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Abstract8

This paper addresses a joint ship path, speed, and deployment problem in a liner shipping

company considering three emission reduction measures, including sulfur emission

regulations, carbon tax, and vessel speed reduction incentive programs (VSRIPs). Given

a set of service routes and the total number of available ships, the proposed problem

determines how many ships should be deployed on each route and how to design sailing

path and speed for each leg. A mixed-integer non-linear programming model is presented

for minimizing the total cost of all routes, i.e., fuel cost, carbon tax, and fixed cost, minus

dockage refund. The different impacts of the three emission reduction measures on sailing

path and speed complicate the problem. Some important properties are obtained by

analyzing the proposed model. Combining these properties with a dynamic programming

approach, a tailored method is developed to solve the problem. Based on real data,

extensive numerical experiments are conducted to examine the validity of the proposed

model and the efficiency of the solution method. The computational results demonstrate

that the proposed model can contribute to significant cost savings for shipping companies.

Keywords: Path and speed optimization; fleet deployment; dynamic programming; sulfur9

emission regulations; carbon tax; vessel speed reduction incentive program (VSRIP)10

1. Introduction11

The shipping industry plays a central role in international trade. UNCTAD (2019)12

reported that the international maritime trade increased from 7,702 million tons in 200613

to 11,005 million tons in 2018 (see Fig. 1), and its growth rate was expected to be 2.6% in14

2019. It is evident that, without regulations, the international maritime trade will lead to15
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considerable shipping emissions, including sulfur dioxide (SO2), nitrogen oxides (NOx),16

carbon dioxide (CO2), and particulate matter (PM). Recently, air emissions generated by17

frequent shipping activities have caused serious environmental and health problems18

(Cullinane and Edwards, 2010; Kirschstein and Meisel, 2015). A report by Sofiev et al.19

(2018) even showed that shipping emissions indirectly contribute to at least 400,00020

premature deaths per year globally. It is important for the government, academia and21

industry to pay more attention to ship emissions considering the severity of the problem.

Figure 1: International maritime trade (Million tons loaded)

Notes:
(i) “Tanker trade” includes crude oil, refined petroleum products, gas and chemicals.
(ii) “Main bulks” include iron ore, grain and coal.
(iii) “Other dry cargo” includes minor bulks, containerized trade and residual
general cargo.

22

Quite a number of emission reduction measures and policies have been presented in the23

shipping industry. Four international emission control areas (ECAs), i.e., the Baltic Sea24

area, the North Sea area, the North America area, and the United States Caribbean Sea25

area, have been established, and marine bunker fuels with higher than 0.1% sulfur content26

are prohibited in these four areas since 1 January 2015. The establishment of ECAs is27

effective in sulfur emission reduction near the coast (Browning et al., 2012; Chang et al.,28

2014; Svindland, 2018; Zhang et al., 2020), and it may also have an effect on the sailing29

pattern of ships. As pointed out by Doudnikoff and Lacoste (2014), Fagerholt et al. (2015),30
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Fagerholt and Psaraftis (2015), Gu and Wallace (2017), Chen et al. (2018), and Zhen et al.31

(2020a), the ECAs will lead to the differentiated speeds within and outside ECAs and32

the detour of sailing paths, which would result in increased total emissions, while Adland33

et al. (2017) and Fan and Huang (2019) reported that the ECA regulation may not cause34

the change of sailing speeds. The effects of different factors on sailing pattern and evasion35

strategy in the context of sulfur emission regulations have been discussed by Li et al. (2020).36

In order to further reduce SO2 emissions from ships worldwide, the 0.5% global sulfur limit37

has been put into force from 1 January 2020. Marine gas oil (MGO) with at most 0.1%38

sulfur content can be used within ECAs, and very low-sulfur fuel oil (VLSFO) with the39

sulfur content no more than 0.5% is widely applied outside ECAs. According to the global40

average bunker fuel price in the first three months of 2020, the price of MGO is around41

20% higher than that of VLSFO and 80% higher than that of heavy fuel oil (HFO) with at42

most 3.5% sulfur content, and thus the lower price gap between the fuel used within ECAs43

and that outside after the implementation of 0.5% global sulfur limit may contribute to44

the mitigation of detour issue, while this problem will still exist due to the price difference45

between MGO and VLSFO (Li et al., 2020).46

Considerable greenhouse gas (GHG) emissions annually generated by the maritime47

activity are another focus in recent years, which account for 2.5% of the total amount (IMO,48

2014). The International Maritime Organization (IMO) has proposed an initial strategy for49

reducing GHG emissions in the shipping industry to mitigate the threat of climate change.50

This strategy aims to reduce CO2 emissions by at least 40% by 2030 compared with the level51

in 2008. Carbon tax that directly fixes a price for CO2 emission is a significantly economical52

means for GHG reduction. As one of the market-based measures, its introduction in the53

proposed strategy has been discussed for a number of years (UNCTAD, 2019). Recently,54

the European Parliament has voted to include maritime transportation in EU emissions55

trading system (Lloyd’s List, 2020). The effectiveness of the carbon tax policy in the56

shipping industry has been validated by Kim et al. (2012) and Wang and Xu (2015).57

While both sulfur emission regulations and carbon tax will affect the global emissions,58

a vessel speed reduction incentive program (VSRIP) adopted at port of Los Angeles (LA)59

only focuses on the emissions near ports. In the VSRIP of LA, two vessel speed reduction60

zones (VSRZs) with the radii of 20 and 40 nautical miles (nm) are designed, and the speed61

limits in both VSRZs are 12 nm/hour (knots). Ships complying with the speed requirement62

in 20 nm VSRZ and 40 nm VSRZ can obtain 15% and 30% refunds of their first day dockage,63

respectively. Although the VSRIP is a voluntary program, most of the ships that visit LA64
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have participated in it partly because of the dockage refund (Ahl et al., 2017), and the65

participation rate in 2019 was 91%. Similar programs have also been implemented at ports66

of Long Beach, San Diego, and New York and New Jersey and several major ports in South67

Korea. Considering that the fuel consumption can be calculated by an approximately cubic68

function of sailing speed (Corbett et al., 2009; Wang and Meng, 2012; Koza, 2019), slow69

steaming can contribute to the emission reduction of all exhaust gases and particulates.70

The adoption of VSRZs as well as its positive effect on shipping emission reduction has71

been further discussed and confirmed by Khan et al. (2012), Chang and Wang (2014), Zis72

et al. (2014), Zis (2015), Chang and Jhang (2016), and López-Aparicio et al. (2017).73

Extensive recent studies have focused on ship routing, schedule design, and fleet74

deployment, such as Andersson et al. (2015), Karsten et al. (2018), Ng and Lin (2018),75

Tan et al. (2018), Ng (2019), Wang et al. (2019), Zhen et al. (2019), Dong et al. (2020a),76

and Dong et al. (2020b), most of which can also been seen in the surveys, including Meng77

et al. (2014), Wang and Meng (2017), and Zis et al. (2020). Further, many research works78

on the shipping network design problem take into account one or two of the three79

emission reduction measures, i.e., sulfur emission regulations (Cariou et al., 2018; Zhen80

et al., 2018; Sheng et al., 2019; Zhao et al., 2019; Ma et al., 2020a,b; Reinhardt et al.,81

2020; Zhen et al., 2020b), carbon tax (Wang and Chen, 2017; Xin et al., 2019), and82

VSRIPs (Zhuge et al., 2020). Traditional ships complying with sulfur emission83

regulations may lower sailing speed within ECAs and choose a path with a shorter84

distance within ECAs to reduce the use of expensive 0.1% low-sulfur fuel; ships85

complying with the speed limits in the VSRIPs can obtain financial incentives. Carbon86

tax is expected to have a different impact on sailing path and speed. However, no87

previous research works in the existing literature have ever focused on the shipping88

network optimization problem under all of the three measures. To fill this research gap,89

our study investigates how to find the optimal operation strategies on the sailing speeds90

and path of each leg, the number of ships deployed on each route and the compliance of91

each VSRZ for a shipping company that operates a fixed fleet of traditional ships on its92

existing liner routes, considering sulfur emission regulations, carbon tax, and VSRIPs.93

The fixed cost of a route depends on the number of ships deployed on the route. Due to94

the weekly service frequency provided by the company, when more ships are deployed, its95

rotation time will be longer, the average sailing speed will be lower, and the fuel96

consumption, the fuel cost and CO2 emissions will also be lower. Therefore, the fleet97

deployment problem for all routes needs to balance fixed cost, fuel cost and carbon tax.98
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Focusing on one route with a given number of ships deployed, the fixed cost is constant,99

and we will minimize the cost of the route, including fuel cost and carbon tax minus100

dockage refund, by optimizing the sailing speeds and choosing the path for each leg, as101

well as deciding the compliance of VSRZs at each port. The traditional ships should use102

0.1% lower-sulfur fuel within ECAs and 0.5% lower-sulfur fuel outside. Participating in a103

VSRIP means ships should comply with the speed limit in the program. As a result,104

differentiated speeds may be designed for the sailing within only ECAs, within only105

VSRZs 1, within both ECAs and VSRZs, and outside both ECAs and VSRZs on each leg.106

As the leg covering ECAs has infinite sailing paths, to make the problem more tractable,107

a set of feasible paths will be designed for the leg by discretizing the ECA boundaries.108

The interactive decisions on the sailing speeds and path, and the compliance of VSRZs109

complicate the optimization problem for each route. We find some properties on this liner110

ship path, speed, and deployment problem. On the basis of these properties and dynamic111

programming approach, a tailored algorithm is developed to address the studied problem112

with the aim of minimizing the total cost of all routes, consisting of fuel cost, carbon tax,113

and fixed cost, minus dockage refund.114

The main contributions of this study are fourfold. Firstly, this study is the first to115

address the joint ship path, speed, and deployment problem of a liner shipping company116

under three important emission reduction measures (i.e., sulfur emission regulations,117

carbon tax, and VSRIPs) and investigate the effects of the three measures on liner ship118

service planning. Secondly, we obtain some interesting findings on the proposed model,119

including the propositions regarding the choice of sailing path, the compliance of VSRZs,120

and the property of the total cost function for each route. Thirdly, based on some121

properties derived and dynamic programming, a tailored solution algorithm is developed,122

whose solution efficiency is validated by extensive numerical experiments. Lastly, the123

research outcome of this study is able to assist the shipping service operators in making a124

better decision on how to design the number of ships deployed on each route, the sailing125

path for each leg, and the sailing speeds within only ECAs, within only VSRZs, within126

both ECAs and VSRZs, and outside both ECAs and VSRZs under the three measures,127

which would result in a significant amount of operating cost savings for the shipping128

company. As shipping lines are still suffering from the deep effects from the financial129

1For brevity, we use the term “within only ECAs” to refer to the case within ECAs and outside VSRZs
and the term “within only VSRZs” to refer to the case within VSRZs and outside ECAs.
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crisis of 2008 and international trade has plummeted due to the outbreak of COVID-19130

and Sino-US friction, it is crucial for the operators to reduce the increased cost incurred131

by compulsory emission reduction measures.132

The remainder of the paper is organized as follows. Section 2 elaborates the joint liner133

ship path, speed, and deployment problem and builds a mixed-integer non-linear134

mathematical model. Some properties of the model is obtained, and then a tailored135

algorithm based on dynamic programming is developed in Section 3. Section 4 conducts a136

large number of numerical experiments. Finally, conclusions are outlined in the last137

section.138

2. Model formulation139

We will analyze a joint problem on sailing path, sailing speed, and fleet deployment in140

a liner shipping line considering sulfur emission regulations, carbon tax, and VSRIPs141

simultaneously. The liner shipping company operates Q traditional ships with the142

maximum speed V max, which need to use 0.1% low-sulfur fuel within ECAs and 0.5%143

low-sulfur fuel outside ECAs. These ships can be deployed on the routes defined in the144

set R and a route r ∈ R provides a weekly service frequency whose legs are defined in the145

set Ir. A leg i ∈ Ir is a sailing from a port of call to the next. We consider four types of146

ports in our study, including ports located within ECAs and without any VSRZ (defined147

as ECA ports), ports outside ECAs and with VSRZs (defined as VSRZ ports), ports148

within ECAs and with VSRZs (defined as ES ports), and ports outside ECAs and149

without VSRZs (defined as non-ES ports).150

To generalize the problem, a VSRIP at a port p called on route r can have several151

VSRZs with different radii in our study, denoted by the set Jrp. These VSRZs are recorded152

as VSRZ 1, 2, ..., |Jrp| in the increasing order of radius. Based on the existing ECAs and153

VSRIPs, we assume that the longest radius of VSRZs will be shorter than the distance154

from the ECA boundary to a port. VSRZ 0, only defined at VSRZ or ES ports, means155

ships do not participate in the VSRIP. A VSRZ whose speed limit is complied with is called156

chosen VSRZ, and VSRZ 0 also can be regarded as the chosen VSRZ when the speed limit157

in the VSRIP has not been obeyed. The speed limit in all VSRZs is 12 knots, denoted by158

V S . A VSRZ in a VSRIP with a longer radius than another in the same program provides159

higher dockage refund, and the dockage refunds vary in different VSRIPs. Each ship visit160

can obtain a dockage refund from only one VSRZ at a VSRZ or ES port by participating161
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in its VSRIP. If a VSRZ or ES port is called several times on a route, ships participating162

in the VSRIP can receive a refund by each visit, and these ports of call are regarded as163

different ports in our study. We construct some VSRZ groups for each route with VSRZ or164

ES ports. A VSRZ group consists of several VSRZs at different VSRZ and ES ports, where165

the sum of radii of all VSRZs at ES ports in the group is recorded as ES distance and that166

at VSRZ ports is VSRZ distance. For example, a VSRZ group with the ES distance of 60167

nm can be composed of three 20 nm VSRZs or one 20 nm VSRZ and one 40 nm VSRZ at168

ES ports.169

Recall that the ECA may lead to the detour of ships because of the stricter sulfur170

limit within the area and the different distance from each ECA boundary point to the171

port; hereby, as the radius of VSRZ, i.e., the distance from each VSRZ boundary point172

to the port, is constant, no detour will be caused by the VSRZ. As shown in Fig. 2, a173

trajectory from port A to detour point C on the ECA boundary and then from point C174

to port B is defined as a sailing path of the leg from port A to port B. A leg covering

Figure 2: A path illustration

175

ECAs and/or chosen VSRZs will be divided into several stretches by the ECA boundaries176

and/or the chosen VSRZ boundaries. A stretch refers to a sailing with different ECA and177

VSRZ implementation situations, that is a sailing within only the ECA, within only the178

chosen VSRZ, within both the ECA and the chosen VSRZ near a port of a leg, or a sailing179

outside both ECAs and chosen VSRZs on a leg. Considering that the radius of VSRZ180

is always shorter than the distance from the coast to the ECA boundary, the number of181

stretches on each type of leg is schematically illustrated in Fig. 3. For a leg i of route r,182

its stretches within only ECAs, within only chosen VSRZs, within both ECAs and chosen183

VSRZs, and outside both ECAs and chosen VSRZs define the sets ME
ri , M

S
ri, M

ES
ri , and184
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Figure 3: Number of stretches for different types of legs

Notes: “pN” denotes the non-ES port, “pE” denotes the ECA port, “pS” denotes the VSRZ port, and “pES”
denotes the ES port.

MN
ri , respectively. Differentiated speeds may be designed on different stretches of a leg185

covering ECAs and/or VSRZs for saving 0.1% low-sulfur fuel and obtaining the dockage186

refund. Considering the approximately cubic relationship between sailing speed and fuel187

consumption, ships should sail at the average speed on a stretch, and further, the speeds188

on the stretches within only ECAs of a leg should be the same in the optimal solution.189

The carbon tax is designed by the price of CO2 in European carbon trading market.190

The same amount of CO2 emissions will be generated from one ton of 0.1% or 0.5%191

low-sulfur fuel consumption, and the introduction of carbon tax may lead to the change192

of sailing network design in the company. Under the three measures, a mixed-integer193

non-linear programming model with the aim of minimizing the total cost, including fuel194

cost, carbon tax, and fixed cost, minus dockage refund, will be proposed to optimize fleet195

deployment, sailing path and speeds, and compliance of VSRIPs. We first provide the196

notation frequently used in the model.197
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Sets198

R Set of routes199

Ir Set of legs on route r ∈ R200

ME
ri Set of stretches within only ECAs on leg i ∈ Ir of route r ∈ R201

MS
ri Set of stretches within only chosen VSRZs on leg i ∈ Ir of route r ∈ R202

MES
ri Set of stretches within both ECAs and chosen VSRZs on leg i ∈ Ir of route

r ∈ R
203

MN
ri Set of stretches outside both ECAs and chosen VSRZs on leg i ∈ Ir of route

r ∈ R
204

Mri Set of stretches on leg i ∈ Ir of route r ∈ R; Mri = ME
ri ∪MS

ri ∪MES
ri ∪MN

ri205

Kri Set of sailing paths on leg i ∈ Ir of route r ∈ R206

Lr Set of super paths for route r ∈ R obtained by Algorithm 1, where a super

path of route r ∈ R is the path combination for all the legs of the route
207

PSr Set of VSRZ ports on route r ∈ R208

PESr Set of ES ports on route r ∈ R209

Jrp Set of VSRZs at port p ∈ PSr ∪ PESr of route r ∈ R; VSRZ 0 ∈ Jrp means the

speed limit of the VSRIP at port p ∈ PSr ∪ PESr of route r ∈ R has not been

obeyed

210

Parameters211

αrim Unit price of fuel used on stretch m ∈ Mri of leg i ∈ Ir for route r ∈ R; αrim

equals the unit price of fuel with 0.1% sulfur (denoted by αE) if m belongs to

ME
ri ∪MES

ri , and αrim equals the unit price of fuel with 0.5% sulfur (denoted

by αN ) if m belongs to MS
ri ∪MN

ri

212

a, b Conversion factors between fuel consumption per unit distance and sailing

speed; fuel consumption per unit distance of a ship is a · speedb (knots), where

a > 0 and b > 1

213

cCO2 Carbon tax caused by consuming one ton of fuel214

cfix Fixed cost of a ship per week215

crefrpj Dockage refund for a ship visit by complying with the speed limit in VSRZ

j ∈ Jrp of port p ∈ PSr ∪ PESr for route r ∈ R
216

dErik Sailing distance within ECAs for path k ∈ Kri of leg i ∈ Ir on route r ∈ R217

dNrik Sailing distance outside ECAs for path k ∈ Kri of leg i ∈ Ir on route r ∈ R218

dErl Sailing distance within ECAs for super path l ∈ Lr of route r ∈ R219
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dNrl Sailing distance outside ECAs for super path l ∈ Lr of route r ∈ R220

drpj Radius of VSRZ j ∈ Jrp at port p ∈ PSr ∪ PESr of route r ∈ R221

pSrim VSRZ port on stretch m ∈MS
ri of leg i ∈ Ir for route r ∈ R222

pESrim ES port on stretch m ∈MES
ri of leg i ∈ Ir for route r ∈ R223

Vrim Speed limit on stretch m ∈ Mri of leg i ∈ Ir for route r ∈ R; Vrim equals

the maximum physical speed for ships (denoted by V max) if m belongs to

ME
ri ∪MN

ri , and Vrim equals the upper speed limit in VSRZs (denoted by V S)

if m belongs to MS
ri ∪MES

ri

224

Q Total number of ships in the shipping company225

T Hours in a week; T = 168h226

Tr Total port time on route r ∈ R227

Variables228

qr Number of ships deployed on route r ∈ R229

trim Sailing time on stretch m ∈Mri of leg i ∈ Ir for route r ∈ R230

xrim Sailing distance on stretch m ∈Mri of leg i ∈ Ir for route r ∈ R231

yrpj Binary variable, equal to one if the speed limit for VSRZ j ∈ Jrp at port

p ∈ PSr ∪ PESr of route r ∈ R is obeyed, and zero otherwise
232

zrik Binary variable, equal to one if path k ∈ Kri on leg i ∈ Ir of route r ∈ R is

chosen, and zero otherwise
233

The proposed problem is then formulated as:234

[P] min
∑
r∈R

∑
i∈Ir

∑
m∈Mri

(αrim + cCO2)xrim · a(
xrim
trim

)b +
∑
r∈R

cfix · qr −
∑
r∈R

∑
p∈PS

r ∪PES
r

∑
j∈Jrp

crefrpj · yrpj (1)

subject to235 ∑
i∈Ir

∑
m∈Mri

trim = T · qr − Tr, ∀r ∈ R (2)

236 ∑
r∈R

qr ≤ Q (3)

237 ∑
m∈ME

ri∪MES
ri

xrim =
∑
k∈Kri

dErik · zrik, ∀r ∈ R,∀i ∈ Ir (4)

238 ∑
m∈MS

ri∪MN
ri

xrim =
∑
k∈Kri

dNrik · zrik, ∀r ∈ R,∀i ∈ Ir (5)
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239 ∑
k∈Kri

zrik = 1,∀r ∈ R,∀i ∈ Ir (6)

240

xrim =
∑
j∈Jrp

drpj · yrpj , ∀r ∈ R,∀i ∈ Ir, ∀m ∈MS
ri, p = pSrim (7)

241

xrim =
∑
j∈Jrp

drpj · yrpj ,∀r ∈ R,∀i ∈ Ir, ∀m ∈MES
ri , p = pESrim (8)

242 ∑
j∈Jrp

yrpj = 1, ∀r ∈ R,∀p ∈ PSr ∪ PESr (9)

243

xrim ≤ Vrim · trim, ∀r ∈ R,∀i ∈ Ir, ∀m ∈Mri (10)
244

qr ∈ N, ∀r ∈ R (11)
245

trim ≥ 0, ∀r ∈ R,∀i ∈ Ir,∀m ∈Mri (12)
246

xrim ≥ 0,∀r ∈ R,∀i ∈ Ir, ∀m ∈Mri (13)
247

yrpj ∈ {0, 1} , ∀r ∈ R,∀p ∈ PSr ∪ PESr ,∀j ∈ Jrp (14)
248

zrik ∈ {0, 1} ,∀r ∈ R,∀i ∈ Ir,∀k ∈ Kri. (15)

There are three terms in the objective function of Model [P]. The first term is the fuel249

cost and carbon tax for all stretches. We define 0/0 = 0 when trim = 0 for all r ∈ R,250

i ∈ Ir and m ∈Mri. The second term is the fixed cost for all ships deployed. It should be251

noted that the ships not deployed on these routes have alternative values. For instance,252

they can be chartered out. The fixed cost of these ships thus will not be included in our253

objective function. The third term is the total dockage refund obtained by participating in254

the VSRIPs. Constraints (2) state that the total sailing time of all stretches on a route is255

equal to the rotation time of the route minus its total port time. Constraint (3) limits the256

number of ships deployed on routes. Recall that the VSRZ is always within the ECA for257

ES ports. The sailing distances within and outside ECAs on a leg can be determined by258

Constraints (4) and (5). Constraints (6) ensure that only one path can be chosen for a leg.259

Constraints (7) and (8) state that the sailing distance within VSRZ is decided by the choice260

of VSRZ since the radius of each VSRZ is fixed, and only one VSRZ can be chosen at a261

port by Constraints (9). Constraints (10) guarantee the sailing speed on each stretch does262

not exceed the speed limit. All variables in the model are defined in Constraints (11)–(15).263
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3. A dynamic programming based method264

The joint liner ship path, speed, and deployment problem of all routes are connected by265

Constraint (3) that entails the limited ship fleet size deployed on these routes. Therefore,266

given the number of ships deployed on a route r, we can optimize the sailing path, the sailing267

speeds, and the compliance of VSRIPs on this route independently. Taking advantage of268

this property, a tailored algorithm based on analytical solutions and dynamic programming269

is developed.270

3.1. One route optimization without considering the limitation of fleet size271

In this section, we do not consider the limited number of ships, i.e., remove272

Constraint (3), and we will analyze how to optimize the number of ships deployed, the273

sailing path and speeds, and the compliance of VSRIPs for a route r including ECA274

ports, VSRZ ports, ES ports, and non-ES ports. Given the number of ships deployed, we275

will optimize sailing speed and construct the super path set for a route with only ECA276

ports and non-ES ports in Section 3.1.1. Based on the results above, a route with all277

types of ports will be analyzed in Section 3.1.2, and for a given number of ship deployed,278

the optimal solution of the route on the sailing path and speeds and the compliance of279

VSRIPs can be obtained, which is treated as input for Section 3.1.3. An algorithm is280

developed in Section 3.1.3 for deriving the optimal number of ships deployed on route r281

with all types of ports. A route not covering all types of ports is a special case of the282

route with all types of ports, which can also be optimized by the proposed method in this283

section. For example, for a route with only VSRZ ports and non-ES ports, ships will284

always sail along the shortest path, and the optimal decisions on the number of ships285

deployed, the sailing speeds, and the program compliance can be made by Sections 3.1.2286

and 3.1.3.287

3.1.1. A route covering only ECA and non-ES ports with given number of ships deployed288

For a route r covering only ECAs without VSRZs, ships should sail at one speed within289

ECAs and at another speed outside ECAs. Therefore, route r can be regarded as a “super290

leg” with two parts: within ECAs and outside ECAs. Given the number of deployed291

ships q̃r, we need to determine the choice of sailing path and minimize the cost of the292

route, i.e., the sum of fuel cost and carbon tax. Define xEr =
∑

i∈Ir
∑

m∈ME
ri
xrim, xNr =293 ∑

i∈Ir
∑

m∈MN
ri
xrim, tEr =

∑
i∈Ir

∑
m∈ME

ri
trim and tNr =

∑
i∈Ir

∑
m∈MN

ri
trim. The sailing294
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time outside ECAs tNr is equal to T · q̃r − Tr − tEr . The cost function f(xEr , x
N
r , t

E
r , t

N
r , q̃r)295

for route r is:296

f(xEr , x
N
r , t

E
r , t

N
r , q̃r) = (αE + cCO2)xEr ·a

(
xEr
tEr

)b
+ (αN + cCO2)xNr ·a

(
xNr

T · q̃r − Tr − tEr

)b
.

(16)

The function f(xEr , x
N
r , t

E
r , t

N
r , q̃r) is convex in tEr , whose optimal solution tEr

∗
related to297

variables xEr and xNr can be obtained by mathematical analysis.298

tEr
∗

=

{
T · q̃r − Tr − xNr

V max , qmin
r ≤ q̃r < q̂r

βxEr
βxEr +xNr

(T · q̃r − Tr), q̃r ≥ q̂r,
(17)

where β = [(αE + cCO2)/(αN + cCO2)]1/(b+1), qmin
r =

⌈
[(xEr + xNr )/V max + Tr]/T

⌉
and299

q̂r =
⌈
[(βxEr + xNr )/V max + Tr]/T

⌉
(dθe is the smallest integer greater than or equal to θ).300

Plugging Eq. (17) into Eq. (16), the minimum cost of route r on xEr and xNr is301

f(xEr , x
N
r , t

E
r
∗
, tNr
∗
, q̃r) =


(αE + cCO2) · (xEr )b+1 · a(T · q̃r − Tr − xNr

V max )−b

+(αN + cCO2) · xNr · a(V max)b, qmin
r ≤ q̃r < q̂r

(αN + cCO2) · (βxEr + xNr )b+1 · a(T · q̃r − Tr)−b, q̃r ≥ q̂r.
(18)

We can see from Eq. (18) that the minimum cost of the route as well as the values of qmin
r302

and q̂r is dependent on the choice of sailing path. When qmin
r ≤ q̃r < q̂r, the optimal sailing303

speeds within and outside ECAs are xEr /(T · q̃r − Tr − xNr /V max) and V max, respectively;304

when q̃r ≥ q̂r, their optimal speeds are [xEr + (1/β)xNr ]/(T · q̃r − Tr) and (βxEr + xNr )/(T ·305

q̃r−Tr), respectively. We find that the optimal speed outside ECAs is β times that within306

ECAs when q̃r ≥ q̂r, while the sailing speeds within and outside ECAs are not proportional307

when qmin
r ≤ q̃r < q̂r due to the maximum physical speed of ships. Therefore, the minimum308

cost functions of route r are different when qmin
r ≤ q̃r < q̂r and when q̃r ≥ q̂r. To construct309

the super path for route r, we will discuss the choice of paths for the legs on the route first.310

(i) For a leg with two non-ES ports, the shortest path will be chosen. (ii) For a leg with an311

ECA port and a non-ES port, infinite detour points can be found on the ECA boundary,312

and a path consists of a sailing from a port to a detour point and from the detour point313

to the next port (see Fig. 4). As a result, there exist infinite sailing paths for each leg.314

We will discretize the ECA boundary with a unit distance, such as 1 nm. To reduce the315
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number of feasible sailing paths, a path with a longer distance within ECA and a longer316

total distance than another path should be removed. As shown in Fig. 4, we will only317

maintain the paths with detour points between C and D on the ECA boundary because it318

is evident that these paths are superior than the paths with detour points E and F. (iii) For

Figure 4: Detour points illustration

319

a leg with two ECA ports, including two ECA ports in the same ECA and in two different320

ECAs, its paths can be reduced by the similar method. Note that if a leg has two ECA321

ports in the same ECA, the shortest path totally covered by the ECA will be maintained.322

Then the algorithm for searching a set of super paths for route r is organized as follows.323

Proposition 1. The choice of super paths that can be included in set Lr obeys the following324

rules: for every two super paths l1 and l2 (dErl1 < dErl2), (i) if dErl1 + dNrl1 ≤ d
E
rl2

+ dNrl2, super325

path l2 should be removed; (ii) if dErl1 +dNrl1 > dErl2 +dNrl2 and βdErl1 +dNrl1 ≥ βd
E
rl2

+dNrl2, super326

path l1 should be removed; (iii) if dErl1 + dNrl1 > dErl2 + dNrl2 and βdErl1 + dNrl1 < βdErl2 + dNrl2,327

both super paths should be maintained.328

Proof. See Appendix A329

3.1.2. A route covering all types of ports with given number of ships deployed330

A route r with ECA ports, VSRZ ports, ES ports, and non-ES ports is studied in this331

section. The aim of this section is to optimize the path and speeds of the route, as well as332

the compliance of VSRZs yr (yr is all vectors of yrpj , p ∈ PSr ∪ PESr , j ∈ Jrp). We will first333

analyze the cost function including fuel cost and carbon tax minus dockage refund for334

route r with q̃r ships. Redefine xEr =
∑

i∈Ir
∑

m∈ME
ri∪MES

ri
xrim and335

xNr =
∑

i∈Ir
∑

m∈MS
ri∪MN

ri
xrim. Note that one chosen VSRZ at a VSRZ or ES port is336
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Algorithm 1 Derive a set of super paths for route r

Step 0. Initialize the unit distance for path discretization, denoted by ∆ (e.g., 1 nm).

Step 1. For each leg i ∈ Ir, round up the sailing distances within and outside ECAs for
each path k ∈ Kri: d

E
rik ← ddErik/∆e∆ and dNrik ← ddNrik/∆e∆.

Step 2. Calculate the maximum and minimum sailing distances within ECAs of super
paths for route r, denoted by dEmax

r and dEmin
r , respectively. dEmax

r =∑Ir
i=1 maxk∈Kri

dErik and dEmin
r =

∑Ir
i=1 mink∈Kri

dErik.

Step 3. For each k = 0, 1, ..., (dEmax
r − dEmin

r )/∆, use dynamic programming to find the
super path with the shortest sailing distance outside ECAs such that its sailing
distance within ECAs is not greater than dEmin

r + k ·∆.

Step 4. Some super paths identified in Step 3 may be identical and only one of
them needs to be maintained. Further, some super paths can be removed by
Proposition 1, and the remaining super paths comprise Lr. The number of super
paths in Lr does not exceed (dEmax

r − dEmin
r )/∆ + 1.

related to two legs and the speed limit of the VSRZ should be obeyed when ships337

approach to and depart from the port. Therefore, we define338

DES
r =

∑
p∈PES

r

∑
j∈Jrp 2drpjyrpj , DS

r =
∑

p∈PS
r

∑
j∈Jrp 2drpjyrpj , and339

Crefr =
∑

p∈PS
r ∪PES

r

∑
j∈Jrp c

ref
rpj yrpj . The method for constructing the set of super paths340

and some optimal results on the sailing path and the sailing speeds within and outside341

ECAs in Section 3.1.1 are also applicable for the route with all types of ports. If the342

optimal sailing speed within ECAs is less than V S , the speed within the chosen VSRZs at343

ES ports is equal to that within ECAs, and otherwise the speed within these VSRZs is344

V S . Similarly, the sailing speeds within the chosen VSRZs at VSRZ ports can be345

determined. Therefore, for a given super path and a given compliance of VSRZs, we can346

design the optimal sailing speed for each stretch of route r. We denote by tEr
∗
, tSr
∗
, tESr

∗
,347

and tNr
∗

the optimal solutions of trim for all m ∈ME
ri , m ∈MS

ri, m ∈MES
ri , and m ∈MN

ri348

and i ∈ Ir, respectively, which are related to the variables xEr , xNr and yr. We assume349

βV S < V max based on real data. There are four cases on the cost function350

g(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, yr) of route r due to the maximum physical speed of ships351

and the speed limit within VSRZs, which will be analyzed specifically by first defining352

qmin
r =353
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⌈
[(xEr −DES

r )V S + (xNr −DS
r )V S + TrV

maxV S + (DES
r +DS

r )V max]/(T · V maxV S)
⌉
,354

q̂Er =355 ⌈
[β(xEr −DES

r )V S + (xNr −DS
r )V S + TrV

maxV S + (DES
r +DS

r )V max]/(T · V maxV S)
⌉
,356

q̂ESr =
⌈
[βxEr + (xNr −DS

r ) + βTrV
S + βDS

r ]/(βT · V S)
⌉
, and357

q̂Sr =
⌈
(βxEr + xNr + TrV

S)/(T · V S)
⌉
.358

(i) When qmin
r ≤ q̃r < q̂Er , the sailing speed outside ECAs is restricted by the maximum359

physical speed of ships V max, and thus ships sail at higher than V max/β within ECAs and360

at V max outside. The sailing speeds within chosen VSRZs at VSRZ and ES ports are equal361

to the speed limit in the VSRIPs V S . The cost function g(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, yr)362

can be written as363

g(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, yr)

= (αE + cCO2)[(xEr −DES
r )b+1a(T · q̃r − Tr −

xNr −DS
r

V max
− DES

r +DS
r

V S
)−b +DES

r · a(V S)b]

+(αN + cCO2)[(xNr −DS
r ) · a(V max)b +DS

r · a(V S)b]− Crefr . (19)

(ii) When q̂Er ≤ q̃r < q̂ESr , the ratio of the sailing speed within ECAs to that outside is 1/β,364

and both sailing speeds are higher than V S , while the sailing speed within each chosen365

VSRZ is equal to V S . Hence, we have366

g(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, yr)

= (αN + cCO2)[β(xEr −DES
r ) + (xNr −DS

r )]b+1 · a(T · q̃r − Tr −
DES
r +DS

r

V S
)−b

+[(αE + cCO2)DES
r + (αN + cCO2)DS

r ] · a(V S)b − Crefr . (20)

(iii) When q̂ESr ≤ q̃r < q̂Sr , the sailing speed within ECAs will be no higher than V S , and367

ships therefore will participate in all VSRIPs at ES ports in the optimal solution. The368

sailing speed outside ECAs will be higher than V S , and the sailing speed within chosen369

VSRZs at VSRZ ports should be V S . Then the cost function is370

g(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, yr)

= (αN + cCO2)[βxEr + (xNr −DS
r )]b+1 · a(T · q̃r − Tr −

DS
r

V S
)−b + (αN + cCO2)DS

r · a(V S)b − Crefr .(21)

(iv) When q̃r ≥ q̂Sr , the sailing speeds within and outside ECAs are no higher than V S
371

so that in the optimal solution all VSRIPs at VSRZ and ES ports will be obeyed. We372
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therefore have the following cost function.373

g(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, yr) = (αN + cCO2)(βxEr + xNr )b+1 · a(T · q̃r − Tr)−b − Crefr .(22)

From the analysis above, we observe an important finding as follows.374

Proposition 2. Given super path l for route r, all VSRIPs at VSRZ and ES ports should375

be complied with so as to minimize the cost including fuel cost and carbon tax minus dockage376

refund when q̃r ≥ q̂Srl (q̂Srl =
⌈
(βdErl + dNrl + TrV

S)/(T · V S)
⌉
).377

Proposition 3. Given super path l for route r, the compliance of VSRZs follows the rules378

below: (i) if some VSRZs of ES ports (VSRZ ports) on route r have the same radius,379

the speed limit in the VSRZ with the higher refund will be obeyed first; (ii) if some VSRZ380

groups have the same VSRZ and ES distances, the speed limit in the VSRZ group with the381

higher total dockage refund will be obeyed first.382

Proof. See Appendix B.383

Define q̂E,max
r =384 ⌈

[β(dErlmax −DES,max
r )V S + (dNrlmax −DS,max

r )V S + TrV
maxV S + (DES,max

r +DS,max
r )V max]/(T · V maxV S)

⌉
,385

where DES,max
r =

∑
p∈PES

r
2drp|Jrp|, D

S,max
r =

∑
p∈PS

r
2drp|Jrp|, and lmax is the super path386

with the maximum βdErl + dNrl among all super paths l ∈ Lr. We have the following387

proposition:388

Proposition 4. When q̃r ≥ q̂E,max
r , the super path with the minimum βdErl + dNrl for all389

l ∈ Lr is the optimal one for route r covering all types of ports under each compliance of390

VSRZs at VSRZ and ES ports391

Proof. See Appendix C.392

With a given number of deployed ships, the sailing path, the sailing speeds, and the393

compliance of VSRZs on the route can be derived by Algorithm 2.394

Comparing the cases with and without the carbon tax, we have one more proposition395

as below:396

Proposition 5. The total distance of the optimal super path when the carbon tax is397

considered will be shorter than or equal to that when there is no carbon tax.398

Proof. See Appendix D.399
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Algorithm 2 One route optimization with given number of deployed ships q̃r
Input q̃r, all VSRIPs at VSRZ and ES ports, and all super paths obtained by Algorithm 1.
Output the optimal sailing path and speeds and the optimal compliance of all VSRIPs on
route r.

if q̃r ≥ q̂E,max
r then

Remove the super paths in the set Lr except the super path with the minimum
βdErl + dNrl among all super paths l ∈ Lr.
end if
for each super path l ∈ Lr do

Calculate q̂Srl.
if q̃r ≥ q̂Srl then

All VSRIPs at VSRZ and ES ports will be complied with, and the optimal sailing
speeds will be calculated by Eq. (22).

else
Enumerate the VSRZ and ES distances of VSRZ groups.
for each VSRZ distance do

for each ES distance do
Referring to Proposition 3, construct the optimal VSRZ groups that has
higher total dockage refund by comparing with other VSRZ groups with
the same VSRZ and ES distances.

end for
end for
Identify the optimal sailing speeds and compliance of VSRZs for route r with the
minimum cost by Eqs. (19), (20), and (21).

end if
end for
Compare the minimum cost of each super path and obtain the optimal super path.
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Fagerholt et al. (2015) and Fagerholt and Psaraftis (2015) have pointed out that ECAs will400

lead to the detour of ships, in which case the total shipping emissions will increase. Our401

finding in Proposition 5 indicates that the detour issue can be mitigated by introducing a402

carbon tax into the shipping industry.403

3.1.3. The optimal number of ships deployed on a route with all types of ports404

As discussed in Section 3.1.2, the optimal sailing path and speeds on a route r can be405

determined for a given number of ships deployed. On top of this, we will explore how to406

optimize the number of ships deployed on the route considering its total cost (fuel cost,407

carbon tax, and fixed cost, minus dockage refund) in this section. The total cost function408

h(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, qr, yr) is409

h(xEr , x
N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, qr, yr) = g(xEr , x

N
r , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, qr, yr) + cfixqr. (23)

In this function, xEr , xNr , yr, and qr are variables, and tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗

are the optimal410

solutions related to these variables. Define qMIN
r =

⌈
[(dE

rlmin + dN
rlmin)/V max + Tr]/T

⌉
(lmin

411

is the super path with the shortest total sailing distance) and412

q̂S,max
r =

⌈
(βdErlmax + dNrlmax + TrV

S)/(T · V S)
⌉
. The property of function (23) is organized413

as follows.414

Proposition 6. Assume qr can take fractional quantities. When qMIN
r ≤ qr < q̂S,max

r , the415

total cost function (23) is non-convex in qr; when qr ≥ q̂S,max
r , the total cost function is416

convex in qr.417

Proof. See Appendix E.418

The optimal number of ships deployed on route r can be obtained by Algorithm 3.419

3.2. Optimization for all routes (i.e., solving model [P])420

Since the total number of ships in the shipping company is limited, it is likely that the421

total optimal number of ships deployed for all routes that is calculated by Section 3.1.3422

cannot be satisfied. To address the fleet deployment problem on all routes, we will423

reconsider constraint (3) regarding the limited number of ships in the company in this424

section. Define U(r,Qr) as the minimum total cost of routes 1, ..., r for all r = 1, ..., |R|425

and state Qr =
∑r

r′=1 q
MIN
r′ , ...,min{

∑r
r′=1 q

∗
r′ , Q −

∑|R|
r′=r+1 q

MIN
r′ }, where Qr is the426

number of ships deployed on routes 1, ..., r. Based on the results of Algorithm 3, a427
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Algorithm 3 Derive the optimal number of ships deployed on route r

Set qr ← qMIN
r . Optimize the sailing path and speeds and the compliance of VSRZs by

Algorithm 2, and calculate the minimum total cost Cmin
r (qr).

do
Set qr ← qr + 1. Optimize the sailing path and speeds and the compliance of VSRZs
by Algorithm 2, and calculate the minimum total cost Cmin

r (qr).

while qr ≤ q̂S,max
r or Cmin

r (qr) < Cmin
r (qr − 1) and qr + 1 ≤ Q−

∑
r′∈R\{r} q

MIN
r′

Set qmax
r ← qr. Identify the optimal number of ships deployed q∗r by comparing Cmin

r (qr)
for all qMIN

r ≤ qr ≤ qmax
r .

dynamic programming based algorithm for optimizing the fleet deployment of all routes428

and the sailing path, the sailing speeds, and the compliance of VSRIPs of each route is429

developed.

Algorithm 4 Optimization of all routes based on dynamic programming

Calculate q∗r and obtain Cmin
r (qr) for all qr = qMIN

r , ..., q∗r and r ∈ R by Algorithm 3.

if
∑

r∈R q
∗
r ≤ Q then

Deploy q∗r ships for route r ∈ R.
else

Set r ← 1 and U(r,Qr) = Cmin
r (Qr) for all Qr = qMIN

r , ...,min{q∗r , Q−
∑|R|

r′=r+1 q
MIN
r′ }.

do
Set r ← r + 1 and Qr ←

∑r
r′=1 q

MIN
r′ .

do
Set U(r,Qr) = minqr=qMIN

r ,...,min{q∗r ,Q−
∑

r′∈R\{r} q
MIN
r′ }

[Cmin
r (qr) + U(r − 1, Qr −

qr)], and set Qr ← Qr + 1.

while Qr ≤ min{
∑r

r′=1 q
∗
r′ , Q−

∑|R|
r′=r+1 q

MIN
r′ }

while r < |R|
Calculate the minimum total cost of all routes Umin by Umin =
minQ|R|=

∑
r∈R q

MIN
r ,...,Q U(|R|, Q|R|).

end if

430

Proposition 7. Given the values of the minimum total cost Cmin
r (qr) for all r ∈ R and431

qr = qMIN
r , ...,min{q∗r , Q−

∑
r′∈R\{r} q

MIN
r′ }, Algorithm 4 can optimize the fleet deployment432

problem in time bounded by O
(
|R| ·Q2

)
when

∑
r∈R q

∗
r > Q.433

Proof. See Appendix F.434
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4. Numerical experiments435

We conduct extensive numerical experiments in this section in order to examine the436

effectiveness of the proposed model and the efficiency of the tailored algorithm based on437

dynamic programming. These experiments are performed on a personal computer with a438

2.5 GHz Intel Core i7 and 8 GB RAM, and the tailored algorithm is implemented in the439

programming language C# (VS2012).440

The experimental data are generated based on the practical condition and the existing441

literature. We collect the information of real ports, and some ports are selected randomly442

to construct the routes in our experiments. The time spent at each port of call on a443

route follows a uniform distribution [12, 60] hours (Qi and Song, 2012). We investigate a444

liner shipping company with a large number of 10,000-TEU ships whose maximum speed445

is 25 knots. The fixed cost per ship is set to be 387,000 USD/week (Sheng et al., 2017;446

Shin et al., 2019). Referring to the global average fuel prices from January to March in447

2020, the price of 0.5% low-sulfur fuel and 0.1% low-sulfur fuel are 500 USD/ton and 600448

USD/ton, respectively (Ship and Bunker, 2020). The conversion factors a and b between449

fuel consumption per unit distance and sailing speed are 4.7× 10−4 and 2.118 (Wang and450

Meng, 2012). The total number of ships in each experimental instance is generated taking451

into account the total sailing distance of all routes and the total time spent at all ports of452

call.453

We set up the parameters of the three emission reduction measures as follows. (i) We454

study the four international ECAs in our experiment, and their boundaries are discretized455

by the unit distance of 10 nm. The discretization points can be used to derive the sailing456

paths for the legs covering ECAs. (ii) The carbon tax is set to 76 USD per ton fuel457

according to the average CO2 price in the European carbon trading market during the458

first three months of 2020 (ICE, 2020). (iii) In addition to ports of LA, Long Beach,459

San Diego, and New York and New Jersey and several ports in South Korea, which have460

already adopted VSRIPs, we also design some other ports with VSRIPs randomly since the461

adoption of VSRIPs is under discussion at some ports. In our instances, each VSRIP has462

one or two VSRZs, whose radii can be 20 or 40 nm and speed limit is 12 knots. The dockage463

refunds per ship visit for 20 nm and 40 nm VSRZs are generated randomly between 1,000464

and 2,000 USD and between 2,000 and 3,000 USD, respectively (Zhuge et al., 2020).465
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4.1. Performance of the proposed model and algorithm466

To validate the effectiveness of the proposed model, we compare the solution of model467

[P] (denoted by obj0) with the solution without considering any measure (obj1), the solution468

without considering ECAs (obj2), the solution without considering carbon tax (obj3), and469

the solution without considering VSRIPs (obj4), respectively. When the shipping company470

makes a decision without considering any emission reduction measure, the ships will sail471

along the shortest super path at the average speed on each route, and the fleet deployment472

problem can be addressed easily. Under three emission reduction measures, we can obtain473

obj1 by plugging these decisions into the objective function of model [P]. When the ECAs474

are not considered, i.e., only carbon tax and VSRIPs are included, the shortest super475

path will be chosen for each route, and we can optimize fleet deployment, sailing speeds,476

and compliance of VSRIPs by combining Algorithms 2, 3, and 4. These decisions will477

be put into the objective function of model [P] for calculating obj2 under all of the three478

measures. When we ignore the carbon tax in decision-making process, all algorithms479

developed in our study will be called to obtain the optimal fleet deployment, sailing path480

and speed, and program compliance, which will be substituted into objective function (1)481

for generating obj3. When we do not take into account VSRIPs, the optimal decisions on482

fleet deployment, and sailing path and speed can be obtained by the proposed algorithms483

with some simplifications. Under all emission reduction measures, ships can obtain the484

dockage refund if the designed sailing speed is lower than or equal to the speed limit in a485

VSRZ, and similarly, these decisions will be used for obtaining obj4.486

Three experimental groups with 10, 20, and 30 routes are conducted, and each group487

consists of five instances. The computational results on the comparison between obj0488

and obj1, obj2, obj3, or obj4 are shown in Table 1. The values of “Gap1” show that489

considering three emission reduction measures can save more than 0.5% of the total cost.490

Note that the 0.5% cost saving is significant since the operating cost per week in some well-491

known international shipping lines can be as high as 100 million dollars. The gap between492

considering three measures and not considering ECAs (i.e., Gap2) is over 0.4% for each493

instance, which demonstrates the importance of introducing ECAs into shipping network494

design. The values of Gap3 are between 0.0020% and 0.1882% for the fifteen instances,495

which is because the effect of carbon tax on path choice varies for each instance. That is, if496

the carbon tax impacts the choice of super path significantly in an instance, then the gap497

between considering three measures and not considering carbon tax is large; otherwise, the498

gap is small. The values of Gap4 are also unstable with a range from 0.0012% to 0.0925%.499
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It makes sense since the number of VSRZ ports and ES ports included in each instance is500

different and the compliance of VSRIPs is related to the details of each instance.501

We have identified that sulfur emission regulations, carbon tax, and VSRIPs have502

different impacts on sailing path and speed. The results in Table 1 have reported that503

the solutions obtained without simultaneous consideration of the three measures are sub-504

optimal. In contrast, the proposed model can provide better suggestions on how to design505

sailing path, sailing speed, and fleet deployment for different liner service routes under the506

three emission reduction measures. Our analysis results can also help shipping companies507

make a wiser decision on the compliance of VSRIPs for reducing the cost. Consider an508

example of an Asia-US Southwest Coast service route in COSCO shipping lines with the509

fixed sequence of ports of call visited as follows: Qingdao, Shanghai, Ningbo, LA, Oakland,510

Tokyo, and Qingdao. We can give the operational guideline on the numbers of ships511

deployed on the route, the compliance of VSRIPs at LA, the sailing path of each leg, and512

the sailing speeds within ECAs near LA and Oakland, within chosen VSRZs, and outside513

the two areas.514

We explore the efficiency of the tailored algorithm based on dynamic programming by515

observing the computation time of experimental instances. Each instance, including the516

instance with 30 routes, can be solved within 20 seconds, which indicates that the tailored517

algorithm is highly efficient for solving the proposed model. We also solve the proposed518

problem by the CPLEX solver based on the results of Algorithms 1, 2, and 3 to facilitate519

a direct comparison with the solution from the dynamic programming based method. We520

find that the method proposed in our study performs slightly better.521
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Table 1: Effectiveness of the proposed model and efficiency of the tailored algorithm

Instances
model [P] Not consider any measure Not consider ECAs Not consider carbon tax Not consider VSRIPs

obj0 CPU time (s) obj1 Gap1 obj2 Gap2 obj3 Gap3 obj4 Gap4

10-1 29,724,963 5 29,886,460 0.54% 29,885,389 0.54% 29,725,708 0.0025% 29,726,033 0.0036%

10-2 30,623,662 4 30,812,244 0.62% 30,811,931 0.61% 30,624,554 0.0029% 30,624,029 0.0012%

10-3 31,656,305 6 31,817,464 0.51% 31,810,656 0.49% 31,657,344 0.0033% 31,663,722 0.0234%

10-4 29,640,525 4 29,803,720 0.55% 29,791,591 0.51% 29,688,592 0.1622% 29,657,813 0.0583%

10-5 28,233,563 5 28,379,443 0.52% 28,357,551 0.44% 28,252,817 0.0682% 28,259,678 0.0925%

20-1 60,529,811 10 60,846,627 0.52% 60,842,829 0.52% 60,531,152 0.0022% 60,533,684 0.0064%

20-2 56,949,242 9 57,265,824 0.56% 57,202,376 0.44% 57,052,366 0.1811% 56,989,053 0.0699%

20-3 57,275,443 11 57,577,879 0.53% 57,508,343 0.41% 57,369,943 0.1650% 57,309,809 0.0600%

20-4 58,023,066 10 58,326,189 0.52% 58,315,770 0.50% 58,024,203 0.0020% 58,033,775 0.0185%

20-5 59,708,036 10 60,022,265 0.53% 60,016,890 0.52% 59,709,762 0.0029% 59,713,848 0.0097%

30-1 85,286,845 15 85,738,273 0.53% 85,641,040 0.42% 85,402,260 0.1353% 85,363,536 0.0899%

30-2 96,958,871 16 97,468,194 0.53% 97,463,446 0.52% 96,961,335 0.0025% 96,963,863 0.0051%

30-3 94,825,817 18 95,373,720 0.58% 95,372,343 0.58% 94,828,360 0.0027% 94,827,622 0.0019%

30-4 92,100,695 17 92,607,555 0.55% 92,593,240 0.53% 92,103,088 0.0026% 92,115,522 0.0161%

30-5 87,114,122 15 87,556,189 0.51% 87,525,181 0.47% 87,278,078 0.1882% 87,162,475 0.0555%

Notes:
(i) Instance “10-1” is the first instance in the group of 10 routes.
(ii) Gap1 = (obj1 − obj0)/obj0, Gap2 = (obj2 − obj0)/obj0, Gap3 = (obj3 − obj0)/obj0, and Gap4 = (obj4 − obj0)/obj0.
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4.2. Sensitivity analysis522

The bunker price may have a significant fluctuation due to the implementation of the523

0.5% global sulfur limit and some important events (e.g., the outbreak of COVID-19),524

and the CO2 price also varies every year (ICE, 2020). In this section, we will investigate525

the impacts of the fuel prices (i.e., MGO price and VLSFO price) and carbon tax on the526

effectiveness of the model considering sulfur limit regulations, carbon tax and VSRIPs by527

analyzing the five instances with 10 routes in Table 1.528

We examine the sensitivity of fuel price by two groups of experiments as follows:529

changing only the MGO price in group 1, i.e., designing six MGO prices (520, 560, 600,530

640, 680, and 720 USD/ton); changing only the VLSFO price in group 2, i.e., designing531

six VLSFO prices (260, 320, 380, 440, 500, and 560 USD/ton). The results of group 1532

(see Fig. 5) and group 2 (see Fig. 6) indicate that fuel price has a great impact on the533

gap between the total cost considering three emission reduction measures and that not534

considering any measure. We can also see that the gap increases with the increase of535

MGO price, while the change tendency of the gap is opposite when VLSFO price536

increases. This is because either the increase of MGO price or the decrease of VLSFO537

price will increase the price difference between the two types of marine fuels, which will538

improve the superiority of the model considering the three measures, especially ECAs.539

Based on the historical data on the CO2 price, five different carbon taxes, 16, 36, 56,540

76, and 96 USD per ton fuel, will be investigated, whose results are reported in Fig. 7.541

For instances 10-1, 10-2 and 10-3, the gaps between considering and not considering three542

emission reduction measures decrease with the increase of carbon tax. The main reason543

is that the ratio of the sum of MGO (marine fuel used within ECAs) price and carbon544

tax to the sum of VLSFO (marine fuel used outside ECAs) price and carbon tax will545

decrease (i.e., closer to 1) when the carbon tax increases, so that the optimal path when546

considering three measures will change to the one closer to the shortest path and the cost547

savings obtained from path optimization will decrease. In each of the three instances, all548

ships will be deployed when considering and not considering the three measures under each549

carbon tax since the total number of available ships is less than the optimal number of550

ships deployed without considering the limit of ship number. For instances 10-4 and 10-5,551

the gap may increase or decrease with the increase of carbon tax, due to the change of the552

optimal number of ships deployed and the decrease of the ratio of the sum of fuel price and553

carbon tax within ECAs to that outside ECAs. Specifically, when the carbon tax increases554

from 16 USD per ton fuel to 96 USD per ton fuel, the optimal numbers of ships deployed555

25



Figure 5: Impact of MGO price on the gap between considering and not considering three emission reduction
measures

Figure 6: Impact of VLSFO price on the gap between considering and not considering three emission
reduction measures
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in the cases of considering and not considering the three measures in instance 10-4 are 57556

& 57, 58 & 57, 59 & 57, 60 & 57, and 60 & 58, respectively, and the optimal numbers of557

ships deployed in instance 10-5 are 54 & 53, 54 & 53, 55 & 54, 55 & 54, and 55 & 54,558

respectively.

Figure 7: Impact of carbon tax on the gap between considering and not considering three emission reduction
measures

559

5. Conclusions560

This paper investigates the problem of fleet deployment, sailing path and speed561

design, and compliance of VSRIPs in a liner shipping company. Three emission reduction562

measures are simultaneously considered, including sulfur emission regulations, carbon563

tax, and VSRIPs. We propose a mixed-integer non-linear programming model to564

minimize the total cost, i.e., fuel cost, carbon tax, and fixed cost, minus dockage refund.565

We obtain some important properties on the proposed model. For example, the optimal566

path for a route is fixed when the number of ships deployed is greater than a threshold567

value; imposing a carbon tax can mitigate the detour of sailing path; the VSRZ group568

with higher dockage refund has the priority to be complied with when compared to other569

VSRZ groups with the same VSRZ and ES distances. A tailored algorithm is developed570
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to solve the problem by combining these properties with a dynamic programming571

approach. On the basis of randomly generated instances from real data, the efficiency of572

the proposed algorithm is validated by a large number of numerical experiments, and the573

proposed model is effective in saving operating cost for shipping companies. Our study574

can provide suggestions on how to design sailing path, sailing speed, and fleet deployment575

for different liner service routes under the three emission reduction measures.576

Appendix A. Proof of Proposition 1577

Proof. Without loss of generality, we investigate two super paths l1 and l2 with578

dErl1 < dErl2 . Suppose that q̃r is positive real number in this proposition. Define579

qmin
rl =

⌈
[(dErl + dNrl )/V

max + Tr]/T
⌉

and q̂rl =
⌈
[(βdErl + dNrl )/V

max + Tr]/T
⌉
.580

(i) If dErl1 + dNrl1 ≤ dErl2 + dNrl2 , we define a new super path l3 that satisfies dErl3 + dNrl3 =581

dErl2+dNrl2 ≥ d
E
rl1

+dNrl1 and dErl3 = dErl1 . Hence, super path l1 is not worse than l3 as dErl1 = dErl3582

and dNrl1 ≤ d
N
rl3

, and l3 is strictly better than l2 since dErl3 < dErl2 and dErl3 +dNrl3 = dErl2 +dNrl2 ,583

indicating that super path l1 is strictly better than l2.584

(ii) If dErl1 + dNrl1 > dErl2 + dNrl2 and βdErl1 + dNrl1 ≥ βdErl2 + dNrl2 , we have585

df(dErl1 , d
N
rl1
, tEr
∗
, tNr
∗
, q̃r)/dq̃r = −abT (αN + cCO2) · (βdErl1)b+1 · (T · q̃r − Tr −

dNrl1
V max )−(b+1)

586

when qmin
rl1

≤ q̃r < q̂rl1 , and we also observe that587

df(dErl2 , d
N
rl2
, tEr
∗
, tNr
∗
, q̃r)/dq̃r = −abT (αN + cCO2) · (βdErl2)b+1 · (T · q̃r − Tr −

dNrl2
V max )−(b+1)

588

when qmin
rl2

≤ q̃r < q̂rl2 and589

df(dErl2 , d
N
rl2
, tEr
∗
, tNr
∗
, q̃r)/dq̃r = −abT (αN + cCO2) · (βdErl2 + dNrl2)b+1 · (T · q̃r − Tr)

−(b+1)
590

when q̃r ≥ q̂rl2 . It is derived that βdErl1/(T · q̃r − Tr −
dNrl1
V max ) > βdErl2/(T · q̃r − Tr −

dNrl2
V max )591

when qmin
rl1

≤ q̃r < q̂rl2 because592

(βdErl1 + dNrl1)/(T q̃r − Tr) > (βdErl2 + dNrl2)/(T q̃r − Tr) > V max and dNrl1 > dNrl2 and that593

βdErl1/(T · q̃r − Tr −
dNrl1
V max ) > V max > (βdErl2 + dNrl2)/(T · q̃r − Tr) when q̂rl2 ≤ q̃r ≤ q̂rl1 . We594

then obtain that df(dErl1 , d
N
rl1
, tEr
∗
, tNr
∗
, q̃r)/dq̃r < df(dErl2 , d

N
rl2
, tEr
∗
, tNr
∗
, q̃r)/dq̃r when595

qmin
rl1
≤ q̃r ≤ q̂rl1 , and we also have f(dErl1 , d

N
rl1
, tEr
∗
, tNr
∗
, q̃r) > f(dErl2 , d

N
rl2
, tEr
∗
, tNr
∗
, q̃r) when596

q̃r ≥ q̂rl1 . Hence, f(dErl1 , d
N
rl1
, tEr
∗
, tNr
∗
, q̃r) is always greater than f(dErl2 , d

N
rl2
, tEr
∗
, tNr
∗
, q̃r)597

when q̃r ≥ qmin
rl1

.598

(iii) If dErl1 + dNrl1 > dErl2 + dNrl2 and βdErl1 + dNrl1 < βdErl2 + dNrl2 , the superiority of super path599

is dependent on q̃r. We will take an example by setting the parameters below: αE = 600,600

αN = 500, cCO2 = 76, a = 0.00047, b = 2.118, V max = 25, Tr = 0, dErl1 = 4, 800,601
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dNrl1 = 20, 300, dErl2 = 5, 800, and dNrl2 = 19, 248. Hence, we have602

f(dErl1 , d
N
rl1
, tEr
∗
, tNr
∗
, 6) = 6, 355, 731 > f(dErl2 , d

N
rl2
, tEr
∗
, tNr
∗
, 6) = 6, 355, 584 and603

f(dErl1 , d
N
rl1
, tEr
∗
, tNr
∗
, 7) = 4, 583, 051 < f(dErl2 , d

N
rl2
, tEr
∗
, tNr
∗
, 7) = 4, 583, 436, i.e., super604

path l2 can lead to lower cost when q̃r = 6, while l1 is better when q̃r = 7. Therefore, this605

proposition is proved.606

Appendix B. Proof of Proposition 3607

Proof. (i) We analyze a route r with Ω ES ports that include VSRZs with the same radius608

(recorded as d′r), which are denoted by p[1], ..., p[Ω] in decreasing order of the refunds of these609

VSRZs (recorded as cref
′

rp[1] ≥ ... ≥ c
ref ′

rp[Ω]). Super path l with the sailing distances within and610

outside ECAs dErl and dNrl is chosen. The compliance for VSRZ j ∈ Jrp at port p ∈ PSr ∪PESr611

of route r ∈ R is y′rpj (y′r is all vectors of y′rpj , p ∈ PSr ∪ PESr , j ∈ Jrp), and y′rpj = 0 for612

all p = p[1], ..., p[Ω] and j ∈ Jrp. We also define DES
r

′
=
∑

p∈PES
r

∑
j∈Jrp 2drpjy

′
rpj and613

DS
r

′
=
∑

p∈PS
r

∑
j∈Jrp 2drpjy

′
rpj . Since all VSRIPs at ES ports will be complied with in614

the optimal solution when q̃r ≥ q̂ESrl
′
, we only consider the case of q̃r < q̂ESrl

′
, where615

q̂ESrl
′

=
⌈
[βdErl + (dNrl −DS

r

′
) + βTrV

S + βDS
r

′
]/(βT · V S)

⌉
.616

If the company chooses a VSRZ with the radius d′r at ES port ω among the Ω ES ports617

whose speed limit will be complied with, the compliance of VSRZs y′r is changed to y′′r with618

the only difference y′′
rp[ω]j

= 1 when drp[ω]j = d′r. The difference between the minimum cost619

for route r with the compliance of VSRZs y′′r and that with y′r is620

gdif (dErl, d
N
rl , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, y

′
r, y
′′
r )

=



(αE + cCO2)[(dErl −DES
r

′
− 2d′r)

b+1 · a(T · qr − Tr −
dNrl−D

S
r

′

V max − DES
r

′
+DS

r

′
+2d′r

V S )−b

−(dErl −DES
r

′
)b+1 · a(T · qr − Tr −

dNrl−D
S
r

′

V max − DES
r

′
+DS

r

′

V S )−b + 2d′r · a(V S)b]− cref
′

rp[ω] , q
min
rl ≤ q̃r < q̂Erl

′

(αE + cCO2)[(dErl −DES
r

′
− 2d′r)

b+1 · a(T · qr − Tr −
dNrl−D

S
r

′

V max − DES
r

′
+DS

r

′
+2d′r

V S )−b

+2d′r · a(V S)b]− (αN + cCO2){[β(dErl −DES
r

′
) + (dNrl −DS

r

′
)]b+1 · a(T · qr − Tr − DES

r

′
+DS

r

′

V S )−b

−(dNrl −DS
r

′
)a(V max)b} − cref

′

rp[ω] , q̂Erl
′ ≤ q̃r < q̂Erl

′′

(αN + cCO2){[β(dErl −DES
r

′
− 2d′r) + (dNrl −DS

r

′
)]b+1 · a(T · qr − Tr − DES

r

′
+DS

r

′
+2d′r

V S )−b

−[β(dErl −DES
r

′
) + (dNrl −DS

r

′
)]b+1 · a(T · qr − Tr − DES

r

′
+DS

r

′

V S )−b}
+(αE + cCO2) · 2d′r · a(V S)b − cref

′

rp[ω] , q̂Erl
′′ ≤ q̃r < q̂ESrl

′
,

(B.1)
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where qmin
rl =621 ⌈

[(dErl −DES
r

′
)V S + (dNrl −DS

r

′
)V S + TrV

maxV S + (DES
r

′
+DS

r

′
)V max]/(T · V maxV S)

⌉
,622

q̂Erl
′

=623 ⌈
[β(dErl −DES

r

′
)V S + (dNrl −DS

r

′
)V S + TrV

maxV S + (DES
r

′
+DS

r

′
)V max]/(T · V maxV S)

⌉
624

and q̂Erl
′′

=625 ⌈
[β(dErl −DES

r

′
− 2d′r)V

S + (dNrl −DS
r

′
)V S + TrV

maxV S + (DES
r

′
+DS

r

′
+ 2d′r)V

max]/(T · V maxV S)
⌉
.626

Eq. (B.1) shows that the dockage refund is the only difference for all choices of VSRZs627

with the radius d′r at the Ω ES ports, and therefore the VSRZ with the highest dockage628

refund will be chosen for reducing cost.629

(ii) This finding can be proved by the similar method in (i).630

Appendix C. Proof of Proposition 4631

Proof. Focusing on the situation of q̃r ≥ q̂E,max
r , we will prove this finding by contradiction.632

Referring to Eq. (18), the super path with the minimum βdErl + dNrl for all l ∈ Lr is the633

optimal one for a route r only including ECA and non-ES ports when q̃r ≥ q̂E,max
r . For634

a route r with all types of ports, we assume that the compliance for VSRZ j ∈ Jrp at635

port p ∈ PSr ∪ PESr of route r ∈ R is ỹrpj (ỹr is all vectors of ỹrpj , p ∈ PSr ∪ PESr ,636

j ∈ Jrp), and we have D̃ES
r =

∑
p∈PES

r

∑
j∈Jrp 2drpj ỹrpj , D̃

S
r =

∑
p∈PS

r

∑
j∈Jrp 2drpj ỹrpj ,637

and C̃refr =
∑

p∈PS
r ∪PES

r

∑
j∈Jrp c

ref
rpj ỹrpj . We also assume that there exists a super path l̃638

which can lead to the lower cost than the super path l∗ with the compliance ỹr.639

Referring to Eqs. (20), (21), and (22), there are three cases as follows.640

(i) For the case of (βdErl∗+d
N
rl∗)/(T ·q̃r−Tr) ≤ V S , the cost including fuel cost and carbon tax641

minus dockage refund for super path l∗ is (αN+cCO2)(βdErl∗+d
N
rl∗)

b+1 ·a(T ·q̃r−Tr)−b−C̃refr .642

If (βdE
rl̃

+dN
rl̃

)/(T · qr−Tr) ≤ V S , then the cost of super path l∗ is no more than the cost of643

super path l̃, i.e., (αN + cCO2)(βdE
rl̃

+ dN
rl̃

)b+1 · a(T · q̃r − Tr)−b − C̃refr , since βdErl∗ + dNrl∗ ≤644

βdE
rl̃

+dN
rl̃

; if V S < (βdE
rl̃

+dN
rl̃
−D̃S

r )/(T ·qr−Tr−D̃S
r /V

S) ≤ βV S , then (αN +cCO2)(βdErl∗+645

dNrl∗)
b+1·a(T ·q̃r−Tr)−b−C̃refr < (αN+cCO2)[βdE

rl̃
+(dN

rl̃
−D̃S

r )]b+1·a(T ·q̃r−Tr− D̃S
r

V S )−b+(αN+646

cCO2)D̃S
r ·a(V S)b− C̃refr because [βdE

rl̃
+(dN

rl̃
−D̃S

r )]/(T · q̃r−Tr−D̃S
r /V

S) > V S > (βdErl∗+647

dNrl∗)/(T ·qr−Tr); if βV S < [β(dE
rl̃
−D̃ES

r )+dN
rl̃
−D̃S

r ]/[T ·qr−Tr−(D̃ES
r +D̃S

r )/V S ] ≤ V max,648

then (αN+cCO2)(βdErl∗+d
N
rl∗)

b+1 ·a(T ·q̃r−Tr)−b−C̃refr < (αN+cCO2)[β(dE
rl̃
−D̃ES

r )+(dN
rl̃
−649

D̃S
r )]b+1 · a(T · q̃r −Tr − D̃ES

r +D̃S
r

V S )−b + [(αE + cCO2)D̃ES
r + (αN + cCO2)D̃S

r ] · a(V S)b− C̃refr .650

(ii) For the case of V S < (βdErl∗ + dNrl∗ − D̃S
r )/(T · q̃r − Tr − D̃S

r /V
S) ≤ βV S , we have651

(βdE
rl̃

+dN
rl̃
−D̃S

r )/(T ·qr−Tr−D̃S
r /V

S) ≥ (βdErl∗+d
N
rl∗−D̃S

r )/(T ·qr−Tr−D̃S
r /V

S). We derive652
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that (αN+cCO2)[βdErl∗+(dNrl∗−D̃S
r )]b+1·a(T ·q̃r−Tr− D̃S

r

V S )−b+(αN+cCO2)D̃S
r ·a(V S)b−C̃refr ≤653

(αN + cCO2)[βdE
rl̃

+ (dN
rl̃
− D̃S

r )]b+1 · a(T · q̃r − Tr − D̃S
r

V S )−b + (αN + cCO2)D̃S
r · a(V S)b− C̃refr654

when V S < (βdE
rl̃

+dN
rl̃
−D̃S

r )/(T ·qr−Tr−D̃S
r /V

S) ≤ βV S and (αN +cCO2)[βdErl∗+(dNrl∗−655

D̃S
r )]b+1 ·a(T ·q̃r−Tr− D̃S

r

V S )−b+(αN+cCO2)D̃S
r ·a(V S)b−C̃refr < (αN+cCO2)[β(dE

rl̃
−D̃ES

r )+656

(dN
rl̃
−D̃S

r )]b+1 ·a(T ·q̃r−Tr− D̃ES
r +D̃S

r

V S )−b+[(αE+cCO2)D̃ES
r +(αN+cCO2)D̃S

r ]·a(V S)b−C̃refr657

when βV S < [β(dE
rl̃
− D̃ES

r ) + dN
rl̃
− D̃S

r ]/[T · q̃r − Tr − (D̃ES
r + D̃S

r )/V S ] ≤ V max.658

(iii) For the case of βV S < [β(dErl∗−D̃ES
r )+dNrl∗−D̃S

r ]/[T ·q̃r−Tr−(D̃ES
r +D̃S

r )/V S ] ≤ V max,659

we have [β(dE
rl̃
− D̃ES

r )+dN
rl̃
− D̃S

r ]/[T · q̃r−Tr− (D̃ES
r + D̃S

r )/V S ] ≥ [β(dErl∗− D̃ES
r )+dNrl∗−660

D̃S
r ]/[T · q̃r−Tr−(D̃ES

r +D̃S
r )/V S ], and we obtain that (αN +cCO2)[β(dErl∗−D̃ES

r )+(dNrl∗−661

D̃S
r )]b+1 ·a(T · q̃r−Tr− D̃ES

r +D̃S
r

V S )−b+[(αE +cCO2)D̃ES
r +(αN +cCO2)D̃S

r ] ·a(V S)b− C̃refr ≤662

(αN +cCO2)[β(dE
rl̃
−D̃ES

r )+(dN
rl̃
−D̃S

r )]b+1 ·a(T · q̃r−Tr− D̃ES
r +D̃S

r

V S )−b+[(αE +cCO2)D̃ES
r +663

(αN + cCO2)D̃S
r ] · a(V S)b − C̃refr .664

In summary, super path l̃ with lower cost than super path l∗ does not exist for any665

compliance of VSRZs ỹr, and thus it is concluded that super path l∗ is always the optimal666

one when q̃r ≥ q̂E,max
r .667

Appendix D. Proof of Proposition 5668

Proof. This finding will be proved by contradiction. Denote by l∗ the optimal super path669

when the carbon tax is considered and l∗
′

the optimal one when the carbon tax is not670

applied. Assume dErl∗ + dNrl∗ > dE
rl∗′

+ dN
rl∗′

. It is easy to derive that dErl∗ < dErl∗′ and671

βdErl∗ + dNrl∗ < βdE
rl∗′

+ dN
rl∗′

by referring to Proposition 1. Suppose that the compliance of672

VSRZs is ỹr. Define β′ = (αE/αN )1/(b+1) and for super path l, qmin
rl =673 ⌈

[(dErl − D̃ES
r )V S + (dNrl − D̃S

r )V S + TrV
maxV S + (D̃ES

r + D̃S
r )V max]/(T · V maxV S)

⌉
,674

q̂Erl =675 ⌈
[β(dErl − D̃ES

r )V S + (dNrl − D̃S
r )V S + TrV

maxV S + (D̃ES
r + D̃S

r )V max]/(T · V maxV S)
⌉
,676

(q̂Erl)
′

=677 ⌈
[β
′
(dErl − D̃ES

r )V S + (dNrl − D̃S
r )V S + TrV

maxV S + (D̃ES
r + D̃S

r )V max]/(T · V maxV S)
⌉
,678

and q̂ESrl =
⌈
[βdErl + (dNrl − D̃S

r ) + βTrV
S + βD̃S

r ]/(βT · V S)
⌉
. We also define the cost679

function including fuel cost minus dockage refund without carbon tax for super path l680

g′(dErl, d
N
rl , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) = αE [(dErl − D̃ES

r )b+1a(T · q̃r − Tr −
dNrl−D̃

S
r

V max −681

D̃ES
r +D̃S

r

V S )−b + D̃ES
r · a(V S)b] + αN [(dNrl − D̃S

r ) · a(V max)b + D̃S
r · a(V S)b] − C̃refr when682

qmin
rl ≤ q̃r < (q̂Erl)

′
and g′(dErl, d

N
rl , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) = αN [β′(dErl − D̃ES

r ) + (dNrl −683
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D̃S
r )]b+1 · a(T · q̃r − Tr − D̃ES

r +D̃S
r

V S )−b + [αED̃ES
r + αND̃S

r ] · a(V S)b − C̃refr when684

(q̂Erl)
′ ≤ q̃r < q̂ESrl . The cost functions should satisfy that685

g(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) < g(dE

rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) and686

g′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) > g′(dE

rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr). We only687

consider the situation of qmin
rl∗ < q̂Erl∗ < q̂E

rl∗′
< (q̂Erl∗)

′
< (q̂E

rl∗′
)
′
< q̂ES

rl∗′
for simplification.688

The other situations can be analyzed by the similar method and the same result can be689

obtained.690

Assuming that q̃r can take fractions, we analyze five cases on q̃r in the situation qmin
rl∗ <691

q̂Erl∗ < q̂E
rl∗′

< (q̂Erl∗)
′
< (q̂E

rl∗′
)
′
< q̂ES

rl∗′
.692

(i) When q̃r ≥ (q̂E
rl∗′

)
′
, we can obtain β′dE

rl∗′
+ dN

rl∗′
− (β′dErl∗ + dNrl∗) = [βdE

rl∗′
+ dN

rl∗′
−693

(βdErl∗ + dNrl∗)] + [(β′− β)dE
rl∗′
− (β′− β)dErl∗ ] > 0, meaning l∗

′
is not the optimal path when694

there is no carbon tax.695

(ii) When (q̂Erl∗)
′ ≤ q̃r < (q̂E

rl∗′
)
′
, the first-order derivatives of the cost functions without696

considering carbon tax in q̃r for super paths l∗ and l∗
′

are697

dg′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r =698

−αNabT [β′(dErl∗ − D̃ES
r ) + (dNrl∗ − D̃S

r )]b+1(T · q̃r − Tr − D̃ES
r +D̃S

r

V S )−(b+1) and699

dg′(dE
rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r =700

−αNabT [β′(dE
rl∗′
− D̃ES

r )]b+1(T · q̃r − Tr −
dN
rl∗′
−D̃S

r

V max − D̃ES
r +D̃S

r

V S )−(b+1), respectively, and we701

observe that702

dg′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r > dg′(dE

rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r703

since [β′(dErl∗ − D̃ES
r ) + (dNrl∗ − D̃S

r )]/(T · q̃r − Tr − D̃ES
r +D̃S

r

V S ) < V max <704

[β′(dE
rl∗′

− D̃ES
r )]/(T · q̃r − Tr −

dN
rl∗′
−D̃S

r

V max − D̃ES
r +D̃S

r

V S ). We also have705

g′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, (q̂E

rl∗′
)
′
, ỹr) < g′(dE

rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, (q̂E

rl∗′
)
′
, ỹr).706

Therefore, it is concluded that707

g′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) < g′(dE

rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) when708

(q̂Erl∗)
′ ≤ q̃r < (q̂E

rl∗′
)
′
.709

(iii) When q̂E
rl∗′
≤ q̃r < (q̂Erl∗)

′
, we have dg′(dErl∗ , d

N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r =710

−αEabT 1
βb+1 [β(dErl∗ − D̃ES

r )]b+1(T · q̃r − Tr −
dN
rl∗−D̃

S
r

V max − D̃ES
r +D̃S

r

V S )−(b+1) and711

dg′(dE
rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r =712

−αEabT 1
βb+1 [β(dE

rl∗′
− D̃ES

r )]b+1(T · q̃r − Tr −
dN
rl∗′
−D̃S

r

V max − D̃ES
r +D̃S

r

V S )−(b+1). We find that713

[β(dErl∗ − D̃ES
r )]/(T · q̃r − Tr − dN

rl∗−D̃
S
r

V max − D̃ES
r +D̃S

r

V S ) <714

[β(dE
rl∗′
− D̃ES

r )]/(T · q̃r − Tr −
dN
rl∗′
−D̃S

r

V max − D̃ES
r +D̃S

r

V S ) < V max as βdErl∗ + dNrl∗ < βdE
rl∗′

+ dN
rl∗′

,715
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dNrl∗ > dN
rl∗′

and the sailing speed outside ECAs is V max, and thus716

dg′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r > dg′(dE

rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r.717

Combined with the result in (ii) of this proposition, the analysis in (iii) shows that718

g′(dE
rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) must be greater than719

g′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) in the case of q̂E

rl∗′
≤ q̃r < (q̂Erl∗)

′
.720

(iv) When q̂Erl∗ ≤ q̃r < q̂E
rl∗′

, the first-order derivatives are still721

dg′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r =722

−αEabT 1
βb+1 [β(dErl∗ − D̃ES

r )]b+1(T · q̃r − Tr −
dN
rl∗−D̃

S
r

V max − D̃ES
r +D̃S

r

V S )−(b+1) and723

dg′(dE
rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr)/dq̃r =724

−αEabT 1
βb+1 [β(dE

rl∗′
− D̃ES

r )]b+1(T · q̃r − Tr −
dN
rl∗′
−D̃S

r

V max − D̃ES
r +D̃S

r

V S )−(b+1). It is derived725

that [β(dErl∗ − D̃ES
r )]/(T · q̃r − Tr −

dN
rl∗−D̃

S
r

V max − D̃ES
r +D̃S

r

V S ) < V max <726

[β(dE
rl∗′
− D̃ES

r )]/(T · q̃r − Tr −
dN
rl∗′
−D̃S

r

V max − D̃ES
r +D̃S

r

V S ), so that when q̂Erl∗ ≤ q̃r < q̂E
rl∗′

,727

g′(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) < g′(dE

rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) based on728

the result in (iii).729

(v) When qmin
rl∗ ≤ q̃r < q̂Erl∗ , we consider a new super path l

′′
that satisfies730

dE
rl′′

+ dN
rl′′

= dE
rl∗′

+ dN
rl∗′

< dErl∗ + dNrl∗ and dE
rl
′′ = dErl∗ < dE

rl∗′
. A new function731

G(x) = (x − D̃ES
r )b+1a(T · q̃r − Tr −

dE
rl∗′

+dN
rl∗′
−x−D̃S

r

V max − D̃ES
r +D̃S

r

V S )−b + D̃ES
r · a(V S)b +732

(dE
rl∗′

+ dN
rl∗′
− x − D̃S

r ) · a(V max)b + D̃S
r · a(V S)b is presented with the first-order733

derivative dG(x)
dx = a(b + 1)(x − D̃ES

r )b(T · q̃r − Tr −
dE
rl∗′

+dN
rl∗′
−x−D̃S

r

V max − D̃ES
r +D̃S

r

V S )−b −734

ab 1
V max (x − D̃ES

r )b+1(T · q̃r − Tr −
dE
rl∗′

+dN
rl∗′
−x−D̃S

r

V max − D̃ES
r +D̃S

r

V S )−(b+1) − a(V max)b. We735

derive that dG(x)
dx = 0 when q̃r =736

[(dE
rl∗′
− D̃ES

r )V S + (dN
rl∗′
− D̃S

r )V S +TrV
maxV S + (D̃ES

r + D̃S
r )V max]/(T ·V maxV S) ≤ qmin

rl∗′
737

and dG(x)
dx decreases with the increase of q̃r, and thus dG(x)

dx < 0 when qmin
rl∗ ≤ q̃r < q̂Erl∗ .738

According to the function G(x), we have739

g(dErl∗ , d
N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) > g′(dErl∗ , d

N
rl∗ , t

E
r
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) + cCO2 ·740

G(dE
rl′′

) > g′(dE
rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr) + cCO2 · G(dE

rl∗′
) =741

g(dE
rl∗′
, dN
rl∗′
, tEr
∗
, tSr
∗
, tESr

∗
, tNr
∗
, q̃r, ỹr).742

Based on the results of all cases, we can draw a conclusion that dErl∗ + dNrl∗ must be743

shorter than or equal to dE
rl∗′

+ dN
rl∗′

.744

33



Appendix E. Proof of Proposition 6745

Proof. In this proposition, we assume that qr can take fractional quantities. When qMIN
r ≤746

qr < q̂S,max
r , the change of compliance of VSRZs is one reason for the non-convex property747

of the total cost function (23), which can be explained by the following example. Consider748

a route r with only one VSRZ port p covering a 20 nm VSRZ (recorded as VSRZ 1) and749

several ECA and non-ES ports, and it has only one super path l whose sailing distances750

within and outside ECAs are dErl = 800 and dNrl = 18, 000. The parameters in the example751

are set as follows: a = 0.00047, b = 2.118, αE = 600, αN = 500, cCO2 = 76, cfix = 387, 000,752

crefrp1 = 1, 000, V max = 25, and Tr = 0. When 6 ships are deployed on the route, by753

optimizing the sailing speeds, the total costs before and after participating in the VSRZ754

are 4,839,952 USD and 4,842,023 USD, respectively; when 7 ships are deployed, the total755

costs are 4,525,578 USD and 4,525,553 USD. Therefore, the minimum total cost can be756

obtained by not participating in the VSRZ first and then participating in the VSRZ with757

the increase of the number of ships deployed, and the minimum total cost function (denoted758

by Cmin
r (qr)) is non-convex shown in the thick solid line of Fig. E.8.

Figure E.8: Total cost curves

759

When qr ≥ q̂S,max
r , super path l∗ with the minimum βdErl∗ + dNrl∗ will always be chosen760

and all VSRIPs will be obeyed according to Propositions 2 and 4. Hence, the total cost761

function is (αN +cCO2)(βdErl∗+dNrl∗)
b+1 ·a(T ·qr−Tr)−b−

∑
p∈PS

r ∪PES
r

crefrp|Jrp|+c
fixqr, whose762

second-order derivative is (αN + cCO2)(βdErl∗ + dNrl∗)
b+1 · ab(b+ 1)T 2(T · qr − Tr)−(b+2) > 0,763
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meaning that the function is convex with the increase of qr.764

Appendix F. Proof of Proposition 7765

Proof. When
∑

r∈R q
∗
r > Q, the dynamic programming algorithm is employed to address766

the fleet deployment problem. We analyze each feasible decision767

qr = qMIN
r , ...,min{q∗r , Q −

∑
r′∈R\{r} q

MIN
r′ } in each state768

Qr =
∑r

r′=1 q
MIN
r′ , ...,min{

∑r
r′=1 q

∗
r′ , Q −

∑|R|
r′=r+1 q

MIN
r′ } for each route r ∈ R, and hence769

both the numbers of feasible decisions qr and states Qr do not exceed Q. We assume that770

the values of Cmin
r (qr) for all r ∈ R and qr = qMIN

r , ...,min{q∗r , Q −
∑

r′∈R\{r} q
MIN
r′ } are771

given. We conclude that when
∑

r∈R q
∗
r > Q, the computational time for the fleet772

deployment problem is bounded by O
(
|R| ·Q2

)
.773
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