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Abstract 25 

Prevailing but most insidious, pitting damage in the Whipple shield of spacecraft, 26 

engendered by a hypervelocity impact (HVI, exceeding 3.0 km/s), is a typical modality of 27 

material degradation and lesion in space assets. Featuring multitudinous clustered craters, 28 

cracks and diversity of microstructural damages (e.g., dislocation plasticity, micro-voids and 29 

cracks) disorderedly scattered over a wide region, pitting damage induces highly complex, 30 

mutually-interfering wave scattering, making signal interpretation a daunting task, let alone 31 

the quantitative characterization of a pitted region. With this motivation, a dedicated 32 

modeling technique is proposed to scrutinize the modulation mechanism of various 33 

modalities of pitting damage on the probing ultrasonic waves, based on retrofitted nonlinear 34 

constitutive equations by comprehensively considering all nonlinearities originated from 35 

different damage sources (e.g., inherent material imperfections, as well as the above HVI-36 

induced intensified plasticity and micro-cracks, etc.). On this basis, a quantitative correlation 37 

between the nonlinear features (i.e., second harmonics) of ultrasonic waves and the pitting 38 

damage severity is established. The modeling technique is experimentally corroborated, and 39 

the results demonstrate good consistency in between, revealing that: (1) the proposed 40 

modeling approach is feasible to faithfully simulate and precisely evaluate pitting damage-41 

incurred nonlinearities manifested in ultrasonic waves; (2) the ultrasonic nonlinearity 42 

intensifies with the increase of pitting damage severity; and (3) the detection sensibility and 43 

cumulative effect of second harmonics are related to the “internal resonance” conditions, 44 

representing by the excitation frequency. This study yields a structural health monitoring 45 

strategy for accurately characterizing pitting-type damage at an embryo stage and surveilling 46 

material deterioration progress continuously. 47 

Keywords: pitting damage, hypervelocity impact, finite element modeling, ultrasonic 48 

nonlinearity, quantitative characterization   49 
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1. Introduction 50 

Pitting damage is a pervasive modality of material lesion in engineering structures in harsh 51 

service environment. Amongst numerous examples are electrical pitting in rolling bearings 52 

[1,2], pits in wind turbine blades [3], pitting corrosion in maritime structures or pipelines [4-53 

6], and pitting craters in on-orbit spacecraft induced by micrometeoroids/orbital debris 54 

(MMOD) hypervelocity impact (HVI) [7,8], as typified in Fig. 1. Degradative and 55 

deteriorative changes in material microstructures induced by pitting damage, usually 56 

initiated at an unperceivable level but progressing at an alarming speed, can fairly 57 

compromise structural integrity, durability and performance, and without timely awareness 58 

lead to fragmentation and even failure of the entire system. This has entailed early perceiving 59 

of pitting damage and accurate assessment of its severity, on which basis follow-up remedial 60 

actions can be implemented, whereby the risk of consequent structural failure might be 61 

minimized. However, it is an extremely challenging and daunting task to characterize pitting 62 

damage, because of its highly specific manifestation – multitudinous small-scale craters and 63 

cracks disorderedly clustered over a wide region (“pitted region” hereinafter), accompanied 64 

with various microstructural defects (e.g., dislocation plasticity, micro-voids and cracks) [9]. 65 

 66 

Fig. 1. (a) Electrical pitting in rolling bearings; (b) pitting corrosion in maritime structure [5]; and (c) 67 

pitting craters in spacecraft caused by MMOD [8]. 68 

 69 
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To characterize pitting damage (or pitted region), a diversity of structural health monitoring 70 

(SHM) and nondestructive evaluation (NDE) techniques [10-16] have been developed and 71 

employed, for instance ultrasonic wave, eddy-current, thermography, resonance imagery, to 72 

name a few. Representatively, Zhang et al [8] statistically calculated the diameters and 73 

depths of all craters larger than 1 mm in the pitted region, as well as the region size, using a 74 

three-dimensional (3D) scanner. Takashi et al [13] imaged the cavitation (or pitting) damage 75 

region, containing a constellation of micro-pits generated by large numbers of magnetic 76 

impacts, by employing a nonlinear ultrasonic imaging approach with resonance and non-77 

resonance modes, respectively. Bao et al [14] proposed a transmitter beamforming and 78 

weighted image fusion-based multiple signal classification (MUSIC) algorithm, in 79 

conjunction with the use of a dual sensor arrays, to quantify the severity of pitting corrosion 80 

(mainly the average depth) and obtained its localization. Francesco et al [15] presented a 81 

guided ultrasonic wave (GUW)-based tomography method for achieving the localization of 82 

corrosion damage. Rao et al [16] on-line continuously monitored the thickness loss of a 83 

plate-like structure undergoing corrosion, using a GUW-based self-designed piezoelectric 84 

transducer array.  85 

 86 

However, the above-mentioned approaches generally treat the whole pitting-damaged region 87 

as singular damage or area, ignoring individual damages (e.g., craters and cracks) within this 88 

pitted region de facto, so that isolation and interpretation of ultrasonic waves scattered by 89 

individual damages could be avoided. Such a compromise restricts the detection of pitting-90 

type damage at a qualitative or quasi-quantitative level – indicating only the presence, 91 

location, approximate periphery, and average severity of a pitted region, and failing to 92 

quantitatively evaluate the severity in different position of a pitted region, as well as interpret 93 

the modulation mechanism of various modalities of pitting damage on the probing GUWs. 94 
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Targeting quantitative characterization of the highly complex pitting, existing interrogation 95 

methods are confronted with the following bottlenecks: 96 

(1) various types of damage sources are densely clustered in the pitted region. When 97 

traversing this region, the probing GUWs are severely mixed and overlapped due to the 98 

scattering or distortion caused by the large number of damages with sizes comparable 99 

to the wavelength of probing GUWs, demonstrating high complexity of signal 100 

appearance and obfuscation of damage-related linear features (e.g., wave reflection, 101 

transmission and scattering, energy transfer, mode conversion and time-of-flight); 102 

(2) or, if the sizes of damages are much smaller than the wavelength of probing GUWs, no 103 

remarkable wave-scattering phenomena as clarified in (1) will be induced, and this will 104 

lead to absence of discernable changes in the above-mentioned linear features. 105 

Consequently, these microstructural damages may be underestimated or overlooked; 106 

(3) these damages, acting as nonlinear sources per se, jointly lead to the distortion of the 107 

probing GUWs, making separately interpret the contribution of each damage source to 108 

the generation of ultrasonic nonlinearity a daunting task in experimental measurements. 109 

 110 

To circumvent the above deficiency, nonlinear ultrasonic waves (NUWs) have been studied 111 

and exploited intensively, in accordance with the fact that pitting damage can induce 112 

exceptional ultrasonic nonlinearity which is more sensitive than their linear counterpart to 113 

small-sized damage [17-23]. In addition, theoretical derivation and numerical modelling of 114 

NUWs propagating in damaged structure are performed, providing a physical insight into 115 

the nonlinear ultrasonic responses against various types of damage sources, separately, such 116 

as micro-cracks [18,19], de-bonding at adhesive joints [24,25], dislocation plasticity [26-117 

29], and inherent material imperfections [30-33]. Representatively, Chillara et al [26] 118 

numerically canvassed the contributions of material and geometric nonlinearities, and third-119 
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order elastic constants (TOECs) to the generation of high-order harmonics. Cantrell et al 120 

[27] proposed theoretical models to quantified the effect of dislocation plasticity, vacancy 121 

and micro-crack on ultrasonic nonlinearities. Zhu et al [28,29] examined the nonlinear 122 

ultrasonic responses on plastic deformation and dislocation evolution via numerical 123 

simulations. Wang et al [34,35] analytically and numerically illuminated the generation of 124 

contact acoustic nonlinearity (CAN) by modeling 2D and 3D “breathing” cracks, 125 

respectively, and predicted the crack-induced wave fields. Zhao et al [36,37] investigated 126 

the modulation mechanism of randomly distributed micro-cracks on the propagating GUWs 127 

using numerical simulations, establishing a quantitative relationship between the ultrasonic 128 

nonlinear features and the characteristics of micro-cracks. 129 

 130 

Even though, modeling of the pitting-damaged structure in finite element method (FEM) are 131 

difficult due to the numerous and highly complex modalities of microstructural damages, 132 

acting as the nonlinear sources per se. Therefore, it is hitherto still a paramount challenge to 133 

interpret the modulation mechanism of all possible nonlinear sources attribute of pitting 134 

damage on the probing NUWs, let alone to quantitatively and precisely characterize its 135 

severity. In recognition of this, a dedicated theoretical modeling technique is developed, 136 

combining the contributions of various microstructural defects to ultrasonic nonlinearity 137 

with the retrofitted nonlinear constitutive equations, to scrutinize the generation and 138 

accumulation mechanism of high-order harmonics in the propagating NUWs for both intact 139 

and pitting-damaged plates. Finite element (FE) simulation is then conducted for proof-of-140 

concept validation, in which identified sources of nonlinearities are comprehensively 141 

considered to describe their corresponding nonlinear ultrasonic responses. As a practical 142 

application, the proposed method is utilized to quantitatively characterize HVI-induced 143 

pitting damage in AL-Whipple shields of spacecraft. 144 
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2. Modulation Mechanism of Pitting Damage on a Probing GUW – Theoretical 145 

Modeling 146 

2.1. Principle of Approach 147 

For a plate-like waveguide bearing HVI-induced pitting damage, morphological and 148 

metallographic analyses indicate that in a typical pitted region, besides hundreds of 149 

macroscopic craters and cracks, a diversity of microscopic changes, such as micro-voids and 150 

cracks, dislocations, shock hardening and recrystallized sub-grains, co-exist in a wide area, 151 

as displayed in our previous works (Fig. 2) [9, 38]. These microstructural defects are thought 152 

to be the sources of ultrasonic nonlinearity for propagating GUWs. According to the damage 153 

mechanism of debris cloud in the plate-like waveguide [9], non-uniform plastic deformation 154 

occurs in the relative wide-scale pitted region, which is relatively higher near the damage 155 

center, and decreasing sharply away from the center, leading to the change in the nonlinear 156 

material properties. 157 

 158 

  159 

Fig. 2. Typical modalities of HVI-induced pitting damage: (a) macro-damage on the surface, including 160 

pitting craters and surface cracks; and (b) microstructure underneath a pitted crater, showing dislocation 161 

substructures, sub-grains and micro-cracks/voids. [9,38]. 162 

 163 

There are two kinds of physical mechanisms in the generation of second harmonics for the 164 

pitting damaged waveguide. One is the nonlinear elastic response of material, the other is 165 

microstructural defects triggered CAN. A pitted region introduces plastic deformation and 166 
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consequently plastic strains to polycrystalline structures of the material [27-29], which in 167 

turn contributes to the enhancement of material nonlinearity in this damaged region, in 168 

particular the periphery of pitting craters. In addition, the probing GUW will be modulated 169 

or distorted by the micro-voids and cracks when traversing the pitted region, leading to 170 

partial wave energy transfer from the fundamental (excitation) frequency to fractional or 171 

integer multiple of the fundamental frequency, so-called sub-harmonics or super-harmonics 172 

generation [18-21], thereby triggering CAN [34,35], as illustrated schematically in Fig. 3. 173 

With such a premise, the severity of HVI-induced pitting damage is correlated to the different 174 

degrees of collective manifestation of plastic strain in the material, which can be calibrated 175 

with the amplitude of generated second harmonics – one of the key nonlinear features of 176 

GUWs. This interaction of a propagating GUW with various modalities of pitting damage 177 

occurs at the microscopic level, and the generated nonlinear features are more sensitive to 178 

microstructural damages (e.g., dislocation plasticity and micro-cracks and voids) in a pitted 179 

region, compared with their linear features.  180 

 181 

 182 

Fig. 3. Illustration of wave propagation in a plate-like waveguide containing pitting damage. 183 

 184 



9 

In virtue of their sensitivity to evaluate microstructural degradation, including inherent 185 

material imperfections, dislocation plasticity, micro-voids and cracks [22,23,27], these 186 

harmonics are regarded as appealing nonlinear features for NUWs-based micro-scale 187 

damage evaluation. Amongst which, the second harmonic is pervasively applied because of 188 

its relative convenience and feasibility in acquisition when compared with other order 189 

harmonics. To gain a deep insight into the generation and accumulation mechanism of 190 

second harmonic, and use it for accurate characterization of pitting damage, a dedicated 191 

analytical modeling approach is proposed. In this model, three identified types of nonlinear 192 

sources are considered, including the inherent material imperfections (e.g., precipitates, 193 

vacancies, and lattices anharmonicity) [23,39], pitting damage-induced localized plasticity 194 

(e.g., dislocation substructures) [27,28] and material lesion (e.g., micro-cracks and voids) 195 

[22,23]. 196 

 197 

2.2. Fundamental Equations of Nonlinear Elastodynamics 198 

Considering an isotropic medium neglecting attenuation and dispersion, the wave motion 199 

equation for the longitudinal wave in the Lagrangian coordinate is expressed as [28,40] 200 

 

2

0
,





=

 

iji

j

u

t x
 (1) 201 

where 0  denotes the mass density, iu  the particle displacement vector, t  the time, 
ij  202 

the stress tensor, and jx  the Lagrangian coordinate in any direction (as shown in Fig. 3). 203 

The stress tensor in a nonlinear medium can be expanded in terms of the displacement 204 

gradients as (assuming no initial stress) [41,42]  205 
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where  207 
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  209 

In the above, m nu x   and  k lu x   denote the strain tensors. 
ijklC  is the second-order 210 

elastic (SOE) tensor determined by Lamé constant   and  . 
ijklmnM  signifies a tensor 211 

owing to the intrinsic material nonlinearity (IMN) and geometric (or convective) 212 

nonlinearity (GMN) [28,39], simultaneously. The former refers to the inherent material 213 

imperfections (leading to crystal vibrations in a metallic medium that do not follow the 214 

simple harmonic motion), described using the third-order elastic (TOE) tensor 
ijklmnC , which 215 

is directly related to three TOECs, i.e., A , B  and C  (referring to the previous literature 216 

[30]). While the latter attributes to the mathematic transformation of wave motion equation 217 

from Eulerian (spatial) to Lagrangian (material) coordinates during analytical derivation, 218 

which can be addressed via the last three terms of 
ijklmnM .  ij  and such in similar forms are 219 

the Kronecker deltas. 
ijklI  and such in similar forms are the fourth-order identity tensors.  220 

 221 

Assuming that GUWs propagate along the [100]  direction of a cubic crystal, the SOECs 222 

and TOECs in Eqs. (2) and (3) can be given as 1111 2 = +C and 111111 2 6 2A B CC = + + , 223 

respectively [43], Eq. (2) can then be described as 224 

 

2 2 2

0 1111 1111 1111112 2

1 1 1

(3 ) ,
u u u u

C C C
t x x x


   

= + +
   

 (4) 225 

 226 
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Based on the perturbation theory, the above equation can be solved and the total 227 

displacement field u  is represented as [41] 228 

 
2 ,u u u = +  (5) 229 

where   represents the angular frequency of a probing GUW. 
2u 

 denotes the secondary 230 

displacement field, which is much smaller than the fundamental displacement field u
 (or 231 

initially excited wave). Assuming that an initially pure sinusoidal disturbance (232 

1sin( )A x tu 
 −=  ) is excited at 1 0x =   (as shown in Fig. 3), then the perturbation 233 

solution of Eq. (5) can be obtained as [44]  234 
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+

= − − −    (6) 235 

where   and A
  signify the wavenumber and measured amplitude of fundamental wave, 236 

respectively. The coefficient in front of the second term is 
2

1111 111111 1111

2
[(3 ) / 8 ]( )

 − +C C C A x , 237 

the measured amplitude of second harmonics (denoted by 2A   ). By simply rearranging 238 

these amplitude terms, the IMN for an intact medium can be determined in terms of the 239 

measured quantities 240 

 
2

1111 111111

2 2

1 1111
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( ) 2
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x A C






  

+ + +
=  = −  +

+
  (7) 241 

 242 

Obviously, the variation of mat   is ascribed to both the SOECs (i.e.,    and  ) and 243 

TOECs (i.e., A , B  and C ). It is well known that the SOECs change very little, therefore, 244 

it is the TOECs which dominate the IMN in both the analytical and numerical models [29,43]. 245 

 246 

Based on the above analysis, it is found that the amplitude of second harmonics is a direct 247 

measure of the ultrasonic nonlinearity, and then it is vital important to gain an insight into 248 
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the second harmonic generation in GUW propagation. To obtain the second harmonic field 249 

2

3 1( , )u x x  of a propagating GUW in Eq. (5), both perturbation approximation and modal 250 

expansion analysis approach are recalled, which can then be written as [45] 251 

 
2 2 2 2

3 1 1 3

1
( , ) ( ) ( ) . .,

2

i t

m m

m

u x x A x u x e c c   


−= +  (8) 252 

where 2

3( )mu x  represents the displacement field function (or velocity vector). . .c c  is the 253 

complex conjugates. The modal amplitude of second harmonics 2

1( )mA x   is used to 254 

determine the contribution of 
thm  second harmonics in the mode expansion. The solution 255 

of 2

1( )mA x  in Eq. (8) with the source condition 2

3 1( , ) 0u x x =  at 1 0x =  is given as 256 
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where *

n  signifies the complex conjugate of the wavenumber at 2 . 2

1( )mA x  takes the 258 

form 259 
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  (10) 260 

 261 

In the above, mnP  is the complex power flux of an 
thm  mode in direction 1x . vol

nf  and 262 

surf

nf  respectively denote the external driving force (i.e., power flux ) for second harmonics 263 

generated through the volume force and surface traction, due to the propagation of 264 

fundamental waves.  265 

 266 

Assuming that a GUW is transmitted at the location 1 0x = , then the amplitude of 
thm  267 

second harmonics is defined as [46] 268 
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 (11) 269 

where 
pc   and 2

pc    denote the phase velocities of fundamental and secondary waves, 270 

respectively. Regarding to a plate-like structure, GUWs are multimodal and dispersive, 271 

which can be depicted as [41] 272 

 

1
2

2 2 2

tanh(0.5 ) 4
,

tanh(0.5 ) ( )

qh pq

ph q







 
= −  

− 
 (12) 273 

where the +1 is for the symmetric modes, while -1 is for the antisymmetric modes. h  274 

denotes the plate thickness. In the Eq. (12), 
2 2( / )Lp c = −  and 

2 2( / )Tq c = − . 275 

Phase and group velocities can then be calculated using the Eq. (12) and the parameters in 276 

Table 2, as demonstrated in Fig. 4. The former is the propagation velocity of the phase at a 277 

specific frequency, while the latter is the velocity at which the energy of a wave travels. 278 

 279 

Fig. 4. Dispersion curves for a 1 mm-thick Al-7075 plate: (a) phase velocity; and (b) group velocity. (red 280 

and dark lines represent the fundamental and secondary symmetric modes, denoting by S(i) and s(i) 281 

(i=0,1,…,6), respectively)[46]. 282 

 283 

 284 

 285 
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 286 

Table 1. Material parameters of Al-7075 [30] 287 

 

TOECs 
E  

(GPa) 
υ 

ρ 

(kg/m3) 

cL 

(m/s) 

cT 

(m/s) 

λ 

(GPa) 

μ 

(GPa) 
A 

(GPa) 

B 

(GPa) 

C 

(GPa) 

Intact  

(=1) -351.2 -149.4 -102.8 73.1 0.33 2758 6373 3146 55.27 25.95 

 288 

In the case of * 2n = , which denotes the phase-velocity matching ( 2=p pc c  , as marked by 289 

solid circles in Fig. 4(a)), if the external power flux from fundamental mode to second 290 

harmonics is not zero ( 0+ vol surf

n nf f  ), 2

1( )mA x   will increase linearly (or grow 291 

cumulatively) against the propagation distance 1x  . This phenomenon is known as the 292 

“internal resonance” , requiring two conditions: (1) phase-velocity matching: 2=p pc c   or 293 

* 2n = ; (2) non-zero power flux: 0+ vol surf

n nf f .  294 

 295 

Regarding the mode pairs with phase mis-matching ( 2

p pc c   or * 2n  ) and non-zero 296 

power flux ( 0+ vol surf

n nf f  ), 2

1( )mA x   remains bounded and oscillates with a spatial 297 

periodicity 1( )nx , which can be defined as [30] 298 

 

2

1 2

2
( ) ,

| 2 | 2

p p

n

n p p

c c
x

c c

 

 

 

  
= =

− −
  (13) 299 

where the maximum amplitude of 2

1( )mA x  can be obtained. Note that 1( )nx  is dependent 300 

on the angular frequency and the phase velocities of the fundamental and secondary modes. 301 

Considering the dispersive nature of GUWs, the internal resonance conditions (representing 302 

by the phase velocity) can be satisfied only at finite excitation frequencies, restricting the 303 

practical implementation of damage evaluation. 304 

 305 
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2.3. Nonlinearity Disturbance in Probing GUWs Due to Pitting Damage  306 

2.3.1. Plasticity-driven Material Nonlinearity 307 

Regarding a pitting-damaged region undergoing plastic deformation, the sub-grains, 308 

dislocations, shock hardening, etc., together result in enhancement of material plasticity, 309 

which could be a source of nonlinearity for the GUWs propagation. Typically, plastic 310 

damage-induced ultrasonic nonlinearity is predominantly owed to dislocation evolutions in 311 

materials [27-29]. The physical mechanism between the plastic deformation and the probing 312 

wave is analogous to that of the inherent material imperfections, which can be described via 313 

the retrofitted nonlinear stress-strain constitutive equation. Assuming that a small oscillatory 314 

stress   produced by a probing GUW is superimposed on the initial residual or internal 315 

longitudinal stress 0 , the dislocation will further glide leading to additional strain  . 316 

Note that both lattice abnormality and dislocation contribute to  . The nonlinear stress-317 

strain equation is then derived as [29] 318 
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+   
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 (15) 321 

 322 

In the above, v   signifies the Poisson's ratio, b  the absolute value of Burgers vector 323 

(assumed to be 0.286 nm). dis   and disL   are the dislocation density and length, 324 
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respectively. The conversion factor   and the resolving shear factor R  are assumed to 325 

be 0.33. sf  and ef  respectively denote the fractions of edge and screw dislocations. ijklC  326 

and ijklmnM  are modified by pitting damage-induced dislocation substructures from their 327 

initial values, 
ijklC  and 

ijklmnM . Therefore, this modified constructive equation, i.e., Eq. (14), 328 

can be embedded into the following numerical modeling to analyze the nonlinear ultrasonic 329 

response in the plastically deformed materials. 330 

 331 

In contrast to mat , another ultrasonic nonlinearity index dis  is constructed to reflect the 332 

intensification of localized plasticity-driven material nonlinearity (PMN) in the pitted region. 333 

Accordingly, the total ultrasonic nonlinearities caused by dislocations and lattice 334 

abnormality can be expressed as 335 

 

3
4 3

03 3 2

2
2

24 1

( ) 5 1 2
,

1 2 (1 )

3 (1 2 )

ijklmn dis dis

ijklmn ijkl s e

mat dis
ijkl

dis dis

ijkl s e

M L Rv

C vf vf bM

C L Rv

C vf vf





 





  −
− +    

+ − 
+ = − =

 −
+   

+ −  

 (16) 336 

 337 

It is apparent that the localized plastic deformation incurred by radiation, fatigue, shock 338 

hardening and thermal aging, etc., will lead to the increasing of both SOECs and TOECs. In 339 

the above Eq. (16), the term 2 12(1 ) (1 2 ) / 3dis dis s ev L R vf vf −−  + −   is generally much 340 

smaller than 1/ ijklC , which can be ignored, and the 
ijklC  usually changes very little [29]. 341 

Therefore, it is the TOECs which dominate the increase of nonlinearity parameter. For the 342 

convenience and feasibility of modeling, the intensification of material plasticity is assumed 343 

to be uniformly distributed and gradually increase with the enhancement of the damage 344 

severity. Accordingly, the material nonlinearity of the pitted region, including the IMN and 345 

PMN can be described via the increasing TOECs (i.e., A , B  and C ,   is the scale 346 
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factor) in both the analytical and numerical models, and their values are set according to 347 

previous literatures[30-33]. The change in nonlinearity parameter due to dislocation is then 348 

written as 349 

 

3 4 3 2

03 2

3
4 3 2

1111
03 2

( )24 1

5 1 2

( )24 1
,

5 1 2

dis dis ijkl ijklmn

dis mat
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s e
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vf vf b C
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 −
=    − − 

+ − 

  −
=    

+ − 

 (17) 350 

which can be simplified to 351 

 
4

0.dis dis disL    (18) 352 

 353 

In the above, the dis   is positively related to the dislocation density and length. As 354 

discussed in our previous work [9], with the enhancement of pitting damage, the dislocation 355 

density of material increases, and thus leading to a higher dis  . Generally, this PMN 356 

engendered by the pitting damage imposes significant effect on propagating GUWs more 357 

than the IMN does. 358 

 359 

2.3.2. Micro-cracks Induced CAN 360 

CAN is generated mainly by micro-voids/cracks whose opening size are smaller than the 361 

particle displacement. Physically, when the ultrasonic waves reach an imperfect contact 362 

interface, interaction between micro-cracks and propagating GUWs embraces two 363 

alternative stages: (1) crack closing during the compression stage, the effective local elastic 364 

moduli of material are considered to be same with that of the continuous material because 365 

that the crack becomes tightly closed, in which GUW propagation remains unchanged 366 

without distortion and the compressional part of the waves can penetrate it; and (2) crack 367 
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opening during the tension stage, the local elastic moduli of material are remarkably 368 

weakened, corresponding to a discontinuous structure with fully opened cracks, and their 369 

tensile part cannot penetrate it, which triggers wave scattering and mode conversion. Thus, 370 

after penetrating the interface, the waves become nearly half-wave rectification, which 371 

means they have obvious nonlinearity. This parametric modulation phenomenon of quasi-372 

linear material is generally induced by the stress-dependent interfacial stiffness at cracks – 373 

called “breathing crack”. When the cracks entirely open or close, no CAN occurs. Due to 374 

localized residual stress in the material, micro-cracks in a typical pitted region are partially 375 

closed, then the interaction between the probing GUWs and cracks gives rise to generation 376 

of CAN via “breathing” manner, which can be much higher than the IMN. 377 

 378 

Micro-cracks induced “breathing” behavior will introduce ultrasonic nonlinearity to the 379 

scattered waves, acting as a secondary wave source at the location of micro-crack – namely 380 

“crack-induced secondary source” (CISS hereinafter) [34,35]. The CISS at crack is referred 381 

as a concentrated force whose amplitude is determined via integration of the CISS over the 382 

crack surface, as 383 

  1 ,
open

inc

Crack surface
CISS x ds= −    (19) 384 

where 
inc  signifies the stress tensor of probing GUWs. 1x  is the direction vector. 385 

open

CISS  represents the CISS generated during crack opening. 386 

 387 

The CISS, manifesting time-dependent traits, occurs during crack opening and disappears 388 

otherwise. To reflect the above periodical characteristic of the “breathing” behavior, an 389 

indicator function ( )f t  is introduced to modulate 
bre

CISS , as 390 

 e ( ),
bre open

i tCISS CISS f t=     (20) 391 



19 

where 392 

 

1,
( )

0, ,

/ 2.

open close

close open

close open

t t t
f t

t t t T

t t T

 
= 

  +

= +

  (21) 393 

 394 

In Eq. (20), 
bre

CISS  denotes the modulated CISS attributed to the “breathing” behavior. 395 

opent  signifies the moment when crack opens, and closet  the moment when crack closes,  396 

the duration of a cycle for a propagating GUW. The spectrum of  
bre

CISS  for each high-397 

order harmonic can be ascertained via the Eqs. (20) and (21), with the acquired modal 398 

amplitude of second harmonic ( 2A  ), 
bre

CISS  at 2  can be depicted as 399 

 
2

2 2 ,
bre open

i tCISS A CISS e
  −

=     (22) 400 

 401 

In accordance with the Eq. (22), the in-plane displacement ( 2S

mU − ) of CISS-induced mth-402 

order symmetric modes at 2  can be ascertained as [34,35] 403 

 2 2 2 2 2 2 2

3 0 1

1
( ) ( ) ( ) ,S S S

m m m m m

m

U A u x H k r H k r
k r

    − − −  
= − 

 

  (23) 404 

where 405 

 
2 2 2

2 2 (0)
.

4

bre S
S m in m
m S

mm

k CISS u
A

i P

  


− −
− 

=  (24) 406 

 407 

In the above, 2

3( )S

mu x−   is a function of 3x  (subscript m  signifying mth order, and 408 

superscript S  defining symmetric modes), denoting the in-plane displacement. 
2 ( )H  is 409 

the second-order Hankel function. 2

m

  represents the wavenumber at 2 , r  the distance 410 

between crack and sensor (see Fig. 3). 2S

mA −  signifies micro-crack induced second-order 411 

T
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displacement field at 2 , i  the imaginary unit. S

mmP  is the energy carried by the probing 412 

GUW. (0)S

mu  is the in-plane displacement of GUWs at mid-plane. 2bre

inCISS −  denotes the 413 

in-plane component of 
2bre

CISS
−

. It is noteworthy that the generation of second harmonics 414 

in GUWs propagating in the pitted region with micro-cracks attributes to 
2bre

CISS
−

, with 415 

which the ultrasonic nonlinearity (i.e., CAN) is intensified.  416 

 417 

2.4. Effect of Micro-cracks Distribution on Nonlinearity 418 

As photographed in Fig. 2, cracks are randomly distributed at the surface of the pitted region, 419 

on the periphery of the pitted craters, and in the internal microstructure. This micro-cracking 420 

damage can weaken the local mechanical properties (e.g., Young’s modulus E , Poisson’s 421 

ratio v , etc.) of the pitted region, then the effective elastic moduli can be expressed as [47] 422 
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 (25) 423 

where cE , cG , and cv  respectively denote effective Young’s modulus, shear modulus, 424 

and Poisson’s ratio. crackV  signifies the crack density, G  the pristine shear modulus. DE  425 

and Dv  are the function of pristine E  and v , respectively. Accordingly, it is obviously that 426 

the elastic moduli of the pitted region decrease with the increase of crack density. 427 

 428 

On top of the crack density, the location of micro-cracking layer along the thickness direction 429 

( 3x ) also affect the mechanical properties of medium. Assuming that numerous micro-cracks 430 

are uniformly distributed in a layer with a thickness of 2h , and the distance between this 431 
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layer and the bottom and top surfaces of the plate are 1h  and 3h , respectively, as shown in 432 

Fig. 5. Therefore, the effective elastic moduli of this micro-cracking layer can be given as 433 

cE  and cv , and other two layers without cracks remain the pristine E  and v . Based on 434 

equivalent bending principle, the effective Poisson’s ratio tv  and Young’s modulus tE  435 

of the whole pitted region are defined as, 436 
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where ' 2= / (1 )i i iE E v− , i  denotes the layer number. d  signifies the distance between the 439 

neutral plane and the bottom surface. D  and h  are the bending effective stiffness and total 440 

thickness of whole plate, respectively. 441 

 442 

  443 

Fig. 5. (a) Schematic of a plate-like structure with micro-cracks distributed in a specific layer; and (b) 444 

sketch of a multi-layered model. 445 

 446 

Based on the above derivation, a 5 mm-thick plate with micro-cracks uniformly distributed 447 

in a 1 mm-thick layer is adopted to analytically examine the effect of crack distribution on 448 

the elastic moduli. To be consistent with experimentally observation in our previous work 449 

[9], the crack density is set to be 0.01, and other parameters are referred to the Table 1. As 450 
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demonstrated in Fig. 6, it is worth noting that both the Young’s modulus and Poisson’s ratio 451 

degenerate significantly when micro-cracks distributed in the layer near to the plate surface. 452 

 453 

 454 

Fig. 6. Effective elastic moduli of a pitted plate with micro-cracks ( cE  is normalized by its value at 455 

pristine state). 456 

 457 

To evaluate the ultrasonic nonlinearity induced by the changing of elastic moduli due to the 458 

distributed micro-cracks, a nonlinearity parameter is introduced based on a micromechanics 459 

model [48], as 460 
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 (28) 461 

It is apparent that the degradation of elastic moduli of materials in the pitted region leads to 462 

the increasing of ultrasonic nonlinearity, which is positively related to the crack density and 463 

distribution.  464 

 465 
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2.5. Nonlinear Damage Index Definition 466 

The above modeling of ultrasonic nonlinearity generation (i.e., high-order harmonics), due 467 

to the interaction of propagating GUWs with various modalities of pitting damage (or 468 

nonlinear source), provide a theoretical basis for accurate evaluation of pitting-type damage, 469 

serving as the cornerstone of this study. On this basis, a nonlinear damage index (NDI) is 470 

established to quantify the relationship between the ultrasonic nonlinearity and the pitting 471 

damage severity, which is defined as 472 

 

2

2
(

,
)

A
NDI

A




=   (29) 473 

where A


 denotes the modal amplitude of measured GUW at  , and 
2

A


 the total modal 474 

amplitude of measured second harmonics at 2 , attributing to the IMN, GMN and pitting 475 

damage-induced ultrasonic nonlinearities. 476 

 477 

3. Proof-of-concept Using Finite Element Method  478 

For a quantitative proof of the theoretical analysis in the preceding Section 2, FE-based 479 

methods, including nonlinear Semi-Analytical Finite Element (SAFE) approach and FE 480 

models, are performed. Both the intact plate and pitting-damaged plate with various types of 481 

damages (e.g., craters, plastic deformation and micro-cracks) in materials are taken into 482 

account to gain an insight into the generation and accumulation mechanism of second 483 

harmonics behind the interaction of probing GUWs with pitting damage. All possible 484 

ultrasonic nonlinearities arising from different types of nonlinear sources in pitted region, 485 

i.e., the IMN, GMN, PMN, and CAN, are then investigated to canvass the effect of pitting 486 

damage severity on the ultrasonic nonlinearity in GUWs and the mode sensibility for pitting 487 

damage evaluation. 488 
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 489 

3.1. Numerical Modeling of Pitting Damage 490 

2D FE models for both intact and pitting-damaged plates (2 mm thick, 1000 mm long) are 491 

developed using the commercial software ABAQUS®/EXPLICIT, respectively, as 492 

schematically displayed in Fig. 7. Four-node reduced-integration plane strain elements 493 

(CPE4R) are utilized to discretize these FE models. Regarding the intact plate, two types of 494 

nonlinear sources, i.e., the IMN and GMN are taken into consideration. For the pitting-495 

damaged plate, a 40 mm-length pitted region ( pittedL ) is established, which is 80 mm ( disL ) 496 

to the left boundary of the plate. In addition, ten pitting craters (0.6 mm in diameter) are 497 

uniformly distributed at the surface of the pitted region with an interval of 4 mm. Besides 498 

the above two nonlinear sources, additional PMN and CAN are introduced to the pitted 499 

region.  500 

 501 

 502 

Fig. 7. Schematic of plate-like waveguides for 2D FE models: (a) intact plate; and (b) pitting-damaged 503 

plate containing a pitted region. 504 
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 505 

The numerical modeling of IMN, GMN, and PMN is realized by introducing the modified 506 

nonlinear constitutive equations (i.e., Eqs. (2) and (14)) to ABAQUS®/ EXPLICIT via the 507 

user defined subroutine VUMAT. The implementation of modeling can be detailed as 508 

follows: 509 

(1) To model the linear elastic plate (LEP) without IMN and GMN, both the TOECs and 510 

the term of 
ijln km jnkl im jlmn ik

C C C  + +  in Eq. (2) are zero. Then the Eq. (2) is simplified 511 

to the linear Hooke’ Law, showing no second harmonic component; 512 

(2) To only model the GMN, the TOECs are set to be zero, and the term of 513 

ijln km jnkl im jlmn ik
C C C  + +  is considered; 514 

(3) To model the IMN alone, the TOECs are defined using the parameters in Table 1, and 515 

the term of 
ijln km jnkl im jlmn ik

C C C  + +  equals zero. In reality, both the IMN and GMN 516 

must be considered in the simulation implementations simultaneously, together called 517 

inherent structure nonlinearity (ISN); 518 

(4) To model the PMN in the pitted region, the TOECs are thought to grow equally up to 519 

A , B  and C  , where    is assumed to be 1.5 (referred to 1.0 for the intact 520 

medium), in line with the huge volume compression of material (35~50%) undergoing 521 

HVI, as discussed in our previous work [9].  522 

 523 

In addition, to model micro-cracks induced CAN in the pitted region, N  ( 20N = ) seam 524 

cracks with a length of 
cracka  ( 0.02 mmcracka = ) for each are defined and uniformly 525 

distributed in this region 
pitted

S  ( pitted pittedS L h=  ), as seen in Fig. 7(b). In accordance with 526 

the experimental observations, ten cracks are parallel to the plate surface underneath the 527 

craters, together with other cracks perpendicular to the surface. A contact-pair interaction is 528 
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imposed on each contacting interface of micro-crack, prohibiting the penetration of nodes 529 

into opposite surface, to describe the “breathing” manner when the probing GUWs traverse 530 

the crack. Moreover, the crack density is set to be 0.01, obtaining via a dimensionless 531 

parameter, i.e., 
2

/
crack crack pitted

V Na S= . For the complex and randomly distributed micro-532 

cracks, the primary aim of this proposed 2D modeling is to interpret the comprehensive 533 

effect of the severity and distributed layer of cracks on the ultrasonic nonlinearity, 534 

respectively, ignoring the influence of individual cracks with different dimensional 535 

parameters and orientations. 536 

 537 

In the simulation models, two representative mode pairs, viz., S0-s0 and S1-s2 at various 538 

excitation frequencies, are respectively exploited. Considering that the symmetric modes are 539 

dominant by in-plane displacement (i.e., along 
3x  direction), as shown in Fig. 8, prescribed 540 

in-plane displacement condition is adopted at the left edge of FE model to excite an 541 

appropriate probing GUWs (Fig. 7). Besides, stress-free conditions are applied to another 542 

boundaries. In attempts to maximize the generation of pure and interested modes, the excited 543 

signal at each specified node is scaled referring to the displacement shape of wave modes, 544 

which can be calculated by Eqs. (30) and (31) [49]. The excited signal is formulated as 545 

0 3( ) ( )H hU U A t B x= , where 
0U  denotes the displacement amplitude of excitation signal 546 

(set to be 1×10−4 mm). ( )HA t   is a ten-cycle Hanning-windowed sinusoidal tone-burst 547 

waveform at various excitation frequencies, representing different degrees of internal 548 

resonance conditions. 
3( )hB x   is the normalized displacement profile of the excitation 549 

signal, which is beneficial for the singular generation of interested GUW mode with other 550 

unintended modes suppressed.  551 
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−
=  −   (31) 553 

where 
inu  and 

outu  are the in-plane and out-of-plane displacements for the symmetric 554 

modes, respectively. 
1Q  is a constant that can be determined by the stress-free boundary. 555 

 556 

   557 

   558 

Fig. 8. In-plane and out-of-plane displacement shape of representative symmetric modes for a 2 mm-thick 559 

waveguide: (a) S0 mode at 300 kHz; (b) s0 mode at 600 kHz; (c) S1 mode at 1810 kHz; and (d) s2 mode 560 

at 3620 kHz. 561 

 562 

To warrant simulation accuracy and error convergence, the element size ( d ) should be 563 

much smaller than the spatial resolution of / 24
L

 , where 
L  denotes the wavelength of  564 

fundamental wave [28]. Accordingly, for the S0-s0 mode pair, the FE model is discretized 565 

with an element sized 0.1 mm only (i.e., 1/30 of the wavelength of s0 mode). Regarding the 566 

S1-s2 mode pair, the size of each element is 0.05 mm – 1/50 of the wavelength of s2 mode. 567 

To satisfy the stability criteria, time-step ( t ) should be smaller than the time resolution 568 

of / pd c . It is then set to be 2×10-9s, ensuring that the probing GUWs do not travers an 569 

element in a step time. Since the representative symmetric modes (e.g., S0, S1, s2 in this 570 

work) are dominated by the in-plane displacement along the thickness direction, and the 571 
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maximum displacement of interested mode appears on the surface (see Fig. 8), GUWs 572 

propagating in the plate is continuously observed via acquiring the in-plane displacement on 573 

the upper surface at an interval of 20 mm. Notably, the plate in the FE model is 1000 mm 574 

length guaranteeing that reflected wave from the right boundary do not interfere with the 575 

obtained wave modes of interest. 576 

 577 

3.2. Results and Discussions 578 

3.2.1. Mode Excitability and Cumulative Effect for Pitting Damage Evaluation 579 

To facilitate the implementation in practice and enhance the reliability of the developed 580 

GUWs-based method, it is required to select an appropriate mode pair which approximately 581 

satisfies the internal resonance conditions. In addition, it should manifest a higher 582 

excitability than the rest of GUW modes excited simultaneously, guaranteeing that the 583 

selected mode pair is preferably excited/sensed. Theoretically, there are an infinite number 584 

of mode pairs satisfies the above-mentioned internal resonance (see Fig. 4). Nevertheless, 585 

considering the deviation arising from the device and operation, the excitability of high 586 

frequency modes, as well as the feasibility of in-situ practical application, two representative 587 

mode pairs (S1-s2) and (S0-s0) are most widely used for the evaluation of pitting damage.  588 

 589 

In general, the selection of optimal GUW modes for damage evaluation is based on the 590 

known material properties and phase velocities. However, according to the theoretical 591 

derivation in Section 2.5, the HVI induced-pitting damage will cause variations in the elastic 592 

moduli of material (or SOECs), i.e., E  and v , which result in the changing of both 593 

transverse velocity Tc  and longitudinal velocity Lc , as 594 
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  (32) 595 



29 

 
0

(1 )
,

(1 )(1 2 )

t t

L
t t

E v
c

v v

−
=

+ −
  (33) 596 

 597 

Accordingly, the degradation of elastic moduli can affect the parameters p  and q  in the 598 

dispersion Eq. (12), which further lead to the variation of dispersion curves in propagating 599 

GUWs, as well as the phase-velocity match conditions. For convenience of following 600 

analysis, phase velocities of fundamental modes (S0, S1) and secondary modes (s0, s2) for 601 

both intact and pitting-damaged plates are calculated via SAFE method using the parameters 602 

in Table 1, and separated from the other wave modes, as displayed in Fig. 9. The phase 603 

velocities of secondary modes (red and blue lines) are plotted overlapping with that of the 604 

fundamental modes, in which point P meaning that phase-velocity matching is satisfied. The 605 

dashed and solid lines represent the mode pairs for intact and pitting-damaged plates, 606 

respectively.  607 

 608 

   609 

Fig. 9. Phase velocities of selected modes for the intact and pitting-damaged plates: (a) S0-s0 pair; and 610 

(b) S1-s2 pair. 611 

 612 

It’s noteworthy that pitting damage-induced crack leads to the deviation of dispersion curves, 613 

and thus the increasing degree of phase-velocity mis-matching condition. This phenomenon 614 
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provides a basis for selecting preferable mode pairs and frequencies to evaluate pitting 615 

damage. The representative points (marked by solid circles) with different excitation 616 

frequencies, corresponding to different degrees of phase-velocity mis-matching, are selected 617 

for the subsequent numerical analysis. 618 

 619 

By way of illustration, numerical results obtained from a 2 mm-thick intact plate at the 620 

excitation frequency of 1810 kHz (marked by P in Fig. 9) is demonstrated, where the internal 621 

resonance conditions are satisfied. It can be observed that the maximum displacement occurs 622 

on the surface of the plate when the probing GUW propagates along 
1x  direction, as shown 623 

in Fig. 10(a), which is in good coincidence with the theoretical results (see Fig. 8). As 624 

demonstrated in Figs. 10(b) and (c), only the symmetric GUW modes (S1 and S0) are 625 

generated using the prescribed excitation signal, and the wave energy is dominated the 626 

fundamental S1 mode. Considering that these measurement points are sufficiently away 627 

from the excitation source, S1 mode are fairly isolated from S0 mode in the acquired signals, 628 

due to the much greater group velocity of the S1 mode than that of S0 mode at this exciting 629 

frequency. This warrants that S1 mode can be purely extracted, guaranteeing the accuracy 630 

of the acquired magnitudes of S1-s2 mode pair, making it prior to other mode pairs for 631 

microstructural material damage characterization. In addition, the in-plane displacements of 632 

both the 0° phase and 180° out-of-phase inversed GUWs are obtained at the monitoring 633 

points and processed via a pulse-inversion technique, with which the spectral energy 634 

(acquired using the short-time Fourier Transform (STFT)) at fundamental S1 mode is 635 

remarkably mitigated, while the weak energy at sub-harmonics and second harmonic s2 636 

mode (i.e., nonlinearity) stand out, as observed in Fig. 10(d). For the intact plate, the 637 

generation of second harmonics owns to the ISN. 638 

 639 
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  640 

 641 

Fig. 10. Signal obtained at the monitoring point 160 mm for a 2 mm-thick intact plate with an excitation 642 

frequency 1810 kHz: (a) snapshots of propagating GUWs (in the form of stress contour)[40]; (b) original 643 

signal; (c) STFT spectra of the original signal with overlaid group velocity curves; and (d) STFT spectra 644 

of the superimposed signals captured via an intact plate with ISN.  645 

 646 

Combining the use of SAFE approach and FE models, the cumulative effect of second 647 

harmonics against the propagation distance for the interested mode pairs at different 648 

excitation frequencies are then investigated, as demonstrated in Fig. 11. For the intact plate, 649 

regardless of the excitation frequencies, NDI oscillates with respective to the propagating 650 

distance in a sinusoidal manner for S0-s0 pair – a phenomenon that can be attributed to the 651 

mis-matching in the respective phase and group velocities of two modes (as displayed in 652 

Figs. 4 and 9). With the increasing of excitation frequency, the degree of phase-velocity mis-653 

matching is intensified, resulting in the decreasing of oscillation spatial period 1( )nx , as 654 

shown in Fig. 11(a). Considering the S1-s2 pair satisfied the phase-velocity matching 655 

condition, NDI demonstrates a monotonic and linear growth along the propagating distance, 656 

as displayed in Fig. 11(b). While NDI also oscillates over the propagating distance in a 657 
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sinusoidal behavior when the phase-velocity is inaccurately matched. The spatial period and 658 

normalized oscillation amplitude obtained from the simulations demonstrate a good 659 

coincidence with the SAFE analysis, which can be calculated via Eqs. (11) and (13).  660 

 661 
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Fig. 11. Comparison of NDI obtained via SAFE method and simulations for both intact and damaged 663 

plates: (a) S1-s0 mode pair; and (b) S1-s2 mode pair. (Normalized to the value of first peak) 664 

 665 

Regarding the pitting-damaged plate, two types of damages are considered separately, i.e., 666 

intensified material plasticity, and micro-cracks induced deterioration of elastic moduli of 667 

material. To obtain the analytical solution, damages are assumed to uniformly distribute in 668 

the whole structure, and effective elastic moduli (calculated by Eq. (25) when 0.01
crack

V = ) 669 

and enhanced TOECs (the scale factor  is assumed to be 1, 1.5, 2) are introduced to the 670 

SAFE approach, respectively. It’s noteworthy that accumulation phenomenon of second 671 

harmonics in the damaged plate is similar to that of the intact plate. For the pitting damaged 672 

plate with cracks only, 1( )nx  decreases with the increasing degree of phase-velocity mis-673 

matching, which is caused by the weakened elastic moduli of material. As displayed in Fig. 674 

12(b), regardless of the intact or damaged plates, 1( )nx   equals when the value of mis-675 

matching degree is approximate. In addition, with micro-cracks induced CAN, the modal 676 
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amplitude of second harmonic in the probing GUW is intensified, leading to a higher NDI. 677 

Considering the damaged plate with enhanced material plasticity alone, the enhancement of 678 

TOECs contributes to the increase of the power fluxes vol

nf  and surf

nf , as illustrated in Eqs. 679 

(11) and (29), resulting in the growth of NDIs. While 1( )nx  remains unchanged, because the 680 

SOECs are assumed to be invariant in the SAFE method, as shown in Fig.12(c). Assuming 681 

that plasticity is identical in the whole pitted region, thus the integrated effect of plasticity 682 

intensification on the nonlinearity can be quantitatively characterized using the increasing 683 

TOECs. 684 
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 687 

Fig. 12. Comparison of NDI obtained by SAFE analysis for both the intact and uniformly damaged plates: 688 

(a) S1-s0 pair; (b) S1-s2 pair; and (c) intensification of plasticity at excitation frequency of 300 kHz. 689 

(Normalized to the value of first peak). 690 
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Based on the above analysis, it can be concluded that NDI grows cumulatively along the 692 

propagating distance within half of 1( )nx  , reaching a peak, because the phase matching 693 

condition is approximately satisfied. Then NDI gradually decreases to a valley at 1( )nx  as 694 

the phase mis-matching dominates. This oscillation trend periodically appears due to the 695 

variation of phase mis-matching conditions. The values of 1( )nx  and normalized NDI are 696 

inversely proportional to the deviation of the phase velocities between the fundamental and 697 

second harmonic modes, which is strongly dependent on the excitation frequency. 698 

Consequently, to enhance the reliability and improve the sensitivity of the proposed GUW-699 

based method for pitting damage characterization, proper excitation frequencies should be 700 

selected, guaranteeing that the weak second harmonics can stand out and continuously 701 

accumulate within a certain detection distance. 702 

 703 

3.2.2. Generation Mechanism and Sensibility of Second Harmonics 704 

To validate the aforementioned predictions and further analyze the generation mechanism 705 

and sensibility of second harmonics, numerical simulations for the pitting-damaged plate are 706 

performed, with different excitation frequencies. The numerical results obtained from both 707 

the intact plate and damaged plate (2 mm-thick) with a pitted region containing the above 708 

different types of nonlinear sources (as discussed in Section 3.1) are compared. Taking the 709 

case at the exciting frequency of 300 kHz as an example, the Fast Fourier Transform (FFT) 710 

is adopted to extract the magnitudes of both fundamental and second harmonic modes from 711 

the in-plane displacement obtained via the intact plate, as shown in Fig. 13. It is obviously 712 

that there is indiscernible change in the amplitudes of fundamental modes (i.e., linear feature, 713 

Aω) at 300 kHz, indicating its insensitivity to inherent material imperfections, but a 714 

conspicuous difference for the second harmonics (i.e., nonlinear feature, A2ω) at 600 kHz. 715 

Exemplarily, second harmonic is not observed in the linear elastic pristine plate (black 716 
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dashed line), while it is generated in the intact plate with IMN and GMN, respectively. It is 717 

also interesting to see that the amplitude of the second harmonic generated by the IMN is 718 

much greater than that of the GMN, which means that the IMN plays a dominant role in the 719 

generating of second harmonics in the intact plate. Together, both of the IMN and GMN, 720 

namely ISN, jointly give rise to the accumulation of second harmonics in the plate, which 721 

must be considered in the simulation implementations simultaneously. 722 

 723 

 724 

Fig. 13. FFT spectra of signals obtained at the monitoring point 220 mm for an intact plate using the LEP, 725 

GMN, and IMN stress-strain constitutive models, respectively. 726 

 727 

For the pitting-damaged plate, with the use of a pulse-inversion technique, the spectral 728 

energy of fundamental waves (signified by 𝑆0
𝜔0) is significantly mitigated, while the weak 729 

energy of second harmonics (signified by 𝑆0
2𝜔0) is enhanced (obtained via STFT) , as well 730 

as the sub-harmonics ( 0 /2 ), as displayed in Fig. 14. Note that the second harmonics are 731 

generated mainly owing to the ISN for the intact plate. Compared to the intact plate, the 732 

spectral energy at 𝑆0
2𝜔0 obtained from the pitting-damaged plate is increased phenomenally. 733 

It is clearly observed that among various types of nonlinear sources, the PMN due to 734 

enhanced plasticity is remarkably stronger than that of the ISN, while it is much weaker than 735 

that owing to “breathing” cracks-induced CAN. Together, the ISN, PMN and CAN jointly 736 
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give rise to the generation and cumulation of second harmonics in the plate containing pitting 737 

damage, which will be considered in the simulation implementations in the following studies. 738 

 739 

 740 

Fig. 14. STFT spectra of superimposed signals obtained at monitoring point 220 mm for a 2 mm-thick 741 

plate containing different types of nonlinear sources (excitation frequency is 300 kHz): (a) linear elastic 742 

plate; (b) intact plate with GMN; (c) intact plate with ISN; (d) pitted plate with ISN and PMN; (e) pitted 743 

plate with ISN and CAN; and (f) pitted plate with ISN, PMN and CAN. (Normalized to the max value of 744 

STFT spectra for the Case (f)) 745 

 746 

To take a step further, NDIs are obtained using Eq. (29) along the propagating distance and 747 

various types of nonlinear sources for both S0-s0 and S1-s2 mode pairs at different excitation 748 

frequencies, as presented in Fig. 15. For an easy comparison, NDIs are normalized with 749 

respect to the first peak value (marked by the dash line) of the NDI acquired from the intact 750 

plate in the same case. As observed, NDI oscillates against the propagating distance, 751 

attributing to the mis-matching of representative phase velocities (see Figs. 15(b)-(f) and 752 

(h)); while NDI demonstrates a monotonic and linear growth along the propagating distance 753 

when the mode pair has the identical or approximate phase velocities, quasi-satisfied the 754 

internal resonance conditions (Figs. 15(a) and (g)). Regardless of the excitation frequencies, 755 

NDI obtained in the pitted plate (with PMN, CAN, or both) grows significantly after 756 
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traversing the pitted region, due to the interaction between pitting damage and the probing 757 

GUWs. This phenomenon is remarkable particularly when the probing GUWs do not satisfy 758 

the internal resonance conditions, as displayed in Figs. 15(b)-(f) and (h). 759 

 760 

It is noteworthy that with the increasing degree of phase-velocity mis-matching, the 761 

oscillation spatial period 1( )nx  significantly decreases (Figs. 15(a)-(d), and Figs.15(g)-(h)), 762 

while the pitting damage-induced nonlinearity stands out with comparable effectiveness, in 763 

particular the crack-induced CAN, as marked by pink arrows. These features are beneficial 764 

for the discerning and extraction of pitting damage-induced nonlinearity. Therefore, it is not 765 

of necessity to meet the prerequisite of internal resonance conditions. Generally, compared 766 

to the intact plate, both the peak and valley for an uniformly damaged plate will appear in 767 

advance due to the increasing degree of phase-velocity mis-matching, as shown in Fig. 12. 768 

However, this phenomenon is changed for a localized pitting-damaged plate owing to the 769 

modulation of pitted region on the propagating GUWs. As revealed in Fig. 15(b)-(d) and (h):  770 

(1) NDI obtained from the pitting-damage plate reaches the peak earlier than that of the 771 

intact plate with the excitation frequencies 250 kHz and 1900 kHz, because that 1( )nx  772 

is large enough and the pitted region is far away from the peak, thus the sharply 773 

intensified NDI after traversing the pitted region will have enough distance to recover 774 

its regular propagation pattern in an uniformly plate;  775 

(2) NDI reaches the peak equal to that of the intact plate with the exciting frequency 300 776 

kHz, which can be attributed to the decreasing of 1( )nx , leading to no enough distance 777 

to recover its regular propagation pattern after a dramatic intensification, and 778 

subsequently a slight delayed arrival of the peak. While, it arrives the valley in advance 779 

owing to the recovery of propagation GUWs; 780 
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(3) with the further or remarkable decreasing of 1( )nx , as seen in Fig.15(d), the pitting 781 

damage-induced significantly enhancement of NDI delays the appearance of both the 782 

peak and valley. 783 

 784 

The above findings are proven again in Figs. 15(d)-(f), when the pitted region is located on 785 

both the rising and trailing edges of the oscillation period, respectively, with different 786 

distance to the exciting source ( pittedL ). Compared to the pitted region on the rising edge, 787 

more remarkable discrepancy can be observed between the ISN- and CAN-induced NDIs for 788 

that on the trailing edge, which is beneficial to stand out the crack-induced ultrasonic 789 

nonlinearity. 790 

 791 

Accordingly, the mode pair at a relatively higher degree of phase-velocity mis-matching is 792 

more feasible and sensitive to characterize the pitting damage. While, in order to obtain a 793 

sufficiently large and discernible NDI, the pitted region is better located within the first 794 

oscillation period, because NDI attenuates with the increasing of propagation distance or 795 

oscillation period. Limited to the size of pitted region (typically 40~100 mm) and the value 796 

of 1( )nx , the maximum detection distance between the actuator and sensor should better 797 

shorter than half of 1( )nx , guaranteeing that the weak second harmonics can stand out and 798 

continuously accumulate within an enough propagation distance.  799 
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   803 
 804 

Fig. 15. Normalized NDIs obtained in simulations using mode pairs S0-s0 and S1-s2 with different 805 

excitation frequencies: (a) 200 kHz; (b) 250 kHz; (c) 300 kHz; (d) 350 kHz; (e) 350 kHz; (f) 350 kHz; (g) 806 

1810 kHz; and (h) 1900 kHz. 807 

 808 

 809 
 810 

3.2.3. Effect of Pitting Damage Severity and Distribution on Nonlinearity 811 

Note that pitting damage can be different under the variation of impact conditions, targeting 812 

at giving an insight into the effect of pitting damage severity (e.g., pitted region size and 813 

crack density) and distribution on ultrasonic nonlinearity, a series of 2D FE models are 814 

performed, as detailed in Table 2. ISN, PMN ( 1.5 = ) and CAN are considered in the pitted 815 

region, the modeling procedures remain the same as those described in Section 3.1. 816 

 817 

Table 2. 2D FE models used for investigating the effect of pitting damage severity and distribution. 818 

Case 
h   

(mm) 
pitted

L  

(mm) 
N  cracka

(mm) 
crackV  Crack 

distribution 
Mode pair 

Excitation 

frequency 

1 

2 

20 10 

0. 2 

0.01 

Uniformly 

distributed  

S0-s0 

600~1200 kHz mm 
300 kHz 

2 30 15 0.01 

3 40 20 0.01 

4 40 25 0.0125 

5 40 30 0.015 

6 

5 

40 50 0.01 Surface S1-s2  

3.60~7.20 MHz mm 

3.80~7.60 MHz mm 

720 /760 

kHz 
7 40 50 0.01 Sub-surface 

8 40 50 0.01 Mid-plane 

 819 

0 80 160 240 320 400 480 560
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

N
o

rm
a
li
z
e
d

 N
D

I

Propagation distance (mm)

  Plasticity & CAN

  CAN (Vcrack = 0.01)

  Plasticity (=1.5)

  Intact

(g)

Pitted region

1.4

0 80 160 240 320 400 480 560
0.0

0.4

0.8

1.2

1.6

2.0

2.4

2.8

2.161

(h)

  Plasticity & CAN

  CAN (Vcrack=0.01)

  Plasticity (=1.5)

  Intact

 

 

N
o

rm
a
li
z
e
d

 N
D

I

 Propogation distance (mm)

Pitted

region



41 

As illuminated in Fig. 16, a conspicuous increase in NDI is easily noticed with the increasing 820 

of pitted region length, as well as the crack density, indicating that the proposed NDI is 821 

sensitive to the occurrence of pitting damage, which can be adopted to precisely evaluate the 822 

severity of pitting damage. It is worth noting that the oscillation spatial period 1( )nx  823 

slightly decreases for the plate with pitted region, attributing to the changing of phase-824 

velocity mis-matching condition, which is caused by the weakened elastic moduli of material. 825 

The simulation results are in accordance with the foregoing analytical solutions. 826 

 827 

  828 

Fig. 16. NDI obtained in simulations using mode pair S0-s0 with excitation frequency of 300 kHz: (a) 829 

NDI vs. the pitted region length; and (b) NDI vs. the crack density. (Normalized to the value of first peak).  830 

 831 

In addition, to facilitate the investigation of crack distribution induced discrepancy in 832 

ultrasonic nonlinearity, a 5 mm-thick 2D FE model is developed with cracks uniformly 833 

distributed in different layer (i.e., surface, sub-surface and mid-plane layers with a thickness 834 

of 2 mm) in the pitted region, as schematically depicted in Fig. 17(a). The central frequencies 835 

of 720 kHz and 760 kHz are applied to generate the S1-s2 mode pair, satisfying the phase-836 

velocity matching and mis-matching conditions, respectively. Regardless of the internal 837 

resonance conditions, NDI for the pitting-damaged plate increases drastically after traversing 838 
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the pitted region when compared to that of the intact plate, as illustrated in Figs. 17(b) and 839 

(c). When the layer containing micro-cracks moves from the mid-plane to the surface of the 840 

plate, a conspicuous increase of the NDI is easily noticed, in particular the mode pair with 841 

phase-velocity mis-matching. This is because, as theoretically analyzed in Section 2.4, in the 842 

pitted region, both the Young’s modulus and Poisson’s ratio degenerate significantly when 843 

the micro-cracks distributed in the layer near to the plate surface, leading to the 844 

intensification of ultrasonic nonlinearity.  845 

 846 

 847 

  848 

Fig. 17. (a) Schematic of FE model with cracks distributed in different layer of the pitted region; (b) and 849 

(c) NDI obtained in simulations via S1-s2 mode pair with excitation frequency 720 kHz and 760 kHz, 850 

respectively. (Normalized to the value of first peak). 851 

 852 

The SAFE and simulation results have accentuated the significant influence of the pitting 853 

damage (including three types of damage sources) on the generation and accumulation of 854 

nonlinearity in GUWs, and inversely the abnormal growth of nonlinearity in probing GUWs 855 
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can be applied to quantitively evaluate the pitting damage severity, as illustrated by the 856 

experimental application in the following Section. Simultaneously, these findings also 857 

provide a basis for the selection of preferable extraction frequency and detection distance 858 

for damage evaluation. While the proposed 2D models cannot be used to scrutinize the crack 859 

orientation induced wave-scattering.  860 

 861 

4. Experimental Application: Characterizing HVI-induced Pitting Damage 862 

The theoretical and numerical modelling aspires to a new structural health monitoring 863 

framework for guiding the experiment design of pitting-type damage evaluation in space 864 

assets, including the proper sensor network (or detection distance) design, appropriate mode 865 

pair and preferable frequency selection, etc. Most importantly, to break through a bottleneck 866 

of GUW-based detection when extended to quantitative evaluation of multitudinous damage 867 

disorderedly scattered within a single inspection region. These proposed modeling 868 

techniques are experimentally validated using an interested S0-s0 mode pair with different 869 

degree of phase-velocity mis-matching conditions, in which highly complex pitting damage 870 

in the rear wall layer of an AL-Whipple shield, endangered by HVI, is quantitatively 871 

characterized. 872 

 873 

4.1. Experiment Set-up 874 

To facilitate the experimental validation, HVI test is performed using a two-stage light gas 875 

gun to generate pitting damage in a plate-like structure. In the experiment, a spherical 876 

projectile (AL-2017, Ø 3.2 mm) is accelerated to 4.13 km/s to impact a typical dual-layered 877 

Whipple shield, consisting of a 1 mm-thick bumper layer (2024-T4) and a rear wall layer 878 

(5A06, 3 mm × 500 mm × 500 mm in dimension) with a shield spacing of 100 mm, as 879 

schematically displayed in Fig. 18(a). The bumper layer is penetrated by the projectile owing 880 
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to the vast kinetic energy, and the shattered projectile, together with some portions of jetted 881 

material of the bumper layer form a debris cloud, which subsequently impacts the rear wall. 882 

Consequently, pitting damage, featuring multitudinous small-scale craters and cracks, are 883 

induced and disorderedly clustered over a large region, as photographed in Fig. 18(b). The 884 

severity of pitting damage in the three typical regions (i.e., 
cc

D , 
rc

D  and 
99

D ) are usually 885 

different obviously. 886 

 887 

 888 

Fig. 18. (a) Schematic of HVI test set-up; and (b) photography of HVI-induced pitting damage. 889 

 890 

Upon the HVI experiment, pitting damage in the rear wall is detected and characterized using 891 

proposed nonlinear ultrasonic evaluation approach. Fig. 19 demonstrates the schematic of 892 

GUWs-based experimental set-up. In the experiments, an in-situ square sensing network, 893 

consisting of 40 miniaturized, lightweight lead zirconate titanate (PZT) wafers (PSN33, Φ5 894 

mm, thickness: 0.48 mm), is developed, rendering up to 22 scanning paths, with several 895 

paths traversing the pitted region, as displayed in Fig. 19. The scanning path is 160 mm in 896 

length with an interval of 16 mm to each other, covering an inspection area of 160 mm × 897 

160 mm. The RITEC advanced ultrasonic system (RITEC® RAM-5000 SNAP) is used to 898 

generate a ten-cycle Hanning-windowed sinusoidal tone-burst signal, which is then input to 899 

the low-pass filter to filter out the undesired nonlinearities related to the system before being 900 
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fed to the PZT. The mode pair S0-s0 with various excitation frequencies as investigated in 901 

preceding Sections are excited using this system. To suppress the measurement uncertainty, 902 

the response GUW signals are recorded by an oscilloscope (Agilent DSO 9064A) with an 903 

average of 256 times. The procedure of signal processing for the experiments remains the 904 

same with that of the FE simulations. 905 

  906 

Fig. 19. Schematic illustration of GUWs-based experimental set-up for pitting damage evaluation. 907 

 908 

4.2. Results and Discussions 909 

As discussed in the preceding Sections, the mode pairs that satisfied the approximate phase-910 

velocity matching conditions in a range of frequency are more effective to evaluate the 911 

pitting damage, attributing to their less dispersive property in phase velocities. Considering 912 

that the mode pair with high frequency (higher than 1.0 MHz) are usually weak and difficult 913 

to generated via PZT-based sensor network for in-situ or on-line monitoring, low frequency 914 

mode pair (S0-s0) with quasi phase-velocity matching are mostly used. Accordingly, four 915 

investigated frequencies above, i.e., 200 kHz, 250 kHz, 300 kHz, and 350 kHz, are used here 916 

to analyze the nonlinear features of GUWs in pitting-damaged rear wall, and validate the 917 

numerical modeling.  918 

 919 
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Obviously, the severities of pitting damage in the three typical regions, i.e., 
cc

D , 
rc

D  and 920 

99
D  have significant discrepancy, resulting in distinct amounts of energy transferred from 921 

the fundamental mode to the second harmonics against different scanning paths. Taking 922 

three representative scanning paths (i.e., Path 1, Path 5 and Path 6) containing different 923 

severity of pitting damage at the excited frequency 300 kHz as examples, as interpreted in 924 

Fig. 20(a), and the generation of second harmonics 𝑆0
2𝜔0 via these paths are scrutinized. 925 

The spectra energy of the original GUWs and the extracted secondary GUWs for the two 926 

representative scanning paths (Path 1 and Path 6), when it respectively traverses the intact 927 

region and pitted region center, are obtained via STFT and a pulse-inversion technique, as 928 

shown in Figs. 20(c) and (d), respectively. 929 

 930 

It is worth noting that the probing 𝑆0
𝜔0 mode arrives at the monitoring point first due to the 931 

much greater group velocity, guaranteeing that it can be fairly separated from other GUW 932 

modes in the acquired signals. Such a trait is beneficial for the pure extraction of the 933 

fundamental modes and second harmonics. Note that the incident energy of probing GUWs 934 

transfers from the fundamental mode to the second harmonics (Fig.20(d)) for the Path 6 935 

containing damage, from which the amplitudes of 𝑆0
𝜔0 and 𝑆0

2𝜔0 modes are obtained, as 936 

displayed in Figs. 20(e) and (f), on which basis NDI can be ascertained via Eq. (29) for each 937 

scanning path. It can be observed that HVI-induced damages in the rear wall interrogated in 938 

this paper are small-scale, and thus the effect of wave scattering and mode conversion caused 939 

by this type of damages on the proposed NDI is negligible. It is also noteworthy that the 940 

amplitude of 𝑆0
2𝜔0  mode grows with the enhancement of pitting damage, resulting in a 941 

higher NDI, which demonstrates a good consistency with the theoretical and numerical 942 

analyses. Inversely, it is feasible to quantitatively evaluate the severity of pitting damage in 943 

all scanning paths using the defined NDIs, as shown in Fig. 21. All these NDIs adopted in 944 
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the experimental application are calculated in the current status, without entailing a 945 

benchmark process against any baseline signals from the intact plate under certain conditions, 946 

offering a baseline-free mechanism for pitting damage characterization. 947 

  948 

 949 

   950 

Fig. 20. (a) Sketch of the in-situ PZT-based network for pitting damage evaluation; (b) original signal 951 

obtained from scanning Path 6; (c) and (d) STFT spectra of signals obtained via Path 1 and Path 6, 952 
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respectively; (e) amplitudes of 𝑆0
𝜔0 and 𝑆0

2𝜔0 modes for Path 6; and (f) amplitudes of  𝑆0
2𝜔0 mode for 953 

three typical scanning paths. 954 

 955 

To further analyze the sensitivity of S0-s0 pair for characterization of pitting damage, NDIs 956 

obtained at different excitation frequencies (i.e., 200 kHz, 250 kHz, 300 kHz and 350 kHz) 957 

are acquired and compared, as presented in Fig. 21. The NDI is normalized with respect to 958 

the value that obtained in the intact path, which grows with the increasing intensification of 959 

pitting damage. In addition, with the increasing degree of phase-velocity mis-matching 960 

(represented by the excitation frequency), NDI gradually grows, demonstrating a good 961 

consistency with the preceding theoretical and numerical analyses. Consequently, a higher 962 

excitation frequency is preferred for low frequency S0-s0 pair to quantitatively characterize 963 

the pitting damage. 964 

 965 

 966 

Fig. 21. NDI obtained via all sensing paths for the mode pair S0-s0 with different excitation frequencies. 967 

(Normalized to the value obtained via sensing path one) 968 
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5. Concluding Remarks 970 

Featuring multitudinous localized craters, cracks and diversity of microstructural damages 971 
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disorderedly clustered over a wide area, pitting damage will cause highly complex wave 972 

scattering in the linear features of GUWs. Targeting at quantitatively characterizing HVI-973 

induced pitting damage using nonlinear features (i.e., second harmonics) of the probing 974 

GUWs, dedicated theoretical and numerical modeling techniques are performed to interpret 975 

the generation mechanism of nonlinearities attributed to the intrinsic material imperfections, 976 

as well as HVI-induced enhanced plasticity and micro-cracks. Results from the theoretical 977 

analysis, simulations and experiments demonstrate good consistency, revealing that: 978 

(1) the proposed modeling approach is feasible and effective to faithfully simulate and 979 

precisely evaluate pitting damage-incurred nonlinearities manifested in ultrasonic 980 

waves; 981 

(2) all the mentioned nonlinear sources, including IMN, GMN, PMN and CAN, jointly 982 

contribute to the enhancement of nonlinear features in probing GUWs, of which HVI-983 

induced PMN and CAN dominants the generation of second harmonics, in particular 984 

the “breathing” cracks-induced CAN; 985 

(3) the ultrasonic nonlinearity, defined as NDI, is sensitive to the variation of pitting 986 

damage, including the length of pitted region, crack density and distribution;  987 

(4) the detection sensibility and cumulative generation of second harmonics are related to 988 

the degree of phase-velocity mis-matching, representing by the excitation frequency. 989 

When NDIs continuously accumulate within a certain detection distance larger than 990 

the size of pitted region, as well as shorter than half of oscillation spatial period, the 991 

mode pair at a relatively higher degree of phase-velocity mis-matching is preferred 992 

and sensitive to characterize pitting damage. 993 

 994 

Essentially, the defined NDIs are obtained in the current status, without entailing a 995 

benchmark process against baseline signals from an intact counterpart, and thus this 996 
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proposed method offers a baseline-free mechanism. This study yields a GUW-based SHM 997 

scheme for in-situ accurately characterizing pitting damage at an embryo stage and 998 

surveilling material deterioration progress continuously. 999 
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