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Abstract 

 

Experimental studies have demonstrated that both strain rate and temperature 

influence the mechanical behavior of nanostructured metals significantly. In this work, 

a theoretical model is developed to describe the strain-rate-dependent constitutive 

behavior of nanotwinned polycrystalline metals. The athermal flow stress and 

thermal-activated flow stress are both considered in modeling the plastic deformation 

of a nanotwinned metal. Numerical results are consistent with the experimental results, 

showing that the present model can well describe the strain rate-dependent 

deformation behavior of nanotwinned polycrystalline copper. Henceforth, the 

constitutive behaviors of nanotwinned copper at different strain rates and 

temperatures can be predicted, which will be useful for optimizing the dynamic 

mechanical properties at various temperatures for nanotwinned metals. 

 

Keywords: Nanotwinned metals; Strain rate; Constitutive model; Twin spacing. 
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1. Introduction 

The development of modern industry has led to an increasing demand for both 

high strength and good ductility of metallic materials [1,2], while the traditional 

strengthening methods, such as severe plastic deformation, solid-solution, phase 

change, and grain refinement, are associated with the decrease in plasticity and work 

hardening rate [3-6]. Therefore, how to balance strength and ductility has become an 

important issue and the frontier in metallic materials research [7-11]. With the 

maturity of material preparation technology and the development of nanotechnology, 

people can effectively regulate the microstructural composition and size in metallic 

materials, making it possible to obtain high strength and high ductility in materials. 

Over the past two decades, researchers have developed novel nanostructured metallic 

materials, including nanotwinned metals [12,13], bimodal/multimodal nanostructured 

metals [14,15], gradient nanostructured metals [16-19] and 

amorphous-nanocrystalline dual phase metals [10,11]. Engineering the nanoscale twin 

lamellae is an effective way to achieve high-strength and high-ductility metallic 

materials. Experimental studies have shown that it is not complicated to form 

nanotwinned structures in metals. For example, one can prepare nanotwinned metallic 

metals through plastic deformation, phase change, annealing and other physical and 

chemical processes [20-23]. Currently, researchers have done a lot of experimental 

work on mechanical properties of nanotwinned metallic materials [12, 13, 20-22]. For 

example, Lu and his collaborators constructed nanoscale twin lamellae in 

polycrytalline copper, copper-zinc alloy as well as stainless steel, and found that these 
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nanotwinned metals exhibited excellent mechanical properties such as high yield 

strength, high plasticity and high work hardening rate [12, 24-26]. 

Most of recent studies are to explore the static mechanical properties of 

nanostructured metallic materials at room temperature. Due to the significance of 

high-strength and high-ductility metals in engineering applications and the increase of 

anti-impact requirements, more attention needs to be paid to the mechanical behavior 

of nanostructure metals under dynamic conditions [27-34]. It is well known that 

mechanical properties of metallic materials depend not only on the microstructures 

but also on the strain rate and temperature. Therefore, it is necessary to investigate the 

strain rate and temperature dependence of nanostructured metallic materials. The 

dynamic behaviors of traditional metallic materials have been studied extensively 

[35-41]. For example, Nemat-Nasser and Li [36] developed a physical model for rate 

and temperature-dependent flow stress of the face-centered cubic (fcc) and 

body-center cubic (bcc) metals based on the dislocation kinematics, which agreed 

with their experimental results. Gao [39] et al. found that the yield strength increases 

with the strain rate in oxygen-free high conductivity (OFHC) copper, and the increase 

of temperature reduces the yield strength while enhances the work hardening capacity. 

Liang [40] et al. studied the deformation behavior of TWIP steel under various strain 

rates through Synchrotron X-ray diffraction, and established a constitutive model to 

explain how the work hardening rate varies with strain rate. There are many 

phenomenological models [42,43], and physics-based constitutive models [44-46] to 

predict the mechanical behavior of metals at different temperatures and strain rates. 
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However, few of them can describe the dynamic plastic behavior of nanotwinned 

metals.  

In this work, a constitutive model of nanotwinned metals is established on the 

basis of elastoplastic theory, which involves both athermal and thermal-related flow 

behaviors. The stress-strain response of nanotwinned metals at different strain rates 

and temperatures are described, and a good agreement between numerical and 

experimental results is obtained. 

2. Theoretical model  

On the basis of the relationship between deformation and the crystallography in 

metallic material, a material enters the plastic deformation stage when the shear stress 

on a slip line is greater than a critical value. Dislocations activities leads to the plastic 

deformation, of which the quantitative relation is the basis of a dislocation-based 

plasticity models. In general, linear elasticity is still assumed in the constitutive theory 

of metallic materials. In order to simulate the elastoplastic behavior of a nanotwinned 

metal, the total strain rate is decomposed into elastic strain rate and plastic strain rate, 

given as 

 e p   ,                            (1) 

where the elastic strain and stress follows the linear elasticity theory, namely,  

:e
M  .                            (2) 

Here, M is the elastic compliance tensor. According to the traditional J2-flow rule, the 

plastic strain can be expressed as 

3
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p  ,                            (3) 
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where 3 2' '

e ij ijσ σ σ / is the von Mises equivalent stress, 3'

ij ij kk ijσ =σ -σ δ /  are 

deviatoric stresses. The equivalent plastic strain rate is expressed as  

0

p σ
ε ε

σ

 
  

 

m

e

flow

,

                       

(4) 

where 3/2 ''

ijij    is equivalent strain, 3'

ij ij kk ijε =ε -ε δ /  are deviatoric strain rates,  

0m  is the rate-related parameter, σflow represents the flow stress of the nanotwinned 

metals. With equations (1–4), a theoretical framework to describe the stress-strain 

relation of the material has been obtained. In the case of uniaxial tension of a 

isotropic solid, the von Mises equivalent stress equals to tensile stress, eσ σ ; 

11ε denotes the strain along the tensile direction.  Then, the components of the 

strain rate tensor can be derived from Eq. (1), given as 

 

11 22

11 22
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3 3
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.                  (5) 

Herein, K and  are the bulk and shear moduli, respectively. From Eq. (4), the 

plastic strain rate is expressed as:  

0

11 22

2

3

σ
ε = ε -ε

σ

mp

flow

( )[ ] .                   (6) 

Eqs. (5) and (6) can then be used to calculate the stress-strain relation of a tensile 

test by solving the ordinary differentiate equations (OEDs) numerically. In the 

elastoplastic constitutive model introduced above, the most important issue is to have 

a precise description of the flow stress σflow  for a nanotwinned metal. 

In general, the flow stress of a material can be decomposed into an athermal 

part (ath) and a thermal part (th), given as 
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              .
                          

(7) 

For a nanotwinned metal, athermal flow stress can be expressed based on the Taylor 

model as [48,49], 

                          .                    (8) 

Here,    is friction stress for lattices, M,  ,  , b represent the Taylor factor, 

Taylor constant, shear modulus and magnitude of the Burgers vector, 

respectively.      represents the density of dislocations piled up near the twin 

boundaries, and     represents the density of dislocations piled up near the grain 

boundaries, and    represents the dislocation density in the crystal interior, and    

the back stress. The exact expression of these densities of dislocations and back 

stress can be found in the Appendix. The thermal part of the flow stress can be 

written as [39,46] 

 
*σ =f ε,T σth th( ) ,                        (9) 

where f ε,T( )  and *σth  are both the functions of strain rate and temperature, given as 

2

ε
(ε ) {1-[- ln( )] }

ε

1/ q 1/ p

0

f ,T = c T ,

                  

(10) 

3

0

exp ln* n ε
σ =Yε c T

ε
th

s

   .

                    

(11) 

Therefore, the total flow stress of the nanotwinned metals can be written as 

3 2exp[ ln( )]{1 [- ln( )] }n 1/q 1/pε ε
σ =Mμαb ρ ρ ρ +Yε c T - c T

ε ε
 flow TB GB I

s0 0

 ,       (12) 

where Y is the reference thermal stress that is sensitive to the microstructure 

evolution, n and c2 are the material constants, 3c is related to free energy, p and q are 

a pair of parameters characterizing the shape of activation barrier. 
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3. The results and the theoretical model of discussion 

  The proposed elastoplastic model of nanotwinned metals is applied to simulate 

the constitutive behaviors with different strain rates and temperature. The 

experimental results of rate-dependent stress-strain relations of polycrystalline 

nanotwinned coppers [7] are used here for comparisons. These polycrystalline 

nanotwinned copper samples have the average grain size of 400 nm~500 nm with 

the twin spacings of 15 nm, 35 nm, and 100 nm [7]. The parameters used in 

calculations are taken from the existing literature [46-49], wherein the 

grain-size-dependent and the dynamic constitutive models are presented to 

calculate the mechanical properties of nanotwinned copper and dynamical 

mechanical behaviors of polycrystalline copper, respectively. The parameters for 

determining the thermal flow stress have been identified for OFHC copper in Ref. 

[39]. In the present work, the multi-variable nonlinear regression method is 

applied to determine the optimum group of those parameters for determining the 

thermal-part of the flow stress. The list of these parameters and their values can 

be found in the Table 1. 

Firstly, the stress-strain relations of nanotwinned polycrystalline copper at 

different strain rates are calculated and compare with the experimental results. Figure 

1 shows the simulated stress-strain curves of the nanotwinned copper with three 

different twin spacings (15nm, 30nm, 100nm) under strain rates from 
14106  s to 

11106  s , wherein the experimental data are also plotted. It is found that the 
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numerical results well agree with the experimental results, indicating that our model 

can describe the stress-strain response of nanotwinned polycrystalline copper at 

different strain rates.  In the elastic deformation region, the calculated results 

deviates from those of experiments, because the elastic modulus of nanotwinned 

copper is greater than that of bulk polycrystalline copper without nanotwins, 

which has also been found in [48]. The possible cause of such a difference could 

be anisotropy because the nanotwinned copper samples are electro-deposited 

thin films with probably a narrow distribution of grain orientation. Since we 

only focus on the plastic deformation of polycrystalline nanotwinned coppers in 

this work, the difference in the elastic regime is not accounted for. 

The proposed model can also be applied to predict the relationship between 

flow stress and strain rate under a given strain, as shown in Figure 2. Fig. 2(a) shows 

the simulated flow stresses at the strains of 5% and 10% for the twin lamellae 

thickness of 15 nm when the strain rate is increased from 
14106  s to 

11106  s . 

The comparison between the predictions and the experimental data is addressed. 

Figures 2 (b) and (c) plot the comparison of simulated flow stress with experimental 

results of the twin lamellae thickness of 35 nm at the strain of 5% and the twin 

lamellae thickness of 100 nm at the strain of 2%, respectively. As can be seen from 

the figure, the flow stress of the nanotwinned copper increases with the increase of the 

strain rate, and the predictions based on the proposed model are consistent with the 

experimental results [7]. Figure 2(d) depicts the flow stress versus strain rate for 

the twin spacing of 15nm and 100 nm in a nanotwinned copper. It is noted that 
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the slope of the curve for the twin spacing of 15 nm is slightly larger than that of 

the twin spacing of 100 nm.  

Finally, we predict the effect of temperature and strain rate on the constitutive 

behavior of nanotwinned copper based on proposed theoretical model. Note that the 

strain rate changes from
14106  s to 

11106  s  in experiments. For higher strain 

rates, the predicted results are shown in figure 3(a). It is noted that the 

strain-hardening rate is obviously enhanced and the yield strength of the material only 

slightly increases when the strain rate increases from
0 16 10 s

  to 
3 16 10 s

 . The 

reason is that the yield strength is dominated by athermal flow stress which is almost 

independent on the strain rate, while the strain hardening behavior mainly comes from 

the thermal-related part which is sensitive to the strain rate. It also should be pointed 

out that the void nucleation and growth as well as the microstructural evolution 

can also contribute to the hardening behaviors at high strain rates [16, 34, 50-52]. 

Figure 3(b) shows the stress-strain relationships between nanotwinned copper at 

different temperatures. From the figure, one can note that the yield stress and strain 

hardening capability of nanotwinned copper are both reduced with the increase in 

temperature. At higher temperature, the softening behavior will occurs during plastic 

deformation in nanotwinned copper. Such a high temperature induced softening 

comes from the function 
*f ε,T σ / σ th th( )  which characterizes the thermal 

activation behavior. The relationship between the plastic strain rate and the 

average dislocation velocity v  can be written as mε m bρ v [53], wherein m is 

the Schmidt factor, mρ is the density of moving dislocations, and 
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0v=v G/ k T Bexp( )  is the average velocity of dislocations [54]. The free energy 

of thermal activation G can be expressed as   0 1
q

p
*G G σ / σ   th th  with kB  

being the Boltzmann constant. When the strain rate is a constant, the average 

dislocation velocity should be a constant. Therefore, with the increase in 

temperature, the free energy of thermal activation must also be enhanced. Since 

the p is in the range of 0~1 and q is in the range of 1~2, the thermal flow stress 

σth thus decreases, i.e., 1f ε,T ( ) , leading to the softening behavior. 

4. Conclusion 

     In summary, the present work investigated the dynamic behavior of 

nanotwinned polycrystalline copper at different temperatures. The 

strain-rate-dependent elastoplastic constitutive model was developed to describe the 

influence of strain rate and temperature on the stress-strain relationship of a 

nanotwinned copper. The theoretical results show that our model can describe the 

strain-rate-dependent constitutive relation of a nanotwinned copper because an 

excellent agreement with the experimental results has been obtained. Furthermore, the 

mechanical behaviors of nanotwinned copper under high strain rates and various 

temperatures are predicted. The results show that the increase in strain rate improve 

the yield strength and the work hardening ability. The increase in temperature results 

in a reduced strength and work hardening rate. This work will provide a theoretical 

basis for optimizing the mechanical properties of nanotwinned metals under various 

strain rates and temperatures. 
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Appendix.  

The athermal flow stress for the polycrystalline nanotwinned metals can be 

expressed in the Taylor model, given as [48, 49]  

T

flow 0 I TB GB bM b           .                     (A1) 

Here, 
TB  is the density of dislocations piled up long the twin boundaries and 

dependent on the grain size
Gd and twin spacing 

TBd , given as [ 49] 

0 1 2
TB 2 2

G G TB TBd d d d

  
    ,                    (A2) 

where 0 , 1 , and 2  are the size-independent constants. GB is the dislocation 

density associated with the contribution of grain boundaries, which can be given as 
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[48, 49]  

 
GB

GB

GB k
b


  .                   (A3) 

Here, GB GB

GBDPZ G6 /k d d . GBDPZd  is the GBDPZ thickness and 
GB  the constant. 

I  denotes the dislocation density in the crystal interior and it follows the evolution 

law as [48] 

II
0 Ip

G

1
[ ]M
bd b


  



 
 


.            (A4)  

Here, Gd  is the grain size,   is a proportionality factor. 
-1

0p

0 20 ( / )
n

rk   
 , in 

which 20k  and 0n  are the constants, and r  is a reference strain rate. The back 

stress b  characters the kinematic hardening behavior and follows  

b b

G

b
M N

d


  ,                     (A5) 

where bN  is the dislocation number at the grain boundaries, which follows the 

evolution law with respect to the plastic strain as [48] 

(1 )
p

B

dN N

d b N




  .                    (A6) 

Here,   is the mean spacing between slip bands and BN  the maximum number of 

dislocation loops at the grain boundaries. 
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Table Caption 

Table 1. Description, symbol, magnitude for the different parameters of the models 

appear. 

 

 

Figure Captions 

Figure 1. The stress strain relationship between nanotwinned copper under different 

strain rates is compared with the experimental results [16]. (a) 15nm twin 

lamellae, (b) 35nm twin lamellae, (c) 100nm twin lamellae. 

Figure 2. The comparison between the theoretical predictions and the experiment 

results for the relationship between flow stress at a given strain and strain 

rate. For the twin spacing of 15nm, the given strains are 5% and 10% (a), 

and the given strain is selected as 5% for twin spacing of 35 nm (b), and as 

2% for twin spacing of 100nm. The simulated flow stress as the function 

of strain rate with different twin spacing (d). 

Figure 3. Theoretical prediction of the stress strain relationship between nanotwinned 

copper at higher strain rate (a) and at different temperatures (b). 
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Table 1 

Description, symbol, magnitude for the different parameters of the models appear. 

 

Parameter (Unit)                    Symbol                 Magnitude                                            

Grain size (nm)                        Gd                     500    

Bulk modulus (GPa)                    K                     137.1    

Shear modulus (GPa)                                          47.1     

Poisson’s ratio                                                0.36  

Magnitude of the Burgers vector (nm)       b                      0.256  

Taylor factor                           M                  1.732~ 3.06 

Taylor constant                                              0.2~0.5 

Thickness of GBDPZ (nm)               GBDPZd                    3.6 

Thickness of TBDPZ (nm)               TBDPZd                     3.6 

Maximum number of dislocation          0N                        9  

Mean spacing between slip bands (nm)                              2 

Dislocation density related parameter      0                        120
 

Dislocation density related parameter      1                      2.0410
4 

Dislocation density related parameter      2                        2.64 

Dynamic recovery constant              20k                        18.5 

Proportionality factor                                            0.2 

Dynamic recovery constant              n                         12.25 

Reference strain rate (s
-1

)                r                         1.75 

Reference thermal stress(MPa)            Y                    100~1000 

Constant for crystal barrier shape          p                        0~1 

Constant for crystal barrier shape          q                        1~2 

Reference strain rate(s
-1

)               0 , 0s              1.510
8
, 110

8
 

Annihilation factor at T=0,               0k                         0.9 

Nominal activation energy(1/K)          2c , 3c             1.10
-4

 , 8.510
-5
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Figure 1 The stress strain relationship between nanotwinned copper under different 

strain rates is compared with the experimental results [16]. (a) 15nm twin lamellae, (b) 

35nm twin lamellae, (c) 100nm twin lamellae.  
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Figure 2. The comparison between the theoretical predictions and the experiment 

results for the relationship between flow stress at a given strain and strain rate. For the 

twin spacing of 15nm, the given strains are 5% and 10% (a), and the given strain is 

selected as 5% for twin spacing of 35 nm (b), and as 2% for twin spacing of 100nm. 

The simulated flow stress as the function of strain rate with different twin 

spacing (d). 
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Figure 3. Theoretical prediction of the stress strain relationship between nanotwinned 

copper at higher strain rate (a) and at different temperatures (b). 
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