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Abstract

This paper studies the aeroelastic energy transfer from an advecting Lamb dipole

to a flexible cantilever. The cantilever is initially placed either along or against

the dipole’s advection direction with various lateral distances. As the dipole

moves towards the cantilever, they interact and exchange the energy. Such

a fluid-structure interaction problem is numerically solved at a low Reynolds

number of 200 using a lattice Boltzmann method based numerical framework.

The simulation results confirm that, when the lateral distance is around the

dipole radius, placing the cantilever against the dipole’s advection direction is

more favorable for energy transfer. Under this setting, the cantilever generally

experiences two notable increases in its mechanical energy. The first one is

caused by the direct impact associated with the dipole’s approach, whereas

the second one occurs when the dipole just passes by and exerts suction on the

cantilever’s free end. Each increase leads to a peak, and the second peak is much

larger representing the maximum transferred energy. It is further found that

when the lateral distance is about a half of the dipole radius, the cantilever’s

length is about one dipole radius, and its bending stiffness is moderate, the

aeroelastic efficiency can be as high as 10.6%.
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1. Introduction1

Small-scale energy harvesting is gaining considerable attentions due to in-2

creasing desires for self-powered miniature electronic devices used in various3

applications, such as structural health monitoring [1], aquatic tracking systems4

[2], and medical implants [3], just to name a few. One of the most popular and5

effective ways is scavenging energy through interactions of elastic structures6

with surrounding flows, in which two types of electromechanical transducers,7

also known as smart materials, are commonly used [4]. The first type, such as8

piezoelectric transducers, shows strong electromechanical coupling, in which the9

structural deformation can cause electric displacement and the electric field can10

also induce stresses in structures. The second type, such as ionic polymer metal11

composite (IPMC), only exhibits weak electromechanical coupling.12

With either type of smart materials being deployed, harvesters are able to13

convert mechanical energy into electrical energy when they interact with sur-14

rounding flows and deform. Specifically, this fluidic energy harvesting process15

is usually completed through three major steps [4, 5, 6]. First, the fluid kinetic16

energy is transferred to the harvester in the form of mechanical energy. Second,17

the mechanical energy is converted into electric energy using a suitable electric18

generator. Finally, the electric energy is conditioned and converted into chem-19

ical/electrical energy that can be stored in rechargeable batteries/capacitors.20

The corresponding energy conversion efficiencies in these three steps are termed21

as the “aeroelastic efficiency”, the “electromechanical efficiency” and the “elec-22

trical conditioning efficiency”, respectively, the multiplication of which gives the23

total energy harvesting efficiency.24

The first step of the fluidic energy harvesting involves typical fluid-structure25

interactions (FSI), and it has been extensively investigated in various modal-26

ities involving the use of aeroelastic instabilities [7], flapping flags [8], wakes27

downstream of bluff bodies [9], and single and multiple flexible filaments [10].28

On these topics, Priya and Inman [3], Elvin and Erturk [4], and Erturk and29
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Inman [11] have given comprehensive reviews. Recently, another modality has30

received special attentions, i.e., energy transfer through FSI from coherent flow31

structures to deformable cantilevers [6, 12, 13, 14, 15, 16]. The coherent flow32

structures are often modeled as vortex rings/pairs/dipoles due to their ubiquity33

in nature, and the cantilevers are usually placed either against or perpendicular34

to the vortex advection direction. For example, Peterson and Porfiri [6] ex-35

perimentally studied the energy harvesting of an IPMC beam perpendicularly36

interacting with a convecting vortex ring. They observed that the aeroelas-37

tic efficiency varied in the range from 0.5% to 1.5%. Without considering the38

damping effects, Zivkov et al. [14] conducted two-dimensional numerical simu-39

lations on a similar problem, but replaced the vortex ring by a Lamb dipole and40

assumed that the cantilever exhibited weak electromechanical coupling. They41

found that the aeroelastic efficiency was up to 5%. They also observed that42

when the Lamb dipole impinged on the cantilever, secondary dipoles appeared43

and may exert additional impacts on the cantilever thus transfer more energy.44

These findings were further confirmed by their recent experimental study [15].45

A few studies also focused on cantilevers placed against advecting coherent46

vortex structures. For example, Goushcha et al.[12] experimentally demon-47

strated the capability of a single piezoelectric cantilever in scavenging energy48

from one or multiple vortex rings. This work was then followed up by Hu49

et al.[13], in which a theoretical model was established. To develop the model,50

they proposed a ring-to-pair conversion scheme and casted the three-dimensional51

problem into a two-dimensional framework. Moreover, they assumed that the52

fluid was inviscid, the cantilever obeyed the Kirchhoff-Love plate theory, and53

the lateral distance between the vortex and the cantilever was sufficiently large54

to avoid discernible interactions. Although useful, these assumptions and sim-55

plifications limit the applicability of this model. To overcome this, the same56

group [16] further incorporated viscous and three-dimensional effects into their57

model. However, this upgraded model was not able to faithfully resolve the58

strong interaction between the vortex and the cantilever occurring in their ex-59

perimental case with the distance ratio of 1.37, where the maximum aeroelastic60
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Figure 1: Schematic of a Lamb dipole moving against a flexible cantilever, and the com-

putational domain (not in scale) with implemented boundary conditions used in the present

study.

efficiency of around 0.82% was achieved.61

Although interactions of coherent flow structures with flexible cantilevers62

and the resulting energy transfer have been investigated using different config-63

urations as introduced above, the effects of several key parameters were seldom64

explored especially under strong interactions, such as the cantilever’s orien-65

tation, bending stiffness, length and vertical distance from the coherent flow66

structure. Aiming at filling this gap so as to further extend our understanding67

in the energy transfer from coherent flow structures to deformable structures,68

in this paper we study the effects of these key parameters through a detailed69

examination of the strong FSI between a Lamb dipole advecting along/against70

a flexible cantilever.71
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2. Problem description and methodology72

2.1. Problem description73

In this study, energy transfer from a vortex dipole to a thin flexible cantilever74

in an incompressible flow of density ρf and kinematic viscosity ν is numerically75

investigated in a two-dimensional domain. The schematic at the start of the76

simulation, i.e., t = 0, is sketched in Figure 1. The vortex dipole is modeled as a77

Lamb dipole with radius R and horizontal advection velocity U . Downstream of78

the dipole is placed a horizontal, initially undeformed cantilever with length L,79

bending stiffness EI, and linear density ρs. The cantilever is clamped at its one80

end and free at the other. Its orientation angle is defined as β = 0 if its left end81

is clamped, and β = π otherwise. For illustration purpose the configuration with82

β = π is shown in Figure 1. The initial horizontal and vertical distances of the83

cantilever’s left end from the dipole center are defined as dx and dy, respectively.84

In this study, the clamped-free cantilever is assumed as an inextensible,

purely elastic plate exhibiting weak electromechanical coupling behavior [4]. As

such, its dynamics is governed by two nonlinear structure equations [17]

ρs
∂2X

∂t2
− ∂

∂s
(T ∂X

∂s
) + ∂2

∂s2
(EI ∂2X

∂s2
) = Ff (1)

∂X

∂s
⋅ ∂X
∂s

= 1 (2)

with boundary conditions

y = 0;
∂X

∂s
= (cosβ, sinβ) imposed at the clamped end,

and T = 0;
∂2X

∂s2
= ∂3X
∂s3

= (0,0) imposed at the free end,

where s is the Lagrangian coordinate along the cantilever, X the cantilever’s85

position, T the tension force serving to satisfy the inextensible condition [17],86

Ff the fluid loading acting on the flexible cantilever. Note the three terms on87

the left-hand side of Equation 1 are associated with the inertial force, tension88

force and bending moment, respectively.89
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The flow dynamics can be described by the incompressible Navier-Stokes

equations

∂v

∂t
+ v ⋅ ∇v = − 1

ρf
∇p + ν∇2v + fe (3)

∇ ⋅ v = 0 (4)

where v is the flow velocity, p the pressure, ∇ the gradient operator, and fe the90

external force per unit volume exerted on the flow field.91

To parameterize the above fluid-structure system, the Lamb dipole’s radius

(R) or the cantilever length (L), the dipole’s advection velocity (U), and the

fluid density (ρf ) are chosen as repeating variables. Then, Equations 1 to 4 can

be non-dimensionalized as

m∗L∗
2 ∂

2X∗

∂t∗2
− ∂

∂s∗
(T ∗ ∂X∗

∂s∗
) + ∂2

∂s∗2
(EI∗ ∂2X∗

∂s∗2
) = F ∗

f (5)

∂X∗

∂s∗
⋅ ∂X∗

∂s∗
= 1 (6)

∂v∗

∂t∗
+ v∗ ⋅ ∇∗v∗ = −∇∗p∗ + 1

Re
∇∗2v∗ + f∗e (7)

∇∗ ⋅ v∗ = 0 (8)

For ease of reference, the definitions of all the dimensionless parameters in Equa-92

tions 5 to 8 are elaborated in Table 1 alphabetically, where the symbol “-” in93

the third column indicates that the corresponding parameters are updated dur-94

ing the simulation. The three non-dimensional parameters describing the can-95

tilever’s position relative to the Lamb dipole, i.e., the orientation angle (β), the96

initial horizontal and vertical distances (d∗x and d∗y), are also included in Table 1.97

Furthermore, the table also lists a dimensionless frequency f∗N that is applied to98

quantify the cantilever’s fundamental vibration frequency, and a dimensionless99

vorticity (ω∗) that is used to describe the evolution of Lamb dipole.100

In this study, the cantilever’s mechanical energy can be evaluated as

EM = EI
2
∫ L

0
(∂2X
∂s2

)2

ds + ρs
2
∫ L

0
(∂X
∂t

)2 ds (9)

The first and second terms on the right-hand side represent the cantilever’s

bending energy and kinetic energy, respectively. Since the cantilever is unde-
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Table 1: Definitions and selected values of dimensionless parameters in this study.

Dimensionless parameter Definition Values3,4

Initial horizontal distance d∗x = dx/R 4

Initial vertical distance d∗y = dy/R 0, 1/2, 1, 3/2, 2

Stiffness EI∗ = EI/ρfU2L3 1/64, 1/32, ... 1/4, ..., 4

External force per unit volume f∗e = feR/U2 -

Fluid loading F ∗

f = Ff /ρfU2 -

Frequency1 f∗N = fNR/U = (k21/2πL∗)√EI∗/m∗ 0.03 to 0.56

Length ratio L∗ = L/R 1/2, 1, 2, 4

Mass ratio m∗ = ρs/ρfL 1

Pressure p∗ = p/ρfU2 -

Reynolds number Re = UR/ν 200

Lagrangian coordinate s∗ = s/L -

Time t∗ = Ut/R -

Tension force T ∗ = T /ρfU2L -

Velocity v∗ = v/U -

Cantilever’s position X∗ =X/L -

Orientation angle β 0, π

Vorticity2 ω∗ = ωR/U -

Gradient operator ∇∗ = R∇ -

1 fN is the first natural frequency of the flexible cantilever in vacuum, defined as fN = (k21/2πL2)√EI/ρs, where

k1 = 1.8751 [18].

2 ω is the dimensional vorticity.

3 The symbol “-” indicates that the corresponding parameters are updated during the simulation.

4 The highlighted values in the third column are used in the baseline case.
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formed and stationary at the beginning, these two types of energy are both zero,

thus EM = 0 at t = 0. The work done by the fluid on the cantilever from t = 0

to a certain instant, i.e., τ , can be assessed as

WF = ∫ τ

0
∫ L

0
Ff ⋅ ∂X

∂t
dsdt (10)

Based on the energy conservation law, WF = EM all the time, i.e., the work

done by the fluid on the cantilever is completely converted to the cantilever’s

mechanical energy, due to the omission of damping effects. The total kinetic

energy carried by the entire flow field at t = 0 can be evaluated as [19]

ET = ρf
2
∫ ∞

−∞

∫ ∞

−∞

v ⋅ vdxdy = 2πρfU
2R2 (11)

With ET defined, EM can be non-dimensionalized as E∗

M = EM /ET .101

This study mainly aims to investigate the transfer of mechanical energy from102

the Lamb dipole to the deformable cantilever through their interaction. Thus,103

the aeroelastic efficiency is used to quantify the energy conversion efficiency,104

which can simply be represented by the maximum dimensionless mechanical105

energy of the cantilever, i.e., η = max(E∗

M).106

2.2. Methodology107

To facilitate this study, the incompressible D2Q9 MRT LBE model [20],108

i.e., two-dimensional incompressible multiple-relaxation-time lattice Boltzmann109

equation model with nine discrete velocities, is employed as an alternative nu-110

merical method for solving the two-dimensional Navier-Stokes equations. The111

MRT multi-block scheme proposed by Yu et al [21] is applied to enhance the112

computational efficiency while maintaining sound accuracy. The finite differ-113

ence method [17, 22] is adopted for simulating the dynamics of the flexible114

structure governed by Equation 1 and 2. The interplay between the fluid flow115

and the structure dynamics is linked by the immersed boundary method (IBM)116

[23], which is incorporated into the lattice Boltzmann method (LBM) for coping117

with the moving curved boundary and accurately predicting the fluid loading118

exerted on the cantilever. A brief introduction to the current numerical scheme119
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is given in Appendix, and more details of this algorithm and its validation can120

be found in our previous works [24, 25, 26, 27, 28]121

Throughout this study, the computational domain is set as 60R × 60R. On122

its centerline is located the flexible cantilever, as shown in Figure 1. To save123

the computational time, the block with the finest mesh is used in the vicinity124

of the cantilever and the Lamb dipole, and the blocks with coarser meshes are125

applied in the far field.126

The periodic boundary condition is implemented at the left and right bound-127

aries of the computational domain, whereas the no-slip and no-penetration128

boundary conditions are imposed on the cantilever’s surface as well as the top129

and bottom walls, as shown in Figure 1. The initial flow field is determined by130

applying the Lamb dipole’s analytical solution [29, 30, 31, 32].131

To ensure the independence of the simulation results on the mesh and time-132

step resolutions, three cases are selected for the convergence test, as listed in133

Table 2, where ∆x is the finest mesh spacing and ∆t the unit time step. In134

these three cases, the dimensionless parameters are set as Re = 200, m∗ = 1,135

EI∗ = 1/4, L∗ = 2, d∗x = 4, d∗y = 1/2 and β = π. Figure 2(a) shows that the136

difference in the time histories of the cantilever’s mechanical energy (E∗

M ) up to137

t∗ = 20 in these three cases are nearly indistinguishable, and the maximum E∗

M138

differs by less than 1%. In addition, the vorticity contours around the cantilever139

at t∗ = 9 in these three cases almost overlap each other, as shown in Figure 2(b).140

Hence, to maintain high accuracy while saving computational effort, the mesh141

and time-step settings for the second case, i.e., ∆x = R/48 and U∆t/R = 1/4800,142

are adopted throughout this study.143

2.3. Case summary144

To avoid discernable influence of the Lamb dipole on the cantilever at the145

initial stage, the initial horizontal distance (d∗x) between the dipole and the146

cantilever is set as 4 throughout this study. According to Section 2.1, hence,147

the interactions of the flexible cantilever with the Lamb dipole and the resulting148

energy transfer are mainly affected by six parameters, including the Reynolds149
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Table 2: Selected cases for convergence test.

Parameter
Values

First case Second case Third case

Mesh spacing (∆x) R/48 R/48 R/96

Advection velocity (U) 0.02∆x/∆t 0.01∆x/∆t 0.01∆x/∆t
Non-dimensional time step (U∆t/R) 1/2400 1/4800 1/9600

0 5 15 20
0.00

0.05

0.10(a)

E M
*

t
10

  x = R/48, U t/R = 1/2400
  x = R/48, U t/R = 1/4800
  x = R/96, U t/R = 1/9600

FIG. 2. Results for the mesh and time-step dependence test: Time histories of the mechanical

energy (E∗
M ) of the cantilever from t∗ = 0 to t∗ = 20 (a); Vorticity (ω∗) contours [-8,8] around

the cantilever at t∗ = 9 (b), when Re = 200, m∗ = 1, EI∗ = 1/4, L∗ = 2, d∗x = 4, d∗y = 0.5 and

β = π. The red dashed, blue dotted and black solid lines correspond to the cases with ∆x = R/48

and U∆t/R = 1/2400, ∆x = R/48 and U∆t/R = 1/4800, and ∆x = R/96 and U∆t/R = 1/9600,

respectively.

(EI∗), the length ratio (L∗), the initial horizontal and vertical distances between the Lamb

dipole and the cantilever (d∗x and d∗y), and the orientation angle of the cantilever (β). In the

present study, Re, m∗ and d∗x are set as 200, 1 and 4, respectively, for simplification. Hence,

the focus of this study is placed on investigating the effects of L∗, d∗y , EI∗ and β on the

energy harvesting capacity of the cantilever. Their values are determined as follows: four

L∗ values are selected, i.e., L∗ = 0.5, 1, 2 and 4; d∗y varies from 0 to 2 covering four different

values; EI∗ is set as 1/64, 1/16, 1/4, 1 and 4; and is chosen as 0 and π, corresponding

to the cantilever oriented along and against the advection direction of the Lamb dipole,

respectively. These selected values for the four parameters are summarized and listed in the

third column of Table I.

III. RESULTS AND DISCUSSION

A. Energy harvesting with L∗ = 2

1. Overview of Results

Figure 3 shows the overview of the energy harvesting efficiency (η) of the cantilever with

the length ratio L∗ = 2. In these cases, the cantilever is oriented either along or against

9

*

Figure 2: Results for the mesh and time-step dependence test: Time histories of the mechan-

ical energy (E∗M ) of the cantilever from t∗ = 0 to 20 (a); Vorticity (ω∗) contours [-8,8] around

the cantilever at t∗ = 9 (b), when Re = 200, m∗ = 1, EI∗ = 1/4, L∗ = 2, d∗x = 4, d∗y = 1/2 and

β = π.
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number (Re), the mass ratio (m∗), the bending stiffness (EI∗), the length ratio150

(L∗), the initial vertical distance between the dipole and the cantilever (d∗y),151

and the orientation angle of the cantilever (β).152

The Reynolds number, representing the ratio of fluid inertial force to vis-153

cous force, affects the energy dissipation in the flow system and hence the en-154

ergy transferred to the cantilever. The mass ratio appearing in the first term155

of Equation 5 determines the cantilever’s inertial force, thus affecting the force156

competition and the cantilever’s dynamics. Although important, these two pa-157

rameters are fixed at Re = 200 and m∗ = 1, respectively, to focus the discussion158

in the present study. Hence, this study centers on exploring effects of L∗, d∗y,159

EI∗ and β on the energy transfer from the Lamb dipole to the cantilever. Their160

values are determined as follows: four L∗ values are selected, i.e., L∗ = 1/2, 1,161

2 and 4; d∗y varies from 0 to 2 covering five different values; EI∗ is chosen from162

1/64 to 4, being increased by a factor of 2; and β is set as 0 and π, corresponding163

to the cantilever’s clamped end close to and away from the dipole, respectively.164

These selected values are listed in the third column of Table 1.165

3. Results and Discussion166

3.1. Overview of Results167

Figure 3 gives an overview of the cantilever’s aeroelastic efficiency (η or max-168

imum E∗

M ) when its length ratio is fixed at L∗ = 2. It is found that η reaches its169

maximum when the initial vertical or lateral distance is in the range of d∗y = 1/2170

to 3/2, and the cantilever stiffness (EI∗) is around 1/4, no matter whether the171

cantilever is clamped upstream (i.e., β = 0, shown in Figure 3(a)) or down-172

stream (i.e., β = π, shown in Figure 3(b)). This reflects that the most effective173

dipole-cantilever interaction occurs when the vertical distance is around the size174

of dipole radius and the cantilever is moderately flexible in both configurations.175

In this d∗y range, η in the β = π cases is generally higher than that in the β = 0176

cases. This indicates that the configuration with the downstream end clamped177

is more favorable for the energy transfer. However, at large vertical distances,178

11
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EI
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2
4

(a) 
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4

 
Figure 3: Contour of the aeroelastic efficiency (η) of the cantilever in the map of the initial

vertical (or lateral) distance (d∗y) versus the bending stiffness (EI∗), when the length ratio

L∗ = 2 and the orientation angle β = 0 (a) and β = π (b).

e.g., d∗y = 2, η is comparable in the cases with β = 0 and π, indicating that the179

cantilever can attain a similar amount of mechanical energy, very small though,180

no matter at which end it is clamped. Overall, the best efficiency among all the181

investigated cases η = 7.6% is obtained when β = π, d∗y = 1/2 and EI∗ = 1/4.182

This case is then selected as the baseline case for this study, whose parameter183

values have been highlighted in Table 1.184

Note that based on the small-deflection and point-loading assumptions, Hu185

et al.[13] predicted that the maximum aeroelastic efficiency will be achieved186

roughly when the bending stiffness EI∗ = 1 rather than 1/4 obtained here. This187

discrepancy stems from the violation of the above assumptions in the current188

L∗ = 2 cases, where the cantilever undergoes relatively large deformation and189

the fluid loading is highly temporally and spatially dependent and spreads along190

the entire cantilever in various patterns, as will be shown shortly. Although not191

presented here, it is found that as the length ratio and the vertical distance192

become sufficiently large, i.e., L∗ ≥ 4 and d∗y ≥ 1, those assumptions can be193

approximately satisfied, and hence the optimal bending stiffness is close to the194

value predicted by Hu et al.[13].195
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0 5 10 15 20
0.0

0.1

t*

E M
*

  (baseline case)

0.0

0.1

Figure 4: Time histories of the mechanical energy (E∗M ) of the cantilever for β = 0 and π,

when EI∗ = 1/4 and d∗y = 1/2.

3.2. Baseline case196

The time history of the cantilever’s mechanical energy (E∗

M ) for the baseline197

case is shown in Figure 4 by the solid line. It is found that E∗

M first remains198

unchanged, then experiences two major increases reaching its first and second199

peaks subsequently, and at last gradually decays towards zero. Specifically,200

before about t∗ = 3, E∗

M stays close to zero due to the initial horizontal distance201

d∗x = 4. It is also so for all the other cases investigated in this study. Therefore,202

for all the cases the discussion starts from t∗ = 3 hereafter.203

As time advances, the Lamb dipole gradually approaches and collides with204

the cantilever’s free end, as evidenced by the vorticity contours and the velocity205

fields around the cantilever at t∗ = 3 and 4 shown in Figures 5(a1) and 5(a2),206

respectively. During this period, the forward and downward flow induced by207

the dipole’s lower core impinges on the cantilever’s upper surface, resulting208

in large downward-oriented fluid loading acting on the cantilever, and hence209

promoting the cantilever’s fast downward deflection, as shown in Figures 5(b1),210

5(c1), 5(b2) and 5(c2). Since the fluid loading and the cantilever velocity are211

both oriented downwards during this period, the fluid does positive work on the212

cantilever, i.e., the energy is transferred from the fluid to the cantilever. Under213

this circumstance, E∗

M rapidly increases and approaches its first peak roughly214

at t∗ = 4.5, as shown in Figure 4.215

At around t∗ = 5, the cantilever achieves its maximum downward deflection216

13



Figure 5: Vorticity (ω∗) contours and velocity (v∗) fields around the cantilever (the first

column) as well as the velocity ( ∂X
∂t
/U , the second column) and fluid loading (F ∗f , the third

column) distributions along the cantilever at t∗ = 3 [(a1) to (c1)]; t∗ = 4 [(a2) to (c2)]; t∗ = 5

[(a3) to (c3)]; t∗ = 7 [(a4) to (c4)]; t∗ = 9 [(a5) to (c5)]; t∗ = 11 [(a6) to (c6)], for the baseline

case.
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and is about to recover its original shape, as indicated by the third row of Fig-217

ure 5. The dipole’s lower core, corresponding to a low-pressure region, reaches218

the cantilever’s free end and induces upward-oriented fluid loading there. Mean-219

while, the induced forward and downward flow ahead of the dipole core continues220

impacting on the cantilever’s downstream part. Since the direction of the fluid221

loading near the free end is opposite to that in the downstream part, the work222

done by the fluid on these two parts can offset each other near this instant,223

leading to negligible total work on the cantilever. This kind of fluid loading224

distribution persists until around t∗ = 6. Accordingly, almost no net energy225

exchange can be observed between the fluid and the cantilever approximately226

from t∗ = 5 to 6, resulting in the E∗

M plateau shown in Figure 4.227

As time progresses to t∗ = 7, the cantilever completely returns to its original228

shape, and is about to deflect upwards with a relatively large speed appearing at229

its free end, as indicated in Figure 5(b4). At this instant, the dipole’s lower core230

is squeezed and elongated so that it almost covers the cantilever’s entire upper231

surface. In the meantime, its induced flow first circumnavigates the clamped232

end and then impinges on the cantilever’s lower surface. These two factors,233

therefore, collaboratively result in the upward-oriented fluid loading nearly along234

the entire cantilever. Under this condition, fluid starts to do positive work on235

the cantilever again, leading to the second round of increase in E∗

M , as shown236

in Figure 4. Afterward, the cantilever continues deflecting upwards, and the237

fluid loading consistently keeps upward-oriented, as evidenced by the fifth row238

of Figure 5. As such, the fluid continues transferring energy to the cantilever.239

Immediately after t∗ = 9, E∗

M approaches its second and also higher peak, i.e.,240

max(E∗

M) = η = 7.6%, and the cantilever also reaches its maximum upward241

deflection.242

Approximately at t∗ = 10, the cantilever starts to recover its original shape,243

as shown in Figure 5(b6). Meanwhile, the Lamb dipole progressively moves244

away from it, as shown in Figure 5(a6). Since then, the dipole makes negligible245

impact on the cantilever’s dynamics, and the fluid loading always points in the246

opposite direction of the cantilever’s motion, as demonstrated in Figures 5(b6)247
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and 5(c6). As such, the mechanical energy stored in the cantilever is transferred248

back to the fluid, leading to the consistent decrease in E∗

M until the cantilever249

stops moving. During this period, the fluid surrounding the cantilever essentially250

works as a damper.251

From the above discussions, it is seen that the pace of the cantilever’s de-252

flection perfectly matches that of the dipole’s advection. That is, when the253

dipole approaches the cantilever’s free end, it induces downward-oriented fluid254

loading along almost the entire cantilever that causes the cantilever to deflect255

downwards. As the dipole is right above the cantilever’s free end and exerts256

suction, the cantilever just returns to its original shape from downwards, hence257

its free end can take advantage of this suction to further promote the energy258

transfer. When the dipole further moves towards the cantilever’s clamped end259

and exerts upward-oriented fluid loading on the cantilever, the entire cantilever260

deflects upwards to extract the energy. Through these interactions, the can-261

tilever consistently receives energy from the passing dipole and attains the most262

energy from it.263

It is also interesting to see that the Lamb dipole’s trajectory deviates from264

its original advection direction as it leaves the cantilever, as shown in Figure265

5(a6). This is because the strength of the dipole’s lower core is significantly266

reduced through its interaction with the cantilever, while the upper core is not267

affected too much. As such, the dipole becomes unbalanced and its trajectory268

curls counterclockwise above the cantilever.269

3.3. Effects of orientation angle270

Figure 3 has shown the overwhelming advantages of the cantilever with the271

orientation angle β = π over that with β = 0 in the energy transfer when the272

initial vertical distance d∗y varies between 1/2 and 3/2. To explore the reason,273

one representative case, i.e., the case very similar to the baseline case except its274

orientation angle β = 0, is selected for a comparison.275

Figure 4 compares the time histories of the cantilever’s mechanical energy276

E∗

M in the selected case and in the baseline case. It is seen that E∗

M in the β = 0277
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Figure 6: Vorticity (ω∗) contours and velocity (v∗) fields around the cantilever (the first

column) as well as the velocity ( ∂X
∂t
/U , the second column) and fluid loading (F ∗f , the third

column) distributions along the cantilever at t∗ = 4 [(a1) to (c1)] and t∗ = 7 [(a2) to (c2)] for

the case with d∗y = 1/2, EI∗ = 1/4 and β = 0.

case is much smaller during the dipole-cantilever interaction period. Obviously278

this significant change is caused by the swap of the cantilever’s two-end con-279

ditions. As revealed in Figure 6(a1), at around t∗ = 4 the Lamb dipole makes280

a very hard impact on the cantilever’s upstream, clamped end, losing the co-281

herence and much strength in its lower core. As a result, the dipole becomes282

evidently unbalanced and deviates from the cantilever much earlier, i.e., before283

t∗ = 7, as evidenced by Figure 6(a2). In addition, unlike in the baseline case,284

only one major E∗

M increase is observed from t∗ = 3 to 5, which is also much285

milder, as shown in Figure 4. This increase is also caused by the induced for-286

ward and downward flow ahead of the dipole’s lower core. However, since in this287

case the cantilever’s upstream end is clamped and its downstream end is free,288

only the weak downward fluid loading near the free end makes contributions to289

the downward deflection, as revealed in the first row of Figure 6. After this E∗

M290

increase, the dipole leaves the cantilever very soon, and hence the second E∗

M291
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Figure 7: Time histories of the mechanical energy (E∗M ) of the cantilever for the cases with

d∗y = 0, 1/2, 1, 3/2 and 2 when EI∗ = 1/4 and β = π.

increase is not observed. For these reasons, the interaction between the dipole292

and the cantilever in the β = 0 case is much weaker in strength and shorter in293

time, which explains the much less energy transfer.294

3.4. Effects of vertical distance295

To explore the effects of the vertical distance (d∗y), three cases are selected,296

in which the vertical distance is set as d∗y = 1, 3/2 and 2, respectively, while297

the other parameters remain the same as those in the baseline case. Figure 7298

reveals that the time histories of the mechanical energy (E∗

M ) in all the three299

cases are similar to that in the baseline case. This means that the influences300

on the cantilever exerted by the Lamb dipole at different vertical distances are301

similar, and so is the cantilever’s dynamics. Specifically, akin to in the baseline302

case, in these cases the Lamb dipole first pushes the cantilever downwards,303

and then pulls the cantilever as it reverts to its original shape and starts the304

upward deflection. This can be evidenced by comparing among these cases the305

vorticity contours as well as the velocity and fluid loading distributions along306

the cantilever at around t∗ = 4 and 6.5, as shown in Figures 5, 8 and 9.307

Differences are also discernable among these cases. With the increase of308

d∗y, the dipole-cantilever interaction becomes weaker, so that the energy trans-309

ferred to the cantilever generally decreases, as revealed in Figure 7. In addition,310

the advection of the Lamb dipole is less hindered by the cantilever, resulting311
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Figure 8: Vorticity (ω∗) contours and velocity (v∗) fields around the cantilever (the first

column) as well as the velocity ( ∂X
∂t
/U , the second column) and fluid loading (F ∗f , the third

column) distributions along the cantilever at t∗ = 4 [(a1) to (c1)] and t∗ = 6.5 [(a2) to (c2)]

for the case with d∗y = 1, EI∗ = 1/4 and β = π.

in earlier and faster interaction. As such, the cantilever’s mechanical energy312

approaches its maximum earlier. Figure 7 also reveals that, when the vertical313

distance is sufficiently large, e.g., d∗y = 2, the pushing effect becomes negligible314

as evidenced by the nearly zero mechanical energy at around t∗ < 5. Under this315

circumstance, the energy transfer mainly occurs during the cantilever’s upward316

deflection, when the Lamb dipole is right above the cantilever and pulls it up-317

wards, as snapshot in the last row of Figure 9. On the other hand, when d∗y318

is very small approaching zero, the Lamb dipole tends to be bisected by the319

cantilever, and the fluid loading on the cantilever’s upper and lower surfaces is320

likely to cancel out each other. As such, the cantilever is almost stationary and321

attains nearly zero mechanical energy, as having been confirmed in Figure 3.322

Among the cases compared in this subsection, the baseline case with d∗y = 1/2323

achieves the maximum aeroelastic efficiency. This is different from what has324

been reported by Pirnia et al.[16]. In their study, a flexible plate is initially325
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Figure 9: Vorticity (ω∗) contours and velocity (v∗) fields around the cantilever (the first

column) as well as the velocity ( ∂X
∂t
/U , the second column) and fluid loading (F ∗f , the third

column) distributions along the cantilever at t∗ = 4 [(a1) to (c1)] and t∗ = 6 [(a2) to (c2)] for

the case with d∗y = 2, EI∗ = 1/4 and β = π.

placed against the advection direction of a vortex ring, and its bending stiffness,326

mass ratio and length ratio are approximately EI∗ = 1.09, m∗ = 2.44 and L∗ =327

5.56, respectively. They found that the maximum aeroelastic efficiency can328

be achieved when the distance ratio (defined as the ratio of the distance of329

the vortex-ring centerline from the plate to the radius of the vortex ring, and330

equivalent to d∗y) is around 1.37, approximately corresponding to the condition331

where the edge of the vortex ring is tangential to the plate. When the distance332

ratio is smaller than this value, the vortex ring is less favorable for the energy333

transfer due to the decrease in the pressure loading. Although not shown here334

for the sake of brevity, this optimum distance ratio is confirmed to some extent335

by one set of our cases with the closest parameter values, i.e., L∗ = 4, EI∗ = 1336

and β = π, where the optimum vertical distance is d∗y = 1, corresponding to337

the condition that the edge of the Lamb dipole is initially tangential to the338

cantilever. Furthermore, it is found that this optimum d∗y is not a constant.339
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Figure 10: Time histories of the mechanical energy (E∗M ) of the cantilever for the cases with

EI∗ = 1/64, 1/4 and 4 when d∗y = 1/2 and β = π.

Instead, it can be affected by other parameters, such as the length ratio and the340

bending stiffness. In some cases such as the cases discussed in this subsection341

where L∗ = 2, EI∗ = 1/4 and β = π, it can be smaller than 1 due to the342

cantilever’s larger downward deflection and hence the milder impact of the Lamb343

dipole on the cantilever’s free end. Nevertheless, despite the discrepancy in the344

actual values, both Pirnia et al.[16] and our study confirm that the optimal d∗y345

should not be either very small or very large.346

3.5. Effects of stiffness347

To further study the influence of the cantilever’s stiffness, two cases are348

chosen for comparison: one with EI∗ = 1/64 is 16 times more flexible than the349

baseline case (denoted as the most flexible case), and the other with EI∗ = 4 is350

16 times stiffer (denoted as the stiffest case).351

In the most flexible case, at the beginning of the dipole-cantilever interaction,352

i.e., at t∗ ≤ 4, the variation of the cantilever’s mechanical energy E∗

M appears353

almost the same as in the baseline case, as shown in Figure 10. During this354

period the inertial force and fluid loading exerted on the cantilever are very355

similar to those in the baseline case because of the same initial conditions.356

Although the restoring bending moments in these two cases differ by about357

one order of magnitude, they are both small at this stage and hardly affect the358

cantilever’s dynamics. As a result, the dynamics of the cantilever and the dipole359
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Figure 11: Vorticity (ω∗) contours and velocity (v∗) fields around the cantilever (the first

column) as well as the velocity ( ∂X
∂t
/U , the second column) and fluid loading (F ∗f , the third

column) distributions along the cantilever at t∗ = 4 [(a1) to (c1)]; t∗ = 5 [(a2) to (c2)]; t∗ = 7

[(a3) to (c3)]; t∗ = 9 [(a4) to (c4)], when d∗y = 1/2, EI∗ = 1/64 and β = π.
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becomes very similar in these two cases, as evidenced by comparing the second360

row of Figure 5 with the first row of Figure 11. A similar amount of energy is361

then transferred from the fluid to the cantilever during this period.362

After about t∗ = 4, E∗

M in the most flexible case approaches its first peak,363

which is followed by an apparent decrease rather than remaining almost un-364

changed in the baseline case, as shown in Figure 10. When the cantilever be-365

comes more flexible, its much less bending moment is not able to stop the366

cantilever from further deflecting downward at this instant, as evidenced in Fig-367

ure 11(b2). Meanwhile, the upward-oriented fluid loading near the cantilever’s368

free end in this case is larger than in the baseline case, whereas the downward-369

oriented fluid loading at the rest part is smaller, as shown in Figures 5(c3) and370

11(c2). As such, the fluid does less positive or even negative net work on the371

cantilever, responsible for the smaller peak and the following decrease in E∗

M .372

At around t∗ = 6, E∗

M in the most flexible case reaches its local minimum373

and starts to increase again towards its second peak. The cantilever’s free end374

approaches its lowest position at about t∗ = 7, as shown in Figure 11(b3), much375

delayed if compared with that in the baseline case. As such, the lower core of376

the Lamb dipole is farther away from the free end, and hence exerts less suction377

and yields smaller upward-oriented fluid loading on the cantilever, as shown378

in Figures 5 and 11. In addition, the cantilever notably displays deflection of379

higher-order modes, e.g., at t∗ = 9. Hence the fluid loading scatters in various380

directions, as shown in Figure 11(c4). The energy transfer between the fluid and381

the cantilever is therefore complicated and not just in one way. Furthermore, the382

Lamb dipole leaves the cantilever at about t∗ = 9, stopping exchanging energy383

with the cantilever. All these factors explain the smaller E∗

M increasing rate384

towards the second peak and the much smaller peak value shown in Figure 10.385

In the stiffest case, the cantilever is more refrained by the bending moment,386

thus undergoes much less deformation than in the baseline case. Consequently,387

the cantilever interacts more intensely with the Lamb dipole, and experiences388

much larger fluid loading. This can be evidenced by comparing the fluid loading389

distribution in these two cases at t∗ = 4, as shown in Figures 5(c2) and 12(c1).390
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Figure 12: Vorticity (ω∗) contours and velocity (v∗) fields around the cantilever (the first

column) as well as the velocity ( ∂X
∂t
/U , the second column) and fluid loading (F ∗f , the third

column) distributions along the cantilever at t∗ = 4 [(a1) to (c1)]; t∗ = 4.5 [(a2) to (c2)]; t∗ = 5

[(a3) to (c3)]; t∗ = 7 [(a4) to (c4)], when d∗y = 1/2, EI∗ = 4 and β = π.
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On the other hand, at this instant the cantilever’s velocity in the stiffest case is391

remarkably smaller, as shown in Figures 5(b2) and 12(b1), due to the significant392

increase in stiffness and hence in the restoring bending moment. As a result of393

these two counteracting factors, it is seen that the E∗

M increasing rate is slightly394

smaller than in the baseline case, as shown in Figure 10.395

Due to the significantly larger restoring bending moment, the stiffest can-396

tilever returns to its original position very soon, during which its velocity changes397

the direction from downwards to upwards, as revealed in Figures 12(b1) and398

12(b2). Meanwhile, the fluid loading keeps pointing downwards during this399

period, as shown in 12(c1) and 12(c2). Hence the energy transfer reverses its400

direction and E∗

M stops increasing. This explains the much earlier and smaller401

first peak right after t∗ = 4 in the stiffest case, as shown in Figure 10.402

Similar to in the baseline case, the second notable increase in E∗

M and the as-403

sociated peak appearing from about t∗ = 5 to 6 are also caused by the suction of404

the dipole’s lower core. At t∗ = 5, the fluid loading over the cantilever just turns405

upwards due to the suction, and the cantilever also happens to deflect upwards,406

as shown in the third row of Figures 12. As such, E∗

M increases rapidly. How-407

ever, since under the strong restoring bending moment the cantilever promptly408

reverses its deflection motion right before t∗ = 6, this fluid-to-cantilever energy409

transfer lasts for a much shorter time than in the baseline case, hence resulting410

in a much smaller second E∗

M peak.411

At t∗ = 7, the Lamb dipole starts to leave the cantilever, as shown in Figure412

12(a4), after which it stops exchanging energy with the cantilever, leading to a413

consistent decrease in E∗

M . The leaving of the dipole occurs much earlier than414

in the baseline case, because the dipole becomes more unbalanced after its more415

intense collision with the stiffest cantilever, as evidenced by comparing Figure416

5(a2) with Figure 12(a1).417

It is noteworthy that, according to Equation 5 and the definition of f∗N , the418

cantilever’s dimensionless first natural frequency as listed in Table 1, studying419

the effect of EI∗ is equivalent to studying the effect of f∗N for given mass ratio420

m∗ and length ratio L∗. As such, the discussion on the effect of EI∗ in this421
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Figure 13: Variations of the aeroelastic efficiency (η) of the cantilever against the length

ratio (L∗), when d∗y = 1/2, EI∗ = 1/4 and β = π.

subsection also suggests that an optimum f∗N exists, with which the cantilever’s422

deflection pace matches the dipole’s advection pace, leading to significantly423

higher aeroelastic efficiencies.424

3.6. Effects of cantilever length425

In all the cases discussed above the cantilever’s length ratio is fixed at L∗ = 2.426

Apparently L∗ also affects the dipole-cantilever interaction and the resulting427

energy transfer. Hence, its effects are explored in this section. Figure 13 shows428

the variation of the aeroelastic efficiency η against L∗ in the range of 1/2 to429

4, while the other parameters remaining the same as in the baseline case. It430

is found that η achieves its maximum 10.6% at L∗ = 1, indicating that the431

cantilever with a length close to the dipole radius is able to receive the largest432

amount of energy from the dipole.433

Time histories of the cantilevers’ mechanical energy (E∗

M ) in the four se-434

lected cases are compared in Figure 14. In all the cases E∗

M shows a similar435

variation trend. That is, E∗

M significantly increases twice, resulting in two ma-436

jor peaks, where the second peaks are much larger than the first peaks. It is437

observed that the longer the cantilever is, the later its E∗

M peaks appear. This438

is not unexpected since the cantilever’s fundamental resonant frequency is ap-439

proximately inversely proportional to its length L∗, as indicated in the formula440
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Figure 14: Time histories of the mechanical energy (E∗M ) of the cantilever for the cases with

L∗ = 1/2, 1, 2 and 4, when d∗y = 1/2, EI∗ = 1/4 and β = π.

listed in Table 1.441

From Figure 14, it is also observed that the first E∗

M peak increases with the442

cantilever length. Since the first peak corresponds to the dipole-to-cantilever443

energy transfer during the cantilever’s first downward deflection, the longer the444

cantilever is, the more impact it can receive from the dipole, and hence the more445

energy can be transferred. However, it is expected that this increasing trend446

will gradually become marginal once the cantilever length is far larger than the447

dipole size, which can be deduced from the relative increasing rate of the first448

peaks in the four selected cases. As for the second E∗

M peak, it corresponds449

to the energy transfer during the cantilever’s first upward deflection when the450

dipole moves away from the free end. The shorter the cantilever is, the faster it451

responds, so that its free end can follow the dipole’s pace more easily and hence452

experiences much stronger dipole-induced suction. As such, in general a shorter453

cantilever can attain more energy at this stage. However, if the cantilever is too454

short compared to the size of the dipole, such as in the case with L∗ = 1/2, the455

transferred energy it can store also reduces. This explains why the maximum456

second E∗

M peak appears in the L∗ = 1 case, where the cantilever is short but457

comparable in size with the dipole.458
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4. Conclusion459

In this study we investigated the energy transfer from an advecting Lamb460

dipole to an elastic cantilever. The cantilever has a fixed mass ratio 1 and461

is placed either along or against the dipole’s advection direction. At a fixed462

Reynolds number of 200, we studied the detailed interaction between the can-463

tilever and the dipole, and explored the effects of their initial vertical distance464

(d∗y) and the cantilever’s orientation angle (β), bending stiffness (EI∗) and465

length (L∗) on the transferred energy (E∗

M ) and the aeroelastic efficiency (η).466

The major findings are as follows:467

1. When the initial vertical distance is very small (d∗y ≊ 0) or sufficiently468

large (d∗y ≥ 2), the transferred energy is marginal, no matter at which469

end the cantilever is clamped. At moderate d∗y, i.e., approximately in the470

range of 1/2 to 3/2, the strong dipole-cantilever interaction is favorable for471

energy transfer. Also, placing the cantilever against the dipole’s advection472

direction (i.e., with β = π) is more favorable for energy transfer compared473

to placing it in the opposite way (i.e., with β = 0).474

2. When placed against the dipole’s advection direction, the cantilever gen-475

erally experiences two notable increases in its mechanical energy E∗

M . The476

first one occurs during the first downward deflection that is caused by the477

direct impact associated with the dipole’s approach, whereas the second478

one occurs during the first upward deflection when the dipole just passes479

by and exerts suction on the free end. Each E∗

M increase results in a480

peak, and the second peak is much higher than the first peak, indicating481

the dominant role of the dipole suction in the energy transfer.482

3. If the cantilever’s length is fixed at L∗ = 2, the baseline case performs the483

best. In this case, the cantilever is placed against the dipole’s advection484

direction, and its moderate initial vertical distance d∗y = 1/2 and bending485

stiffness EI∗ = 1/4 result in a favorable FSI, such that the cantilever’s de-486

flection pace matches the dipole’s advection pace. Hence, the flow energy487
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can be consistently transferred to the cantilever, leading to the maximum488

efficiency η = 7.6%.489

4. Changing the cantilever’s bending stiffness changes its response to the490

flow. If becoming more flexible, the cantilever takes more time to reverse491

its deflection direction to catch up with the dipole’s suction. In addition,492

it experiences deflection of high-order modes, resulting in scattered fluid493

loading and much less energy transfer. If becoming stiffer, the cantilever494

reverses its deflection direction sooner, even before the dipole starts exert-495

ing the suction. In both cases, the cantilever’s deflection does not match496

with the dipole’s advection pace and hence less energy is transferred to it497

if compared with the baseline case.498

5. The cantilever length also affects the energy transfer. The longer the can-499

tilever is, the later its E∗

M peaks appear. The first E∗

M peak increases with500

the cantilever length. In general, the second E∗

M peak increases with the501

decrease of the cantilever length. However, if the cantilever is too short502

compared to the size of dipole, such as L∗ = 1/2, the maximum transferred503

energy it can store reduces. Overall, it is found that the maximum aeroe-504

lastic efficiency of 10.6% occurs when the cantilever length is close to the505

dipole’s radius, i.e., L∗ = 1.506

Although not shown here for brevity, it is found that as the Reynolds num-507

ber increases, more mechanical energy can be attained by the cantilever. This508

results from the fact that the fluid kinetic energy is less dissipated at higher509

Reynolds numbers. Nevertheless, the dipole-cantilever interaction and the re-510

sulting cantilever dynamics are still very similar over a wide range of Reynolds511

numbers. This suggests that the energy transfer process and the effects of key512

parameters as revealed at Re = 200 in this study do not change too much over513

a wide range of Reynolds numbers.514

This study furthers our understanding in the energy transfer from an ad-515

vecting Lamb dipole to a flexible cantilever, through investigating their detailed516
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FSI. Although insightful, the effects of several other key parameters, such as517

the mass ratio and general orientation angle, are not explored. They will be518

systematically investigated in our near-future work.519

Acknowledgments520

We gratefully acknowledge the financial support for this study from the521

Research Grants Council of Hong Kong under General Research Fund (Project522

No. PolyU 152493/16E) and the Departmental General Research Fund (Project523

No. G-UA5A & G-YBLP) from the Department of Mechanical Engineering of524

The Hong Kong Polytechnic University.525

Appendix526

Immersed boundary lattice Boltzmann method527

In this study, the lattice Boltzmann method (LBM) is adopted as an alter-

native numerical method for solving the Navier-Stokes equations represented

by Equations 3 and 4. Specifically, the incompressible D2Q9 MRT LBE model,

i.e., two-dimensional incompressible multiple-relaxation-time lattice Boltzmann

equation model with nine discrete velocities, is used for the simulation, which

can be expressed as [20, 23]

fα (x + cα∆t, t +∆t) − fα (x, t) = −M−1SM (fα (x, t) − feqα (x, t))
−M−1 (I −S/2)Mgα (x, t)∆t

(12)

where fα is the distribution function with α indicating its propagation direction,

x the Eulerian coordinate, cα the lattice velocity, t the time, ∆t the unit time

step, M the transformation matrix, S the non-negative diagonal relaxation

matrix containing different relaxation rates, I the identity matrix, and feqα the

local equilibrium distribution function which can be written as

feqα = wα [ρf + ρf0 (cα ⋅ v
c2s

+ (cα ⋅ v)2
2c4s

− v2
2c2s

)] (13)
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wα is the weighting factor, ρf the fluid density, ρf0 the mean fluid density, v

the fluid velocity, and cs the sound speed of the fluid. The fluid velocity v and

the fluid density ρf can be evaluated by the distribution function fα and the

lattice velocity cα as follows,

ρf0v = ∑
α

cαfα (14)

ρf = ∑
α

fα (15)

In Equation 12, gα is the discrete force distribution function which can be

evaluated as [23]

gα = wα (cα − v
c2s

+ cα ⋅ v
c4s

cα) ⋅ fe (16)

where fe is the external force per unit volume in Equation 3.528

In addition, Equations 1 and 2 governing the dynamics of the flexible struc-

ture are discretized using the finite difference method for the simulation [22, 17].

To resolve the interplay between the fluid flow and the structure dynamics, i.e.,

to properly impose the no-slip and no-penetration boundary conditions on the

cantilever’s surface, the immersed boundary method (IBM) is adopted and the

discretized IBM formulations suggested by Kang [23] are utilized in this study,

which can be expressed

vb = ∑vδ (x −X)∆x2 (17)

Ff = −2ρf

∂X
∂t

− vb
∆t

(18)

fe = −∑Ffδ (x −X)∆s (19)

where vb is the unforced velocity of the flexible structure interpolated from the529

velocity v of the ambient flow through the regularized discrete delta function δ,530

Ff is the fluid loading acting on the structure in Equation 1 that is related to the531

difference between the actual velocity ∂X/∂t of the structure and its unforced532

velocity vb, fe is the external force per unit volume in Equation 3 evaluated by533

the fluid loading Ff through the delta function δ, X is the structure position,534

and ∆x and ∆s are the mesh spacings for the computational fluid and solid535

domains, respectively.536
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With the above IBM implemented into the incompressible D2Q9 MRT LBE537

model, the fluid-structure interaction (FSI) problem involved in this study can538

be accurately solved. More details of the current numerical algorithm and its539

validation can be found in our previous works [24, 25, 26, 27, 28]540
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