the investigated surrogate models. Mangalathu et
al. [2] compared the performance of different regression techniques on bridge seismic demand
modeling, and Lasso regression was found to be the most effective one in terms of mean square
error and absolute error. Ghosh ef al. [3] investigated four surrogate models, and the
parameterized fragility models were developed by employing logistic regression. The artificial
neural network and Bayesian approach were also considered as alternative surrogate models to
facilitate structural performance assessment [4,5]. The PCE is another type of surrogate model,
which has been applied to several engineering problems [6—8]. The PCE could be used to
compute the random response with higher efficiency compared with MCS [9]. The applications
of PCE on complex structural systems considering multiple performance criteria are still
limited. Additionally, a systematic comparison of PCE with other types of surrogate models is

seldom conducted for structural systems.

The PCE utilizes the spectral representation on an appropriately established basis of
polynomial functions [10,11]. The number of significant terms of PCE is relatively small due
to the negligible high-order interaction effects and different effects of input variable on output

[12]. Hence, the sparse PCE which only contains a small number of significant terms was
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introduced. Under the same accuracy level, the required number of model evaluations for
establishing sparse PCE is found to be smaller than full PCE, thus computational burden can
be saved significantly by using sparse PCE [12]. Some greedy algorithms such as orthogonal
matching pursuit (OMP) [13] and least-angle regression [14] were proposed to establish the
sparse PCE. Additionally, algorithms were developed to establish sparse approximations using
the techniques of reweighting coefficients [15] and adapting the dictionary of basis functions
[16]. One challenging issue within the conventional greedy algorithms is the high
computational burden for high dimension input problems. The number of candidate basis
functions increases significantly with the input dimension, the computational cost of
developing sparse PCE could increase subsequently, since a complete evaluation of the
candidate set is needed to identify the appropriate basis functions at each iteration. The degree
of polynomial could have significant influence on the system response, the computation cost
is high for high degree cases, and acceleration algorithm is needed in such cases [17]. To
address this issue in this paper, three techniques including probabilistic reduction of basis
function candidates, QR decomposition, and early stopping criterion are combined to formulate
an integrated acceleration algorithm for the computation of sparse PCE (ASPCE), and the
computational burden of developing sparse PCE within high-dimensional engineering
problems can be reduced. Specifically, the probabilistic reduction of basis function candidates
is implemented. Instead of evaluating the whole candidate set, a subset of candidate basis
functions is sampled and evaluated, thus the computational time can be reduced significantly
and is independent with the input dimension and total degree of polynomials. Furthermore, to
avoid the unnecessary iterations within the algorithm, the evolution of leave-one-out (LOO)
error is investigated for structure systems, and the LOO error based early stopping criterion is

proposed to further accelerate the computation.

Structural performance assessment is associated with uncertainties from different sources
[18-20]. The sensitivity analysis could aid the rational treatment of uncertainties in modeling
process. The sensitivity analysis can be categorized as local sensitivity analysis and global

sensitivity analysis. The local sensitivity analysis reveals the local impact of input on the model
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by computing the gradient of the response associated with its parameters around a nominal
value [21]. The local sensitivity analysis can only provide the information at the point where
local sensitivity is computed, the rest of the input space could not be explored [22]. The global
sensitivity analysis aims to quantify the effects of the whole variations of input variables on the
output. Compared with local sensitivity analysis, the global sensitivity analysis could avoid the
limited exploration of the input space and take the interaction of different factors into
consideration [22]. The global sensitivity analysis is preferred, when the model is associated
with nonlinearity, large level of uncertainty, and interactions among input parameters [23]. It
is worth noting that the global sensitivity index is based on the decomposition of variance. It
uses the information of output variance without the full information of probability density
function of the output. Additionally, it only reflects the amplitude of the global sensitivity
without the direction of influence of the input variable. It may not be applicable when the
sensitivity information from other aspects is concerned. Decision makers could choose
different sensitivity analysis approaches based on the information of interest. This study
focuses on the global sensitivity analysis. The Monte Carlo methods were developed in [24] to
compute the global sensitivity index. In this approach, running a large number of the physical
models is needed, and the computational time is high especially for complex structural systems.
Then, Sudret [21] derived the sensitivity index using the coefficients of the PCE. Once the PCE
model is established, the PCE based global sensitivity index can be computed analytically by
post-processing the PCE coefficients with negligible computational cost. For a structural
system, the responses associated with multiple performance criteria are of interest, the
developed sensitivity analysis can only identify the sensitive parameters on individual
structural performance criterion. The critical parameters could be different considering
different structural performance criteria [5]. Based on traditional global sensitivity analysis, it
is challenging to identify the sensitive parameters considering all performance objectives. To
address this issue, a two-stage multi-criteria global sensitivity analysis algorithm is proposed
in this paper. The global sensitivity indices are first computed for the response associated with

individual performance criterion. Then, holistic global sensitivity indices are computed by
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employing the technique for order preference by similarity to ideal solution (TOPSIS) [25].
The proposed holistic global sensitivity index incorporates the trade-off among the responses
of multiple performances and serves as a holistic measure. The ranking of the sensitive
parameters considering multiple structural performance criteria could be determined by the

proposed holistic global sensitivity index.

To sum up, there exists extensive computational burden associated with developing sparse
PCE for high dimension engineering systems. Previous applications regarding sparse PCE
mainly focus on relatively simple structures and loading scenarios. It is necessary to further
investigate the performance and applicability of the acceleration algorithm and sparse PCE
within other complex engineering systems. Additionally, there is not a PCE based sensitivity
analysis approach which could be adopted directly for assessing the global sensitivity
incorporating multiple structural performance criteria. These issues are addressed in this study.
The early stopping criterion, probabilistic reduction of basis function candidates, and QR
decomposition are integrated to formulate an acceleration algorithm for solving high dimension
engineering problems. Furthermore, a two-stage multi-criteria global sensitivity analysis
algorithm is proposed by coupling the PCE based global sensitivity analysis with TOPSIS. The
holistic global sensitivity considering multiple structural performance criteria could be
assessed comprehensively. The developed approaches are illustrated on two examples. To the
best knowledge of the authors, this is the first time to implement sparse PCE from acceleration
algorithm to assess the vulnerability of multi-responses highway bridges under earthquake
hazards. The performance of sparse PCE and acceleration algorithm for this engineering
problem is investigated. These applications and investigations can provide new implications

for uncertainty quantification of highway bridges subjected to natural hazards.

A schematic diagram illustrating the ASPCE for uncertainty quantification and global
sensitivity analysis is presented in Figure 1. The probabilistic distributions of the input
variables are identified. Through the experimental design, a set of input samples can be
generated, and the corresponding outputs are computed by physical models. Then, the
developed acceleration algorithm is performed to establish the sparse PCE model using the
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training data. The global sensitivity, statistic moments, and probability density function (PDF)
of response can be efficiently computed. The uncertainty propagation from the input to output

is accomplished through the ASPCE.
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Figure 1. [llustration of uncertainty quantification and global sensitivity analysis using

ASPCE

Overall, this paper formulates an acceleration algorithm for the computation of sparse
PCE. The uncertainty quantification and global sensitivity analysis could be accomplished
efficiently using the established sparse PCE. A two-stage multi-criteria global sensitivity
analysis algorithm is proposed for holistic global sensitivity assessment considering multiple
structural performance criteria. Two case studies with increasing complexity are conducted to
illustrate the accuracy and efficiency of the proposed approach. In the first case, the approach
is applied to a frame structure and the results are verified by MCS. Then, the proposed approach
is applied to more complex structures to assess the structural probabilistic performance and
holistic global sensitivity index. The remainder of this paper is organized as follows. The
concepts of PCE are introduced in section 2. A conventionally greedy algorithm for establishing
sparse PCE is presented in section 3. The ASPCE is illustrated in Section 4. The proposed two-
stage multi-criteria global sensitivity analysis algorithm is introduced in Section 5. Two
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illustrative examples are presented in Section 6. Section 7 contains summary and conclusions.

2. Polynomial chaos expansion (PCE)

Let M represent a computational model. The random input vector X € RY of M is
described by a joint PDF fx. The response of the system Y = M (X) has a finite variance, the

PCE of M(X) is expressed as follows [11]
Y = M(X) =Y penm CoPr (X) €))

where W, (X) are the multivariate polynomials orthonormal with respect to fx; a € N™ isa

set of indices mapping to the components of the W, (X); and ¢, are the coefficients.

The multivariate polynomials are computed as
W, () = [T, g, () 2)

where qbéii) is the univariate orthogonal polynomial with respect to the i variable in degree

a;.
For practical purposes, original PCE is truncated to a finite sum and the truncated PCE is
MPC(X) = Yaea Ca¥a(X) (3)

where A is the truncated set of multi-indices of multivariate polynomials. The PCE is
truncated by setting the total degree of all the polynomials associated with the input variables

smaller than or equal to p as [26]

AP = {a € N": |a| < p}, card AMP = P = —(ZT]Z)! 4)

After the truncation, the coefficients can be computed using the least square solution as

follows [23,27]

Fox) W, )
C= (@)'oY, ®= : : (5)
‘PO(X(N)) \PcardAMvu(X(N))
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where € is the computed vector of coefficients; Y is the vector of the model evaluations at

N input vectors X, ..., x™; and ¥;(.),i = 0,...,cardAMP — 1 are the basis functions.

Once the PCE is obtained, it could be used to compute the uncertainty features (e.g., PDF
and statistic moments) of the output efficiently [28]. The sparse PCE models which exclude
the insignificant terms perform better in some studies [12] and are introduced in the following

section.

3. Orthogonal matching pursuit for sparse PCE

Doostan and Owhadi [13] presented a greedy algorithm orthogonal matching pursuit (OMP)
for establishing sparse PCE. The OMP sequentially selects the basis functions and adds them
to the approximation from the candidate set. For each iteration, the OMP selects a basis function

which is most correlated with the residual from a dictionary set by solving [29]

|<¢ivrk—1 )l (6)

hik) = argmaxiec, = -

where Wy is the selected basis function at iteration k; C, is the updated dictionary at
iteration k by excluding the basis function selected at iteration k — 1; ; represent the
evaluations using basis function i; and r,_; represents the residual from the PCE associated

with iteration £ — 1.

At each iteration, the coefficients for currently selected basis functions are computed

based on least square regression. The residual r,_; is given by
Teog = ®p1Cp—1 =Y (7

where @, _; is the matrix containing the evaluations using the basis functions at iteration k —

1 and C,_, are the coefficients obtained at iteration k£ — 1.

The selection procedures are repeated and stopped until ||r||, is below the tolerance. This

tolerance is predetermined through v-fold cross-validation technique.
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4. Acceleration algorithm for computation of sparse PCE (ASPCE)

To avoid the high computational burden associated with the conventional greedy algorithms
for computation of sparse PCE, three techniques are utilized within the acceleration algorithm

and are introduced as follows.
Technique 1: Probabilistic reduction of basis function candidates

A lemma presented by Smola and Scholkopf [30] is applied herein to reduce the computational
burden. Instead of selecting the basis functions from the full dictionary, it is possible to select
the basis functions from the subsets of dictionary with satisfying performance. Let &4,..., 0y
represent ns independent variables which follow identical distribution. The cumulative

distribution function (CDF) of them is expressed as

P =1) =F(1) ®)

The CDF of §: = max;e[n50; is expressed as

P <1 = (F(®)H™ ©)

Based on §&; := (Y71)?/|l3;l13, by evaluating ns basis functions, the selection process
at one iteration can guarantee a basis function within top (1 — F(7)) X 100% of the full

candidate set with probability ¥. The number of evaluated basis functions is computed as

__log(1-9)
- log F(7)

(10)
Technique 2: QR decomposition and efficient updating

The QR factorization based approach for solving the coefficients could satisfy efficiency

requirement and is more numerically stable. The @&, € DV*k

is decomposed as
@, = QR,Q € DV*k R € Dk*k (11)

where DV*k represents the dimension of the matrix is N X k; and D*** represents the

dimension of the matrix is k X k.
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After performing a new iteration, a new basis function is selected and the Gram-Schmidt
process with re-orthogonalization [31] is used to update the QR factorization. Then, the

coefficients of the PCE associated with current iteration are computed by solving

R C, = (Q)"Y (12)

The conventional method for computing the residual requires to solve the PCE
coefficients. By using the QR factorization, the residual can be updated efficiently without

computing the coefficients as [32]

e = N1 —(Qr G, k) YQi (k) (13)
Technique 3: Implementation of early stopping criterion

The trade-off between the complexity of the surrogate model and the number of experimental
design points should be considered [7]. By training a small number of points to obtain a
complex sparse PCE model (e.g., a large number of basis functions), the error of sparse PCE
model using these trained points could be small. However, it may have large errors for the
unseen data (e.g., generated new input data points). In this way, the surrogate model is over-

fitted.

To avoid the over-fitting problem, the LOO cross-validation is used for model selection.

The LOO error is computed as follows [12]
Ly ® ®Y)’
ex|[Mxs] = ¥ Zi=1 (M(X ) — Mxis(x )) (14)

where ex[M x,s] is the LOO error; X =x®, .., x™ represent N realizations of input

vectors; My s 1s the surrogate model S established using data set X'; M (x(i)) is the

evaluation at the input vector xD; m x\i,s 18 the surrogate model § trained by leaving the it

data out of X; and N is the number of samples.

For the PCE based methods, it is not necessary to train N PCE models to compute the

LOO error, alternatively, the LOO can be computed with one analysis as [12]

10
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x D)=y s(xD
ex[ M) = 23, sty (15)

where #; is the ith term of the diag(®(®T @) 1PT).

The LOO error can also be expressed as residual error as [33]
1 Iki
ex[Mxsi] =+ §V=1(m)2 (16)
Based on QR decomposition, the LOO error can be rewritten as [32]

—IyN  Tki 32
ex[Mx,S,k] - N l=1(1_Qk(i;:)Qk(i.:)T) (17)

As illustrated, the LOO error can be efficiently computed through the QR decomposition
at each iteration. The LOO error can be adopted as a model selection criterion to overcome the
over-fitting problem. Traditionally, a greedy algorithm can be used to perform all possible
iterations and the LOO errors are recorded at each iteration. The sparse PCE model associated
with the minimum LOO error is chosen as the final model. In this study, the evolution of LOO
error from iterations is investigated in case study parts. To avoid unnecessary iterations, the

LOO error based criterion for early stopping the algorithm is proposed.

Overall, this study focuses on reducing the computational time of developing sparse PCE
within high-dimensional engineering problems, by combining the three acceleration techniques:
probabilistic reduction of basis function candidates; efficient updating using QR decomposition;
and implementation of early stopping criterion. The three techniques accelerate the algorithm
from different aspects, and each technique interacts with others. For instance, the leave-one-
out error-based early stopping criterion is used to speed up the algorithm by avoiding
unnecessary iterations, and QR decomposition is used to reduce the burden of computing this
early stopping criterion. Within basis function selection, reduction of basis function candidates
is adopted to reduce the computational burden, the residual, which is used in basis function
selection, can be efficiently updated by QR decomposition. Each of the three techniques

interacts with others to jointly reduce the computational burden.

The computational process of the integrated ASPCE is illustrated in Table 1. The evolution

11
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of LOO error from iterations is investigated, and the LOO error based criterion for stopping
the algorithm is proposed. At each iteration, a subset of basis function candidates is sampled
from the whole dictionary. From the subset candidates, the algorithm finds the basis function
which is most correlated with the current model residual, and the identified basis function is
then added to the active set. The residual and LOO error are updated using currently selected
basis functions based on QR decomposition. These procedures are repeated, and the algorithm
is stopped once meeting the stopping criterion. The coefficients of the sparse PCE are finally

solved after stopping the iteration and the sparse PCE is established.

Table 1. Procedures of ASPCE

Acceleration algorithm for computation of sparse PCE
1. Initialization: determine the number of basis candidates in a subset; C; = C; Sy = @; ro=Y;
k=1
2. While: stopping criterion is not satisfied.

3. Probabilistic sampling of subset basis candidates C; < Cy.

[(irg—1)

4. Find basis function W), so that h(k) = argmax;ec, il
ill2

5. Remove selected basis from candidate set Cj,; = Ci\h(k).
6. Add selected basis to active set S, = Sy_1 U h(k).

7. Compute residual ri using QR decomposition.

8. Update LOO error.

9. k=k+1.

10. End.

11. Compute coefficients of PCE by solving R,,C = (Q,,)TY.

5. Novel two-stage multi-criteria global sensitivity analysis based on ASPCE and

TOPSIS
5.1. Global sensitivity analysis for individual output parameter

The contribution of uncertain input variables to the output variance can be quantified using
global sensitivity analysis [21]. Traditionally, the global sensitivity index is computed by MCS

with high computational cost especially for some complex models. By post-processing the PCE

------
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set from a € A where only the indices {iy,..., s} are non-zero,the H; _; isexpressed as

Hi i,=la€A:a,=0=v€&(iy,...,i5),Vv=1,...,M} (18)

1
The PCE based sensitivity indices are derived as [27]

_ Eaeﬂil 2

. C
A TN, _
Siiis = 0, “—, Dy = Yaena\(0} Ca’ (19)
The total sensitivity indices are computed as

ST = S7 + Zj<i5jcfil + 2:J'<k<i51'c,lcll<,i + o+ SP oy (20)

i T2 T 4jidfi T 4ajk<iVjki v T Y1,

The Eq. (20) can be rewritten as

T,A _ Zaegi Caz
S{ == 1)
gi={aeN":0 < |a| <p,a; # 0} (22)

5.2. Holistic global sensitivity analysis

The conventional global sensitivity analysis reveals the effects of the input variable on one
single output parameter. When multiple output parameters existing in a system are of interest,
determining the overall sensitivity of the input with respect to multiple output parameters
becomes a problem. In this study, the global sensitivity indices associated with different
performance criteria are incorporated to compute the holistic global sensitivity index. The
TOPSIS [25], a multi-criteria decision making technique, is extended herein to compute the
holistic global sensitivity index. In this way, the overall sensitivity of input parameters
considering multiple criteria could be assessed. The following part introduces the basic
procedures of computing the holistic global sensitivity index. The global sensitivity indices

associated with all the output parameters are formulated in a sensitivity index matrix S as
S=| : . (23)

h

where Sj is the global sensitivity index of the i’ input parameter with respect to the j”

13
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performance criterion; . is the number of performance criteria; and #; is the number of input
parameters. The global sensitivity index used in Eq. (23) could be first-order or total order. The
total order global sensitivity index describes the contribution of an input parameter to output
variance considering the effects of its interaction with other input parameters [27,34]. The
choice of first-order or total order depends on the concerns and requirements of the decision
makers. If the decision makers desire the information including the interaction among different
variables, the total order global sensitivity index can be chosen. If the isolated impact of the
input variable is of concern, the first-order global sensitivity index can be chosen. If total global
sensitivity index is used in Eq. (23), the interaction effects among different variables are

incorporated in the decision making process.

Then, the sensitivity index matrix is normalized as

S=| : . 1|, §=—2— (24)

where S is the normalized sensitivity index matrix.

Different performance criteria could result in different importance to the system safety.
The different preferences of performance criteria should be incorporated within the holistic
global sensitivity index by implementing weighting factor. The weighting factor associated
with different performance criteria determined by the decision maker is applied to the

normalized sensitivity index matrix as

S=| : . i |, S =wxS (25)

where S donates the weighted and normalized sensitivity index matrix and w; represents the

weighting factor for the j performance criterion.

The ideal sensitivity solution is obtained by extracting the maximum values of sensitivity

14
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indices associated with all input parameters. The negative-ideal solution is obtained conversely.

These two sensitivity solutions are expressed as
§* ={S,,. 80 p={(max ) i=1...n, je I} (26)
8 ={S,n S, f={min§))i=1...n, je 3} 27)
The distance of the sensitivity associated with each input variable to the ideal solution and

negative-ideal solution can be calculated. The holistic global sensitivity index is computed

based on the relative closeness as

hs. =

TR (28)
\/Z(Sij _Sj+)2 +\/Z(Sij _Sj—)2

j=1

where /s; is the holistic global sensitivity index for the input valuable i.

5.3. Interpretation of multi-criteria global sensitivity analysis

The problem can be formulated as a multi-criteria decision making problem when there exist
the following conditions: several alternatives serve as the comparable components; multiple
criteria are used to describe the status of each alternative; and multiple objectives need to be
satisfied. By considering multiple conflicting criteria, there may not exist a solution that is
satisfying over all criteria. A compromise solution incorporating the trade-off consideration
among multiple conflicting criteria can be obtained by using multi-criteria decision making

techniques [35].

For an engineering system consisting of multiple outputs, different outputs may be
associated with different sensitive parameters. There may not exist one input that is most
sensitive to all outputs. The trade-off among multiple outputs should be considered. In this
regard, sensitivity ranking of inputs considering multiple outputs can be formulated as a
compromise multi-criteria decision making problem. Each input is considered as an alternative.

For each input, the global sensitivity indices with respect to multiple outputs can be quantified

15
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and they are considered as multiple ranking criteria. The objective is to determine the
sensitivity raking of inputs considering the global sensitivity indices with respect to multiple
outputs. TOPSIS, a robust compromise decision making approach, is extended herein to solve

this multi-criteria decision making problem.

The basic idea of TOPSIS is to rank the alternatives based on distance, where the
preferential alternative should have a long distance to the negative-ideal solution and a short
distance to the ideal solution. Herein, the negative-ideal solution and ideal solution are
represented as the ideal insensitive solution and ideal sensitive solution, respectively. The
global sensitivity index matrix is used as a decision matrix in this study. Specifically, Eq. (28)
is used to compute relative closeness as the last step in TOPSIS, and the ranking of alternatives
is determined based on this index [25,35]. The numerator in Eq. (28) represents the distance of
an alternative to the negative-ideal solution, and the denominator in Eq. (28) represents the sum
of the distance of an alternative to the negative-ideal solution and ideal solution [25,35]. A
preferential alternative should have a large value of relative closeness computed in Eq. (28). In
the decision making of ranking inputs, a sensitive input considering multiple outputs should
have a large value of relative closeness (long distance to the ideal insensitive solution and short
distance to the ideal sensitive solution). Therefore, the holistic global sensitivity index is
proposed based on Eq. (28) in this study. The sensitivity ranking of input parameters
considering multiple outputs can be determined based on the proposed holistic global
sensitivity index. The proposed holistic global sensitivity index can be regarded as a holistic
measure and utilized to identify the sensitive input parameters considering multiple

performance criteria.

The value of holistic global sensitivity index depends on many factors such as the global
sensitivity indices with respect to all outputs, the importance of different outputs, and the trade-
off consideration. This expression shows one of the advantages of the proposed approach, the
different importance of outputs and the trade-off can be flexibly considered within the sensitive
parameter identification process in TOPSIS. In real engineering problems, different outputs

could be associated with different considerations of importance, the importance of outputs

16
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represented by weighting factors in TOPSIS can be determined by judgement among experts.

The holistic global sensitivity index can be used to aid the decision makers to refine the
database (e.g., data acquisition, investigation, and complexity reduction) for confident regional
risk assessment. For instance, more efforts and resources can be spent on collecting and
investigating holistic sensitive parameters. This index can also be used for the screening of
holistic sensitive parameters considering the trade-off among multiple outputs. Based on the
proposed holistic global sensitivity index, the sensitive and insensitive input parameters
considering the trade-off among multiple outputs can be identified. By constraining the number
of considered sensitive parameters, the top holistic sensitive parameters can be selected based
on holistic global sensitivity index. In another way, decision makers could also determine the
threshold of holistic global sensitivity index based on their requirement, and the parameters
associated with global sensitivity indices exceeding the threshold can be identified as holistic

sensitive parameters.

Overall, the ASPCE and TOPSIS coupled two-stage multi-criteria global sensitivity
analysis algorithm is proposed to incorporate multiple performance criteria. The global
sensitivity is first assessed for individual performance criterion. The global sensitivity indices
associated with different performance outputs are then considered as the sensitivity criteria and
formulated as a sensitivity matrix. TOPSIS 1is used to incorporate these sensitivity criteria to
compute the holistic global sensitivity indices. The detailed algorithm is illustrated in Table 2.
Both the global sensitivity indices and holistic global sensitivity indices provide information

for rational treatment of the uncertainty within input parameters.

Table 2. Procedures of two-stage multi-criteria global sensitivity analysis

Two-stage multi-criteria global sensitivity analysis algorithm

Stage 1: Global sensitivity analysis considering individual performance criterion
Determine ni uncertain variables and corresponding probabilistic distributions.
Conduct experimental design.

for performance criterion number cn = 1:nc

Formulate sparse PCE model for performance criterion cn using ASPCE.

g b~ WO DN B

Computed global sensitivity indices of ni variables with respect to the performance criterion
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cn by post-processing the PCE coefficients.
6 End
Stage 2: Holistic global sensitivity analysis considering multiple performance criteria
7 Formulate sensitivity index matrix S.
8 Compote normalized sensitivity matrix NS.
9 Determine the weighting factors of all performance criteria.
10 Compote normalized and weighted sensitivity matrix VS.
11 Extract ideal and negative-deal sensitivity solutions.
12 Compute the holistic global sensitivity indices based on relative closeness

6. [Ilustrative examples

The proposed framework of uncertainty quantification and global sensitivity analysis using
ASPCE is illustrated in Figure 2. The computational procedures consist of three parts: initiation
of training data; establishment of sparse PCE model; and post-processing of sparse PCE model.
In the first stage, probabilistic distributions of the input variables are identified. A set of input
samples is generated based on the experimental design, and the output parameters are computed
by running the physical models. The sparse PCE model is obtained after performing the ASPCE.

The uncertainty quantification and global sensitivity analysis can be accomplished efficiently.

The random variable could be dependent in nature. The proposed approaches can be
extended to incorporate dependence within both uncertainty quantification and multi-criteria
global sensitivity analysis. For the uncertainty quantification, the ASPCE can be applied for
dependent parameters by incorporating the method from [36]. The copula [37], a flexible tool
for capturing nonlinear dependence characteristics, is used to model the dependence structure
of multiple inputs. The Rosenblatt and inverse Rosenblatt transforms are computed, and the
original inputs are transformed to independent components. Thus, the uncertainty
quantification methods (e.g., ASPCE) used for independent variables can be applied to
dependent inputs [36]. For the multi-criteria global sensitivity analysis, the proposed approach
can also be applied for dependent parameters by incorporating the method from [38]. The
covariance decomposition is used to develop the sensitivity index associated with both

uncorrelated and correlated contributions. The dependence among multiple inputs is
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characterized using a copula-based approach. Based on the developed PCE model, the
sensitivity index considering dependence can be computed by integrating copula approach and
covariance decomposition [38]. Then, the computed sensitivity indices incorporating

dependence can be used to perform multi-criteria global sensitivity analysis.

Initiate the training data

Identify uncertain variable distribution
type and statistical parameters

v
[ Experimental design ]

v

Compute outputs using physical models

Y

—
\

Establish the sparse PCE model

Probabilistic reduction QR decomposition and
of candidate set efficient updating
Implementation of
early stopping criteria

Post-processing of sparse PCE model

Perform the algorithm of multi- Uncertainty quantification of the
criteria global sensitivity analysis output parameters !

Figure 2. Framework of uncertainty quantification and global sensitivity analysis

In this section, the developed approach is applied to a frame structure firstly. Then, the
presented framework is applied to a portfolio of bridges under seismic hazards. Within the
investigated two examples, the performance of ASPCE is compared with OMP and other
surrogate models: regression tree (RT), support vector machine (SVM), and Gaussian process

regression (GPR). The basic ideas of these models are briefly introduced in this section.

The RT divides the data space into small sub-spaces and trains the models using each sub-
space data. Since several data sub-spaces are produced by this approach, the interactions can
be captured by the nonlinear model with several layers [39,40]. The SVM uses the kernels to
convert the parameters into a high dimension space. The SVM model is expressed as the sum
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of weighted nonlinear functions and a constant parameter. The selection of kernel and nonlinear
functions are very important [1]. The GPR surrogate model is regarded as nonparametric
kernel-based probabilistic models [41]. The GPR model describes the outputs by explicit basis
functions and latent variables from a Gaussian process. The basis functions map the input

parameters to high dimension space.
6.1. Case 1: Uncertainty quantification and global sensitivity analysis of a frame structure

A three-span three-story frame structure under lateral loads is selected as the example. The
sketch of the structure is illustrated in Figure 3, and the uncertain parameters considered are
listed in Table 3. Three different lateral loads are applied to the left part of the structure. The

displacement at the top right corner is considered as the response of interest.

L }7 9.1 4+7 9.1 SN — 9.1 H
(19) (20) (21) I
®) (6) ) @2)| 41
L2
(16) 17 (18)
(2) (5) (8) (11)| 41
LS
(13) (14) (15)
(1) (4) ) (10)| 4.1

Figure 3. Investigated frame structure subjected to lateral loads (unit: m, the numbers

indicate different elements and are mapped to the parameters in Table 3).

Table 3. Parameters used within the frame structure.

. Distribution
Symbol Parameter Number  Units 7 o
type
L1 Load 1 1 Lognormal 489 x10° 1.47x10°
L, Load 2 2 Lognormal 4% 10° 1.6x 10°
Ls Load 3 3 Lognormal 2% 10° 8x 10*
Young’s modulus
Eis1  (material property of 4 N/m?  Lognormal 1.98x 10" 1.74x 10"

elements 13-21)

20



oo o AW

10

Ein

A2

JAVERT:

Aot

I3

lig12

liz15

lig-18

l19-21

Mt

Young’s modulus
(material property of
elements 1-12)
Cross-sectional area
of elements 1-3
Cross-sectional area
of elements 4-9
Cross-sectional area
of elements 10-12
Cross-sectional area
of elements 13-18
Cross-sectional area
of elements 19-21
Moment of inertia of
elements 1-3
Moment of inertia of
elements 4-9
Moment of inertia of
elements 10-12
Moment of inertia of
elements 13-15
Moment of inertia of
elements 16-18
Moment of inertia of
elements 19-21

Mass factor

10

11

12

13

14

15

16

17

N/m?

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Lognormal

Uniform

1.99x 10"

0.0488

0.0590

0.0476

0.0224

0.0130

0.0014

0.0018

0.0015

0.0025

0.0021

7.617x 10+

1

1.75% 10"

0.0087

0.0105

0.0085

0.004

0.0023

1.86x 10

2.40x 10

2.00x 10

3.33x 10*

2.80x 10

1.01x 10

0.058

Note: x = mean value and ¢ = standard deviation.

Establishment of surrogate models

The performance of surrogate models under different sample sizes is investigated. Based on
the statistic parameters in Table 3, 8 sets of frame structure and load realizations (with sample
sizes of 100, 200, 400, 600, 800, 1000, 1200, and 1400) are generated using Latin hypercube
sampling technique [42]. The displacement at the top right corner can be computed using finite
element model in OpenSEES. The 8 sets of input and output training data are obtained. As
discussed previously, the LOO error is considered as the stopping criterion in ASPCE. In this
study, the evolution of LOO error is investigated and an appropriate occasion for stopping the

algorithm is proposed. The LOO errors changing with iterations are presented in Figure 4. The
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results show that the evolution of LOO error is convex and smooth for the investigated case.
To avoid the possible local minima of LOO error, the proposed early stopping criterion is to

stop the algorithm when the LOO error continuously increases for ten iterations.

10 4

10 °

LOO error

10 6

10 7
0 50 100 150

Iterations

Figure 4. The evolution of the LOO error.

The surrogate models are trained using ASPCE, OMP, SVM, RT, and GPR under the 8
sets of training data. The training time of OMP and ASPCE is presented in Figure 5. The
training time of OMP increases significantly with the total degree of polynomials while the
training time of ASPCE is independent with the total degree of polynomials. The ASPCE seems
to be more efficient than OMP under high total degree of polynomials. The superiority of

ASPCE in terms of efficiency is further demonstrated in the following example.

20 .
= —— OMP
é —v— ASPCE
E 15
[«5)
£
S 10
S
2
2
e 5
o
(@)
0 —.
1 2 3 4 5

Total degree of polynomials
Figure 5. Training time of OMP and ASPCE associated with the investigated frame structure

Validation of the surrogate models using Monte Carlo simulation (MCS)
The brute-force MCS is used to validate the results obtained from surrogate models [43]. The
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statistic moments, PDF, reliability indices, and global sensitivity indices computed from MCS
serve as references to calculate the relative errors. Once the sparse PCE model is obtained, the
statistic moments are computed analytically from the coefficients. The relative errors in mean
and standard deviation of the five surrogate models under different sample sizes are presented
in Figure 6. With respect to predictive performance in mean, the ASPCE, OMP, and GPR are
identified as suitable surrogate models. The relative errors in mean from these three models
converge after the sample size of 400 and maintain at relatively lower level after convergence.
For the relative errors in standard deviation, the sparse PCE based methods ASPCE and OMP

outperform other models under all sample sizes, while the GPR produces higher relative errors.
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O
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— 12 =
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5] 10

2 06 =

(5]

2 04 2

T IS

" R

200 400 600 800 100012001400 0 200 400 600 800 1000 12001400
Number of training data Number of training data

| OMP —*— ASPCE —#— SVM —¥—RT —*—GPR |

Figure 6. Relative errors in: (a) mean and (b) standard deviation under different sample sizes.

The relative errors in reliability indices for two different limit thresholds (e.g., 3 cm and
5 cm) are illustrated in Figure 7. For the case of limit threshold 3 cm, the errors from ASPCE,
OMP, and GPR converge after the sample size of 200 and these three models stand out among
the five. With respect to the limit threshold of 5 cm, the convergence sample size for ASPCE

and OMP is 400. These two models have relatively lower errors than others in this scenario.
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Figure 7. Relative errors of reliability indices under the limit thresholds of (a) 3 cm and (b) 5

cm, respectively.

The PDFs of the displacement obtained by ASPCE, GPR, and MCS are shown in Figure
8. The PDF from ASPCE matches perfectly with MCS. For the GPR, the errors can be observed

around the peak and tail of PDF curve.

a 60 b
——MCS 60 ——MCS
———-ASPCH -——-GPR
40 40
LL LL
a) &)
o o
20 20
0 0
0 005 01 0 005 0.1
Displacement (m) Displacement (m)

Figure 8. Comparisons of the PDFs computed by MCS and surrogate models of (a) ASPCE
and (b) GPR.

Confidence interval provides the information on the confidence of estimated statistical
results in consideration of the uncertainties [44]. The ASPCE derived 95% confidence intervals
for mean of displacement, standard deviation of displacement, and reliability indices are

presented in Table 4. The confidence intervals are narrow for the statistical moments and
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reliability indices, indicating the computational confidence and stability of ASPCE.

Table 4. Confidence intervals of the results computed by ASPCE

Confidence Mean Standard Reliability index (limit  Reliability index (limit
bounds deviation threshold: 3 cm) threshold: 5 cm)

Lower bound  2.797x10%  7.346x10° 0.383 2.366

Upper bound  2.802x102  7.413x1073 0.394 2.426

Note: the unit of displacement computed using ASPCE is m.

In addition to the uncertainty quantification, PCE can also aid efficient global sensitivity
analysis. Instead of conducting time-consuming MCS in the traditional method, the global
sensitivity indices can be computed analytically by post-processing the PCE coefficients. The
results are compared with those from MCS in Figure 9. The results show that the ASPCE-

derived sensitivity indices agree well with MCS-derived reference values.

I ViCs
[ 1ASPCE

Sensitivity index
o o o
w IS (6]

o
N

©
[EEN

o

12345678 91011121314151617
Input parameters

Figure 9. Sensitivity indices with respect to the frame displacement (the numbers on x axis

represent different input parameters as indicated in Table 3)

The computational time of uncertainty quantification and sensitivity analysis can be saved
significantly by using the ASPCE. In uncertainty quantification, the data from running 400
finite element models (FEMs) is used in ASPCE, while the data from running 10° FEMs is used

in MCS. With respect to sensitivity analysis, 400 finite element model evaluations are used in
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ASPCE, while a total of Nycs(M + 2) = 10° x (17 + 2) = 1.9 X 10° finite element model
evaluations are used in MCS for sensitivity analysis [45], where Nucs is the sample size of

MCS. The total computational time of MCS and ASPCE is presented in Table 5.

Table 5. Total computational time of different methods

MCS ASPCE
Computational time of reliability 6h 2 min
Computational time of sensitivity 116 h 2 min

To sum up, the sparse PCE based methods ASPCE and OMP outperform among the
investigated surrogate models in terms of uncertainty quantification accuracy, and ASPCE
provides accurate estimation of global sensitivity indices. The training time of ASPCE is less
compared with OMP under high degree cases. By using ASPCE, the total time of uncertainty
quantification and sensitivity analysis could be reduced significantly compared with

conventional MCS, in the meanwhile, this method provides satisfying accuracy.
6.2. Case 2: Multi-criteria global sensitivity analysis of bridges under earthquakes

In this case, the seismic demand surrogate models are obtained after performing the training
algorithm. The performance of different surrogate models (e.g., ASPCE, OMP, SVM, RT, and
GPR) is compared. The multi-criteria global sensitivity analysis is performed for the bridges.
The seismic fragility using the information from multi-criteria global sensitivity analysis is

computed.

A class of continuous RC bridges is selected as the investigated bridges. In regional risk
assessment, the bridges distributed within a region could have different material and geometric
parameters. Conventionally, it is impractical to develop the fragility curves for each specific
structure in a region, as the computational time is extensive. Developing bridge class level
fragility, by incorporating material and geometric uncertainties within a class, can be one
possible solution to address this challenge [46]. The bridge class level fragility is used to
describe the damage probabilities for the bridges within a class under earthquakes. To facilitate

the regional risk assessment, the bridge class level fragility should be developed and
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incorporate the uncertainties from hazards, material and geometric parameters [2,46]. Thus, the
uncertainties associated with material and geometric parameters should be considered in
training of surrogate model [5]. The probabilistic parameters of these bridges are summarized
in Table 6. Based on the probabilistic distributions of the bridge parameters, the bridge
realizations are sampled using Latin hypercube sampling technique [42]. The finite element
models of the bridge realizations are established using the software OpenSEES [47—49]. The
finite element model of the bridge is shown in Figure 10. For each bridge sample, one ground
motion from [50] is randomly selected and coupled with this bridge sample. So that the input
data including bridge samples and ground motions are obtained. The number of the ground
motions and that of the Latin hypercube sampling structures are identical. The ground motions
used for coupling with bridge samples are associated with different intensities and
characteristics. Thus, these input samples incorporate the uncertainties associated with bridge
geometry, material, and ground motions. A set of nonlinear time history analyses using the
input samples is performed to obtain the training data. The seismic demands of different

components can be computed using the developed finite element model [51,52].
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Figure 10. Finite element model of the bridge
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Table 6. Parameters used within the bridges

) Distributio
Parameters Number  Units Y7, o Ref.
n type
Concrete compressive
1 MPa Normal 29.03 3.59 [2]
strength
Reinforcing steel yield
MPa  Lognormal 465.0 37.30 [2]
strength
Span length 3 mm Lognormal 31775 8738 [2]
Deck width 4 mm Lognormal 11970 2418 [2]
Column height 5 mm Lognormal 6625 865 [2]
Abutment backwall height 6 mm Lognormal 2186 441 [2]
Bearing coefficient of
L 7 - Normal 0.3 0.1 [2]
friction
Strength of a composite of
8 kN Lognormal 116 9.28 [53]
two dowels
Abutment-deck gap 9 mm Lognormal  23.5 12.5 [2]
Backfill initial stiffness at N/m/c
the benchmark backwall 10 n Lognormal 384 138 [54]
height
Backfill ultimate capacity
at the benchmark 11 kKN/m  Lognormal 475 111 [54]
backwall height
Damping 12 Normal 0.045 0.0125 [2]
Foundation translational 14010 10507
i . 13 N/mm normal [2]
spring stiffnesses 1 6
Shear modulus of )
. 14 MPa Uniform 1.365  0.407 [53]
elastomeric pad
Mass factor 15 - Uniform 1 0.058 [53]
Longitudinal
g 16 %)  Uniform 225 052  [2]

reinforcement ratio

Note: x = mean value and ¢ = standard deviation.
Performance of surrogate models

The training for the surrogate model is carried out once using the data consisting of ground
motions with different intensities, structure samples, and seismic demands from finite element
models. The uncertainties associated with structures and ground motions are considered in

uncertainty quantification. To further testify the applicability of the proposed LOO error based
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stopping criterion, the evolution of LOO error is investigated in this case. To the authors’ best
knowledge, the evolution of LOO error on bridge seismic demands has not been investigated
in previous studies. The results show that the evolution of LOO error of ASPCE is convex and

smooth, and proposed LOO error based stopping criterion is still applicable.

The predictive performance of surrogate model can be evaluated in terms of the mean
squared error (MSE) on an independent test sample set [4]. The MSEs of the investigated
models on a test sample set are computed and listed in Figure 11. The effects of the training
sample sizes on predictive performance are also investigated. As indicated, the sparse PCE
based methods (e.g., ASPCE and OMP) outperform other models for all considered sample

sizes. The ASPCE provides similar predictive performance with OMP.

MSE

0.25-\\\-

0.2'.%.>.\-—._

0.15

400 600 800 1000
Sample size

Figure 11. MSE of the seismic demands on a test sample set under different training sample
sizes

The training time for each model is calculated as the sum of the training time for all the
structural components. The training time for two sparse PCE based methods with increasing
total degree of polynomials is illustrated in Figure 12. The training time of OMP increases
significantly with total degree of polynomials, while the training time of ASPCE is negligible
and independent with total degree of polynomials. The improved efficiency of the ASPCE can
be interpreted through the three speeding-up techniques. As illustrated in Figure 13, the number
of candidate basis functions increases significantly with total degree of polynomials and input
dimensions. With the implementation of probabilistic reduction of basis function candidates,

the ASPCE would evaluate a subset of polynomial candidates, while the OMP uses the whole
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dictionary. Additionally, the number of evaluated candidates is constant at all degrees and input
dimensions in ASPCE. This consistency ensures the training time of ASPCE is independent
with the total degree of polynomials and input dimensions. This speeding-up technique ensures
that the ASPCE can be performed for high degree and high dimension problems with negligible
computational cost. With the implementation of QR decomposition, the residual and LOO error
can be efficiently updated at each iteration without solving the PCE coefficients, while the
OMP relies on solving the coefficients at each iteration. The implementation of stopping criteria
aids the ASPCE to avoid unnecessary iterations and early stop at an appropriate occasion. The
stopping of OMP needs the determination of an optimal error tolerance which is computed by

cross-validation, and this process induces additional computational time.
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Figure 12. Training time of OMP and ASPCE
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Figure 13. Cardinality of the PCE dictionary

To summarize the performance of the investigated surrogate models, the ASPCE stands
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out in terms of predictive ability and computational cost. The implemented three speeding-up
techniques can effectively reduce the computational cost and ensure the satistfying predictive

performance.
Two-stage multi-criteria global sensitivity analysis and seismic vulnerability

The PCE based global sensitivity indices of the input parameters with respect to multiple
demand parameters are presented in Figure 14, the order of the input is indicated in Table 6,
number 17 donates peak ground acceleration (PGA). For all the structural demands, PGA is
found to be the most sensitive parameter. Within the bridge parameters, the column height is
the most sensitive parameter to column demand. With respect to bearing longitudinal demand,
the shear modulus of elastomeric pad has the greatest influence. Apparently, the significant
bridge parameters vary from component to component, and the similar observation was
reported in [5]. The significant bridge parameters are not consistent for the seismic demands
associated with all components. Based on sensitivity indices associated with individual seismic
demand, determination of significant bridge parameters to the bridge system is challenging.
Using the proposed multi-criteria global sensitivity analysis algorithm, the overall global
sensitivity considering multiple structural performance criteria is assessed. Additionally, the
different importance of structural performance criteria could be incorporated into the sensitivity
analysis process by using weighting factor. The equal importance of all structural performance
criteria is used herein. Given different preferences of the structural performance criteria by the
decision maker, the sensitivity results can be updated. The uncertainties associated with the
weighting factor could also be incorporated in TOPSIS for multi-criteria global sensitivity
analysis [48]. The holistic global sensitivity indices of the bridge parameters are computed and
presented in Figure 15. The top five most sensitive parameters of bridge input identified by
multi-criteria global sensitivity analysis are deck width, span length, shear modulus of
elastomeric pad, column height, and concrete compressive strength. The proposed holistic
global sensitivity indices aid decision maker to identify the sensitive parameters to the whole

bridge system and the ranking of the sensitive parameters can be determined.
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Figure 14. Sensitivity indices of the input parameters (Column: column demand; Bearing
lon.: bearing longitudinal demand; Bearing tran.: bearing transverse demand; Abutment act:
abutment active demand; Abutment pas.: abutment passive demand; and Abutment tran.:
abutment transverse demand; the numbers on x axis represent different input parameters as

indicated in Table 6, number 17 represents PGA)
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Figure 15. Holistic global sensitivity indices (the numbers on x axis represent different input

parameters as indicated in Table 6)

The multi-dimensional fragility models can be developed using surrogate models in
conjunction with logistic regression techniques. A set of input vectors is generated from

probabilistic sampling, and the surrogate models are used to compute the demands under the
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input vector samples. The set of demands can be computed in seconds using the surrogate
models, while the computational cost is large using the original physical models. The same
number of probabilistic capacity samples of a component are generated based on probabilistic
distributions. Then, a set of Bernoulli binary survive-failure samples is computed by comparing
the demand and capacity samples. Finally, the logistic regression is conducted using the
survive-failure vectors and the input vectors, and the failure probability for a component is

computed as follows [3]

k .
eGC.0+9C,IMln(IM)+Zj=1 9C_jln(lpj)

PFc,IM,ip1 ..... ipr = (29)

k ;
1+EOC.O+GC,IMln(IM)+Zj=1 Gc_jln(zpj)

where IM is seismic intensity measure; ip; are the prediction input parameters of the structures;

and 6 ; are the regression coefficients.

By computing the structural system level binary survive-failure vector, the structural
system level multi-dimensional fragility model can be computed using the same regression

technique as

k .
e 05,0105, iMIMUIM)+Y ;4 O jln(ip )

PFy i i = (30)
S, IM,ip4,..., L k (i .
P1 Pk 1+eBS‘O+GS’IMln(IM)+Z]-=1 Gs_jln(Lp])

The multi-dimensional fragility functions can be used to compute failure probabilities for
both specific structure and a group of structures. For instance, given the input parameters ip;
for a structure, the structure-specific failure probability can be computed using Eq. (30). Given
the probabilistic distributions of input parameters ip; for a portfolio of structures, the failure

probability accounting for the uncertainties can be computed as follows

k In(ip ;
05,0405 IMINUM+ET_, O jn(ip )

PFs,regionUM = ff "fl f(ipl) ---f(ipk)dipl dipk (31)

k .
+ees'0+95'1Mln(IM)+Zj=1 Qs‘jln(ij)

where f(ip;) ... f(ipy) are the PDFs of the input parameters associated with the structures.

To demonstrate the usage and decision making of the proposed holistic sensitivity index,
the bridge system fragility curves computed by using different sensitive parameters are
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presented in Figure 16. By using the top five holistic sensitive input parameters identified by

the proposed approach, the computed fragility is close to the one computed by using all inputs.

While by using insensitive parameters identified by the proposed approach (the last five

sensitive input parameters), the computed fragility deviates from the one computed by using

all inputs. The damage states used in this study are listed in Table 7.

Table 7. Damage states associated with different bridge components [53]

Component Slight Moderate Extensive Complete
med. disp. med. disp. med. disp. med. disp.
Concrete Column (curvature 1.29 059 210 0.51 352 064 524 0.65
ductility)
Elastomeric Bearing Fixed- 289 0.60 1042 055 136.1 059 186.6 0.65
Long (mm)
Elastomeric Bearing Fixed- 288 0.79 909 068 1422 0.73 195.0 0.66
Tran (mm)
Abutment-Passive (mm) 37.0 046 1460 046 N/A NA NA NA
Abutment-Active (mm) 98 070 379 090 772 085 N/A N/A
Abutment-Tran (mm) 98 070 379 090 772 085 N/A NA
a 9 b - — ——
2 > ]
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Figure 16. Bridge system vulnerability computed using different sensitive parameters for

slight, moderate, extensive, and complete damage states

The approach presented in this case reveals the potential application of ASPCE in efficient
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regional seismic risk assessment. The road transportation networks usually consist of various
bridges. It is necessary to compute the seismic vulnerability of each bridge to assess the
regional risk. For the conventional method, developing the fragility curves for all the bridges
within a bridge network requires a large number of nonlinear time history analysis, resulting in
high computational time. Supposing 100 bridges within a bridge network, if 160 FEM
evaluations are required for computing the vulnerability for each bridge, a total number of
16000 FEM evaluations are needed to compute the venerability for all the bridges. The
estimated time of computing the vulnerability for all the bridges is 56 days if each FEM
evaluation takes 5 minutes. Without surrogate models, the high computational cost hinders the
practical application of regional risk assessment. For the sensitivity analysis, a total of
Nycs(M +2) = 10% X (17 + 2) = 1.9 x 10° FEM evaluations are required resulting in
6597 days of computational time. In this study, a total of 320 FEM evaluations are used for
ASPCE to compute the multidimensional fragility models and global sensitivity, the time of
running FEM is only 27 hours. The computational time of seismic vulnerability and global

sensitivity analysis for bridge networks can be reduced significantly by using ASPCE.

7. Conclusions

This study presents a framework for uncertainty quantification and multi-criteria global
sensitivity analysis of structural systems using sparse PCE and acceleration algorithm. Instead
of performing the time-consuming greedy algorithms to establish sparse PCE, this study
accelerates the computation process in three aspects: probabilistic reduction of basis function
candidates; efficient updating using QR decomposition; and implementation of early stopping

criterion.

For individual performance criterion, the global sensitivity indices are analytically
computed by post-processing the coefficients of PCE model. The significant parameters may
not be consistent for all the structural performance criteria, it is difficult to determine the
significant parameters considering all the performance criteria. To address this issue, an

ASPCE and TOPSIS coupled two-stage multi-criteria global sensitivity analysis algorithm is
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proposed. The holistic global sensitivity index is proposed to quantify the overall significance

of an input variable considering multiple output parameters.

Two case studies are conducted to illustrate the applicability, accuracy and efficiency of
the proposed approach. The approach is verified using MCS through a simple frame structure
example. In general, the sparse PCE based methods ASPCE and OMP outperform among the
investigated surrogate models for uncertainty quantification, and ASPCE provides accurate
estimation of global sensitivity index. Then, the approach is applied on complex bridge
structures. The ASPCE and OMP strand out with respect to predictive performance among the
five models. The implemented three speeding-up techniques in ASPCE can effectively reduce
the computational burden compared with the greedy algorithm OMP. The training time of OMP
increases significantly with the total degree of polynomials and input dimensions. In contrast,
the training time of ASPCE is independent with input dimension and total degree of
polynomials, it can be used for high dimension and high degree problems with reduced
computational cost. By using the top five holistic sensitive input parameters identified by the
multi-criteria global sensitivity analysis, the computed fragility is close to the one computed
by using all inputs. These results demonstrate the applicability and effectiveness of the
proposed multi-criteria global sensitivity analysis approach. The presented approaches can aid
the uncertainty quantification, multi-criteria global sensitivity analysis, and regional level
performance assessment of structural systems in an efficient manner.
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Appendix A. Example of computation of holistic global sensitivity index

The Sobol’ function is expressed as [21]

where ui, 1 = 1, ..

|4u, —2| +a,
=tk

i=1

1+a,

distribution over [0, 1]; and a; are nonnegative parameters of the function.

(A1)

., g represent input variables, and these input variables follow uniform

By considering five sets of a; as listed in Table A.1, five computational functions are

obtained.

Table A.1 Parameters of the output functions

Output number ai az as au
1 1 5 2 9
2 15 6 5 8
3 16 10 5 2
4 10 2 6 5
5 12 7 2 5

The global sensitivity indices of each input with respect to different outputs are computed

and formulated as a sensitivity index matrix as presented in Table A.2.

Table A.2 Sensitivity index matrix

Input  Outputl  Output2  Output3  Output4  Output5
u1 0.636 0.061 0.024 0.051 0.038
uz 0.076 0.319 0.057 0.666 0.101
us 0.295 0.433 0.190 0.126 0.695
U4 0.027 0.194 0.740 0.171 0.179

The sensitivity ranking of inputs with respect to each output is presented in Table A.3. By

37



A W0

10
11

12
13

14

15

considering different outputs, different sensitivity ranking of inputs can be obtained.
Conflicting sensitivity information is obtained, and it is difficult to identify the holistic
sensitive parameters by considering all outputs. Compromise decision making should be

implemented.

Table A.3 Sensitivity ranking of inputs with respect to each output

Input  Outputl  Output2  Output3  Output4  Output5

ui 1 4 4 4 4
uz 3 2 3 1 3
us 2 1 2 3 1
Ug 4 3 1 2 2

The weighting factors for output 1, output 2, output 3, output 4, and output 5 are
considered as 0.6, 0.2, 0.1, 0.05, and 0.05, respectively. By using Egs. (23) to (28), the holistic
global sensitivity indices of each input are computed as presented in Figure A.1. The sensitivity
ranking of U1, Uz, U3, and us considering the trade-off among five outputs can be determined

based on holistic global sensitivity index as 1, 3, 2, and 4, respectively.

o
oo

o
o

o
N

Holistic global sensitivity index
o
N

o

Uy u, Ug Uy,
Input parameters

Figure A.1 Holistic global sensitivity indices of the input parameters
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