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Abstract 8 

The soot aggregate dynamics of turbulent ethylene-oxygen flame is numerically studied for different 9 

equivalence ratios and jet Reynolds numbers (Rej). Our developed Taylor-series expansion method of 10 

moments (TEMOM) model in our previous research studies is further extended to solve the bivariate 11 

population balance equation (PBE) and formulate the novel Bivariate TEMOM model scheme. Full 12 

numerical validation are performed with the stochastically weighted operator splitting Monte Carlo method 13 

and moving sectional method, the Bivariate TEMOM model scheme coupled with large eddy simulation 14 

(LES) method and soot formation model is used to simulate fractal-like soot aggregate dynamics in turbulent 15 

ethylene-oxygen flame. The results show that soot nucleation and surface growth processes are enhanced 16 

with increasing equivalence ratio while the coagulation rate is hardly varied as the total soot volume fraction 17 

is quite low. The increasingly uniform distributions of fractal dimension and particle size can also be 18 

observed. As Rej increases from 14,400 to 36,000, both the mean diameter and mean fractal dimension of 19 

soot aggregates gradually decrease as the surface growth rates of soot aggregates decrease significantly. 20 

However, the effect of increasing Rej on coagulation and nucleation rates are slight due to the decreasing 21 

residence time of soot particles in the combustor. 22 
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1.  Introduction  24 

The combustion processes of carbon-containing fuels [1-7] contribute the major air pollutants (e.g. 25 

gaseous and particulate emissions) which have drawn increasing attention. Compared with gaseous 26 

emissions, the particulate emissions, i.e., soot particles with fractal-like geometry can significantly affect 27 

the radiation, structure and emission properties of combustion flames when carbon-containing fuels are 28 

burned [8-9]. Particle dynamics (e.g. collision induced aggregation nucleation and growth) plays an 29 

important role in the formation and evolution of particle size distribution (PSD) as well as characteristic 30 

morphology of fractal-like soot aggregate particles [9]. Generally, the structure of fractal-like soot 31 

aggregates can be described by the following relationship between the number of primary particles in the 32 

soot aggregates, n and the gyration radius, Rg [10-11], 33 

n = kg(
2Rg

d0
)Df   (1) 

where kg is a pre-factor, Df is the fractal dimension of soot aggregates, d0  is the diameter of primary particles, 34 

Rg is the gyration radius of the fractal like soot aggregates. Eq. (1) shows that there exists a scale invariant 35 

relationship between the number of primary particles in the aggregate, n and the gyration radius, Rg, which 36 

had been verified by both experimental and numerical studies [12-17].  37 

According to Xiong & Friedlander [18], interactions between particles of different morphologies 38 

described by their fractal dimensions can lead to distributions of particle morphologies for the same particle 39 

size. These interactions can take place due to the different particle formation and evolution histories as well 40 

as due to designed mixing of different particle populations. Examples include the natural interaction among 41 

soot particles in an internal combustion engine and the forced mixing of aerosol particles in an aerosol 42 

reactor [9]. Apart from the effect on particle morphology distributions of soot particles, the fractal dimension 43 

also affects coagulation dynamics between fractal-like soot aggregates. Mountain et al. [19] and Mulholland 44 

et al. [20] have demonstrated that the shape of self-preserving distribution depends significantly on the 45 

fractal dimensions of fractal-like soot aggregates. Therefore, both the aggregate size distribution 46 
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(represented by the number of primary particles) and fractal dimension distribution should be taken into 47 

account in numerical simulations of fractal-like soot aggregates dynamics.  48 

Since Friedlander [22] proposed the general population balance equation (PBE) for aerosol dynamics 49 

originating from the Smoluchowski [23] discrete coagulation equation, PBE has been the most widely used 50 

governing equations for mean field simulation of aerosol-related problems. Examples include atmospheric 51 

and industrial aerosols, colloidal and polymer sciences, powder technology etc. [21]. Considerable research 52 

studies on particle dynamics are carried out by many researchers [7,24-31] to overcome the complexity and 53 

difficulty in theoretical and experimental studies on PBE. Generally, PBE proposed by Friedlander [22] is 54 

adequate to describe typical aerosol dynamic processes including nucleation, condensation, and coagulation 55 

etc. taking place within simple particulate systems. The main feature of such systems is that only one 56 

variable i.e. particle size is needed to describe the particulate system completely. The popular numerical 57 

methods for the solution of PBE mainly include sectional methods [32-35], Monte Carlo methods [30,36-58 

40], and moment methods [7,41-44]. On the other hand, the exact and analytical solutions of PBE can also 59 

be obtained by e.g., the group analysis [28,31] and the separate variable method [45]), respectively. As far 60 

as fractal aggregates are concerned, a modified coagulation kernel including a pre-specified fractal 61 

dimension for the entire aggregate population is often used due to the computing limitations [46]. However, 62 

the significant progress in computing power has made the solution of bivariate PBE possible so that a more 63 

realistic and accurate description of fractal aggregates can be obtained. 64 

Among the numerous numerical methods to solve the population balance equation (PBE), Yu, Lin and 65 

Chan [42] firstly developed a novel Taylor-series expansion method of moments (TEMOM) for the solution 66 

of PBE. The TEMOM has been proven to be an effective and highly promising method of moments due to 67 

its inherent high accuracy and efficiency for univariate PBE [7,44-45,47-48]. Recently, TEMOM has been 68 

extended by Jiang et al. [49] to the two-component aggregation problem undergoing Brownian coagulation. 69 

The main novelty of the present study lies in that a Bivariate TEMOM (Biv-TEMOM) model scheme with 70 

consideration of both size and fractal dimension of soot aggregates is newly developed and coupled with 71 

large eddy simulation (LES) method as well as the detailed combustion chemistry and soot formation model 72 

to account for the fractal-like soot aggregates formed in the premixed flame of ethylene-oxygen. The 73 
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formulated LES-Bivariate TEMOM model scheme is then applied to study the effects of equivalence ratio 74 

() and jet Reynolds number (Rej) which have significant impact of the formation and evolution of soot 75 

particles. The present study is aimed to provide a deeper insight into the formation and evolution 76 

mechanisms of fractal-like soot aggregates in turbulent combustion flows. 77 

Nomenclature    78 

A area of computational element, m2 Q̇ox volume flowrate of oxygen, m3/s 

Ak model constant, 1.591 Q̇fuel volume flowrate of fuel, m3/s 

Af dimensionless restructuring parameter Rej jet Reynolds number at nozzle exit 
At accommodation coefficient soot model Rg gyration radius of aggregates, nm 
b  dimensionless model parameter  Rrestr restructuring rate of aggregate 
B collision frequency, #/s S surface area, m2 
c post-collisional particle property S̅ij strain rate tensor 
C slip correction factor Sφ, Sψ source term  
Cn nucleation rate constant, #/(m3⋅s) t time, s 
C1,C2 soot oxidation rate constants 𝑇 flame temperature, K 
d0 diameter of primary particles, nm u velocity, m/s 
d inner diameter of the nozzle in the combustor, m v particle volume, m3 
Dc asymptotic fractal dimension of soot aggregates vc collision volume of aggregates, m3 
Df fractal dimension of soot aggregates z post-collisional model parameter 
Dm mean fractal dimension of soot aggregates Greek letters  
Dp collision diameter of soot aggregates, nm α fraction of reaction sites available 
Dr asymptotic fractional dimension β collision kernel, #/(m3⋅s) 
Ds diffusion coefficient, m2/s γ thermophoretic coffiecent 
D1,D2 fractal dimensions of colliding partners 𝛿 Kronecker operator 
f inverse of Df Δs mass change of particle, kg 
f (v,φ,t) dimensionless probability density function ζ, η,ϑ, ξ, ς combination of moments 
g dimensionless restructuring parameter μ dynamic viscosity, kg/(m⋅s) 
G Gibbs free energy, kJ/mol ρ density, kg/m3 
Gs,i  surface growth rate, kg/m3/s ρs Soot density, kg/m3 
h specific total enthalpy, J/mol σij fluid shear stress tensor 
J0 homogeneous nucleation rate, #/(m3⋅s) τij subgrid scale stress tensor 
kB Boltzmann constant, J/K τ dimensionless time, s/s 
k moment order φ arbitrary physical variable 
kg pre-factor in gyration relationship ϕ equivalence ratio of fuel to oxygen 
K coagulation kernel, #/(m3⋅s) ψ soot number or mass density  
Kn Knudsen number Ω soot oxidation rate, kg/(kmol⋅s) 
l moment order  Abbreviations 
L horizontal distance from the nozzle exit, m Biv-TEMOM bivariate Taylor-series expansion 

method of moments 
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Mk,l bivariate moment of order k and l FDD fractal dimension distribution 
Msoot mass of a soot nucleus, kg/kmol LES large eddy simulation 
M soot mass density, kg/m3 mixture PBE population balance equation 
N total number density of soot particles, #/m3 EFPV extended flamelet/progress variable 
n mean number of primaries per aggregate, #/# PSD particle size distribution 

2.  Numerical methodology 79 

2.1.1.  Gas phase model 80 

The flame solver package OpenSMOKE used in our previous experimental and numerical studies [4] 81 

is used to simulate the gas phase reactions of the burner-stabilized premixed impinging flames. This solver 82 

is an open source framework for numerical simulations of with detailed kinetic mechanisms. The species 83 

diffusion is modeled using the mixture-averaged diffusion model while thermal diffusion is considered in 84 

the species transport equations. The detailed combustion mechanisms of methane and ethylene are based on 85 

a detailed description of the C1-C4 chemistry, which are fully validated against the experimental data in our 86 

previous study [4]. The mechanisms also account for the formation and disappearance of soot precursors 87 

including benzene, toluene and polycyclic aromatic hydrocarbons (PAH). Based on the finite volume 88 

method, the convection and diffusion terms are discretized by the second-order upwind scheme and the 89 

central difference scheme, respectively, and the coupling between velocity and pressure is completed by the 90 

pressure-implicit with splitting of operators (PISO) algorithm [1,4].  91 

Large eddy simulation (LES) has been widely used to simulate nanoparticle-laden turbulent flows in 92 

our previous studies [7,50-51] due to its high computational accuracy with an acceptable computational 93 

efficiency resulting from the advancement of computing facilities. The main idea of LES is to split up the 94 

physical variables into two parts where the effects of large and small scale structures are respectively 95 

considered. In LES method, large scale structures are solved directly while the small scale structures are 96 

modeled by turbulence models. The governing equations of LES are obtained by filtering the Navier-Stokes 97 

equation, after which the filtered variables are defined as follows,  98 

φ̅(x, y, t) =
1
A

∫ φ(x', y', t' ) dx'dy' (2) 
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where φ is an arbitrary physical variable (e.g., species mass fraction, particle number concentration etc.), A 99 

is the area of the computational element, x and  y are coordinate variables, t is time. Applying Eq. (2) to the 100 

Navier-Stokes equation and diffusion convection equation, the filtered equations can be obtained. The well 101 

known Smagorinsky-Lily model is used to model the subgrid stress. For details of the LES model can be 102 

found in our previous work [7]. 103 

2.1.2. Particulate phase 104 

In order to account for fractal characteristics of fractal-like soot aggregates in combustion flows, a 105 

bivariate PBE with consideration for fractal dimension of soot aggregates is derived based on the developed 106 

bivariate population dynamics approach by Kostoglou et al. [21], the governing equation of particulate phase 107 

is as follows, 108 

∂f (v,φ,t)
∂t

+
∂(uj̅f (v,φ,t))

∂xj
−

∂
∂xj

(Ds
∂f (v,φ,t)

∂xj
)

=
1
2

∫ ∫ ∫ ∫ K(v1,v2,φ1,φ2)
∞

0

∞

0φ2φ1
δ(v − cv(v1,v2))δ(φ − cφ(φ1,φ2)) 

×f (v1,φ1,t)f (v2,φ2,t)dv1dv2dφ1dφ2 

−f (v,φ,t) ∫ ∫ K(v,v1,φ,φ1)f (v1,φ1,t)dv1dφ1+
∂G (v,φ)f (v,φ,t)

∂φ

∞

0φ1

 
 

(3) 

where f (v,φ,t) is the probability density function of particle number density in terms of particle volume, v 109 

and another variable, φ ,  Ds  is the effective diffusion coefficient, K(v1,v2,φ1,φ2)  is the coagulation rate 110 

between particles (v1,φ1) and (v2,φ2), δ is the Dirac delta function and G (v,φ) is the other dynamic process 111 

besides coagulation, which is nucleation process in the present study. The functions, cv, cφ are the values of 112 

v, φ for the new particle after the coagulation event. Generally, cv(v1,v2) = v1+v2 due to the conservation of 113 

total particle volume. However, the relationship between cφ and φ1, φ2 is dependent on the constitutive law 114 

of specific physical mechanism underlying the evolution of fractal dimension, φ, which may be surface 115 

growth or sintering processes etc. 116 

In the present study, the constitutive law for post-collisional fractal dimension proposed by Kostoglou 117 

and Konstandopoulos [45] is used to further account for the fractal dimension evolution of fractal-like soot 118 
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aggregates. This formalism was also used by di Stasio et al. [52] to describe the evolution of size and 119 

morphology of flame soot aggregate. After some modifications in order to reflect the assumptions and 120 

limitations of the measurement technique, the modified constitutive law for post-collisional fractal 121 

dimension of soot aggregates can be written as [21], 122 

 

c(v1,v2,D1,D2) = 
Dc ln [b(zv1+zv2)/v0]

ln [b((zv1/v0)Dc/D1+(zv2/v0)Dc/D2)]
 

 

(4) 

where v0 is the volume of primary particles, v1, v2, D1, D2 are the volume and the fractal dimension of the 123 

two colliding aggregate particles, respectively, Dc is the asymptotic fractal dimension resulting from the 124 

coagulation between aggregate particles, b and z are the model parameters.  125 

2.2. Soot formation model 126 

The extended flamelet/progress variable (EFPV) approach in [53] is used in the present study. This 127 

modified combustion model includes detailed combustion chemistry and soot formation model. In order to 128 

model soot particles evolving from spherical to fractal shape, the simultaneous nucleation of primary 129 

particles, coagulation between primary and fractal particles, and the surface growth processes are considered 130 

in the present study.  131 

2.2.1. Soot transport equation 132 

The transport equations in terms of soot number density, N and soot mass density, M can be written as 133 

follows [53], 134 

∂(ρψ)
∂t

+
∂(ρuj̅ψ)

∂xj
=

∂
∂xj

(ρDs
∂ψ
∂xj

)+γ
𝜇

𝑇
ψ

∂T
∂xj

+Sψ 

 

(5a) 

where  135 

γ  = 
3

4(1+πAt/8)
 (5b) 

SN  = 
1

NA
[(

dN
dt

)nucl+(
dN
dt

)coa] (5c) 

SM =
 Msoot

NA
[(

dN
dt

)nucl+(
dM
dt

)grow+(
dM
dt

)oxi] (5d) 
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where the subscripts of nucl, coa, grow, oxi represent nucleation, coagulation, surface growth and oxidation 136 

processes, respectively.  γ  is related to the thermophoretic transport effect of soot particles, the 137 

accommodation coefficient, At is set to be 1.0. Msoot is the mass of a soot nucleus with a value of 1200 138 

kg/kmol.  139 

2.2.2. Soot aggregate coagulation kernels 140 

 With the increase of Knudsen number (Kn), the flow regimes can be classified into four regimes in 141 

coagulation process, i.e. continuum, Epstein, transition and molecular regimes.  142 

(i)   Coagulation in continuum regime 143 

 When Kn << 1, the flow regime falls into the continuum and near continuum regime (i.e., the Epstein 144 

regime). The coagulation kernel of these two flow regimes can be unified after introducing the following 145 

slip correction factor, which is valid for Kn up to 5 [54],  146 

C(vc) = 1+AkKn 
 

(6a) 

where vc is the collision volume of aggregates, Ak =1.591, Kn = λ/r is the ratio of mean free path of gas to 147 

the particle radius. The coagulation kernel of fractal-like soot aggregates in continuum and Epstein 148 

coagulation [9,55] is written as, 149 

βc (v1,v2) = Bc(v1
1/D1+v2

1/D2)(
C(vc1)

(vc1)1/D1
+

C(vc2)
(vc2)1/D2

) (6b) 

where Bc = 2kBT/3μ, vc is the collision volume of aggregates,  D1, D2 are the fractal dimension of the two 150 

colliding aggregate particles. 151 

It is also noted that  n = v/v0, vc = v0
1-Df /3vDf /3, where v, v0 are the real volume of agglomerate, the volume of 152 

primary ,particles, respectively. Combining n = v/v0, vc = v0
1-Df /3vDf /3 with Eq. (1), the collision kernel of 153 

aggregates in continuum and near continuum regimes [7] can be expressed as, 154 

βc (v1,v2) = Bc{(
1
v1f +

1
v2f)(v1

f+v2
f)+φcv0

(f-1/3)(
1

v12f +
1

v22f)(v1
f+v2

f)} (7) 
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where Bc= 2kBT/3μ, kB is the Boltzmann constant, μ is the viscosity of carrier gas,  f = 1 Df⁄  where Df is the 155 

geometric mean fractal dimension of the two colliding particles (i.e., Df = √D1D2 ). φc = 1.591λ/(3/4π)1/3 156 

where  λ is the mean free path of air molecular, and  v0 is the volume of primary particles.  157 

(ii)   Coagulation in free molecule regime 158 

 When Kn >>1, the flow regime is in the free molecule regime, the coagulation for fractal aggregates 159 

[20,55] is expressed as, 160 

βf (v1,v2) = Bf (v1
f+v2

f)2(
1
v1

+
1
v2

)1/2 
 

(8) 

where Bf   = 2.2(3kBTd0/ρ0)1/2, kB is the Boltzmann constant, T is the temperature, μ is the viscosity of fluid 161 

gas, ρ0 is the density of primary particles, d0 is the diameter of primary particles, the factor of 2.2 is taken 162 

into account for the increased collision cross-section due to van der Waals forces between the two colliding 163 

aggregate particles [56]. f = 1 Df⁄  where Df is the geometric mean fractal dimension of the two colliding 164 

particles, i.e., Df = √D1D2 .  165 

(iii)   Coagulation in transition regime 166 

 For the transition flow regime, the harmonic mean of the continuum and free molecule coagulation 167 

kernels [57] are used as,  168 

1/βt (ni,nj) = 1/βc (ni,nj)+1/βf (ni,nj) 

 

(9) 

where βt (ni,nj) is the coagulation kernel in the transition regime. 169 

2.2.3. Soot nucleation, surface growth and oxidation models 170 

 A well-known simplified soot inception model in [53] is used to calculate the soot nucleation rate. In 171 

this model, the soot inception is correlated with acetylene concentration and takes the form as, 172 

J0(t) = CnNA(ρ
Yacetylene

Wacetylene
)exp(−

21,000
T

) (10) 
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where ∆G* is the free energy that is required to form a stable nucleus and Cn is a constant, 54s-1, NA is 173 

Avagadro number, ρ is the mixture denstiy, T is the temperature, Yacetylene and Wacetylene are the mass fraction 174 

and molecular weight of acetylene, respectively. 175 

 The surface growth term is modified based on the model of Kazakov and Frenkach [58], 176 

Gs,i  = ksCgαχs mi∆sSiNi 
 

(11) 

where Gs,i is the surface growth rate of the i-th particle due to the surface chemical reactions of soot 177 

aggregates, ks is the per-site rate coefficient, Cg  is the concentration of gaseous species, α is the fraction of 178 

reaction sites available, χs is the number density of active surface sites, ∆s is the mass change due to the 179 

surface growth, and mi, Si, Ni are the mass, surface area and number density of the i-th particle, respectively. 180 

Considering the effect of both O2 and OH radical, the soot oxidation rate in [53] is used in the present 181 

study, 182 

Ωoxi = − C1
YOH

WOH
ρT0.5(πN)1/3(6M/ρs)2/3 − C2

YO2

WO2

exp (−
19,778

T
) ρT0.5(πN)1/3(6M/ρs)2/3 (12) 

where C1, C2  are constants and take the values of 13.7553 kg · m/(kmol · K1/2 · s) and 8903.51  183 

kg·m/(kmol·K1/2·s), respectively. Y and W are the mass fraction and molecular weight, respectively. N, M 184 

are the number and mass density of soot aggregate, respectively. ρ is the density of the mixture, ρs the 185 

density of soot aggregate and is set to be 2000 kg/m3.  186 

2.3. Restructuring of fractal-like soot aggregates 187 

Since the effect of restructuring on fractal dimension of soot aggregates at high temperature is 188 

significant, aggregate restructuring is considered. According to Kostoglou [21], the restructuring of soot 189 

aggregates can be treated as a sequence of restructuring events caused by the internal rearrangement of 190 

monomers of soot aggregates. Such restructuring process will eventually drive soot aggregates to have an 191 

asymptotically fractal dimension, Dr. If the simplest first-order relaxation of aggregates is considered, the 192 

restructuring rate takes the form as, 193 
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Rrestr = 
1
τr

(D − Dr) (13) 

where τr is the relaxation time related to the restructuring on the time scale and size of fractal-like soot 194 

aggregates and takes the form as, 195 

τr = f(n, g) (14) 

where n is the number of primary particles in the aggregates, g is the parameter related to the restructuring 196 

on the time scale. 197 

2.4.  The moment equations 198 

 In order to transform Eq. (3), a bivariate moment of order, k and l with respect to particle volume and 199 

fractal dimension is defined as, 200 

Mk,l = ∫ ∫ vkφlf (v,φ,t)dvdφ
∞

0

∞

0
 (15) 

By multiplying Eq. (3) with vkφl, and integrating over all particle size and fractal dimension, the time 201 

evolution equation of moments can be obtained, 202 

dMk,l

dt
+

∂(uj̅Mk,l)
∂xj

−
∂

∂xj
(Ds

∂Mk,l

∂xj
)  = 

 
1
2

∫ ∫ ∫ ∫ [(v1+v2)kcφ(φ1,φ2)l − v1
kφ1

l-v2
kφ2

l]K(v1,v2,φ1,φ2)
∞

0

∞

0φ2φ1

 

×f (v1,φ1,t)f (v2,φ2,t)dv1dv2dφ1dφ2+G(v)vk
 

            

(16)6) 
 

 

 

where Ds is the effective diffusion coefficient, G(v) is the other particle dynamic processes (i.e., nucleation, 203 

surface growth) besides coagulation in the present study. In order to derive the expression of Mk,l in terms 204 

of some base moments, vkφl is expanded in a binary Taylor-series at point (v = vm, φ = φm), where vm  = 205 

M1,0

M0,0
, φm =

M0,1

M0,0
, representing the mean volume and fractal dimension of soot aggregates, respectively. 206 

According to the L’Hospital’s law , the convergence regime of the binary Taylor-series expansion of vkφl is 207 

[0, 2vm] [0, 2φm] [51]. Taking the first three orders, the binary Taylor-series expansion of vkφl can be written 208 

as, 209 
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vkφl≅vm
kφm

l+vm
klφm

l-1(φ − φm)+
1
2

(l-1)lvm
kφm

l-2 (φ − φm)2 

+klvm
k-1φm

l-1(v − vm)(φ − φm)+φm
lkvm

k-1(v − vm)+
1
2

(k-1)kvm
k-2φm

l (v − vm)2 

 
 
(17) 
 
 

Substituting Eq. (17) into Eq. (15), Eq. (15) can then be rewritten as, 210 

Mk,l = [(1+kl+
k2-3k+l2-3l

2
)vm

kφm
l]M0,0+[(2k-k2-kl)vm

k-1φm
l]M1,0 

+[(2l-kl-l2)vm
kφm

l-1]M0,1+klφm
l-1vm

k-1M1,1+[(
k2-k

2
)vm

k-2φm
l]M2,0+[(

l2-l
2

)vm
kφm

l-2]M0,2 
(18) 

where M0,0, M1,0, M0,1, M1,1, M2,0, M0,2 are six base moments and can be used to express any order moments. 211 

Substituting the continuum regime coagulation kernel in Eq. (7) to Eq. (16), the ordinary differential 212 

equations (ODEs) of the first three order moments can be expressed as, 213 

dM0,0

dt
= −

∂(uj̅M0,0)
∂xj

+
∂

∂xj
(Ds

∂M0,0

∂xj
) −

Bc

2
(ξ1+ϕ v0

(f-1/3)ξ2)+G(v) 

  
dM1,0

dt
= −

∂(uj̅M1,0)
∂xj

+
∂

∂xj
(Ds

∂M1,0

∂xj
) +G(v)v 

  
dM0,1

dt
= −

∂(uj̅M0,1)
∂xj

+
∂

∂xj
(Ds

∂M0,1

∂xj
) +

Bc

2
(η1+ϕ v0

(f-1/3)η2)+G(v) 

dM1,1

dt
= −

∂(uj̅M1,1)
∂xj

+
∂

∂xj
(Ds

∂M1,1

∂xj
) +

Bc

2
(ζ1+ϕ v0

(f-1/3)ζ2)+G(v)v 

dM2,0

dt
= −

∂(uj̅M2,0)
∂xj

+
∂

∂xj
(Ds

∂M2,0

∂xj
) +

Bc

2
(ς1+ϕ v0

(f-1/3)ς2)+G(v)v2 

dM0,2

dt
= −

∂(uj̅M0,2)
∂xj

+
∂

∂xj
(Ds

∂M0,2

∂xj
) +

Bc

2
(ϑ1+ϕ v0

(f-1/3)ϑ2)+G(v) 

 

 

 

 

 

 

 

(19) 

where 214 

ξ1 = 2M0,0M0,0+Mf,0M-f,0 + M-f,0Mf,0 

ξ2 = M0,0M-f,0 +Mf,0 M-2f,0 + Mf,0 M-2f,0 + M0,0M-f,0 

η1 = 2M0,1/2M0,1/2+Mf,1/2M-f,1/2 + M-f,1/2Mf,1/2 − 4M0,1M0,0 − 2M-f,1M0,f 

η2 = M-f,1/2M0,1/2+Mf,1/2M-2f,1/2+M-2f,1/2Mf,1/2+M0,1/2M-f,1/2 − 2M-f,1M0,0 − 4Mf,1M-2f,0 

−2M-f,1M0,0  
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ζ1 = 4M1,1/2M0,1/2+2M1-f,1/2Mf,1/2+2M1+f,1/2M-f,1/2 − 4M1,1M0,0 − 2M1-f,1M0,0 − 2M1+f,1M-f,0 

ζ2=2M1-f,1/2M0,1/2+2M1-2f,1/2Mf,1/2+2M1+f,1/2M-2f,1/2+2M1,1/2M-f,1/2 − 2M1-f,1M0,0 

−2M1-2f,1Mf,0 − 2M1+f,1M-2f,0 − 2M1,1M-f,0  

ς1 = 4M1,0M1,0+4M1-f,0M1+f,0 

ς2 = 4M1-f,0M1,0+4M1-2f,0M1+f,0 

ϑ1 = 2M0,1M0,1+2Mf,1M-f,1 − 4M0,2M0,0 − 2M-f,2Mf,0 − 2Mf,2M-f,0 

ϑ2 = 2M-f,1M0,1+2Mf,1M-2f,1 − 2M-f,2M0,0 − 2M-2f,2Mf,0 − 2Mf,2M-2f,0 − 2M0,2M-f,0 

 

 

 

 

 

 

(20) 

It can be seen that there are still fractional-order moments in Eq. (20). In order to achieved moment 215 

equations closure, substituting Eq. (18) into Eq. (20), the fractional-order moments can be expressed in 216 

terms of the six base moments (i.e., M0,0, M1,0, M0,1, M1,1, M2,0, M0,2). Take the fractional-order moment, Mf,0 217 

for an example, let k = f, l = 0, then Mf,0 can be expressed as, 218 

Mf,0  = ( 2+f2-3f
2

)vm
fM0,0+(2f-f 2) vm

f-1M1,0+( f 2-f
2

)vm
f-1M2,0 (21) 

All the other fractional-order moments can also be expressed with the six base moments. Now, the only 219 

unclosed terms in Eq. (16) are the term G(v), which accounts for nucleation and surface growth. For the 220 

homogeneous nucleation process, the nucleation rate in Eq. (10) takes the nucleation rate [59], which 221 

accounts for the fractal-like soot particle nucleation process. For the surface growth rate in Eq. (11), it can 222 

be determined by using the combustion and soot surface reaction mechanism [60]. Therefore, Eq. (19) is 223 

now automatically closed without any priori assumption for PSD.  224 

In order to reduce the numerical uncertainty caused by the huge difference in values of traced moments, 225 

a non-dimensionalization method [7] is used. The moment Mk,l and the reaction rate due to nucleation and 226 

surface growth are non-dimensionalized as follows, 227 

M *k,l =
Mk,l

Nrv0
kDr

l 
(22) 

G*(v,φ) =
G(v,φ)

Nr/τ
 

(23) 
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where Nr is the reference soot particle number density which is a typical flame soot number density of 11013 228 

#/cm3 used in [58]. v0 is the volume of primary particles, Dr  is the reference fractal dimension [8,58]. τ is 229 

the dimensionless time scale. For the free molecule regime coagulation and transition regime coagulation, 230 

the transformed moment equations accounting for coagulation and other dynamic processes and transport 231 

terms of fractal aggregates can be derived in a similar way to the above derivation process. 232 

2.5.  Simulation setup 233 

A similar cylindrical combustor with radius of 0.225 m and length of 2 m shown in Fig. 1(a) [29] is 234 

used in the present study. A nozzle with diameter, d of 0.01 m and length of 0.01 m is located at the center 235 

of the cylindrical combustor. Three partitions with height of 0.05 m and thickness of 0.0005 m are evenly 236 

mounted in the axial direction inside the cylindrical aerosol reactor in order to enhance mixing process. Grid 237 

independence is tested by performing several different sets of grid meshes (i.e., 160×40, 160×50, 160×60, 238 

150×60). The relative errors among these mesh systems were less than 1%. The grid meshes with 160×50 239 

could satisfy the requirements of present study when considering both computational accuracy and 240 

efficiency. Due to the axisymmertrical configuration of the studied cylindrical combustor, a two-241 

dimensional axisymmetric unstructured grid mesh 160×50 shown in Fig. 1(b) is used in the present study. 242 

The grid near the nozzle zone and internals is refined. The jet Reynolds number at the nozzle exit, Rej is 243 

varied from 14,400 to 36,000 by increasing jet velocity of ethylene-oxygen binary mixture from 24 m/s to 244 

60 m/s, respectively. The fuel to oxidant equivalence ratio,   is defined as, 245 

  = 
Q̇fuel/Q̇ox

(Q̇fuel/Q̇ox)
stoich

 

 
(24) 

where Q̇fuel, Q̇ox are the volume flow rates of fuel (i.e., ethylene in the present study) and oxidant, ox (i.e., 246 

oxygen, O2), respectively. The subscript, stoich means the stoichiometric ratio of the combustion reaction 247 

between fuel and the oxidant. In the present study,  are used from 1.5 to 2.0. 248 

 249 

Fig. 1.    Schematic configuration of the cylindrical combustor [29]: (a) three-dimensional combustor; (b) 250 
two-dimensional axisymmetric grid mesh.  251 

 252 
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2.6.  Model validation 253 

In the present study, the newly developed Bivariate TEMOM (Biv-TEMOM) model scheme is first 254 

used to study the coagulation and sintering processes of titanium dioxide aggregates. The initial conditions 255 

of the simulated case are shown in Table 1 [61]. The numerical simulation results obtained by the Biv-256 

TEMOM model scheme are compared with the results obtained by our recently developed stochastically 257 

weighted operator splitting Monte Carlo (SWOSMC) method in Liu et al. [4] and the moving sectional 258 

method (MSM) developed by Tsantilis et al. [33]. Fig. 2 shows the numerical simulation results of aggregate 259 

coagulation and sintering processes under different residence times and temperatures. Fig. 2a shows the 260 

variation of the non-dimensional total aggregate particle number density, N/N0 with residence time. The 261 

total aggregate number density is non-dimensionalized by the initial aggregate particle number density. With 262 

the increase of residence time, the total number density of aggregate particle decreases due to coagulation 263 

process for both temperatures. However, the total number density decreases faster for T = 1073K than that 264 

for T=1273K. This is because the collision cross sections of aggregates are reduced due to the sintering at 265 

high temperature [61]. Excellent agreement is found between the present numerical simulation results and 266 

Tsantilis et al. [33]. The mean diameter of primary particles, dp is shown in Fig. 2b. As both coagulation and 267 

sintering results in the increase of particle size, the mean diameter of primary particles increases with 268 

residence time as well as reaction temperature. The numerical simulation results of mean primary particle 269 

diameter obtained by the Biv-TEMOM model scheme also agrees well with the numerical simulation results 270 

obtained by Liu et al. [4] and Tsantilis et al. [33]. Fig. 2c shows the variation of mean number of primary 271 

particles per aggregate, np with the residence time and temperature, respectively. With the increase of 272 

residence time, the mean number of primary particles per aggregate increases resulting from coagulation 273 

process. The mean number of primary particles per aggregate is significantly higher at T = 1073K than that 274 

at T = 1273K, which indicates that the degree of aggregation is higher when sintering rate is lower. The 275 

numerical simulation results are also consistent with the conclusion drawn by Kruis et al. [61] and Tsantilis 276 

et al. [33]. The results in Fig. 2 provides a preliminary and an excellent numerical validation for this 277 

developed Biv-TEMOM model. 278 

Table 1    Initial conditions for model validation [61]. 279 
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Fig. 2.    Model validation with the stochastically weighted operator splitting Monte Carlo (SWOSMC) 280 
method [4] and the moving sectional method (MSM) [33]: (a) non-dimensional total number density of 281 
aggregate particles; (b) mean diameter of primary particles; and (c) mean number of primary particles per 282 
aggregate. 283 

 284 

3.  Results and discussion 285 

 This developed Bivariate TEMOM is further coupled with LES to simulate fractal-like soot aggregate 286 

dynamics in combustion flame of ethylene-oxygen and investigate the impact of equivalence ratio and inlet 287 

flow Reynolds number, Rej. The simulated cases are listed in Table 2.  288 

Table 2    Simulated cases of turbulent ethylene-oxygen flame. 289 

3.1.  The effect of different equivalence ratios () 290 

In order to study the soot aggregate dynamics in a high turbulent combustion flow, a typical Rej = 291 

36,000 (i.e., the nozzle exit velocity = 60 m/s) in turbulent ethylene combustion flow [62] is used for 292 

different  in the present study. The effect of different Rej on soot aggregate dynamics can be referred to 293 

Section 3.2. Fig. 3 shows the distributions of total volume fraction of soot aggregates along the axial distance 294 

for different equivalence ratios,  at Rej = 36,000. With the increase of , more soot nucleus are generated, 295 

thus the total volume fraction of soot aggregates increases significantly. It can also be found that soot 296 

aggregates mainly concentrate in the middle of the combustor. This may be explained by the rates of soot 297 

coagulation and nucleation distributions shown in Figs. 4 and 5, which also observe the highest values at 298 

the near middle region of the combustor. The large number of soot nucleus and particles concentrating in 299 

this region therefore leads to increasing total volume fraction. Figs 4 also shows that soot coagulation rate 300 

is not sensitive to  in these specific cases. Although the increasing  results in the increase of total soot 301 

volume fraction, the order of magnitude of total soot volume fraction is too small (1×10−7 m3/m3) to cause 302 

any significant impact on coagulation process. In addition, coagulation and nucleation rates are also found 303 

the similar distributions as shown in Figs. 4 and 5 in the combustor. This may be because the formation and 304 
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distribution of soot particles are greatly affected by the fluid phase of gaseous mixture as the inlet jet velocity 305 

is as high as 60 m/s when Rej is 36,000. 306 

Fig. 3.  The total soot volume fraction (m3/m3) distributions along the axial distance (m) at Rej = 36,000. 307 

Fig. 4.  The soot coagulation rate (1018 #/m3/s) distributions along the axial distance (m) at Rej = 36,000. 308 

Fig. 5.   The soot nucleation rate (1018 #/m3/s) distributions along the axial distance (m) at Rej = 36,000. 309 

  310 

Fig. 6 shows that the distributions of surface growth rate of soot particles along the axial distance increases 311 

with increasing equivalence ratios,  at Rej = 36,000. Moreover, similar distributions can be found between 312 

Fig. 3 and Fig. 6, i.e. both the soot particles and surface growth reaction concentrate at the middle region of 313 

the combustor. This indicates that the surface growth rate is highly related to the total soot volume fraction. 314 

In fact, as more soot nucleus are generated at larger , they provide more surface and reaction sites available 315 

for surface growth process in Eq. (11). Therefore, the surface growth rate increases significantly with 316 

increasing .  Fig. 7(a) shows the flame temperature distributions along the axial distance for different 317 

equivalence ratios,  at Rej = 36,000. With the increase of , flame temperature increases as more heat is 318 

released from the combustion reaction. The flame temperatures along the axial distance (m) at radial distance, 319 

y = 0.05 m are shown in Fig. 7(b). On the other hand, Fig. 7(b) shows that more obvious effect of  on flame 320 

temperature distributions can be observed in the near-entrance and near-exit regions of the combustor. Flame 321 

temperature distributions are more uniform in the core region of the flame jet. This may be because the 322 

combustion flow is fully developed in the core region of the flame jet. In Fig. 7, the flame temperature 323 

distribution profiles are also consistent with the fractal-like soot aggregate dynamics as shown in Figs. 4 to 324 

6. As the combustion takes place between ethylene and oxygen, heat is released from the combustion 325 

reaction along the axial jet flame flow direction of combustor. Therefore, flame temperature increases 326 

significantly within the potential core of jet flame. The thermal boundary layer is effectively suppressed by 327 

the internal partitions mounted inside the combustor, which is demonstrated by the flame temperature 328 

distributions at the near-middle region of the combustor. 329 
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Fig. 6.   The soot surface growth rate (kg/m3/s) distributions along the axial distance (m) at Rej = 36,000. 330 

Fig. 7.  The effect of equivalence ratio,  on flame temperature (K) at Rej= 36,000: (a) flame temperature 331 

distributions and (b) flame temperatures along the axial distance (m) at radial distance, y = 0.05 m. 332 

Fig. 8 shows the normalized particle size distributions (PSDs) for different  and L/d  at Rej = 36,000, where 333 

L/d is the ratio of the horizontal distance from the nozzle exit, L to the nozzle diameter, d. As shown in Fig. 334 

8(a), the PSDs of soot aggregates vary significantly for different L/d ratios when  = 1.5 and L/d, where L/d 335 

is the ratio of the axial distance from the nozzle exit, L to nozzle diameter, d. With the increase of L/d, the mean 336 

diameter of soot aggregate increases while the number density decreases due to coagulation process along 337 

the jet flow direction of combustor. With  increasing from 1.5 to 1.6, the mean diameter of soot aggregate 338 

at L/d = 110 increases slightly from 210 nm to 225 nm. When  increases from 1.6 to 2.0, the mean diameter 339 

of soot aggregates further increases to almost 300 nm. However, the difference among the PSDs for different 340 

L/d ratios decreases significantly when  reaches at 1.8 or above. This may be because the axial jet mixing 341 

flow at high  is enhanced, which reduces the difference of PSD for different L/d ratios. Fig. 9 shows the 342 

evolution of normalized soot aggregate fractal dimension distributions (FDDs) for different . As  increases 343 

from 1.5 to 2.0, the mean fractal dimension of soot aggregates decreases significantly while the number 344 

density increases. This implies that aggregation that forms the fractal-like soot aggregates is enhanced as  345 

increases. In the present study, the asymptotic fractal dimension, Dc resulting from the coagulation between 346 

aggregate particles is set as 1.8 for Fig. 9 according to the numerical study on coagulation-dominant fractal 347 

particle dynamics in [21]. Since the coagulation and surface growth processes are not very significant (as 348 

shown in Figs. 4 and 6) in the present study, the fractal dimensions of a large number of newly formed soot 349 

nucleus are hardly varied by coagulation and surface growth processes. Therefore, the large number of soot 350 

nucleus with homogeneous size can be considered as monomers. With the increase of equivalence ratio from 351 

1.5 to 2.0, the total volume fraction of soot particles significantly increases as shown in Fig. 3 which leads 352 

to the increase of total soot number density. The increase of total soot number density provides an increasing 353 

number of soot nucleus. According to the discussion of results obtained in [21], if more soot particle nucleus 354 

is introduced, the fractal dimension distribution (FDD) will be narrower and higher because soot particles 355 

are likely to reach the asymptotic distribution. The results obtained in the present study is also consistent 356 
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with those obtained in [21]. The polydispersity of fractional dimension of soot aggregates also decreases 357 

with increasing  which are reflected by the higher and narrower shape of FDD. 358 

Fig. 8.   The normalized particle size distributions of soot aggregates for different   and L/d at Rej = 36,000. 359 

 360 
Fig. 9.   The normalized fractal dimension distributions of soot aggregates for different  at Rej = 36,000.  361 

 362 

3.2.  The effect of different jet Reynolds numbers (Rej) 363 

Fig. 10 shows the total volume fractions of soot aggregates along the axial distance for different Rej at 364 

  = 1.5 which is a very typical equivalence ratio in ethylene-oxygen combustion and the results in Figs. 3 365 

to 8 also show that the most significant difference of PSD appears at   = 1.5. As Rej increases, the total 366 

volume of soot aggregates decreases rapidly. This is because the residence time in the combustor is reduced 367 

due to increasing jet velocity. Therefore, less soot nucleus is formed with increasing Rej. It can also be found 368 

that the soot aggregates concentrate at near the middle region of the combustor, which is similar to the 369 

results shown in Fig. 3. Fig. 11 shows the soot coagulation rate is not sensitive to the increase of Rej. It may 370 

be because of the total volume fraction of soot aggregates is still so small (110−6 m3/m3) as shown in Fig. 371 

10 that coagulation events is not a dominant process. In Fig. 12, the soot nucleation rate, however, increases 372 

significantly with the increase of Rej. According to our previous study of simultaneous coagulation and 373 

nucleation in turbulent flows [29], the higher Rej may cause the delay of turbulent mixing so that nucleation 374 

becomes the dominant process in the potential core of the jet flow. Moreover, similar distribution profiles 375 

along the axial distance can also be found in Figs. 11 and 12, which suggests that coagulation and nucleation 376 

processes are basically controlled by fluid phase of gaseous mixture at high jet velocity.  377 

Fig. 10.   The total soot volume fraction (m3/m3) distributions along the axial distance (m) at  = 1.5. 378 

 379 
Fig. 11.  The soot coagulation rate (1018 #/m3/s) distributions along the axial distance (m) at  = 1.5. 380 

Fig. 12.  The soot nucleation rate (1018  #/m3/s) distributions along the axial distance (m) at  = 1.5. 381 

 382 
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 Fig. 13 shows the distributions of surface growth rate along the axial distance for different Rej at   = 1.5. 383 

With the increase of Rej, the soot surface growth rate decreases rapidly. This is also because of the decreasing 384 

residence time in the combustor, which provides less surface sites and reaction sites available as well as less 385 

reaction time for the surface growth process. In Fig. 13, the soot surface growth process reaches the highest 386 

rate at near the middle region of combustor. Compared with the results in Fig. 10, it can be found that soot 387 

surface growth rate is highly dependent on total soot volume fraction distribution, which is consistent with 388 

the results shown in Figs. 3 and 6. Fig. 14 shows that with the increase of Rej, the jet potential core increases 389 

greatly, which account for the increasing soot nucleation rate as shown in Fig. 12. The increasing flame 390 

velocity also results in shorter residence time within the combustor. It is also noteworthy that the flame 391 

velocity distribution shows obvious a two-dimensional stratification between the first and third partitions 392 

mounted inside the combustor. The velocity stratification is consistent with the stratification of coagulation, 393 

nucleation and surface growth rates as shown in Figs. 11 to 13. 394 

Fig. 13.   The soot surface growth rate (kg/m3/s) distributions along the axial distance (m) at  = 1.5. 395 

Fig. 14.   The flame jet velocity (m/s) distributions along the axial distance (m) at  = 1.5. 396 

 397 

 Fig. 15 shows the variations of normalized particle size distributions (PSDs) of soot aggregates for 398 

different Rej. As nucleation becomes a dominant process with the increase of Rej from 14,400 to 36,000, the 399 

mean soot diameter decreases significantly from 250 nm to 150 nm at L/d = 100. Meanwhile, the normalized 400 

number density increases from 0.5 to 1.3 at L/d = 100 when Rej increase from 14,400 to 36,000. Similar the 401 

variations of PSD can also be found for other L/d ratios with the increase of Rej. As mentioned above, the 402 

increasing Rej results in increasing jet velocity stratification, which in turn causes PSD stratification 403 

phenomenon for different L/d ratios. Therefore, the variations of PSD for different L/d ratios in Fig. 15 differ 404 

greatly from each other. Fig. 16 shows the variations of FDD for different Rej. With the increase of Rej, the 405 

residence time within the combustor significantly decreases so that the aggregation process that forms 406 

fractal-like aggregates is weakened. Therefore, the mean fractal dimension increases with Rej. The 407 

polydispersity of fractional dimension of soot aggregates, however, increases with  which is reflected by 408 

the lower but wider shape of FDD. The effect of jet Reynolds numbers, Rej on the flame temperature 409 
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distributions and flame temperatures along the axial distance are shown in Figs. 17(a) and (b), respectively. 410 

Fig. 17(a) shows the flame temperature distributions decrease with increasing Rej in the near-nozzle region 411 

along the axial distance of jet flame from 0 to 1 m. This is because the jet velocity of the unburnt gas mixtures 412 

(ethylene-oxygen) is high at the exit of the nozzle. Fig. 17(b) shows that more obvious effect of Rej on the 413 

flame temperatures can be observed at the near-nozzle region along the axial distance of jet flame from 0 to 414 

1.0 m. The large amount of unburnt gas mixtures and the high jet velocity have the cooling effect at the 415 

near-nozzle region. With the increasing axial distance of jet flame to larger than 1.0 m, the flame temperature 416 

is dominated by the heat released from the combustion reaction. When  is fixed, combustion reaction is not 417 

significantly affected by the highly turbulent combustion flow in the present study. Flame temperature 418 

distribution is only slightly affected by increasing Rej. Therefore, the flame temperature distribution is hardly 419 

varied in the second half of the combustor (i.e., the axial distance of jet flame which is larger than 1.0 m). 420 

Fig. 15.   The normalized particle size distributions of soot aggregates for different Rej at   = 1.5. 421 

Fig. 16.  The normalized fractal dimension distributions of soot aggregates for different Rej at   = 1.5. 422 

Fig. 17.  The effect of jet Reynolds number, Rej on flame temperature (K) at  = 1.5: (a) flame temperature 423 
distributions and (b) flame temperatures along the axial distance (m) at radial distance, y = 0.05 m.  424 
 425 

 426 
 427 

4.  Conclusions 428 

 A coupled LES-Bivariate TEMOM model scheme is newly developed to simulate fractal-like soot 429 

aggregate dynamics in turbulent ethylene-oxygen combustion flows. This newly developed novel model 430 

scheme is fully validated with our recently developed stochastically weighted operator splitting Monte Carlo 431 

(SWOSMC) method in Liu et al. [4] and the moving sectional method (MSM) in Tsantilis et al.  [33] with 432 

excellent agreement. This novel model scheme is then used to capture simultaneously the distributions of 433 

soot particle size and fractal dimension in turbulent combustion flows under the effects of equivalence ratio, 434 

 and jet Reynolds number, Rej. The main conclusions in the present study are as follows: 435 

1. The results show the distinctly different effects of equivalence ratio and jet Reynolds number, Rej on 436 

particle size distributions (PSDs) and fractal dimension distributions (FDDs) of soot particles. The 437 
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increase of equivalence ratio (), results in more uniform PSDs along the centerline of jet flame flow 438 

but narrower and higher fractal dimension distributions (FDDs) of soot particles. However, the increase 439 

of Rej results in higher and broader PSDs but broader and lower FDDs. 440 

2. The results reveal that both coagulation and nucleation rates have similar distribution patterns in heavily 441 

sooting and highly turbulent combustion flames. Similar distribution patterns can also be observed for 442 

the soot surface growth rate and total volume fraction of soot particles.  443 

3. These results show that the mixing of soot precursors and soot particles becomes the dominant factor in 444 

the present highly turbulent combustion flows generated from the nozzle exit. These new findings 445 

provide new insight into the soot aggregate dynamics in heavily sooting flames and highly turbulent 446 

combustion flows.  447 

4. These results demonstrate that this newly developed novel Bivariate TEMOM model scheme is capable 448 

of solving bivariate population balance equation (PBE) with high robustness. It can provide a deeper 449 

insight into the formation and evolution mechanisms of fractal-like soot aggregates in turbulent 450 

ethylene-oxygen flame. 451 
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 634 

Fig. 1.  Schematic configuration of the cylindrical combustor [29]: (a) Three-dimensional combustor; (b) 635 

two-dimensional axisymmetric grid mesh. 636 
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Fig. 2.  Bivariate Taylor expansion method of moments (Biv-TEMOM) model validation with the 649 

stochastically weighted operator splitting Monte Carlo (SWOSMC) method [4] and the moving sectional 650 

method (MSM) [33]: (a) non-dimensional total number density of aggregate particles; (b) mean diameter 651 

of primary particles; and (c) mean number of primary particles per aggregate. 652 
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 654 
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(a)  =1.5  

 
(b)  =1.6 

 
(c)  =1.8 

 
(d)  =2.0 

 
 655 

Fig. 3.  The total soot volume fraction (m3/m3) distributions along the axial distance (m) at Rej = 36,000. 656 
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(a)  =1.5 

 
(b)  =1.6 

 
(c)  =1.8 

 
(d)  =2.0 

 
Fig. 4.  The soot coagulation rate (1018  #/m3/s) distributions along the axial distance (m) at Rej = 36,000. 661 
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(a)  =1.5 
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 667 

Fig. 5.  The soot nucleation rate (1018 #/m3/s) distributions along the axial distance (m) at Rej = 36,000. 668 
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(a)  =1.5 

 
(b)  = 1.6 

 
(c)  = 1.8 

 
(d)  = 2.0 

 
 673 

Fig. 6.  The soot surface growth rate (kg/m3/s) distributions along the axial distance (m) at Rej = 36,000. 674 
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 679 

 680 

Fig. 7.  The effect of equivalence ratio,  on flame temperature (K) at Rej= 36,000: (a) flame temperature 681 

distributions and (b) flame temperatures along the axial distance (m) at radial distance,    y = 0.05 m. 682 

 683 

 684 

 685 

 686 

 687 

 688 

 689 

 690 

 691 

 692 

 693 

 694 

 695 

 696 



33 
 

(a)   = 1.5 (b)   = 1.6 

  

(c)  = 1.8 (d)  = 2.0 

  
 697 

Fig. 8.  The normalized particle size distributions of soot aggregates for different equivalence ratios,  and 698 

L/d at Rej = 36,000. 699 
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 712 

Fig. 9.  The normalized fractal dimension distributions of soot aggregates for different equivalence ratios, 713 

 at Rej = 36,000.  714 
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 (a) Rej =14,400 

 
(b) Rej =21,600 

 
(c) Rej =28,800 

 
(d) Rej =36,000 

 
 731 

Fig. 10.  The total soot volume fraction (m3/m3) distributions along the axial distance (m) at      = 1.5. 732 
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(a) Rej =14,400 

 
(b) Rej =21,600 

 
(c) Rej =28,800 

 
(d) Rej =36,000 

 
  737 

Fig. 11.  The soot coagulation rate (1018 #/m3/s) distributions along the axial distance (m) at  = 1.5. 738 
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 (a) Rej =14,400 

 
(b) Rej =21,600 

 
(c) Rej =28,800 

 
(d) Rej =36,000 

 
 743 

Fig. 12.  The soot nucleation rate (1018  #/m3/s) distributions along the axial distance (m) at  = 1.5. 744 

 745 

 746 

 747 

 748 



38 
 

 
 (a) Rej =14,400 

 
(b) Rej =21,600 

 
(c) Rej =28,800 

 
(d) Rej =36,000 

 
 749 

Fig. 13.  The soot surface growth rate (kg/m3/s) distributions along the axial distance (m) at     = 1.5. 750 
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(a) Rej =14,400 

 
(b) Rej =21,600 

 
(c) Rej =28,800 

 
(d) Rej =36,000 

 
 755 

Fig. 14.  The flame jet velocity (m/s) distributions along the axial distance (m) at  = 1.5. 756 
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(a) Rej =14,400 (b) Rej =21,600 

  
(c) Rej =28,800 (d) Rej =36,000 

  
 761 

Fig. 15.  The normalized particle size distributions of soot aggregates for different Rej at  = 1.5. 762 
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 774 

Fig. 16.  The normalized fractal dimension distributions of soot aggregates for different Rej at  = 1.5. 775 
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 791 

 792 

Fig. 17.  The effect of jet Reynolds number, Rej on flame temperature (K) at  = 1.5: (a) flame temperature 793 

distributions (m) and (b) flame temperatures along the axial distance (m) at radial distance, y = 0.05 m.  794 
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List of Tables 823 

 824 

 825 

Table. 1.  Initial conditions for the numerical model validation [61]. 826 

Parameters Values 
Initial particle number concentration 3.62121027 #/m3 
Initial particle diameter 3.368910-10 m 
Primary particle density 2.331027 kg/m3 
Pressure 101.325 kPa 
Fractal dimension of aggregate 1.8 
Flame temperatures 1073K and 1273K 

 827 

 828 

 829 

Table. 2.  Simulated cases of the turbulent ethylene-oxygen flame. 830 

Cases Inlet jet flow velocity 
(m/s) 

Jet Reynolds number, Rej Equivalence ratio,  

1 60 36,000 1.5 
2 60 36,000 1.6 
3 60 36,000 1.8 
4 60 36,000 2.0 
5 24 14,400 1.5 
6 36 21,600 1.5 
7 48 28,800 1.5 

 831 




