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especially for non-linear and complex scenarios. Thus, to efficiently assess the probability of 14 
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1. Introduction 31 

The uncertainty and stochasticity of the environment and structural performance bring 32 

difficulties and challenges to structural design and performance evaluation. To overcome the 33 

drawbacks of traditional deterministic methods in structural design and assessment, 34 

probabilistic methods have gained the attention of many scholars and engineers, where 35 

reliability-informed methods have become one of the most widely used methods in modern 36 

structural engineering [1–3]. In the reliability-informed method, the main task is to quantify 37 

and evaluate the failure probability of structures, i.e., to calculate the occurrence probability of 38 

a member or system exceeding a limit state during its service life [4]. It is of great importance 39 

to quantify failure risks accurately and design conservatively for significant industrial and civil 40 

structures such as sea-crossing bridges, large dams, and nuclear power stations. However, their 41 

failure probabilities are usually extremely small and challenging to be evaluated accurately, 42 

especially for highly complex and non-linear systems. Therefore, it is crucial to develop an 43 

efficient and highly accurate method to assess the failure probability of engineering systems. 44 

To date, many reliability analysis methods have been invented and applied, such as the 45 

first-order reliability method (FORM) [5,6], the second-order reliability method (SORM) [3,7], 46 

and Monte Carlo simulation (MCS) [8]. FORM and SORM are applied after evaluating the 47 

design point using a numerical search algorithm, while MCS estimates the failure probability 48 

through a large number of samples. The application of the first two methods may be limited by 49 

the considered scenarios and expression of performance function (e.g., limited to the case of 50 

component reliability), while MCS can avoid mathematical problems and achieve high 51 

accuracy in solving the failure probability. Therefore, MCS has been widely used in classical 52 

reliability calculation methods. However, concerning the scenarios of small-failure 53 

probabilities, the classical MCS requires many samples to reach the desired accuracy in 54 

estimating the failure probability, which may cause a significant computational burden and limit 55 

its application. Thus, some strategies to reduce the computational cost, e.g., importance 56 

sampling method (IS) [9], subset simulation (SS) [10], asymptotic sampling [11], etc., have 57 

been proposed. Although these methods are well established and more efficient than the 58 
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classical MCS, they still require high computational cost, especially for complex performance 59 

functions and small-failure probabilities. Therefore, there is still a need for a reliability analysis 60 

with high precision and low computational cost.  61 

Currently, a popular path for reducing the computational cost of reliability analysis is to 62 

build surrogate models, such as response surface models [12,13], kriging models [14,15], 63 

support vector machine models [16], and polynomial chaos kriging (PCK) models [17,18]. The 64 

main merit of surrogate models is that a large number of calls to the original performance 65 

function can be avoided, which reduces the computational cost. The prediction accuracy of a 66 

surrogate model depends on its training set, affecting the reliability calculation results. 67 

Therefore, Echard et al. [19] proposed a strategy to identify updating points and enrich the 68 

training set of the Kriging model, which is called the adaptive Kriging-MCS (AK-MCS) 69 

method of reliability analysis. Schöbi et al. [18] also applied the PCK model to achieve adaptive 70 

MCS to estimate the small-failure probability. Recently, the idea of adaptive MCS has been 71 

widely developed. Some studies proposed learning functions in adaptive MCS [20,21], while 72 

others focused on reducing the variation of failure probability and improving the robustness of 73 

rare-event probability estimation with IS and SS. For example, Echard et al. [22] and Cadini et 74 

al. [23] suggested combining AK-MCS with IS. Besides, Huang et al. [24] and Ling et al. [25] 75 

proposed adaptive SS by integrating the Kriging model and SS to estimate small failure 76 

probability. Wei et al. [26] implemented global sensitivity and reliability analysis for rare events 77 

by employing adaptive SS. To further improve the performance of adaptive SS, Xu et al. [27] 78 

proposed a modified SS-based adaptive MCS method, and Tong et al. [28] developed an 79 

adaptive MCS method by integrating SS and IS. The adaptive MCS method can be implemented 80 

in both the time-invariant and time-variant cases [29,30]. Although existing adaptive MCS-81 

based methods have been successfully applied in different applications, they still depend on 82 

training sets and candidate sample collection. Regarding the rare-event probability estimation 83 

and non-linear scenarios, many samples might be required to build an accurate surrogate model 84 

for reliability estimation. It is not easy to achieve a tradeoff between the accuracy and efficiency 85 

of reliability analysis, even for the adaptive MCS-based approach. 86 
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On the other hand, a probability density function (PDF)-oriented method has been recently 87 

developed to reduce the computational cost of reliability analysis. The PDF-oriented method 88 

aims to calculate reliability utilizing the PDF of a performance function. For instance, Chen and 89 

Li [31] developed the probabilistic density evolution method (PDEM) to perform reliability 90 

analysis of non-linear stochastic structures by directly solving the generalized density evolution 91 

equation (GDEE) to obtain the PDF of the structural response. Also, Guo et al. [32] proposed 92 

some complementary strategies to extend the application scale of PDEM to the reliability 93 

analysis of degraded structures. Although PDEM performed well in previous studies, its focus 94 

on solving GDEE may limit its application. A more flexible strategy is to evaluate the PDF of 95 

performance function through nonparametric evaluation ways such as kernel density estimation 96 

(KDE) [33–35]. For instance, based on the maximum entropy principle, Alibrandi and Mosalam 97 

[36] proposed a KDE-maximum entropy method (MEM) to estimate the probability distribution 98 

with limited samples. Also, Xu and Kong [37] combined the point evolution method and used 99 

KDE in reliability analysis. Similarly, Guo et al. [38] proposed a point-evolution kernel density 100 

estimation (PKDE) based time-dependent reliability analysis framework for engineering 101 

structures subject to multiple deterioration mechanisms. Although existing studies confirmed 102 

the excellent performance of KDE in general reliability analysis, the method has not been 103 

validated within rare events of small probabilities. Therefore, it is still necessary to further 104 

investigate and improve the KDE-based methods (KDEM) with more cases and scenarios. 105 

The purpose of this paper is to develop an adaptive estimation method for the small-failure 106 

probability in terms of some advanced probabilistic techniques such as PKDE, PCK, and SS. 107 

The PKDE-Adaptive PCK-based SS (PAPS) is developed. Section 2 presents the definition of 108 

the small-failure probability and the basic idea of the proposed method. The main technical 109 

details of the proposed method are described in Section 2, where the algorithm of PKDE is 110 

reviewed, followed by a detailed description of complementary strategies such as SS and PCK. 111 

Next, in Section 3, four benchmark cases demonstrate the computational effectiveness of the 112 

proposed PAPS method, including a simple two-dimensional case, a classical static rod truss, a 113 

time-variant steel beam, and a non-linear random structure. Meanwhile, the reliability analysis 114 
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results are compared with other existing methods. Finally, conclusions are drawn, and directions 115 

for future work are indicated. 116 

 117 

2. Estimation of rare-event probability 118 

In this study, the performance function g and failure probability pf are denoted as Eqs. (1) and 119 

(2), respectively 120 

 ( )g G= X  (1) 121 

 ( )
f

f dGp f g g
Ω

= ∫  (2) 122 

in which X denotes the input vector containing d random variables [X1,X2,…,Xd]T; fG(g) is the 123 

probability density function (PDF) of performance function; and Ωf is the failure zone.  124 

Besides, the small failure or rare-event probability is defined as the occurrence probability 125 

with an order not more than 10-4 [39]. Traditional estimation methods of small-failure 126 

probability focus on using techniques to precisely calculate the failure probability, such as IS 127 

or SS. Both two methods focus on reducing the variations involved in the failure probability 128 

estimation. The former IS works on sampling through an importance sampling density (ISD), 129 

and the latter SS splits the failure event into a series of events. The accuracy and efficiency of 130 

IS depend on the choice of ISD and the dimension of the investigated case [10], while those of 131 

SS relate to the separation level and the number of samples within each subset [40].  132 

Due to the small sample size required and the high accuracy in practical applications, this 133 

paper adopts the PDF-oriented idea of capturing the PDF of G(X), i.e., fG(g), and then 134 

integrating the fG(g) within the failure zone to obtain the failure probability pf as  135 

 ( ) ( )f 0
d 0G Gg

p f g g F
<

= =∫  (3) 136 

where FG(∙) is the cumulative distribution function (CDF) of the performance function.  137 

This paper presents an estimation method for the small-failure probability that requires 138 

small inputs while maintaining high accuracy. To obtain fG (g) by a limited number of samples, 139 

there generally exist two popular paths: maximum entropy-based method [41,42] and point-140 

evolution-based method [31,38]. For the former, the main idea is to capture the integer or 141 
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fractional moments of the performance function and then optimize the distribution of the 142 

performance function, i.e., fG (g). However, regarding the discontinuous and non-convex 143 

objection function, such a strategy might not be efficient [42]. For the latter, a limited number 144 

of representative points are chosen to compute their assigned probabilities and the values of the 145 

performance function. Then, fG(g) is captured by solving GDEE [31] or PKDE [38]. PKDE is 146 

employed to capture the initial fG(g) in this study due to its convenience and accuracy. However, 147 

existing point-evolution methods, including PDEM and PKDE, are not developed for small 148 

probability estimation. Thus, corresponding improvements are proposed to improve the 149 

accuracy of PKDE for small probability estimation. 150 

 151 

2.1. A review of point-evolution based kernel density estimation (PKDE) and its 152 

limitation for rare events 153 

To perform PKDE, the first step is to select a point set x of nsel representative points [38]. 154 

Existing studies proved that the uniformity of representative point sets significantly influences 155 

the accuracy of point-evolution methods [43,44]. Thus, this study employed a generalized F-156 

discrepancy (GF-discrepancy) based point selection method (GFM) [44], and the information 157 

of the algorithms refers to Appendix A.1.  158 

After capturing nsel representative points and their assigned probability pa,i (i=1,…,nsel) 159 

(i.e., Eq.(A1.4)), the estimation of the target PDF ( )Ĝf g  can be expressed as follows: 160 

 ( ) ( )
sel

,
1

ˆ
n

a i
i

G ip g gf g δ
=

= ⋅ −∑  (4) 161 

where gi is the value of the i-th representative point calculated by Eq.(1); and δ (∙) is Dirac’s 162 

delta function.  163 

In PKDE, δ(∙) of Eq.(4) is represented through a kernel density estimator, and then the 164 

target PDF can be evaluated as follows: 165 

 ( ) ( )
sel

,
1

ˆ , , ,G

n

a i i
i

h p K g hg gf
=

= ⋅∑  (5) 166 

where K(∙) is the kernel function that could be selected based on the distribution region and 167 
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characteristics of representative points [45,46]; and h is the bandwidth.  168 

Supposing the target distribution is an infinite region, K(∙) in Eq.(5) could be the PDF of a 169 

Gaussian distribution whose mean is gi and the standard deviation is h 170 

 ( )
21 1, , exp

22
i

i
g gK g g h

hh π

 − = −  
   

 (6) 171 

For most scenarios, applying many samples is costly due to experimental conditions and 172 

computational burden limitations. Thus, selecting an appropriate bandwidth h becomes 173 

significant due to the limited number of samples. To obtain the optimal bandwidth h, a common 174 

strategy is to find the h satisfying the minimum mean integrated square error (MISE). Such a 175 

strategy is hard to be implemented directly since fG(g) is unknown. Thus, a plug-in bandwidth 176 

selection method is employed based on a diffusion partial differential equation [47]  177 

 
2

2

1ˆ ˆ( , ) ( , ), , 0
2G Gf g h f g h g h

h g
χ∂ ∂

= ∈ >
∂ ∂

 (7) 178 

where 𝜒𝜒 ≡ R.  179 

Besides, the initial condition 
0

ˆlim ( , )Gh
f g h

→
 can be approximately calculated by a histogram 180 

with assigned probability pa,i, and a small bin ∆g 181 

 ( )
sel

a ,
10

ˆlim ( , )
n

i iGh i
p Hf g gh g g

→
=

≈ ⋅ ∆ − −∑   (8) 182 

where H(·) is the Heaviside function, and it is equal to 1 when the value in the bracket ≥ 0 and 183 

0 otherwise.  184 

For simplicity, the values of nsel representative points can be linearly mapped to [0, 1] and 185 

the mapped value of the i-th representative point ui by Eq. (9). 186 

 ( ) sel
rg

1 min , 1,...,i i iu g g i n
g

= ⋅ − =    (9) 187 

in which grg is the distribution range of nsel representative points which could be calculated by 188 

 ( ) ( )rg selmax min , 1,...,i ig g g i n= − =  (10) 189 

Furthermore, the optimal square bandwidth t can be obtained by employing the algorithms 190 

in Appendix A.2, and the optimal bandwidth h can be expressed by 191 
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 rgh g t=  (11) 192 

In terms of the values of representative points xi and the optimal bandwidth h, the 193 

estimation of ( )ˆ ,f g h  could be obtained. The principal algorithms of PKDE are summarized 194 

in Algorithm 1. 195 

 196 
Algorithm 1. Computation of PKDE 
1:      Generate nsel representative points via the method in Appendix A.1 
2:      Set initial error variable ε0 = 103, precision ε, initial z0 = ε, n = 0, k=104 and grg by Eq.(10) 
3:      Set the initial PDF by Eq.(8) with ∆g = g rg/k 
4:      while ε0 > ε do 
5:         Set zn+1=ξγ[l](zn) through Eq. (A2.6) 
6:         ε0=| zn+1- zn| and n:= n+1 
7:      end do 
8:      Obtain the optimal bandwidth ℎ = 𝑔𝑔rg�𝑧𝑧𝑛𝑛+1 
9:      Calculate 𝑓𝑓𝐺𝐺(𝑔𝑔, ℎ) by Eq.(5) 

 197 

Although PKDE in Section 2.1 could accurately estimate the PDF of performance for most 198 

scenarios, additional improvements might be required under the scenario of rare-event 199 

estimation. To demonstrate this statement, a simple case is taken for illustrative purpose, and 200 

its performance function g is written as [38] 201 

 ( ) ( ) ( )1 2 cr 1 1 2 2 1 2, 1g G x x g x H x x x H x x = = + ⋅ − + ⋅ − −   (12) 202 

in which gcr is the threshold value of 8; and x1 and x2 are Gaussian variables following N(-2,1) 203 

and N(2,3), respectively. 204 

As illustrated in Fig. 1a, 54 samples and representative points are generated by Latin 205 

Hypercube Sampling (LHS) [48] and GF-discrepancy based point selection method (GF), 206 

respectively. As shown, the representative points look more uniform than LHS samples. Then, 207 

LHS samples and GF points are used to capture the PDF of g, i.e., fG(g), by classical KDEM 208 

[47] and PKDE, respectively, as presented in Fig. 1b. Compared with 107 samples of classical 209 

KDEM, it can be noticed that PKDE performs better than KDEM in describing the PDF of Eq. 210 

(12) through a limited number of samples. However, it also can be observed that both the tails 211 

of PDFs by 54 samples of KDEM and PKDE are inaccurate on the logarithmic scale. Due to 212 

the inaccurate PDF, the CDF FG(g) evaluated by the small samples of KDEM and PKDE is 213 
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incorrect. In terms of Eq.(3), the pf obtained by 54 samples of KDEM and PKDE are 1.61×10-214 

6 and 4.09×10-6, respectively, which deviate much from 107 samples of classical KDEM 215 

(4.28×10-4). Based on the definition of rare-event probability, such a phenomenon might 216 

frequently occur in the existing PDF-oriented methods [32,38]. Therefore, it is crucial to 217 

overcome this shortcoming and improve the accuracy in the tails of PDF and CDF by PDF-218 

oriented methods. Therefore, based on the results of PDF-oriented methods, the idea of using 219 

other techniques to refine the PDF/CDF of its tail is needed and conducted in this study. 220 

 221 
Fig. 1. Schematic of point sets and PDFs of Eq.(12): (a) point sets by LHS and GF-222 

discrepancy based point selection method; and (2) PDF by classical KDE and PKDE 223 
 224 
 225 

2.2. Proposed method for efficient reliability method for small probability failure 226 

2.2.1. Basic concept of PAPS 227 

Since the failure probability calculation depends directly on the CDF of the performance 228 

function FG(g), the main goal is to improve the accuracy of the CDF calculation. This paper 229 

also applies the concept of SS to conservatively evaluate the tail of the CDF by approaching 230 

the limit state step-by-step. The primary thought of SS is to split a failure event F ≡ {G < 0} 231 

into a series of intermediate events Fj [10] 232 

 { } ( )1 2 1 2, 1,  2,,... , .  . .. .0 . ,m mj jF G b j mF F F F b b b= ⊃ ⊃ ⊃ = > > > =≤ =  (13) 233 

where bj is the threshold value at the j-th level of SS.  234 

Then, failure probability pf can be expressed as the product of P(F1) and a series of 235 

conditional probabilities P(Fj|Fj-1) obtained through the j-th level SS, 236 

-5 -4 -3 -2 -1 0 1
x

1

(a)

-10

-5

0

5

10

15

x 2

54 LHS

54 GF

-5 0 5 10 15 20 25

g
(b)

0

0.05

0.1

0.15

0.2

0.25

0.3

f G

10 7  MCS-KDE

54 LHS-KDE

54 PKDE

-2 0 2 4 6

10 -5

10 0



10 

 ( ) ( ) ( )f 1 1
2

 2,  3 , ,| ,
m

j j
j

j mp P F P F P F F −
=

= = = …⋅∏  (14) 237 

where P(F1) is the probability that the performance function is below b1. Being different from 238 

the traditional SS, P(F1) can be obtained through the PKDE results of FG(∙), i.e., integrating 239 

the PDF obtained in Section 2.1: 240 

 ( ) ( )
1

1 1( ) dG Gg b
P F F b f g g

<
= = ∫  (15) 241 

Besides, P(Fj|Fj-1) in Eq.(14) can be estimated through Markov chain Monte Carlo 242 

(MCMC) as follows [49]:  243 

 ( ) ( )1
1

1| , 2,....,
j

j

N
j

j j F k
kj

P F F I j m
N−

=

≈ =∑ x  (16) 244 

in which Nj is the number of samples at the j-th level of SS; j
kx  is the k-th sample at the j-th 245 

level of SS generated by MCMC and an implicit conditional PDF q(x|Fj-1) expressed by Eq.(17); 246 

and IFj (xkj) is an indicator function written by Eq.(18). 247 

 ( ) ( )
( )

1
1

1

( )
2,3| ,, ,Fj

j
j

I
q F j m

F
f

P
−

−
−

⋅
= = …Xx x

x  (17) 248 

where fX(x) is the joint PDF of random variables in X.  249 

 ( )
( )
( )

1,

0,j

j
k jj

F k j
k j

G b
I

G b

 ≤= 
>

x
x

x
 (18) 250 

In addition, during the implementation of SS, the values of P(F1) and P(Fj|Fj-1) (j = 2, 251 

3, …, m-1) are generally fixed to a constant value p0∈[0.1, 0.3] [50]. Given P(F1) of p0, b1 252 

can be determined by the inverse function of CDF of G, F-1G(p0). Other thresholds of bj are 253 

determined by the p0 quantile of Nj response values of the performance function at the j-th level 254 

of SS. All response values at the j-th level of SS are ordered in ascending order, i.e., 255 

1 2( ) ( ) ( )
j

j j j
NG G G≤ ≤…≤x x x , and bi can be expressed as

0[ ]( )
j pN

jG x , in which ‘[]’ refers to the 256 

round of the argument. Furthermore, pf in Eq.(14) can be written as: 257 

 ( )1
f 0

1

1 m

m

N
m m

F k
km

p p I
N

−

=

= ⋅ ∑ x  (19) 258 
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Besides, based on [10], the coefficient of variation (COV) of pf could be evaluated through 259 

Eq.(20). 260 

 ( ) ( )2
f f

1

m

j
j

Cov p Cov P Fδ
=

 = ≈  ∑  (20) 261 

where Cov[P(F1)] could be calculated using Eq.(21) for sampling-based methods but is zero 262 

for PDKE since the results of PKDE are determined given representative points, and Cov[P(Fj)] 263 

(j>1) can be evaluated by Eq.(22). 264 

 ( ) ( )
( )

1
1

1 1

1 P F
Cov P F

N P F
−

=    (21) 265 

 ( ) ( )
( ) ( )1

1 , 2,....,j
j j

j j

P F
Cov P F j m

N P F
γ

−
  = + =   (22) 266 

in which γj can be expressed as 267 

 
( )

( )
( )/ 1

1
2 1

j
j cN N j

c
j j

k j

k N k
N

γ ρ
−

=

  ⋅
= −      

∑  (23) 268 

where Nc(j) is the number of Markov chains at the j-th level of SS; and ρj(k) is the correlation 269 

coefficient which could be calculated as  270 

 ( )
( )

( ) ( )
( )( )

( )

/
, , 2

f
1 1

f f

1

1

jj
j cc

j j

N N jN
u v u v k

F Fj
u vj c

j

I I p
N k N

k
p p

ρ

−
+

= =

⋅ −
− ⋅

=
−

∑ ∑
 (24) 271 

where ( ),
j

u v
FI   and ( ),

j

u v k
FI +   denote the values of Eq.(18) associated with the v-th and (v+k)-th 272 

sample in the u-th Markov chain [10,25]. 273 

Accordingly, the failure probability for the rare events can be calculated, and 274 

corresponding COV could be evaluated. The empirical CDF of performance can be captured by 275 

summarizing the samples for each level of SS and the initial PDF obtained through PKDE. 276 

However, if the traditional SS is directly employed, each level of SS still needs many samples, 277 

bringing a high computational burden. Therefore, it is necessary to build surrogate models 278 

based on the samples involved in PKDE to avoid the mass invocations of the original 279 

performance function.  280 
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With respect to surrogate models, Gaussian Kriging models are generally applied in 281 

conventional adaptive reliability analysis [19,24,27]. However, existing studies proved that 282 

Gaussian Kriging models might not be the optimal surrogate model, especially for high-283 

dimensional cases [18,51,52]. Thus, in this study, surrogate modeling is implemented by PCK 284 

since PCK integrates the merits of the Kriging model and polynomial chaos expansion (PCE) 285 

[17]. In PCK, the Kriging model is used to interpolate the local variations of the target variables 286 

as a function of input points [17,53]. Meanwhile, PCE is applied to approximately evaluate the 287 

global behavior of the target variable through a set of orthogonal polynomials [54]. Thus, PCK 288 

has its theoretical advantage compared with the conventional Gaussian Kriging (GK) model 289 

and has been widely applied in adaptive reliability analysis, especially for small failure 290 

probability estimation [18,52]. The establishment approaches of PCK are introduced in 291 

Appendix A.3.  292 

Furthermore, to improve the probability estimation accuracy, at each level of the SS, a 293 

limited number of additional samples is adaptively selected by employing learning functions, 294 

and the corresponding computational result is revised. Finally, the process of SS stops once the 295 

limit state is reached, and the final CDF is obtained. Meanwhile, pf can be computed through 296 

Eq.(3).  297 

 298 

2.2.2. Integration between PKDE and adaptive PCK-based SS (PAPS) 299 

Fig. 2 shows the basic flow of the proposed PKDE-Adaptive PCK-based SS (PAPS) method 300 

for calculating the probability of small-failure events. As shown in Fig. 2, the initial PCK model 301 

GPCK can be built based on the initial point selection in PKDE and the procedures of PCK in 302 

Appendix A.3. Then, by replacing the original performance function with GPCK, SS can be 303 

performed using the algorithm in Section 2.2.1. Since the original performance functions are 304 

not used extensively, the computational burden can be significantly reduced. However, such a 305 

PCK model based on the initial point selection cannot guarantee the computational accuracy of 306 

the CDF and failure probability. As a result, based on the thought of PAPS described in Section 307 

2.2.1, it is necessary to update the PCK model by adaptively adding new point selections during 308 
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the computation.  309 

 310 

 311 
Fig. 2. Procedures underlying the proposed PAPS method of small-failure probability 312 

 313 

In the proposed method, initial point sets are regarded as training sets. At each level of SS, 314 

update points could be found by the learning function and then added to the training sets. For 315 

adaptive reliability analysis, the most common learning function are U function [19] (U(x), 316 

Eq.(25)) and the expected feasibility function (EFF) [55] (EFF(x)).  317 

 ( ) ( )
( )

PCK

PCK
, 1, 2, , 1, 2,.. .,, .,

j
i jj j

i ij
i

j
j

G b
U mi N j

σ

−
= ∈ = … =X

x
x x

x
 (25) 318 

where Nj is the number of samples in the j-th level of SS; Xj is the set of samples at the j-th 319 

level of SS; and GPCK(xji) and 𝜎𝜎PCK(xji) are the predicted mean value and standard deviation 320 

(STD) of PCK model at point xji.  321 

Select the initial representative points

Perform PKDE to obtain the initial CDF 
as the 1-st level of SS 

Construct a PCK surrogate model by the 
initial presentative points

Revise the surrogate model and the result 
of this level of SS by learning function

Continue to the next level of SS 

If the limit state 
is reached?

Obtain the final CDF and failure 
probability

YES

NO



14 

 

( ) ( )( )
( )

( )
( ) ( )

( )
( ) ( )

( )
( )

( )
( )

( ) ( )
( )

( ) ( )
( )

PCK

PCK PCK PCK

PCK PCK PCK

PCK

PCK PCK PCK

PCK PCK PCK

EFF

2

2

j j
i i j

j j j
j i j i j i

j j j
i i i

j
i

j j j
j i j i j i

j j j
i i i

G b

b G b G b G

G G G

b G b G b G

G G G

ε ε

σ

ε ε
φ φ φ

= − ⋅

      − − − + −
      Φ −Φ −Φ

            

− ⋅

    − − − + −
    − −
   
    

x x

x x x

x x x

x

x x x

x x x

( ) ( )
( )

( ) ( )
( )

PCK PCK

PCK PCK

, 1, 2, , 1, 2,.. .,

,

, .

j j
j i j i

j j
i i

j
ji

j i N j m

b G b G

G G

ε ε

 
 

   
    + − − −
    + Φ −Φ

    

= …

  
∈ =



x

x

x X

x

x

 (26) 322 

where Φ(·) and ϕ(·) are the CDF and PDF of standard Gaussian distribution, respectively; and 323 

ε is a small value could be selected as 2∙[σPCK(xij)]2 [19]. 324 

If the minimum value of U(x) is lower than 2 or the maximum value of EFF(x) is higher 325 

than 0.001[19], the corresponding point is picked up, and the actual value of its performance 326 

function is calculated; otherwise, no update occurs, and the next level of SS is executed. The 327 

detailed procedures of the proposed PAPS are as follows: 328 

(1) Initialize j = 1 and denote the initial representative point selection as a training set for PCK 329 

{ }train train
sel, 1, 2, ,i i n= = …X x  . A set of performance functions 330 

( ) ( ){ }train train
sel, 1, 2, ,iG G i n= = …X x  could be obtained and used to conduct PKDE to get 331 

PDF and CDF FG(∙) and build a PCK model GPCK; 332 

(2) Determine the parameter p0 (p0 is suggested to be ranging from 0.1 to 0.3[50]), bj by the 333 

inverse function of CDF of G, i.e., F-1G(p0), and a seed set of points seed
jX  in terms of trainx , 334 

to satisfy the condition that for arbitrary seed, seed seed,, ( )j j j
i i jG b∈ ≤x X x  at the j level of SS;  335 

(3) Generate a set of Nj random samples { }, 1, 2, ,j
j

j
i i N= = …X x (Xj is the candidate sample 336 

pool and its size Nj relies on several parameters (e.g., the target coefficient of variation, p0 337 

value, the performance of the computing platform)), a set of PCK values GPCK(Xj) and their 338 

standard deviations (STD) 𝝈𝝈PCK(Xj), 339 

 ( ) ( ){ }PCK PCK , 1, 2, , ,jj
i jG i N= = …G X x  (27) 340 
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 ( ) ( ){ }PCK PCK , 1, 2, , ,jj
i ji Nσ= = …X xσ   (28) 341 

based on bj, seed
jX , GPCK and MCMC technique, while U(xij) are computed through Eq.(25) 342 

for each sample xij in Xj; 343 

(4) Skip this step to Step (5), if ( )min 2j
iU  ≥ x  or ( ) 3max EFF 10j

i
−  ≤ x . Otherwise, pick 344 

up up
jx , i.e., 345 

 ( ) ( )up arg min  or arg ,max EFF , 1,2, ,j j j
i i jU i N   = = …   x x x   (29) 346 

to update the point set train train
up
j= X X x   and then update GPCK based on Xtrain and 347 

G(Xtrain). This step would be repeated until ( )min 2j
iU  ≥ x  or ( ) 3max EFF 10j

i
−  ≤ x  is 348 

satisfied; 349 

(5) Regenerate Xj by MCMC in terms of bj, seed
jX  and updated GPCK, and then resort PCK 350 

values GPCK(Xj) through its ascending order; 351 

(6) Let j=j+1 and obtain bj by the p0 quantile of GPCK(Xj-1), i.e., 
01[

PCK 1
]( )

j

j
pNG

−

−X . If bj ≤ 0, 352 

estimate ( )1|j jP F F −  by Eq.(16); otherwise, ( )1 0|j jP F F p− = ; 353 

(7) Determine a new seed set of points seed
jX  according to Xj-1 to satisfy the condition that for 354 

arbitrary seed, seed seed,, ( )j j j
i i jG b∈ ≤x X x . Next, repeat Steps (3)-(5) to generate a new Xj and 355 

update GPCK; and 356 

(8) Revise bj by calculating GPCK(Xj), and regenerate Xj through the revised bj, updated GPCK 357 

and seed
jX . Let m=j, calculate ( )1|j jP F F −  and pf by Eqs.(16) and (19), respectively, and 358 

obtain the final CDF of the performance function based on FG(∙) and the empirical CDF of 359 

all GPCK(Xj), if bj ≤ 0. Otherwise, go to step (6). 360 

The above procedure of the proposed PAPS method is summarized in Algorithm 2.  361 

 362 

 363 

 364 
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Algorithm 2. Computation of PAPS 

1:      Generate Nsel representative points as initial point set X0  
2:      Evaluate initial PDF and CDF FG(∙) by Algorithm 1 
3:      Build a PCK model GPCK through initial representative points 
4:      Determine p0∈[0.1, 0.3] and Let j = 1 and ( )0

1
j Gb F p−=  

5:      while b j > 0 
6:          if j >= 2 

7:             Let 
01[

PCK 1
]( )

jN
j

j pb G
−

−= X  

8:             if bj ≤ 0  

9:                 Calculate P(Fj|Fj-1) by Eq.(16)  

10:             else: 

11:                 P(Fj|Fj-1) = p0 

12:             end if  
13:          end if 
14:          Collect a seed set of points { }1

seed seed, seed, seed( ) ,j j j j j
i j iG b −= ≤ ∈ ⊂X x x X X  

15:          Generate a candidate sample pool with Nj samples Xj by MCMC based on bj, seed
jX , and GPCK 

16:          Compute ( )j
iU x  by Eq.(25) or ( )EFF j

ix  by Eq.(26) for each sample 
17:          while ( )min 2j

iU  < x  or ( ) 3max EFF 10j
i

−≤  x  do 
18:              Pick up the ( ) ( )up arg min  or arg max EFF , 1,2, , j

j j j
i iU i N   = = …   x x x  

19:              Update point set train train
up
j= X X x  

20:              Rebuild GPCK based on Xtrain  
21:              Compute ( )j

iU x  by Eq.(25) or ( )EFF j
ix  by Eq.(26)  for each sample 

22:          end do 
23:          if j >= 2 
24:              Revise 

0[
PCK

]( )
j

j
j N pb G= X  

25:              if bj ≤ 0 
26:                  Let m=j  
27:                  Calculate pf by Eq.(19) 
28:              end if 
29:          end if 
30:          Regenerate Nj samples Xj by MCMC based on bj, seed

jX , and GPCK 
31:          Resort and store GPCK(Xj) by an ascending order  
32:          Let j:= j +1 
33:      end do 
34:      Calculate the refined CDF in terms of FG(∙) and empirical CDF of all stored GPCK(Xj)  

 365 

3. Illustrative examples 366 

In this Section, four numerical cases are presented to validate the accuracy and efficiency of the 367 

proposed small-probability analysis method. Some conventional reliability estimation methods, 368 

e.g., brute MCS, brute SS, and other adaptive SS methods, are also compared with the proposed 369 
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PAPS method. For the SS methods, p0 is chosen as 0.1, and the candidate sample size of each 370 

level is 100,000 for comparing with brute SS. Under such a sample size, the COV of the brute 371 

SS is relatively low under the scenarios associated with the small failure probability. 372 

 373 

3.1. Case 1: A simple 2D case 374 

A classical 2D case is applied to illustrate the proposed method. To demonstrate the efficiency 375 

and accuracy of PAPS, conventional LHS [48] and Gaussian Kriging (GK) modeling [53] are 376 

also employed. The performance function g can be written as [27]:  377 

 ( ) ( )2 3
1 20.5 2 1.5 5 ug x x g= − − − −  (30) 378 

where gu is a constant value of three, and x1 and x2 are two independent standard Gaussian 379 

variables.  380 

To begin with, 12 representative points are selected through the GFM in Appendix A.1. By 381 

applying the diffusion-based bandwidth selector in Section 2.1, the bandwidth is chosen as 382 

45.86, and then the PDF and CDF of g can be obtained, as shown in Fig. 3. The CDF of PKDE 383 

matches the CDF of 108 trials of MCS better than the empirical CDF from 12 samples of LHS. 384 

However, the tails of both PDKE and LHS-based KDEM are inaccurate, as shown in the subplot 385 

in Fig. 3.  386 

 387 
Fig. 3. PDF and CDF estimation by PKDE, LHS, and MCS in Case 1 388 

 389 

Furthermore, eight types of approaches, i.e., PAPS-U, PKDE-GK-SS-U, LHS-PCK-SS-U, 390 

LHS-GK-SS-U, PAPS-EFF, PKDE-GK-SS-EFF, LHS-PCK-SS-EFF, and LHS-GK-SS-EFF, 391 
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are applied to refine the CDF of g. PAPS, including PAPS-U and PAPS-EFF, refers to the 392 

algorithms introduced in Section 2.2. PKDE-GK-SS-U and PKDE-GK-SS-EFF refer to 393 

replacing PCK in PAPS-U and PAPS-EFF with GK, respectively. Also, LHS-PCK-SS-U and 394 

LHS-PCK-SS-EFF refer to replacing PKDE with LHS-KDEM. In addition, LHS-GK-SS-U and 395 

LHS-GK-SS-EFF are replacing PCK and PKDE with GK and LHS-KDEM simultaneously.  396 

One run of reliability analysis is taken as an example to compare the performance of 397 

different reliability analysis methods. By comparing Fig. 4a, b, c, and d with Fig. 4e, f, g, and 398 

h, it can be concluded that the representative points are more uniform than LHS samples. The 399 

initial representative points or LHS samples are used to build the surrogate model and are 400 

considered the samples at the first level of SS. Based on the built surrogate models, the second, 401 

third, fourth, and fifth levels of SS are performed, where 100,000 samples are generated from 402 

the MCMC and surrogate models at each level of SS except for the first level of SS.  403 

In addition, Fig. 4a and e show that under the scenarios of PCK, two samples are picked 404 

up by the U-learning function and then updated at the third and fourth level of SS, respectively, 405 

while in Fig. 4b and f, applying the EFF-learning function does not capture extra samples. Also, 406 

in Fig. 4c, d, g, and h, the GK is updated at each level of SS, and the total numbers of extra 407 

samples for PKDE-GK-SS-U, PKDE-GK-SS-EFF, LHS-GK-SS-U, and LHS-GK-SS-EFF are 408 

421, 170, 868, and 158, respectively. It can be noticed that both PCK and EFF-learning function 409 

could significantly reduce the number of extra samples. 410 

Additionally, Fig. 5 compares the CDF obtained by running all methods in Case 1 once, 411 

including brute MCS, original SS, PAPS, PAPS-U, PKDE-GK-SS-U, LHS-PCK-SS-U, LHS-412 

GK-SS-U, PAPS-EFF, PKDE-GK-SS-EFF, LHS-PCK-SS-EFF, and LHS-GK-SS-EFF. As 413 

shown, except for LHS-GK-SS-EFF, most CDFs are close to each other. The CDF curves of the 414 

failure zone are relatively small or even disappeared for the scenarios using SS methods because 415 

the computational process of SS methods stops once bj is below or equal to zero. In the original 416 

SS, 500,000 samples (five levels of SS and 100,000 samples at each level) are generated by the 417 

original performance function Eq.(30). Besides, 433, 182, 880, 170 samples (12 initial samples 418 

and 421, 170, 868, or 158 extra samples) are used in PKDE-GK-SS-U, PKDE-GK-SS-EFF, 419 
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LHS-GK-SS-U, and LHS-GK-SS-EFF. In PAPS-U, PAPS-EFF, LHS-PCK-SS-U, and LHS-420 

PCK-SS-EFF, only 14, 12, 14, and 12 samples (12 initial samples and 2, 0, 2, or 0 extra samples) 421 

are needed.  422 

 423 

 424 
Fig. 4. Classifications of different methods for Case 1: (a) PAPS-U; (b) PKDE-GK-SS-U; (c) 425 
LHS-PCK-SS-U; (d) LHS-GK-SS-U; (e) PAPS-EFF; (f) PKDE-GK-SS-EFF; (g) LHS-PCK-426 

SS-EFF; and (h) LHS-GK-SS-EFF 427 
 428 
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 429 

 430 
Fig. 5. Comparison of CDF by one run of different methods for Case 1 431 

 432 

To further evaluate the performance of different methods in computing failure probabilities, 433 

all methods are run 20 times to obtain the average failure probability pf and COV δf (calculated 434 

by Eqs.(20)-(24)), as listed in Table 1. As indicated, compared with 108 samples of MCS, 12 435 

samples of PKDE might overestimate the failure probability. Among those SS-based methods, 436 

the proposed PAPS-U performs the best (the relative error εf of 0.10% is the smallest with COV 437 

δf of 2.80%). In addition, the average numbers of runs of the original performance function, 438 

Ncall, for PAPS-EFF and LHS-PCK-SS-EFF are the smallest (no extra samples are identified).  439 

 440 

Table 1 Reliability analysis results associated with different methods for Case 1 441 
Method Ncall pf δf (%) εf (%) 
PKDE 12 0.0122 - 42453.19% 

MCS 108 2.867×10-5 1.87% - 

SS 500,000 2.876×10-5 2.95% 0.30% 

PAPS-U 12.8 2.864×10-5 2.80% 0.10% 

PKDE-GK-SS-U 382.8 2.874×10-5 2.80% 0.26% 

LHS-PCK-SS-U 12.7 2.892×10-5 2.94% 0.88% 

LHS-GK-SS-U 536.4 2.877×10-5 2.93% 0.34% 

PAPS-EFF 12.0 2.874×10-5 2.80% 0.27% 

PKDE-GK-SS-EFF 171.4 2.875×10-5 2.80% 0.29% 

LHS-PCK-SS-EFF 12.0 2.878×10-5 2.93% 0.38% 

LHS-GK-SS-EFF 169.5 2.900×10-5 2.94% 1.13% 

Note: Ncall and ε f are the average number of runs of the original performance function and the relative error of the failure 442 
probability compared with MCS (|p f-p f,mcs|/p f,mcs×100%), respectively. 443 
 444 
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Besides, all adaptive SS methods using PCK have smaller Ncall (less than 13) than those 445 

using GK; the methods using PKDE have smaller δf and εf than those using LHS; and the 446 

methods with EFF-learning function have smaller Ncall than those with U-learning function. 447 

Thus, the calculation results of Case 1 can display the accuracy and efficiency of the PAPS 448 

method, where PDKE and PCK outperform LHS and GK. In addition, although the EFF-449 

learning function can reduce the number of calls to the performance function compared with 450 

the U-learning function, the accuracy of reliability analysis with the EFF-learning function 451 

might not be as good as the U-learning function. 452 

 453 

3.2. Case 2: Classical roof truss 454 

As shown in Fig. 6, a classical roof truss structure is employed to illustrate the proposed method 455 

[15,20]. This roof truss is assumed to carry a uniformly distributed load q (N/m), which can be 456 

transformed into three-point loads P = ql/4. More details refer to [15,20]. 457 

 458 

 459 
Fig. 6. Schematic of the roof truss 460 

 461 

Concerning the mid-span deflection of this roof truss, the performance function g can be 462 

defined as: 463 
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 (31) 464 

where δu = 0.04 m is the permissive deflection; l is the span of the roof; Ac and Ec are the cross-465 

sectional area and Young’s modulus of concrete members, respectively; and As and Es are the 466 

cross-sectional area and Young’s modulus of reinforcement, respectively. All parameters are 467 

listed in Table 2. 468 

In this case, 53 initial points are selected through the GFM in Appendix A.1. In terms of 469 
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diffusion-based methods, PKDE is achieved to calculate the PDF of the performance function, 470 

and the optimal bandwidth is 0.0016. Fig. 7 compares the results of PDF and CDF for different 471 

methods. The CDF of PKDE is closer to the one from 1010 samples of MCS than the empirical 472 

CDF from 53 samples of LHS. Also, the subplot of Fig. 7 shows that the CDF differences among 473 

PKDE, LHS-based KDEM, and MCS increase as g tends to negative infinity. Thus, it shows 474 

the limitations of PKDE in estimating the PDF of the performance function, which might 475 

underestimate the occurrence probabilities of different limit states. 476 

 477 
Table 2 Parameters of variables in Case 2 [15,20] 478 

Variable Distribution Mean STD Variable Distribution Mean STD 
δu (m) - 0.04 - Es (N/m2) Gaussian 1011 6×109 

q (N/m) Gaussian 2×104 1.4×103 Ac (m2) Gaussian 0.04 0.0048 
l (m) Gaussian 12 0.12 Ec (N/m2) Gaussian 2×1010 1.2×109 

As (m2) Gaussian 9.82×10-4 5.98×10-5     
 479 

 480 

Fig. 7. PDF and CDF estimation by PKDE and MCS in Case 2 481 
 482 

Furthermore, brute and adaptive SS methods, including the proposed PAPS, are utilized to 483 

calculate the CDF and failure probability. Fig. 8 illustrates the CDFs by one run of all methods. 484 

As shown, the CDFs of most methods agree well with MCS except for PAPS-EFF, PKDE-GK-485 

SS-EFF, and LHS-PCK-SS-EFF. The smoothness of CDF curves is not only influenced by the 486 

chosen adaptive strategy but also the SS method itself because the tails using SS are derived 487 

from the empirical CDF (similar to the stair function) of the candidate samples at each stage 488 

[10].  489 
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To further assess the performance of different methods in computing failure probabilities, 490 

all methods are run 20 times to capture the average pf and COV δf, as summarized in Table 3. 491 

The failure probabilities of all methods show that 53 samples of PKDE are infeasible in the 492 

failure probability estimation. Also, with respect to SS-based methods, the relative deviation 493 

and COV of PAPS-U are the smallest (εf of 1.06% and δf of 3.57%) and even better 700,000 494 

trials of SS (seven levels of SS with 100,000 samples for each level and its εf and δf are 1.76% 495 

and 3.69%, respectively). The results verify the accuracy and efficiency of the proposed PAPS 496 

method. 497 

 498 
Fig. 8. Comparison of CDF among different methods 499 

 500 

Table 3 Reliability analysis results associated with different methods for Case 2 501 
Method Ncall pf δf (%) εf (%) 
PKDE 53 1.641×10-10 - 99.95% 

MCS 1010 3.070×10-7 1.80% - 

SS 700,000 2.985×10-7 3.69% 1.76% 

PAPS-U 403.10 3.038×10-7 3.57% 1.06% 

PKDE-GK-SS-U 1000.75 2.940×10-7 3.58% 4.22% 

LHS-PCK-SS-U 397.50 2.978×10-7 3.70% 3.00% 

LHS-GK-SS-U 918.20 2.764×10-7 3.71% 9.98% 

PAPS-EFF 53.50 7.083×10-8 3.81% 76.20% 

PKDE-GK-SS-EFF 79.98 3.198×10-7 3.65% 4.99% 

LHS-PCK-SS-EFF 54.48 1.194×10-7 3.91% 67.89% 

LHS-GK-SS-EFF 80.82 3.651×10-7 3.81% 18.94% 

Note: Ncall and ε f are the average number of runs of the original performance function and the relative error of the failure 502 
probability compared with MCS (|p f-p f,mcs|/p f,mcs×100%), respectively. 503 
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 504 

Besides, similar to Case 1, all methods using the U-learning function and GK need more 505 

Ncall than those using the EFF-learning function and PCK. Although PAPS-EFF has the lowest 506 

Ncall, its accuracy is unsatisfying as well as LHS-PCK-SS-EFF. In addition, although the CDF 507 

by a single run of PKDE-GK-SS-EFF is not well consistent with MCS (Fig. 8), its average pf 508 

is close to MCS (δf of 4.99%) with Ncall of 79.98. These results also suggest that it might be 509 

more appropriate to apply the EFF learning function combining GK and PKDE to obtain the 510 

average failure probability with a relatively small number of samples through multiple runs. 511 

 512 

3.3. Case 3: Simply supported steel beam with stochastic external force 513 

In this case, a corroded steel beam is assumed to suffer from steel corrosion and a stochastic 514 

external load, as illustrated in Fig. 9 [56].  515 

 516 
Fig. 9. Schematic of a corroded steel beam 517 

 518 

Supposing the failure occurs when the stress of the beam exceeds the ultimate strength of 519 

the steel σu, the time-variant performance function gv(t) could be written as: 520 
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  (32) 521 

where t (year) is the time parameter; a0 and b0 are the initial dimensions of cross-section (Fig. 522 

9b); L (m) is beam length (Fig. 9b); kt (m/year) is the corrosion rate; ρst (N) is the mass density 523 

of steel beam; and F(t) is a stochastic process as follows:  524 

 ( ) ( )
7 7

1 1
6500 sini ij ij ij

i j
F t a b t cξ

= =

 
= + + 

 
∑ ∑  (33) 525 

where ξi are independent random variables (i = 1, 2, …, 7); aij, bij and cij (j = 1, 2, ..., 7) are the 526 

coefficients of the 7×7 matrixes in Eq.(34)-(36); and the parameters of other variables in 527 

Eqs.(32) and (33) are listed in Table 4. 528 
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0.13 0.36 0.14 3.07 0.17 0.13 0.12
0.02 0.18 0.09 0.13 0.69 0.04 0.27
0.08 0.29 0.14 3.09 0.05 0.37 0.13
0.03 0.06 0.01 0.04 0.63 0.30 0.06
0.03 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00

a



=




 
 
 
 
 
 
 
 
 

 (34) 529 

 

0.06 0.31 0.15 0.28 0.24 0.44 0.48
0.38 0.15 0.40 0.06 0.42 0.09 0.01
0.10 0.33 0.03 0.29 0.11 0.26 0.38
0.28 0.07 0.59 0.55 0.42 0.23 0.29
0.52 0.00 0.00 0.00 0.00 0.00 0.00
0.77 0.00 0.00 0.00 0.00 0.00 0.00
0.91 0.00 0.00 0.00 0.00 0.00 0.00

b



=




 
 
 
 
 
 
 
 
 

 (35) 530 

 

2.91 2.34 2.43 2.82 2.15 0.47 2.90
2.91 2.21 0.97 0.98 1.03 3.81 0.35

1.25 0.52 2.62 0.23 0.91 1.39 2.45
0.73 0.00 0.45 0.50 1.93 3.64 3.00
0.18 0.00 0.00 0.00 0.00 0.00 0.00
1.71 0.00 0.00 0.00 0.00 0.00 0.00
2.46 0.00 0.00 0

c

− − − −
− − − − −

− −
= − − − −

−
− .00 0.00 0.00 0.00

 
 
 
 
 
 
 
 
 
  

 (36) 531 

 532 
Table 4 Parameters of variables in Case 3 533 

Variable Distribution Mean STD Variable Distribution Mean STD 
L (m) - 3 - ξ2 Gaussian 0 50 

kt (m/year) - 5×10-5 - ξ3 Gaussian 0 98 
ρst (N) - 7.85×104 - ξ4 Gaussian 0 121 
σu (Pa) Gaussian 2.4×108 2.4×107 ξ5 Gaussian 0 227 
a0 (m) Gaussian 0.2 0.01 ξ6 Gaussian 0 98 
b0 (m) Gaussian 0.04 0.004 ξ7 Gaussian 0 121 

ξ1 Gaussian 0 100     

 534 

Considering the first passage problem, the time-dependent performance function g(t) is 535 

written as: 536 

 
[ ]0,

( ) min ( )vt
g t g

τ
τ

∈
=  (37) 537 

To begin with, 139 initial points are selected by GFM, and eight-time instances from 1 to 538 

35 years (1, 5, 15, …, 35 years) are chosen for this case. By employing PKDE, the time-539 
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dependent optimal bandwidth h(t) is captured, as shown in Fig. 10a. It is found that h(t) 540 

gradually decreases versus t. Next, the PDF and CDF of g are obtained, and pf(t) is further 541 

computed and compared with 108 trials of MCS. Fig. 10b compares the PDFs and CDFs of 542 

different methods at three typical time instants: 1, 15, and 35 years. As in Cases 1 and 2, Fig. 543 

10b shows that the CDFs of PKDE are close to brute MCS. However, the subplot in Fig. 10b 544 

shows that the tails of CDFs are quite different from MCS, especially for g ≤ 103. These results 545 

also suggest that PKDE may not be feasible in the failure probability estimation of rate events 546 

and supplement modifications are necessary.  547 

 
(a) 

 
(b) 

 

 
Fig. 10. (a) h(t) and Pf of PKDE and MCS in Case 3; and (b) PDF and CDF estimation by 548 

PKDE and MCS in Case 3 549 
 550 

By applying brute and adaptive SS methods, the CDFs at different time instants are 551 

computed once and summarized in Fig. 11. It can be noticed that most CDFs are consistent with 552 

108 trials of MCS except for PKDE-GK-SS-EFF and LHS-GK-SS-EFF, which demonstrates 553 

the accuracy of SS methods in CDF estimation of rare time-dependent events. Besides, for the 554 

results using SS methods, the CDF curves of the failure zone are relatively small since the 555 

computation process stops once bj is below or equal to zero. 556 
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 558 
Fig. 11. Comparison of CDF among different methods under different time instants: (a) 1st 559 

year; (b) 15th year; and (c) 35th year 560 

 561 

Furthermore, all methods are run 20 times to capture the average pf and COV δf, at 562 

different time instants, as shown in Fig. 12. As indicated in Fig. 12a, Pf(t) increases by around 563 

77 times from t =1 to 35 years. Besides, after 20 times of runs, Pf(t) of most methods agree with 564 

MCS except for PKDE-GK-SS-EFF and LHS-GK-SS-EFF. In addition, Fig. 12b shows that the 565 

Ncall of all methods decrease versus time, where Ncall of brute SS is the largest (ranging from 566 

400,000 to 600,000, i.e., four to six levels of SS), and Ncall of methods using EFF-learning 567 

function (ranging from 139 to 193) is much smaller than those using U-learning function 568 

(ranging from 282 to 1010). Also, in Fig. 12c, δf of LHS-GK-SS-U and LHS-GK-SS-EFF is 569 

the largest, while δf of the proposed PAPS (including PAPS-U and PAPS-EFF) is the smallest. 570 

Moreover, Fig. 12d illustrates that, except for the first and tenth years, the εf of PAPS-U is the 571 

smallest in most years (ranging from 0.09 to 1.8%). These results show that the proposed PAPS 572 

could capture more accurate time-dependent small failure probabilities than conventional SS 573 

methods with fewer samples. In addition, the robustness of PAPS using the U-learning function 574 
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is better than that with the EFF-learning function in this case.  575 

 576 

 577 
Fig. 12 Reliability analysis results associated with different methods for Case 3 578 

Note: Ncall and ε f are the average number of runs of the original performance function and the relative error of the failure 579 
probability compared with MCS (|p f-p f,mcs|/p f,mcs×100%), respectively. 580 
 581 

3.4. Case 4: A MDOF non-linear structure subjected to seismic excitation 582 

As shown in Fig. 13a, a 6-story shear frame structure subject to the El Centro ground 583 

acceleration in the N-S direction (Fig. 13b) is considered in this case. The masses from bottom 584 

to top are denoted as m1, m2, ..., and m6, and the initial lateral inter-story stiffnesses from bottom 585 

to top are k1, k2, …, k6, where mi and ki (i=1, 2, …, 6) are regarded as independent random 586 
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variables, as listed in Table 5. To determine the seismic response of such a frame structure, the 587 

motion equation of a non-linear structure with multiple degrees of freedom (MDOF) is 588 

employed: 589 

 ( ), g+ + = −Mu Cu g u u MIu     (38) 590 

where M and C are the 6×6 matrices of mass and damping, respectively; g is a 6×1 vector of 591 

restoring force; and , , andu u u    are 6×1 vectors of displacement, velocity, and acceleration, 592 

respectively. 593 

 
  

(a) (b) (c) 
Fig. 13. Shear frame structure model: (a) schematic of the 6-story building structure; (b) 594 

acceleration record of EI Centro in N-S direction; and (c) typical restoring force versus inter-595 
story drift 596 

 597 

By employing Rayleigh damping, C is written as:  598 

 a b= +C M K  (39) 599 

where a = 0.2643 s-1, b = 0.0071 s [57] and K is the 6×6 stiffness matrix. Also, the stiffness of 600 

each floor is modeled by the Bouc-Wen model [58], whose main 13 parameters are set as α = 601 

0.01, A = 1, n = 1, q = 0, p = 600, ψ = 0.2, dψ = 0, λ = 0.5, ζs = 0.95, β = 60, γ = 10, dν = 200, 602 

and dη = 200 [59].  603 

Table 5 Distribution parameters of different random variables 604 
Variables m1 m2 m3 m4 m5 m6 

Distribution Lognormal 
Mean (×105kg) 3.50 3.30 3.30 3.00 3.00 2.70 
STD (×104kg) 7.00 6.60 6.60 6.00 6.00 5.40 

Variables k1 k2 k3 k4 k5 k6 
Distribution Lognormal 

Mean (×108kN/m) 3.24 4.71 4.71 4.71 4.71 5.15 
STD (×107kN/m) 6.48 9.42 9.42 9.42 9.42 10.29 
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In this case, the main interesting output is the inter-story drift of the first floor u1 whose 606 

typical hysteretic curve is illustrated in Fig. 13c. To begin with, 367 initial points are chosen 607 

through GFM. Then, based on the PKDE method, PDFs of u1 at different time instant, i.e., u1(t), 608 

could be captured. Fig. 14 shows the obtained PDFs of u1(t) for a typical period of 5s to 7s. It 609 

can be seen that u1(t) is highly non-linear and stochastic and varies with time.  610 

 611 

 612 
Fig. 14. PKDE results at typical time instants: (a) PDF surface; and (b) optimal bandwidths 613 

 614 

Fig. 15 compares the mean and standard deviation of u1(t) based on 367 samples of PKDE 615 

and 100,000,000 trials of MCS, indicating that the PKDE has a good performance in evaluating 616 

the non-linear response. 617 

Given the limit drift ud=0.024 m, the performance function g is written as: 618 

 [ ]1[0, ]
max ( )

u
d t t

g u u t
∈

= −  (40) 619 

where tu is the maximum time 53.74s.  620 

By applying the PKDE and LHS-based KDEM, the PDF and CDF of g can be drawn, as 621 

illustrated in Fig. 16, which also plots a subgraph to magnify the tails of two CDFs. The CDF 622 

of g from PKDE is closer to MCS than LHS-based KDEM, but the subgraph of Fig. 16 shows 623 

the tails of the PDFs by PDKE and KDEM are not accurate.  624 
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 625 
Fig. 15. Comparisons of the mean and standard deviation of u1(t) between PKDE and MCS 626 

 627 

 628 

Fig. 16. PDF and CDF estimation by PKDE and MCS 629 
 630 

Therefore, all SS-based methods are used to calculate the CDF of g, as illustrated in Fig. 631 

17. It can be found that most CDFs are relatively close to each other in which LHS-PCK-SS-632 

EFF deviates from MCS. Furthermore, Table 6 summarizes the reliability analysis results after 633 

20 times of runs by all methods. In Table 6, 500,000 Ncall of brute SS (five levels of SS with 634 

100,000 samples for each level) is the closest to 108 trials of MCS (εf of 2.38%), followed by 635 

PAPS-U (εf of 3.68%) and PAPS-EFF (εf of 9.01%). Besides, all methods using PKDE have 636 

similar δf (from 2.84% to 2.86%). The above results demonstrate the accuracy of the proposed 637 

PAPS for small failure probability estimation of the non-linear dynamic structural response with 638 

a little computational cost.  639 
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 640 
Fig. 17. Comparison of CDF among different methods 641 

 642 
Table 6 Reliability analysis results associated with different methods for Case 4 643 

Method Ncall pf δf (%) εf (%) 

PKDE 367 1.868×10-10 - 100.00% 

MCS 108 2.533×10-5 1.80% - 

SS 500,000 2.593×10-5 3.02% 2.38% 

PAPS-U 867.2 2.626×10-5 2.84% 3.68% 

PKDE-GK-SS-U 1380.7 2.292×10-5 2.86% 9.50% 

LHS-PCK-SS-U 868.5 2.839×10-5 3.00% 12.08% 

LHS-GK-SS-U 1421.7 2.005×10-5 3.04% 20.85% 

PAPS-EFF 876.0 2.761×10-5 2.84% 9.01% 

PKDE-GK-SS-EFF 1373.8 2.814×10-5 2.84% 11.11% 

LHS-PCK-SS-EFF 871.3 3.401×10-5 2.96% 34.29% 

LHS-GK-SS-EFF 1382.0 3.244×10-5 2.98% 28.06% 

Note: Ncall and ε f are the average number of runs of the original performance function and the relative error of the failure 644 
probability compared with MCS (|p f-p f,mcs|/p f,mcs×100%), respectively. 645 

 646 

4. Conclusions 647 

This paper develops a novel adaptive method for the small-failure probability analysis that aims 648 

at computing the PDF and CDF of the performance function. Such a method integrates PKDE, 649 

PCK, SS, and the thought of adaptive MCS. The main idea of the proposed method is to use the 650 

CDF and representative points from PKDE as the initial CDF and initial training set, 651 

respectively, and then perform adaptive SS step-by-step to refine the CDF of performance. Four 652 

different cases of estimating small-failure probabilities are considered to show the benefits of 653 
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the proposed PAPS method. The four cases are two classical and straightforward analytical 654 

cases, a time-variant case and a non-linear seismic response case. The following conclusions 655 

could be drawn: 656 

(1) The results of illustrative cases show that compared with conventional sampling strategy, 657 

e.g., LHS, PKDE could generate uniform representative points and evaluate PDF. However, 658 

existing PKDE may not be appropriate in PDF and CDF estimation under the scenarios of 659 

rare failure events. Based on the results of PKDE, the proposed PAPS successfully refines 660 

the CDF of performance function and provides accurate evaluation results with fewer 661 

samples and smaller COV under most scenarios, compared with traditional methods, e.g., 662 

original SS, brute MCS, LHS, and GK based adaptive SS, verifying the feasibility and 663 

accuracy of the proposed method; and 664 

(2) The proposed PAPS requires only a small number of additional samples to refine the CDF 665 

of the performance function. The number of additional samples relies on the complexity of 666 

the studied case and chosen learning function. For simple and static cases, additional 667 

samples are quite limited when the PCK model and EFF-learning function are adopted. For 668 

the time-variant case, the number of additional samples depends on the investigated periods. 669 

For the case of dynamic structural behavior, the number of additional samples becomes 670 

more extensive due to the complexity of the case. Moreover, although the case studies show 671 

that using the EFF-learning function might need fewer samples than using the U-learning 672 

function, relative errors suggest that the U-learning function seems to be more robust than 673 

the EFF-learning function. 674 

In general, the proposed method efficiently estimates small-failure probabilities. In the 675 

future, several directions need further investigation:  676 

(1) Although the proposed PAPS is validated effectively and accurately in the presented 677 

cases, the performance of PAPS is promising on high-dimensional issues, especially for 678 

problems with thousands of random variables. Thus, in the future, to conduct high-dimensional 679 

reliability analysis, a more advanced point selection method for the PKDE under high 680 

dimensional issues should be developed, and dimensionality reduction-based advanced 681 
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surrogate models need to be proposed; and  682 

(2) In the existing PAPS, the adaptive learning processes are driven by traditional learning 683 

functions (i.e., U-learning function and EFF-learning function) and surrogate models (i.e., PCK 684 

and GK model). To improve the performance of PAPS, more advanced learning functions and 685 

surrogate models should be developed and deeply integrated with PKDE.  686 

(3) The existing PAPS may not be the optimal method to handle the small probability 687 

estimation considering multiple failure modes. Regarding the multi-failure modes and non-688 

convex failure domains, it is still necessary to improve the efficiency of PKDE and PAPS in the 689 

future. 690 
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Appendix: 873 

 874 
A.1. GF-discrepancy based point selection method (GFM) 875 

 In this section, the approach of obtaining uniform point set x including nsel d-dimensional 876 

representative points xi,j (i = 1, 2, … , nsel; j = 1, 2, … , d) is introduced. To begin with, a 877 

uniformly distributed point set 𝛉𝛉∈[0, 1] is captured by the dimension of x applying a low-878 

discrepancy sequence e.g., number-theoretical method (NTM) based [60] or Sobol based 879 

sequence [61]. In terms of the distribution type of each random variable in the vector X, xi,j can 880 

be computed by 881 

 ( )1
, , sel, 1, 2,..., , 1, 2,...,i j j i jx F i n j dθ−= = =   (A1.1) 882 

where Fj-1(∙) is the inverse cumulative distribution function (CDF) of the j-th random variable. 883 

However, the uniformity of the point set x obtained by Eq.(A1.1) is generally unsatisfying 884 

except for a huge nsel [44]. To reduce the uniformity of x, a GF-discrepancy (i.e., Eq.(A1.2)) 885 

based refine strategy is employed, and then the refined representative point x’i,j can be obtained 886 

byEq.(A1.3) [44]. 887 

 { }GF ,1
( ) max sup ( ) ( )

seln j jj d
D F F

≤ ≤
= −x x x  (A1.2) 888 

where , ( )
seln jF ⋅   and Fj(∙) are the empirical and actual CDF of the j-th random variable, 889 

respectively. 890 
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where I{∙} is an indicator function equals one once the condition in the bracket is satisfied; pa,I 892 

is the assigned probability of the i-th representative point, which is written as Eq. (A1.4). 893 

 { }a, sel( ) d , 1, 2,...,
i

i i V
p P f i n= ∈Ω = =∫ XX x x  (A1.4) 894 

in which fX(x) is the joint PDF of random variables in X; and Vi is the Voronoi volume of the i-895 

th sub-domain [62].  896 

Existing studies proved that by employing Eqs. (A1.1)-(A1.4), a uniform and low GF-897 

discrepancy point set could be captured and used in point-evolution-based PDFM [32,44,63]. 898 



40 

A.2. Diffusion-based bandwidth selection method  899 

In the diffusion-based bandwidth selection method, the second derivative function of fG(g), 900 

which is denoted as f ′′  , is supposed to be a continuous square-integrable function and the 901 

square of bandwidth t = h2, the optimal t is the minimum value of the first-order asymptotic 902 

approximation of MISE:  903 

 ( ) 0.42
* 2t M fπ

−
′′=  (A2.1) 904 

Considering the 2jf   for arbitrary integer j ≥ 1, there exist two estimators 905 

( ) ( )21 j j
f f g −    and �f j��

2
: 906 
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Let estimator ( ) ( )21 j j
f f g −    and �f j��

2
 have the same asymptotic mean square error, 909 

the square of bandwidth * jt  can be evaluated as [47] 910 
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where 21jf +  is unknown and can be estimated by �f j+1� �
2
 which needs the evaluation of * 1

ˆ
jt +  912 

(Eq.(A2.3)). Furthermore, *t requires estimating a sequence { }*
ˆ , 1j kt k+ ≥  . Denoting the 913 

relationship between *
ˆ

jt  and * 1
ˆ

jt +  as ( )* * 1
ˆ ˆ

j j jt tγ += , *t can be evaluated by:  914 
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 ( ) ( )( )( )( )[ ]
1 2 1 , 1l

l lg g lγ γ γ γ γ−= ⋅⋅⋅ ≥  (A2.6) 916 

Moreover, the optimal t can be calculated by solving the non-linear equation Eq.(A2.5) 917 

through fixed-point iteration or the Newtonian method  [38,47].  918 

 919 
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A.3. Polynomial chaos kriging (PCK) 920 

The idea of PCK is to model a set of orthogonal polynomials and stochastic processes related 921 

to the input variables [17]: 922 

 ( ) ( ) ( )PCK 2( ) ,G G Zβ ψ σ ω
∈Α

≈ = + ⋅∑ α α
α

X X X X  (A3.1) 923 

in which ( )ψ α X  are multivariate orthonormal polynomials ψτ(X) indexed by a multi-indices 924 

α = {α1,…, αNdim}; βα are the corresponding coefficients; and σ2 and Z(X,ω) are the variances of 925 

GPCK(X) stationary Gaussian process of zero-mean and unit variance described through a 926 

correlation function and hyperparameters θ, respectively.  927 

The ( )ψ α X   in Eq.(A3.1) consists of the tensor product of univariate orthogonal 928 

polynomials 929 

 ( ) ( )
dim

1
i

N
i

i
i

xαψ ψ
=

=∏α X  (A3.2) 930 

where ψαii(xi) is the univariate polynomial of degree αi in the i-th variable.  931 

For each variable Xi, i = 1, 2, …, d, an orthonormal polynomial basis can be written as: 932 

 ( ) ( ) ( ),
i

i

i i i i
j k j k X jkD

x x f x dxψ ψ ψ ψ δ= =∫  (A3.3) 933 

where ψji and ψki are two candidate univariate polynomials for the i-th variable; Di is the 934 

support of the distribution of Xi; fXi is marginal PDF; and δjk is the Kronecker symbol (δjk = 1 935 

if j = k and δjk = 0 if j ≠ k).  936 

To build the PCK model, the main problem is to determine the optimal polynomial set in 937 

the trend and the calibration of the Kriging model, which can be achieved through the methods 938 

of sequential PCK [17] and optimal PCK [18]. In the sequential PCK, the optimal polynomial 939 

set is determined by least-angle regression selection (LARS), whereas in the optimal PCK, the 940 

PCK model is iteratively computed, and the optimal PCK is selected by minimizing the leave-941 

one-out (LOO) error. In this study, the sequential PCK is employed for the consideration of 942 

computational efficiency. 943 
 944 
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