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Optimal design of a hysteretic vibration absorber using

fixed-points theory
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(Received 14 October 2015; revised 16 May 2016; accepted 19 May 2016; published online 8 June
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H . optimum parameters of a dynamic vibration absorber (DVA) using a hysteretic or structural
damping element have been derived analytically for suppressing vibration of a single degree-of-
freedom (SDOF) system excited by harmonic forces or due to ground motions. Although the fre-
quency response function of the traditional DVA (TDVA) with viscous damping may be converted
to that of the hysteretic DVA (HDVA) using the equivalent viscous damping coefficient, it is found
that the two frequency response functions are not equivalent after the optimization process.
Therefore, the optimum parameters of the HDVA are derived using the fixed-points theory rather
than converted directly from the TDVA model. The analytical results show that the optimized hys-
teretic vibration absorber can provide a similar vibration reduction effect as the optimized tradi-
tional dynamic vibration absorber at the resonance of a SDOF primary vibrating system.
Advantages as well as the limitations of the fixed-points theory for the H, optimization of the hys-

teretic dynamic vibration absorbers using the fixed-points theory are discussed.
© 2016 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4953069]
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I. INTRODUCTION

The traditional dynamic vibration absorber (TDVA) as
illustrated in Fig. 1(a) is a passive device used to reduce
vibration of the primary system. It uses a viscous damping
element to damp down the vibration of the primary system
mostly at the pre-tuned frequency. Considerable research has
been carried out to derive analytically the optimum parame-
ters of the traditional dynamic vibration absorber (DVA).
Ormondroyd and Den Hartog' showed that the DVA has an
optimum damping value for the minimization of the resonant
amplitude response of the single degree-of-freedom (SDOF)
system. The optimum damping and optimum tuning fre-
quency were derived by Brock? and Hahnkamn,’® respec-
tively. These formulations can be deduced using the fixed-
points theory of Den Hartog,* which stated that all frequency
response curves of the primary mass pass through two invari-
ant points regardless of the amount of the viscous damping.
The optimal frequency and damping ratios of the traditional
DVA for the undamped SDOF primary system based on the
fixed-points theory were very good approximations of the
exact values derived by Nishihara and Asami.”> Optimization
of the frequency and damping parameters of the other
designs of DVA using a viscous damper based on the fixed-
points theory were undertaken by other researchers®'” to
minimize the resonant vibration amplitude of single and
multi degree-of-freedom systems.

Viscous damping and hysteretic damping are different
types of damping models. While the viscous damping force
is proportional to the velocity, the hysteretic damping force
is proportional to the displacement multiplied by complex
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number i. The viscous damping assumption used in many
vibration analyses was chosen mainly for mathematical con-
venience. On the other hand, hysteretic damping, based on
the concept of a complex modulus, can often be effectively
utilized in the calculation of the steady state response of
vibrating structures.

Hysteretic dynamic vibration absorber (HDVA) is a
tuned mass damper that uses hysteretic or frictional damping
to dissipate the energy of oscillations in a vibrating structure
as illustrated in Fig. 1(b). A well-known application of
HDVA is the Stockbridge damper, which is commonly used
to suppress wind-induced vibrations on slender structures
such as overhead electric power transmission lines and long
cantilever signs.'' The importance of the hysteretic damping
model for the absorber is in designing the practical absorber.
The complex modulus for material damping can be
employed to the absorber structure whatever the configura-
tion of the absorber is and the hysteretic loss factor of the
absorber can be obtained by direct measurement with a suita-
ble experiment.'> However, there is no standard or easy
method to derive an optimized design of the hysteretic
dynamic vibration absorber in order to minimize the reso-
nant vibration of the primary system.

A common way to relate hysteretic damping to viscous
damping for harmonic forced vibrations is to use the equiva-
lent viscous damping coefficient,"? Ceq=kn/w or in dimen-
sionless form written as (., =y#n/(2A), where the definition
of the symbols can be found in Sec. II. Although the fre-
quency response function (FRF) of the HDVA may be con-
verted to that of the TDVA using the equivalent viscous
damping coefficient, it will be shown that in the latter part of
Sec. III that the two frequency response functions are not
equivalent after the optimization process. It is, therefore, bet-
ter to derive the fixed points as well as the optimum

© 2016 Acoustical Society of America
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parameters of the HDVA (model B) using the fixed-points
theory* than to convert directly the optimum parameters
from the TDV A model to obtain those of the HDVA model.
The fixed-points theory for the optimization of tradi-
tional DVA design is briefly reviewed in Sec. II. The mathe-
matical model of the proposed HDVA is formulated in Sec.
III. The fixed points in the frequency response spectra of the
primary mass of the hysteretic dynamic absorber with differ-
ent damping ratios are found and the optimum tuning fre-
quency and damping ratios of the HDVA for the
minimization of the resonant vibration amplitude of the pri-
mary mass are then derived using the fixed-points theory. To
the author’s knowledge, this is the first research report on the

H . design optimization of a HDVA using the fixed-points
theory.

Il. THE TRADITIONAL DYNAMIC VIBRATION
ABSORBER (MODEL A)

A schematic diagram of the traditional damped dynamic
vibration absorber incorporate with a viscous damper is
shown in Fig. 1(a). This vibration absorber denoted by model
A is attached to a SDOF undamped primary system. Vibration
of mass M is excited by harmonic force /' = F sin e or due to
ground motion y = Y sin wr. The amplitude ratio |H(4)| can
be derived as*®

(2 = 22 + (2940)°

Ha2)] = 'F%A N }%A N \/[(1
k§ m\_J|__1J
M A
]
K2 I K2
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@
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FIG. 1. A damped dynamic vibration absorber as an auxiliary mass-spring-
damper (m-k-c) system attached to a primary system (M-K) (a) model A: tra-
ditional design of the absorber (Ref. 1), (b) model B: the proposed hysteretic
dynamic vibration absorber of the absorber for suppressing the vibration of
the mass M excited by a harmonic force f or due to ground motion y.
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where p=m/M, v, = \/k/m, o, =\/K/M, y=w,/w,,
4= w/w,, { = ¢/(2v/mk), and X is the vibration amplitude
of the primary mass M.

The objective function of the H,, optimization is to min-
imize the maximum amplitude ratio of the response of the
primary system to the excitation force. It may be expressed
mathematically as

maX(|HA (/“7 Yopt_a> Copt_A)D = mln(m%x |HA (/“)D (@)

The procedure for derivation of the optimum tuning fre-
quency and damping ratios of the absorber are referred to the
fixed-points theory of Den Hartog.* The optimum design pa-
rameters of this absorber are given by the following
equations:

kjim 1

’yopl_A:K/M_1+‘u> (3)
c 3u

— — . 4

e ek \B @

An approximate value of the maximal amplitude ratio
derived by Den Hartog' is written as

2
Ha(2) | = \/#- )

lll. HYSTERETIC DYNAMIC VIBRATION ABSORBER
(MODEL B)

The hysteretic vibration absorber denoted by the model
B has a single mass connected to the primary structure
through a hysteretic or frictional damping device, as shown
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in Fig. 1(b). The stiffness of the hysteretic damper is mod-
eled by the complex stiffness and is given by

ky = k(1 + in), (6)

where 7 is the hysteretic damping ratio which is the fraction
of energy lost in each cycle of the vibration. The governing
equations of the hysteretic vibration absorber in the fre-
quency domain may be written as

Case 1: Vibration due to harmonic force excitation (f=F
sin wt, y =0):

—MX 0* + KX| + k(1 4+ in)(X; — X2) = F(w),  (7a)

[k(1 +in) — mw?|F

—mXp* + k(1 4 in) (X2 — X;) = 0. (7b)

Case 2: Vibration due to ground motion (f=0, y=Y sin
wt):

~MX 0* +K(X, —Y) + k(1 +in)(X; —X2) =0,  (8a)
—mXow® + k(1 4+ in) (X, — X;) =0, (8b)

where X| and X, are the vibration magnitudes of the primary
mass M and hysteretic absorber m, respectively. Solving
Egs. (7a) and (7b) for case 1, and Eqs. (8a) and (8b) for case
2 yields

Case 1 : X, = , 9a
' k(14 in) (K — Mo?) — [K — Mc? + k(1 + in) | me? ©a)
k(1 + in) — mw?®|KY
Cose2: Xy = KL+ —mor] — (9)
k(1+in)(K — Me?) — [K — Mw? + k(1 + in)|mw?
k(1 +in)X
Cases land?2 : X5 :w. (10)
k(1 +in) — mo?
The amplitude ratio of the primary system in both cases 1 and 2 may be written as
X X K2(k — mo?)” + K2(kn)?
|HB(CO)|_'—F1K =7 = . (kn) - 11
/Klp B [(K = M?)(k — me?) — kma?]” + [kn(K — Mw? — ma?)]
Equation (11) may be expressed in the dimensionless form written as
(72 =22+ ()
\Hp(2)| = \/ ) (12)

where p=m/M, w, = \/k/m, 0, =+/K/M, y=w,/0,,
and 1 = o/w,.

It can be observed by comparing Eqs. (12) and (1) that
the FRF of the primary system of the HDVA is similar but
not the same as that of the TDVA. The H, optimization of
the HDVA (model B) based on the fixed-points theory is pre-
sented next.

The purpose of the H., optimization of the model B is
to optimize the parameters of hysteretic damping material in
order to minimize the maximum amplitude ratio of the
response of the primary mass M to the excitation. It may be
expressed mathematically as

max(‘HB (;“a Yopt_B> ’10th3)|) = min(rr;‘zilx |HB ())I) (13)

Equation (12) may be rewritten as

|A + By?
Hg(A)| = | —— 14
| B( )| C+D172’ ( )
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VI =262 = 22) = w222 + 121 = 22 = )P

where A= (32 —7%)7% B= (%) C=[(1-22)* -1
— 222, and D = [y2(1 — 2% — pi?)]%

The amplitude ratios of the primary mass M, |Hp(/1)],
are calculated using Eq. (12) with tuning frequency ratio
y=1 and damping ratios n =0.1, 0.2, and 0.3, respectively,
and plotted in Fig. 2 to show the existence of the fixed points
in the frequency spectra of mass M. To find these two fixed
points P and Q, we consider the frequency response curves
for n = 0 and # = oco. The curves for # = 0 and 1 = oo and
other real values of # would pass through the fixed points P
and Q. This can be expressed mathematically as

A B A+Bp

e el S 15
C D C+Dn? (15)
Substituting 7 = 0 into Eq. (11), we may write
72— 22 A2
|Hg(2)],=0 = 2 : 2 2|~ <_) .
(1 =22 (2 = 2%) — w22 C
(16)
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FIG. 2. Frequency response curves of the primary mass M of the hysteretic
damping absorber (model B) with 4 = 0.1 and y =1 before adding HVDA
(-=---=-- ), and after adding HVDA with n=0.1 (--—-— ), 0.2 (——--), 0.3
). Fixed points are marked with ().

Substituting 7 = oo into Eq. (12), we may write

B\ /2
“®” W

Using Egs. (15), (16) and (17), we may write

,))2 _ /12 2 1 2
(=22 =22 —w222) <1 o u;?) '

1

|HEUJM_w::’TjjIr:73j

Taking square root on both sides of Eq. (18) and consider
the responses at # = 0 and # = oo at opposite phases,® we
may write

i __ 1 (19)
(1=22)(y2=22) = w222 1 =22 —w?
Equation (19) may be rewritten as
2+ )it =221+ +w?) +29* =0. (20)

The two roots of Eq. (20) expressed as /Ap and 4y may be
written as

U R +w—\/1 27+ (1+ )"

‘P — 2+,Lt )
(21)

"2 2 2.4

; 1+(1+u)/+\/1—2y +(1+py

o = 2+'u s
(22)

/p and o in Egs. (21) and (22) have real positive values if u
and y are also real positive values. This shows that Eq. (15) has
solutions of Ap and /o after 1 and y are chosen for the HDVA.
/p and /o are the non-dimensionless frequencies of the fixed
points in this case and they are same as those of the traditional
DVA (model A). The frequency response amplitudes of mass
M at Zp and /¢ can be derived by substituting Eqs. (21) and

(18) (22), respectively, into Eq. (17) and written, respectively, as
1 2+
|Hp(Jp)| = ’l Z0r — g = 5 5 K - e (23)
I=92(1+p) +(1+ﬂ)\/1 -2+ (1+u)7y
1 2+
|Hp(4o)| = 11— 2 A N : 2 e
o M 1—2(1 4+ u) —(1+u)\/1—2vz+(1+u)v4
The optimum tunil}g freq}lency can be derived by quatin'g 2 VZF R+ /R @n
|Hp(Zp)| and |Hg(Ap)| using Eqgs. (23) and (24) and simpli- %) 7(1 T OVET R

fied as

1
Yopt_B = 1+ 'u- (25)

Equations (3) and (25) show that the optimum tuning fre-
quencies of the traditional DVA (model A) and the hysteretic
DVA (model B) are the same. The frequency ratios of the

stationary points, Ap and 4, can be obtained by substituting
Eq. (25) into Egs. (21) and (22) and can be written as

o VIFE- R

[ Nexar) 20
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The response amplitude of the mass M at the stationary
points can be derived by substituting Eq. (26) into Eq. (23)
and Eq. (27) into Eq. (24) and can be written as

2+
Hslpo = /= (28)

To determine the optimum damping in order to make points
P and Q to be the maximum points on the response curve of
mass M, it requires zero slopes at the two stationary points,
P and Q. We may therefore write

Wai On Wong 3113



O|Hg(2)?

=0. (29)
972 A=ip g
Rewrite Eq. (12) as
S
[ (2" =2, (30)
where S = K*(k — mw?*)* + K?(kn)* and

(€29)
T = [(K — Mo?)(k — mo?) — kmw?])
+ [kn(w)(K — Mo?* —ma?)P. (32)

If [O|Hp(2)|*]/87% = O then we may write

g (S S'T — ST
() = (7)o Gy
where §' = 9S/92% and T' = 9T /2.
Using Eq. (33), we may write

S'T — ST =0, (34)
S and T may be rewritten in the nondimensional form as

S

(r* = 22 + (»*)*n* and (35)
T=[(1-2)? =22 — w2
+ (= 22— i) (36)

Differentiating Egs. (35) and (36) with respect to 2 and then
substituting them back to Eq. (34), we may write

X +Y =0, (37
where
X =9*1 =% — w?)(1+ p)and (38)

Y=—( = 22)(1 =2 —pi?)?
+(1=222 497 + ) [(1 = 2) (0% = 22) — piy’].
(39)
The optimum damping at the fixed points P and Q may be

derived using Egs. (25)—(27) and Eqgs. (37)—(39) and written,
respectively, as

Y 3 2
np™ =~ LI —4pu L,
X 22=0p 7 =Yop_p 2 2(2 + ‘u) 2+p
(40)

1232 n—n
2°=20% 7= Yopi_

3u 1 T
S +4 . 41
2 22+ M2tp @b

Taking the average of 1, and 1,? produces
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FIG. 3. Frequency response curves of the primary mass M of the optimized

HDVA (model B, ), and the traditional DVA (model A, -------- ).
w=0.1.
3u 1w
Y A at— 42
nopt_B 2 + 2 (2 + N) ( )

The resonant amplitude response of the mass M of model B
with optimum tuning frequency 7,y z and damping 7,y g
may be approximately written using Eq. (28) as

12 +
|H3‘max = 1 ﬂ' (43)

Equations (5) and (43) show that approximate maximum am-
plitude ratios of the optimized traditional DVA (model A)
and the optimized hysteretic DVA (model B) are the same.
The frequency responses of the HDVA are plotted in Fig. 3
for illustration. The typical double equal peaks response of
the optimized HDVA can be seen in the figure. The peak
vibration response in Fig. 3 is much lower than those in Fig.
2. This shows the usefulness of the optimization of the
HDVA. The frequency response curve of the optimized
model A is also plotted in Fig. 3 for comparison. It is
observed that the peak response of model B is slightly higher
than that of model A. This deviation from the theoretical pre-
diction is explained next.

While the hysteretic damping 7 is assumed to be con-
stant with vibration frequency, the equivalent viscous damp-
ing ratio (.4 = yn/(24) is a function of vibration frequency /.
The FRF of model B could be converted to that of model A
using the equivalent viscous damping coefficient, c.q = knj/w.
Equation (12) can be obtained by substituting {.q =1 / (24)
into Eq. (1). Therefore, both model A and model B have the
same locations of the fixed points Ap and /y in their respec-
tive frequency spectrum as well as the optimum tuning fre-
quency ratio Yo, 4 = Yo p = 1/(1 + p). However, the two
frequency response functions are not equivalent after the
optimization process. This is shown by the plots of the two
FRFs in Fig. 3. There are two reasons for the differences of
the two FRFs after optimization. The first one is that the op-
timum damping in the two cases are not exactly equivalent.
Converting the optimum damping in model A, (o4
= /3u/[8(1 + p)] to the equivalent hysteretic damping by
using the formula (. =7y#/24 then we will derive
Nopts = /314/2. This is due to the approximation taken

Wai On Wong



when optimum damping is derived by the fixed-points theory
as shown in Egs. (40)—(42). The second reason is that 1, and
/4o are used to derive the optimum damping 7,y 5 in Egs.
(40)—(42). The equivalent viscous damping ratio (., of the
optimum damping 7, g would not depend on the frequency
4 and therefore the two respective spectra of the optimized
TDVA and the optimized HDVA are not the same as shown
in Fig. 3. The difference between the peak values of the two
response curves in Fig. 3 is about 2%. This may be a limita-
tion of the fixed-points theory. Exact optimization of the
TDVA has been reported” but the mathematical expressions
of the optimized parameters are complicated and not conven-
ient to be applied in practice. The major advantage of using
the fixed-points theory is that it can derive simple approxi-
mate expression of the optimum damping value of the
HDVA which may be useful in many engineering
applications.

IV. CONCLUSION

The H., optimum tuning frequency and damping of a
hysteretic dynamic vibration absorber are derived for a SDOF
vibrating system excited by harmonic forces or due to ground
motions. Although the FRF of the TDVA with viscous damp-
ing may be converted to that of the HDVA using the equiva-
lent viscous damping coefficient, it is found that the two
frequency response functions are not equivalent after the opti-
mization process. Fixed-points theory is applied to derive the
optimum design parameters of the HDVA instead of convert-
ing directly the optimum parameters from the TDVA model
to those of the HDVA model. The optimum tuning frequency
is derived to be the same as that of the traditional DVA but
the optimum damping ratios in the two cases are different.
The optimized HDVA has similar vibration suppression capa-
bility as the traditional DVA and, therefore, it may be used as
an alternative to the traditional DVA. Advantages as well as

J. Acoust. Soc. Am. 139 (6), June 2016

the limitations of the fixed-points theory for the H,, optimiza-
tion of the hysteretic dynamic vibration absorbers using the
fixed-points theory are discussed. This theoretical analysis can
improve our understanding of the vibration suppression per-
formance of the proposed HDVA and help to achieve better
design of the HDVA.
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