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Abstract 25 

Prevailing fatigue damage evaluation approaches that make use of the acoustic nonlinearity 26 

of guided ultrasonic waves (GUWs) are sustained by simplified models, most of which 27 

depict three-dimensional (3-D) fatigue damage in a two-dimensional (2-D) domain [1]. Such 28 

approximation risks the evaluation accuracy. With such motivation, this study aspires to a 29 

new, two-step modeling framework, aimed at accurately characterizing and continuously 30 

monitoring fatigue damage, from its embryonic initiation, through progressive growth to 31 

formation of macroscopic crack. In the first step, a 3-D, analytical model based on the theory 32 

of elastodynamics sheds light on the generation of contact acoustic nonlinearity in GUWs 33 

under the modulation of ‘breathing’ behavior of a non-penetrating fatigue crack, on which 34 

basis a crack-area-dependent nonlinear damage index is yielded. In the second step, a 3-D 35 

fatigue crack growth model predicts the continuous growth of the identified fatigue crack in 36 

the length and depth along crack front. The framework is validated using numerical 37 

simulation, followed with experiment, in both of which the initiation and progressive growth 38 

of a real corner fatigue crack is monitored, with continuous prediction of the crack growth 39 

in length and depth. Results have demonstrated the accuracy and precision of the developed 40 

modeling framework for characterizing embryonic fatigue damage. 41 

 42 

Keywords: fatigue crack; non-penetrating crack; structural health monitoring; contact 43 

acoustic nonlinearity; crack growth 44 

45 
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1. Introduction 46 

Fatigue damage in critical structural components (e.g., fastener holes, bolted joints) is liable 47 

for numerous catastrophic accidents of land infrastructure, transportation vehicles, and 48 

offshore construction. Early awareness of fatigue damage, in particular the embryonic 49 

fatigue cracks, and monitoring of the progressive growth on a regular or even continuous 50 

basis are significant yet challenging. Intensive effort over the years has led to diverse 51 

evaluation techniques readily available, residing on various mechanisms and principles, 52 

which broadly embrace those using acoustic emission [2-4], guided ultrasonic waves 53 

(GUWs) [5-8], radiography [9-11], thermographic inspection [12-14], electromagnetic 54 

technique [15-17] and eddy current [18-20] to name a few. Amongst them, the GUW-based 55 

approaches outperform many others, in virtue of the superb merits that the approaches can 56 

offer, including long-range gauging capacity, high sensitivity to damage in small scale, and 57 

cost-effectiveness in implementation. The principle of GUW-based evaluation lies in the 58 

premise that the propagation attributes of a probing GUW, upon interaction with fatigue 59 

damage, are modulated and altered to some extent, and the interaction triggers specific and 60 

unique wave scattering phenomena such as wave reflection, transmission, mode conversion, 61 

wave energy shift and higher-order harmonics generation; inversely, fatigue damage can be 62 

evaluated, via appropriate models and algorithms, by scrutinizing these changes in wave 63 

attributes. 64 

 65 

Both linear and nonlinear attributes of GUWs have been exploited extensively to 66 

accommodate the need of damage characterization. The linear features that are frequently 67 

used include the delay in time-of-flight (ToF) [21, 22], degree of energy dissipation [23, 24], 68 

mode conversion [25-27], reflection and transmission coefficients of damage-scattered 69 

wavefields [28-30]. The use of linear attributes shows particular effectiveness when the 70 



4 

characteristic dimensions of damage to be detected are comparable to the wavelength of a 71 

probing GUW – a scale at which the damage might have already evolved to a macroscopic 72 

degree and sufficed to incur fatal structural failure. However, as envisaged, majority of the 73 

fatigue life of a crack remains within a timeframe, during which the crack progresses at a 74 

microscopic scale, prior to the formation of macroscopic damage. Both numerical and 75 

experimental studies [31, 32] reveal that the duration for a fatigue crack to evolve from its 76 

initiation through growth to the formation of a visible crack takes ~80% - 90% of its entire 77 

fatigue life. Owing to this, the detectability of the evaluation approaches using linear 78 

attributes of GUWs, towards embryonic fatigue damage, is often challenged. 79 

 80 

In contrast to linear features, the nonlinear properties of GUWs exhibit higher sensitivity to 81 

microscopic damage, and the detectability is not restricted by the wavelength of the probing 82 

GUW [33-36]. This makes the excitation of a probing GUW at a high frequency is not of 83 

necessity. Approaches in this category are typified by those exploiting higher-order 84 

harmonics [37-39], sub-harmonics [40-42], mixed frequency responses [34, 43] and shift in 85 

resonance frequency [44]. Representatively, Ramahi et al. [45] developed a complementary 86 

split-ring resonator (CSRR) to assess sub-millimetre fatigue damage, based on the premise 87 

that damage, if any, perturbs the electromagnetic field around CSRR, and consequently 88 

results in the shift in resonance frequency. Sohn et al. [46] proposed a nonlinear ultrasonic 89 

modulation method by calibrating the sideband components captured in spectra under a 90 

mixed input of low-frequency and high-frequency GUWs, whereby to evaluate the length of 91 

a through-thickness fatigue crack. Qu et al. [47] explored nonlinear Rayleigh surface waves, 92 

for characterizing stress corrosion cracking (SCC) damage in carbon steel, and discovered 93 

phenomenal increase in the measured contact acoustic nonlinearity (CAN) during the early 94 

stage of SCC. Jacobs et al. [48] proposed a nonlinear ultrasonic technique based on the 95 
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second harmonic generation (SHG) of surface waves, with which microstructural change 96 

and occurrence of microcracks in heterogeneous cement-based materials can be detected. 97 

Shen and Giurgiutiu [49] studied the generation of higher-order harmonics of Lamb waves 98 

using finite element simulation and established a baseline-free damage index to assess the 99 

presence and the severity of cracks. Lee et al. [50] utilized the SHG approach to identify 100 

fatigue cracks in steel joint and the digital image correlation (DIC) technique was 101 

implemented to demonstrate the effectiveness of the method for identification of fatigue 102 

crack initiation and growth in joint type structures. Guan et al. [51] elaborated the 103 

fundamental difference in fatigue crack detection using nonlinear guided waves between 104 

plate and pipe structures and found that unlike the plate scenario using nonlinear guided 105 

waves, the second harmonic wave generated by the ‘breathing’ behavior of crack in a pipe 106 

had multiple wave modes. A proper damage index which considered all generated wave 107 

modes was proposed to quantify the acoustic nonlinearity, facilitating the identification of 108 

microscale damage and assessment of the severity of the damage in pipe structures. Earlier, 109 

the authors of this study also proposed an analytical model [1, 52], based on the modal 110 

decomposition and a variational principle, and proved its effectiveness in capturing CAN 111 

generated by a ‘breathing’ crack and depicting the fatigue crack-disturbed wavefields in both 112 

2-D and 3-D waveguides. A nonlinear damage index derived from that analytical model 113 

linked the magnitude of generated second order harmonics to that of the fundamental GUWs, 114 

which was validated by evaluating a through-thickness fatigue crack in an aluminium 115 

waveguide [1, 53]. Nevertheless, the model, by simplifying a real fatigue crack as a 2-D, 116 

through-thickness crack in the waveguide, may present inferior accuracy when the fatigue 117 

crack is in its early stage with a non-penetrating pattern. 118 

 119 
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In majority of the existing work making use of the nonlinearity of GUWs for evaluating 120 

small-scale cracks, the crack is approximated to be through the thickness of the waveguide 121 

– sort of simplification of a real fatigue crack from its three-dimensional (3-D) reality to 122 

two-dimensional (2-D) hypothesis, regardless of the fact that a fatigue crack in its embryonic 123 

stage is of a non-penetrating manner, as typified by the semi-elliptical surface cracks and 124 

quarter-elliptical corner cracks, in Fig. 1. As the non-penetrating stage constitutes the 125 

majority of the crack fatigue life [32, 54], such simplification makes evaluation results 126 

debatable. Addressing the significance of characterizing and monitoring 3-D, non-127 

penetrating fatigue cracks, Masserey and Fromme [55-57] used an energy-ratio-based 128 

method in conjunction with high-frequency ultrasonic waves, to detect a quarter-elliptical 129 

corner crack emanating from a fastener hole with an area less than 0.8 mm2 (equivalent to a 130 

cracking area with ~1 mm in length and in depth, respectively), and monitor its growth. A 131 

drop in the energy of the ultrasonic pulse amid the crack growth was observed. 132 

 133 

 134 

Figure 1. Typical 3-D, non-penetrating fatigue cracks: (a) a semi-elliptical surface crack [58]; and (b) a 135 

quarter-elliptical corner crack. 136 

 137 
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Motivated by this, a two-step fatigue damage modeling framework is developed in this study, 138 

aimed at quantitative characterization of both the length and depth of a non-penetrating 139 

fatigue crack through its fatigue life. In the first step, a 3-D, analytical model based on the 140 

theory of elastodynamics is proposed, for analytically elucidating the generation of CAN in 141 

the probing GUW under the modulation of ‘breathing’ behavior of a non-penetrating fatigue 142 

crack. The model yields a crack-area-dependent nonlinear damage index, with which the 143 

non-penetrating crack surface area is estimated. In the second step, a 3-D fatigue crack 144 

growth model, originated from the fatigue crack growth theory, predicts the shape evolution 145 

of the identified crack along its length and depth. A proof-of-concept experiment is 146 

performed, in which a real, non-penetrating corner crack, initiated from a fastener hole is 147 

continuously monitored, with quantitative prediction of crack progress in both length and 148 

depth. Predicted results using the modeling framework are compared against those obtained 149 

from numerical simulation and experiment. The key originality of this study lies in 150 

substantial and significant extension of an analytical model, for interpreting the interaction 151 

between GUWs and ‘breathing’ crack proposed by the authors in earlier studies [1, 52] which 152 

simplify the fatigue crack in a 2-D domain. It aspires to break through the 2-D limitation of 153 

the modeling and expand the theoretical framework to a 3-D regime, whereby to accurately 154 

and quantitatively describe a real fatigue crack through its entire fatigue life. 155 

 156 

2. Two-step Modeling Framework 157 

The proposed modeling framework features an online phase and an offline phase. In a 158 

nutshell, a nonlinear damage index is to be developed in the online phase, by capturing and 159 

quantifying SHG, upon the interaction of a probing GUW with the non-penetrating crack, 160 

on which basis the surface area of the non-penetrating crack can be estimated; in the offline 161 

phase, further evolution of the estimated crack surface is to be predicted via a 3-D fatigue 162 
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crack growth model, and outputs of the offline phase are the continuous depiction of the 163 

crack shape, and a quantitative correlation between the length and depth of the crack during 164 

its growth. Figure 2 recaps this proposed two-step framework. 165 

 166 

 167 

Figure 2. Flowchart of the proposed two-step modeling framework (left column showing the online 168 

phase to estimate crack surface area using nonlinear ultrasonic testing; right column showing the offline 169 

phase to predict the change in aspect ratio and shape evolution of the crack. 170 

 171 

 172 

2.1 Online Phase: Evaluation of Non-penetrating Crack Surface 173 

2.1.1 Non-penetrating Crack-induced CAN: A 3-D Perspective 174 

CAN is generated under the modulation of a fatigue crack with nonlinear ‘breathing’ 175 

behavior, when a probing GUW traverses the crack. The ‘breathing’ behavior consists of 176 

two alternate periods: 1) during the tensile phase of the probing GUW, two surfaces of the 177 
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non-penetrating crack are apart from each other, partially or entirely along the waveguide 178 

thickness, and this triggers wave scattering and mode conversion at the two surfaces; and 2) 179 

during the compressional phase of the probing GUW, two crack surfaces are fully in contact, 180 

and this remains GUW propagation undistorted and identical to wave propagation in an 181 

intact counterpart waveguide (i.e., an identical waveguide in which the crack does not exist). 182 

It is the two alternate periods in a wave cycle, as schematically illustrated in Fig. 3, that drive 183 

the crack to manifest a ‘breathing’ behavior. It is noteworthy that in this study, the 184 

personified ‘breathing’ is used to describe the opening and closing of a fatigue crack that is 185 

modulated by the probing GUW when it traverses the crack. Due to the fact that the 186 

dimensions of the 3-D, non-penetrating fatigue cracks are minute, it is hypothesized that the 187 

entire crack surfaces present the ‘breathing’ behavior. 188 

 189 

 190 

Figure 3. Schematic of two alternate periods of the probing GUW upon interaction with a non-191 

penetrating crack with ‘breathing’ behavior: crack closing during compressional phase of GUW and 192 

crack opening during tensile phase of GUW. 193 

 194 

To depict such alternate wave propagation characteristics during the interaction with a 195 

fatigue crack, an additional wave source is hypothesized to exist at the crack location, 196 
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introducing extra wavefield to the original probing GUW. This additional wave source is 197 

referred to as ‘crack-induced second source’ (CISS) in the authors’ previous work [1] (for a 198 

2-D crack scenario). CISS manifests time-dependent traits of the wavefield: it is present 199 

when the crack opens, or absent otherwise. CISS is a consequence of the two alternate 200 

periods of the ‘breathing’ behavior of the fatigue crack. 201 

 202 

Consider a ‘breathing’ crack in a stress-free state (i.e., no existing stress around the crack). 203 

When the two crack surfaces are apart one from the other, partially or entirely, the open 204 

surfaces are traction-free, and the CISS can be defined as a pair of equivalent concentrated 205 

forces, each of which is applied on a crack surface. This hypothesis is made based on the 206 

fact that the dimensions of the considered non-penetrating fatigue crack are minute. The 207 

magnitude of the equivalent force on each crack surface, when crack opens, can be obtained 208 

by integrating the stress on the opening area of crack surface as, 209 

 
  1eq Opening areaF x ds= −  , (1) 210 

where   signifies the stress tensor, and 1x   the unit direction vector, see Fig. 3. The stress 211 

at the crack surface is generated by the probing GUW. To include both the open and closed 212 

statuses of the crack, CISS can be defined, for a complete wave cycle, using an indicator 213 

function, as 214 

 ( ),i t

eq eqF F e f t=    (2) 215 

where the indicator function ( )f t  reads 216 

 
1,

( )
0, .

open close

close open

t t t
f t

t t t T

 
= 

  +
 (3) 217 



11 

In the above, eqF  is the regulated form of CISS, reflecting the ‘breathing’ behavior of the 218 

crack, and   the angular frequency of the probing GUW. opent  and closet  are the time when 219 

the crack opens and closes, respectively, and T  the duration of a wave cycle. 220 

 221 

In the model, the time, at which the crack commences to open in a ‘breathing’ cycle, is 222 

deemed as the moment when the probing GUW turns from its compressional phase to a 223 

tensile phase; analogously, the time, at which the crack starts to close, is the moment when 224 

the probing GUW changes from its tensile phase back to the compressional phase. 225 

Considering that the fatigue crack is of 3-D pattern, the displacement of every point on the 226 

crack surface, in general, differs from those of other points at a specific moment. Due to the 227 

minute dimensions of the non-penetrating fatigue crack, the moment, at which the middle 228 

point of the crack surface starts to open (or close), is adopted as the moment for the entire 229 

crack to open (or close). With Eq. (2), the higher-order wave modes of the regulated form of 230 

CISS resulted from the modulation of the ‘breathing’ crack can be determined in spectrum 231 

via fast Fourier transform. Amongst all the higher-order modes, the second order harmonics 232 

at the double excitation frequency ( 2 ) of the probing GUW can be extracted analytically 233 

from the spectrum, as 234 

 2 2

2 ,i t

eq eqF A F e 

=    (4) 235 

where 2A   denotes the magnitude of the wave mode at the double frequency of excitation. 236 

 237 

Recalling elastodynamic analysis [59] and applying it on Eq (4), the full wavefield of the 238 

probing GUW in the waveguide can be obtained explicitly, and thus the magnitude of the 239 

in-plane displacement in 1x  direction of the CISS-disturbed wavefield at 2 , denoted by 240 

12 xu , can be obtained as 241 
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1
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2 0 12
0
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4

m
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=

=    −  (5) 242 

In the above, 3( )m

SV x  signifies the in-plane displacement of the 
thm -order symmetric Lamb 243 

mode in 1x  direction which varies along the waveguide thickness ( 3x ), 
2

mk 
 the wavenumber 244 

of the propagating wave at 2  for the 
thm -order symmetric Lamb mode, and r  the distance 245 

between the crack and the location from which the wavefield is captured (i.e., sensor 246 

location). i  is the imaginary unit and 
S

mmI  the wave energy carried by the 
thm -order 247 

symmetric Lamb mode. 2 ( )pH   represents the 
thp -order Hankel function (p = 0 or 1) of the 248 

second kind. For low-frequency GUW, only fundamental Lamb wave mode will be 249 

generated in the waveguide, and thus the magnitude of the in-plane displacement in 1x  250 

direction of the CISS-disturbed wavefield at 2  can be simplified as 251 

 
1

2 0 2
0 2 2 2 2 20 3

2 0 0 1 02

00 0
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4
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x eq S
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=    −  (6) 252 

 253 

With the obtained amplitude of the CISS-induced symmetric Lamb mode at 2 , a nonlinear 254 

damage index, NI , is defined as 255 

 
1

1 1

0 2 0 2
2 2 2 2 22 0 3

0 0 1 02

00 0

[ ( )] 1
= [ ( ) ( )],

4

x S
eq S

x x

u A k V x
NI F H k r H k r

u u i I k r


  

  
=     −          (7) 256 

where  
1

0

2 xu  and 
1x

u  represent the magnitudes of the CISS-induced in-plane displacement  257 

at double ( 2 ) and fundamental ( ) excitation frequency, respectively. For an embryonic 258 

fatigue crack with tiny dimensions, the probing GUW-induced stress tensor can be regarded 259 

constant on each crack surface, and thus the magnitude of CISS ( eqF ) when the crack opens, 260 

obtained with Eq. (1), is proportional to the crack surface area. With the nonlinear damage 261 

index, a proportional relationship between NI and the crack surface area is established, via 262 
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which the severity of fatigue crack can be calibrated with an experimentally measured NI, to 263 

be demonstrated in Section 3. 264 

 265 

2.1.2 Validation Using Finite Element (FE) Simulation 266 

The relationship between the surface area of a non-penetrating fatigue crack and NI, as 267 

defined by Eq. (7), is verified using commercial software ABAQUS®/EXPLICIT 268 

(experimental validation in Section 3). A plate-like aluminium waveguide (500 mm long, 80 269 

mm wide and 5 mm thick) with a centralized fastener hole (5 mm in radius) is considered, 270 

and the developed FE model of the waveguide is shown in Fig. 4. A series of through-271 

thickness cracks (2-D scenario) and a series of non-penetrating corner cracks (3-D scenario) 272 

of different degrees of severity are respectively simulated. In each simulated case, the crack 273 

exists at the fastener hole edge with its cracking surface normal to 1x . For each non-274 

penetrating corner crack, the shape evolution is not considered, as a result of which the crack 275 

remains its original quarter-circular patten with the same length ( 2x ) and depth ( 3x ), as 276 

shown in Fig.4. Material properties of the waveguide are listed in Tab. 1. Three third order 277 

elastic constants ( A  , B  and C ) are used in a user-defined subroutine (VUMAT) to 278 

introduce the intrinsic material nonlinearity into the model, along with the nonlinearity 279 

generated by the ‘breathing’ behavior of the crack. 280 

 281 

Table 1. Material properties of the aluminum waveguide in FE simulation. 282 

Density 

(kg/m3) 

Elastic 

modulus (GPa) 

Poisson’s 

ratio 
A  

(GPa) 
B  

(GPa) 

C  

(GPa) 

2700 73 0.33 -320 -200 -190 

 283 
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 284 

 285 

Figure 4. FE model of the considered waveguide bearing a non-penetrating crack. 286 

 287 

An Hanning window-modulated 5-cycle sinusoidal toneburst is excited at a central 288 

frequency of 180 kHz, by applying a pair of point-type forces on the upper and lower 289 

surfaces of the waveguide, Fig. 4. The elements of the waveguide boundary are defined in 290 

virtue of absorbing layer by increasing damping (ALID), which dissipates wave energy 291 

reflected from the boundary. To model the ‘breathing’ behavior of the fatigue crack, a 292 

surface-surface contact pair definition is applied, with which the two crack surfaces can only 293 

be either in contact or apart from each other. To strengthen the second order harmonics 294 

induced by the crack, which usually have weak magnitudes compared with those of the 295 

fundamental wave modes, a pulse-inversion approach [60] is used. In the approach, two 296 

identical probing GUWs, with the same magnitude but in opposite phase, are excited, 297 

respectively, for each simulated case. The second order harmonics induced by the ‘breathing’ 298 

crack, under two excitation conditions with opposite phase, are respectively captured, 299 

summation of which leads to a magnitude twice the original magnitude of the respectively 300 

generated second order harmonics, as well as cancellation of the fundamental wave mode.  301 

 302 
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With the pulse-inversion approach, the ‘breathing’ crack-induced second order harmonics 303 

are intensified, which is conducive to feature extraction. Figure 5(a) illustrates a typical 304 

probing GUW signal and the second order harmonics generated by the modeled crack. The 305 

short-time Fourier transform (STFT) converts the captured GUW signals from the time 306 

domain to the time-frequency domain to ascertain the wave components at   and 2 . 307 

Figure 5(b) displays the spectrum of the probing GUW, and Figs. 5(c-e) the spectra of the 308 

second order harmonics obtained from an intact waveguide and other two scenarios: one 309 

containing a through-thickness crack and the other containing a non-penetrating crack, in 310 

both of which the crack length is the same. 311 

 312 

     313 

 314 

 315 
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       316 

 317 

Figure 5. (a) A probing GUW signal captured from the waveguide bearing a ‘breathing’ crack and the 318 

crack-induced second order harmonics; (b) spectrum of the probing GUW in (a); spectra (showing the 319 

second order harmonics) for (c) an intact waveguide, (d) the waveguide containing a through-thickness 320 

crack, and (e) the waveguide containing a non-penetrating crack; (f) comparison of the amplitudes of 321 

the second order harmonics generated by the penetrating and non-penetrating cracks. 322 

 323 

Compared with the intact status, the magnitude of the second order harmonics captured from 324 

the waveguide with a crack, either through-thickness or non-penetrating, is intensified, 325 

which is ascribed to the modulation of the ‘breathing’ behavior of the crack on the probing 326 

GUW. It is also noteworthy that the magnitude of the second order harmonics induced by 327 

the through-thickness crack is stronger than that induced by the non-penetrating crack, as 328 

seen in Figs. 5(f)  – a consequence of the larger crack surface of the through-thickness crack 329 

compared with the non-penetrating crack when the lengths of the two cracks are the same 330 

(the former is of a rectangular shape, while the latter is quarter-circular), which accounts for 331 

a stronger CISS. 332 

 333 

With ascertained magnitudes of the crack-induced second order harmonics, the nonlinear 334 

damage index is calculated according to Eq. (7). Figure 6 shows the calculated index against 335 

variation in crack length and crack surface area, for both the through-thickness and non-336 

penetrating cracks. 337 
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 338 

                    339 

 340 

Figure 6. Nonlinear damage index versus (a) crack length, and (b) surface area of through-thickness and 341 

non-penetrating cracks (the damage index of the through-thickness crack increases linearly against 342 

crack length, while that of the non-penetrating crack increases in parabolic advance; when plotted with 343 

respect to crack surface area, the indices of both the through-thickness and non-penetrating cracks vary 344 

linearly). 345 

 346 

As observed in Fig. 6(a), NI increases proportionally with the crack length for a penetrating 347 

crack, while it increases in parabolic advance for a non-penetrating crack. This can be 348 

attributed to the fact that the surface area of a penetrating crack increases linearly as the 349 

crack progresses; it is therefore that the magnitude of CISS and NI, both of which are 350 

proportional to the crack surface area, consequently increase linearly with respect to the 351 

crack length. In contrast, a non-penetrating crack progresses in both the length and depth 352 

directions simultaneously, leading to a parabolic relationship between the crack length (or 353 

depth) and the surface area, and showing an increase of NI against the crack length (or depth) 354 

in parabolic advance. On the other hand, when plotted with regard to the crack surface area, 355 

Fig. 6(b), NI, for both the penetrating and non-penetrating cracks, varies proportionally to 356 

the surface area, and this observation tallies with the conclusion drawn in above theoretical 357 

analysis (Section 2.1.1) that the nonlinear damage index is proportional to the crack surface 358 

area. FE simulation results demonstrate the feasibility of using the proposed nonlinear 359 
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damage index for evaluating the area of a fatigue crack quantitatively, for both penetrating 360 

and non-penetrating scenarios. 361 

 362 

2.2 Offline Phase: Crack Growth Prediction 363 

The 3-D, non-penetrating crack investigated in the above FE simulation is quarter-circular 364 

in shape, and its length is identical to the depth initially. It is important to articulate that the 365 

growth rates of a non-penetrating fatigue crack along its length and depth are different in 366 

general, due to the different stress states at the crack front. In reality, a corner crack is usually 367 

quarter-elliptical and its aspect ratio (i.e., the ratio of crack depth to length) is variable during 368 

crack progress [61]. To continuously evaluate of the length and depth of the fatigue crack 369 

that has already been identified using the above online phase, the shape evolution of the 370 

crack is further predicted using the second step of the proposed modeling framework – the 371 

offline phase. In this phase, no probing GUW is generated to interact with the crack. The 372 

core of the offline phase is a crack growth model, with which a relationship between the 373 

respective increase in the crack length and in the crack depth can be achieved, according to 374 

the updated crack size obtained from the online phase. This enables continuous depiction of 375 

the crack growth. It is such continuous update and monitoring of the crack growth that makes 376 

this two-step framework outperforms conventional approaches which only predict the 377 

fatigue crack growth based on the initial crack size. 378 

 379 

2.2.1 Shape Evolution of a Non-penetrating Crack 380 

The growth of a 2-D, through-thickness crack through its fatigue life can be determined in 381 

terms of the Paris’s law and the classical Paris-Erdogan equation, as 382 

 ( ) ,ndl
C K

dN
=   (8) 383 
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where l is the crack severity (length or depth) and N is the cycle number of the fatigue load. 384 

dl

dN
 signifies the crack growth increment in a single fatigue load cycle, and K  the stress 385 

intensity factor (SIF) range at the crack tip which is known to be the main driving force 386 

leading to continuous crack growth. C  and n  are the Paris’s law parameters related to 387 

fatigue properties of the material. An accurate SIF at the crack front guarantees faithful 388 

characterization of crack evaluation. 389 

 390 

A predictive model, taking the effect of crack closure phenomenon into consideration, is 391 

developed in the offline phase, to estimate the respective progress in length and depth of a 392 

3-D, non-penetrating fatigue crack. The model resides on a twofold hypothesis: 393 

1) the shape of the non-penetrating fatigue crack remains a semi-ellipse for a surface 394 

crack, and a quarter-ellipse for a corner crack; and 395 

2) the growth direction of all points on the crack front in a fatigue cycle is perpendicular 396 

to the crack front, from which the crack initiates. 397 

 398 

Taking a quarter-elliptical corner crack at a fastener hole as an example, Fig. 7, the SIF (K) 399 

of each point on the crack front can be calculated in terms of the Newman-Raju empirical 400 

equation as follows [62] 401 

 ( , , , , , )
a a a r r c

K S F
Q c t t b b

 = , (9) 402 

where S  is the external applied stress;   is the parametric angle of the quarter-elliptical 403 

crack front; a and c are the depth and length of the crack, respectively; t  denotes the 404 

thickness of the waveguide; 2b  and 2H  are the width and height of the waveguide, 405 

respectively; r  is the radius of the fastener hole, and Q  an empirical shape factor for a 406 

quarter-elliptical corner crack. 407 
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 408 

Figure 7. Schematic of a quarter-elliptical corner crack at a fastener hole. 409 

 410 

Taking the plasticity-induced fatigue crack closure into account [63], which originates from 411 

the stress singularity at the crack tip, the SIF range, K , used for calculating crack growth 412 

in Eq. (8), is replaced by the effective SIF range, effK , which is defined as the difference 413 

in two SIFs respectively calculated under the maximum stress of the fatigue load and the 414 

crack opening stress. effK  has proven effectiveness in describing crack growth when the 415 

crack is embryonic. For fatigue crack growth subject to a constant fatigue load, the crack 416 

opening stress can be determined based on a strip yield model [64], as 417 

 
0 1

2 3

0 1 2 3

0

, 0

open

max

A A R                            RS

S A A R A R A R    R   

+ 
= 

+ + + 
 (10) 418 

where 419 
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 420 

In the above, openS  and maxS  are the crack opening stress and the maximum stress of the 421 

fatigue load, respectively. R  is the stress ratio of the fatigue load; 0  is the flow stress of 422 

the waveguide which is taken as the average of the yielding stress and ultimate tensile 423 

strength of the material, and   is the stress constraint factor at the crack tip. 424 

 425 

In the model, the crack front is discretized into a series of points, as shown schematically in 426 

Fig. 8, and respective increment of these discrete points as crack progresses, upon 427 

considering the effect of plastic-induced crack closure phenomenon, can be determined 428 

using Eq. (8) upon replacing K  with effK , as follows 429 

 
1 /

( ).
1

open max

eff max open

S S
K K K K

R

−
 = − = 

−
 (11) 430 

Based on the calculated crack growth increment of each discrete point on the crack front, 431 

and the propagation direction as specified in the second hypothesis in the above, the new 432 

position of each discrete point upon a single fatigue cycle can be predicted using the model. 433 

With a least square method, the newly formed crack front after a fatigue cycle can be fitted, 434 

and the length and depth of the crack can be ascertained accordingly. 435 

 436 

 437 
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 438 

Figure 8. Crack front prediction as crack progresses using the proposed model (the current crack front 439 

is discretized into a series of points and crack increment of each point is calculated based on the Paris-440 

Erdogan equation; the least square method is adopted to fit the newly formed crack front). 441 

 442 

2.2.2 Model Validation 443 

To verify the model, the growth and shape evolution of a series of quarter-elliptical corner 444 

cracks initiated from a fastener hole are predicted, and the predicted results are compared 445 

with those reported elsewhere [65]. The considered waveguide features a width ( 2b ) of 80 446 

mm, a height ( 2H ) of 500 mm and a thickness ( t ) of 5 mm. Six quarter-elliptical corner 447 

cracks, each of which has a different initial aspect ratio ( /a c ), respectively emanating from 448 

the fastener hole of different radii ( /r t  = 0.5, 1.0 and 3.0, see Fig. 7) are considered. Initial 449 

depth, length and aspect ratio of the six corner cracks, respectively denoted by 0a , 0c  and 450 

0( / )a c , are summarized in Tab. 2. Note that the two particular corner points on the crack 451 

front, as asterisked in Fig. 8, should be excluded during SIF calculation, as Eq. (9) is not 452 

applicable to these two points. 453 

 454 

Table 2. Initial crack parameters in validation. 455 

0( / )a c  1.0 1.2 1.4 1.6 1.8 2.0 

0a  (mm) 1.0 1.0 1.0 1.0 1.0 1.0 

0c  (mm) 1.0 0.8333 0.7143 0.624 0.5556 0.5 

 456 

As representative results, Fig. 9 shows the correlation between the crack length and depth, 457 

as well as the shape evolution of three corner cracks when their initial aspect ratios are 1.0, 458 

1.4 and 2.0, respectively, obtained using the predictive model in the offline phase. The 459 

predicted changes in the crack aspect ratio are compared with those obtained elsewhere [65], 460 
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in Fig. 10, to observe quantitative accordance. In [40], the shape evolution of the same corner 461 

cracks under the same loading conditions is simulated using an FE approach. 462 

 463 

In conclusion, the predicted results using the predictive model for the progress of a non-464 

penetrating crack, at different initial aspect ratios and from a fastener hole of various radii, 465 

quantitatively tally with the earlier results, demonstrating the validity of the proposed 3-D 466 

crack growth model in predicting the growth and shape evolution of 3-D, non-penetrating 467 

fatigue cracks. With the predicted crack shape evolution, a quantitative correlation between 468 

the length and depth of a non-penetrating crack can further be established in the offline phase. 469 

 470 

     471 

 472 

Figure 9. Predicted correlation between crack length and depth, and shape evolution (insert) of quarter-473 

elliptical corner cracks using the predictive model in the offline phase, when (a) 
0( / ) 1.0a c = ; (b) 474 

0( / ) 1.4a c = ; and (c) 
0( / ) 2.0a c = . 475 
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 476 

 477 

 478 

 479 

Figure 10. Predicted changes in aspect ratio of quarter-elliptical corner cracks, when (a) the crack is of 480 

different initial aspect ratios; and (b) the fastener hole is of different radii (curves: prediction based on 481 

the Newman-Raju equation [62]; dots: prediction by [40]). 482 

 483 

 484 

2.3 Integrity of Online and Offline Phases 485 

In the online phase, an analytical model based on the theory of elastodynamics sheds light 486 

on the generation of CAN in the probing GUWs under the modulation of the ‘breathing’ 487 
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behavior of a non-penetrating fatigue crack, on which basis a crack-area-dependent damage 488 

index is created. Subsequent to the online phase, the fatigue crack growth model in the 489 

offline phase predicts further growth of the identified fatigue crack in its length and depth, 490 

based on the updated crack size obtained from the online phase, and establishes the 491 

relationship between the crack length and depth for later prediction. With both the online 492 

and offline phases, continuous and quantitative evaluation of non-penetrating fatigue crack 493 

is implemented. The schematic flowchart of the integrated two-step modeling framework is 494 

shown in Fig. 11. 495 

 496 

 497 

 498 

Figure 11. Flowchart of the developed two-step modeling framework for continuous monitoring and 499 

estimate of 3-D fatigue cracks, from initiation through growth (left column showing the online phase to 500 

identify crack surface area using nonlinear ultrasonic testing; right column showing the offline phase to 501 

predict change in aspect ratio and shape evolution of crack with 3-D crack growth model. 502 

 503 

With the crack surface area that is estimated in the online phase and the correlation between 504 

the length and depth of the crack in the offline phase, the progress of a fatigue crack, from 505 

embryonic initiation, through progressive growth to the formation of macroscopic crack, can 506 
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be evaluated quantitatively. It is noteworthy that no external loadings are included in 507 

modeling. For this sake, in practical implementation, the framework shall ideally be used in 508 

such a context. 509 

 510 

3. Proof-of-Concept Experiment 511 

Experiment is performed to validate the developed two-step modeling framework, by 512 

quantitatively evaluating a non-penetrating fatigue crack and continuously predict its growth 513 

under a fatigue load, until its formation into a macroscopic through-thickness crack. The 514 

experiment contains two hierarchical steps: 1) fatigue testing that drives the initial corner 515 

crack to progress under the fatigue load; and 2) nonlinear GUW-based testing that achieves 516 

continuous monitoring of the crack. Figure 12 presents the pictured specimen and the 517 

schematic illustration of the nonlinear ultrasonic testing. 518 

 519 

3.1 Fatigue Crack Growth Testing 520 

An aluminium plate-like specimen (Aluminium 7075-T6; 500 mm long, 80 mm wide and 3 521 

mm thick) is pre-treated with a through-thickness fastener hole (diameter: 6 mm) at the 522 

center of the specimen. To initiate a non-penetrating fatigue crack from the fastener hole 523 

edge, a tiny triangular notch, approximately 0.65 mm in its length and depth, respectively, 524 

is inscribed on the fastener hole edge in the plane perpendicular to the fatigue load direction. 525 

 526 
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 527 

Figure 12. (a) Pictured specimen used in the fatigue testing (a PZT wafer functioning as GUW actuator 528 

and another two PZT wafers as sensors to capture wave signals); and (b) schematic of the nonlinear 529 

ultrasonic testing. 530 

 531 

The crack growth testing is conducted on a fatigue testing platform (GP SDF2000). A 10 Hz 532 

pre-cracking cyclic load with the maximum tensile load of 30 kN and the stress ratio of 0.1 533 

is applied, under which a corner crack is initiated from the tip of the inscribed notch on the 534 

fastener hold edge. The length and depth of the corner crack are real-time measured with a 535 

microscope and a flexible mirror inserted into the fastener hole, see Fig. 13. After the pre-536 

cracking process, a quarter-elliptical corner crack is generated at the notch tip with ~1.0 mm 537 

in its length and depth, respectively. Subsequently, the cyclic load is regulated to 2~20 kN 538 

with a frequency of 10 Hz, to perform fatigue crack growth testing. The test is paused every 539 

1,000 cycles; the length and depth of the corner crack are measured, and the nonlinear 540 

ultrasonic testing is performed during every pause. The test is terminated at 10,000 cycles, 541 

when the fatigue crack is observed to penetrate the specimen thickness. Typical photographs 542 

of the corner crack upon 0, 4,000, 8,000 and 10,000 load cycles are displayed in Fig. 13. 543 

 544 

 545 
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 546 

Figure 13. Photographs of the fatigue crack observed from the front surface of the specimen and from 547 

inside the fastener hole, upon (a) 0; (b) 4,000; (c) 8,000; and (d) 10,000 load cycles (after pre-cracking 548 

process, initial fatigue crack is generated; progress of the non-penetrating crack along the length and 549 

depth is observed at 4,000 and 8,000 load cycles, and a through-thickness crack is formed at 10,000 550 

load cycles). 551 

 552 

 553 

3.2 Quantitative Identification of Progressive Fatigue Crack (Online Phase) 554 

During the pause of the fatigue crack growth testing (every 1,000 cycles), the nonlinear 555 

ultrasonic testing is carried out to capture and calibrate CAN induced by the ‘breathing’ 556 

crack. A lead zirconate titanate (PZT) wafer (PSN-33, diameter: 8 mm; thickness: 0.48 mm) 557 

is mounted on the surface of the specimen, 100 mm from the center of the fastener hole, 558 

which functions as a wave actuator to excite the probing GUW; two PZT wafers, same as 559 

the one used as the actuator, are mounted on the specimen 100 mm and 150 mm from the 560 

fastener hole, respectively, serving as the wave sensors, as shown in Fig. 12. All the three 561 
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PZT wafers are mounted on the specimen after the pre-cracking process, so that possible 562 

debonding between PZT wafers and the specimen can be avoided. A high-power ultrasonic 563 

testing system (RITEC®, RAM-5000 SNAP) is used to generate an Hanning-windowed 5-564 

cycle sinusoidal toneburst at a central frequency of 250 kHz. Due to the small dimensions of 565 

the corner crack, the energy level of the incident GUWs is sufficient to modulate the crack 566 

and drive it to present ‘breathing’ behavior. The GUWs, upon interaction with the crack, are 567 

captured via two sensors with an oscilloscope at the sampling frequency of 200 MHz. Signals 568 

are averaged for 1,024 times to minimize the measurement uncertainty. 569 

 570 

Figure 14 illustrates the GUW signals captured by two sensors upon 0, 4,000 and 8,000 load 571 

cycles. The variation in amplitudes of signals captured through the fatigue crack growth is 572 

within a small range of ~10%, implying a stable bonding condition between the PZT wafers 573 

and the specimen during the fatigue testing. This also argues that the change in signal 574 

amplitude – a linear feature of the GUW, is not sensitive to a fatigue crack in its embryonic 575 

stage. By using the pulse-inversion technique detailed in Section 2.1.2, the second order 576 

harmonics generated by the ‘breathing’ fatigue crack are obtained. Figures 15(a)-(c) show 577 

the signal spectra, captured by Sensor 2, as an example, upon 0, 4,000 and 8,000 load cycles 578 

applied, in which the crack-induced second order harmonics are observed. Figure 15(d) 579 

illustrates the amplitude of the second order harmonics at double excitation frequency (i.e., 580 

500 kHz), and it is apparent that the signal amplitude increases with respect to the number 581 

of load cycles. 582 

 583 
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    584 

 585 

 586 

 587 

Figure 14. GUW signals captured by two sensors upon (a) 0; (b) 4,000; and (c) 8,000 load cycles 588 

(variation in amplitudes of signals captured through the fatigue crack growth is within a small range of  589 

~10%, confirming a stable bonding condition between the PZT wafers and the specimen during the 590 

fatigue testing, and the change in signal amplitude (linear GUW feature) is not sensitive to incipient 591 

fatigue crack). 592 

 593 

 594 

Based on the amplitudes of the captured GUW signals at fundamental frequency and of the 595 

second order harmonics at double excitation frequency, the nonlinear damage index is 596 

calculated using Eq. (7). Further, the relationship between the calculated index and the crack 597 

surface area (calculated with experimentally measured crack length and depth) is obtained, 598 

in Fig. 16. 599 

 600 
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 601 

       602 

 603 

       604 

 605 

Figure 15. Spectra of signals captured by Sensor 2 (after applied with pulse-inversion technique), upon 606 

(a) 0; (b) 4,000; and (c) 8,000 load cycles; (d) amplitudes of the second order harmonics. 607 

 608 

Note that in Fig. 16, the area of the crack surface generated in the pre-cracking stage (see 609 

Section 3.1) has been subtracted from the measured crack surface area, because it is not 610 

included in the correlation between the damage index and the severity of a fatigue crack in 611 

the modeling (Section 2). In Fig. 16, a proportional relationship between the calculated index 612 

and the measured crack surface area is observed, before the fatigue cycles reach 8,000, under 613 

which the crack surface area is smaller than 2 mm2 and it represents an embryonic crack. 614 

The experimental results corroborate the conclusions that are drawn earlier from the 615 

analytical modeling and FE simulation in Section 2.1.2, not only verifying the proposed 616 
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analytical modeling, also demonstrating the validity of the defined nonlinear damage index 617 

for evaluating the crack surface area. 618 

 619 

         620 

 621 

Figure 16. Nonlinear damage index calculated using signals captured by (a) Sensor 1; and (b) Sensor 2, 622 

versus experimentally measured crack surface area. 623 

 624 

The indices obtained at 8,000 load cycles afterwards are lower than the fitted results, which 625 

can be attributed to two reasons: 1) the corner crack has grown to a considerable size after 626 

8,000 load cycles and the crack opening displacement in the wake region of the crack is too 627 

large to present the ‘breathing’ behavior; 2) the compressive residual stress is generated at 628 

the crack tip as a result of the plastic deformation, which partly restrains the ‘breathing’ 629 

behavior of the fatigue crack. 630 

 631 

3.3 Continuous Estimate of Progressive Fatigue Crack (Offline Phase) 632 

To continuously estimate the crack growth along crack front, the offline phase is recalled to 633 

predict the change in aspect ratio of the corner crack as well as the crack shape evolution. 634 

Predicted results are presented in Fig. 17, compared with counterpart results experimentally 635 

measured, to observe good agreement. 636 
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       637 

 638 

 639 

 640 

Figure 17. (a) Experimentally measured crack length and depth during its growth; (b) comparison 641 

between measured and predicted aspect ratios. 642 

 643 

Combining the online and offline phases, Fig. 18 shows the predicted length and depth of 644 

the corner crack, compared with experimentally measured results. The coincidence between 645 

predicted results and the reality has demonstrated that the two-step modeling framework is 646 

capable of identifying fatigue cracks at their embryonic stages (<8,000 fatigue load cycles), 647 

and predicting their growth along crack fronts, quantitatively and continuously. 648 

 649 
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     650 

 651 

 652 

Figure 18. Experimentally measured (a) length and (b) depth of the corner crack during its growth, 653 

compared with predicted results using the modeling framework. 654 

 655 

 656 

4. Concluding Remarks 657 

It is of great significance yet a challenge to estimate fatigue cracks in engineering structures 658 

in their early stages. In this study, a two-step modeling framework, consisting of an online 659 

phase and an offline phase, is developed, which aims at continuously monitoring and 660 

quantitatively evaluating non-penetrating fatigue cracks. In the online phase, the ‘breathing’ 661 
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crack-induced CAN is investigated analytically, by considering the nonlinear modulation of 662 

a fatigue crack on a probing GUW. A nonlinear damage index is defined and proven 663 

proportional to the crack surface area, highlighting the capability of the index for 664 

characterizing crack surface quantitatively. To predict growth of the identified fatigue crack 665 

in its length and depth along the crack front, a 3-D fatigue crack growth model is proposed 666 

in the offline phase. By investigating the crack growth increments of discrete points at the 667 

crack front, the growth of the crack along its crack front can be predicted, and the relationship 668 

between the length and depth of the crack is established. Proof-of-concept experiment is 669 

performed to validate the modeling framework. Good coincidence between the model-670 

predicted and experimental results confirms the validity of the proposed two-step modeling 671 

framework for continuous monitoring and quantitatively evaluating fatigue cracks, from 672 

their embryonic initiation, through progressive growth to formation of macroscopic cracks. 673 
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