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A B S T R A C T

High precision motion stage is a crucial component in many modern industrial equipment. The
performance index of a high precision motion stage includes the volume, the output travel range,
the output resolution and the stability. In this paper, a new high precision ultra-compact decou-
pled XYZ𝜃 motion stage based on flexure hinges is designed and analyzed which can achieve
large-scale output displacement. The stage mainly consists of three components including serial-
parallel dual-stage amplifier, Z-shape motion steering mechanism and motion decoupled mech-
anism. Compared with the existing stages, the proposed high precision motion stage has many
advantages such as extremely compact structure, large output decoupling motion and XYZ𝜃 four
axes output displacement. The function of serial-parallel dual-stage amplifier is to amplify the
travel range of nano positioning piezo actuator (PZT) by connecting two parallel bridge type
mechanism. The Z-shape mechanism can change the direction of motion transmission to make
the stage more compact and form movement in XYZ𝜃 four directions. The decouple mechanism
can reduce the implicative movement of different piezo actuators. Then, kinetostatic analysis
of this new XYZ𝜃 stage is conducted to analyze the stage. The kinetostatic analysis method
can calculate the input and output force-displacement relationships in multi-degree-of-freedom.
Finally, the finite-element analysis (FEA) and prototype experiments are implemented to verify
the design objectives.

1. Introduction
High precision motion stages have been applied extensively in biomedical engineering, semiconductor manufactur-

ing, scanning probe microscope and aerospace Engineering, etc. In order to realize micron even nanometer resolution,
compliant structure is broadly used in high precision motion stages due to its unique characteristics [1, 2, 3, 4, 5].
Traditional mechanical transmission mechanism cannot avoid friction, assembly error, abrasion, and machining error.
By contrast, flexure-based mechanism can effectively overcome these shortcomings [6, 7, 8, 9]. Therefore, the high
precision motion stage proposed in this paper adopted the flexure hinges as transmission mechanism. On the other side,
high resolution is necessary requirement for high precision motion stages. In order to solve this problem, piezoelectric
actuators (PZT) are usually adopted in high precision motion stages. The piezoelectric ceramic actuator not only meets
the requirements of high driving force and rigidity but also has very ideal repetitive positioning accuracy, which can
ensure high resolution [10, 11].

At present, with the development of integrated circuit industry, aerospace, bioengineering and other fields, higher
requirements are put forward for the performance of high-precision motion stages, which not only requires the po-
sitioning stages to have high displacement, positioning accuracy and sensitivity, good dynamic characteristics and
anti-interference ability, but also requires the high precision positioning stages to have more freedom of motion to
achieve precise positioning and large working space. For this reason, many scholars have done a lot of research on
high precision motion stages. And the research on high precision motion stages based on piezoelectric ceramics and
flexure hinge is a research hotspot. According to the classification of motion direction of high precision motion stages,
the compliant high precision motion stages based on piezoelectric ceramics can be divided into one-dimensional, two-
dimensional, three-dimensional, and multi-dimensional [12, 13, 14, 15, 16]. In the early research, scholars mainly
focused on the planar motion stages, that is one-dimensional and two-dimensional stages. In recent years, researchers
have designed micro displacement stages with different dimensions. In 2009, Yuen Kuan Yong et al. from the Uni-
versity of Newcastle, Australia, developed a two dimensional piezoelectric positioning stages with sub nanometer
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resolution [17]. The stage used a lever as an amplification mechanism, with a working range of 25 × 25um2 and
accurate scanning performance up to 400 Hz. Gao, Nanyang University of technology, Singapore, designed a two di-
mensional XY motion stage [18]. The stage adopted a flexible hinge lever amplification mechanism, with a maximum
working stroke of 45um×40um, a minimum resonance frequency of 525 Hz and a positioning resolution of 20nm and
18nm.

In order to satisfy the demand of multi-dimensional motion, such as the scanning device in an atomic force mi-
croscope (AFM). The design of micro/nano motion stages have experienced the development from single degree of
freedom, two degrees of freedom to three degrees of freedom and multi degrees of freedom. For example, Culpepper
et al. from MIT have designed a three-dimensional high-precision optical fiber aligner [19]. The maximum working
space of the mechanism is 100um × 100um × 100um. Basically, these 3-D high precision motion stages consisted of
orthogonal structures and parallel mechanisms. But the three orthogonal flexure hinges structures lead to the large size
of stages. Otherwise, most of these stages were short of the decoupling mechanisms that caused coupled motions at
the end effector. The implicated motion of the stage creates difficulties to the design of controllers.

Compared with the traditional motion stages, the kinematics analysis of the stages is the primary problem of the
mechanical analysis in the design process of the nano motion compliant stages, which is the basis of the dynamic
analysis and the end effector precision analysis of the machine. At the same time, the establishment of the kinematic
model of the mechanism is also the basis of the design of the control system. For a compliant stage, the stroke of end
effector is related to the stiffness and natural frequency of the mechanism. Generally, the stiffness of the compliant
stages is larger, the range of its stroke of end effector is smaller and the natural frequency of the system is higher. At
present, the theoretical modeling for compliant mechanisms commonly used are simple beam analysis, the principle of
virtual work, pseudo rigid body model and the compliance matrix method. In literature [20], the multi-stage compliant
mechanism was analyzed by the principle of virtual work. For complex series-parallel flexure hinge mechanism, the
compliance matrix method is usually used due to its calculation is simple. For instance, Li et al. [21] and Jiang et
al. [22] proposed some kinetostatic modeling methods for flexure hinge mechanisms using the compliance matrix
method.

In this paper, a novel ultra-compact XYZ𝜃 high precision motion stage with large scale output displacement is
proposed. The flexure hinge motion stage used a dual-stage series bridge amplifier to enlarge the output displacement.
In order to make the whole motion stage more compact, a z-shape flexure hinge was adopted to change the direction
of motion transmission. Then, a kinetostatic modeling method based on compliance matrix method was proposed to
analyze the kinematic and static characteristics of the new stage. As a most popular method for analyzing kinetostatics,
finite elemental method was used for verifying the effectiveness of modeling. The rest of this paper is organized as
follows. In Section 2, the detailed mechanical design procedures are presented. In Section 3, the kinematic and static
modeling of the novel XYZ𝜃 stage is conducted using a new kinetostatic modeling method. Then, the modeling
results are validated by finite elemental analysis in Section 4. In addition, a prototype of the designed XYZ𝜃 stage is
established by 3D printing method and a series of experiments are implemented in Section 5. Finally, the conclusions
are presented in Section 6 along with future works indicated.

2. Mechanical Design of Ultra Compact Decoupled XYZ𝜃 Stage
The mechanical design is the most important issue for high precision XYZ𝜃 motion stage. The mechanical structure

determines the performance of the XYZ𝜃 stage. In this research, the objectives are to establish a XYZ𝜃 micro motion
stage with as compact as possible and large-scale decoupled output displacement. Therefore, a decoupled structure,
an output amplified mechanism and a motion transmission changer are designed for this XYZ𝜃 stage.

2.1. The decoupling mechanism
In most of previous micro motion stages, the parasitic motion of end effector is inescapable due to a lack of de-

coupled mechanism. Fig. 1 shows the structure of the decoupling mechanism with the end effector platform. The
decoupling mechanism contains the right-circular flexure hinges as shown in Fig. 2 and it relates to the end effector
platform in parallel style to improve the stability and stiffness. The decoupling mechanism can make each driving
chain of micro motion stage not interfere with each other.

2.2. The dual-stage amplified mechanism
As mentioned in above, piezoelectric actuators are usually applied in compliant mechanism micro motion stages

on account of its large output drive force, high stiffness, and high response frequency. Fig. 3 presents a basic one-stage
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Figure 1: The structure of the decoupling mechanism. Figure 2: The right-circular flexure hinges.

bridge type amplifier. As shown in Fig. 4, the flexure hinge amplifier adopts two bridge type amplifiers connected
in series. This mechanical structure can enlarge the input displacement of PZTs as much as possible. According to
the previous study [23], the dual-stage can obviously improve the amplification ratio compared with the one-stage
amplifier.

Figure 3: Basic one-stage bridge type amplifier. Figure 4: Dual-stage bridge type amplifier.

2.3. Z-shape motion steering mechanism
Fig. 5 presents a Z-shape flexure hinge. The functions of this Z-shape mechanism are to transfer the amplifiers

output displacement and decouple the parasitic motion in Z axis. At the same time, The Z-shape flexure hinge will
produce the output displacement in X axis when its input displacement is in Y axis. Thus, the Z-shape flexure hinge
mechanism can change the transmission direction of dual-stage flexure hinge amplifier.

2.4. A ultra-compact decoupled XYZ𝜃 stage with large scale output displacement
As shown in Fig. 6, the one limb of the XYZ𝜃 stage can produce the output displacement in two directions. There-

fore, a new XYZ𝜃 stage can be established by combining four dual-stage bridge type amplifiers with the Z-shape motion
steering flexure hinge mechanism. The ultra-compact decoupled XYZ𝜃 stage (UCDS) is different from the traditional
XYZ micro motion stage. The traditional micro motion stages [24, 25] usually adopted orthogonal arrangement to
realize three axes motion. However, the micro motion stages might be too large if the orthogonal arrangement is
used. The structure of the ultra-compact decoupled XYZ𝜃 stage (UCDS) as shown in Fig. 7 can effectively modify the
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Figure 5: Z-shape motion steering mechanism. Figure 6: One limb of the 𝑋𝑌𝑍𝜃 stage.

drawbacks of orthogonal arrangement. In addition, the design of decoupling mechanism can alleviate the influence of
parasitic motion to protect the PZTs by avoiding transverse loads.

Figure 7: The structure of the ultra-compact decoupled XYZ𝜃 stage (UCDS).

3. Modeling and analysis
The flexure hinge mechanism is formed with three components: flexure hinge, flexible beam and lumped mass.

As shown in Fig. 2, the parameters of the circular flexure hinge are illustrated. The ultra-compact decoupled XYZ𝜃
stage (UCDS) adopts monolithic circular flexure hinge presented in Fig. 2. According to specifications of the drive and
structures, the flexure hinge mainly suffered from a bending torque𝑀𝑍 and tension-compression along the longitudinal
axis 𝐹𝑥. Hence, the flexure hinge can be substituted by a torsion spring and a coil spring in dynamical model. Its
equivalent mathematical model is presented in Fig. 8. The stiffness of the springs are 𝐾𝑟 and 𝐾𝑡, respectively. As
for the relationships of the parameters of circular flexure hinge with the stiffness 𝐾𝑟 and 𝐾𝑡, there are some different
stiffness/compliance empirical equations proposed for calculating these characteristics of circular flexure hinge [26,
27, 28, 29, 30, 31]. In this paper, the stiffness/compliance equations proposed in literature [26] were adopted as
follows:

𝐾𝑟 =
𝐸𝑤𝑡3(2𝑟 + 𝑡)(4𝑟 + 𝑡)3

24𝑟
⎡⎢⎢⎣
𝑡(4𝑟 + 𝑡)

(
6𝑟2 + 4𝑟𝑡 + 𝑡2

)
+6𝑟(2𝑟 + 𝑡)2

√
𝑡(4𝑟 + 𝑡) arctan

(√
1 + 4𝑟

𝑡

) ⎤⎥⎥⎦
(1)
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𝐾𝑡 =
𝐸𝑤

√
𝑡(4𝑟 + 𝑡)

2(2𝑟 + 𝑡)(arctan
√

1 + 4𝑟
𝑡 − 𝜋

2 )
(2)

Figure 8: Equivalent mathematical dynamic model of the flexure hinge.

3.1. Kinematics and statics analysis based on simplified model
As presented in above sections, the proposed XYZ𝜃 stage contains four limbs. Every limb has same structures and

parameters and can achieve two degree-of-freedom motion. Hence, the kinematics and statics modeling for the single
limb are the basis of the whole XYZ𝜃 stage’s modeling.

As is well-known, the calculations of the input stiffness for each actuator and the input/output amplification ratio are
the main issues for kinematics and statics analysis of compliant micro motion stage. Fig. 9 presented the stiffness model
of the XYZ𝜃 stage excluding one limb. In order to obtain the input stiffness and amplification ratio, the force analysis
is obbligato. According to the force analysis results, the algebraic expressions of input stiffness and amplification ratio
are derived by using the principle of virtual work.

Figure 9: The stiffness model of the XYZ𝜃 stage excluding one limb.

3.1.1. Force analysis of the dual-stage amplifier and Z-shape motion steering mechanism
A. Force analysis of first-stage amplifier
Fig. 10 shows a half of one limb of the XYZ𝜃 stage. Fig. 11 presents the force and moment of force analysis at

the static state. 𝑀𝑟1 and 𝑀𝑟2 are the internal torque of the flexure hinges when the flexure hinges occur rotation.
According to static force and static moment analysis method, the equations can be derived as follows:

𝐹𝐵1𝑥 = 𝐹𝐶1𝑥 = 𝐹𝐷1𝑥 = 𝐹𝐸1𝑥 = 1
2
𝐹𝑖𝑛 = 𝐹𝑥 (3)
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𝐹𝐵1𝑦 = 𝐹𝐶1𝑦 = 𝐹𝐷1𝑦 = 𝐹𝐸1𝑦 = 𝐹𝑦 (4)

For the member bar 𝐵1𝐶1,

𝐹𝐵1𝑥𝐿5 = 𝐹𝐵1𝑦𝐿2 + 2𝑀𝑟1 (5)

𝑀𝑟1 = 𝐾𝑟Δ𝛼 (6)

𝐿2 = 𝐿 cos 𝛼 (7)

𝐿5 = 𝐿 sin 𝛼, (8)

where Δ𝛼 is the rotation angle of the flexure hinge around central axis.

L1

L2

L
3

L
4

L
5

L
6

L

L7

B1

C1

D1

E1

Fin

Figure 10: A half of one limb of the XYZ stage.

Substituting Eq.(6) into Eq.(5) and combined with Eq.(7)(8), yields the following:

𝐹𝐵1𝑥𝐿 sin 𝛼 − 𝐹𝐵1𝑦𝐿 cos 𝛼 = 2𝐾𝑟Δ𝛼. (9)
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Figure 11: The force and moment of force analysis at the static state.

Also, according to the principle of virtual work, it can be derived that

𝐹𝐵1𝑥Δ𝑥1 − 𝐹𝐵1𝑦Δ𝑦1 = 𝐹𝐵1Δ𝐿 + 2𝑀𝑟1Δ𝛼, (10)

where 𝐹𝐵1 is the internal force in the flexure hinge leg 𝐵1𝐶1. Δ𝑥1 and Δ𝑦1 are the input and output displacements of
the flexure hinge leg 𝐵1𝐶1 for the first-stage bridge amplifier. And it can be obtained from Fig.10 that

𝐹𝐵1 = 𝐹𝐵1𝑥∕ cos 𝛼 = 𝐾𝑡Δ𝐿. (11)

On the other hand, according to the trigonometric functions, it can be deduced that

Δ𝑦1 = 𝐿 sin(𝛼 + Δ𝛼) − 𝐿 sin 𝛼
= 𝐿 sin 𝛼 cosΔ𝛼 + 𝐿 cos 𝛼 sinΔ𝛼 − 𝐿 sin 𝛼
≈ 𝐿 cos 𝛼Δ𝛼.

(12)

B. Force analysis of second-stage amplifier
In consideration of the free body of the flexure hinge leg 𝐷1𝐸1 and the relationship between the 𝐷1𝐸1 and 𝐵1𝐶1,

the following equations are easily obtained:

𝐹𝐷1𝑦𝐿5 = 𝐹𝐷1𝑥𝐿2 + 2𝑀𝑟2 (13)

𝑀𝑟2 = 𝐾𝑟Δ𝛽 (14)

𝐹𝐷1 = 𝐹𝐷1𝑦∕ cos 𝛼 = 𝐾𝑡Δ𝐿, (15)

where 𝑀𝑟2 is the internal torque of the flexure hinge 𝐷1 and 𝐸1 when the flexure hinge occurring rotation angle Δ𝛽
around the center axis. Similar with the analysis method of the first-stage amplifier, denoting Δ𝑦2 and Δ𝑥2 are the
input and output stroke, it can be derived

𝐹𝐷1𝑦Δ𝑦2 − 𝐹𝐷1𝑥Δ𝑥2 = 𝐹𝐷1Δ𝐿 + 2𝑀𝑟2Δ𝛽. (16)

Due to Δ𝑦2 = Δ𝑦1, hence

𝐹𝐷1𝑦Δ𝑦1 − 𝐹𝐷1𝑥Δ𝑥2 = 𝐹𝐷1Δ𝐿 + 2𝑀𝑟2Δ𝛽. (17)
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In addition, according to Eq.(12), it can be deduced that

Δ𝑥2 ≈ 𝐿 cos 𝛼Δ𝛽. (18)

C. Force analysis of the Z-shape mechanism
The parameters and force analysis of a half Z-shape mechanism is shown in Fig. 12. In view of the force analysis

at the balance state, it can be obtained that

𝐹𝐺𝑥 = 𝐹𝐻𝑥 = 𝐹𝐸1𝑥 = 𝐹𝑥 (19)

𝐹𝐺𝑧 = 𝐹𝐻𝑧 = 𝐹𝑧. (20)

For the free body of member bar 𝐺𝐻 described in Fig.11,

𝐹𝐺𝑥𝐿10 = 2𝑀𝑟3 (21)

𝑀𝑟3 = 𝐾𝑟Δ𝛾, (22)

where 𝑀𝑟3 is the internal torque of the flexure hinge 𝐺 and 𝐻 when the flexure hinge occurring rotation angle Δ𝛾
around the center axis.

 

L8

L9

t
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Mr3
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L12

Figure 12: The parameters and force analysis of a half Z-shape mechanism.

As described in Fig. 12, the following equation can be derived for the free body 𝐺𝐻 :

𝐹𝑥𝛿 = 2𝑀𝑟3Δ𝛾 (23)

𝜀 = 𝐿10 −
√

𝐿10
2 − 𝛿2. (24)

First Author et al.: Preprint submitted to Elsevier Page 8 of 19



Short Title of the Article

In addition, the potential energy stored in Z-shape mechanism can be expressed as

𝑃𝐺𝐻 = 𝑃1 =
1
2
𝐾1𝛿

2 = 2 × 0.5𝐾𝑟Δ𝛾2. (25)

In consideration of Δ𝛾 = 𝛿
𝐿10

, the stiffness of Z-shape mechanism can be derived that

𝐾1 =
2𝐾𝑟

𝐿10
2
. (26)

3.1.2. The output stiffness analysis of the platform
As shown in Fig. 9, the output stiffness of the platform is relevant to the four limbs. Assuming the output displace-

ment of the stage is 𝜀. Then, it can be deduced that

𝐹𝐺𝑥 = 𝐾𝐴𝛿, (27)

where 𝐾𝐴 is the one-dimensional output stiffness of the stage for the input position 𝐴.
The other three limbs will produce parasitical motion while the platform is driven by one of the amplifiers. As-

suming the output displacement of the platform is 𝑑𝑜𝑢𝑡. The following equations can be derived using potential energy
method:

𝑃2 = 4 × 0.5𝐾𝑟𝜃
2 = 0.5𝐾2𝑑𝑜𝑢𝑡

2, (28)

where 𝜃 = 𝑑𝑜𝑢𝑡
/
𝐿11

is the rotation angle of flexure hinges in decoupled mechanism. Substituting 𝜃 into Eq.(28), it can
be calculated that

𝐾2 =
4𝐾𝑟

𝐿11
2
. (29)

In view of the symmetry of the structure, we can learn that 𝐾2 = 𝐾4. In addition, 𝐾3 can be derived from the principle
of vertical force at the free end of a cantilever beam [32],

𝐾3 = 2.258𝐸𝐼
𝐿12

, (30)

where 𝐸 is Youngs modulus for the beam material, 𝐼 is the second moment of area of the cross section.
Considering the parallel connection of 𝐾2, 𝐾3, 𝐾4, hence

𝐾234 = 𝐾2 +𝐾3 +𝐾4
= 8𝐾𝑟

𝐿11
2 + 2.258 𝐸𝐼

𝐿12
. (31)

Combined with the input stiffness of Z-shape mechanism Eq.(26), in consideration of the serial connection of 𝐾1 and
𝐾234, the stiffness of point 𝐴 can be deduced as

𝐾𝐴 =
𝐾1𝐾234

𝐾1 +𝐾234
=

2𝐾𝑟(
8𝐾𝑟
𝐿11

2 + 2.258 𝐸𝐼
𝐿12

)

𝐿10
2( 2𝐾𝑟

𝐿10
2 +

8𝐾𝑟
𝐿11

2 + 2.258 𝐸𝐼
𝐿12

)
. (32)

3.1.3. Input stiffness of one limb and amplification ratio of the whole stage
The aims of the kinematics and statics analysis are to derive the input stiffness 𝐾𝑖𝑛 and the ratio of input and output

displacement in terms of 𝐹𝑖𝑛 only. In order to calculate the input stiffness 𝐾𝑖𝑛, the input displacement Δ𝑥1 in terms of
𝐹𝑖𝑛 should be deduced.

The first step is to derive the input stiffness at the point 𝐷1. In view of Eq.(13)(14)(18)(27) and 1
2𝐹𝐺𝑥 = 𝐹𝐷1𝑥,

Δ𝑥2 = 𝛿, it can be obtained that

Δ𝛽 =
𝐹𝐷1𝑦𝐿5

0.5𝐿2𝐾𝐴𝐿 cos 𝛼 + 2𝐾𝑟
(33)
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Δ𝑥2 =
𝐹𝐷1𝑦𝐿5𝐿 cos 𝛼

0.5𝐿2𝐾𝐴𝐿 cos 𝛼 + 2𝐾𝑟
. (34)

Substituting Eq.(14)(15)(33)(34) into Eq.(16), it can be calculated that

Δ𝑦2 = 𝐹𝐷1𝑦

⎡⎢⎢⎢⎣
0.5𝐾𝐴

(
𝐿5𝐿 cos 𝛼

0.5𝐿2𝐾𝐴𝐿 cos 𝛼+2𝐾𝑟

)2
+ 1

cos2𝛼𝐾𝑡

+2𝐾𝑟

(
𝐿5

0.5𝐿2𝐾𝐴𝐿 cos 𝛼+2𝐾𝑟

)2

⎤⎥⎥⎥⎦ . (35)

Hence, combined with Eq.(7)(8), the input stiffness at the point 𝐷1 can be deduced as

𝐾𝐷1 = 𝐹𝐷1𝑦
Δ𝑦2

= 1

0.5𝐾𝐴

( 𝐿5𝐿 cos 𝛼
0.5𝐿2𝐾𝐴𝐿 cos 𝛼+2𝐾𝑟

)2
+ 1

cos2𝛼𝐾𝑡
+2𝐾𝑟

( 𝐿5
0.5𝐿2𝐾𝐴𝐿 cos 𝛼+2𝐾𝑟

)2
= 1

0.5𝐾𝐴

(
𝐿2 sin 𝛼 cos 𝛼

0.5𝐾𝐴𝐿2cos2𝛼+2𝐾𝑟

)2
+ 1

cos2𝛼𝐾𝑡
+2𝐾𝑟

(
𝐿 sin 𝛼

0.5𝐾𝐴𝐿2cos2𝛼+2𝐾𝑟

)2

(36)

The second step is to calculate the input stiffness of the whole stage. As shown in Fig. 11. The following equation can
be derived

𝐹𝐷1𝑦 = 𝐹𝐵1𝑦 = 𝐾𝐷1Δ𝑦2 (37)

Δ𝑦1 = Δ𝑦2. (38)

In view of Eq.(9)(12)(37)(38), the value of Δ𝛼 can be derived as

Δ𝛼 =
𝐹𝐵1𝑥𝐿 sin 𝛼

𝐿2cos2𝛼𝐾𝐷1 + 2𝐾𝑟
(39)

Also, in consideration of Eq.(12)(39), the output displacement of first-stage amplifier can be written as

Δ𝑦1 =
𝐹𝐵1𝑥𝐿2 sin 𝛼 cos 𝛼
𝐿2cos2𝛼𝐾𝐷1 + 2𝐾𝑟

(40)

Substituting Eq.(6)(11)(37)(38)(39)(40) into Eq.(10) can produce

Δ𝑥1 =
𝐹𝐵1𝑥

cos2𝛼𝐾𝑡
+

𝐹𝐵1𝑥𝐿2sin2𝛼
𝐿2cos2𝛼𝐾𝐷1 + 2𝐾𝑟

. (41)

Therefore, the input stiffness of the whole stage can be calculated as

𝐾𝑖𝑛 =
𝐹𝐵1𝑥
Δ𝑥1

=
cos2𝛼𝐾𝑡

(
𝐿2cos2𝛼𝐾𝐷1 + 2𝐾𝑟

)
𝐿2cos2𝛼𝐾𝐷1 + 2𝐾𝑟 + 𝐿2sin2𝛼cos2𝛼𝐾𝑡

. (42)

Then, the amplification ratio of the dual-stage amplifier can be deduced from Eq.(7)(8)(34)(42) as

𝐴𝑎 = 𝛿
Δ𝑥1

= 𝐹𝐷1𝑦𝐿5𝐿 cos 𝛼
0.5𝐿2𝐾𝐴𝐿 cos 𝛼+2𝐾𝑟

× 𝐾𝑖𝑛
𝐹𝐵1𝑥

= 𝐿2sin2𝛼cos2𝛼𝐾𝑡
(
𝐿2cos2𝛼𝐾𝐷1+2𝐾𝑟

)
(0.5𝐾𝐴𝐿2cos2𝛼+2𝐾𝑟)(𝐿2cos2𝛼𝐾𝐷1+2𝐾𝑟+𝐿2sin2𝛼cos2𝛼𝐾𝑡)

(43)

Moreover, as shown in Fig. 9, the following equation can be derived as

𝐹𝐸1𝑥 = 𝐾𝐴𝛿 = 𝐾234𝜀 (44)
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Therefore, the amplification of the whole stage for one limb can be obtained from

𝐴 = 𝜀
Δ𝑥1

=
𝐾𝐴𝛿∕𝐾234

Δ𝑥1
= 𝛿𝐾𝐴

Δ𝑥1𝐾234
= 𝐴𝑎

𝐾𝐴
𝐾234

= 2𝐾𝑟𝐿2sin2𝛼cos2𝛼𝐾𝑡
(
𝐿2cos2𝛼𝐾𝐷1+2𝐾𝑟

)
⎡⎢⎢⎣
𝐿10

2( 2𝐾𝑟
𝐿10

2 +
8𝐾𝑟
𝐿11

2 + 2.258 𝐸𝐼
𝐿12

)(0.5𝐾𝐴𝐿2cos2𝛼 + 2𝐾𝑟)

×(𝐿2cos2𝛼𝐾𝐷1 + 2𝐾𝑟 + 𝐿2sin2𝛼cos2𝛼𝐾𝑡)

⎤⎥⎥⎦
(45)

where 𝐾𝐴 and 𝐾𝐷1 have been obtained using the known variables on above sections.

3.2. The reachable workspace analysis
3.2.1. The maximum stroke in X and Y axes

The flexure hinges have the rotation stress 𝜎𝑟 and vertical axial stress 𝜎𝑡. In this paper, the flexure hinges adopted in
this stage mainly suffered the bending moment around rotation axes. Hence, the maximum rotation angle 𝜔max deter-
mined by the maximum rotation stress 𝜎𝑟max of the flexure hinges is equivalent to the maximum output displacement.
As learned from literature [33], the maximum rotation angle 𝜔max can be derived from the maximum rotation stress
𝜎𝑟max as follows:

𝜔max=
𝜂2𝑓 (𝜂)

𝐸(1 + 𝜂)9∕20
𝜎max
𝑟 , (46)

where 𝜎𝑟max is related to 𝜎𝑦 which is the yield strength of the flexure hinges material. The 𝜎𝑟max can be obtained by

𝜎𝑟
max ≤ 𝜎𝑦

𝜆
, (47)

where 𝜆 > 1 is the safety factor.

𝜂 = 𝑡
2𝑟

(48)

is the dimensionless geometry factor.

𝑓 (𝜂) = 1
2𝜂+𝜂2

[
3+4𝜂+𝜂2

(1+𝜂)(2𝜂+𝜂2)

+ 6(1+𝜂)
(2𝜂+𝜂2)1.5

tan−1
(
2+𝜂
𝜂

)0.5
] (49)

is the dimensionless compliance factor.
The maximum rotation angles 𝜔max can be occurred in the secondary amplification mechanism and the decoupled

mechanism. The maximum XY output displacement determined by rotation angles 𝜔𝐷𝐸
max occurred in the secondary

amplification mechanism can be derived as

𝑑max
𝑜𝑢𝑡1 = 2 𝐴

𝐴𝑎
𝐿 cos 𝛼𝜔𝐷𝐸

max. (50)

The maximum XY output displacement determined by rotation angles 𝜔𝐷𝑒𝑐𝑜𝑢𝑝𝑙𝑒
max occurred in the decoupled mechanism

can be derived as

𝑑max
𝑜𝑢𝑡2 = 2𝐿11𝜔

𝐷𝑒𝑐𝑜𝑢𝑝𝑙𝑒
max . (51)

The theoretical maximum output displacement can be obtained from

𝑑max
𝑋𝑌 = min

{
𝑑max
𝑜𝑢𝑡1 , 𝑑

max
𝑜𝑢𝑡2

}
. (52)

3.2.2. The maximum stroke in Z axis
The output displacement in Z axis is related to the first-stage amplifier. It can be derived as

𝑑max
𝑍 = 2𝐿 cos 𝛼𝜔𝐵𝐶

max. (53)
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3.2.3. The maximum platform rotation angle 𝜃max

The maximum platform rotation angle 𝜃max will be occurred when the one limb reaches the maximum stroke in Z
axis. Therefore, the maximum platform rotation angle 𝜃max can be derived as

𝜃max = arctan
2𝑑max

𝑍
𝐿13

= arctan
4𝐿 cos 𝛼𝜔𝐵𝐶

max
𝐿13

. (54)

Figure 13: The maximum output displacement in horizontal direction.

Table 1
The parameters of the structure

Dual-stage bridge amplifier structure Z-shape mechanism structure

Symbol Value(mm) Symbol Value(mm)

𝑟 1.5 𝑡 1
𝑡 1.5 𝐿8 19
ℎ 6 𝐿9 6.5
𝑤 9.5 𝐿10 3.45
𝐿 13.58 𝐿12 34.5
𝐿1 33 Decoupling mechanism structure
𝐿2 13.5 Symbol Value(mm)
𝐿3 60 𝐿11 17.2
𝐿4 51 𝐿13 88
𝐿5 1.5
𝐿6 36
𝐿7 7.5

4. Model validation with simulation
The parameters of the structure and the material properties are illustrated in Table 1 and Table 2. In this section,

the model of the stage was analyzed using the finite element analysis software. The material of the stage adopts
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Figure 14: The maximum rotation angle 𝜃 around Y axis.

Table 2
The material properties of photopolymer

Parameter Value Unit

Poisson’s ratio 0.41 -
Young’s modulus 2650 MPa
Yield strength 67 MPa
Density 1210 𝑘𝑔

/
𝑚3

Table 3
The comparison between mathematical calculation and FEA simulation

Mathematical calculation FEA

Horizontal output displacement 0.3173 𝑚𝑚 0.3256 𝑚𝑚
Vertical output displacement 0.0511 𝑚𝑚 0.0402 𝑚𝑚
Rotation angle 1.02 × 10−4𝑟𝑎𝑑 1.535 × 10−4𝑟𝑎𝑑
Input stiffness 337.21𝑁∕𝑚𝑚 322.99𝑁∕𝑚𝑚
Amplification ratio 14.57 16.28

photopolymer which is beneficial to establish prototype using 3D printing technology. The simulations can verify
the output displacement amplification ratio, the input stiffness of the stage, the maximum output displacements, and
the maximum output rotation angles. Otherwise, the natural frequencies of the whole stage were obtained with the
finite element analysis method which can lay the foundations for the experiments. Fig. 13 shows the maximum output
displacement in horizontal direction. The PEA 1 is as the actuator while the other three PEAs do not work. The input
displacement and output displacement are 0.02 mm and 0.3256 mm, respectively. Fig. 14 shows the maximum rotation
angle 𝜃 around Y axis. According to simulation, the maximum rotation angle 𝜃 is 1.535 × 10−4rad. Fig. 15 shows
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Figure 15: The maximum output displacement in vertical direction.

(a) First natural frequency 131.17Hz. (b) Second natural frequency 131.51Hz. (c) Third natural frequency 181.56Hz.

(d) Fourth natural frequency 270.21Hz. (e) Fifth natural frequency 276.86Hz. (f) Sixth natural frequency 311.2Hz.

Figure 16: The natural frequencies of different model shapes.
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Figure 17: The experimental setup and prototype of the 𝑋𝑌𝑍𝜃 satge.
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Figure 18: The open-loop control horizontal output displacement.

the maximum output displacement in vertical direction. The four PEAs produce 0.02 mm input displacement that can
lead to 0.0402 mm output displacement of the vertical direction. The comparison between mathematical calculation
and FEA simulation is shown in Table 3.

The last step is to simulate the natural frequencies of different model shapes as shown in Fig. 16.

5. Prototype fabrication and Experimental studies
In this section, a prototype of the designed compact decoupled XYZ𝜃 stage was established by 3D printing method

with photopolymer material. The experimental platform consists of the control module, the driver module and the
measuring module. The setup of experiment is shown in Fig. 17. The stage is driven by four piezoelectric actuators.
The output displacements including vertical direction and horizontal direction as well as the rotation angle can be
detected by laser displacement sensor. The resolution of the laser sensor is 50nm. The control module includes the
host PC, NI CompactRIO-9054 and C series I/O module NI 9201 and NI 9264. The test items including the open loop
control output performance analysis and the closed loop control output performance analysis. The output motions
directions are divided into vertical direction, horizontal direction and rotational direction due to the symmetry of the
XYZ𝜃 stage.
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Figure 19: The open-loop control vertical output displacement.
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Figure 20: The practical amplification ratio of the stage in horizontal direction and vertical direction.

5.1. The open-loop control output motion analysis
The first step is to test the amplification ratio of the stage. A set of input displacements 5um, 10um and 15um

are applied to the driver PZT. Respectively, the output displacements in horizontal direction and vertical direction as
shown in Fig. 18 and Fig. 19. The practical amplification ratio results are shown in Fig. 20. Fig. 20 indicates the
practical amplification ratio of horizontal output is 15.5 and the practical amplification ratio of vertical output is 2. In
Fig. 21, it shows the open-loop output rotation angle.

5.2. The closed-loop control output motion analysis
The objective of the closed-loop control test is to validate the performance of the designed micromotion XYZ𝜃

stage. In this section, the control method adopted for PID control and the sample frequency is set to 0.01s. The feedback
signal of the output displacement is captured by laser displacement sensor (KEYENCE, LK-H025).

The stairstep signal, square signal and sinusoidal signal trajectory tracking tests are respectively conducted in
horizontal output, vertical output, and rotational output. As shown in Fig. 22, a stairstep output trajectory is tracked
with high precision. The error recorded in Fig. 22 shows that the maximum peak to peak error is 4.4um. Then,
the square signal trajectory tracking test applied to vertical output performance evaluation. The trajectory tracking
experiment result is shown in Fig. 23. The maximum peak to peak error is 1um as shown in Fig. 23. Finally, the
sinusoidal signal trajectory tracking test is implemented in the rotational direction. The test result and the tracking
error is presented in Fig. 24. The maximum peak to peak error is 1.67 × 10−5rad.
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Figure 21: The open-loop control rotational output angle.
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(a) The closed-loop control horizontal output displacement.
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Figure 22: The closed-loop output displacement in horizontal direction.
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(a) The closed-loop control vertical output displacement.
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(b) The error of closed-loop control vertical output displacement.

Figure 23: The closed-loop output displacement in vertical direction.

6. Conclusion
In this paper, a new XYZ𝜃 ultra compact decoupled high precision motion stage (UCDS) is designed and analyzed.

The XYZ𝜃 UCDS contains four limbs and every limb consists of a dual-stage bridge amplifier and a Z-shape mech-
anism which can change the direction of motion transfer. Then, the kinetostatic analysis of this new XYZ𝜃 stage is
conducted including the input stiffness of the stage, the maximum output displacements and rotation angles in differ-
ent direction and axis. The simulation utilizing finite element method is implemented to verify the theoretical analysis
results. The simulation of the UCDS shows that the maximum horizontal output displacement is 0.3256 mm, the
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(a) The closed-loop control rotational output angle.
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(b) The error of closed-loop control rotational output angle.

Figure 24: The closed-loop output angle in rotational direction.

maximum vertical output displacement is 0.0402 mm and the maximum rotation angle is 1.535 × 10−4rad. Finally, a
prototype is built and a series of experiments in terms of open-loop control test and closed-loop control test are im-
plemented. The practical amplification ratio are 15.5 in XY directions and 2 in Z direction. The closed-loop control
positioning accuracy are 4.4um in XY directions, 1 um in Z direction and 1.67 × 10−5rad.
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